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RANDOM VIBRATION OF A NONLINEAR

TWO-DEGREE-OF-FREEDOM OSCILLATOR

ABSTRACT

An analytical and experimental investigation is made of the dynamic

response of a nonlinear two-degree-of-freedom oscillator that models

some of the basic phenomena involved in the response of complex nuclear

power plant systems under dynamic environments.

An approximate analytical solution is obtained for the stationary

response of the system when subjected to stationary random excitation.

Experimental measurements performed with an electronic analog computer

and numerically simulated solutions generated by means of a digital

computer verify the findings.

Results are given for the power spectral density and root-mean-

squared level of the response. The effects of various system parameters

on the response of the nonlinear system are determined.
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RANDOM VIBRATION OF A NONLINEAR

TWO-DEGREE-OF-FREEDOM OSCILLATOR

SUMMARY

One of the more serious design problems associated with the coolant

loop of a nuclear power plant is the postulated rupture of the piping

and the subsequent blowdown of the steam supply system. The occurrence

of this type of accident has received increasing attention in the devel-

opment of protective systems, such as those for emergency core cooling

and redundant instrumentation, that effect a safe shutdown of the nuclear

reactor. Concern for the functional integrity of these safety systems

during the faulted condition has led to the installation of a variety of

rupture supports that are intended to restrict gross movements of the

piping system and to preclude a chain of failures. Since these restraints

must not interfere with normal operation of the steam supply system, they

are constructed with initial gaps that allow the piping to expand and

contract in the operating condition. However, when a pipe breaks, it

rapidly moves across the gap and is restrained by the support. Under the f

high blowdown loads that develop, inelastic behavior of the pipe material

is also inevitable. Additionally, pumps and valves that are part of the

primary coolant loop will experience nonlinearities because of gaps,
i

friction, and nonproportional damping. |

| In order to analyze these complicated systems, it is necessary to

use relatively simple models that are readily amenable to mathematical

analysis 'or numerical solution techniques. A two-degree-of-freedom model

1x
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that exhibits " dead space" characteristics would allow assessment of the

displacement response of a nonlinear piping system. Such a model would

be valuable in detennining

(a) Optimum design of pipe restraints.

(b) Structural response characteristics of complicated mechanical

equipment with "deadspace" nonlinearities, such as valves and

pumps.

(c) Interaction effects between equipment with nonlinear shock

isolators, and their supporting structure.

An acceptable approximation for this problem class is a two-degree-

of-freedom oscillator with "deadspace" characteristics subjected to

stochastic random excitation. This simple analytic model allows for the

study of two different problem classes. First, it makes possible the

study of how an SDOF system with motion-limiting stops responds to

to stochastic base excitation. Secondly, the response of a SDOF system

with an auxiliary mass damper (similar to a building / equipment system)

can be obtained. A comparison of both these problem classes would allow

the determination of not only anticipated response data but also the

optimum means by which to limit response.

Therefore, included in this report is a detailed study of a two-

degree-of-freedom system with "deadspace" characteristics, along with a

data presentation that is used to display the effects of various system

parameters and to compare the displacement response of this model with

other types of dynamic systems.

X
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RANDOM VIBRATION OF A NONLINEAR

TWO-DEGREE-OF-FREEDOM OSCILLATOR

!

BACKGROUND INFORMATION

In technical literature the most frequently analyzed group of energy

transfer devices has been the family of auxiliary mass dampers (sometimes

referred to as " dynamic absorbers"), which can be categorized into one of

the following three basic groups:
*

a. Dynamic vibration neutralizer (DVN)

b. Impact damper.

c. Lanchester damper

The DVN has been rigorously studied for many years because of its

simplicity and obviously practical engineering applications. Its funda-

mental research dates back to as early as 1928 for harmonic excita-

tion (l' )** and 1961 for random excitation.( ' ) The displacement

response attenuation of this device is excellent. However, one of the

basic problems encountered in its practical use is the excessive relative

motion that the auxiliary mass undergoes at certain excitation frequen-

cies, espeially if the auxiliary mass is small ia comparison to the mass

of the primary system. Ormondroyed and Den HartogI ) proposed the use

of elastic stops to limit the excessive motion of the auxiliary mass.

The advantage of using clastic stops is that their separation can

*

See List of Symbols for definition of notations.

**
Numbers in parentheses designate references listed at the end of
this report.
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be adjusted so as not to disturb the motion of the damper within most

of its operational frequency range; but at critical frequency values

they would limit the relative motion of the damper auxiliELry mass to

the displacement clearance allowed. Timoshenko( ) expressed a great

deal of interest in this modified version of the DVN, but it has not been

until recently that others (5-11) have researched in detail the response

of this system under the influence of harmonic excitation.

The impact damper is a simple yet quite efficient auxiliary mass

device that uses momentum transfer between the impacting masses and also

dissipation of mechanical energy during impacts to attenuate the

response of the primary mass. The original investigative research of

impact dampers was performed by Paget,( ) Leiber and Jensen,(

Grubin,(") and Egle.( ) Warburton(16) and, later, Masri and

Caughey(1 ) derived an exact solution for the symmetric motion of

this problem class. In recent years several authors have rigor-

ously studied all aspects of this system. Impact dampers have been

used in commercial industry and, as described by Masri and Rocke,( )

have even been analyzed and installed on satellite antenna systems

designed by the Hughes Aircraft Company (e.g., MARISAT, 1975-1976).

