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RANDOM VIBRATION OF A NONLINEAR

TWO-DEGREE-OF~FREEDOM OSCILLATOR

ABSTRACT

An analytical and experimental investigation is made of the dynamic
response of a nonlinear two-degree-of-freedem oscillator that models
some of the basic phenomena involved in the response of complex nuclear
power plant systems under dynamic environments.

An approximate analytical solution is obtained for the stationary
response of the system when subjected to stationary random excitation.
Experimental measurements performed with an electronic analog computer
and numerically simulated solutions generated by means of a digital
computer verify the findings.

Results are given for the power spectral density and root-mean-
squared level of the response. The effects of various system parameters

on the response of the nonlinear system are determined.
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RANDOM VIBRATION OF A NONLINEAR

TWO-DEGREE-OF~FREEDOM OSCILLATOR

SUMMARY

One of the more serious design problems associated with the coolant
loop of a nuclear power plant is the postulated rupture of the piping
and the subsequent blowdown of the steam supply system. The occurrence
of this type of accident has received increasing attention in the devel~
opment of protective systems, such as those for emergency core cooling
and redundant instrumentation, that effect a safe shutdown of the nuclear
reactor. Concern for the functional integrity of these safety systems
during the faulted condition has led to the installation of a variety of
rupture supports that are intended to restrict gross movements of the
piping system and to preclude a chain of failures. Since these restraints
must not interfere with normal operation of the steam supply system, they
are constructed with initial gaps that allow the piping to expand and
contract in the operating condition. However, when a pipe breaks, it
rapidly moves across the gap and is restrained by the support. Under the
high blowdown loads that develop, inelastic behavior of the pipe material
{s also inevitable. Additionally, pumps and valves that are part of tle
primary coolant loop will experience nonlinearities because of gaps,
friction, and nonproportional damping.

In order to analyze these complicated systems, it is necessary to
use relatively simple models that are readily amenable to mathematical

analysis or numerical solution techniques. A two-degree-of-freedom model

ix
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LIST OF SYMBOLS

Displacement amplitude of primary mass (Ml) with damper
operating without motion-limiting stops

Displacement amplitude of auxiliary mass operating without
motion-limiting stops

Damping constints

Clearance within which auxiliary mass can oscillate
Dynamic vibration neutralizer

Fast Fourier transform

Amplitude of harmonic excitation force

Excitation force applied to M1

Amplification factor (“transfer function') corresponding to

a discrete harmonic frequency (u),(x1 )/%Fo/rl)
max

Spring constants
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Mass of auxiliary system (damper)

Power spectral density

Root mean squared

Single degree of freedom

Spectral density of excitation force

Uniform spectral density, F(t)/M1

Spectral density of displacement response

Period of SDOF, 2w/w1

Two degrees of freedom

Maximum relative displacement between Ml and M2 for

the DVN under harmonic e€xcitation
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represents a DVN; and if D/2 = =, K3 = 0.0, and Cs; »> 1.0, the model
represents a Lanchester damper.

Masri(lo) has shown that the performance of the modified DVN under
deterministic (i.e., harmonic) excitation alleviates many of the defi-
ciencies inherent in the conventional DVN, and possesses response
characteristics superior to it. For haimonic excitation the improved
performance of the modified DVN can be attributed to a new damping
mechanism, similar to that of an impact damper, that is used when the
stops are engaged during the motion of the auxiliary mass. Instead of
relying solely on the force exerted by M2 to counteract the excitation
force, which is the case in the DVN, the addition of stops introduces
the mechanism of momentum transfer and energy dissipation during contact,
which enhances the performance of the system. Unfortunately, no analy-
tical solutions are available in published literature regarding the
dynamic response of the modified DVN to stochastic (i.e., random)
excitation.

The lack of analytical studies concerning the random excitation of
a modified DVN is probably due to the fact that this problem does not
lend itself to treatment by standard analytical techniques. The non-
linearity in this system involves the relative displacement as well as
the relative velocity of the two masses. This difficulty makes pertur-

(

“9) for random vibration of nonlinear systems, as well as

equivalent linearization techniquesfzo'SI) irapplicable to this problem

bation methods

class.
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both qualitatively and quantitatively with solutions that were obtained
with a digital computer (i.e., ID117B, ID117C, ID117D) and experimental
measurements from an electronic analog computer (i.e., Figure 12[A]).

In Figures 22 through 56 a detailed parameter study of "experi-
mental' data (i.e., ID117C) is presented, since such data are nonexist-
ent in published literature. This parameter study shows that the
nonlinear damper under discussion is significantly more effective than
the conventional dynamic vibration neutralizer in attenuating the
response of systems subjected to stationary random vibration. Addition-
ally, from Figure 57, which displays analog data, it is observed that
for the nonlinear DVN, the displacement (xl) is less than that of the
conventional DVN; whereas at the same time, the relative displacement
(Y) of the nonlinear DVN is limited to the clearance distance (D).
Additionally, it should be noted that the SDOF response (ox ), which is

1

shown in Figure S57(A) for times greater than 400 T,, displays a con-

1
siderable amount of variance for what must be considered an extremely
large ensemble length. For this reason, statistical averaging of
response data was required.
The only limitations observed for the computer programs presented
in this report are for the program logic ID401 and they are as follows:
a. The elastic stops must be very stiff (wz/ml >> 1.0) compared
to stiffness of the primary system.
b. The nonlinear DVN should have only a small amount of viscous
damping (;3) and small auxiliary mass ratio (u).

