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ABSTRACT 

Evaluation of concrete and reinforced concrete structures in nuclear power plants under long-
term irradiation is important to help ensure safe and reliable operation of nuclear reactors 
beyond a 60-year lifespan. A comprehensive framework of theoretical models was developed to 
predict the various properties and deformation of nuclear-irradiated concrete. The Generalized 
Self-Consistent (GSC) model and the Mori-Tanaka model were used to characterize the 
mechanical and transport properties of concrete with multiple phases and multiple-scale internal 
structures. The damage to the concrete’s mechanical properties resulting from neutron 
irradiation and elevated temperature was estimated using a composite damage mechanics 
approach. A coupled damage-creep model of concrete was developed by employing the 
generalized Maxwell model combined with a damage model for the mechanical damage, and 
the composite damage model, for the effect of irradiation-induced damage, to evaluate the 
creep of concrete. The coupled damage-creep model was implemented in ABAQUS/standard 
via a custom subroutine. The transport of neutrons and gamma rays in degraded concrete was 
calculated using multi-group diffusion equations, taking into account the temperature gradient 
and the damage induced by neutrons. The transport properties of the degraded concrete were 
estimated by means of a cross-correlation theory using the mechanical properties of the 
degraded concrete. Finally, all models were combined and implemented in a finite element 
code. The capability of the code was demonstrated by a coupled radio-thermo-mechanical 
analysis to predict the long-term mechanical and transport responses of concrete. The results of 
the project represent a comprehensive framework that can be used as user-defined material 
models combined with commercial finite element software products for future application of 
numerical analysis of concrete and reinforced concrete structures in nuclear power plants. The 
case studies in the project provided sensitivity analyses of the influential material parameters on 
the properties of concrete. Future research topics to enable further development and validation 
of the present models are discussed. 
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FOREWORD 

The Office of Regulatory Research (RES) of the U.S. Nuclear Regulatory Commission (NRC) 
initiated research on the effects of irradiation on concrete structures to support subsequent 
license renewal activities for nuclear power plants. The research was undertaken in response to 
a 2015 user need request from the Office of Nuclear Reactor Regulation (NRR). In Staff 
Requirements Memorandum SRM-SECY-014-0016, NRC directed the staff to keep the 
Commission informed regarding progress on concrete research activities, including the effects 
of irradiation on concrete. NUREG/CR 7153 Vol. 4, ‘Expanded Materials Degradation 
Assessment (EMDA): Aging of Concrete and Civil Structures,’ 2014, identified irradiation-related 
concrete degradation as an area of low knowledge and high significance. Such degradation has 
been identified as a potential issue for two-loop and three-loop pressurized water reactors 
because they accumulate higher neutron fluence in the concrete around the reactor pressure 
vessel during long-term operations. 
 
The RES research program addresses technical issues for which uncertainties challenge 
applicants, as well as staff guidance and reviews.  
 
The RES research activities on irradiation-induced concrete degradation include: 
 

1. Review of radiation-induced concrete degradation and potential implications for structures 
exposed to high-level, long-term radiation in nuclear power plants, Argonne National 
Laboratory (ANL), NUREG/CR - 7280, July 2021.  

 
2. English translation of the Japanese Nuclear Regulation Authority (JNRA)/MRI Report on 

concrete irradiation tests, December 2019. [ML19346E734] 
 

3. Review and feedback on selected Electric Power Research Institute (EPRI) reports, 
October 2017.  

 
4. Radiation evaluation methodology for concrete structures, Oak Ridge National Laboratory 

(ORNL), NUREG/CR - 7281, July 2021.  
 

5. Radiation effects on concrete – An approach for modeling degradation of concrete 
properties, ANL and the University of Colorado, Research Information Letter Report, 
manuscript completed December 2020. 

 
6. Limited experimentation, modeling, and numerical simulations of irradiated concrete 

including concrete-steel bonding and methodology for structural evaluation at ORNL 
(2018–2023). 

 
7. In-house assessment of structural capacity (2019–2023). 

 
8. Harvesting concrete exposed to operational radiation for confirmatory assessment of 

evidence of concrete damage and site-specific effects. 
 
The research activities and reports on items 1–4 are complete. This report covers research 
activity 5. In this research, an integrated framework and multiscale and multiphase model have 
been developed for evaluating the degraded properties of irradiated concrete. Multiscale and 
multiphase modeling is important because various phases experience different degradation 
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mechanisms, and damage must be tracked from nano-, micro-, and meso-structural scales. The 
approach for the coupled damage-creep modeling was selected because previous research 
indicated that creep may reduce the damage from radiation-induced expansion of aggregates. 
The research includes the coupled radio-thermo model for neutron and gamma transport, heat 
generation, and the potential change in thermal conductivity and neutron diffusion coefficient of 
the degraded concrete. No data is currently available on the effects of irradiation on the steel-
concrete interface and bonding. As data becomes available, the model can be extended to 
include the interface transition zone in reinforced concrete.  
 
The framework developed in this research integrates radiation-induced degradation phenomena 
and mechanisms. The modeling methods used are simple which can be applied for gaining 
insights into the degradation of concrete properties, distributions of neutron and gamma 
irradiation levels in concrete structures, and accumulation of heating inside the concrete 
structures. The models require sets of input parameters and certain material properties. For 
some properties or parameters, there is a lack of data, and at this time, the framework can be 
used for sensitivity analysis. Subsequent research needs to focus on characterizing those input 
parameters.  In some cases, this may be done by using more complex modeling and analysis of 
radiation transport through concrete from which the range of the values for the degradation of 
those parameters and properties may be verified and calibrated. Also, relevant experimental 
data and data using concrete harvested from nuclear power plant is extremely valuable for 
validating the models. 
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EXECUTIVE SUMMARY 

Theoretical models were developed for analysis of the degradation of the mechanical and 
transport properties of concrete under nuclear irradiation. The models were implemented in 
finite element and finite difference codes as the basis for future applications to numerical 
analysis of concrete and reinforced concrete structures in nuclear power plants.  
 
A theoretical model was developed for the prediction of the mechanical properties and 
expansion and shrinkage of nuclear irradiated concrete. The model can take into account the 
degradation mechanisms at multiscale levels and different spatial distributions of the multiphase 
constituents in concrete. As test data becomes available on the influence of radiation on the 
concrete–metal reinforcement interface, the model can be extended to include the interface 
transition zone in reinforced concrete. 
 
In this study, concrete is considered as a multiphase composite with four different scale levels 
ranging from the meter scale level down to the nanometer level. The scale levels considered are 
concrete, mortar, cement paste, and clinker (to consider the chemical composition of different 
Portland cement types) in descending order of scale. The internal structures of concrete at the 
four scale levels were simplified by using two different models, the Mori-Tanaka model and the 
Generalized Self-Consistent (GSC) model, based on the structural features at each level. In 
practice, the obtained properties at the lower scale level can be used as the input for the 
composite at the upper scale level. In this case, the effective properties of clinker (at the lowest 
scale level) can be evaluated using the Mori-Tanaka model based on the known properties of its 
constituent phases. The obtained effective properties of clinker can be used as the input for the 
Mori-Tanaka model to calculate the effective properties of cement paste. The obtained effective 
properties of cement paste, in turn, can be used as the input for the GSC model of mortar. This 
process can be repeated, using the effective properties of mortar as input for the GSC model of 
concrete. In this manner, the multiscale and multiphase model can take into account the 
contributions of all constituent phases in the concrete material.  
 
The volume fraction of each constituent phase was calculated based on either the concrete mix 
design or the hydration reactions of Portland cement. The responses of specific constituent 
phases, such as the aggregate or the cement paste, to nuclear irradiation and temperature at 
different scale levels were quantitatively characterized based on the collected test data or 
estimated based on available models. Damage development in the hardened cement paste in 
the nuclear irradiated concrete was calculated based on composite damage mechanics. The 
overall irradiation effect on concrete as a composite material can be calculated by considering 
the effects of the irradiation and temperature on each constituent phase at each scale level. The 
model was validated preliminarily with experimental data available in the literature for the 
modulus of elasticity of distressed concrete. Damage effects on creep and radiation transport in 
concrete were also included.  
 
The creep of concrete was characterized by the generalized Maxwell model, first using a 
subroutine UMAT in ABAQUS and then combined with a damage model for the effect of 
irradiation-induced damage on creep of concrete. The transport characteristics of neutrons and 
gamma rays in damaged concrete were calculated using multi-group diffusion equations in 
which the transport parameters of concrete were modeled considering the damage induced by 
neutrons and the temperature gradient. The results obtained from the present diffusion models 
were compared with the results of the Monte Carlo N-Particle transport code (MCNP 6.2). 
Finally, a coupled radio-thermo-mechanical analysis was conducted for a case study, which 
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combined all models developed in this study, including the multiscale and multiphase model for 
neutron-induced damage, the coupled damage-creep model, and the coupled radio-thermo 
model for neutron and gamma transport. The case study showed the capability of the models to 
estimate the long-term mechanical and transport response in concrete and provide a path 
forward in determining the state of concrete in nuclear power plants under normal operational 
conditions. 
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D  Scalar damage variable  
DRad  Scalar damage variable due to nuclear irradiation 
DMech  Scalar damage variable due to mechanical loads 
Ce  Elastic stiffness tensor  
ε e  Elastic strain tensor 
ε c  Creep strain tensor 
ϵi  Principle strains ̃ Equivalent tensile strain 

ϵt  Tensile strain tensor 
ϵc  Compressive strain tensor 

 Threshold of damage in Mazars’ damage model 

dt A damage variable corresponding to tension 
dc A damage variable corresponding to compression 
αt A weighting coefficient calculated from tensile strain 
αc A weighting coefficient calculated from compressive strain 
At, Bt, Ac, Bc Characteristic parameters of the material in Mazars’ damage model 

 Angular neutron density 

  Neutron speed 

 Total macroscopic cross section  

 Macroscopic scattering cross section 

  Internal neutron source term 

 Position vector  ℇ  Neutron energy 

  Unit vector describing the direction of particle motion 

 Scalar neutron flux of group i 

  Neutron diffusion coefficient  

 Macroscopic absorption cross section 

 Macroscopic removal cross section  

 Macroscopic fast to thermal group-transfer cross section 

 Location 

cp Specific heat capacity  
k Thermal conductivity  
Q Volumetric heat source 
Σc Macroscopic capture cross section of the transport media for neutrons  
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ℰb Binding energy for capture reaction of neutrons 

d Volume fraction of the inclusion (distressed phase) 
k0 Thermal conductivity of the intact material  
kd Thermal conductivity of the fully distressed material 

0 Neutron diffusion coefficient of the intact material 

d Neutron diffusion coefficient of the fully distressed material Φ Scalar photon flux  

 Light speed 

 Photon diffusion coefficient 

 Photon absorption coefficient 

 Internal gamma-ray photon source term 

 Photon attenuation coefficient of group g in cm-1 

 Photon group-transfer coefficient from group g′ to group g 

 Macroscopic neutron capture cross section from neutron group i to photon 
group g 

 Macroscopic fast neutron inelastic scattering cross section to photon group g Ψ  Photon energy fluence in group g ℰ  Photon energy in group g 

   Mass energy absorption coefficient   Linear energy-absorption coefficient for gamma ray photons in group g 

0 Photon diffusion coefficient of the intact material 

d Photon diffusion coefficient of the fully distressed material 

 
Notations used in Appendix are not listed. They are listed after the equations. 
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1    INTRODUCTION 

As a fundamental building material, concrete is one of the primary structural materials used in 
the construction of commercial nuclear power plants (NPPs). It is used in such applications as 
building foundations, reactor containment, shielding applications, and for support of the reactor 
pressure vessel (RPV). 
 
The degradation of concrete over time at NPPs has been well studied in most areas and is 
dependent on its environment (Naus 2007). Concrete degradation issues include chemical 
attack, thermal cycling, fatigue/vibration, irradiation, and steel reinforcement problems such as 
loss of bonding, loss of prestress, and corrosion. Until recently, concrete degradation due to 
irradiation has not been a significant component of aging management programs at U.S. NPPs 
(NRC 2010, 2017).  
 
A review of the existing data on the irradiation of concrete was conducted to understand the 
potential effects relevant to long-term commercial NPP operation in the U.S. (Biwer et al. 2020). 
Information from degradation studies provide some insight as to the effects of neutron and 
gamma radiation on concrete under light-water reactor operating conditions, but data is sparse 
and does not cover all conditions or confounding factors. In addition, the ability to translate the 
impacts of radiation at the nano- and micro-meter scale levels to the NPP component structural 
level is needed, as explained below. This study builds that translational framework through the 
development of a material model for the mechanical behavior of concrete exposed to radiation 
for long-term operation. Information from our earlier review (Biwer et al. 2020) will be used as a 
guide in parameter development for use at the smaller scales.  
 
As shown in Figure 1-1, concrete is a multiphase heterogeneous material with constituent 
phases spanning several scale levels from C-S-H (calcium silicate hydrates) at the nanometer 
level to the crystal phases at the micrometer level such as CH (calcium hydroxide) to sand 
particles and gravel at the millimeter level (referred to as the meso-scale level). The constituent 
phases respond to nuclear irradiation differently and thus can affect the overall response of 
concrete to nuclear radiation.  
 
The multiscale method for characterizing complicated nuclear irradiation processes in concrete 
is to separate the problem into various scale ranges, each covering the mechanisms acting at 
one of the scale ranges. Material parameters that appear to be not clearly defined can be 
studied based on the dominant physical mechanisms and formulated separately. These 
separately formulated parameters can then be applied in the multiscale model. There are two 
major advantages of this multiscale modeling. 1) It follows the inherent logic of physical 
phenomena to be described. Degradation of concrete under nuclear irradiation involves various 
mechanisms acting over a broad range of scales, from the nanometer to the meter level such as 
creep, shrinkage, thermal expansion, and the distresses due to neutron and gamma irradiation. 
Therefore, multiscale modeling is necessary for prediction and simulation of the degradation 
process. 2) It separates controlling parameters in the degradation processes into several 
components such that each parameter has a specific physical meaning. The model at each 
scale level is based only on mechanisms which are active on that level, and models at different 
scale levels serve as links in the entire chain of the multiscale model (Xi et al. 2000).  
 
The multiscale modeling approach has been used for different effective properties of concrete 
under combined environmental and mechanical loadings, such as elastic properties and 
transport properties. In this study, a micro-mechanical model, called the Mori-Tanaka model, 
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and a composite mechanics model, called the Generalized Self-Consistent (GSC) model, will be 
used to develop a multiscale and multiphase material model, which will provide material 
parameters for finite element analysis at the structural level, as shown in Figure 1-1 and Error! 
Reference source not found.. More details will be provided in the next chapter. The micro-
mechanical and composite models, including the damage mechanisms of the multiscale 
constituent phases in concrete under nuclear irradiation, can provide an integrated approach to 
studying the effects of nuclear irradiation and concrete design parameters on the concrete 
properties. 
 

 

 

Figure 1-1 Schematic illustration of concrete internal structure 
 

Method: FEM                GSC model             Mori-Tanaka model    Mori-Tanaka model 
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Figure 1-2 Schematic illustration of the multiscale model for concrete degradation
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2    MULTISCALE AND MULTIPHASE MODEL OF CONCRETE 

Since concrete is a multiphase heterogeneous material with constituent phases spanning 
several scale levels, the constituent phases respond to nuclear irradiation differently and thus 
generate different types of damage. In a reinforced concrete structure, the models developed in 
the present study are for structural concrete with degradation due to nuclear irradiation. A 
separate model for degraded steel will need to be developed. The interface transition zone (ITZ) 
between the steel and concrete may behave differently from bulk concrete under nuclear 
irradiation, and thus, the ITZ needs to be studied experimentally first, and then the test data can 
be used to calibrate the present models so that the models can be used for the ITZ.  
 
The internal structures of concrete at different scale levels can be simplified. Available analytical 
models in composite mechanics and/or micromechanics can be used to calculate the effective 
properties of the composite based on the properties of the constituents. The advantages of the 
multiscale method were already discussed in Chapter 1. In this chapter, the Generalized Self-
Consistent (GSC) model and the Mori-Tanaka model are introduced, and a description of how to 
use these two methods to characterize the internal structures of concrete, cement paste, and 
cement clinker will be given; and then, the reduction of the modulus of elasticity of the 
composite material can be calculated for use in structural analyses. 
 
Figure 2-1 shows the overall scheme of the multiscale and multiphase model of concrete. The 
multiscale and multiphase model uses concrete design parameters as input (Section 2.6) so 
that the model can be applied to various concrete materials with different mix designs used in 
different nuclear power plants. The damage of concrete due to nuclear irradiation is estimated 
using a composite damage mechanics approach as shown in Section 2.5.2.3. After the 
multiscale and multiphase model is established, a parametric analysis of the model input 
parameters is performed in this chapter to analyze their effects on the degradation and 
deformation of concrete under nuclear irradiation. 
 
 
2.1  Multiscale Model for the Internal Structure of Concrete 

In this study, concrete is considered as a multiphase composite with four different scale levels. 
The scale levels address concrete, mortar, cement paste, and clinker as shown in Figure 2-2. 
The internal structures of concrete at the four scale levels were simplified by using two different 
models based on the structural features at the four levels. These two models are the Mori-
Tanaka model and the GSC model, and they are used to determine the effective properties of 
the composite at each scale.  
 
The four scale levels will be integrated in the following way. The obtained properties at the lower 
scale level will be used as the input for the composite at the upper scale level. For example, the 
effective properties of clinker (at the lowest scale level) can be evaluated using the Mori-Tanaka 
model based on the known properties of its constituent phases. As shown in Figure 2-2, the 
obtained effective properties of clinker will be used as the input for the Mori-Tanaka model to 
calculate the effective properties of cement paste. The obtained effective properties of cement 
paste will then be used as the input for the GSC model of mortar. This process will be repeated 
at each scale until the largest scale level is reached. In this manner, the multiscale and 
multiphase model can take into account the contributions of all constituent phases in the 
concrete material. The detailed descriptions of the models at all scale levels are provided in 
Sections 2.2 and 2.3.  
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Figure 2-1 Calculation flowchart for multiscale and multiphase model of concrete 
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Figure 2-2 Schematic view of the multiscale model for concrete 

2.2  Mesostructure of Concrete 

At the mesoscale level, concrete can be considered as a matrix-inclusion composite. Various 
sizes of large aggregates are embedded in the mortar and can be treated as inclusions. 
Similarly, for the mortar, the fine aggregates can be considered as the inclusions where the 
cement paste is the matrix. With this approach, these two scale levels can be modeled using the 
GSC model to estimate the effective properties of the mortar, and subsequently, the effective 
properties of the concrete. 
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2.2.1  Generalized Self-Consistent Model 

At the millimeter scale (called mesoscale), the concrete contains sand and gravel particles (fine 
and coarse aggregates). In order to simplify the mesostructure of composite materials, many 
composite models have been proposed over the years. The GSC model is one of them. The 
GSC model was first developed by Christensen (1979) for the effective bulk modulus and 
thermal conductivity of composite materials. In this model, a heterogeneous composite material 
with two phases can be partitioned into different regions or elements, as shown in Figure 
2-3 (a). The scales of the elements should be much smaller than that of the whole composite 
material. The sizes of the elements could be different, but the volume fractions of the phases in 
each element are the same. This partitioning of the internal structure can be further simplified by 
considering each element to have a spherical shape that can vary in size, and thus the internal 
structure of each element is a concentric layered sphere, as shown in Figure 2-3 (b). This 
configuration requires a specific size distribution of elements such that each element has the 
same internal structure, while the smaller elements fill the gaps between adjacent elements. 
Therefore, a broad and smooth particle size distribution is required. Since the volume fractions 
of the constituent phases (inclusion and matrix) in each element are the same, the ratios of the 
radius for the layers in each element are constants and do not depend on the absolute size of 
the elements. Under the concentric spherical system, the strain and stress components can be 
simplified from three dimensions to one dimension.  
 
It should be emphasized that there is a strong phase association in the GSC model. The 
inclusions can be randomly distributed particles, and the matrix must be the phase surrounding 
the inclusions. As a result, the GSC model is good for characterizing those materials with strong 
phase association features, such as the coarse and fine aggregate particles randomly 
distributed in concrete. The aggregates in concrete are not like crystalline needles and plates, 
and they usually have low angularities; thus, the spherical model can be used to simulate the 
internal structure of concrete. Other suitable models are available for inclusions with large 
angularities, which are described in the next section together with cement paste. 
 
In the GSC model, first, the “three-phase model” shown in Figure 2-3(c) is solved following 
Christensen (2005), which is a basic element in the internal structure shown in Figure 2-3(b). In 
Figure 2-3(c), the inclusion and the matrix are the two constituent phases, and the effective 
medium is the material outside of the basic element, which is a combination of the two phases; 
thus, the effective medium represents the composite material. 
 
This method has been used in many studies on the durability issues of concrete, such as the 
shrinkage of concrete (Xi and Jennings 1997), thermal conduction of concrete (Meshgin and Xi 
2013), moisture diffusion in concrete (Eskandari-Ghadi et al. 2013), and damage under high 
temperature (Lee et al. 2009). The model predictions showed good agreement with the 
experimental results. The model for the shrinkage of hardened cement paste and concrete 
developed by Xi and Jennings (1997) can also be used to predict the expansion of any 
heterogeneous multiphase medium. As shown later, the dominant damage mechanism of 
concrete under nuclear irradiation is the mismatch between volume changes of its components. 
Thus, the GSC model for effective volumetric expansion of the composite based on the 
volumetric expansions of the constituent phases will be very useful in this study.  
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(a)                                                   (b)                                                    (c) 

Figure 2-3 Multiphase GSC model: (a) partitioning multiphase composite into different 
elements; (b) partitioning multiphase composite using spherical elements; 
(c) internal structure of each element (Jing and Xi 2017) 

The goal of the GSC model is to calculate the effective properties of the composite using the 
properties and proportions of its constituents. Specifically for this study, as shown in Figure 2-1, 
the effective properties such as effective modulus of elasticity and overall expansion or 
shrinkage of the concrete can be calculated using the strains and elastic moduli of the 
constituent phases. For example, the effective strain, bulk modulus, and shear of concrete  
can be calculated based on the GSC model using Equation (2-1), Equation (2-2), and  
Equation (2-3). These three equations will be used in later sections. The derivation details are 
shown in Appendix A.1  
 

 = (3 + 4 ) + (1 − )(3 + 4 )(3 + 4 ) − 4 ( − )  (2-1) 

 
= + ( − )1 + (1 − ) −+ 43  

(2-2) 

 + 2 + = 0 
     (2-3) 

 
where 
 
 Ki = bulk modulus of phase i (MPa), 
 
 Gi = shear modulus of phase i (MPa), 
 
 εi = normal strain of phase i (dimensionless),  
 
 fi = volume fraction of phase i (dimensionless), and 
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 C1, C2, C3 = equation coefficients (dimensionless), their expressions can be found in 
Appendix A.1 . 

 
The subscript i with a value of 1, 2, or eff represents the inclusion, matrix, or effective medium, 
respectively. Determination of fi can be found in Section 2.4 . 
 
When any phase in the composite material shown in Figure 2-3(c) deforms and the deformations of 
the constituent phases do not match each other, called volumetric mismatch, there will be a nonzero 
internal pressure at the interfaces. In this case, there will be a pressure (P) at the inclusion-matrix 
interface, which is solved in Appendix A.1 . 
 

 = 12 (1 − )(3 + 4 ) − 4 ( − ) ( − ) (2-4) 

 
This equation will be discussed and used in later sections for the interface pressure generated 
by the expansion of aggregates due to, for example, neutron irradiation. 
 
The “three-phase model” (the three phases are the inclusion, the matrix, and the effective 
medium as shown in Figure 2-3(c)) was generalized further and applied to composite materials 
composed of any number of phases. Figure 2-4 illustrates the basic idea of the generalization 
from three-phase to -phase. A recursive method can be used for a multiphase composite 
based on the multi-layered concentric spherical model. The general forms of the effective bulk 
modulus and the effective shrinkage (or expansion) of a composite material made of  
constituent phases ( ≥  2) can be obtained as follows (Xi and Jennings 1997): 
 

 
( ) = + , −1 + 1 − , −+ 43

 
(2-5) 

 ( ) = ( ) , (3 + 4 ) − (1 − , ) 3 + 43 + 4 − 4 , −  (2-6) 

where , = ∑∑  if ≠ ; , = 1 −  if =  

( ) = ; ( ) =  
 
The N-phase model is used to take into account the effect of damage in the cement paste 
shown in Section 2.5.2.3. In this case, the aggregate as the core is phase 1, the damaged 
cement paste as the first layer is phase 2, the original cement paste as the second layer is 
phase 3, and the effective medium is the degraded cement paste to be calculated. 
 
In the literature, available test data are for the Young’s modulus of concrete, and available 
effective models for composite materials are for the bulk modulus and the shear modulus. So, 
for the purposes of comparing the experimental data with theoretical predictions, the effective 
Young’s modulus E of concrete is obtained based on the effective bulk modulus from Equation 
(2-2) and the effective shear modulus from Equation      (2-3), as shown in Equation (2.7). On 
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the other hand, these two effective moduli of a composite can be determined based on the 
known Young’s moduli and Poisson’s ratios of the constituents as shown in Equations (A-29) to 
(A-33) in Appendix A.1  
 = 93 +  (2-4) 

 
More details about how to calculate the quantities in the above equation can be found in 
Appendix A.1. 
 