Unfortunately, there are several practical difficulties associated with

the use of impact dampers:

a. Excessive acoustic emissions are generated by impact dampers,

especially at their tuned frequencies. Present government

safety requirements for acceptable acoustic environmental

levels for industrial workers and the susceptibility of space-

craft or industrial components to internally generated

2
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acoustics have severely restricted the use of these devices.

However, several authors ( ) have recently proposed methods'

that may possibly be used to eliminate the problem.

b. Impact dampers are highly tuned devices and thus, the

efficiency of the damper becomes negligible if too many or

too few impacts occur per cycle of the primary system.

The Lanchester damper is probably the least practical of the entire

family of energy transfer devices, since it relies solely on energy dis-

sipated by a damping mechanism during the relative motion of the auxil-

lary mass to attenuate the response of the primary mass. As would bei

expected, the efficiency of the damper increases dramatically with an

increase in the auxiliary mass weight; and excessive amounts of heat are

generated in the damping mechanism during the optimum performance of the

system. Unfortunately, for industrial applications it is advantageous

to minimize the weight of the. auxiliary mass and it is difficult to

dissipate internally generated heat.

INTRODUCTION

The system model shown in Figure 1 is a nonlinear two-degree-of-

freedom (2DOF) oscillator, which is subjected to a random excitation
I

forcing function (i.e. , F[t]) . This system model simulates a single-
!

degree-of-freedom (SDOF) oscillator attached to a DG with motion-

limiting stops (often referred to as a modified, or nonlinear, DVN) and

can for various extreme parameter arrangements represent any of the mem-

bers of the auxiliary mass damper family. For example, if K = 0. 0,*
3 3

the model represents an impact damper; if D/2 = =, the model

3

..
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I.

represents a DVN; and if D/2 = =, K = 0.0,and C_ >> 1.0, the model
3 o

represents a Lanchester damper.

Masri(10) has shown that the performance of the modified DVN under |

deterministic (i.e. , harmonic) excitation alleviates many of the defi-

ciencies inherent in the conventional DVN, and possesses response

characteristics superior to it. For harmonic excitation the improved

performance of the modified DVN can be attributed to a new damping ]

mechanism, similar to that of an impact damper, that is used when the

stops are engaged during the motion of the auxiliary mass. Instead of ;
)

relying solely on the force exerted by M to counteract the excitation
2

force, which is the case in the DVN, the addition of stops introduces
:

the mechanism of momentum transfer and energy dissipation during contact,

which enhances the performance of the system. Unfortunately, no analy-

tical solutions are available in published literature regarding the

dynamic response of the modified DVN to stochastic (i.e. , random)

excitation.

The lack of analytical studies concerning the random excitation of

a modified DVN is probably due to the fact that this problem does not

lend itself to treatment by standard analytical techniques. The non-

linearity in this system involves the relative displacement as well as

the relative velocity of the two masses. This difficulty makes pertur-

bation methods ( ) for random vibration of nonlinear systems, as well as

equivalent lineari:ation techniques,(30-31) inapplicable to this problem

class.

I

4
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SCOPE OF RESEARCH

Two separate analytic solutions are derived for the stationary dis-

placement response of a highly nonlinear auxiliary mass damper (a DVN,

1
|

with motion-limiting stops) attached to an SDOF oscillator that is sub-

jected to random excitation. One of the'r solution methods is an approxi-

mate analytical (i.e., " theoretical") solution and the other generates

" experimental" data by numerical integration of the system model equa-

tions of motion. To determine the accuracy as well as inherent limita-

tions of these analytic solutions, two computer methodologies, obtained

from the algorithms derived for both solution methods, are evaluated by

comparing their numerically generated data with each other, with data

generated by electronic analog computer, and (where applicable) with pub-

lished special-case solutions (e.g., random excitation of impact damp-

ers(19)). The effects of various damper parameters on the response of

the primary system are determined, and future applications for

the solutions and their associated computer methodologies are appraised.

This study was conducted under the following assumptions:

a. The force F(t) is normally distributed random excitation, with

statistics as shown in Figure 2 and calibrated as specified

in Appendix A.

b. All RMS data results presented are the statistical ensemble

average (N = 24) of generated data, per Appendix B.

DESCRIPTION OF PROBLEM

The general equations of motion for the nonlinear system model dis-

played in Figure 1 are derived as follows.

5
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The equation of motion for M when *here is no contact with they

ronlinear walls is

M 2 + C k * K *1g3 y1 1 3 (*1 ~ *2) * 3(1 - 2) CI)*K *

Let y be the relative cisplacement of M with respect to M
2 y

y(t) x (t) - x (t) (2)
=

2 y

Using Equation 2, Equation 1 can be rewritten in a more convenient

form ar

2 2
- - n(t)-

y + 2c u xyyy+wy y 3 y + 2c w y ' ,t (3)
x x -p w =

33
1

The equation of motion for M when there is a contact with the non-y

linear walls is
k_

MN+Ck+Kx -Ky-Ch+Kyy yy yy 3 3 2 *1 - *2 ~

+C ~ 2 F(t) (4)=
2 1

Rewriting Equation 4, one obtains
.

