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as,1 rMrd6(r,' + r,5) ge ; Thi pre-m.

an Archimeds)
.

' .

5 T= p
f 2,, ,o %#

From equations (7), (8), (12), and (13)
--

'

r d.F M'Afd.m+Di&Mn)ts$ #(' N .,4iw%u m- f'on, which\ - corn wr:

N ' F11 = (Als + hin)h ~ (bli + his + Ain)!n f.

where F i and F , are the fluid renetion forces on the innerE
, Is

I f f =
' / outer cylinders, reepectivdy, nnd N andi,*

\ *b Af = tru Lp = mno of thiid di*placed by the 'imier f g,g5'

i

eylinder 31, = th. .-.

AI, = 1rb'Lp = mass of fluid that could fill the outer cy-
hndrien) envity in the absence cf the $ 1i

inner cylinder k-'

}g noion1'g
- the three u,

6+a p
Ain = Nif, _ ,', Aunme theg

|- equation (2(

/ For the ense of concentric *pheres acparnted by a frictio9 7
incompnwihle fluid oec Fig.1), the fhild forces that remdt(-oins m m

* 8runux)
n similar nnnlyaix are al-o given by equations (14) and (15)e A uidiente -gio e,mx "

gam) Ffiand Ff nre the Hiiiil renetion forcer oin tlie inner and er_ evalmted h4
l_- ib. c..nt inui'

Fig.1 Two-body enoHens with fhsid cowplias uphereis re pectively, and
/ evahmt ed.

AI, = I ra*p = mn a of fluid dispinced byinner aphere h ti"" "I "t""'

i

From equations (4) and (fi) 3
y

r f' + ff' - / = 0 (6) g
2

-

hM, = q~ 1rb'p = inne of fluid that could fill the nuter
apherical envity in the ab enec of the

%ama
where the prime indientes differentiation with respect to r. where T isf

The kolution of thi equatinn is ren.*onably straightforward. inner sphere tion will giE

,

The fiiin) uohition is h tnin n Anid '
31, 68 + 2n> *ill n unlly|

g}C ana .2% eq
f r, = {\ r' - A \ co* 6 (-) - p y.

g Un " o
-

/
I

K- which weie

Synthesis of Fluid Forces for Two Body Problem M ''!.'. * d'"r,=(7+a
y

sin 6 N n-- . n. a.a n

F.yuntioni- (14) and (15) nusy lu devehiind in n in< ire gesg myg
consider the en,.e where Huid motion i determined bg" no,i;,,n m,a4, wny.

motion of irnmerned nolide,. Similar to Lnmh|2, p.1881, the - ni o a or hf
i M kinetic energy b taken n* n quadrntic fucetion hMo' the e inindh g _ o, u, - i,. 4 reboion* w

2Ti = A nt' + Ann + + uA,,z,1, + ~

.

'","i"i""' %j , _i,e__ ._i._,.v (10) Q la dy for tij_M~# or in matrix form
''~

tka h % where > i a cohnnn veetor and A i- n ,onnire nnarix. sines # "' "'"1
.It[agrange n eemtionage ,'' d " " W

fidiNbq- ,minMAgn4,Q,. l, quadrane form enn he expre-ed in term of n .vmmetric mWn
x an. w

O N C h-.) | 8) kkle inn * Inntrkx A inny !H' einlMdered 8syfunn trie o thatdg44eprp,W.w
-

ie emn * ' " "
.

''-s -

#fohW,cm suc)M>ystem as%v&~by LagnuigeYA,.
'

)r
144 & [ f(Jn g For ih" t w"-baly problem' nn g ,,vw, -un

~ ""4 i
a 2To " A n17 + 2 A nk,rs + A nd Y

'Q ' ""'I'on en t d
d DT , DTf

f (11) Fnon egnation eld nnd (20) g ,

I,h * - a g -r' p,
1e

Multiple 4
1Fn - - A ni - A oi,

whe>e e, are the renenamed co..rdinnie, of motion and T, i- the A "'"' "I

h ^ "' "Inniid Wfluid kinene energy. In thk paper i, will geneinHy be the tran- I > " - A o'' - A n''/ ""4 4lationni nn. tion of n olid body (body i), and F , wiH be the fluid
." ""d '" "' '" "" d #""" ""

' . "i ce- on d' Mn oinif

rentworce on that+ohd tmdyr , .