 

Figure 2-4 Generalization of the three-phase model to a multiphase model 

2.2.2  Mesoscale Models for Concrete and Mortar 

To reiterate, two scale levels are considered. The first one at the mesoscale level is concrete, in 
which the coarse aggregates are inclusions, the mortar is the matrix, and the GSC model is 
used for determining the effective properties of concrete. The second one is the mortar, in which 
the fine aggregates are inclusions, the cement paste is the matrix, and the GSC model is used 
for determining the effective properties of mortar.  
Figure 2-5 shows the theoretical model for the two scale levels for concrete. 
 

 

Figure 2-5 Theoretical model for concrete and mortar 
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2.3  Microstructure of Cement Paste 

The internal structure of cement paste at the micrometer level involves various hydration 
products, such as C-S-H and CH, which are quite different from the mesostructure of concrete 
at the millimeter level, as described in the previous section. The CH and other crystals in the 
cement paste are randomly distributed particles. We need a different approach from the GSC 
model. The Mori-Tanaka model is used for cement paste.  
 
2.3.1  Mori-Tanaka Model 

The Mori-Tanaka model (Benveniste 1987; Mori and Tanaka 1973) is a good approach to 
estimate the effective mechanical properties of a composite material based on its simplified 
internal structure and the given properties of the constituents. This model can consider a porous 
media with various morphologies of microstructural components, making it suitable for modeling 
the effective properties of cement paste.  
 
As shown in Figure 2-6, a heterogeneous composite material can be generalized to an 
equivalent homogeneous medium (EHM) with different inclusions (phases) within the material. 
Based on the physical characteristics of each phase, the inclusions can be simplified and 
categorized into three groups: elliptical inclusions with various orientations (P1), spherical 
inclusions (P2), and elliptical inclusions with a known identical orientation (P3). All of them are 
embedded in the matrix phase (M). For the constituent phases and the composite material as a 
whole, these are not one-dimensional problems like the one shown for the GSC model. 
Therefore, a three-dimensional formulation must be used, in which the three-dimensional stress 
and strain components are linked together by a stiffness tensor. So, instead of calculating the 
effective modulus of elasticity (which is for a one-dimensional formulation), the effective stiffness 
tensor must be obtained. Similar to the GSC model, the effective stiffness tensor can be 
calculated based on the stiffness tensors of the constituent phases and the volume fractions of 
the phases. In addition, another tensor will be needed in the formulation to consider the shapes 
of the phases. The effective stiffness tensor of the composite material can be expressed as 
(Chen et al. 2014): 
 

 = ∶, , ,  (2-8) 

 
where  
 

 fp = volume fraction of phase p (unitless), 
 

 Cp = fourth order stiffness tensor of phase p,  
 

 Ap = fourth order strain concentration tensor of phase p, 
 
and the double dot product: is defined as X:Y=XijYij with tensor notation. 
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Figure 2-6 Random representation of a composite material 

If it can be assumed that each phase is homogenous within its domain, then Ap, which is the 
tensor to consider the shapes of the constituent phases, can be obtained as (Chen et al. 2014): 
 

 = + ∶ ∶ − ∶ + ∶ ∶ −, ,  (2-9) 

 
where  
 

 I = symmetric fourth order unity tensor and  
 

 Sp = fourth order Eshelby tensor of phase p. 
 

The subscript p is the index for inclusions and M is the index for matrix. 
 
The Eshelby tensor Sp considers the response of an ellipsoidal inclusion with shape factor (ratio 
of the length of the axis of revolution to the length of an axis orthogonal to it) to a homogeneous 
static strain. For the sake of simplicity, the average Eshelby tensor is used (Damien et al. 2019). 
The stiffness tensor of the composite material shown in Figure 2-6 is given as: 
 

 

= ∶ + ( , ) ∶ ∶ − sin( )4
+ ∶ + ∶ ∶ − +,∶ + ( , ) ∶ ∶ − sin( )4
+ + ∶ ∶ − +,  

(2-10) 
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where  
 
 ,  = Euler angles which describe the orientation of a rigid body with respect to a fixed 

coordinate system. 
 
Comparing Figure 2-6 for the Mori-Tanaka model and Figure 2-4 for the GSC model, it is clear 
that the Mori-Tanaka model is good for those materials with multiple randomly distributed 
phases with different shapes, while the GSC model is suitable for the internal structures with 
phase associations. The Mori-Tanaka model is applied to cement paste in the next section, 
where the specific phases in cement paste are assigned to the inclusions shown in Figure 2-6.  
 
2.3.2  Micro-scale Level Model for Cement Paste 

Figure 2-7 shows the microstructure of hardened cement paste. The hardened cement paste 
can be treated as a multiphase composite in which clinker, calcium hydroxide (CH) and 
aluminate, and capillary pores are embedded in the calcium silicate hydrate (C-S-H) gel matrix.  
Vandamme et al. (2010) and Chen et al. (2014) differentiate C-S-H gel into three different 
phases: low density (LD) C-S-H, high density (HD) C-S-H and ultrahigh density (UHD) C-S-H. 
The LD C-S-H is considered as the matrix of the cement paste. The UHD C-S-H forms 
surrounding the clinker. The HD C-S-H locates between them. Therefore, it can be treated as a 
multiscale problem: the clinker and UHD C-S-H are considered as the sub-inclusion, and this 
inclusion and HD C-S-H form the equivalent inclusion, as shown in Figure 2-8. Figure 2-8 also 
shows the theoretical model of hardened cement paste including each component’s 
morphology. According to Stora et al. (2006), the clinker can be modeled as half of an oblate 
spheroid and half of a prolate spheroid with an aspect ratio of 0.81. The HD and UHD C-S-H are 
assumed to orient parallel to the clinker, and thus they have the same aspect ratio. The  
 

 

Figure 2-7 Environmental scanning electron microscopy micrograph of a hardened 
cement paste specimen with a water/cement ratio of 0.35 at age 28 days 
(Republished with permission of ICE Publishing from Chen et al. 2014, “A 
nano-model for micromechanics-based elasticity prediction of hardened 
cement paste.” Magazine of Concrete Research, 66(22), 1145–1153; 
permission conveyed through Copyright Clearance Center, Inc.)  
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Figure 2-8 Theoretical model representing each inclusion’s morphology in cement paste 

aluminate, also named as ettringite, has an intrinsic needle-like morphological effect and is 
considered as a prolate spheroid with an aspect ratio of 0.69. CH is modeled as a prolate 
spheroid with an aspect ratio of 0.7. The voids are assumed to be spherical. 
 
According to Figure 2-8 and Equation (2-10), the stiffness tensor of the sub-inclusion is 
 

 
= : + :  : − +    : + :  : − +    

(2-11) 

 
The stiffness tensor of the equivalent inclusion is 
 

 
= : + :  : − +    : + :  : − +    

(2-5) 

 
The stiffness tensor of the hardened cement paste is  
    =  + : + :  : −+ : + ( , ):  : − ( )4+ : + ( , ):  : − ( )4+ : + ( , ):  : − ( )4  

(2-6) 
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: + + :  : −+ + ( , ):  : − ( )4+ + ( , ):  : − ( )4+ + ( , ):  ∶ − ( )4  

 
 
2.3.3  The Theoretical Model for Clinker 

In order to consider the effects of the cement type and water-cement ratio, clinker can be 
considered as an individual sub-phase of cement paste. The composition of clinker from Taylor 
(1997) is shown in Figure 2-9. Instead of considering clinker as an isotropic and homogeneous 
material, it is more reasonable to treat the clinker as a composite material with four phases. The 
phases are belite (C2S), alite (C3S), tricalcium aluminate (C3A), and ferrite (C4AF). Their 
corresponding chemical formulas are listed in Table 2-1. The C3S is considered as the matrix of 
the clinker, while the other three phases are treated as individual spherical inclusions. The 
theoretical model for the clinker is shown in Figure 2-10 based on the morphology given by 
Termkhajornkit et al. (2014) and may be described by the Mori-Tanaka model. 
 
 

 

Figure 2-9 Composition of clinker ( 
Republished with permission of ICE Publishing from Taylor, H. F. (1997). 
Cement chemistry, 2nd ed., Thomas Telford, London; permission conveyed 
through Copyright Clearance Center, Inc.) 

According to Figure 2-10 and Equation (2-10), the stiffness tensor of clinker is  
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= : + : : −, ,  +  

: + : : −, , +  

 

(2-7) 

 

Figure 2-10 Theoretical model for the clinker 

Table 2-1 Clinker constituent phases 

Constituent phases Formula Cement Industry Formula E (GPa) μ 

Belite 2CaO+SiO2 C2S 130 0.3 

Alite 3CaO+SiO2 C3S 135 0.3 

Tricalcium aluminate 3CaO+Al2O3 C3A 145 0.3 

Ferrite 4CaO+Al2O3Fe2O3 C4AF 125 0.3 

Sources: Velez et al. 2001; Acker 2004 
 
 
2.4  Volume Fractions of the Phases in Concrete 

As noted, the volume fraction for each constituent phase, especially the hydration products, at 
each scale level must be obtained in the models. The total volume of the cement paste (Vcp) is 
the volumetric summation of unreacted clinker, hydration products, and capillary pores: 
 

 = + + + + +   (2-8) 
 
where (subscripts): 
 
 cp = cement paste, 
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 clinker = unreacted clinker, 
 
 CH = CH crystals, 
 
 AFm = Hydrated calcium aluminates phases, 
 
 AFt = ettringite, 
 
 CSH = C-S-H matrix, and 
 cap = capillary pores. 
 
The volume fractions of each phase can be found in Appendix A.2 . 
 
The degree of hydration of the cement-based material is a time-dependent variable. It should be 
noted that the service time of nuclear power plants (NPPs) is very long for both biological 
shielding structures and waste storage facilities (more than 60 years); by that time, the effects of 
the hydration period of cement are not significant because the hydration reactions are almost 
completed after 40 years.  
 
At the mortar and concrete levels, the calculation of the volume fractions of the constituent 
phases is straightforward based on the mix design parameters. At the mortar level, the volume 
fractions for sand (fs) and cement paste (fcp) are calculated as  
 

 = + + = ⁄+ ⁄ + ⁄⁄ ; = 1 −  (2-9) 

 
where 
 
 Vs, Vc, Vw = volume of sand, cement, and water in concrete, respectively (cm3), 
 
 Ws, Wc, Ww = weight per unit volume of concrete for sand (fine aggregates), cement, and 

water, respectively (g/cm3), and 
 
 ρs = sand density (g/cm3). 
 
At the concrete level, the volume fractions for gravel (fg) and mortar (fm) are calculated as 
 

 = + + + = ⁄+ ⁄ + + ⁄⁄⁄ ; = 1 −  (2-10) 

 
where 
 
 Vg = volume of gravel (coarse aggregates) in concrete (cm3), 
 
 Wg = weight per unit volume of concrete for gravel (g/cm3), and 
 
 ρg = gravel density (g/cm3). 
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2.5  Degradation of Concrete 

The effect of neutron irradiation on some types of concrete leads to notable expansion as well 
as significant degradation of its mechanical properties, such as the compressive strength, the 
tensile strength, and the modulus of elasticity at neutron fluence levels greater than 1 × 1019 
n/cm2. Gamma ray effects are relatively small and are discussed in Chapter 5. The more 
significant effect of neutron irradiation on concrete is the expansion of the aggregates, which is 
the primary focus of this section. 
 
2.5.1  Deformation of the Constituent Phases 

2.5.1.1  Expansion of Aggregates 

Quartz is the dominant crystalline form of SiO2 which is one of the most abundant minerals in 
aggregates. Our previous study (Biwer et al. 2020) shows that quartz subjected to fast neutron 
fluence in excess of 1 × 1019 n/cm2 will significantly expand in volume. Pronounced volume 
expansion can also be observed for many kinds of aggregates, especially for siliceous 
aggregates, when fast neutron fluence is greater than 1 × 1019 n/cm2. It has been demonstrated 
that the crystalline-to-amorphous transition is the main source of irradiation-induced 
macroscopic expansion of several phases (quartz is one of them) and minerals in aggregates 
(Weber et al. 1994, 1998). The process is called amorphization or metamictization. Different 
aggregates expand at different rates under the same level of neutron fluence. Thus, when test 
data are available for the specific type of aggregate used in a concrete under consideration, the 
test data can be analyzed by curve fitting, and an equation for the aggregate expansion can be 
obtained based on the test data and used in the analysis. In the case that no test data are 
available for the aggregate, one of two options can be considered. One is to obtain test data for 
a similar aggregate from Biwer et al. (2020) and conduct a curve fitting analysis, and the other 
option is to use the general equation as shown in the following. Based on a model describing 
the accumulation of irradiation-induced amorphous fraction of materials (Wang et al. 2000), a 
general equation for the expansive strain of aggregate ε  due to neutron irradiation was 
developed (Jing and Xi 2017). 
 

 ε = ε (1 − 1+ (1 − )exp (2ℬ(1 − ) )) (2-11) 

 
Where 
 
 ε  = saturation value of dimensional change of aggregate (unitless), 
 
  = temperature-dependent crystallization efficiency parameter (unitless), varying in the 

range between 0 and 1,  
 
 ℬ = normalization factor for neutron fluence (cm2/n), and 
 
 N = neutron fluence (n/cm2).  
 
As shown in this equation, the expansion of aggregates depends mainly on the neutron fluence, 
N, which is a function of the time and location in an irradiated concrete wall. Basically, the 
expansion of aggregates at different locations at a fixed time depends on the neutron 
distribution in the concrete wall, which is discussed and calculated in Chapter 5. 



 

2-16 
  

 
2.5.1.2  Drying Shrinkage of Cement Paste 

It was observed that the shrinkage strains of neutron-irradiated cement paste and the control 
sample subjected to the same thermal cycles are identical (Hilsdorf et al. 1978). Some other test 
results (Elleuch et al. 1972) of aluminous cement paste up to 280 ºC also supported this 
observation. To date, there is no strong evidence showing that neutron radiation has a direct 
impact on the shrinkage of cement paste. As mentioned earlier, neutron irradiation leads to 
more distortion and damage to the internal structure of aggregates than to the structure of 
cement paste with a randomly layered internal structure. In general, the shrinkage of cement 
paste is mainly due to the loss of moisture during the heating process of irradiation and 
radiolysis. The moisture loss causes volumetric variation in the microstructure of the cement 
paste, and there is usually no phase transformation involved. As discussed in the literature 
(Neubauer et al. 1996; Xi and Jennings 1997), the shrinkage of unreacted cement, CH, and 
other crystals can be considered to be negligible, and the C-S-H shrinkage is responsible for 
almost all of the drying shrinkage of cement paste. 
 
The effect of drying shrinkage can be taken into account in two different ways. In the case that 
the shrinkage test data are available, an empirical model can be developed based on the test 
data, and the empirical model can be used in the analysis. If no shrinkage test data for the 
concrete are available, a shrinkage model can be used. For example, the present multiphase 
and multiscale model was originally developed for the shrinkage of concrete (Xi and Jennings 
1997), so, the model can be used here for the drying shrinkage of concrete. The control 
parameter for the shrinkage of concrete is the shrinkage of low density (LD) C-S-H, which can 
be considered as a function of pore relative humidity.  
 

2.5.1.3  Thermal strains 

During the heating process of irradiation, the thermal expansion of concrete (εT) can be 
calculated as 
 

 = ∆  (2-12) 
 
where 
 
  = coefficient of linear thermal expansion (CTE) for the ith constituent phase in concrete 

(strain/ ºC), and 
 
 ΔT = temperature increment (ºC). 
 
For the calculation of volumetric changes due to temperature variation, the equation for linear 
thermal strain, Equation 2-19, can be used; that is, the volumetric strain (δ) is the trace of the 
strain tensor: 
 

  δ = ∆ = + + = 3  (2-20) 
 
So, the problem of thermal expansion during neutron irradiation becomes the degradation of the 
CTE under neutron irradiation. Again, the degradation of the CTE must be considered in 
conjunction with the two mechanisms: direct neutron irradiation and the heat generated by 
neutron irradiation.  
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Consider the direct neutron irradiation first. The results of some experimental studies 
(Dubrovskii et al. 1966; Hilsdorf et al. 1978) show that the differences between the CTE of 
neutron-irradiated concrete and that of temperature-exposed concrete are very small, which 
implies that the direct impact of neutron irradiation is not significant. Another experimental study 
(Kelly et al. 1969) also demonstrated that neutron radiation has little influence on the CTEs of 
several types of aggregates. Various aggregates were used in these studies, and the neutron 
fluence was 2.4 × 1021 n/cm2 at an average neutron energy of 0.23 MeV. However, the result 
from another study (Dubrovskii et al. 1967) indicated that the CTE for irradiated concrete started 
to drop when neutron fluence is higher than 1.2 × 1020 n/cm2. According to the given energy 
distribution profile, about 40-50% of the neutrons have an energy higher than 0.1 MeV, so the 
threshold, in this case, for fast neutron fluence, is in the range of 4.8 to 6.0 × 1019 n/cm2. The 
aggregates used were river sand (mainly quartz) and sandstone (80–95% silicon oxide in the 
form of crystalline quartz). Quartz just begins to expand at this threshold value for this particular 
case. A similar result can also be found in Kelly et al. (1971): the CTEs of Magnesian Limestone 
begin to change when their volumes start to increase under fast neutron radiation. These test 
data imply that the neutron radiation may affect the nature of the thermal expansion of concrete. 
But available test results are not sufficient to reach a definitive conclusion. In the present model, 
the coefficient of linear thermal expansion αi for concrete is assumed to be unaffected by 
neutron radiation.  
 
Now, consider the effect of temperature rise due to neutron irradiation on the CTE of concrete. 
Many test results showed that the CTEs of concrete are temperature dependent (Lee et al. 
2009). The CTE of cement paste and the CTE of aggregates behave differently under an 
elevated temperature and must be considered separately. 
 
For cement paste above 120 ºC, phase transformations may be involved, and a stoichiometric 
model (Lee et al. 2009) may be used to calculate the volume fractions and the CTE as a 
function of temperature. Since the temperature in the NPP is usually well controlled under 
65 ºC, for cement paste and its constituent phases, the values of CTE under 200 ºC may be 
considered as constants, and they are shown in   
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Table 2-2.  
 
In conventional concrete material, aggregates normally constitute 65-80% of the total volume of 
concrete. Therefore, the volumetric behavior of the aggregates is very important for the volume 
changes of concrete. It has been reported that the CTEs of some types of aggregate increased 
with temperature above 100 ºC, which is mainly due to their changes in mineralogical 
composition (Bažant and Kaplan 1996). The CTE of aggregate also depends on whether the 
minerals are crystalline or amorphous. As mentioned earlier, neutron irradiation causes 
structural amorphization of crystalline phases, which leads to the macroscopic expansion of the 
crystalline mineral.  
 
The values and ranges of the CTEs for different groups of aggregates at 20 ºC are available in 
the literature (Alexander and Mindess 2005). The behavior of the CTEs of aggregates under 
elevated temperature can be found in available test data (Bažant and Kaplan 1996). It should be 
noted that there is no consistency among the values and ranges for the CTEs of various types 
of aggregate. The behavior within a particular rock group can vary considerably, since the 
chemical compositions of rocks are quite different, even if they share the same name. 
Compared to the aggregate volumetric expansion caused by neutron radiation, the changes of 
CTE due to the neutron radiation under nuclear power plant operating conditions is not 
investigated further in this study. 
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Table 2-2 Properties of constituent phases in hardened cement paste 

Parameters 

Mechanical  
(10-6 / °C) 

(Lee 2006) E (GPa) μ Ref. 

UHD C-S-H 44.5 0.24 Vandamme and Ulm (2009) 7.222* 

HD C-S-H 29.4 0.24 Constandines and Ulm (2004) 7.222* 

LD C-S-H 21.7 0.24 Constandines and Ulm (2004) 7.222* 

CH 42.0 0.315 Moteiro and Chang (1995) 11.11* 

C3S 135 0.3 Velez et al. (2001); Acker (2004) 2.301 

C2S 130 0.3 Velez et al. (2001); Acker (2004) 2.301 

C3AF 125 0.3 Velez et al. (2001); Acker (2004) 2.301 

C3A 145 0.3 Velez et al. (2001); Acker (2004) 2.301 

Ettringite 50 0.34 Zhodi et al. (2002); Speziale et al. (2008)  

Pores 0 0 - 0 

* Under 200 ºC. 
 
 
2.5.2  Degradation of Mechanical Properties 

2.5.2.1  Aggregate 

There is a significant reduction of the elastic modulus of aggregates by neutron irradiation, as 
shown in Figure 2-11. The reduction of concrete properties may be mainly due to the reduction 
of the elastic modulus of the aggregate and damage induced by the volumetric mismatch 
between the aggregate and cement paste.  
 

2.5.2.2  Hardened Cement Paste 

The analysis of the collected test data has shown that neutron and gamma irradiation very likely 
have a negligible direct effect on the mechanical properties of hardened cement paste 
compared to their effects on aggregates (Biwer et al. 2020). Based on these test data 
(Figure 2-12), the modulus of elasticity of hardened cement paste can be assumed to be a 
constant under neutron irradiation.  
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Figure 2-11 Relative elastic modulus of aggregates after neutron irradiation 
(from Biwer et al. 2020) 

It has been confirmed by extensive studies that the elastic modulus of concrete decreases with 
increasing temperature. Thus, both neutron irradiation and elevated temperature could cause 
the degradation of the elastic modulus of concrete. The elastic modulus of concrete can be 
affected in two ways. The first way is that high temperature could cause phase transformations 
of the constituent phases, which can lead to the deterioration of the concrete because the newly 
formed phases are usually not as stiff as the original phases. The second way is the 
incompatibility between the thermal deformation of aggregates and cement paste. Under 
elevated temperatures, the expansion of aggregates and cement paste do not match with each 
other, and the volumetric mismatch could cause micro-cracking and debonding at the interface 
between the aggregate and cement paste. Both of these effects need to be analyzed and taken 
into account in the model. Similar volumetric mismatch and mismatch of mechanical properties 
between steel reinforcement and concrete can be observed in reinforced concrete structures, 
again, under normal operating temperature of nuclear power plants; these mismatches are very 
small and can be neglected (Willam et al. 2009). 
 
Considering the effect of phase transformation under elevated temperatures first, the 
degradation of the mechanical properties of concrete has been well studied (Lee et al. 2009), 
and data on the thermal degradation of concrete up to 800 ºC was obtained. According to the 
study, there is no phase transformation in cement paste up to 120 ºC. Since the normal 
operating condition of biological shielding is ≤ 65 ºC, neutron irradiation has little effect on the 
elastic properties of cement paste. Therefore, the elastic properties of the constituent phases of 
cement paste, e.g., clinker, C-S-H, and CH, can be considered as constants during normal 
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operating conditions. The values of the elastic properties of the constituent phases are 
summarized in   
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Table 2-2. 
 
In addition to the solid phases, the liquid phase, free water, should also be considered. Free 
water evaporates under radiation heating, the effect of radiolysis and the effect of the liner on 
internal moisture generation and transfer in concrete are important (test data are not available), 
which means that the internal pores in cement paste can be considered as unsaturated and 
drained.  
 
Degradation induced by the volumetric mismatch, including expansion of aggregates, thermal 
strains, and shrinkage of cement paste at the aggregate-cement paste interface, will be 
considered in the following section.  
 

 

Figure 2-12 Relative elastic modulus of cement paste after neutron irradiation (from 
Biwer et al. 2020) 

2.5.2.3  Damage Development in Cement Paste   

Due to the expansion of aggregate under neutron irradiation, there is damage in the surrounding 
cement paste. To evaluate the effect of damage of the cement paste on the overall behavior of 
concrete, the volume of the damaged part of the hardened cement paste needs to be obtained 
first. As shown in Equation (2-4), the incompatibility between the deformation of the aggregates 
and the cement paste will generate an internal pressure P at the interface between the two 
phases. For nuclear irradiated concrete, −  is a positive value since the aggregate phase 
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expands and the cement paste phase shrinks. As a result, P will be a positive pressure applied 
to the aggregate-cement paste interface. As shown in Figure 2-13 (a), the pressure results in a 
tensile stress in the cement paste, which may cause damage of the cement paste in the vicinity 
of the aggregate. In the case of the spherical model for aggregate, the distribution of radial and 
tangential stresses in the cement paste are 
 

 Radial stress    = −  (2-21) 

 Tangential stress    = =  (2-13) 
 
where 
 
 rs = aggregate radius (cm). 
 
These two stresses decrease gradually with the cube of r. 
 

     
 (a)                                                                   (b) 

Figure 2-13 (a) The distribution of stresses and potential cracks in cement paste; (b) the 
cracked zone is replaced by an equivalent medium 

In order to take into account the degradation of the cement paste induced by the volumetric 
mismatch at the aggregate-cement paste interface, the Drucker-Prager plasticity failure criterion 
is adopted as the criterion for the distressed cement paste. This is a simplified characterization 
of the damage process at the interface between the aggregate and the surrounding cement 
paste.  
 