ME+Cl+Kx -Ky-Ch-K Y*yy yy yy 3 3 2
-

.

/.i
-C! y 1 F(t) (5)=

2 \ /_

Let the following nonlinear functions represent the dead-space charac-

teristics of the model,

6
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0 whenly| < D/2
~g (y) ( 6)=

1 y + D/2 whenly|>D/2

0 when|y|~<D/2
g., (y) ( 7)=

y - D/2 when|y|>D/2'

0 when|y|<D/2,
-

( 8)h (y,y) =

y when|y|>D/2

Using Equations 6 and 8, Equations 5 and 3 can be combined into

the following general equation

'

2 '..
-

1 + 2G e x1 1 w'3y + 2t w yx +wx -u
1 33

2 F(t)+ w 8 (y) + 2t "2 (y,y) ( 9)h =
21 2 g

1

The equation of motion for M when there is no contact with the
2

noni.inear walls is

M22+C3(2 ~ 1) * 3 (*2 - *1) 0 ( 10)=

Rewriting Equation 10, one obtains

,. .

+ 2c u 7 * "3y 0x
33 ( 11)=

2

The equation of motion for M when there is contact with the non-
2

linear walls is

M *2 + K y + c y + x, [y - D/2) + c, [9] 0 ( 12)=
2 3 3

7
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|

Using Equations 7 and 8, Equations 11 and 12 can be

combine 11 into the following general equation:

2 ').. . -

2 * 25 "3Y * '3Y * *2 2(I) ' 5 "2h (y,y) 0 (13)X E =
3 2

Thus the general equations of motion for the system model are

represented by Equations 9 and 13.

(
Rewriting Equations 3 and 11 , which represent the system '

equations of motion when there are no impacts, one obtains:

E 5yyy+byyy+cyyy+b12 2 12*2 I) (14)a x * *

b +c 0 (15)12 1 12*1 + a22'2 22 2 22*2
* *C =

| where

Ma =
yy 1 (16)

Ma *
22 2 (173

b C+Cyy y 3 (18)
=

b -C
12 3 (19)=

b C
22 3 (20)

=

yy K) +K (21)c =
3

c *"K (22)12 3

Kc "
22 3 (23)

For a harmonic excitation forte

F(t) F s wt (24)=
0

8
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and elastic stops that are very stiff (w /"I 1.0) compared to the
2

stiffness of the primary system, Masri(10) has shown that under the

assumption of steady-state motion with two symmetric impccts per cycl.e

on opposite sides of the stops, the solution of Equations 14 and 1.
,.

between these impacts (i.e. , 0 $ wt j n) is defined as

4

[ A ) exp(S t) + Re {A exp[i(wt + a )] } ( 2LIx (t) =
y y j g

j=1

1

4

[rA exP(S t) + Re (A *Ebi("t* "o)]} (. 26)x (t) =
j lj j 22 j=1

where the origin of the time axis has been shifted such that

t = 0 at |x -xj=D/2. This will modify the excitation force so that
7 y

Re(9 exp[i(ut + a )]} ( 2')F (t) F cos (ut + a )= =
g g

is an initially unknown phase angle. The S'S'S and Swhere ag 1 2 3 4

values are the roots of the characteristic equation

2 ? '

(a S +b +cyy il 11)("22 +b * "22) - f 12 12)
0+c =

22

( 28)

and the A's are related by

. b SA

Il = - gj.+C 12
r) (j = 1, 2, 3, 4) ( 29)| p ,

| 2j a y y )7 + byyj+CS S
11

9
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The phase angle is given bya
9

-1 "1 1 "2
tana =

( 30)o aD ta43

and the rest of the pa. ameters are defined in Reference 10.

The amount of mechanical energy dissipated during the collision of

M with the nonlinear stops (i.e., K ' C ) is governed by the equiva-2 2 2

lent coefficient of restitution , e, which may assume values from 0 to 1

(i.e., 0 is equal to a completely plastic impact and 1 is equal to a

perfectly elastic impact). Masri(10) has shown that for harmonic exci-

tation, the equivalent value of e for this system model is dependent

solely on c when the elastic stops are stiff, and the contact dura-2

tion with this type of impact will represent less than S'6 of the

fundamental period of the primary system. Included in Tables 1 and

2 are equivalent e data values determined by Masri.( )

COMPUTER SOLUTION

Included in this section is a brief description of the two digital

computer logics (ID117 and ID401) created to obtain numerical data for
1

the analytic solutions of the system model proposed in this report.

The characteristics of the excitation forcing function F(t), which

was supplied by a computer " software" Gaussian random number generator

(i . e. , IBM 360 Scientific Subroutine Package, subroutines GAUSS and

RANDU), are exhibited in Figure 2. To obtain the probability density

in Figure 2(A), a time 1.istory data sample of 3,000 values was used.

10
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To obtain_the PSD displayed in Figure 2(B), 20 statistical aver-

I ages were required. Additional information about the excitation force

can be found in Appendix A.

For the parameters presented in this report, the system response

was computed for a sufficient number of periods (:50 T ) to achieve a
y

stationary condition and acquire a data sample. Because of the random

nature of this problem, 24 data samples were statistically averaged, as

discussed in Appendix B, to determine the system's RMS response.