'" # "' '

A wiH now he determire hon .d.It i- idi-onnble t o neglect the c.na riieut nin of the Inn D nn in eordu ent-" " ' " ' ' "" u-
h"dy 1. d *

equaton. ill i if the ohd monon- are n -unn d u he anndi with
. P """ '*" """"""

" " "' '"' " "' " " ' "p u'":inobleni r, hove fin the cyloniers s{
I

re-ped in Huid channel t hickne- e- Nich an nwumpn.o. i- ""''" on o
" " ' " .

""' "" "4"""""' #"" C ' "' " #""""#Y """ W| nnide in thi pnper. launh 121 nin-ider- a few en-e- of ingb- e /
vnhn of ;, nin] # I f 1, = f, On n On Huni necelcoaion 1%bodv motion including Ibe In 1 tern. Wglecune On In-t tenn 3 , ,

of e<Pianon (11 i, the Huid renetion force k ia emy i.,oa im am incemp_dae Unia ,e,d a p,_u,e g,na.
o.

"

osWt throughout the Huid due to ilu Ibiid invitin, y
oippo,xin nd ely i v.12 ; ,

of u,."o .',y!
"w

d DT
1,,, =

di-
-f

, dz; OP (4 ,: '" u ilco
, . . " P's .}y |

*Dph b ,, ,
g,

The fluid Linetit energy n
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i)4
prewiure di tiihution gived ri-i la s a hiloyanrv force of all .r'< nre eqiud. for t his rimdition t he fluid force < are iisitally

.

en-ily determinnhle. -imilar to fim two-h.nly eve alrendt de-*

.Mrchimedea type, o that|1 senhnt. With tim-r lloid (m n * drierminable, n npuoinn are
.ll r, (24) d1 'Nm mm m +/,n = - < A n 4 A o tr i g,;.4d i 4- W-=

i

1

- Fn = - > . i n + A gr, = .ll m (2M 1 L 2 eninponent- of .I which imst he da termined. Tiu- n-
innining captation ma he e tabli-hed by -etting nli r. - O ex-

11 -h . , 1 t ii i, . The valin* of the lloid
ywhich rept one, r,, iuid h ning j =

.11, 426 forn s nn mo-t en-ily drierminnt if only mm innly ni any inu-'n - Ao+Ac e

time is nilowed to mi ve. It i- ugge.aed t hat thew thod fin ce*
An + Au = .11, (27) wuld h determiin d fnim A cidimiy of How ed in % ofI ~ ma

eipintion (12t Alihough it i< dilheult to predict all the pewibleigt
""",U"r"U""'

that may be inet in practice, it i4 suggested ihnt
k. the man of thsid di<placed by the inner hmtv in olving the nintiimity equation, some methiul of -eries and"* '

g
iy, - the maw of fluid that would fill the hiidy 2 in the ah- parnllel flow impninnees might be considered, analogon, io an

,P. ' ' , . sence of the inner body elect ric network niudy-i . Following thi< prescription, ihe com-
pments of the fluid nui,-- nnu rix A in eipmtion C101 are drier-" b. f ,17evalunie sd 'Nw Nid Mw ce h m&W am e h 4 rEquations (26) and di provide two relanon ,/

a third relation s needed. n~ent, io arnve ni the complete dynamic *olut nin.% three unknowy .lo.1o. .im krin
ksame the contanang body 2 to he tatic. .r, = 0 1roin F r die nuddklie pnible m 6 adv4 mm' Hnd it in n e.

n m vmind m gndwib Se 4nd hhlem 1 consideriq0

[[""(2I)ffi = - A n.ri = .ll,,ri olefine .1/,,) (2M t he re ponse of ingle chanimi,. The pri% ire distritmtion of,