 + =  (2-14) 
 
where 
 
 I1 = first invariant of the stress tensor (MPa),  
 
 J2 = second invariant of the deviatoric stress tensor (MPa2),  



 

2-24 
  

 α,k = constants in terms of the tensile strength (fct) and compressive strength (fcc′) of cement 
paste. 

 = 1√3 ( ′− )/( + ′) 

 = 2√3 ( ′ )/( + ′) 

 
When the cement paste in the vicinity of aggregates starts to undergo plastic yielding (r = rs), by 
substituting Equation (2-21) and Equation (2-13) into Equation (2-14), the critical interface 
pressure (Pc) for the plastic yielding initiation of cement paste is obtained: 
 

 = 4 ′3( + ′) (2-15) 

 
Once P reaches Pc, the cement paste surrounding the aggregate will undergo plastic yielding, 
which is considered to be the distressed zone, with a small increase ∆P in P. The damage 
development process is shown in Figure 2-13 (a) and (b). The thickness of the distressed zone 
is ∆x in the radial direction. In this case, the new interface pressure is P= Pc + ∆P and the new 
yield surface of the cement paste is r = rs + ∆x. Based on Equation (2-14), the ratio between ∆x 
and rs is 
 

 ∆ = 1 + 3∆ ( + ′)4 ′ − 1 (2-16) 

 
Then, a recursive equation describing the radius of yield surface of the cement paste at time tn 

can be obtained 
 

 = + ∆ = 1 + 3∆ ( + ′)4 ′  (2-17) 

 
The initial value for rn is r0 = rs when P just reaches Pc. If the pressure is less than Pc at , 
there will be no new distressed phase, and the damage initiates as soon as the pressure 
increases to a level larger than Pc. The details of derivation can be found in Appendix A.4 . The 
calculation process is explained below. 
 
As shown in Equation (2-4), the interface pressure P is a function of the elastic properties and 
deformations of the composite phases in the material, which means that ∆x/rs is size 
independent. Therefore, the GSC model can be applied to calculate the stiffness of the 
distressed materials, providing a proper treatment of damaged cement paste. The theory is 
called composite damage mechanics (Eskandari-Ghadi et al. 2014; Xi et al. 2006).  
 
In the composite damage theory, we considered a damaged material as a composite material 
comprised of two different phases. One is the fully damaged phase and the other is the fully 
intact phase. It should be emphasized that the term composite damage mechanics here refers 
to the use of composite theory to solve a damage problem, for example, to use the GSC model 
to deal with damage development in a material, while the material itself could be initially a 
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composite material like concrete. During the damage development process such as due to 
nuclear irradiation, all phases can be assumed to be linearly elastic and isotropic.  
 
In this case, as shown in Figure 2-13, the damaged zone in cement paste is replaced by a 
distressed (or damaged) phase with a reduced stiffness. The damaged phase in cement paste 
has a lower stiffness (Ed) than that of the intact cement paste (E0) when the damage occurs. 
Thus, 0 <Ed/E0 ≤1. Ed/E0 is an important parameter in this theory, and a constant value is 
usually used for it. This is the ratio of elastic modulus of the fully distressed material and the 
intact material. The ratio is an input parameter for the analysis. The determination of this 
parameter is discussed in Section 2.5.3. The overall damage is quantified using the volume 
fraction of the fully distressed phase. 
 
In the composite damage mechanics, all of the phases can carry loads and have their own non-
zero elastic modulus, which is different from conventional scalar damage mechanics where the 
damaged phase has a zero modulus.  
 
After these treatments, the distressed concrete can be modeled as a multiphase composite 
material. As one can see in Figure 2-14, the inclusion (black) is the aggregate phase, the first 
layer (red) is the damaged cement paste, and the second layer (blue) is the intact cement paste. 
The volume fraction of the damaged phase is the variable which describes the development of 
internal damage in the material and can be obtained based on Equation (2-17).  
 
During the calculation process, small time steps should be used, which means that the 
incremental deformation of aggregate should be small enough to ensure the slow variation of 
the P with respect to time. If the damage criteria are not met, go to the next time step with an 
increased aggregate expansion until damage is initiated. After that, from previous time tn to 
current time tn+1, the inclusion phase in the model should be the combination of the original 
inclusion and damaged cement paste formed in all of the previous time steps. This new 
inclusion will have new mechanical properties and strains that can be calculated using the 
previously developed equations; see Equations (2-5) and (2-6). There will be a new interface 
with radius rn+1, as shown in Figure 2-15. In the next time step, the calculation of the interface 
pressure and damage criterion should be performed at the new interface. The calculation flow of 
the model is shown in Figure 2-1. 
 
2.5.3 Determination of Ed/E0 

It has been observed in a distressed cement paste, the stiffness of a fully distressed cement 
paste sample is not zero but a reduced value Ed, reduced from its initial value E0. For example, it 
can be 20% of E0 depending on the composition of the cement paste under consideration. The 
20% means that the ultimate modulus of elasticity of cement paste at a set or defined state of 
degradation is 20% of its initial value for intact cement paste, and the corresponding ratio of 
Ed/E0 will be 1/5.  
 
To determine the ratio Ed/E0, first of all, the final state of degradation must be identified. In our 
case, it is the time when the entire cement paste phase is fully distressed. As shown in the 
Phase 1 study (Biwer et al. 2020), almost all properties of nuclear irradiated concrete, including 
strength and modulus of elasticity, reach the lowest values at a fast neutron fluence of 
1 × 1020 n/cm2; the maximum aggregate expansion is also expected to be reached at this 
neutron fluence value. So, the time for the end state of degradation can be considered to be the 
time when the internal neutron fluence level reaches 1 × 1020 n/cm2. It should be pointed out 
that other fast neutron fluence levels can also be used if test results are available. Then, the 
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modulus of elasticity of fully distressed cement paste can be determined from the present model 
inversely based on the original properties of cement paste, aggregate, and concrete as well as 
the results of the modulus of elasticity of nuclear irradiated concrete and aggregate at this 
radiation level (1 × 1020 n/cm2).  
 
A numerical example on how to determine the modulus ratio Ed/E0 of cement paste is provided 
here. The mix proportion by weight of ordinary concrete samples is water/cement/aggregate = 
0.5/1/4.9. The original elastic modulus and Poisson’s ratio of the aggregate were assumed to be 
49.6 GPa and 0.28, respectively. The elastic properties of the original hardened cement paste 
were assumed as (Young’s modulus and Poisson’s ratio): E0 = 19.2 GPa and 0 =0.27.  
 
In this example, we consider the neutron level at the end state of degradation to be 
1 × 1020 n/cm2, as shown in the Phase 1 study (Biwer et al. 2020). When 1 × 1020 n/cm2 of fast 
neutron fluence is reached, the elastic modulus of aggregate is assumed to be 40% of the 
original value, and the elastic modulus of concrete is assumed to be 29% of the original value. If 
we assume the Poisson's ratios do not change, the elastic modulus of distressed cement paste 
can be obtained by using the present model inversely: Ed = 3.648 GPa, which is about 19% of 
the original value. Therefore, Ed/E0 = 0.19.  
 
This parameter depends on the composition of the cement paste, which is determined by the 
cement type and concrete mix design parameters. It allows the user to control the acceptable 
level of damage at the set end state of degradation of the concrete and can be determined 
based on available test data of concrete using the inverse method shown in the example. In this 
example, a neutron fluence level of 1 × 1020 n/cm2, and the corresponding values for concrete, 
are assumed. Other neutron fluence levels and concrete properties can also be used in the 
inverse calculations if test data are available.    
 
 
2.6  Input Parameters 

All input parameters needed for the composite mechanics model of concrete developed in this 
chapter are listed in   
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Table 2-3. 
 
 
2.7  Model Validation 

In order to validate the multiscale and multiphase model, the post-irradiation residual properties 
of one specific concrete called Con-A, Test ID PPT-D tested by the Japanese team at the Kjeller 
JEEP-II reactor (Maruyama et al. 2017) under a fast neutron fluence from 7.09 × 1018 to 
4.78 × 1019 n/cm2 (E > 0.1 MeV), was analyzed. 

 

Figure 2-14 Composite damage mechanics 

 

 

Figure 2-15 Calculation process from tn to tn+1 
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Table 2-3 Input parameters for the composite mechanics model of irradiated concrete 

Environment 
information 

Concrete material 

Cement Aggregate (fine and coarse aggregate) 

• Neutron flux 
(N) 

• Temperature 
(T) 

• Relative 
Humidity 
(R.H.) 

• Cement type (chemical 
composition) 

• Water-cement ratio (w/c) 

• Density (ρ) 

• Compressive strength of 
hardened cement paste (fcc′) 

• Tensile strength of 
hardened cement paste (fct) 

• Ed/E0 

• Curing time, t 

• Others (see Table 2-1 and  
• Table 2-2) 

• Aggregate fractions in the concrete 
(s, g) 

• Aggregate type 

• Density (ρ) 

• Elastic modulus (E) 

• Poisson's ratio ( ) 

• CTE ( ) 

• Expansion of aggregate under 
neutron radiation 

• Degradation of elastic modulus under 
neutron radiation 

 
 
Aggregate expansion profiles are shown in Figure 2-16. GA is for coarse aggregate and GB is 
for fine aggregate. Other symbols (GC, GD, GE, and GF) refer to other types of aggregates and 
will not be used here. The properties used are listed in   
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Table 2-2 and Table 2-4. The chemical compositions of the cement are shown in Table 2-5. The 
water-cement ratio is 0.5 and the mix design is shown in Table 2-6. The curing time is 1 year 
before the test. The temperatures during the test are in the range of 62.0-71.9 °C; and the 
highest temperature experienced by concrete (71.9°C) is used in the analysis. The strengths of 
cement paste are fcc′ = 65 MPa and fct = 3.5 MPa. It was assumed that the degradation of the 
Young’s modulus of the aggregate is the same as the linear regression of the serpentine data 
collected by Elleuch et al. (1972), as shown in Figure 2-17. Ed/E0 = 0.19 is used. 

Table 2-4 Material properties 

Material Ρ (g/cm3) E (GPa) μ  (10-6 / ºC) 

Aggregate GA crushed 
altered tuff 2.66 65 0.28 9 

High early-strength ordinary 
Portland cement 3.14 - - - 

Sand (land sand) 2.61 35* 0.25* 9* 

Concrete  36.352  - 

* Assumed typical values. 

Table 2-5 Cement chemical composition 

Density 
(g/cm3) 

Chemical composition(mass%) Total Ig. loss SiO2 Al2O3 Fe2O3 CaO MgO SiO3 Na2O K2O TiO2 P2O5 MnO 
3.14 1.04 20.78 4.98 2.46 65.4 1.24 3.04 0.21 0.28 0.29 0.32 0.09 100.11 

Table 2-6 Mix design (kg/m3) 

Cement Water Sand Aggregate 
366 183 799 995 
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                      (a)                                                                (b) 

Figure 2-16 Dimensional changes of aggregates: (a) diameter change; (b) height change 
(data from Maruyama et al. 2017) 

 

Figure 2-17 The serpentine data collected by Elleuch et al. (1972) 
Predictions of the dimensional change and the variation of Young’s modulus by the present 
multiscale and multiphase model agree well with the experimental data (Maruyama et al. 2017), 
as shown in Figure 2-18 and Figure 2-19. In the calculation, the time step increment should be 
small enough to achieve a slow damage development with time. For this particular problem, 
10000 time steps were used. Since the total irradiation time for this accelerated test is 
299.36 days, the time step increment is 0.03 day.  
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Figure 2-18 Dimensional change of concrete as a function of the neutron fluence for 
validation 

 

Figure 2-19 Elastic modulus of concrete as a function of the neutron fluence for 
validation 

2.8  Parametric Analyses of the Model 

A case study was developed to show the capability of the model and to analyze the effects of 
the model input parameters on the damage development of the cement paste, the dimensional 
change, and the elastic modulus of nuclear irradiated concrete. The cement paste damage is 
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quantified using the volume fraction of the fully distressed cement paste in the whole cement 
paste ( / ). 
 
Concrete samples assumed to be made of ordinary Portland cement concrete and crushed 
gravel without rebar embedment exposed to a fast neutron fluence of up to 1 × 1020 n/cm2 
(E > 0.1 MeV) were analyzed. Different material parameters were used, including three different 
water-cement ratios: 0.3, 0.4, 0.55; three different aggregate volume fractions: 0.6, 0.7, 0.8; and 
two different aggregate expansion profiles, as shown in Figure 2-20. Profiles 1 and Profile 2 are 
nonlinear relationships between the volume change of the aggregate as a function of neutron 
intensity as described by Equation (2-11). For isotropic expansion of concrete under neutron 
irradiation, the volumetric expansive strain will be three times the linear strain. The two profiles 
are based on the test data of aggregate GA and GE in Figure 2-16. These two profiles are the 
upper bound and lower bound of the data shown in Figure 2-16 (aggregate GF is excluded 
since it shows no expansion at all). They are used here for the parametric analysis of the model. 
For actual analysis, the value should be selected based on the aggregate used in the concrete. 
A linear regression of the serpentine data shown in Figure 2-17 was used as the degradation 
trend of the Young’s modulus for the aggregate under neutron radiation. The strengths of the 
hardened cement paste were fcc′ = 65 MPa and fct = 4 MPa. The temperature was 65 ºC. The 
drying shrinkage of cement paste was assumed to be -0.05%. The curing time was one year. All 
parameters are listed in  
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Table 2-7. The selection of the input parameters was to cover the potential variation in the 
parameter values.  

 

 

Figure 2-20 Dimensional change of aggregates used in the case study. Profile 1: test 
data of aggregate GE in Figure 2-16 which can be described by Equation 
(2-11) with εu = 3%,  = 0.9966,  = 1.8 × 10-17. Profile 2: test data of 
aggregate GA in Figure 2-16 which can be described by Equation (2-11) with 
εu = 5%,  = 0.9911,  = 5.96 × 10-18.  
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Table 2-7 Input parameters 

Parameters Values 

Fast neutron fluence, N 0~1E20 n/cm2 (E > 0.1MeV) 
Water cement ratio, w/c 0.3, 0.4, 0.55 

Aggregate volume fraction, fg 0.6, 0.7, 0.8 
Aggregate expansion profile  Figure 2-20 

Cement chemical composition C=0.654, S=0.2078, A=0.0498,F=0.0246 (mass%) 
Cement density, ρ  3.14 g/cm3 

Elastic modulus  of aggregate, Eagg 50 GPa 
Poisson's ratio of aggregate, agg 0.28 

CTE of aggregate,  9E-6 / ºC 

Aggregate density, ρ  2.66 g/cm3 

Ed/E0 1/3  

Strength of cement paste fcc′ = 65 Mpa, fct = 4 Mpa 

The temperature, T 65 ºC 
Drying shrinkage -0.05% 

Curing time, t 1 year 

Cement paste Table 2-1 and  
Table 2-2 

Note: For cement chemical composition, C=CaO, S=SiO2, A=Al2O3, F=Fe2O3. The mass% are listed in 
Table 2-5. 
 
 
2.8.1  Water-Cement Ratio 

For this portion of the analysis, only the water-cement ratio was changed among the three 
specimens considered; all of the other input parameters were kept constant (aggregate fraction 
= 0.7, Ed/E0 = 1/3, and aggregate expansion follows Profile 1 in Figure 2-20). As one can see in 
Figure 2-21, a higher water-cement ratio (w/c) results in less damage induced by nuclear 
radiation in the cement paste. A higher w/c ratio results in a less densified concrete framework 
which can accommodate more volume expansion at the aggregate-cement paste interface. This 
result also explains why the expansion of concrete decreases with the increase of the w/c, as 
shown in Figure 2-23. As shown in Figure 2-22, the w/c has different effects on the elastic 
modulus of concrete at different ranges. When the neutron fluence is small, the damage in the 
cement paste is not severe, as shown in Figure 2-21, and a higher w/c ratio will reduce the 
damage in the cement paste. Thus, the reduction of elastic modulus of concrete due to nuclear 
irradiation will be smaller for the concrete specimen with a higher w/c. When the neutron fluence 
is large, the damage to the cement paste is already significant, and the differences among the 
three cases became small compared to the absolute value, as shown in Figure 2-21. On the 
other hand, a higher w/c ratio will reduce the stiffness of the cement paste, and thus, the 
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reduction of the elastic modulus of concrete due to large neutron fluence will be larger for the 
concrete specimen with a higher w/c, as shown in Figure 2-21.  

  

Figure 2-21 Effect of the w/c on the damage in the cement paste as a function of neutron 
fluence 

  

Figure 2-22 Effect of the w/c on the elastic modulus of concrete as a function of the 
neutron fluence 
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Figure 2-23 Effect of the w/c on the dimensional change of concrete as a function of the 
neutron fluence 

2.8.2  Aggregate Fraction 

In this series of calculations, only the aggregate fraction was changed among the three 
specimens considered; all of the other input parameters were kept constant (water-cement ratio 
= 0.4, Ed/E0 = 1/3, and aggregate expansion follows Profile 1 in Figure 2-20). As one can see in 
Figure 2-24, a higher aggregate fraction slightly reduces the percent of damaged cement paste. 
This result is because the interface pressure decreases with increasing aggregate fraction (see 
Equation (2-4)). With a higher volume fraction of aggregate, the confinement of surrounding 
cement paste is reduced, and thus, the interface pressure is lower. The elastic modulus of 
concrete under neutron radiation shows a smaller reduction with the increase in the aggregate 
fraction, as shown in Figure 2-25. This difference is due to the fact that the modulus of elasticity 
of aggregate is higher than that of cement paste – see the input value in Table 2-7 – so with 
more aggregate, the relative modulus of concrete is higher. Of course, with an increasing 
neutron fluence level, the relative values of effective modulus decrease for all three cases. 
Since the expansion of concrete is mainly due to the expansion of aggregates, the overall 
expansion of concrete increases with the increase of aggregate fraction, as shown in Figure 
2-26. 
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Figure 2-24 Influence of aggregate fraction on cement paste damage as a function of the 
neutron fluence 

 

Figure 2-25 Influence of aggregate fraction on the elastic modulus of concrete as a 
function of the neutron fluence 
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Figure 2-26 Influence of the aggregate fraction on the dimensional change of concrete 
as a function of the neutron fluence 

2.8.3  The Effects of Aggregate Expansion 

In this series of calculations, only the aggregate expansion was changed among the three 
specimens considered; all of the other input parameters were kept constant (water-cement ratio 
= 0.4, aggregate fraction = 0.7, and Ed/E0 = 1/3). As shown in Figure 2-27, the aggregate 
expansion profile has a significant impact on the damage development in the hardened cement 
paste. When the aggregate expansion is slower and smaller (Profile 1), the damage 
development in the cement paste is also slower and smaller. The final damage factor is affected 
by the ultimate value of the aggregate dimensional change (the expansion due to nuclear 
irradiation). When the ultimate dimensional change is smaller, the final damage factor is smaller 
as well. Reduction of the elastic modulus of concrete is also affected by the aggregate 
expansion profile. When the aggregate expansion is slower, the degradation of the elastic 
modulus of concrete is also slower. Figure 2-28 shows that the overall expansion of concrete 
mainly results from the expansion of aggregates. The results further confirm that the 
degradation of concrete is mainly due to the aggregate expansion, as one can see in Figure 
2-29. 
 
2.8.4  Combined Effects 

It should be pointed out that the effects of all influential parameters are mingled together and 
difficult to distinguish in practice. Section 2.8 is aimed at examining the effect of each one of the 
influential parameters using the multiscale and multiphase model. It is shown that aggregate 
expansion is important for degradation of concrete under nuclear irradiation as are the other 
parameters analyzed in this section. For example, with an aggregate that exhibits large 
expansion under neutron irradiation, the overall damage to the concrete is expected to be high, 
if we only consider the expansion of the aggregate. However, the overall damage might not be 
very high, if the stiffness of the surrounding cement paste is not high. Using an extreme case as 
an explanation, when the aggregate is surrounded by a “soft” cement paste (like sponge), even 
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a very large aggregate expansion cannot generate significant damage in the cement paste. The 
stiffness of the cement paste (i.e., the modulus of elasticity of cement paste) depends on the 
water-cement ratio, so the water-cement ratio is an important parameter. Moreover, with the 
same expansive aggregate, when there are only a few pieces of them in the concrete, the 
expansion of the aggregate can be absorbed by the surrounding cement paste without 
significant damage. That is why the volume fraction of aggregate is an important parameter. 
 

 

Figure 2-27 Influence of aggregate expansion on the damage in the cement paste as a 
function of the neutron fluence 

 

Figure 2-28 Influence of aggregate expansion on the elastic modulus of concrete as a 
function of the neutron fluence 
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Figure 2-29 Influence of aggregate expansion on the dimensional change of concrete as 
a function of the neutron fluence 

2.9  Summary 

A multiscale and multiphase material model was developed based on two composite material 
models: the Mori-Tanaka model and the GSC model. The theories and equations of these two 
models were introduced first with the equations that are used to calculate the overall 
stiffness/elastic modulus and strain of a composite material based on the properties and 
behavior of the constituent phases. The heterogeneous internal structure of concrete was 
considered at four different scale levels with different constituent phases using either the Mori-
Tanaka model or the GSC model. The developed multiscale and multiphase model can be 
applied to various concrete materials with different mix designs used in different nuclear power 
plants to estimate the reduction of the modulus of elasticity, deformation, and damage of the 
concrete. The damage of concrete due to nuclear irradiation was estimated using a composite 
damage mechanics approach based on a certain failure criterion (the Drucker-Prager plasticity 
is used in the present study as an example). The established multiscale and multiphase model 
was validated using a set of experimental data under fast neutron radiation on concrete. 
Parametric analyses of the model input parameters, including the water-cement ratio, aggregate 
fraction, and aggregate expansion, were performed to analyze the effects of the parameters on 
the degradation and deformation of concrete under nuclear irradiation. 
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3    CREEP OF NUCLEAR IRRADIATED CONCRETE 

For concrete material under long-term nuclear irradiation, damage and creep occur 
concurrently. As discussed in Biwer et al. (2020), the effect of nuclear irradiation on the creep of 
concrete has not yet been studied sufficiently. Since a numerical model for coupled damage-
creep of concrete under nuclear irradiation is not available, a coupled damage-creep model of 
nuclear irradiated concrete is developed here based on the generalized Maxwell model and 
Mazars’ damage model, and implemented in ABAQUS CAE via a subroutine UMAT. The overall 
scheme is shown in Figure 3-1. The purpose of using ABAQUS/standard here is to consider the 
effect of mechanical loading on bioshield walls. The effect of neutron irradiation is considered by 
the multiphase and multiscale model from Chapter 2, which will be used here as input. In each 
time step, the results of nuclear irradiation obtained by the multiphase and multiscale model will 
feed the coupled damage and creep analysis in ABAQUS as inputs (UMAT Maxwell for Creep 
and Mazar’s damage model). This implementation results in the coupling analysis as a one-way 
process – the effect of nuclear irradiation has an impact on the creep analysis, but the creep 
has no effect on nuclear irradiation. It also should be pointed out that the damage due to 
mechanical loading calculated in ABAQUS will not be considered in the neutron transport 
analysis in Chapter 4 (in which the damage due to neutron irradiation is considered). The 
neutron transport analysis shown in Chapter 4 will only consider the effects of damage obtained 
from the multiphase and multiscale model (in Chapter 2) on the transport properties. 
 
 

 

Figure 3-1 Calculation flow chart for coupled damage-creep modeling 
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3.1  Generalized Maxwell Model 

The elastic creep of concrete is defined as the long-term strain of concrete under a constant 
stress in the elastic range. Specifically, the elastic creep considered in this study is the basic 
creep, which is the long-term strain of concrete under a constant stress in the elastic range 
without temperature variation and moisture fluctuation.  
 
The creep of concrete is a function of time t. Using Hooke’s law, strain ε = σ/E, where σ is the 
applied stress and E is the modulus of elasticity. Because σ is a constant and ε is a time-
dependent variable, E must be a function of time, which is different from the regular elastic 
stress-strain analysis in which E is a constant in the elastic range. For concrete, an important 
feature of its creep is that the creep depends not only on time but also on the age of concrete 
when a load is applied at t′. In general, the creep is larger when t′ is smaller, which means that 
the creep is larger when the load is applied at a younger age of concrete. Therefore, the 
modulus of elasticity of concrete considering creep is a function of both t and t′, and it is called 
the relaxation modulus of elasticity, Y(t, t′). 
 
The relaxation modulus of concrete can be characterized by various models. One of them is the 
generalized Maxwell model, which can be used in general for the creep of various viscoelastic 
materials. The generalized Maxwell model can be represented by n parallel elements of serially 
coupled springs and dashpots plus a spring as shown in Figure 3-2.  

 

Figure 3-2 Generalized Maxwell model of a viscoelastic material 

Y(t, t′) can be represented by a Prony series expansion of the relaxation modulus of elasticity 
 

 
 

(3-1) 

 
In our case (concrete structures in NPPs), a load is usually applied after 1 year of construction 
(t′ = 1 year), Let' take t=(t–1) year, then 
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(3-2) 

   

 
 

(3-3) 

 
Thus, an alternative form of Equation (3-1) can be obtained, where E0 is the instantaneous 
stiffness of concrete 
 

 
 

(3-4) 

 
In the above equations, the material parameters are defined as follows: Em is the stiffness of the 
spring in the element m, τm is the relaxation time of the element m, Eend is the steady-state 
stiffness, and t is the time in days.  
 