Figure 3 shows typical PSD plots of the displacement response

x (t) of the primary system M for a representative set of parameters.y y

The PSD plots were obtained by using standard time series algorithms that

employed FFT techniques (i.e. , ID117d). The parameter u [S (w)/S ] !
g

was used to represent the PSD of the system response in a form that

allows easy comparison with an equivalent linear system. For such a

linear system the above-mentioned paraneter is equal to f[1 - (u/w ) }y

+ (2c,q /w )2 -1/2u where c, is the " equivalent" value of viscousy ,

damping (i.e. , the C that an SDOF system without a damper should have

in order for its displacement response to be the same as the primary

mass M of an SDOF system damped by a nonlinear DVN). Figure 3(A)3

shows the response of an SDOF system (a special case of the present sys-

tem when D/e : = and p = 0.0). The PSD of an approximate conven-x
9

tional DVN (D/o a) with mass ratio (p = 0.10) and ratio of critical:x
9

damping in the coupling dashpot (c3 = 0.01) is given in Figure 3(B). l

Note that this PSD plot exhibits the two peaks on both sides of reso-

nance (w/w = 1.0) that are usually encountered in the response of ay

typical linear system damped by the conventional DVN. Unlike the

11 60
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results shown in Figures 3(A) and 3(B), the plot displayed in

Figure 3(C) corresponds to a system acting as an impact damper ( 6)

(where w /w =C =0 and w /"I n1) . Note that there is a definite3 y 3 2

shift in the location of peak of the PSD curve, which is shifted from

w/w =1 for a linear system to w/w *1/Q1+u.y y

Figure 4 illustrates a typical PSD'for a set of parameters in

whic'a the system response relies appreciably on the limiting or bounding

action of the elastic stops, thereby permitting momentum transfer

between M and M t Play a considerable role. The system charac-y 2

teristics are such that the neutrali:er exhibits response features that

rely on the action of the conventional DVN, They also rely on the

elastic stops that come into play because the relative motion between

the two masses exceeds the "deadspace" between the stops. As a result

of this dual action, the performance of this nonlinear neutrali:er is

enhanced (compared to that of Figure 3[B]) in that the two sharp peaks

in the PSD plot are considerably attenuated, whereas the response level

around the resonance region (where the conventional DVN shows its best

performance) does not materially deteriorate. It should be noted that

in Figure 4 a comparison is also made between experimental data and

equivalent harmonic data presented by Masri. (6) It is important to note

the agreement between these values, which demonstrates the strong corre-

lation in their respective transfer functions.

Computer Logic ID117

The experimental response of the system shown in Figure 1 to

stochastic excitation was determLned through the use of a digital

12
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computer using standard techniques (32) for the numerical solution of

the governing equations of motion (i.e., Equations 9 and 13). This

program is written in the following three formats:

a. ID117B is the standard program version.

b. ID117C is a modified version of ID117B which has fewer output

options and requires less computer core space. It is an

economical program for the generation of large amounts of data.

c. ID117D is a modified version of ID117C which is used for

obtaining the PSD of the displacement response using FFT

techniques.

Computer Logic ID401

The main idea behind this proposed analytical (i . e. , " theoretical")

solution is that, based on experimental observations and digital compu-

ter simulation studies (e.g., Figure 4), it is reasonable to assume

to tirst-order approximation that the displacement spectral density

, (w) of the primary system, when provided with a nonlinear DVN with a
~1

.all mass ratio and a slight amount of viscous damping, can be

,ppraximated by

2

H I") S (u) ( 32)S (w) =
d f

where S (w) is the excitation PSD, and |H (w)| is the amplitude of
f d

the frequency response function of the primary system when provided with
1

a nonlinear DVN and subjected to harmonic excitation of frequency w.

This assumption is similar to that successfully used by Masri and

13
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Ibrahim(19) to obtain the displacement response solution for the random

excitation of an impact damper.

The magnification factor |H (w)| is given by
d

*1
|H (*) (*

d F K
o 1

in the range 0 $ wt 5 n. However,

(1/2)[ Sol (1) + Sol (2)] '( 34)x =
y
max

where 501(1) and Sol (2) are the peak values of x (t) in Equation 25,
3

obtained for the upper and lower set of signs, respectively, in

Equation 30. With |Fi (u)| determined from Equation 33, the RMSd

displacement response, c of the primary system is given by,

, , r+* ,

5 E[x'] = S |El (w)| ~ du (35)c,' g dI w=-=

where S is the uniform spectral density of F (t)/M) . The final thco-g

retical response value is obtained by the numerical integration of

Equation 35 by Simpson's rule.

On the basis of experimental observations, the following approxima-

tion was incorporated in the evaluation of e as given byx

Equation 35; for clearance ratios D/2>[: where Z is the, mu

maximum relative displacement between M and M f r a conventional
7 2

DVN (i . e . , when D = =), the system is treated as a DVN. In other words,

if at a giten frequency w, the ratio (D/2)/Z is too large (note

14
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that Z, is a function of w), the damper mass M will have very
2

few collisions with the elastic stops. Thus |H (u) w 11 be approxbd
.

mately the same as when it is provided with a conventional DVN.