& + 1e . .
thcae chnimel* noi in writ ten in ternts of entrance and exit thiid

'e- ' fre

(if, ulme Maindicated, equntion (2s) defines t he terin .1/,,. .11,, may be velocitie and chiunml wnli motioin determined by iht motiony

irshiated by assuming the hinly I to have a velimity is und by of immer,ed antid . By comidering nmtinuity and monmntum
umi onwr

' th eontinuity of flow, the fluid velimity distribution may also he or contimdty and I,agrange' equation, a i.eries of equatiims n-
hted. The fluid force may be evaluated ming the conserva* annt. The premure distributions are then considered u elementa
3 dos of momentum or by using equation (12), which rei ults in of dynamic force generation in the '9untions of motion of the'

o solids. An eigenvalue problem remdts, which can he wolved to.e

whs., y
ii = p' (for 13 = 0; f29) develop the aulution for frequency and deflectional respimaen,

p%b
M

given the nermary Imundary conditiom. In many en en, it
Q may be neccunry for a finid apeciali<t to work with the dynamiender

O ,' '
the heb T is the fluid kinetic energy. Since the momentum rehr

iMarigrill give the fluid premure which nunt be integrated to ob speciali<t to develop the solution for the complex fluid-*olidf

heiN Auld force on an immermt body, the u,e of equation (29)
problem.

,

in anme ene, thiid compnwihility arix in conjunction with
.elR..tinually be simpler. From equation- (21 ), (22), (2r,), (27), lluid inertinmv or hydrodynnio6 nuvix to enme frequency modea

hiilf28), equations (14) and (1.5) follow. Tim *, theme relatiom
6Which were derived from beie fluid mechanicx are al<o obtain.

largely due to the fluid. An example is n llehnhole remoimtor

Mable by the method of nynthenix deanribed above. formed by n tubesheet vihrnting relative to an adjacent plenum.
o*cillation of the inhe heet must he accompanied by di< place-

data in Table I are typical of mome available information
'h drodynamic mw reloions where a single tunty L4 in ment of the fluid. Thi4 di* placement can be accommodatedinre generd
/

ned . | M is surrounded either by an unhounded fluid initially by the compressibility of the adjacent fluid and by the flow
h or by a static container. By use of the above procedure, through the tida- which rau*en an inertiance effect. The author

developed equations of moti<m for much systems by first a=uming
, ab>.datt i data are transformable into hydrodynamic mwt

when the single body is either nurrounded by a moving that comprc=ibility was so low that only tube flow was im-
r who e dimenxionn are large cornpared to the single portant. The methods of analysis of this paper were then n,cdg

or the cisee where a ningle body i4 shown in Table 1 or tu develop dynamic equationx. Then, the tube flow impedance
j

we amumed to be ao high that compreuibility effecta pre-de oute surface for Cuea 8, 9,10,11, and 14 may he
dominated. In such a enxe it we euy to write the equationg , .

gtgn. __

F- AwC for n fluid spring, it was then an easy step to write n con- (

Ma7Bote)fl , ushgg$@ - ei,singTrom'bu7 tinuity requirement considering toth effecta. Another example |,sinceaM
f.m a d g W e ufetric matrif # MM of such a liebnholz remmator which interacts with the mechanientMnM MT$$g 7%@. system ocenra in the analysis of violinn.TM,thatAo o

$4iUlbiE8mu Tnay be con
'tfect.lIn general, the hydrodynamic mam can bo

W E consist of these huoyancy and inertial aqueeze-film The Effect of Fluid Dampings
The preceding analysis amaumes a fricticidem fluid. The i

,

di) Body M0llons With Fluid Coupling engineering de iguer must have some guidance to judge when a |
fluid may be conaidered frictionless. Some guidance is presented

many bodies are immersed in a irictionlee, incomprem-
bere.,g,

,

The frictiond precure drop is assumed to be based on the !and are coupled by this liquid, the method of synthesis