Usually, the number of elements in the generalized Maxwell model to be used in a creep 
analysis depends on the time span of the analysis and the characteristics of creep deformation 
of the material. The time ranges of τm should be large enough to cover the time span for the 
entire creep deformation under consideration. For example, the entire creep deformation of a 
certain polymer can occur within a year, so the relaxation times of the elements should cover up 
to one year, while a certain type of rock may have creep deformation occurring in several 
decades after the loading is applied, and thus the relaxation times should span to 100 years.  
 
In order to use the model to calculate the creep of a concrete, the material parameters in the 
model must be determined first. To this end, the basic creep parameters will be introduced first, 
the method to determine the model parameters will be described, the method to include the 
nuclear irradiation effect will be discussed, the numerical model will be verified and validated, 
and then a sample analysis will be given. The integration of this creep model with the multiscale 
and multiphase model described in Chapter 2 is shown in the overall flowchart in Figure 1-2. 
 
 
3.2  Creep Coefficient and Prony Parameters 

The creep coefficient of concrete, ψ is defined as the ratio of creep strain to instantaneous 
elastic strain, and it can usually be obtained by an accelerated creep test. The creep coefficient 
can be represented by the ACI equation (ACI 209R-92, Reapproved 2008)  
  

 
 

(3-5) 

 
in which ψu is the ultimate creep coefficient, which is defined as the ratio of the maximum creep 
strain to the instantaneous elastic strain. Then the relaxation modulus can be expressed as a 
function of the creep coefficient  
 



 

3-4 
  

 
 

(3-6) 

 
In Equation (3-5), ψu must be determined before the relaxation modulus can be evaluated. ψu 
can be determined using the creep test data of concrete from a nuclear power plant, if available, 
which will be shown later using a numerical example. Usually, a creep test was done when a 
nuclear power plant was built. The data from the test, which may be called the old creep test, 
can be used to determine ψu,OLD. If another creep test is done at a later stage during the service 
life of a concrete structure, for example, during a rehabilitation of the structure, which may be 
called new creep test, then ψu,NEW can be determined. In this case, a linear interpolation of the 
old and new creep test data can be used to determine ψu. The short-term creep behavior of the 
concrete which is described by the old creep test data and the long-term creep behavior which 
is characterized by the new creep test data can be used together. Similarly, an extrapolation 
based on the two sets of creep test data can also be used to predict future creep. The change of 
creep behavior of the concrete over time can be considered 
 

 
 

(3-7) 

 
If there is only one set of creep test data, either old or new, the above equation can be used by 
assuming that the old and new creep coefficients are exactly the same. Substitute 
Equation (3-7) and Equation (3-5) into Equation (3-6), then combined with Equation (3-4), the 
following equation is obtained  
 

 
 

(3-8) 

 
Equation (3-8) can be used to determine the Prony parameters Em in a creep analysis. For the 
creep of concrete, seven elements are usually used for the generalized Maxwell model with 
seven relaxation times (m = 1, 2, …, 7). Each element has a specific relaxation time 
characterizing the creep of concrete in a certain period. For example, the following seven 
relaxation times τm may be used 
 

 = 0.01 days 
 = 0.1 days  = 1 days  = 10 days  = 100 days  = 1000 days  = 10000 days 

 
where, for example,  is for the short-term creep and  is for the long-term creep. As one can 
see, each relaxation time represents a decade; for example,  represents the time range of 104 
days. It is important to make sure that  can cover the longest time span used in the analysis. If 
not, a larger   should be used. When the seven relaxation times are used one by one in 
Eq. (3-8), we will obtain seven equations with seven unknown Em. Thus, Em can be solved. This 
method is called the collocation method. The seven collocation points (with the seven relaxation 
times) can be chosen somewhat arbitrarily. A proper selection of collocation points can produce 
a set of equations which are easy to solve. 
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3.3  Generalized Maxwell Model Implementation in ABAQUS CAE 

For structural analysis, commercial finite element programs can be used such as ABAQUS. So, 
the present model was developed with an intention that users can combine the model with 
ABAQUS. ABAQUS does not allow the assignment of two material models (UMAT and built-in) 
to one material, which means that the creep model and the damage model cannot be used 
together to analyze the coupling effect. In order to apply the damage model along with the 
viscoelastic model later on in ABAQUS, the generalized Maxwell model first needs to be defined 
using a subroutine (UMAT) in ABAQUS and then combined with the damage model. 
Formulations for the linear viscoelasticity are developed as follows.  
 
Based on the Boltzmann superposition principle, the Cauchy stress can be obtained by applying 
the hereditary integral  
 

 
 

(3-9) 

 
It should be noted that the stress and strain are zero for t < 0 in the above formulation, i.e., the 
material is undisturbed before time zero. Substitute Equation (3-4) into the above equation and 
expand 
 

 (3-10) 

 

 
 

(3-11) 

 
A normalized form is given below as 
 

 
 

(3-12) 

 
where pm=Em/E0. The above equation can be rewritten as  
 

 
 

(3-13) 

 
where, internal variables for each element are defined as 
 

 
 

(3-14) 

 
For a relaxation test, the internal variable γm(t) will be zero once the time t approaches infinity. 
Under a constant deformation, the stress on the material will eventually relax to the stress of the 
spring element, as shown in Figure 3-2. In order to determine the values of γm(t), a time interval 
[tn,tn+1] is considered. 



 

3-6 
  

 
 

(3-15) 

 
The loading history can be separated into two parts based on time, i.e., from 0 to tn, and from tn 
to tn+1, then the following formulation is obtained 
 

 
 

(3-16) 

 
The time increment Δt = tn+1 - tn, 
 

 
 

(3-17) 

 
Based on Equation (3-14), the above equation can be further written as  
 

 
 

(3-18) 

 
The integration term in the above equation can be further simplified based on the assumption of 
constant strain rate which is 
 

 (3-19) 

 
The solution of internal variables is obtained as 
 

 
 

(3-20) 

 
This equation indicates that γm(t) is dependent on its own preceding values. In order to 
determine the current value of γm(t), all the previous values must be obtained first and stored at 
each given time step. For t = tn+1, Equation (3-13) becomes 
 

 
 

(3-21) 

 
The creep strain is defined as 
 

 
 

(3-22) 

 
Therefore, the one-dimensional solution of linear viscoelasticity is obtained by 
 

  (3-23) 
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For three-dimensional problems, an index tensor notation can be used. The stress tensor of a 
viscoelastic material at time t = tn+1 can be calculated using the following equations 
 

  (3-24) 
 

 
 

(3-25) 

 

 
 

(3-26) 

 
where  is the stiffness tensor. For each stress component, there are seven associated 
internal variables, and the total number of internal variables at each time step is forty-two. 
Based on the constitutive relationship defined above, a subroutine UMAT in ABAQUS was 
developed to solve creep problems of concrete using the finite element method (FEM). 
 
 
3.4  Mazars’ Damage Model 

In the continuum damage mechanics, the damage is considered to be isotropic, with no 
preferred orientation. The mechanical damage in an isotropic material is described by a scalar 
damage variable D. This parameter characterizes the variation of the stiffness of the material. 
The behavior for a stress state is governed by the following general equation 
 

 (3-27) 
 
where εe is the elastic strain which is equal to the total strain subtracted other strains, i.e., the 
creep strain as shown in Equation (3-25). D is a scalar value ranging from 0 for the intact 
condition to 1, which represents the completely damaged material. When D = 0, the material is 
linear elastic; and when D = 1, the stress is zero, which means the material cannot hold any 
load. Various models were developed for the parameter D. In this study, Mazars’ damage model 
(Mazars 1986; Mazars and Pijaudier‐Cabot 1989) was adopted due to its simplicity and 
robustness in calculating this parameter. In our case, the creep analysis is considered for a 
sustained load with a low stress level (short-term high stress level loadings such as earthquakes 
and stress concentration at the tip of discrete cracks are not considered), so the nonlocal 
treatment is not used.  
 
Mazars’ damage model is a continuum damage model developed for concrete material. It can 
be used to describe the damage due to the creation of microscopic cracks in the concrete. 
Damage development in concrete depends on the loading process. The equivalent tensile strain 
is defined as 
 

 
 

(3-28) 

 
where ϵi are the principal strains and 〈. 〉  is the Macauley bracket, which defined as  
 〈 〉 =   if  ≥  0 , otherwise 〈 〉 = 0 
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It needs to be noted that only elastic strain contributes to mechanical damage development. The 
loading function of damage is  
 

  (3-29) 
 
where κ is the threshold of damage. Its initial value κ0 can be obtained from the maximum 
tensile strength ft and the initial elastic modulus E0 of the material in uniaxial tension test: 
κ0= ft/E0. κ is constantly updated by the largest value of the equivalent strain ever reached by 
the material in the loading history at the current time. The damage evolution algorithm is 
described as 
 

If   and , then 
 

 
 

(3-30) 

 
where DM stands for the damage variable for the mechanical damage (there will be another 
variable for the irradiation damage). The total mechanical damage is a combination of 
mechanical damage in tension and mechanical damage in compression, which is  
 

  (3-31) 
 
where dt and dc are the damage variables corresponding to tension and compression, 
respectively. They are combined with the weighting coefficients αt and αc calculated from tensile 
and compressive strains:  
 

 
       

(3-32) 

 
where the superscripts t and c also represent tension and compression, respectively, and 
strains labeled with a single indicium are principal strains. Tensile and compressive principal 
strains are calculated from the tensile and compressive strain tensor defined as 
 

  (3-33) 
 

  (3-34) 
 
The damage evolutions laws for dt and dc are provided as a function of equivalent tensile strain: 
 

 
 

(3-35) 

 

 
 

(3-36) 

 
where At, Bt, Ac, and Bc are characteristic parameters of the material which define the post-peak 
material behavior under compression and tension. A governs the residual strength beyond the 
peak value, and B controls the peak strength itself and the slope of the softening branch. 
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For uniaxial tension, αt = 1, αc = 0, DM = dt, and vice versa for uniaxial compression. Therefore, 
At and Bt can be obtained from bending tests of concrete beams, and Ac and Bc can be 
measured in compression tests of concrete cylinders.  
 
 
3.5  Coupled Damage-Creep Modeling of Nuclear Irradiated Concrete 

Since ABAQUS cannot handle coupled damage-creep analysis through built-in viscoelastic 
models and damage models, the constitutive model needs to be defined using subroutine 
UMAT by combining the Mazars’ damage model and generalized Maxwell model. This step is 
shown by the box in the lower right corner in Figure 3-1. 
 
It is assumed that the mechanical and nuclear irradiation damages act as two independent 
damage processes at the same time. Thus, their total effect can be considered in the 
multiplicative way, and the isotropic scalar damage variable D can be expressed as 
 
 = 1 − (1 − ) (1 − ) (3-37) 

 
where DMech is the parameter for mechanical damage and DRad is the parameter for the damage 
induced by nuclear irradiation and thermal effect. DRad is a constant value within each time step, 
and it could be different in different time steps. It is the volume fraction of the distressed 
concrete phase under nuclear irradiation obtained by the multiphase and multiscale model 
developed in Chapter 2 and Equation Error! Reference source not found. in Chapter 4. 
 
The nuclear irradiation-induced degradation and creep of concrete are both long-term behaviors 
of concrete, and they are considered to occur simultaneously. Since the strength and stiffness 
of the concrete are expected to be reduced due to the nuclear irradiation, the creep of the 
irradiated concrete is expected to be higher. The damage factor (1 - D) can be considered as a 
stress multiplier. The degradation of concrete induced by nuclear irradiation and mechanical 
loading can be included in the viscoelastic analysis of the concrete. The constitutive equations 
are shown as follows 
 

  (3-38) 
 

  (3-39) 
 

 
 

(3-40) 

 

 
 

(3-41) 

 
 
3.6  Model Verifications and Examples 

Comparisons between the simulation results from UMAT and the experimental data/available 
results from the open literature are given in this section. 
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3.6.1  Verification of Mazars’ Damage Model  

The uniaxial tension and compression test are performed on a cubic specimen 
(10 cm × 10 cm × 10 cm) in ABAQUS using the following parameters: E0 = 30 GPa,  = 0.2, 
κ0 = 0.0001, At = 1, Bt = 15000, Ac = 1.2, Bc = 1500. As shown in Figure 3-3, eight elements 
were used and each element size is 5 cm × 5 cm × 5 cm. Constant strain rates of tension and 
compression boundary conditions (displacement controlled) are applied at the top surface until 
the complete failure of the specimen occurs. The bottom surface is fixed in the Y direction, and 
all other boundaries are stress-free. The stress-strain relationship is obtained from Mazars’ 
damage model (implemented via ABAQUS UMAT) and compared with the result given by 
Pijaudier-Cabot and Mazars (2001) in Figure 3-4. The comparison shows that the ABAQUS 
simulations agree with the available results in tension and in compression, and the accuracy of 
the developed UMAT of the Mazars’ damage model is good. 
 

 

Figure 3-3 FEM model for uniaxial compression and tension test simulation 
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Figure 3-4 Comparison of stress-strain relationship for Mazars’ damage model 
(implemented via ABAQUS UMAT) and results from Pijaudier-Cabot and 
Mazars (2001) 

3.6.2  Verification and Validation of the Creep Model 

Both the relaxation test and creep test for concrete under tension using ABAQUS UMAT with 
the generalized Maxwell model and ABAQUS built-in generalized Maxwell model were 
performed up to 5000 seconds. The finite element model is the same as shown in Figure 3-3. 
The input parameters are E0 = 39.6 GPa,  = 0.2, and the Prony series parameters are listed in 
Table 3-1. As shown in Figure 3-5 and Figure 3-6, both methods have exactly the same results, 
indicating that the UMAT results of the generalized Maxwell model developed in this project are 
correct. As discussed earlier, the advantage of the present UMAT creep model is that it can be 
combined with the Mazars’ damage model to consider the effect of damage on creep 
development. It should be pointed out that other damage models also can be used in 
combination with the creep model. 

Table 3-1 Prony series parameters for verification of the generalized Maxwell model 
        

(s) 0.02 0.2 2 20 200 2000 20000 

pm 0.0221 0.0524 0.2068 0.2739 0.0946 0.0372 0.0758 
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Figure 3-5 Relaxation test with constant tensile strain 0.000025 

 

Figure 3-6 Creep test with constant tension 1 MPa 

The set of compression creep test data (Townsend 2003) shown in Table 3-2 is used for the 
validation of the creep modeling. The first column in the table is time. The second column is the 
total strain measured during the test, and the creep strains are shown in column 3. After 
28 days, the compressive strength is 86.9 MPa, and the modulus of elasticity is 43.7 GPa. The 
applied stress is 30% of the compressive strength, which is 26.07 MPa. The creep strain at t = 0 
was considered as zero, and the other creep strains are listed in Table 3 2 starting from the 
duration of one day. 
 
Figure 3-7 shows the creep test data of the creep coefficient and the ACI curve for the creep 
coefficient ψ(t, t′) in Equation (3-5). The ultimate creep coefficient ψu is determined by curve 
fitting the creep test data with Equation (3-5), and the result is an ultimate creep coefficient of 
1.8, as shown in the figure.  
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It is assumed that the testing conditions are the same as the operating conditions of the 
structure, and thus, the ACI correction factors are not needed for the ultimate creep coefficient 
(for a real creep analysis, ACI correction factors may need to be added). The Prony parameters 
can be obtained through Equation (3-8) as shown in Table 3-3. Here, we assumed that the old 
and new test results are exactly the same. Prony series parameters were then used as inputs in 
ABAQUS for creep analysis. The creep strain obtained is compared with the test data and the 
ACI equation, as shown in Figure 3-8. They agree well with each other. 

Table 3-2 Creep test data 

t (days) Total strain  
(×10-6) 

Creep strain 
(×10-6) 

Creep coefficient 
(Creep strain/ 
instantaneous 
elastic strain)* 

1 727 116 0.1943 

2 790 139 0.23283 

3 841 173 0.28978 

4 857 184 0.30821 

5 919 223 0.37353 

6 947 265 0.44389 

13 1080 320 0.53601 

20 1151 379 0.63484 

27 1194 435 0.72864 

34 1263 489 0.8191 

41 1243 484 0.81072 

48 1306 516 0.86432 

55 1321 516 0.86432 

62 1355 553 0.9263 

69 1357 547 0.91625 

76 1370 543 0.90955 

83 1353 533 0.8928 

90 1357 547 0.91625 

97 1374 545 0.9129 

104 1386 557 0.933 
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Figure 3-7 The creep test data and the ACI curve for the creep coefficient 

Table 3-3 Prony series parameters obtained 
        
        

 (day) 0.01 0.1 1 10 100 1000 10000 

pm 0.0104 0.024 0.1118 0.2491 0.1636 0.0425 0.0192 
 
 

 

Figure 3-8 Comparison between test data, ACI equation, and ABAQUS results 
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3.6.3  Analysis of an Example 

A numerical example for a concrete cube under uniaxial tension and neutron irradiation is used 
as a sample analysis to examine the performance of the coupled creep-damage model. The 
finite element model is shown in Figure 3-3 under tension. Some inputs used in the sample 
analysis: w/c = 0.4, aggregate dimensional change is Profile 1 with 4E19 n/cm2 (E > 0.1 MeV) 
neutron fluence over 60 years as shown in Figure 2-20, E0 = 3.96 × 1010 Pa,  = 0.273. Prony 
series parameters are listed in Table 2-13-1. Parameters for Mazars’ damage model used in 
Section 3.6.1 are still used for this example which are ft0 = 4 MPa, At = 1, Bt = 15000, Ac =1.2, 
Bc =1500. As stated in Section 3.4, these parameters define the post-peak material behavior 
under compression and tension and can be measured through compression and tension tests of 
concrete specimens. The scalar damage parameter for radiation damage DRad shown in Figure 
3-9 is the volume fraction of the distressed concrete phase under neutron irradiation which was 
obtained based on Profile 1 in Figure 2-20 in Chapter 2 and Equation (4-9) in Chapter 4. The 
damage evolution and response of the material with and without considering creep are shown in 
Figure 3-10 and Figure 3-11. Creep affects the damage development significantly. From Figure 
3-10 one can see that, for example, at 5000 days, the damage without considering creep is 
more than 90%, and it is less than 60% by considering the effect of creep. So, the creep of 
concrete can relax the stresses and reduce the damage in concrete significantly. 
 

 

Figure 3-9 The scalar damage parameter for radiation damage DRad 
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Figure 3-10 Total scalar damage parameter D with and without considering creep 

 

Figure 3-11 Stress-strain relationships with and without considering creep 

This is just one example. In Chapter 6, the robustness of the developed UMAT code will be 
tested by simulating a part of a model concrete structure in an NPP. 
 
 
3.7  Summary 

For concrete material under long-term nuclear irradiation, damage and creep occur 
concurrently, and ABAQUS cannot handle coupled damage-creep analysis through built-in 
viscoelastic models and damage models. A coupled damage-creep model of nuclear irradiated 
concrete was developed based on the generalized Maxwell model and Mazars’ damage model, 
and was implemented in ABAQUS through subroutine UMAT. The theory of the generalized 
Maxwell model was first introduced. Based on the ACI equation and creep test data, the Prony 
parameters used in the generalized Maxwell model can be determined. Then, formulations for 
the linear viscoelasticity based on the generalized Maxwell model were derived. The coupled 
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damage-creep constitutive model was defined by combining the isotropic scalar damage model 
and the generalized Maxwell model. The damage factor (1 - D), which characterizes the 
stiffness reduction of the material, includes two independent damage processes: the mechanical 
damage obtained through Mazars’ damage model and the nuclear irradiation damage estimated 
based on the multiphase and multiscale model from Chapter 2. To ensure the accuracy of the 
developed models using the ABAQUS subroutine UMAT, comparisons between the results of 
the present models and the experimental data/available results from the open literature were 
shown. The performance of the coupled creep-damage model was examined through a 
numerical example for a concrete specimen under uniaxial tension and neutron irradiation. 
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4    LONG-TERM NEUTRON RADIATION LEVELS IN DISTRESSED 
CONCRETE 

Neutron radiation can cause damage to concrete materials, which was characterized in 
Chapter 2. The effect of damage will have an impact on mechanical properties as described in 
Chapter 2, and it will also have an impact to a certain extent on the neutron shielding capacity of 
the concrete, which is the focus of this chapter. Since the mechanical properties of concrete can 
be degraded under nuclear radiation and elevated temperatures, the neutron transport 
properties of concrete can be degraded, too. With degraded neutron transport properties, the 
neutron flux profile in a biological shielding wall will be different from the wall with intact 
concrete. In the literature, the neutron flux profile in a biological shielding wall has been 
considered to be unchanged with time (Field et al. 2015; Maruyama et al. 2016; Pomaro et al. 
2011a, b). In this chapter, the neutron radiation distributions in a concrete biological shielding 
wall will be predicted by taking into account the possible degradation of neutron transport 
properties induced by neutron radiation and elevated temperatures. The prediction model was 
developed by considering a multigroup neutron diffusion equation, heat conduction analysis, 
cross-property correlation theories (see Section 4.2.1), and the theoretical models developed in 
previous chapters, as shown in Figure 4-1. 
 

 

Figure 4-1 Calculation flow chart for neutron diffusion and heat conduction 

4.1  Neutron Transport and Heat Conduction 

4.1.1  Neutron Transport 

There are two methods used for neutron transport calculations: Monte Carlo simulation and a 
deterministic method (Shultis and Faw 1996). The Monte Carlo simulation method is based on 
probability and statistical theories to simulate the migration of neutron particles in a medium. It 
can accurately model the exact geometry and simulate physical experiments. Although there 
are no truncation errors, this method suffers from the stochastic uncertainties and slow 
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convergence rate. Compared with the Monte Carlo simulation, the deterministic method is 
difficult to apply to problems with complex geometries, and some simplifications are needed. 
However, the deterministic method usually can obtain results more quickly through 
discretization of the transport equation and the utilization of the proper numerical methods. 
Besides, this approach describes the radiation field and gives the solution for the expected 
fluence or flux density of the radiation particles throughout the shielding medium, which makes it 
easy to combine the approach with the material models developed in this study. Thus, the 
deterministic method is the approach adopted for this study. The governing equation is known 
as the neutron transport equation (Duderstadt and Hamilton 1976). 
 

 
+ ∙ + , ℇ, ,= ′ ℇ ℇ → ℇ, ′ → , ℇ , , + , ℇ, ,  

(4-1) 

 
where  is the angular neutron density;  is neutron speed;  is the total macroscopic cross 
section;  is the macroscopic scattering cross section;  is the internal neutron source term;  
is a position vector; ℇ is the neutron energy;  is a unit vector describing the direction of neutron 
motion; and  is time. This equation contains seven independent variables ( = , , ; ℇ; =, ; ) and is very complex and difficult to solve. Therefore, several approaches have been 
developed to simplify the equation, such as exponential attenuation, diffusion approximation, 
and the method of moments (Shultis and Faw 1996). Exponential attenuation is the simplest 
method among them and is rigorously true only for un-collided radiation. The applicable 
situations are therefore very limited. The method of moment can obtain the spatial and energy 
distribution of particles by directly solving the transport equation. However, this method is 
practically restricted to problems with infinite medium and simple sources. The diffusion 
approximation neglects the angular distribution of the flux density, which is not needed for most 
shielding applications, including this study. This method makes the transport equation much 
simpler to solve numerically or analytically. Therefore, the diffusion approximation will be used 
in this study.  
 

4.1.1.1  One-speed neutron diffusion 

For the diffusion approximation, neutron energy dependence could be eliminated and the so-
called “one-speed” diffusion could be assumed. “One-speed” means one neutron energy level is 
considered in the analysis, and it does not change during a scattering collision. Of course, such 
an assumption is an oversimplification of the actual neutron transport process, since the neutron 
energy in a nuclear reactor usually has a wide range and neutron cross sections are sensitive to 
the energy. However, it was found that the one-speed neutron diffusion equation gives 
reasonable estimates, if the cross sections involved are appropriately chosen (e.g., cross 
sections are properly averaged over the energy distribution) (Duderstadt and Hamilton 1976; 
Shultis and Faw 1996). Moreover, the one-speed neutron diffusion can serve as the basis of the 
more sophisticated models, such as multigroup diffusion theory in which more than one energy 
level can be considered. As shown in the next section, the multigroup diffusion theory can be 
developed based on a sequence of one-speed diffusion equations for each successive energy 
group. The governing equation for one-speed diffusion is shown below.  
 

 1 ( , ) − ∙ ( ) ( , ) + ( ) ( , ) = ( , ) (4-2) 
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where  is the scalar neutron flux in n/(cm2·sec);  is the neutron speed in cm/sec;  is the 
neutron diffusion coefficient in cm;  is the macroscopic absorption cross section in cm-1;  is 
the internal neutron source term in n/(cm3·sec); and  and  are position and time in cm and 
sec, respectively. Initial conditions and boundary conditions need to be used along with the 
above equation to obtain the solution of neutron flux.  
 