Figures 5 through 11 compare the theoretical values of |H I")
d

derived using ID401 with normalized PSD values (10 statistical averages)

obtained by the digital simulation techniques (i.e. , ID117E) for typical

system parameters. Figures 12 through 21 compare normalized RMS dis-

placement values obtained by both methods (24 statistical averages were

used for the experimental results).
j

EFFECTS OF SYSTEM PARAMETERS

Figures 22 through 56 contain a summary of experimental results

(24 statistical averages) obtained by digital simulation (i.e., ID117C)

and are presented because such data are nonexistent in present litera-

ture. It should be noted that where applicable, these experimental data

were verified by the approximate theory (i.e., ID401); but for clarity

of presentation only experimental results are displayed. Since the

values shown are experimental results, some of the fluctuations observed I

would most likely be eliminated with more ensemble averages, as dis-

cussed in Appendix B. Response data were also experimentally determined

for the case of " soft" elastic stops (w /"I < 1), a case for which the2

present approximate solution (ID401) does not apply.

The effects of system parameters can be summarized as follows:

a. In general, as u is incretsed, the RMS displacement (ex ) of

the primary system M is decreased (i.e., " effectiveness" or
1

" performance" of the damper is increased).

15
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b. The damper performance is enhanced as the system viscous

damping (t , c ) is decreased.y 3

c. A modified DVN with "hard" elastic r:nps is superior to the

conventional DVN in attenuating the response, and it is less

sensitive to tuning effects (u /w ).
3 g

d. A conventional impact damper (w /w = 0, w !"1 ) s core3 l 2

effective than the conventional DVN in controlling the

response of randomly excited systems,

e. A modified DVN with " soft" stops is considerably better than

the conventional DVN or the modified DVN with "hard" stops in

reducing normali:cd RMS displacement and is less sensitive

than the impact damper to clearance effects.

CONCLUSIONS

An approximate analytic solution (i.e., ID401) has been presented

for determining the response of a viscously damped, single-degree-of-

freedom primary system that is provided with a dynamic vibration neu-

tralizer with motion-limiting stops, and is subjected to stationary ran-

dom excitation. The solution of this highly nonlinear, dissipative

two-degree-of-freedom system is derived by making use of the system's

steady-state response to harmonic excitation (for which an exact solu-

tion is obtained) and by assuming that, for the range of parameters dis-

cussed in this paper, the approximate response to random excitation can

be obtained by superposition of the response to discrete harmonic exci-

tation. In Figures 5 through 21 the approximate analytic solution,

in spite of its relative simplicity, is shown to be in good agreement

16
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j
,

I

both qualitatively and quantitatively with solutions that were obtained

with a digital computer (i.e. , ID117B, ID117C,.ID117D) and experimental

measurements from an electronic analog computer (i.e. , Figure 12[A]) .

In Figures 22 through 56 a detailed parameter study of "experi-

mental" data (i.e., ID117C) is presented, since such data are nonexist- i

'

ent in published literature. This parameter study shows that the

nonlinear damper under discussion is significantly more effective than

the conventional dynamic vibration neutrali:er in attenuating the
]

response of systems subjected to stationary random vibration. Addition-

ally, from Figure 57, which displays analog data, it is observed that

,

for the nonlinear DVN, the displacement (x ) is less than that of they
i

conventional DVN; whereas at the same time, the relative displacement

(Y) of the nonlinear DVN is limited to the clearance distance (D).

Additionally, it should be noted that the SDOF response (ex ), which is<

shown in Figure 57(A) for times greater than 400 T , displays a con-
1

siderable amount of variance for what must be considered an extremely

large ensemble length. For this reason, statistical averaging of

response data was required.

The only limitations observed for the computer programs presented

in this report are for the program logic ID401 and they are as follows:

The clastic stops must be very stiff (u /"1 >> 1.0) ccmpareda.
2

to stiffness of the primary system.

b. The nonlinear DVN should have only a small amount of viscous

damping (c ) and small auxiliary mass ratio (p) .
3

However, Figures 12 through 21 demonstrate clearly that good agree-

ment still exists between experimental and theoretically predicted

17
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d

iq
-

response data for_ a sizeable mass ratio (p = 20*a), a signiticant amount

i of' viscous damping (c 5%), and a coupling spring ratio (u /u ):
3 y3

'

spanning the range from 0.8 to 1.2.

! There are several obvious areas of additional study available to
i

the interested investigator using these computer methods:

I a. Determine the response of the modified DVN system to harmonic
:

: and random excitation when the elastic stop (K.,), the coupling
4 -

)

i spring (K ), or both of these springs are hysteretic.
3

! b. Derive an approximate analytical method for the modified DVN
i

j with soft stops (w /"1 5 l)*2
| )i
. ILLUSTRATIONS
i

i Included in this section are all the figures and tables associated ,

i

i with this report. They are numbered and displayed in the sequential order
\

.

in which they are referenced in the text. The following parameters are

used only for the included figures and tables; all other parameters are
i

.

defined in the List of Symbols preceding the report.
!

j SF(W/W1) S (w/w )p y

l SIGMA 0 o
*0 |

'

SO S
'

3 9

SQRT [
SX(W) S,(w)

W1 w

W/W1 "!"1

W3/W1 w /w
3 y

18
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|
|

| |
1x The mean average value of x i

XRMS o
#

1

The following special notes apply to. the included figures and

tables:

For all plots presented, data referred to as " experimental"a.

were generated by computer programs ID117B, ID117C, or ID117D,
1

and data referred to as " theory" or " theoretical" were genera-

ted using the approximate analytic method of computer program
;

!10401.
!

b. The " analog" data presented in Figure 12(A) and Figure 57

were obtained using the analog computer system of the

University of Southern California Structural Dynamics

Laboratory (Civil Engineering Department).

|

|

|
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D/ 15 20 25
7 ,g )

9

L e o eg

0 1. 0 1. 0 1. 0

0.1 0.75 0.75 0.78

0. 2 0.51 0.53 0.55

0. 3 0.35 O.38 0.40

0. 4 0.23 0.28 0.30
24
"

0. 5 0.15 O.20 0.22

0. G 0.11 0.15 0,18

0. 7 0.07 0.10 0.11

TABLE 1 DEPENDENCE OF EQUIVALENT COEFFICIENT OF ltESTITUTION (c)

ON(2 AND D/(Fofg ). SYSTEM PARAMETEllS:

= 5. 0
= 0. 01, w /gy = 0. 01, g3 = 0. 0, p = 0.10, w /g1O/wt = 1. 0, t 3 2y
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D/gp !"1 I0
_ _ _ _ .

t o e c

0 1. 0 1. 0 1. 0

0.1 0.70 0.72 0.74

0. 2 0.49 0.50 0.51

0. 3 0.33 0.34 0. 3fi

0. 4 0.22 0.23 0.25
U

0. 5 0.13 0.15 O. 17

0. G 0.07 0.09 0.11

0. 7 0.02 0.04 0. Oli

TABLE 2.
DEPENDENCE OF EQUIVALENT COEFFICIENT OF ItESTITUTION (c)

ON [3 AND D/(F0/gq ). SYSTEM PAllAMETEllS: D/w = 1. 0,
y 1

sy = 0. 01, w3/wy = 0. 01, [3 = 0. O, it = 0. l o "2/g = 10. 0s

.
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APPENDIX A

PSD CALIBRATION OF RANDOM FORCING FUNCTION EXCITATION

The random input forcing function used for system excitation

in program ID117E is generated with computer software routines

GAUSS and 'RANDU, which are part of the IBM 360 Scientific

Subroutine Package. These routines use a uniformly distributed

random number generator in conjunction with ' the Central Limit

Theorem to generate a normally distributed random variable (F) with a

specified mean (F) and standard deviation (o ) . Since the time spacingp

between these generated random variables (DT) is also specified, it is

important to be able to calibrate the PSD (i.e., power spectral density)

magnitude (S ) of the input excitation as a function of DT, F, and o .
g p

The standard analytic procedures used in time series analysis

require at least two data samples per cycle to identify a frequency.
!component within real-time-based data. Hence, the highest frequency

component that can be observed by sampling or generating data values at

a rate of 1/DT samples per second is 1/(2DT) hertz. Therefore, the PSD

of the normally distributed random excitation force will be band limited
.

as shown in Figure A 1, with a cutoff frequency w ., defined as
4

I

1 w

y 2DT g radians (A.1) !hertz =w =

A review of the basic definitions of statistics yields the following:

mean or expected value (F) (A.2)E[F] F p(F)dF =n

|
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1
;

I

$ F** 2 T2
E[F ] J_.

F p(F)dF mean square value (F") (A.3)= =

,

E[F ] root mean square (RMS) value (A.4)=

E[(F - E)2] variance (o ) (A.5)=
p

.

l
Using Definitions A.2 and A.3, Definition A.5 can be written as

i
i

| 2 r** - . ,

(F - F)' p(F)dF (A.6)
'

o =
p J_.

.

1

Expanding Definition A.6, one obtains

4

' p+m (+.
2F p(F)dF - 2E[F] Fp(F)dF + E[F]~ (A.7)c' =

J.. s..
.

2 ~2 -*-

F - F" (A.8)o =
p

i

For the special case of the mean equal to :cro (i.e., F = 0),#

't 2 * ~T
E(F'] F~ (A.9)o = =

p

.

The autocorrelation function is defined as

E[F(t) F(t + T)] (A.10)R (T) =
p

When T is equal to zero, Definition A.10 is written as

2 ~Y
F' (A.11)E[F(t) F(t]] E[F (t)]R (0) =z =

p
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Thus the autocorrelation function evaluated at :ero is equal to the mean

square value. Using Definitions A.8 and A.11, the following relation-

ship is obtained:

7 ' -

a ' + (F)2 (A.12)R (0) F= =p p

For the special case of the mean equal to zero (i.e. , Y = 0), ,

R (0)p (A.13)= c

Definition A.13 establishes the important property that a random

variable with zero mean has an autocorrelation function that, when

evaluated at zero, is equal to its variance.

A normally distributed, band-limited excitation forcing function

with a PSD as displayed in Figure A2 will have an autocorrelation

function as displayed in Figure A3; the following relationship is

established if the forcing excitation has a zero mean:

2R (0) 2 S (wp g 2 ~ "1) F (A'I4)= * #
,

| llowever, because of the nature of the excitation forcing function

ge.nerated by GAUSS and RWDU, is equal to zero. Using Defini-w
7

| tions A.1 and A.14, one obtains

2;rs

R (0) 2S w " (^' )
=

p 9 2 DT
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4
;
!

