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Attachment 1 

(Excerpts from "Plastic Design in Steel -A Guide and Commentary" by ASCE, 1971, pp 12-14) 

2.3 ROLE OF STR,AIN HARDENING 
The limit theorems described above and the plastic analysis methods to 

be presented in Chapter 3 assume that the material becomes perfectly 
plastic when the stress reaches the yield stress. Most structural steels, 
however, strain harden under continued straining (see Figs. 5.1 and 5.2). 
The effect of strain hardening, in general, is to improve the load-carrying 
capacity of the structure and to reduce the deformations in the plastic 
range. Therefore, the actual strength will be somewhat higher than that 
predicted by the limit theorems. 

The influence of strain hardening in continuous beams has been studied 
both theoretically and experimentally (2. 7-2.12). The moment redistribu
tion process occurting in beams and the actual load-deformation relation
ship were examined in detail in these studies. The trilinear moment
curvature relationship, as shown in Fig. 2.4, has been found to give good 
agreement when compared with _test results (2.6, 2.9). Methods which ac
count for strain hardening have been proposed for analyzing beams and 
framed structures (2.13, 2.14, 2.15, 2. 16). 

M EI 

I 
f I 

I 
I 

FIG. 2.4. -IDEALIZED MOMENT-CURVATURE RELATIONSHIP (WITH STRAIN 
HARDENING) 
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Note: This excerpt is provided with permission from the American Society of Civil Engineers (ASCE). This material may 
be downloaded for personal use only. Any other use requires prior permission of the ASCE. This materia l may be found 
at https://cedb.asce.org/CEDBsearch/record.jsp?dockey=013928. 



Art. 2.3 ROLE OF STRAIN HARDENING 13 

From these studies the following conclusions have been reached: 

l. Strain hardening causes a moment redistribution pattern different 
from that predicted by elastic-plastic theory (2.8, 2. I 2). This is il
lustrated in Fig. 2.5 for a three-span beam. The solid lines show the 

-M-rp Curve without Strain / 

Hardening / 
11 ,/ 

---M-<p Curve with Strain / 
Hardening ( Fi<l 2.4) / 

/"'. 

p 
Pp 0.5 

0 0.5 
M 

Mp 

p 

Ms ~ Ms 
,;;.~-_,,.,.,'J;!..Ml'k- -)-H(;--.) ..... 'H--r( ~ 

Mc 

1.0 

FIG. 2.5.-EFFECT OF STRAIN HARDENING ON MOMENT REDISTRIBUTION 

variation of the midspan and support moment according to the 
elastic-plastic theory, and the dashed lines show the effect of strain 
hardening. At the plastic limit load the support moment is less than 
the plastic moment, and the midspan moment is greater. 

2. As a consequence of the above, strain hardening tends to increase 
the stiffness of a structure, and, thus, to reduce the inelastic defor
mations at a given load. This is illustrated in Fig. 2.6 for the three
span beam of Fig. 2.5 (2.11, 2.12). As shown by the dotted line, the 
slope of the load-defoti'nation curve in the elastic-plastic range is 
steeper when strain hardening is included in the analysis. Also, the 
curve including strain hardening tends to rise above the correspond
'ing elastic-plastic curve. It will not, of course, continue to rise in
definitely, because eventually the beam will fail by instability. It has 
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FIG. 2.6.-EFFECT OF STRATN HARDENING ON LOAD-ROTATION CURVE 

also been observed that plastic hinge rotations actually will be 
smaller than those predicted by elastic-plastic analysis, and that the 
order of hinge formation may be different (2.16). 

3. It has been demonstrated both theoretically and experimentally that 
strain hardening is needed to achieve moment redistribution and the 
attainment of the plastic limit load (2. 7, 2.9, 2.11 ). Steels such as 
ASTM A36, A441, A527, A.S72,1 and A588 are suitable in this re
gard. A member fabricated of a material which exhibits very limited 
strain hardening will experience very high local strains at the critical 
sections, and this will lead to early instability or, if this is prevented, 
to fracture of the material. 

Tbe effect of strain hardening in analysis and design is considered 
further in Chapters 5, 6, 8, and 9. 
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Attachment 2 

(Excerpts from "Ultimate Limit State Design of Steel-Plated Structures" by J. K. Paik and A. K. 

Thayambal/i, 2003, Wiley, Section 2. 7) 

The bending strain energy. U. of a beam with the effective cross-section properties is 
given by 

1
1. M'-

U = -dx 
o 2Elr: 

(2.41) 

Applying the so-called Cmaigliano principle, the rotation at the fixed end which may 
be calculated by diff erentialing the strain energy with regard to the a.-.soci.ued bending 
moment must be 1..ero because of the fixed end condition. namely 

au r'· M aM 
(}A = aMA = lo Elc aM,.. dx = O (2.42) 

where e" = rotation at end A. 

2. 7.4 Beams Fixed at Both Ends 

The plastic collapse load formulas for statically indctenninatc bc.lms fixed at both ends 
under various types of load applic.uions as shown in Figures 2.20 and 2.21 are now 
considered. In this case, the beams will collapse if the cross-sections at both ends as well 
as any one location inside the span yield. 

For a beam subjected 10 11.mifonnly distributed line loads as shown in Figure 2.20. lhe 
plastic hinges will simultaneously be fonned at both ends where the maximum bending 
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