In many cases, the neutron diffusion medium, such as water, is a homogeneous material, and 
its properties do not change over time so that  and  are constants. For a shielding wall with 
thickness L suffering neutron radiation from an external source with the initial condition: ( , 0) = 0 (no neutrons at the beginning) and boundary conditions: (0, ) =  (a constant 
value), ( , ) = 0 (constant flux source at the inner surface of the wall and no flux on the outer 
side of the wall), the linear one-dimensional solution for the neutron flux profile is obtained by 
using separation of variables, 
 

 ( , ) = − ( − ) + ( ) sin  , = 1,2, … (4-3) 

 
where 
 

 ( ) = (0) + + 1 −   

 (0) = − , = − , =  , = √ , =   
 
The detailed derivation for the solution is shown in Appendix A.5 . 
 

4.1.1.2  Multigroup neutron diffusion 

As stated above, one very important assumption was made for the one-speed neutron diffusion 
model, which is that neutrons are characterized by only one single energy level that does not 
change during a scattering collision. However, the neutrons from reactors usually have a very 
wide energy spectrum ranging from 10 MeV down to less than 0.01 eV, and the neutron cross 
sections are also energy dependent. Thus, a more realistic consideration of the neutron energy 
dependence is needed.  
 
Instead of treating the neutron energy as a continuous variable, the energy domain of neutrons 
can be divided into a set of energy groups. The neutrons inside each group were assumed to 
behave as one-speed particles, and the neutron source in one group includes the secondary 
neutrons from scattering reactions in the other groups with higher energy. Usually, no up-
scattering from a group with lower energy to the groups with higher energy is considered.  
 
Sufficient accuracy can be achieved by using only a few energy groups, but the group-averaged 
parameters must be carefully determined. Two energy groups (two energy levels) can be used 
for the analysis of neutron-irradiated concrete. One group is to characterize fast neutrons 
(1 eV~10 MeV) and the other thermal neutrons (0 eV~1 eV), as shown in Figure 4-2. The value 
of energy used here to separate the fast and thermal groups (1 eV) is only for illustrative 
purposes. It is not a fixed value, and it can be adjusted based on the specific problem. The 
neutron source in the thermal group included the production of secondary neutrons from 
scattering reactions of fast neutrons. Thermal neutrons could never gain energy in a scattering 
collision and become fast neutrons. Fast neutrons slow down during the process. The governing 
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equations are listed below for fast and thermal neutrons, respectively (Duderstadt and Hamilton 
1976).  
 

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = 0 (4-4) 

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = ( , ) (4-5) 

 
where  is the macroscopic removal cross section in cm-1;  is the macroscopic fast to 
thermal group-transfer cross section; subscripts 1 and 2 = fast group and thermal group, 
respectively. 
 

 

Figure 4-2 The group structure of two-group neutron diffusion model 

Usually, the neutron diffusion medium can be treated as a homogeneous material, and its 
properties do not change with the time, so both  and Σ are constants. However, in our case, 
the neutron transport properties of a concrete wall could be affected by the damage induced by 
neutron radiation and elevated temperatures. As a result, the parameters shown in 
Equation (4-4) and Equation (4-5), especially,  and , cannot be simply treated as 
constants. As shown in the previous chapters, the level of damage in a concrete wall depends 
on the level of neutron fluence which depends on the position in the wall. Therefore, both of the 
parameters  and  are actually position- and time-dependent variables.  
 
4.1.2  Heat Conduction 

The biological shielding wall in a NPP is usually surrounded by an environment whose 
temperature is above ambient temperature. Nuclear radiation can further lead to localized 
temperature increases in the concrete. Thus, the temperature profile of the neutron-irradiated 
concrete is needed. The temperature profile within a medium depends on the rate of its 
internally generated heat, its capacity to store the heat, and the rate of thermal conduction to the 
boundaries. The classical one-dimensional heat conduction equation is shown as follows 
 

 ( , ) = ∙ ( , ) + ( , ) (4-6) 

 
where x is location in cm, t is time in sec, cp is specific heat capacity in J/(kg·K), ρ is mass 
density in kg/cm3, T is temperature in K, k is thermal conductivity in W/(cm·K), and Q is the 
volumetric heat source in W/cm3. 
 
Neutron radiation generates heat in the material through three primary interactions: capture, 
elastic scattering, and inelastic scattering (Yevick 1966). However, the heat generated during 
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the attenuation is quite small compared to the heat caused during the capture process (Price et 
al. 1957). Therefore, the volumetric heating rate caused by neutron radiation can be estimated 
by only considering the heat generation due to thermal neutron capture (El-Sayed Abdo and 
Amin 2001; William et al. 2013; Yevick 1966) 
 

 ( , ) ≈ 1.6 × 10 ℰ ( , ) (4-7) 
 
where Σc is the macroscopic capture cross section of the transport media for neutrons in cm-1 
and ℰb is the binding energy for capture reaction in MeV. It is assumed that gamma, beta, or 
alpha radiation emitted during neutron capture is absorbed at once, and the heat is released 
immediately. 
 
Like the neutron transport problem, the parameters in Equation (4-6), especially  and , could 
possibly be affected by radiation and elevated temperature, so these two parameters should 
also be position- and time-dependent variables. 
 
 
4.2  Determination of Transport Properties 

Neutron transport properties of nuclear-irradiated concrete can be affected by many 
parameters, especially the microcracks in concrete. For a section of a concrete biological wall 
shown in Figure 4-3 (a), initially, it can be treated as a wall made of intact concrete material. 
Therefore, the neutron transport properties are usually constant (the initial values of new 
concrete). As a result, the neutron flux profile in the biological shielding wall may be considered 
as unchanged with time once the boundary conditions are determined. However, the neutrons 
and elevated temperatures in the concrete can lead to degradation of the concrete material, as 
shown in Figure 4-3 (b). The degradation is mainly due to the expansion of aggregate as well as 
the shrinkage of cement paste, as described in Chapter 2. This kind of volumetric mismatch can 
lead to microcracking at the aggregate-cement paste interface which can result in crack 
networks in the concrete.  
 

                     (a)                                                                  (b) 

Figure 4-3 (a) Intact concrete, (b) distressed concrete and its damage mechanism under 
neutron irradiation 
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The neutrons are attenuated by the interactions with the nuclei of atoms in the concrete. 
Therefore, the density of atoms has significant effects on the neutron shielding capacity of the 
material. The space generated by the microcracks provides an easy pathway for the neutrons 
because the dimensions of the microcracks are much larger than the space between atoms. So, 
the neutron macroscopic cross section (describing the probability per unit path length that a 
neutron will undergo an interaction) in the distressed concrete will decrease. Besides, elevated 
temperature also has an influence on the neutron macroscopic cross section calculation. The 
densities of constituent phases in the concrete are reduced by the crack propagation, volume 
expansion of the concrete, and dehydration of the cement paste. They all have an impact on the 
neutron macroscopic cross section calculation to a certain extent. As a result, the neutron 
diffusion coefficient (reciprocally correlated to the neutron macroscopic cross section) could 
increase, which means the neutron radiation level could be higher in the degraded concrete 
than in the intact concrete.  
 
Two extreme cases can be used to further explain the effect of cracks on the attenuation 
capacity of the concrete wall. Figure 4-4 (a) shows that all cracks are formed perpendicular to 
the wall surface, which is the worst scenario in terms of neutron resistance; and Figure 4-4 
(b) shows that all cracks are formed parallel to the wall surface, which is the best scenario. In 
the case of Figure 4-4 (a), the neutrons can go through the cracks with little resistance, so 
the attenuation capacity of the concrete wall is reduced considerably; and in the case of 
Figure 4-4 (b), the resistance of the wall may be reduced slightly by the cracks. In reality, the 
concrete distressed by neutron irradiation is somewhere between the two extreme cases. The 
crack network is more like that shown in Figure 4-3 (b).  
 
 
 
 
 
 
 
 
 
 

 
 
 

 

(a)                                                                 (b) 

Figure 4-4 (a) All cracks are formed perpendicular to the wall surface; (b) all cracks are 
formed parallel to the wall surface 

As shown in Figure 4-3 (a), the neutrons and temperature are not uniformly distributed inside 
the concrete wall. Since the extent of neutron-induced aggregate expansion highly depends on 
the radiation intensity and exposure time, the concrete material closer to the inner surface of the 
wall will show more severe damage (e.g., more cracks) than the concrete closer to the outer 
surface of the wall, and thus, the concrete wall cannot be simply treated as a homogeneous 
material. As discussed above, the neutron diffusion coefficient can be affected by the damage in 
the concrete, and the level of damage depends on the neutron level, which is a function of the 
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position in the wall. So, the neutron diffusion coefficient depends on the position in the wall and 
time. The variation of neutron flux profiles in the distressed concrete will be more significant 
than the variation in intact concrete, especially for the concrete in the immediate vicinity of the 
inner surface of the wall, which is closer to the source of irradiation. Since the radiation time of a 
biological shield wall is very long, the potential increase of the neutron flux in that area will lead 
to more local damage, which could be important in the structural analysis. Therefore, it is 
important to take into account the effect of damage to the neutron transport properties of 
concrete. 
 
Similarly, the thermal field in concrete could also be affected by the internal damage, and thus, 
the thermal transport properties cannot be treated as constants, as well. Unlike the neutron 
transport in distressed concrete, the process of heat conduction will be slowed down by the 
damage; this is because cracks in the distressed phase are filled by air whose thermal 
conductivity is much lower than that of concrete. 
 
Our literature search showed that no research about the degradation of neutron and heat 
transport properties of concrete (i.e.,  1, 2, and k) under neutron radiation and elevated 
temperature is available. In short, there is no test data available about the effect of concrete 
damage on neutron transport properties. However, as discussed in Chapter 2, there are many 
experimental data and theoretical studies for the mechanical properties of neutron-irradiated 
and -heated concrete in the literature, so a cross-property correlation theory can be used to 
calculate the variation of transport properties of concrete based on the variation of mechanical 
properties, taking into account the damage induced by nuclear irradiation.  
 
4.2.1  Cross-property Correlation for Distressed Materials 

The cross-property correlations for distressed materials were developed based on both 
composite mechanics and damage mechanics for two-phase composite materials (Eskandari-
Ghadi et al. 2014). The theory can provide a link between two different categories of material 
properties. In this case, it provides the correlation between mechanical properties of distressed 
concrete and its transport properties. Various composite models can be used in the cross-
property correlation theory. In this study, the GSC model as discussed in Chapter 2 was used. 
The configuration of the GSC model is shown in Figure 2-3. 
 
Based on Equation (2-2) for the GSC model, the effective bulk modulus can be written in terms 
of the bulk and shear moduli of the inclusion and matrix  
 

 
= 1 + ( − 1

1 + (1 − ) − 11 + 43
 

(4-8) 

 
where K with different subscripts are bulk moduli of different phases and d is the volume fraction 
of the inclusion; and subscripts I, M, and eff represent inclusion, matrix, and effective media, 
respectively. As shown in Chapter 2, the GSC model can also be applied to estimate the 
stiffness of distressed materials, and the theory is called composite damage mechanics 
(Eskandari-Ghadi et al. 2013; Xi et al. 2006).  
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Figure 4-5 Composite damage mechanics model 

In this case, as shown inError! Reference source not found., the inclusion is the distressed 
phase and the matrix is the intact phase. The distressed phase has a smaller stiffness than the 
intact phase. The distressed material is treated as a two-phase composite material, and thus the 
effective stiffness of the composite (the distressed concrete) must be between the two values: 
when d = 0, Keff = KM (no damage), and when d = 1, Keff = KI (fully damaged). The volume 
fraction of the inclusion, d, is the variable parameter which describes the development of 
internal damage in the material and can be derived from Eq. Error! Reference source not 
found. 
 

 = 1 − 4 + 33 + 4 1 −  (4-9) 

 
As shown in Appendix A.1,  , and   can all be expressed in terms of  , , . The internal 

damage of the material reduces the stiffness of the distressed phase, thus, 0 ≤ ≤ 1, 0 < ≤1, 0 < ≤ 1. 
 
By using the above equation, the damage in a material can be characterized based on its 
known mechanical performance. In order to model the transport problem in a distressed media, 
expressions of transport properties need to be obtained first. For the heat conduction problem, 
the equation for effective thermal conductivity based on the same GSC model has already been 
derived, see Section 9.2 from page 316 to page 319 in Christensen (2005). 
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 = 1 + 1 −3 + 1− 1  (4-10) 

 
Then, substitute Eq. Error! Reference source not found. in to Eq. Error! Reference source 
not found.  
 

 
= 1 +

1 − 4 3(1 − 2 )2(1 + ) + 3 1 − 21 − 23 + 4 3(1 − 2 )2(1 + ) 1 − 1 − 21 − 2
1 − 1 − 4 3(1 − 2 )2(1 + ) + 3 1 − 21 − 23 + 4 3(1 − 2 )2(1 + ) 1 − 1 − 21 − 23 + 1− 1= , , , , ,  

(4-11) 

 
The distressed phase has a higher porosity such as voids and cracks developed during the 
damage process. More importantly, the voids and cracks are barriers to the heat conduction in 
the solid frame because the thermal conductivity of air in the voids and cracks is lower than that 
of the solid, so the thermal conductivity of distressed concrete should be lower than the intact 
phase’s (0 < ≤ 1). 
 
For the effective neutron diffusion coefficient, we can observe the mathematical similarity 
between the governing equation for the one-speed neutron diffusion and the one-dimensional 
heat conduction equation, that is the similarity between Equation (4-2) and Equation (4-6). Since 
the GSC model was derived based on the heat conduction equation for a two-phase composite, 
the same GSC model can also be used to characterize the effective neutron diffusion coefficient 
of the two-phase composite (the two phases are damaged and intact phase). Therefore, the 
formulation of the effective neutron diffusion coefficient with damage shares the same form of 
Eq. Error! Reference source not found., then  
 

 = , , , , ,  (4-12) 

 
Since the damage in the material provides more accessible pathways for neutron transport, the 
diffusion coefficient of the distressed phase should be higher than that of the intact phase  
( ≥ 1). From the right hand sides of Equation Error! Reference source not found. and 
Equation Error! Reference source not found., one can see that when we know the elastic 
modulus of distressed concrete at a given damage level, we will be able to calculate the 
effective thermal conductivity and neutron diffusion coefficient of the concrete at the same 
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damage level. All other parameters involved in the two equations are the initial values of the 
intact phases. 
 
The application of the method developed above for distressed materials requires that the 
damage evolution in the material is a random nucleation process. Since neutron radiation and 
high temperature-induced damage in concrete material fulfills this requirement, the method is 
capable of calculating the variations of neutron and heat transport properties of concrete by 
analyzing degradation of the elastic modulus of concrete under neutron radiation and heat 
which has been investigated by many experimental and theoretical studies (Biwer et al. 2020).  
 
4.2.2  Degradation of Mechanical Properties 

When evaluating the neutron radiation-induced degradation, only the fast neutron effect is 
considered. For including damage due to thermal neutrons, a similar method can be used.  
 
The effect of damage on the mechanical properties of concrete can be represented by the ratio 
of the bulk moduli with damage and without damage, , which can be obtained using the 
approach described in Chapter 2. The inclusion is the distressed phase and the matrix is the 
intact phase, thus = , = , = , = , = , = , = , = , =

 which are constant values for the intact concrete. It is usually assumed that the Poisson's 
ratios don’t change during the damage process: =  = (due to the lack of test data). 
Then, the effective thermal conductivity and effective neutron diffusion coefficient can be 
determined by Equation Error! Reference source not found. and Equation Error! Reference 
source not found. as functions of time, fast neutron flux, and temperature: 
 

 = , , , , , , = , , , , ,  (4-13) 

 
It should be mentioned that in the future, if experimental data are available, the measured 
transport properties should be used. The data can be obtained from laboratory study or from 
harvesting samples from existing concrete in power plants. 
 
4.2.3  Other Parameters 

In addition to k and i, other parameters in Equation (4-4), Equation (4-5), and Equation (4-6), 
including vi, , , , and , may potentially be affected by the neutron radiation and 
temperature.  
 
Generally, neutron speed indicates a neutron’s kinetic energy and is temperature-dependent. 
For example, , the most probable velocity of thermal neutrons at temperature T, can be 

calculated based on , which is the most probable velocity at room temperature : =  

(DOE Fundamentals Handbook 1993). The temperature used here is the absolute temperature 
of the media. Since the temperature considered for a concrete biological shield is not in a high 
temperature range, the variation of vi caused by temperature rise is not significant. Thus, the 
neutron speed vi can be assumed to be unchanged during the neutron radiation process.  
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The neutron macroscopic cross section (Σ) of a medium is derived from the atomic number 
density and neutron microscopic cross section of each element in it (Duderstadt and Hamilton 
1976), and both of them can be influenced by radiation and temperature. For instance, loss of 
hydrogen and oxide due to the dehydration in concrete under high temperature (more than 
100 ºC) will lead to the change of atomic number density of these two elements. The neutron 
microscopic cross section is also temperature-dependent (DOE Fundamentals Handbook 
1993). Such kinds of material inhomogeneity (non-uniform distribution of elements) and its 
variation over time will make the determination of the neutron macroscopic cross section of a 
heterogeneous material like concrete quite complicated. Since this is not the major task in this 
work, all of the neutron macroscopic cross sections encountered in this work are considered to 
be constants for now. To obtain the accurate neutron cross sections of concrete with time, 
detailed experimental studies or theoretical modeling is needed.  
 
The specific heat capacity of concrete will vary with temperature (Kodur and Sultan 2003; Pan 
et al. 2016), but there is no research about the effects of nuclear radiation on it. Actually, for the 
composite material with two phases, the effective specific heat capacity can be determined 
based on the temperature and the two phases’ specific heat capacities, coefficients of thermal 
expansion, and bulk moduli (Rosen and Hashin 1970). Again, the temperature considered for 
the concrete biological shield is not in a high-temperature range, so the specific heat capacity is 
assumed to be a constant in the present study.  
 
Mass density is the ratio of mass to volume. It has been confirmed that concrete expands under 
neutron radiation. The volumetric change of concrete under neutron irradiation mainly results 
from a combination of the expansion of aggregates, the shrinkage of cement paste, and the 
thermal expansion of these two phases, as shown in Chapter 2. The model developed in 
Chapter 2 can be used to predict the volume change of concrete under neutron radiation. 
Experimental data (Biwer et al. 2020) showed that weight loss is about 5% or less for concrete 
samples under neutron radiation and high temperature (up to 400 ºC). The weight loss appears 
to correlate with changes in temperature rather than neutron fluence. No clear trend was 
observed. Weight loss induced by both neutron radiation and temperature rise is very likely 
mainly due to the dehydration of the cement paste. A constant 2% weight loss can be assumed 
in the calculation. 
 
 
4.3  Numerical Analyses 

4.3.1  Coupled Neutron Radio-Thermo Analysis 

As discussed in the previous sections, v, , , and cp are considered as constants, and k, ρ, 
and  are time- and position-dependent parameters. Coupled radio-thermo analysis of fast 
neutron, thermal neutron, and thermal fields within neutron-irradiated concrete can be 
performed based on the two-group neutron diffusion model and the heat conduction equation. 
The effects of neutron radiation-induced degradation and thermal deterioration on concrete can 
be taken into account. The three governing equations are 
 

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = 0 (4-14) 

   

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = ( , ) (4-15) 
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 ( , ) ( , ) = ∙ ( , ) ( , ) + 1.6 × 10 ℰ ( , ) (4-16) 

 
The analytical solutions of these coupled nonlinear transient equations are too complex to be 
obtained. Instead, an implicit finite difference approach was adopted to solve the problem, as 
shown in Appendix A.6 . Initial conditions, boundary conditions, and time step are shown in the 
next section as a case study. The calculation flowchart is shown in Figure 4-1. First, based on 
the conditions and properties of the material from the previous time step, neutron and heat 
transport properties are obtained. Then, coupled radio-thermo analysis is performed to obtain 
the irradiation field and thermal field. Based on the current neutron fluence and temperature, the 
damage of the material is obtained through the multiphase and multiscale model in Chapter 2. 
After that, cross-property correlation is used to estimate the variation of transport properties 
using the variation in mechanical properties, and the radio-thermo analysis is performed again 
to update the irradiation field and thermal field. This process will go on until the irradiation field 
and thermal field do not change significantly within the time step (satisfying the allowable error 
limit). The bisection method was used for root-finding iteration in each time step, and the speed 
of convergence is satisfactory. 
 
4.3.2  Input Parameters 

All input parameters needed are listed in   
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Table 2-3 and Table 4-1. 

Table 4-1 Input parameters 

Neutrons Concrete 

• Neutron source (boundary 
conditions) 

• Neutron speed (v1 and v2) 

• Density (ρ) 
• Neutron diffusion coefficients ( 1 and 2) 
• Curing time, t 
• Neutron cross sections (Σc, ΣR1, Σs12, and Σa2) 
• Specific heat capacity (c ) 
• Thermal conductivity (k)  
•  ,  ,  

 
 
4.3.3  A Case Study 

As mentioned at the beginning of Chapter 2, the present models are developed with the intent of 
application to reinforced concrete structures used in NPPs.  Our focus is the models for 
concrete used in reinforced concrete structures.  As a case study, a concrete biological 
shielding wall, without rebar embedment, shown Figure 4-6, is used to show the capability of the 
model and the basic trends of the temperature and neutron flux profiles in a concrete wall by 
considering the effect of damage. The thickness of the wall is 80 cm. It was assumed that the 
fast and thermal neutron flux and temperature are uniformly distributed on the inner (left) 
surface of the wall. Thus, the neutron and heat conduction can be considered to be a one-
dimensional problem along the depth of the concrete wall. The outer (right) surface of the wall is 
exposed to the ambient environment. The fast and thermal neutron distribution as well as 
temperature field in a concrete biological shield during 80 years of operation are obtained by the 
present model with and without the effect of damage due to fast neutrons and elevated 
temperature.  
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Figure 4-6 The configuration of the concrete wall for numerical analysis 

A constant neutron flux density of 3.2 × 1010 n/(cm2·sec) was assumed at the inner surface of 
the wall for fast neutrons with a 0.1 MeV energy level, and a neutron flux density of 4 × 1010 

n/(cm2·sec) was assumed for thermal neutrons with up to 0.0253 eV energy level. The neutron 
flux at the outer surface of the wall was approximately 10-3 of the neutron flux at the inner 
surface (Esselman and Bruck 2013). The temperature was 65 ºC at the inner surface and 20 ºC 
at the outer surface. Ordinary concrete 02-a from REACTOR PHYSICS CONSTANTS (1963) 
and Hogerton and Grass (1953) was used, since major parameters for the concrete were 
provided. The water-cement ratio assumed in Hogerton and Grass (1953) was over 0.8, which 
is not reasonable for concrete found at NPPs, so their water-cement ratio was not used here.  
The mix proportion by weight was assumed for an ordinary concrete: water/cement/aggregate = 
0.4/1/4.99.  The expansion of aggregate particles under neutron radiation was assumed to be 
Profile 1 shown in Figure 2-20. The expansion of aggregate particles under neutron radiation 
was assumed to be Profile 1, shown in Figure 2-20. It was also assumed that   = 1/3,  = 

1/10,  = 10, and   = 10. The assumed values are to illustrate the sensitivity of the 
parameters to degradation and maintain the changes of the transport properties within one 
order of magnitude. The actual changes could be smaller or larger depending on the level of 
damage in the concrete. All other parameters of the concrete are listed in   
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Table 4-2. 
 
Figure 4-7 through Figure 4-15 show the results of the numerical analysis. Figure 4-7 shows the 
variation of the damage parameter, d, which can be calculated from Equation Error! Reference 
source not found.; and d = 0 means no damage and d = 1 means complete damage. The 
profiles of the damage parameter, d, of the concrete up to 80 years are reported in Figure 
4-7 (a). Damage of the concrete due to neutron radiation and the temperature continues to 
develop with increasing time, especially for the concrete close to the neutron source (at small 
depths in the wall). The concrete far away from the neutron source has smaller damage. As one 
can see from Figure 4-7 (b), near the surface, the damage of concrete increases with time; and 
deeper in the wall, the damage of concrete shows little variation with increasing time even up to 
80 years.  
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Table 4-2 Parameters used in the ordinary concrete numerical analysis 

Parameters Values Reference 

Concrete   

1 [cm] 1.14 (REACTOR PHYSICS CONSTANTS 1963) 

2 [cm] 0.484 (REACTOR PHYSICS CONSTANTS 1963) 

ΣR1 [cm-1] 0.085 (REACTOR PHYSICS CONSTANTS 1963) 

Σs12 [cm-1] 0.08* ̶ 

Σa2 [cm-1] 0.0094 (REACTOR PHYSICS CONSTANTS 1963) 

v1 [cm/sec] 4.37 × 108† ̶ 

v2 [cm/sec] 2.2 × 105† ̶ 

 [J/(kg·K)] 650 (Ursu 1985) ρ [kg/cm3] 2.3 × 10-3 (REACTOR PHYSICS CONSTANTS 1963) 

k [W/(cm·K)] 8.7 × 10-3 (Ursu 1985) 

Σc [cm-1] 0.0094‡ ̶ 

Eb [MeV] 5.5 (Price et al. 1957) 

Curing time [days] 28 - 

Cement paste   

Chemical 
composition [mass%] 

C=0.654, S=0.2078, 
A=0.0498,F=0.0246* - ρ  [kg/cm3] 3.14 × 10-3 - 

fcc′ [MPa] 65* - 

fct [MPa] 4* - 

Drying shrinkage (%) -0.05* - 

Others Table 2-1 and  
Table 2-2 - 

Aggregates   ρ  [kg/cm3] 2.55 × 10-3 (Kelly et al. 1969) 

Eagg [GPa] 72.4 (Kelly et al. 1969) 

agg 0.28* - 

 [10-5 / ºC] 6.35§ (Kelly et al. 1969) 
* Assumed typical value. 
† Calculated based on classical kinetic energy equation for 0.1 MeV and 0.0253 eV neutrons. 
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‡ Use the value of Σa2 as an approximation. 
§ 20-120 ºC. 