4

!

!
t

! Combining Definitions A.13 and A.15, one obtains
1 1

1 \

f 2nS.,
(A.16)

{ h DT

:

f.
Therefore, when the mean is zero (i.e. , F = 0), the following relation-

f ship will calibrate the excitation PSD:

2
o DTp

(A.17)S =
o 2n

The variable (1/BIGDTI) is an arbitrary normali:ation factor that is defined
'

as the number of data pr>ints generated in the natural period of the :

primary system (i. e. , 2n/w) . Therefore, DT can be written as

b BIGDT1 (A.18)DT =
e

Thus, Definitions A.1 and A.17 can be rewritten in normali:ed form as

o BIGDT1p
(A.19)S =

o W

(A.20)*
"2 2.0 (B GDTI)

It should be noted that although our computer-generated excitation

is band 1imited, it can for theoretical purposes be considered " white

noise" excitation, since u; is much greater than any fundamental fre-

quencies pr'esent in the system. Both of the following examples, which
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represent the pararacters used in all instances for the data values

generated in this report, show that

10.0 o (A.21)j 2
w =

| where w is the natural frequency of the primary system. In general,

|

the system models studied in this report.have response functions

that display peak values between zero and 2u. Thus the " white noise"

excitation assumption is valid.

Example ,Vo. 1

Input Parameters:

mean value of excitation function = 0.0F =

1 radian / unit timem =

.

Period ?,r/o = 2n=

BIGDT1 0.05=

'
Calculated Parameters:

SEDT BIGDT1 0.314= =
w

10 radians / unit time"2 2.0 B GDT1 0.314
* * =

.

I
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?
Relationsitip between o , c' and S. jp p g

4

j

2 I
F F

S SStandard Deviation Variatice of o o
of Excitation Excitation PSD: One-sided PSD: Two-sided

0.158113 0.024999 0.0025 0.00125
1

0.316227 0.09999 0.01 0.005 ;

0.948683 0.89999 I 0.09 0.045

|
1.581 2.499 0.25 0.125 '

3.16227 9.99 1.0 0.50

6.3245 39.999 4.0 2.0
,

|
'

15.8113 249.997 25.0 12.5

31.6227 999.995 100.0 50.0
l
1

'

I
|

E':c=p!c h'o. 2

Input Parameters:

mean value of excitation function = 0.0F =

|2n radians / unit timew =

Period 1=

t
i BIGDT1 0.05=

Calculated Parameters

?
w BIGDT1 0.05DT ==
w

" radians radians
2 2.0 BIGDT1 unit time 10 (2n) unit time62.83 =w = =
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-___--_- _____- - _ - - --___



.- . - . . - -

J

|
! ,

p,c'p g
Relationship between o and S.

,

# #
F F .

S S
!'Standard Deviation Variance of o o

of Excitation Excitation PSD: One-sided PSD: Two-sided !
l
'

0.158113 0.024999 0.000397 0.000198
|

0.316227 0.09999 0.00159 0.000795

0.948683 0.89999 0.01432 0.007161
i

1.581 2.499 0.0397 0.019886

3.16227 9.99 0.1589 0.07949 i

:

6.3245 39.999 0.63646 0.31323

15.8113 249.997 3.9788 1.989
.

l 31.6227 999.995 15.915 7.957

Let the vector A as showm in Figure A4 represent the forcing
i

function, which is a sequence of discrete independent random variables
I
'

with a normal distribution, specified standard deviation, and zero mean.

The time history of this forcing fur.ction (i.e., F[t]) is written as

i

A for (OM$t< (K + 0 N @.22)F(t) =
g

The autocorrelation function of this process is written as

E[A ] (A.23)F(t )]E[F(t ) =-

g3y

if t and t are in the same time increment (i.e.,
1 2

(K)DT < t1, t2 < (K + 1)DT),-
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k
e

|

! l..

i or as ,

'

!
l

| E(F(t ) * F(t )] 0 (A.24)=
l 2

i
I I

if t and t are n t in the same time increment. This generatingg
1 2

i
i

| forcing function can be considered as an approximation to true band- 1

.

limited " white noise" excitation, which has an autocorrelation function

ldefined as '

*

E(F(t ) F(t )] E [A ] DT 6(t -t
y 2}

=
y 2

if the response of the system being studied has a characteristic time :

1
(i.e., a fundamental period equal to 2 n/u) that is large compared to I

DT. In this report the fundamental period of the system model

was set equal to 20 DT, which was verified by experimental investigation

to be sufficiently large to assure that the input forcing function did ,

|

in fact approximate true band-limited " white noise" excitation.

*

6(t ~ *2) is the Dirac delta function.1
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|
|

|

|
'

S(w)

RN%'N%* !* ,

-w2 0 "2
:

FIGURE A1
PSD OF THE FORCING EXCITATION GENERATED USING
SUBROUTINES GAUSS AND RANDU

1

!

!

S(u)

\ \
-w2 -w l 0 "1 "2 i

!

FIGURE A2
PSD OF BAND LIMITED FORCING EXCITATION

R(r)

f} d

I

|

2So(w2*"1)

k A ._ImA ! 1 -r-vv v v - - nm

FIGURE A3
AUTOCORRELATION FUNCTION FOR BAND LIMITED
FORCING EXCITATION
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.