. above for the tw& body problem should facilitate the Darcy friction factors, obtained from steady-flow data,"" "" * lid tion of the hydrodynamic forces. Thi< method is sum-
determi*, or the multiple-body problem. From equations (19) and AP = ft p pl)
ly 1, <imilar 7p
..linder, and

' -Fg= Af( (30)
u.

true for all
-

i

where !era - 4h ""d # are (n X 1) cidumn vectors and A is a square
ent .

ire matrtx (n X n). F in the vector component of fluid AP = frictional premme drop
ff

uch solid body where 1,is the instantaneous acceleration f = Darcy Iriction fxtor
d body. To determine the componenta of A, we ob- I, = length of channel

I ainee equation (30) must be generauy true, it must l' = channel velocity, assumed uniform in channel

fy generalized input vector 1. We wume first that p = lluid mass density ;

the ASME jf Engineering for Industfy re.nuAar i , 7 2 / 169
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edin m toes. The elTeclive knear dnmping coellicient 6 may be determined vemed to agree exactly wnh prediction. For oiber fWnts of hi<
by settimt G = %, with the re-oh grapin d data, the variation between moeurni natural frc<pirin:y

imd predictnl nat ural frmpiency wn, typically he t han 2 r reent.-

2 fl'<41.A_ . _ . y 1;,r Un = 1.2 and a frespmnry of 29 m*, die inninmm value,

j
'* 3r e of the lleynolds nuniber during tlu vibratory cycle i* mtimated

from Kennc% data to be 20m Turbulence may be **nnusi- ~

A paranmier 2! imit he ele 6 n.d n.here
to oce r i.' die Reynold, numimr i< greater t han anno. Thu .

I, the water surnunnling the henm nm he run iden d turhub nt.
2I " jf , 'D itelation cl9 e givn- a value of 2( of 0113, u ing a fricthm furior

of 0.try. Thi< fricti.m factor i taken from .\loody [7|.' Siime
i and Alf = lluid ma - 2( i- tin ratio of the damping imin dance 2( = 0.03 is imich <maller than I, the concept of t hi, damping

to the inertial irrpedaime. ( i siimlar to a fraction of critind parameter wonhl impiv that t.he fluid could be om4idered ewen-
' damping for a om-degre.-of-freedom miem with linear damp- tintly frict.innh% The (net that the data on natural frequency

ing b, mau .1/ , ami nat ural frspiency w. Fnan cepmtion< G16) agreed so well wit h theory would tend to validate the naeumptioiif

and (37) nnd uith 31 - p l. A . of a frictionlew fluid. The amphfication in Kenne% tut wasf

nia.ut la m remnumee, which enn al o be enn idered n evidence
m. u , > 2(

~ g..,

*
i3s) t. hat t he overall inertial imin ibume is con <iderably greater t han

!
3r ,

t he nverall damping iny mdance.
- Further, if F. . m. from noiaiian i:tx i Da'* '' F'''2 * ad K i'' . Fritz ami Ki s (4 repornst t he n-ulis
I of n imt on n ohd nhuninum cylimler flexibly supported wit.hin n

d# "N"' "I " " d "i""' " equhunent we brntn! on n2( = (turbulent flow) 139)
air e shak e- table. The lengt h-to-liamel. r of t.he cylinder was nhimt

*

1.0. The evlinder was surroumbst by a thin annular fluid which
, . . . . . . - Equation (3H delim~ n' dimen-innie - number, a damp.mg -

,, gycy ,n , low axintly n nell as circumferentially. The nat nrn!
7""'

,4f fluid friction to fluid inertin. We recall that in equation (39)
parameter, that abould provide n ren onnblo men. ure of the rati" hmem v we t.aken n the frequency at which the vihrntional

lim M & cylist reached itx maximum value with a ron-

h / - the Darcy friction factor for turbulent flow stant table nmplitude The axial and circumferential hydro-
'

| 0 z. = the distance that the fhiid moves in an oscillatory evele d> namie nr w werc nonbined a4 nhwn in item 10 of Table 1.
U (nmplitudeof sinn oidal motion) The natural frepmmy of the cylinder in air was 354 cps. Wit h
7' c = the finid ehannel,iparing water surrounding the cylinder, the Irnpiency wn.s redired to'