 

 

Figure 4-7 Damage progression due to neutron radiation and the temperature: (a) with 
the depth of concrete at different times; (b) with time at different depths 

0 10 20 30 40 50 60 70 80
Depth from the inner surface of the wall(cm)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

d

1 month
1 year
20 years
40 years
60 years
80 years

0 10 20 30 40 50 60 70 80
Time(year)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

d

0 cm
7 cm
10 cm
60 cm

(a)                   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 



 

4-18 
  

 

Figure 4-8 Thermal conductivity profiles along the depth at different times 

The effect of damage induced by the temperature and neutron radiation was studied from two 
aspects. One is the impact on temperature profiles, and the other is the impact on neutron flux 
profiles. 
 
The impact on temperature profiles 
 
The effect of damage induced by the temperature and neutron radiation on thermal conductivity 
of concrete, k, is shown in Figure 4-8. This figure shows important results of the model. At a 
fixed depth, say 5 cm, the value of k gradually decreases with time, which is shown by different 
types of lines. At different depths, say 5 cm and 10 cm, the concrete closer to the neutron 
source (5 cm) shows a larger decrease of k than the concrete deeper inside the wall (10 cm) 
since the damage in the locations closer to the neutron source is more significant. 
 
Figure 4-9 shows the temperature profiles in the concrete with and without the effects of 
damage induced by nuclear irradiation and temperature after 1 month, 40 years, and 80 years 
of exposure. If the damage is not considered, the temperature profile will not change over time 
after the steady-state temperature distribution is reached. As one can see from Figure 4-9 (b), 
which shows the differences of the curves in Figure 4-9 (a), the damage of radiation and 
temperature in concrete leads to minor changes of the temperature profile in the concrete 
(maximum change is less than 7 ºC). Since the radiation heating depends on thermal neutron 
flux and the thermal neutron flux increases over time, as one can see later on in Figure 4-14 (a), 
the temperature profile should have increased correspondingly. On the other hand, the damage 
induced by neutron radiation and elevated temperature can reduce the thermal conductivity of 
concrete, as shown in Figure 4-8, which can slow down the heat conduction process. As a 
result, the overall change of the temperature profile is not large.  
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Figure 4-9 Temperature profiles along the concrete depth: (a) absolute values without 
radiation and thermal effects considered, with these effects considered at 
1 month, 40 years, 80 years; (b) temperature changes compared to the initial 
values 

The impact on neutron flux profiles 
 
The effect of damage induced by the temperature and neutron radiation on the transport 
properties will need to be shown first. The profiles of neutron diffusion coefficients, Di, are 
shown in Figure 4-10 and Figure 4-11. The value of Di gradually increases with time, and the 
change is quite large compared to its initial value. In the surface layer, the value of Di is more 
than tripled. Similar to the behavior of thermal conductivity discussed earlier, Di of the concrete 
close to the neutron source shows larger variation than Di of the concrete deeper in the wall, 
and this is because the damage of concrete near the neutron source is more severe. 
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Figure 4-10 Fast neutron diffusion coefficient (D1) profiles along the concrete depth at 
different times 

 

Figure 4-11 Thermal neutron diffusion coefficient (D2) profiles along the concrete depth 
at different times 
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After the determination of the material parameters as functions of time and location (depth), the 
nonlinear solutions of the neutron flux profiles in the concrete up to 80 years were obtained, as 
shown in Figure 4-12 to Figure 4-15. The linear solutions in the figures are the solutions 
excluding the effect of damage, and the nonlinear solutions considered the effect of damage. 
The profiles are plotted in the figures, and the differences between the linear and nonlinear 
solutions at different times are also plotted in the figures. It is clearly shown that the damage 
induced by neutron radiation and elevated temperature can result in considerable degradation 
of concrete as a shielding material and also as a structural material, and thus, can lead to a 
large increase of fast and thermal neutron flux in concrete. Taking into account the damage, the 
neutron flux increases with time significantly, especially for the concrete near the radiation 
source. The peak of the increase occurs near the inner surface. This is mainly caused by the 
increase of the neutron diffusion coefficients of concrete, as shown in Figure 4-10 and Figure 
4-11. Comparing Figure 4-12 (a) with Figure 4-14 (a), the profiles of thermal neutron flux are 
different from the profiles of fast neutrons. The thermal neutron flux ϕ2 decreases at a slower 
rate than the fast neutron flux ϕ1 along the depth of the wall. This result is due to the production 
of secondary thermal neutrons from the fast neutron group.  
 
Since the damage of concrete mainly depends on the neutron fluence in the concrete, which 
can be obtained from the neutron fluxes, the fast and thermal neutron fluence profiles in the 
concrete wall at 60 years and 80 years are plotted in Figure 4-13 and Figure 4-15. Similar to the 
neutron flux profiles, considerable increases of neutron fluence from the linear solution without 
considering the damage effect are observed for the concrete near the radiation source. 
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Figure 4-12 Fast neutron flux profiles along the concrete depth (energy > 0.1 MeV): 
(a) absolute values of fast neutron flux with and without the radiation and 
thermal effects after different periods of exposure; (b) neutron flux 
increases compared to the case without the radiation and thermal effects 
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Figure 4-13 Fast neutron fluence profiles along the concrete depth at 60 years and 
80 years (energy > 0.1 MeV): (a) absolute values of fast neutron fluence with 
and without considering the radiation and thermal effects; (b) neutron 
fluence increase compared to the case without these effects considered 
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Figure 4-14 Thermal neutron flux profiles along the concrete depth (energy 
>  0.0253 MeV): (a) absolute values of thermal neutron flux with and without 
the radiation and thermal effects after different periods of exposure; 
(b) neutron flux increases compared to the case without the radiation and 
thermal effects 
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Figure 4-15 Thermal neutron fluence profiles along the concrete depth at 60 years and 
80 years (energy > 0.0253 MeV): (a) absolute values of thermal neutron 
fluence with and without considering the radiation and thermal effects; (b) 
neutron fluence increase compared to the case without these effects 
considered 

4.4  Summary 

The multigroup neutron diffusion model was introduced to simplify the neutron transport 
equation and consider the neutron energy dependence more realistically. Based on one-
dimensional two-group neutron diffusion equations and the heat conduction equation, the fast 
and thermal neutron fields as well as the thermal field in concrete can be solved. Since the 
mechanical properties of concrete can be degraded under nuclear radiation and elevated 
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temperature, the neutron transport properties of concrete could be degraded, too. The potential 
variations of transport properties of distressed concrete were estimated by cross-property 
correlation theories, which can convert the variation in mechanical properties into the 
corresponding variation in transport properties of the material. The cross-property correlation 
theory was used together with the multiphase and multiscale model developed in Chapter 2 to 
estimate the change of neutron diffusion coefficients as well as the thermal conductivity of 
concrete due to neutron radiation and thermal effects. An ordinary concrete wall was analyzed 
up to 80 years of operation as a simplified example of a typical concrete biological shield in 
NPPs. The results show that the neutron diffusion coefficient of neutron-irradiated concrete 
gradually increases with time. Assuming that the concrete damage increases the neutron 
diffusion coefficient by a factor as large as 10 and decreases the thermal conductivity by a 
factor as small as 0.1, the concrete damage can result in a considerable increase of neutron flux 
in the concrete, and the neutron flux increases significantly with time, especially for the concrete 
near the radiation source. 
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5    LONG-TERM GAMMA RADIATION LEVELS IN DISTRESSED 
CONCRETE 

Similar to the neutron irradiation transport problem, the damage of concrete can also change 
the gamma-ray transport properties of concrete. With degraded transport properties, the 
gamma-ray levels in a biological shielding wall will be different from those in the original 
concrete. Although the direct impact of gamma radiation on concrete is not considered, the 
radiation heating generated by gamma radiation could lead to additional damage of the 
concrete. In this chapter, the gamma-ray photon radiation levels in a concrete biological 
shielding wall will be predicted by taking into account the possible degradation of the transport 
properties induced by fast neutron radiation and elevated temperatures.  
 
The calculation flowchart is shown in Figure 5-1. First, based on the conditions and properties of 
the material from the previous time step, neutron, photon, and heat transport properties are 
obtained. Then, coupled radio-thermo analysis is performed to obtain the irradiation field and 
thermal field at the same time. Based on the current fast neutron fluence and temperature, the 
damage of the material, which is d shown in Equation Error! Reference source not found., is 
obtained through the multiphase and multiscale model in Chapter 2. After that, cross-property 
correlation is used to estimate the variation of transport properties using the variation in 
mechanical properties, and the radio-thermo analysis is performed again to update the radiation 
field and thermal field. This process will go on until the radiation field and thermal field do not 
change significantly within the time step (satisfying the allowable error limit). The new 
development in this chapter is the multigroup photon diffusion analysis as represented by the 
“Photon field” box in Figure 5-1. 
 
 
5.1  Photon Transport and Heat Conduction 

5.1.1  Photon Transport 

Gamma-rays are photons that originate from nuclear transitions with photon energies typically 
above 100 keV. As discussed in the Phase 1 study (Biwer et al. 2020), gamma-ray photons 
interact with matter through three primary mechanisms: photoelectric effect, Compton 
scattering, and pair production. For the photoelectric effect, a photon is absorbed, resulting in 
the ejection of an orbital electron. For Compton scattering, the photon is not absorbed, but 
scattered with some energy lost, and an electron is also ejected. For the pair production, the 
photon is transformed, and a pair consisting of a positron and an electron is ejected. These 
three mechanisms predominate as a function of energy and atomic number of the transport 
medium, as shown in Figure 5-2. Based on the energy range of gamma-rays from nuclear 
reactors, which is from 100 KeV to 10 MeV, and the atomic numbers of elements usually found 
in concrete, Compton scattering is the dominant interaction mechanism for the gamma-rays in 
concrete biological shields (Kontani et al. 2014). 
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Figure 5-1 Calculation flowchart for photon diffusion and heat conduction 

 

Figure 5-2 Relative importance of the three major interactions of gamma-ray radiation 
with matter (adapted from Evans 1955)  
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Both neutrons and photons are neutral particles. Gamma-ray photon transport in a medium can 
be described using the same form of transport equation shown in Equation Error! Reference 
source not found. for neutron transport. Since Compton scattering is dominant in concrete 
biological shields, and there are very few absorption events, the diffusion approximation used 
for neutron transport can still be used for gamma-ray photon transport in this study with different 
material parameters. The photon diffusion equation without considering energy variations and 
the one-speed neutron diffusion equation share the same form of governing equation:  
 

 1 Φ( , ) − ∙ ( , ) Φ( , ) + ( )Φ( , ) = ( , ) (5-1) 

 
where Φ is the scalar photon flux in photons/(cm2·sec);  is light speed in cm/sec;  is the 
photon diffusion coefficient in cm;  is the photon absorption coefficient in cm-1;  is the 
internal source term in n/(cm3·sec); and  and  are the position and time in cm and sec, 
respectively. Initial conditions and boundary conditions need to be used along with the above 
equation to obtain the solution of photon flux.  
 
Similar to the multigroup neutron diffusion problem, the photon energy dependence can be 
handled by dividing the whole energy domain into a set of energy groups instead of treating the 
energy as a continuous variable. In practice, the group number could be 2 to 20 depending on 
the actual problem. For instance, two groups may be sufficient for a very simple survey 
calculation (like neutrons), and 20 groups could be used for problems that require fine details 
(Duderstadt and Hamilton 1976). The photons inside each group were assumed to behave as 
particles with the same energy, and the photon source in each group could include the 
secondary photons from scattering reactions of photons in the other photon groups with higher 
energy levels. There are two different methods for group structures with more than two groups: 
directly coupled and non-directly coupled. As shown in Figure 5-3, the direct coupling is 
achieved once a group-spacing is chosen that lets particles only scatter to the next group with 
lower energy; and the non-direct coupling means that particles could scatter to any group with 
lower energy, which is a more general case than the directly coupled method. Usually, no up-
scattering is considered, which means a group with a lower energy does not scatter to a group 
with higher energy.  
 
For the photon source in each group, secondary gamma-rays from neutron interactions should 
also be included which could be produced in neutron capture and inelastic scattering of 
neutrons. 
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Figure 5-3 Alternative types of multigroup coupling 

Neutron interactions with matter can be classified into two general categories: absorption and 
scattering. In neutron absorption processes, the incident neutron is absorbed into the target 
nucleus to form a compound nucleus in a highly excited state. The excited nucleus could 
subsequently decay by emitting one or more energetic gamma-ray photons, which are known as 
neutron-capture photons. The cross section for neutron capture is very small for high-energy 
neutrons with energies between 10 keV and 10 MeV, which could be a few percentage of the 
full neutron scattering cross sections. Therefore, neutron capture is not particularly important for 
fast neutrons, but should be considered for thermal neutrons (Shultis and Faw 1996).  
 
Two types of neutron scattering are possible – elastic and inelastic. Inelastic scattering is similar 
to neutron absorption. The incident neutron is first absorbed by the target nucleus to form a 
compound nucleus in an excited state. The excited nucleus then emits a neutron, usually with 
lower kinetic energy than the incident neutron, and the excitation energy is released via the 
emission of one or more gamma-ray photons. Due to constraints in all scattering interactions, 
inelastic scattering of neutrons usually occurs only for neutrons with relatively high energies 
(>10 keV) (Duderstadt and Hamilton 1976). 
 
As stated above, the photon source in each group could include the production of secondary 
photons from scattering reactions of photons in groups with higher energies, neutron capture of 
thermal neutrons, and inelastic scattering of fast neutrons. The diffusion equation for photon 
group g without any internal source is shown below. The equation is similar to the multigroup 
neutron diffusion equations but with extra terms to take into account the secondary photons 
produced in neutron interactions.  
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1 Φ ( , ) − ∙ ( , ) Φ ( , ) + Φ ( , )
= Φ + + + ( , ) (5-2) 

 
where  is the group g attenuation coefficient in cm-1;  is the group-transfer coefficient 
from group g′ to group g in cm-1;  is the macroscopic neutron capture cross section from 
thermal neutron to photon group g in cm-1; and  is the macroscopic neutron inelastic 
scattering cross section to photon group g in cm-1. 
 
Since photons will only lose energy during the transport process, as shown in Figure 5-3, we 
can set 
 

 = 0 , for >  (5-3) 
 
The group g attenuation coefficient  already considers the in-group scattering term  which 
characterizes the probability that a particle can suffer a scattering collision that reduces its 
energy but will still remain within the current group. Therefore, the photon scattering terms can 
be simplified: 
 

 Φ = Φ  (5-4) 

 
The multigroup diffusion equation for photons without any internal source (besides secondary 
photons) can be written as 
 

 

1 Φ ( , ) − ∙ ( , ) Φ ( , ) + Φ ( , )
= Φ + +  

 = 1,2, . . . ,  
(5-5) 

 
For photon radiation, absorbed dose is frequently used to quantify the radiation level in the 
material. Dose is a measure of the amount of energy from an ionizing radiation that is deposited 
in a mass of some material. The SI unit of dose is gray (symbol: Gy) which is defined as the 
absorption of one joule of radiation energy per kilogram of matter. The dose can be calculated 
through the equation shown below. 
 

 = ∑ Ψ   , where Ψ = Φ ℰ  (5-6) 

 
where Ψ  is the photon energy fluence in group g in MeV/cm2 which can be calculated by 
multiplying the photon fluence (photons/cm2) with the photon energy ℰ  (MeV), and   is the 
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mass energy absorption coefficient in cm2/g which depends on photon energy and transport 
material.  
 
5.1.2  Heat Conduction 

Gamma radiation also can lead to localized temperature rise in the concrete. The same one-
dimensional heat conduction equation with an internally generated heat source, as shown in 
Equation (4-6), can still be used to obtain the thermal field in the concrete. 
 
Photon energy is converted to heat when photons are absorbed during transport. Therefore, the 
volumetric heating rate caused by photon radiation can be estimated by the summation of the 
photon energy absorbed in all groups (William et al. 2013): 
 

 ( , ) ≈ 1.6 × 10 ℰ ( , ) (5-7) 

 
where  is the linear energy-absorption coefficient for gamma-rays in group g in cm-1 which is  . This parameter is equal to  in   .  
 
5.1.3  Determination of Transport Properties 

Similar to neutron transport, the photon transport properties of a concrete wall could be affected 
by the damage of concrete induced by fast neutron radiation and elevated temperatures. The 
approach based on the cross-property correlation presented in Section 4.2 is still assumed to be 
valid here to estimate the variation of transport properties for photon diffusion and heat 
conduction. The effective thermal conductivity and effective photon diffusion coefficient can be 
determined as functions of time, fast neutron flux, and temperature: 
 

 = , , , , , , = , , , , ,  (5-8) 

 
 
5.2  Numerical Analyses 

5.2.1  Coupled Neutron and Gamma-Ray Radio-Thermo Analysis 

As shown in Section 4.2 and Section 5.1.3, k, ρ, , and are time- and position-dependent 
parameters, and all other parameters are assumed to be constants. The coupled radio-thermo 
analysis of fast neutrons, thermal neutrons, gamma-ray photons, and thermal fields within 
nuclear-irradiated concrete can be performed based on the two-group neutron diffusion model, 
the multigroup photon diffusion model, and the heat conduction equation. The effects of neutron 
radiation-induced degradation and thermal deterioration of concrete can be taken into account. 
The governing equations are 
 

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = 0 (5-9) 
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1 ( , ) − ∙ ( , ) ( , ) + ( , ) = ( , ) (5-10) 

   

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = Φ + +  = 1,2, . . . ,  (5-11) 

   

 

( , ) ( , )= ∙ ( , ) ( , ) + 1.6 × 10 ℰ ( , )+ 1.6 × 10 ℰ ( , ) (5-12) 

 
The same implicit finite difference approach used in Chapter 4 was adopted to solve the 
problem. Initial conditions, boundary conditions, and time step are shown in the next section as 
a case study. The bisection method was used for root-finding iteration in each time step, and the 
speed of convergence is satisfactory. 
 
5.2.2  Input Parameters 

The input parameters include all of the parameters listed in Section 4.3.2 and in Table 5-1. 

Table 5-1 Input parameters 

Gamma-ray/photon Concrete 

• Photon source (boundary conditions) 

• Photon diffusion coefficients ( ) 
• Coefficients and cross sections ( , 

,  ,  ,  and ) 

•  

 
 
5.2.3  Verification 

In this section, the neutron/photon diffusion theory is verified using MCNP 6.2 (Werner et al. 
2018). MCNP is a general-purpose Monte Carlo N-Particle (MCNP) transport code developed 
by Los Alamos National Laboratory which can be used to calculate the transport of different 
particles including neutrons and photons. To compare the results between the neutron/photon 
diffusion theory developed in this study with MCNP results, a simple case study was developed 
as shown in Figure 5-4. The comparison with MCNP is to verify the characterization of the 
diffusion processes in the present models, not the impact of concrete damage on neutron and 
photon diffusion because MCNP 6.2 cannot handle degraded concrete.   
 
There is a beam of particles with energy 1 MeV which transports through a cylinder filled with 
light water. The particles can be either neutrons or photons. The height of the cylinder is 50 cm 
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and the diameter is 10 cm. The composition of the light water is shown in Table 5-2, which 
includes the constituent elements, their atomic fraction, and the identification number (ZAID). 
Since the particles only have one energy level, a one-speed diffusion equation can be used for 
both neutrons and photons (Equation (4-2) and Equation (5-1)). In these two equations, the 
actual values of neutron speed , light speed c, macroscopic absorption cross section of 
neutrons , and photon absorption coefficient  can be obtained through known databases 
once the particle energy levels and transport medium are known. However, the diffusion 
coefficients  and  are the two parameters that need to be estimated and adjusted to ensure 
the accuracy of the diffusion approximation of particle transport. First, reference values were 
obtained in the literature. Then, they were adjusted to obtain the best match with the MCNP 
results. All parameters needed for diffusion theory are listed in Table 5-3.  
 

 

Figure 5-4 The configuration of the study case for verification 

Table 5-2 Composition of the light water 

Element Nuclide fraction ZAID 

O 1 8016 

H 2 1001 

Table 5-3 Input parameters for the verification of diffusion equations 

Parameters Values Note 

Neutron   

 [cm] 0.13  

 [cm-1] 0.022 (Shultis and Faw 1996) 

 [cm/sec] 1.38 × 109 1 MeV neutron 

Photon   

 [cm] 0.45  

 [cm-1] 0.03103 (Hubbell and Seltzer 1995) 

c [cm/sec] 3 × 1010 Light speed 
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The results of diffusion theory and MCNP are plotted in Figure 5-5, which shows the profiles of 
the normalized neutron/photon flux along the height of the cylinder. Normalized flux means the 
flux of the particles at the left side boundary of the light water cylinder is 1 for all cases. The 
results of diffusion theory well match the results of MCNP for both neutrons and photons. 
 

 

 

Figure 5-5 Comparison between diffusion theory and MCNP: (a) neutron (b) photon 

5.2.4  A Case Study 

The same concrete biological shielding wall without rebar embedment shown in Figure 4-6 is 
used here as a study case to show the capability of the model. The radiation source includes 
both neutrons and gamma-rays. The radiation field (neutron and gamma) as well as the 
temperature field in a concrete biological shield during 80 years of operation are obtained. 

(a)                   
 
 

(b)                   
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All parameters used in the case study for neutron diffusion shown in Section 4.2.4 are used. 
The additional input parameters needed are shown below. The energy range of the gamma-ray 
photon source is assumed to be 0.3 to 7.2 MeV, which is the energy spectrum of gamma-rays 
emitted from fission measured by Maienschein et al. (1958). The photons are divided into 5 
groups (from group 5 to group 1): 0.3-0.6, 0.6-1.2, 1.2-2.4, 2.4-4.8, and 4.8-7.2. There is little 
data available on the expected gamma flux in the reactor cavity and concrete biological shield. 
Remec et al. (2016) provided an estimated maximum value in concrete for two-loop pressurized 
water reactors (PWRs) (9.08 × 109 photons/(cm2·sec)) and three-loop PWRs (3.37 × 109 

photons/(cm2·sec)) for E > 0.01 MeV. For this study case, a constant photon flux of 1.6 × 109 

photons/(cm2·sec) for each group was assumed at the inner surface of the wall. Thus, the total 
photon flux is 9 × 109 photons/(cm2·sec). The photon flux at the outer surface of the wall was 
approximately 10-3 of the flux at the inner surface (Esselman and Bruck 2013). All other 
parameters are listed in Figure 5-6 and Figure 5-7 show the results of numerical analyses for 
pure gamma-ray photon diffusion. Neutron radiation and damage of concrete is not considered. 
Figure 5-6 shows the temperature profiles in the concrete with and without considering radiation 
heating. As one can see from Figure 5-6 (b), compared to the neutron radiation problem, the 
gamma radiation in concrete leads to negligible changes of the temperature profile in the 
concrete (maximum change is less than 0.3 ºC). Figure 5-7 shows the photon flux for each 
group and the total absorbed dose in Gray after 80 years. If the damage is not considered, the 
profiles of photon flux and temperature will not change over time. 

Table 5-4 Parameters used in the ordinary concrete numerical analysis  

Parameter Values Reference 

 [cm] 1* - 

 [cm] 1* - 

 [cm] 1* - 

 [cm] 1* - 

 [cm] 1* - 

 [cm-1] 0.06203 (Hubbell and Seltzer 1995) 

 [cm-1] 0.07855 (Hubbell and Seltzer 1995) 

 [cm-1] 0.11192 (Hubbell and Seltzer 1995) 

 [cm-1] 0.15578 (Hubbell and Seltzer 1995) 

 [cm-1] 0.21682 (Hubbell and Seltzer 1995) 

 [cm-1] 0.03* - 

 [cm-1] 0.02* - 

 [cm-1] 0.025* - 
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Table 5-5 (Cont.) 

Parameter Values Reference 

 [cm-1] 0.015* - 

 [cm-1] 0.013* - 

 [cm-1] 0.035* - 

 [cm-1] 0.01* - 

 [cm-1] 0.011* - 

 [cm-1] 0.018* - 

 [cm-1] 0.045* - 
  [cm2/g] 0.01763 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02031 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02445 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02892 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.03029 (Hubbell and Seltzer 1995) 

 [cm-1] 0.003* - 

 [cm-1] 0.003* - 

 [cm-1] 0.003* - 

 [cm-1] 0.003* - 

 [cm-1] 0.003* - 

 [cm-1] 0* - 

 [cm-1] 0.008* - 

 [cm-1] 0.01* - 

 [cm-1] 0.012* - 

 [cm-1] 0.01* - 

c [cm/sec] 3 × 1010 - 

 10* - 

* Assumed values to illustrate sensitivity. 
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. Some of them are available in the literature, and their values were assumed for the sensitivity 
analysis. 
 