F(t) j ,

)DISCRETE RANDOM VARIABLE

|

AK
o |

A +2 IK
o

AK+1
A +3 1Ko

|
*

i

'
K K+1 K+2 K+3

wt
I (TIM E)

_ DT DT _ OT
_
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FIGURE A4
TIME HISTORY OF COMPUTER GENERATED
FORCING FUNCTION

*
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l

l
i

|
|
'

/
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APPENDIX B

STATISTICAL DISCUSSION OF EXPERIMENTAL RESULTS

The data values presented in this report represent an

empirical " Monte Carlo" investigation, are ensemble averages of N

generated time-history responses. Each of the ti.ne-history responses,

which represent the numerical integration of the system model equations

of motion, were obtained by using the appropriate computer program logic

with an arbitrary sample of F(t) (i.e., normally distributed random

forcing function with a specified mean and variance) as excitation.

Initial conditions (i.e., displacement and velocity) were set equal to

zero for all data samples.

N([x)> denote a simple ensemble average over an ensemble sizeLet

It is statistically known that the variancefor a random variable x.

of ([x) is given by
|

2

"t (3,3) 12 j

c (x) , _N

2
5ere o is the variance of the random variable x. From fundamental

stics the following definitions are presented:

(+m
x p(x)dx (B.2) Imean value (x)E (.

==

J.a
l

9 2 (+" o
= . (x - x)" p(x)dx (B.3)E[(x - x)*] variance (c )=

J_.

|
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~T t' * * a2 mean square value (x") d=x p(x)dx (B.4)~

E[x j ==

a+=

1 (B.5)p(x)dx =

...

2 7 -2 (B.6) 1o = x -x
x I

|

The variance of the mean square is written as

i

-E[x]\2'
**

E[x ]\ 2 p(x)dx (B.7)
~22 '2 2 ~

E x = x -o =
2

/; =x
_

From Definition B.6 with the mean (i.e., x) set equal to zero one

obtains the following rel;cienship
l

2 ~2 7
Io' (B.8)E[x ] = x =

x

Using Definition B.8, Definition B.7 can be rewritten as |

** "**
2 4 ' f** 2 4 i

x p(x)dx - 2c' x p(x)dx + o p(x)dx (B.9)o, =
* J.. X J.,i x' ...

i

7 4 4
E[x ] - o (B.10)~

c =
2x

4 7

c'2 were not performed for the response dataStudies of E[x ] or
! x

| obtained in this report. However, one can obtain some useful

information about the variance of (x ) by assuming the response x is

92
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Gaussian even though it has been shoun by Lutes" that this assumption
;

1

is not always valid, especially_ for hysteretic or nonlinear systems.

If x is a normally distributed random variable (i.e. , Gaussian) with zero

mean, the following relationship is useful

D
1 3 .. (D - 1) o for D = even

D x (B.11)E[x y ,

odd0 for D =

Evaluating Definition B.11 for D equal to 4,

4 4
3e (B.12)E(x ] =

,x
!

Combining Definitions B.12 and B.10 one obtains

2 4 (B.13) i
0 = 2a

2 1
x

Using Definition B.1 as an example, the ensemble variance of the mean

square value is expressed as
1

|

2
#

2* (B.14)
,

o =.,

)

Substituting Definition B.13 into Definition B.14 yields1

i

f 20 1/2
(B.15)\N =*

2
<x )

* Lutes, L.D. , "An Approximate Technique for Treating Random Vibration of
Hysteretic Systems," Report No. 4, Department of Civil Engineering,
Rice University, Houston, 1969.
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Definition B.15 expresses the relationship between the standard devia-

tion of the mean square ensemble average (x ) of a Gaussian process

with variance o and the number of averages N in the ensemble. This

equation applies equally well to displacement or velocity. Table B.1

presents some typical numerical examples.

;

TABLE B.1. STATISTICAL RELATIONSHIP AS ENSEMBLE |
LENGTH N VARIES '

(2/N)1/' )N '

2
<x ) :

I

10 0.4472 0.4472 o

,
20 0.3162 0.3162 o'*

24 0.2887 0.2887 o

240 0.2236 0.2236 c
X

248 0.2041 0.241 c

,
60 0.1826 0.1826 o~

80 0.1581 0.1581 o

160 0.1118 0.1118 o

For this study, N was set equal to 24. It should be noted

that doubling the ensemble siz'e, which would consequently double the

computer costs, would have reduced the standard deviation of (x ) by

.
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|

only 29%. The numerical " scatter" observed in the data values presented

in this report can be associated directly with the limited number of

ensemble averages generated. The primary constraint on the number of

ensemble averages used in this investigation was a financial one dic-

tated by computer costs. The number of ensemble averages chosen (i.e.,
*

N = 24) was not an unreasonably small number. Houever, Lutes and Shah

used as many as 80 ensemble averages in their study of the transient

response of hysteretic systems.

|

l

|
|

|
|

|

|

|

|

*
Lutes, L.D. and Shah, V.S. , " Transient Random Response of Bilinear
Oscillators," Report No. 17, Department of Civil Engineering, Rice
University, Houston, 1970.
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