.

i 17.0 elm, which unve very satisfactory agreement with the pre-
I

'

A similar anniv*is for laminar flow through a paraliel plate diction of lii9 cps..

| j channel Riven the rexult in reference (Ml the licynohls munner we entimnted to hc
| T 4x00 which we con <idered turbulent. The value of 2( is enicu-, gy
' s 2( = (laminar flow) p10) lated from equation GN in be 0.03, u.sinir the data from reference#,

p$where
[$t : / = 0.04, P. = 3.2 Ip*, w = 2tr (17 rp3), e = 0A00 in.i

Since 2( is much kw than 1, the nasumption of a fr;ctionless|
' ,,

" fluid nhould be valid. Thi.s is validated in that the me of the
f.-F = fluid kinematic vi coxity hydrodynamic mne concept in reference (k) provided a very
3:p.4 = angular frequency of oscillatory motion

' '

. JJ, c = fluid channel xpncing
w.

d if the concept of this damping parameter 2( is rewmable,
5then the assumption of a frictionlee fluid mmt require that 2( _$ g,,

j '7must be much smaller than 1. The quantity 2( will later he , i

halculated for nome text emes. . m @r- .
'

~ w ..

v i

| g.( N,uld Compressibility fluid annulus g
' 4 The preceding analyxia n,=umed an incompressible fluid. 0/ width C b

phere the possibility of a fluid spring is present, it is usually a N R
Mraightforward calculation to determine if the volume storage of

' "M %. '
i 9

$4 fluid spring will affect the continuity balance. The application
'

hthis paper is furthy reetricted to cues of arnall Mach number
.hises than about 10 percent) and cases where the flow channel )

g |ogd
g

[ is small compared to the wave length for propagating
@E | |~

1 tory disturbances (less than about 10 percent), in order to '

d the possibility of standing-wave effects. [ O'%|
,M

[A(
t.w e| tegraica ,- 4

| 8sipsfison to Test Data U ~ We,__ _o
.'s Dete. Keane 10] vibrated a circular enntilever tube

+hunded by an annular envity.
M)

ff 4I g The empty space was filled i

.

j{p aliquid, which made the test conxistent with item 8 of Table glual to 61. t hey due originally to Stokes ll)). Keane examined flexural -

C- tions and analyzed the cantilever beam with the added I
I ynamic mans. For one set of testa, Keane's beam length- D! |_

.h i ter ratio was 17 and b/o (in item 8, Table 1) ranged g !.; g f, ' i p // gor ' )j i

1.2 to 6.5. According to Fig. 4.3.2 of Keane's report, the k j-
, , ,

,3rd
'

ynamic maas reduced the natural frequency from 56 cpn '

in cavity) to as low as 29 eps (with water in cavity), which F6s. 2 v.,nces s ca.n et e.st wipment>
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'

| ,

' accurate estimate of the natural frequency in the prenence o[ Table 2 Calculdens of 20 rela 6 ens 09) er HO)Ar esiv6pment a The m*
. In He. 2 the e6
the liquid.

have$Fr.. Vihretion of a conc.nerk cyunder. A concentric cylinder a*. - .. .

sembly shown in Fig. 2 wax available for test. An aluminum '7- *--"

']" '"'
" , , , , ," a O ,,,,,,c *|T - most d,, ,

"' " " '" * "' "' "'' ' casew(cylinder (part 5) is flexibly supported by column struts (parts
The ed" '" ' ' " '"" " * " ' " " " '' '"

| 1 ). The cyhnder is surrounded by an annulus. Fluid leakage
I from the annuln* is linuted by ekmwelearance metal seals, parte [ [ [ [ [ "] ;"' '" ", ," couplii"