Figure 5-6 and Figure 5-7 show the results of numerical analyses for pure gamma-ray photon 
diffusion. Neutron radiation and damage of concrete is not considered. Figure 5-6 shows the 
temperature profiles in the concrete with and without considering radiation heating. As one can 
see from Figure 5-6 (b), compared to the neutron radiation problem, the gamma radiation in 
concrete leads to negligible changes of the temperature profile in the concrete (maximum 
change is less than 0.3 ºC). Figure 5-7 shows the photon flux for each group and the total 
absorbed dose in Gray after 80 years. If the damage is not considered, the profiles of photon 
flux and temperature will not change over time. 

Table 5-4 Parameters used in the ordinary concrete numerical analysis  

Parameter Values Reference 

 [cm] 1* - 

 [cm] 1* - 

 [cm] 1* - 

 [cm] 1* - 

 [cm] 1* - 

 [cm-1] 0.06203 (Hubbell and Seltzer 1995) 

 [cm-1] 0.07855 (Hubbell and Seltzer 1995) 

 [cm-1] 0.11192 (Hubbell and Seltzer 1995) 

 [cm-1] 0.15578 (Hubbell and Seltzer 1995) 

 [cm-1] 0.21682 (Hubbell and Seltzer 1995) 

 [cm-1] 0.03* - 

 [cm-1] 0.02* - 

 [cm-1] 0.025* - 
 
Table 5-5 (Cont.) 

Parameter Values Reference 

 [cm-1] 0.015* - 

 [cm-1] 0.013* - 

 [cm-1] 0.035* - 

 [cm-1] 0.01* - 

 [cm-1] 0.011* - 
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 [cm-1] 0.018* - 

 [cm-1] 0.045* - 
  [cm2/g] 0.01763 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02031 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02445 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02892 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.03029 (Hubbell and Seltzer 1995) 

 [cm-1] 0.003* - 

 [cm-1] 0.003* - 

 [cm-1] 0.003* - 

 [cm-1] 0.003* - 

 [cm-1] 0.003* - 

 [cm-1] 0* - 

 [cm-1] 0.008* - 

 [cm-1] 0.01* - 

 [cm-1] 0.012* - 

 [cm-1] 0.01* - 

c [cm/sec] 3 × 1010 - 

 10* - 

* Assumed values to illustrate sensitivity. 
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Figure 5-6 Temperature profiles along the concrete depth for pure gamma radiation: 
(a) absolute values without radiation and with radiation heating considered; 
(b) temperature changes compared to the initial values  
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Figure 5-7 Gamma-ray photon level: (a) photon flux for each group; (b) absorbed dose in 
Gray after 80 years 

Figure 5-8 through Figure 5-10 show some of the numerical results of the coupled neutron and 
gamma-ray radio-thermo analysis. Some results are not shown, since they are very similar to 
the neutron diffusion results in Section 4.3.4, including the profiles of the damage parameter, 
thermal conductivity profiles, neutron diffusion coefficient profiles, and neutron flux and fluence 
profiles.  
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Figure 5-8 Temperature profiles along the concrete depth: (a) absolute values without 
radiation and thermal effects considered and with these effects considered at 
1 month, 40 years, and 80 years; (b) temperature changes compared to the 
initial values 
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Figure 5-9 Photon flux profiles in group 2 along the concrete depth: (a) absolute values 
with and without the radiation and thermal effects after different periods of 
exposure; (b) photon flux increases compared to the case without the 
radiation and thermal effects 

(a)              
 
 
 
 
 
 
 

                        
(b) 
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Figure 5-10 Gamma radiation absorbed dose (Gy) along the concrete depth at 60 years 
and 80 years: (a) absolute values with and without considering the 
radiation and thermal effects; (b) dose increments compared to the case 
without these effects considered 

Figure 5-8 shows the temperature profiles in the concrete with and without the effects of 
damage induced by nuclear irradiation and temperature after 1 month, 40 years, and 80 years 
of exposure. If the damage is not considered, the temperature profile will not change over time 
after the steady-state temperature distribution is reached. As one can see from Figure 5-8, the 
damage of radiation and temperature in concrete leads to larger changes of the temperature 
profile in the concrete compared to the temperature rises caused by neutron heating only 
(Figure 4-9 (b)) or gamma radiation heating only (Figure 5-6 (b)). The maximum change is less 

(a)                   
 
 
 
 
 
 

(b)          
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than 10 ºC and the locations are also marked. Also, the increase of thermal neutron flux and 
photon flux over time will contribute to the additional temperature rise. 
 
The nonlinear solutions of the neutron flux and gamma-ray photon flux profiles in the concrete 
up to 80 years were obtained. Figure 5-9 and Figure 5-10 show the results of photon diffusion in 
group 2. The results for other photon groups are very similar. The linear solution in the figures 
are the solutions excluding the effect of damage, whereas the nonlinear solutions considered 
the effect of damage. Similar to the results of neutron diffusion, it is shown that the photon flux 
increases significantly with time, especially for the concrete near the radiation source. The peak 
of the increase occurs near the inner surface. This is mainly caused by the damage induced by 
neutron radiation and elevated temperature, which can result in considerable degradation of 
concrete as a shielding material. The profiles of gamma-ray dose in the concrete wall at 60 
years and 80 years are plotted in Figure 5-10. Similar to the gamma-ray photon profiles, 
considerable increases of absorbed dose from the linear solution without considering the 
damage effect are observed for the concrete near the radiation source. 
 
 
5.3  Summary 

A multigroup diffusion model was used to simplify the gamma-ray photon transport equation. 
The photon source in each photon group includes the production of secondary photons from 
scattering reactions of photons in the photon groups with higher energies, neutron captures of 
thermal neutrons, and inelastic scattering of fast neutrons. In this chapter, coupled radio-thermo 
analysis was performed based on one-dimensional two-group neutron diffusion equations, 
multigroup photon diffusion equations, and the heat conduction equation with heat sources 
considering neutron and gamma-ray heating. The fast and thermal neutron fields, gamma-ray 
photon fields of all photon groups, as well as the thermal field in concrete can be obtained. 
Similar to the neutron irradiation transport problem, the damage of concrete can also change 
the gamma-ray photon transport properties of concrete. The same approach used in Chapter 4 
can still be used here, which is the cross-property correlation theory combined with the 
multiphase and multiscale model developed in Chapter 2 to estimate the variations of neutron 
diffusion coefficients, photon diffusion coefficients, as well as the thermal conductivity of 
concrete caused by neutron radiation and thermal effects. The same ordinary concrete wall 
used for the neutron transport case study was analyzed for up to 80 years of operation as a 
simplified example of a typical concrete biological shield in NPPs. Similar results for neutron 
transport were observed. In the sensitivity study case, the concrete damage increases the 
photon diffusion coefficient by a factor of 10, and considerable increases in absorbed doses of 
gamma rays compared to the linear solution (without considering the damage effect) are 
observed for the concrete near the radiation source. 
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6    COUPLED RADIO-THERMO-MECHANICAL ANALYSIS  

In this chapter, a comprehensive case study is developed to analyze the long-term performance 
of a simplified concrete biological shielding wall under nuclear radiation, elevated temperature, 
and mechanical loadings in an NPP. The coupled radio-thermo-mechanical analysis combines 
all models developed in previous chapters, including the multiscale and multiphase model 
(Chapter 2), the coupled damage-creep model (Chapter 3), and the coupled radio-thermo model 
(Chapter 4 and Chapter 5). The objective of the case study is to show the capability of the 
approach that can be used to estimate the long-term mechanical and transport response and 
the state of a concrete biological shielding wall in NPPs under normal operational conditions.  

Figure 6-1 shows the overall calculation flowchart of the analysis. The inputs needed to start the 
analysis are environment information (boundary conditions and initial conditions of the concrete, 
e.g., neutron flux, photon flux, and environmental temperature) and concrete properties, which 
are shown in detail in Section 6.2. There are two stages in the case study. In the first stage, the 
radio-thermo analysis for neutron, photon, and heat transport, developed in Chapters 4 and 5, 
and the multiscale and multiphase model developed in Chapter 2, are fully coupled, and a 
coupled radio-thermo analysis is performed. At this stage, it is a one-dimensional problem along 
the depth of the concrete wall that is solved through an implicit finite difference approach. The 
results are the state of concrete (e.g., the extent of concrete damage, DRad) and radiation levels 
at different depths of the concrete biological shielding wall at each time step. It should be noted 
that the modeling in the first stage is only one-dimensional. Then, in the second stage, some of 
these results from the first stage, such as concrete damage, are applied to the coupled damage-
creep analysis shown in Chapter 3. In each time step, the results obtained in the first stage will 
feed the coupled damage-creep analysis in the second stage as inputs in ABAQUS. The radio-
thermo analysis in the first stage is quite complex and will take some time to be solved 
numerically. So, the coupled radio-thermo analysis at the first stage will not be included in the 
ABAQUS subroutine with the coupled damage-creep analysis to improve the overall calculation 
speed. Otherwise, the computational time of finite element analysis in ABAQUS will be very long 
even when a coarse element mesh is used. As a result, these two stages of analyses are not 
fully coupled. As shown in Figure 6-1, the three-dimensional radio-thermo-mechanical analysis 
through ABAQUS is a one-way coupling process, which means that within each time step, the 
damage calculated in ABAQUS will not be considered in the coupled radio-thermo analysis in 
the first stage.  
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Figure 6-1 Calculation flowchart for coupled radio-thermo-mechanical analysis 
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6.1  Configuration of the Case Study 

A concrete wall without rebar embedment shown in Figure 6-2(a) is used for the comprehensive 
case study. The thickness of the wall is 1.6 meters, the height is 6 meters, and the width of the 
section is 1 meter (a unit width). It represents a section of simplified concrete biological 
shielding wall in NPPs. It was assumed that the neutron flux, photon flux, and temperature are 
uniformly distributed on the inner (left) surface of the wall. The outer (right) surface of the wall is 
exposed to the ambient environment. Thus, the neutron, photon, and heat conduction can be 
considered to be a one-dimensional problem along the depth of the concrete wall. One-
dimensional coupled radio-thermo analysis can be applied to obtain the state of concrete 
material and radiation level at each point up to 80 years of normal operation. In ABAQUS, the 
three-dimensional radio-thermo-mechanical analysis is applied to the whole concrete section. 
The finite element model with the applied boundary conditions and mechanical loadings is 
shown in Figure 6-2 (b). The bottom is fixed in the z direction, and the front and back surfaces 
are fixed in the y direction. The mechnical loadings could include self-weight of the concrete 
material; other normal operating loads, such as the weight of a nuclear reactor if the concrete 
biological shielding wall also supports the RPV; and posssible loads in accidentical conditions.  
 

 
(a)                                                                   (b) 

Figure 6-2 The configuration of the section of simplified biological shielding wall: 
(a) geometry; (b) finite element model  
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6.2  Input Parameters 

First, the properties of concrete need to be determined. For the case study, the concrete wall is 
considered to be made of ordinary Portland cement concrete and crushed gravel without rebar 
embedment. The mix proportion is water/cement/aggregate= 0.4/1/4.99 by weight, and the 
curing time is one year. The strengths of the hardened cement paste are fc′ = 65 MPa and ft = 
4 MPa. Prony series parameters are listed in Table 3-1. Parameters for the Mazars’ damage 
model used are At = 1, Bt = 15000, Ac = 1.2, Bc = 1500, which can be measured through 
compression and tension tests of concrete specimens.  
 
Second, the loadings need to be obtained, such as the mechanical loadings, temperature and 
radiation level, as well as the corresponding transport properties of concrete. For the case 
study, only the self-weight of concrete is considered. The temperature was 65 ºC at the inner 
surface and 20 ºC at the outer surface. A constant neutron flux density of 3.2 × 1010 n/(cm2·sec) 
was assumed at the inner surface of the wall for fast neutrons with an 0.1 MeV energy level and 
a neutron flux density of 4 × 1010 n/(cm2·sec) was assumed for thermal neutrons with an 
0.0253 eV energy level. The gamma-ray source has the same characteristics as the source 
used in Section 5.2.4. The photons were divided into five groups (from group 5 to group 1): 
0.3-0.6, 0.6-1.2, 1.2-2.4, 2.4-4.8, 4.8-7.2 MeV, and a constant photon flux of 1.6 × 109 

photons/(cm2·sec) for each group was assumed at the inner surface of the wall. Thus, the total 
photon flux is 9 × 109 photons/(cm2·sec).  
 
Then, the behavior of some concrete components under nuclear radiation also needs to be 
obtained in order to analyze the performance of the concrete wall. Again, for our case, a linear 
regression of the serpentine data shown in Figure 2-17 was used as the degradation trend of 
the Young’s modulus for the aggregate under neutron radiation. The expansion of aggregate 
particles under neutron radiation was assumed to be the middle trend line shown in Figure 6-3 
based on Equation (2-11) and data collected in Biwer et al. (2020). All parameters used in the 
case study are listed in Table 6-1. 
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Figure 6-3 Dimensional change of aggregates curved fit using Equation (2-11): εu = 4%, 
 = 0.77,  = 5.8 × 10-20 

Table 6-1 Parameters used in the ordinary concrete numerical analysis 

Parameters Values Reference 

Environment   

Temperature, T [ºC] 65, left side; 20, right side - 

Fast neutron flux,  
[/(cm2·sec)] 

3.2 × 1010 (E > 0.1 MeV), left side 
3.2 × 107 (E > 0.1 MeV), right side 

- 

Thermal neutron flux,  
[/(cm2·sec)] 

4 × 1010 (E < 0.0253 eV), left side 
4 × 107 (E < 0.0253 eV), right side 

- 

The photon energy groups 
[MeV]  

0.3-0.6, 0.6-1.2, 1.2-2.4, 2.4-4.8, 
4.8-7.2, - 
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Table 6-2 (Cont.) 

Parameters Values Reference 

Photon flux,  [/(cm2·sec)] 1.6 × 109, left side; 1.6 × 106, 
right side - 

Concrete   

Mix proportion water/cement/aggregate= 
0.4/1/4.99 

(REACTOR PHYSICS 
CONSTANTS 1963) 

1 [cm] 1.14 (REACTOR PHYSICS 
CONSTANTS 1963) 

2 [cm] 0.484 (REACTOR PHYSICS 
CONSTANTS 1963) 

ΣR1 [cm-1] 0.085 (REACTOR PHYSICS 
CONSTANTS 1963) 

Σs12 [cm-1] 0.08** ̶ 

Σa2 [cm-1] 0.0094 (REACTOR PHYSICS 
CONSTANTS 1963) 

1 [cm/sec] 4.37 × 108 ̶ 

2 [cm/sec] 2.2 × 105 ̶ c  [J/(kg·K)] 650 (Ursu 1985) ρ [kg/cm3] 2.3 × 10-3 (REACTOR PHYSICS 
CONSTANTS 1963) 

k [W/(cm·K)] 8.7 × 10-3 (Ursu 1985) 

Σc [cm-1] 0.0094** ̶ ℰb [MeV] 5.5 (Price et al. 1957) 

Curing time[days] 1 year - 

 [cm] 1** - 

 [cm] 1** - 

 [cm] 1** - 

 [cm] 1** - 

 [cm] 1** - 

 [cm-1] 0.06203 (Hubbell and Seltzer 1995) 

 [cm-1] 0.07855 (Hubbell and Seltzer 1995) 
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Table 6-3 (Cont.) 

Parameters Values Reference 

 [cm-1] 0.11192 (Hubbell and Seltzer 1995) 

 [cm-1] 0.15578 (Hubbell and Seltzer 1995) 

 [cm-1] 0.21682 (Hubbell and Seltzer 1995) 

 [cm-1] 0.03** - 

 [cm-1] 0.02** - 

 [cm-1] 0.025** - 

 [cm-1] 0.015** - 

 [cm-1] 0.013** - 

 [cm-1] 0.035* - 

 [cm-1] 0.01** - 

 [cm-1] 0.011** - 

 [cm-1] 0.018** - 

 [cm-1] 0.045** - 
  [cm2/g] 0.01763 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02031 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02445 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.02892 (Hubbell and Seltzer 1995) 

  [cm2/g] 0.03029 (Hubbell and Seltzer 1995) 

 [cm-1] 0.003** - 

 [cm-1] 0.003** - 

 [cm-1] 0.003** - 

 [cm-1] 0.003** - 

 [cm-1] 0.003** - 

 [cm-1] 0** - 

 [cm-1] 0.008** - 
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Table 6-4 (Cont.) 

Parameters Values Reference 

 [cm-1] 0.01** - 

 [cm-1] 0.012** - 

 [cm-1] 0.01** - 

c [cm/sec] 3×1010 - 

Mazars’ damage model At = 1, Bt = 15000, Ac =1.2, Bc 
=1500, ft0 =4 MPa 

(Pijaudier-Cabot and 
Mazars 2001) 

Prony series parameters Table 3-1 - 

Cement paste   

Chemical composition 
[mass%] 

C = 0.654, S = 0.2078, A = 0.0498, 
F = 0.0246* - ρ  [kg/cm3] 3.14 × 10-3 - 

fcc’ [MPa] 65* - 

fct [MPa] 4* - 

Others Table 2-1 and  
Table 2-2 - 

Aggregates   

Expansion  - ρ  [kg/cm3] 2.55 × 10-3 (Kelly et al. 1969) 

Eagg [GPa] 72.4 (Kelly et al. 1969) 

agg 0.28* - 

 [10-5 / ºC] 6.35 (20-120 ºC) (Kelly et al. 1969) 

Other parameters   

 1/3* - 

 1/10* - 

 10* - 

 10* - 

* Assumed values to illustrate sensitivity.  
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6.3  Results 

Figure 6-4 shows the variation of the damage due to nuclear radiation, DRad, obtained at the first 
stage of analysis, which is the radio-thermo analysis for neutron, photon, and heat transport. It is 
the volume fraction of the distressed concrete phase under nuclear irradiation obtained by the 
multiphase and multiscale model developed in Chapter 2 and Equation Error! Reference 
source not found. in Chapter 4. The profiles of DRad of the concrete up to 80 years are reported 
at different times and different depths. As shown in the figure, the damage of concrete due to 
radiation continues to develop with increasing time, especially for the concrete within the first 20 
cm from the inner surface of the wall which is closer to the radiation source. The concrete 
farther from the radiation source seems to not change significantly with increasing time, and 
almost shows negligible damage even at 80 years. The damage profile obtained then is applied 
to the finite element analysis in ABAQUS to represent the radiation damage of concrete. 

Figure 6-5 and Figure 6-6 show some results of the three-dimensional radio-thermo-mechanical 
analysis of the simplified concrete biological shielding wall in NPPs. Figure 6-5 shows the total 
damage at 80 years which is a combination of the radiation damage and potential mechanical 
damage during normal NPP operating conditions. Similarly, damage of the concrete due to the 
radiation continues to develop with increasing time, especially for the concrete material within 
the first 20 cm from the inner surface of the wall which is closer to the radiation source. The 
concrete farther from the radiation source has negligible damage. Figure 6-6 shows the total 
strain in the z-direction at 80 years under normal loadings during the normal NPP operating 
conditions. The displacement of concrete closer to the neutron source is larger than the 
displacement of concrete farther from the radiation source. The results suggest that if even a 
small part of the concrete biological shielding wall deteriorates in a normal NPP operational 
environment, the structural behavior of the concrete biological shielding wall could change 
noticeably after a certain age. The degradation of concrete material and its potential effects on 
the structural capacities of reinforced concrete structures need to be considered when 
evaluating long-term NPP operation. 
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Figure 6-4 Damage progression due to radiation and the temperature (DRad) up to 
80 years: (a) with the depth of concrete at different times; (b) with time at 
different depths (damage at 80 cm is not noticeable)  
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Figure 6-5 Total damage profile at 80 years: (a) whole structure; (b) profile at the middle 
z plane 
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Figure 6-6 Total strain in z-direction at 80 years: (a) whole structure; (b) profile at the 
middle z plane 
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7    CONCLUSIONS AND DISCUSSION 

7.1  Conclusions 

The damage induced by mechanical loading and environmental loads (high/low temperatures, 
drying/wetting, and chemical reactions) has shown various effects on the mechanical properties 
of concrete such as strength and stiffness; volumetric properties such as creep, shrinkage, and 
coefficient of thermal expansion; and transport properties such as the diffusion coefficients of 
heat conduction, moisture, and chemical transport. Thus, it was a hypothesis that the damage 
induced by nuclear irradiation has similar effects on the same mechanical, volumetric, and 
transport properties of concrete. Furthermore, by the same hypothesis, the damage may also 
have effects on the resistance to neutron and gamma transport in concrete.  
 
This modeling work is an attempt to model the degradation of concrete material under nuclear 
irradiation and the effect of the degradation on various properties of concrete. It establishes a 
general framework for integrating various phenomena associated with concrete degradation at 
different scale levels and constituent phases due to exposure to nuclear irradiation. The results 
of the project represent one comprehensive model that can be further improved when more test 
data are available for calibration. More details can be found in Section 7.2.  
 
Constitutive models of plain concrete under nuclear irradiation were developed taking into 
account the aging and damage effects on both the transport (neutron, gamma rays, and heat) 
and mechanical properties of concrete. The theoretical models were developed and 
implemented in finite element and finite difference codes for future application of numerical 
analysis of concrete and reinforced concrete structures in nuclear power plants.  
 
A theoretical model was developed for the prediction of the modulus of elasticity and 
deformation of nuclear-irradiated concrete. The model can take into account the degradation 
mechanisms at multiscale levels and different spatial distributions of the multiphase constituents 
in concrete. The Mori-Tanaka model and the Generalized Self-Consistent (GSC) model were 
used to characterize the multiphase internal structure of concrete ranging from the nanometer to 
the meter scale level. The volume fraction of each constituent phase was calculated based on 
the concrete mix design and the hydration reactions of Portland cement. The responses of 
specific constituent phases, such as the aggregate or the cement paste, to nuclear irradiation 
and temperature at different scale levels were quantitatively characterized based on the 
collected test data or estimated based on available models. Damage development in the 
hardened cement paste in the nuclear irradiated concrete was calculated based on composite 
damage mechanics. The overall irradiation effect on concrete as a composite material can be 
calculated by considering the effects of the irradiation and temperature on each constituent 
phase at each scale level. The model was validated preliminarily with experimental data 
available in the literature for the modulus of elasticity of distressed concrete.  
 
A coupled damage-creep model of nuclear-irradiated concrete is developed based on the 
generalized Maxwell model and Mazars’ damage model. The coupled model was implemented 
in ABAQUS/standard via a subroutine UMAT. The purpose of using ABAQUS was to consider 
the effect of mechanical loadings on the concrete. The effect of neutron irradiation and elevated 
temperature generated by gamma rays is considered by the multiphase and multiscale model.  
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The transport of neutrons and gamma rays in damaged concrete were calculated using multi-
group diffusion equations. The heat equation was also included in the modeling to account for 
the heat generated by the neutron and gamma radiation. The transport parameters of concrete 
related to neutron and gamma diffusion as well as heat transfer were modeled using cross-
property correlation theory in which the transport parameters of distressed concrete can be 
determined based on the mechanical properties of the distressed concrete. The degradation of 
the mechanical properties of distressed concrete by neutron irradiation and elevated 
temperature was determined by the multiphase and multiscale model. The results obtained from 
the present diffusion models were compared with the results obtained using the Monte Carlo N-
Particle transport code (MCNP 6.2). Good agreements were obtained.  
 
As a comprehensive case study, a coupled radio-thermo-mechanical analysis was conducted 
using a section of a concrete wall. The case study combined all models developed in this 
project, including the multiscale and multiphase model for neutron-induced damage, the coupled 
damage-creep model, and the coupled radio-thermo model for neutron and gamma transport. 
The case study showed the capability of the models developed in this project, in that they can 
be used to estimate the long-term mechanical and transport response of concrete, including the 
state of structural concrete in NPPs under design loading conditions.  
 
 
7.2  Suggestions for Future Research 

Further improvement of the models developed in this project can be made in the following 
areas: 
 

1) The expansion of various aggregates under nuclear irradiation is the most important 
factor for the damage of concrete. The multiscale model characterized the concrete, 
mortar, and cement paste all the way to the nanometer level, but the expansion of 
aggregates could not be modeled in a similar manner. The response of various 
mineralogical compositions in different rocks under nuclear irradiation must be studied. 
This should be an important research topic in the future. 

 
2) The models were developed for properties of concrete and calibrated by available test 

data obtained from small concrete samples. The models need to be used in structural 
analysis programs to examine the impact of the nuclear irradiation at the material level 
on the performance of structures at the meter scale. Several numerical case studies 
need to be conducted on a typical concrete shielding structure with typical concrete mix 
designs and typical cements and aggregates used in nuclear power plants in the U.S. 
This can be done using the present models and the information collected in Biwer et al. 
(2020). However, data on the concrete-steel bond under irradiation, as well as data on 
harvested irradiated concrete, are needed to more accurately predict long-term 
performance. Moreover, further study is needed to understand the behavior and 
response of the structures exposed to irradiation and subjected to static and dynamic 
loading during normal operation, design basis seismic events, and accident conditions.  

 
3) The coupled creep-damage model needs to be experimentally calibrated. The present 

model was calibrated by creep of concrete without nuclear irradiation. There is no test 
result available on the creep of concrete degraded by nuclear irradiation.  
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4) The effect of temperature on concrete creep has been experimentally studied, especially 
in the range of operating temperatures of nuclear power plants (< 65°C). The modeling 
approach is also available. The temperature effect on concrete creep is not currently 
implemented in the current creep-damage model but can be done in the future. 

 
5) The multiple group diffusion models for neutron and gamma transport in concrete have 

not been calibrated with test data. The model results were compared with the predictions 
by MCNP 6.2, which is not sufficient since the degradation of concrete is not included in 
MCNP6.2. Nevertheless, the extent of the impact of the damage on the transport 
properties has not been examined by any systematic experimental study. To gain more 
insight on the damage effects on radiation diffusion coefficients and thermal 
conductivities of concrete material, a joint study by experts from both fields is 
recommended. 

 
6) In order to obtain reliable results through the developed models, critical input parameters 

need to be well determined. As one can see, some input parameters, such as the group 
coefficients and macroscopic cross sections for multigroup photon or neutron diffusion 
problems were assumed or the values from other concrete test results were used during 
the analysis. For example, as shown in Appendix A.8 for neutron diffusion, those 
parameters are averaged values for each group and can be only calculated by 
approximating the neutron flux density. Further study is needed.  

 
7) The aim of the models is structural evaluation of concrete and reinforced concrete 

structures in nuclear power plants. Currently, the models can only characterize the 
behavior of concrete. More knowledge or models are needed to evaluate the 
performance of other materials under nuclear irradiation, such as the behavior of steel 
bar reinforcement and the associated steel-concrete interaction under nuclear 
irradiation. Then, a comprehensive structural analysis of reinforced concrete structure in 
NPPs can be done in commercial software packages, such as ABAQUS. 

 
8) The steel-concrete bond strength is important for analysis of reinforced concrete 

structures. The bond strength is related to the cement paste in the interface transition 
zone (ITZ) between the steel and concrete. The characteristics of the ITZ can be 
described by the multiscale and multiphase model by revising the model properly (for 
example, the porosity of cement paste in the ITZ is higher than that in the regular 
cement paste, which can be reflected in the model). The shear strength of the ITZ under 
nuclear irradiation must be tested, and the test data will be useful for improving the 
present model and for the numerical analysis at the structural level. 

 
9) The present models can be linked with other available commercial FE software, together 

or separately. For example, the multiphase and multiscale model developed in Chapter 2 
can be used together with ABAQUS with or without combining the coupled damage-
creep model developed in Chapter 3 and radiation transport models presented in 
Chapter 4 and Chapter 5. 

 
10) Uncertainties in the output of the present models come from several sources, such as 

the deviation of the models from actual mechanisms, the random nature of the material 
parameters (e.g., water-cement ratio), and the fluctuation of environmental parameters 
(e.g., relative humidity). The random variables and fluctuating variables can be analyzed 
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and their impact can be evaluated by using the present models with the random input 
variables generated from their actual random distribution functions, so the statistical 
features of the model outputs can be evaluated. With the statistical features of the model 
output at the material level, the uncertainty of structural analysis at meter scales can be 
estimated. 

 
11) In order to perform a comprehensive validation of the present models (or any material 

models), comprehensive experimental studies testing for a section of concrete structure 
instead of small concrete samples are needed. If possible, the best case would be a 
section of reinforced concrete structure from a demolished nuclear power plant for model 
validation. One of the advantages of a reinforced concrete structure from a NPP is that 
the distressed concrete in the structure has a distribution of neutron and gamma ray 
irradiation, in which some of the concrete may have high levels of neutron and gamma 
irradiation. Two types of experimental studies can be performed. The first type is to 
harvest samples from different locations of the structure, so the mechanical and 
transport properties of concrete samples with different levels of nuclear irradiation can 
be examined. This should be a systematic multiscale characterization for concrete, 
mortar, aggregates, cement paste, and hydration products (e.g., C-S-H) in the cement 
paste. The test data will provide valuable information for validation of the present model. 
The second type is to use the structure as a model and apply thermal, hygro, and 
chemical boundary conditions on the structure. Mechanical loadings and additional 
nuclear irradiation can also be applied, if possible. Various sensors can be installed on 
and in the structure to monitor the responses of the structure under the coupled effects 
of the environmental loadings. This type of test requires a very large hot cell which may 
or may not be available at the present time and should be considered as an important 
future development. These test data will provide important information about the 
structure under various realistic environmental conditions. So, the effect of material 
degradation induced by nuclear irradiations on the structural performance can be 
evaluated using the present multiscale and multiphase model together with a finite 
element model for the structure, which is the ultimate goal for the development of the 
present model.  
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APPENDIX A  

A.1  Generalized Self-Consistent Model 

For any phase i (i = 1 is inclusion and i = 2 is matrix) in the composite material shown in Figure 
2-3 (c) that deforms, the elastic equilibrium equation in spherical coordinates is given as  
 

 , + 2 , − 2 − 1 +1 − , = 0 (A-1) 

 
where 
 

 Ui = displacement of phase i in the radial direction (cm), 
 

 r = the location coordinate in the radial direction when the center of the inclusion is the  
   origin of the system (cm), 

 
 i = Poisson’s ratio for phase i (unitless), and 

 
 i = the linear strain for phase i (unitless). 

 
Ui,r is the derivative of Ui with respect to r, where the comma is common tensor notation for a 
derivative and Ui,rr is the second derivative of Ui with respect to r.  
 
Since a very small scale deformation is considered, the last term in the above equation can be 
neglected. Thus, the equation can be simplified to 
 

 , + , − = 0. (A-2) 
 
The above equation is the basic differential equation of the problem shown in Figure 2-3 (c). 
Ui1(r) = r is one solution of this second-order linear differential equation. A second solution that 
is linearly independent of the first solution can be obtained using the reduction of order method. 
The second solution is in the form: 
 

 ( ) = ( ) ( ) = ( )  (A-3) 
 
where v(r) is an arbitrary function.  
 
Substitute Ui2(r) into Equation (A-2) to get 
 

 , + 2 , + 2 , + − 2 = 0 (A-4) 
 
Rearranging the above equation, then  
 

 , + 4 , = 0 (A-5) 
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which is a first-order equation for = , , given by 
 

 , + 4 = 0 (A-6) 
 
which can be easily solved by method of separation of variables 
 

 = , ∈ ℝ  (A-7) 
 
Integrating the equation above, v is obtained 
 

 = + , , ∈ ℝ (A-8) 
 
Then 
 

 ( ) = ( ) = + , , ∈ ℝ (A-9) 
 
When c2 = 0 and c3 = 1, ( ) =  which is ( ). Based on the principle of superposition, ( ) shown in Equation (A-9) is the general solution of Equation (A-2). 
 
Based on Hooke's law for an isotropic material, the expressions of displacements and 
corresponding stresses valid in all phases can be obtained 
 

 = +  (A-10) 

  = 3 − 4 − 3  (A-11) 
 
where 
    = the stress of phase i in the radial direction (MPa), 
 

 Ki = bulk modulus of phase i (MPa), 
 

 Gi = shear modulus of phase i (MPa) 
 
       Ci are unknown coefficient (unitless), and 

 
        Di are unknown coefficient (cm3), D1 = 0 to avoid a singularity at r = 0. 
 
Apply continuity conditions at r = R1, which is ( ) = ( ) and  ( ) =  ( ) and 
assume the displacement along the radial direction at boundary r = R2 is δ, then we have 
 

 = +  (A-12) 

 3 − 3 = 3 − 4 − 3  (A-13) 

 ( ) = + =  (A-14) 

 



 

8-3 
   

Then, the three unknown coefficients C1, C2, and D2 can be solved through the three equations 
shown above. 
 

 = − +  (A-15) 

 = −  (A-16) 

 = 3 − 3 + 3 ( − )3 1 − 1 + 3 + 4  (A-17) 

 
Equation (A-10) and Equation (A-11) are also valid for the effective medium. For the effective 
medium and the matrix sphere, the displacement and stress should be the same at boundary 
r = R2, respectively. Therefore, ( ) = ( ) and  ( ) =  ( ) which is 
 

 =  (A-18) 

 3 − 3 = 3 − 4 − 3  (A-19) 

 
where the subscript eff stands for effective medium. Solve Ceff from Equation (A-18) and 
substitute it into Equation (A-19) to get  
 

 3 − 3 = 3 − 4 − 3  (A-20) 

 
First, take all strains, , , and  to be zero, and all the equations are still valid, then  
can be solved from Equation (A-20)  
 

 
= + ( − )1 + (1 − ) −+ 43  

(A-21) 

 

 

Alternative form: = 1 + ( − 1
1 + (1 − ) − 11 + 43

  

 
where = , the volume fraction of phase 1 (inclusion). By substituting  into  
Equation (A-20), the strain of the effective medium is obtained 
 

 = (3 + 4 ) + (1 − )(3 + 4 )(3 + 4 ) − 4 ( − )  (A-22) 
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Apply free boundary condition in the radial direction at boundary r = R2, which is 
 

  ( ) = 3 − 4 − 3 = 0 (A-23) 

 
Substitute C2 and D2, which are expressed in terms of δ, into the above equation, and the 
displacement δ can be solved.  Then it is inserted into C2, D2, and the following equation to get 
the radial stress at r = R1 
 

  ( ) = 3 − 4 − 3  (A-24) 

 
which is the internal pressure P at the inclusion-matrix interface of the composite material shown in 
Figure 2-3 (c)  
 

 = 12 (1 − )(3 + 4 ) − 4 ( − ) ( − ) (A-25) 

 
The effective shear modulus can be obtained through the equations shown below (the detailed 
derivations can be found in Section 2.4 from page 53 to page 57 in Christensen (2005)). 
 

 + 2 + = 0 (A-26) 

 
where 
 

 

= 8 12 − 1 (4 − 5 2) 1 103 − 2 63 12 − 1 2 + 2 1 3 73 + 252 12 − 1 2 53− 50 12 − 1 (7 − 12 2 + 8 22) 2 + 4(7 − 10 2) 2 3 = −2 12 − 1 (1 − 5 2) 1 103 + 2 63 12 − 1 2 + 2 1 3 73 − 252 12 − 1 2 53+ 75 12 − 1 (3 − 2) 2 2 + 32 (15 2 − 7) 2 3 = 4 12 − 1 (5 2 − 7) 1 103 − 2 63 12 − 1 2 + 2 1 3 73 + 252 12 − 1 2 53+ 25 12 − 1 ( 22 − 7) 2 − (7 + 5 2) 2 3  = (49 − 50 ) − 1 + 35 ( − 2 ) + 35(2 − ) = 5 − 8 + 7 + 4  = (8 − 10 ) + 7 − 5  
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Young’s modulus E can be expressed in terms of K and G:  
 

 = 93 +  (A-27) 

 
Then, the effective Young’s modulus Eeff can be obtained 
 

 = 93 +  (A-28) 

 
Or it can be directly calculated from several input parameters as shown below 
 

 

= 93 +93 + = 3 +3 + = 3 +3 +
= 3 +3 + = 3 + 3(1 − 2 )2(1 + )3 + 3(1 − 2 )2(1 + )  

 

(A-29) 

 
where 
 

 = 3(1 − 2 )3(1 − 2 ) = 1 − 21 − 2   (A-30) 

 = 12(1 + 1)22(1 + 2) = 12 1 + 21 + 1 (A-31) 

 = 3(1 − 2 )2(1 + )  (A-32) 

 
Therefore, the parameters needed in order to obtain  are 
 

 , ,   (A-33) 

 
 
A.2  Fractions of the Phases in Hardened Cement Paste 

The volume fractions of each constituent phase in hardened cement paste can be evaluated as 
follows (Xi and Jennings 1997): 
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 = (1 − )
 (A-34) 

 ′ = (0.189 + 0.058 )  (A-35) 

  = 0.278 + 0.369  (A-36) 

  = 0.219   (A-37) 

 = 0.849 + 0.472  (A-34) 

 
= (1 − − Ω) ,  

 Ω = 0.437 + 0.503 + 0.397 +0.136  
(A-35) 

 =  +   (A-40) 

 = 1 − + + + +  (A-41) 

  = 0.7  (A-42) 

  = 0.3 −   (A-43) 

 
 = 0.2 , = 0.83 ∗ 0.76      (0.2 < w/c ≤ 0.4)  = 0, = 0   (w/c > 0.4) = ′ −  

(A-44) 

 = 11 + ⁄ ;  = 1 + ⁄1 + ⁄  (A-45) 

 
where 
 

 α = overall degree of hydration of Portland cement (calculation method can be found in 
Appendix A.3  

 
 αi = degree of hydration for reacting compound i in Portland cement (unitless) 

(i = C3S, C2S, C3A, or C4AF) (calculation method can be found in Appendix A.3  
 

 Wi = weight fraction for reacting compound i in Portland cement (unitless), depending on 
the type of cement used for the concrete (can be found in ASTM C150 for Portland 
cement), 

 
w/c = water-to-cement ratio (unitless), and  

 
 ρc = cement density (g/cm3), and  

 
 ρw = water density (g/cm3). 
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A.3  Hydration Model of Portland Cement 

The Avrami equations (Taylor 1987) are employed to approximate the individual degree of 
hydration for each reacting compound as given by 
 

 = 1 − − ( − )  (A-36) 

 
where 
 
 t = time (days) and 
 
 ai, bi, ci, = coefficients with values listed in Table A-1. 

Table A-1 Coefficients ai, bi, and ci 

Compound ai bi ci 

C3S 0.25 0.90 0.70 

C2S 0.46 0.00 0.12 

C3A 0.28 0.90 0.77 

C3AF 0.26 0.90 0.55 
 
Based on the individual degrees of hydration for reacting compounds, the overall degree of 
hydration of the cement-based material can be obtained from  
 

 = ∑∑  (A-47) 

 
 
A.4  Determination of the Yield Surface of Cement Paste 

The Drucker-Prager plasticity failure criterion is adopted as the criterion for cement paste 
damage 
 

 + =  (A-48) 
 
where 
 
 I1 = first invariant of the stress tensor (MPa),  
 
 J2 = second invariant of the deviatoric stress tensor (MPa2), 
 
 α,k = constants in terms of the tensile strength (ft) and compressive strength (fc′) of  

cement paste  
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 = √ ( ′− )/( + ′) 
 
 = √ ( ′ )/( + ′) 
 
The above equation can be rewritten in terms of principle stresses as  
 

 ( + + ) + 16 ( − ) + ( − ) + ( − ) =  (A-37) 

 
In the case of a spherical aggregate, the distribution of radial and tangential stresses in the 
cement paste are 
 

 Radial stress    = −  (A-50) 

 Tangential stress    = =  (A-51) 
 
Where  rs is the aggregate radius (cm). By substituting Equations (A-50) and (A-51) into  
Equation (A-37), the value for the P that can lead to cement paste damage can be solved 
 

 = 4 ′3( + ′) (A-52) 

 
When the cement paste in the vicinity of aggregates starts to undergo plastic yielding (r = rs), the 
critical interface pressure (Pc) for the plastic yielding initiation of cement paste is obtained 
 

 = 4 ′3( + ′) (A-53) 

 
Once Pc is reached, the cement paste surrounding the aggregate will undergo plastic yielding, 
with a small increase ∆P in P with time. As shown in Figure 2-13 (a), the thickness of the 
potential cracked zone is ∆x in the radial direction. In this case, the new interface pressure is 
P = Pc+∆P and the new yield surface of the cement paste is r = rs+∆x. Substituting the new P 
and r into Equation (A-53), the ratio between ∆x and rs is 
 

 ∆ = 1 + 3∆ ( + ′)4 ′ − 1 (A-54) 

 
The new yield surface of the cement paste has a radius 
 

 = + ∆ = 1 + 3∆ ( + ′)4 ′  (A-55) 

 
This process can be repeated with the change of pressure P along time. Therefore, a recursive 
equation describing the radius of yield surface of the cement paste at time tn can be obtained 
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 = + ∆ = 1 + 3∆ ( + ′)4 ′  (A-56) 

 
 
A.5  Analytical Solution of Linear One-Dimensional One-Speed Neutron 

Diffusion Equation with Specific I.C. and B.C.s 

The governing equation is shown below ( ( , ) = 0).  
 

 1 ( , ) − ∙ ( ) ( , ) + ( ) ( , ) = 0 (A-57) 

 
Apply this partial differential equation (PDE) to a shielding wall with thickness L suffering 
neutron radiation from an external source. The properties do not change with time which means 
all coefficients are constants. The initial condition (I.C.) and boundary conditions (B.C.s) are 
shown as follows  
 

 I.C.: ( , 0) = 0 (A-38) 

 B.C.s: (0, ) =  (a constant value), ( , ) = 0 (A-39) 

 
The problem is a nonhomogeneous PDE with nonhomogeneous B.C.s. First, homogenization of 
the B.C.s is made by using a simple reference function w(x) = -R/L(x - L). Take 
 

 ( , ) = ( , ) + ( ), ( ) = − ( − ) (A-60) 

 
Then the equation is converted into a PDE in terms of u(x, t) with homogeneous B.C.s 
 

 ( , ) = ( , ) − ( , ) − ( ) (A-61) 

 I.C.: ( , 0) = − ( )  

 B.C.s: (0, ) = 0, ( , ) = 0  

 
where a = √ , = . A related homogeneous problem with homogeneous B.C.s is 
 

 ( , ) = ( , )
 (A-62) 

 B.C.s: (0, ) = 0, ( , ) = 0  

 
which has eigenvalues = ( = 1,2, … ) with associated eigenfunctions ( ) = . 
Thus, the eigenfunction expansion method is used 
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 ( , ) = ( ) sin  (A-63) 

 
which is the general solution form of Equation (A-61). ( ) are unknown functions. Substitute 
this expansion into Equation (A-61) to get  
 

 ( ) + ( + ) ( ) sin = − ( ) (A-64) 

 =    
 
Multiply both sides of the equation above by sin  and integrate from x = 0 to x = L 
 

 ( ) + ( + ) ( ) sin sin = − sin ( )  (A-65) 

 
The orthogonality of the eigenfunctions gives 
 

 ( ) + ( + ) ( ) =  (A-66) 

 =  − sin ( )sin = 2 sin ( − ) = − 2
  

 
The general solution of the above ordinary differential equation can be obtained 
 

 ( ) = (0) + + (1 − ) (A-67) 

 
Apply the I.C. in Equation (A-61) 
 

 ( , 0) = (0) sin = − ( ) (A-40) 

 (0) = − 2 sin ( ) = − 2
 (A-41) 

 
Thus, the linear one-dimensional solution for neutron flux profile is obtained 
 

 ( , ) = − ( − ) + ( ) sin  , = 1,2, … (A-70) 
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where 
 

 ( ) = (0) + + 1 −   

 (0) = − , = − , =  , = √ , =   
 
 
A.6  Finite Differential Solution of Coupled Neutron Radio-Thermo Equations 

The governing equations of neutron coupled radio-thermo analysis are 
 

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = 0 (A-71) 

   

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = ( , ) (A-72) 

   

 ( , ) ( , ) = ∙ ( , ) ( , ) + 1.6 × 10 ℰ ( , ) (A-73) 

 
The continuous space domain and time domain, x ϵ [0,Lx ] and t ϵ [0,Lt], are replaced by two 
sets of equally spaced mesh points 
 

 
= ( − 1) δ , δ = − 1 ( = 1,2, … , ) 

= ( − 1)δ , δ = − 1 ( = 1,2, … , ) 
(A-74) 

 
The backward Euler method is used for the finite difference spatial discretization of derivatives 
at tn+1 
 

 = −δ  (A-42) 

 
= 12(δ ) + − + + −  

= 12(δ ) + − + 2 + + +  
(A-76) 

 =  (A-77) 
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Then, Equation (A-71) to Equation (A-73) can be converted into discrete form at interior nodes 
(j = 2 to − 1) as shown below 
 

 
− 12(δ ) , + , , + 12(δ ) , + 2 , + , + 11δ + 1 ,− 12(δ ) , + , , − 1,1δ = 0 

(A-43) 

 
− 12(δ ) , + , , + 12(δ ) , + 2 , + , + 12δ + 2 ,− 12(δ ) , + , , − 12 , − 2,2δ = 0 

(A-44) 

 

− 1.6 × 10−13 ℰ , δ − δ2(δ ) +
+ δ2(δ )  + 2 + + 1
− δ2(δ ) + − = 0 

(A-80) 

 
The equations at boundaries (j = 1 and j = ) depends on the specific B.C.s which is usually 
much simpler. The coupled system of equations can be expressed in an equivalent matrix form 
 

 = ℎ (A-81) 

 
where H is the coefficient matrix and h is the known terms in the current time step. 
 
 
A.7  Finite Differential Solution of Coupled Neutron and Gamma-Ray Radio-

Thermo Equations 

The governing equations of the neutron and gamma-ray coupled radio-thermo analysis are 
 

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = 0 (A-82) 

   

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = ( , ) (A-83) 

   

 
1 ( , ) − ∙ ( , ) ( , ) + ( , ) = Φ + +  = 1,2, . . . ,  

(A-84) 
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( , ) ( , )= ∙ ( , ) ( , ) + 1.6 × 10 ℰ ( , )+ 1.6 × 10 ℰ ( , )  
(A-85) 

 
The same backward Euler method is used for the finite difference spatial discretization of 
derivatives at tn+1 as shown in Equation (A-74) to Equation (A-77). Then, Equation (A-82) to 
Equation (A-85) can be converted into discrete form at interior nodes (j = 2 to − 1) as shown 
below 
 

 
− 12(δ ) , + , , + 12(δ ) , + 2 , + , + 11δ + 1 ,− 12(δ ) , + , , − 1,1δ = 0 

(A-86) 

 
− 12(δ ) , + , , + 12(δ ) , + 2 , + , + 12δ + 2 ,− 12(δ ) , + , , − 12 , − 2,2δ = 0 

(A-87) 

 

  − 12(δ ) , + , Φ , + 12(δ ) , + 2 , + , + 1δ + Φ ,
− 12(δ ) , + , Φ , − ′ Φ ,−1

′=1 − , − ,
− Φ ,δ = 0 = 1,2, . . . ,  

 

 

− 1.6 × 10−13 ℰ , ( , )δ − 1.6 × 10−13δ ℰ Φ , ( , )=1− δ2(δ ) +
+ δ2(δ )  + 2 + + 1
− δ2(δ ) + − = 0 

(A-45) 

 
The equations at boundaries (j = 1 and j = ) depend on the specific B.C.s, which is usually 
much simpler. The coupled system of equations can be expressed in an equivalent matrix form 
 



 

8-14 
   

 ℋ Φ =  (A-46) 

 
where ℋ is the coefficient matrix and  is the known terms in the current time step. 
 
 
A.8  Derivation of the Multigroup Approximation of Neutron Diffusion Theory 

The energy-dependent neutron diffusion equation can be obtained based on the neutron 
transport equation (Equation (4-1)):  
 

 

1 ( , ℇ, ) − ∙ ( , ℇ, ) ( , ℇ, ) + ( , ℇ, )= ℇ (ℇ → ℇ) ( , ℇ , ) + ( , ℇ, ) 
(A-90) 

 
In order to eliminate the energy variable, the entire particle energy range is subdivided into G 
contiguous energy intervals (ℇ , ℇ ), g = 2,3,…,G+1, and the whole equation is integrated 
over the gth energy group (ℇ  < ℇ < ℇ  ):  
 

 
ℇ 1ℇ

ℇ ( , ℇ, ) − ∙ ℇℇ
ℇ ( , ℇ, ) ( , ℇ, ) + ℇℇ

ℇ ( , ℇ, )
= ℇℇ

ℇ ℇ (ℇ → ℇ) ( , ℇ , ) + ℇℇ
ℇ ( , ℇ, ) 

(A-91) 

 
Define the neutron flux in group g as: 
 

 ( , ) ≡ ℇℇ
ℇ ( , ℇ, ) (A-92) 

 
Total cross section for group g: 
 

 ≡ 1 ℇℇ
ℇ ( , ℇ, ) (A-93) 

 
Diffusion coefficient for group g: 
 

 ≡ ℇℇℇ ( , ℇ, ) ( , ℇ, )ℇℇℇ ( , ℇ, )  (A-94) 
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Neutron speed for group g: 
 

 
1 ≡ 1 ℇ 1ℇ

ℇ ( , ℇ, ) (A-95) 

 
Group-transfer cross section: 
 

 ≡ 1 ℇℇ
ℇ ℇℇ

ℇ (ℇ → ℇ) ( , ℇ , ) (A-96) 

 
Then the multigroup diffusion equations are: 
 

 
1 − ∙ + = +  = 1,2, . . . ,  

(A-97) 

 
In order to calculate those group parameters defined from Equation (A-92) to Equation (A-96), 
the neutron flux  is needed, which, however, is the function to be solved in the first place by 
discretizing the energy-dependent diffusion equation. In practice, some approximation for the 
neutron flux density within a group must be made in order to obtain these parameters.  