AfcCal
4. The motion of the cylinder was measured by use of a canti- y , y ,,,,,,. , , , , , , , , , , , , ,,, ,

'

analy 4
lever di-placement gage, fitted with strain gages, part 8 The

"-

fluid annulus width c was varied by machining the cyiinder ~

ehould :" " "' *" * * - ' " " '"
<

treaund
diameter. Table 2 shown some numerical data from these testa. i

Fig. 3 shows some typical oscillograph record * of the free vibra- * * "'-"' "*" Y ' p,'
a

tions taken during these tests The vibrations with air and the ,. ?' ~'",*"", , ""' ggf""
'

glycerol solution were created by velocity.nhocking the cylinder ,,,,,,,,,,g,g.,,,,,,,,,,,,,,,,,,,,,,m.,,,,,,, '
1.

with a large mallet. The vibrations with water and oil were ,,,,,,y,,,.
**'7""_

created by causing an initiallarge deflection. '
s;\
'

The hydrodynamic weight was calculated from item 8, Table tion (1) of Is)) that are conni< tent with equation (14) of f
1. The hydrodynamic weight was also calculated from the test . These equation * for two. body motions prenented( ) hde i
frequencie- 1)ne to the nature of the equipment it was felt b paper connect buoyancy and inertial equeeze-film eff ' L com' iah
that there was a smell amount of leakage past the end neals Therefore, refereme- |6) and (8) are consistent with the the mth
which would cause the actual hydrmlynamic weight to be smaller presented in this paper. In referencen 16| and IV) the b ' guideliv)
than the theoretical value. 1sven though the value of 2( wu as ancy term implied negligible effects on natural f rmuenev, but' '

solid ik
' incomp

high n 0.,, the calcuhted hydrodynamic weight was felt to be imply a significant effect on the predicted amplification. u

: 3b).. nd,m rea onable agreement with the test values. effect on amplification was specifically noted in reference (8)
it a noted that this apparatus was also used to mea <ure the lleferences 16} and |M) do result in nome confirmation of. ) 4

hydrodynamic ma** of a thin annulus around a rotating cylinder. nmdel.s proposed in this paper. Admittedly, more confirma ? )
(

,The result.< were published in ill). ix desirable. Ilowever, since the information of this pape F.

General commenn en The.. .;emporisons e. Test Does. The above Wed on basic principles, it in expected that the equations ' I .
EI

compari<on- to test data appbe to the effect of the inertial squeeze be ecurm for the specified conditions. *
'

fihn and the use of the damping parameter 2(. The phenomenon
.~

of the inertial equeeze fim or, in other words, the virtual mam Comments of Multi. Degree of Freedom Dynam.c Anal ;i
effect, wn first predicted by Stokes 11), and has since been ! IA calient feature of the most widely used multi.dwidely necepted. Therefore, confirmation of this effect in not

freedom dynamic analynca of linent ny*tems which are exciti- k fnew, llowevei, both references (6) and lxl involve annular
fluid opaces where the outer nnd inner boundarie- of the fluid by ,,,me nrutrary inwe motion is the imndormation of an a6 ; i

annulu bot h move. Iloth reference 16) and lxl report form- trary confiumntion of dynamic component.* intu ndecoupf

of finid motion equations O f. equation (4.2.lM of 16| nnd equn. nrrny of aimple o*eillnior* which nre excited by the inwe moted
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ntnt shown . The motion of du' # olnpleX art'ny b then related to t he (notion of 2 Lezoh, H., //udrodi/>iornics, 6th ed.,1)over,1943, ch. 6.
the Mi'"P " "' Pill"'"m Many forrns of this t ran-fornmtion 3 ihr botT, G., #wirodunamies, A Stmh in Lou w, Fut. u sed i j

I
i' ' ' hAve h'*h I"P"I'"d in tie hi 'rntin e in captations which are in EnWuA Pnneeton Unhenhy Wew M ch. n,,

,I .D,,,, , . ' Wpt en-e apphenble uit hout dysunnie conpling,, that i , for the
Transl.stum4 6' tion.
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