However, Figures 12 through 21 demonstrate clearly that good agree-

ment still exists between experimental and theoretically predicted

17
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response data for a sizeable mass ratio (u = 20%), a signiticant amount
of viscous damping (c3 * 5%), and a coupling spring ratio (us/ul]
spanning the range from 0.8 to 1.2,

There are several obvious areas of additional study available to

the interested investigator using these computer methods:

a. Determine the response of the modified DVN system to harmonic
and random excitation when the elastic stop (Kz), the coupling
spring (KS)’ or both of these springs are hysteretic.

b. Derive an approximate analytical method for the modified DVN

with soft stops (u,/wl ¢ 1)

ILLUSTRATIONS

Included in this section are all the figures and tables associated
with this report. They are numbered and displayed in the sequential order
in which they are referenced in the text. The following parameters are
used only for the included figures and tables; all other parameters are

defined in the List of Symbols preceding the report.

SF(W/W1) SF (w/wl)
SIGMAO 7

X

0

) S

0
SQRT \/‘
SX (W) S, (w)
Wl ml
W/wl w/wy
W3 /W1 ws/w1

18



X The mean average value of x

XRMS axl

The following special notes apply to the included figures and

tables:

8. For all plots presented, data referred to as "experimental"
were generated by computer programs ID117B, ID117C, or ID117D,
and data referred to as '"theory" or 'theoretical" were genera-
ted using the approximate analytic method of computer program
1D401.

b. The "analog" data presented in Figure 12(A) and Figure 57
were obtained using the analog computer sysiem of the

University of Southern California Structural Dynamics

Laboratory (Civil Engineering Department).
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APPENDIX A
PSD CALIBRATION OF RANDOM FORCING FUNCTION EXCITATION

The random input forcing function used for system excitation
in program ID117E is generated with computer software routines
GAUSS and RANDU, which are part of the IBM 360 Scientific
Subroutine Package. These routines use a uniformly distributed
random number generator in conjunction with the Central Limit
Theorem to generate a normally distributed random variable (F) with a
specified mean (F) and standard deviation (oF). Since the time spacing
between these generated iandom variables (DT) is also specified, it is
important to be able to calibrate the PSD (i.e., power spectral density)
magnitude (So) of the input excitation as a function of DT, F, and Op-
The standard analytic procedures used in time series analysis
require at least two data samples per cycle to identify a frequency
component within real-time-based data. Hence, the highest frequency
component that can be observed by sampling or generating data values at
a rate of 1/DT samples per second is 1/(2DT) hertz. Therefore, the PSD
of the normally distributed random excitation force will be band limited
as shown in Figure A 1, with a cutof{ frequency o defined as

§, = ?%T hertz = é% radians (A.1)

A review of the basic definitions of statistics yields the following:

+

E[F] - .}f F p(F)dF = mean or expected value (F) (A.2)
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+® —
E(F2] = J’ p* p(F)dF = mean square value (F°) (A.3)

v E[FZJ = root mean square (RMS) value (A.4)
=2 . 2
E[(F - F)"] = variance (cF) (A.5)

Using Definitions A.2 and A.3, Definition A.5 can be written as

of, - f (F - )2 p(F)dF (A.6)

Expanding Definition A.6, one obtains

4 + @
0 = f F2 p(F)dF - 2E[F] f Fp(F)dF + E[F]° (A.7)
oi = ;7 - fz (A.8)

For the special case of the mean equal to zero (i.e., F=0)),

-5
-

2 o BIF') s ¥ (A.9)

%

The autocorrelation function is defined as

RF(r) s E[F(t) » F(t + 1)] (A.10)

When t is equal to zero, Definition A.10 is written as

Re(0) = E[F(t) * F(©)] = E[F’(t)] = F

L3

(A.11)
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Thus the autocorrelation function evaluated at zero is equal to the mean
square value. Using Definitions A.8 and A.11, the following relation-

ship is obtained:

R.(0) = = a§+ 2 (A.12)

For the special case of the mean equal to zero (i.e., F = 0),

RF(O) = ¢ (A.13)

2
F
Definition A.13 establishes the important property that a random
variable with zero mean has an autocorrelation function that, when
evaluated at zero, is equal to its variance.

A normally distributed, band-limited excitation forcing function
with a PSD as displayed in Figure A2 will have an autocorrelation
function as displayed in Figure A3; the following relationship is

established if the forcing excitation has a zero mean:

2
RF(O) .3 So(wz - wl) . oy (A.14)
However, because of the nature of the excitation forcing function
generated by GAUSS and RANDU, 9 is equal to zero. Using Defini-

tiors A.1 and A 14, one obtains

o
=
o

RF(O) . 32 So Wy " B (A.15)
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Combining Definitions A.13 and A.15, one obtains

R ZwSo '
0 * o (A.16)

Therefore, when the mean is zero (i.e., F = 0), the following relation-

ship will calibrate the excitation PSD:

(A.17)

The variable (1/BRIGDTY) isan arbitrary normalization factor that is defined
as the number of data points generated in the natural period of the

primary system (i.e., 2n/w). Therefore, DT can be written as
2n
DT = e BIGDT1 (A.18)

Thus, Pefinitions A.1 and A.17 can be rewritten in normalized form as

og BIGDT1
K (A.19)
(4] w
w, = = (A.20)
2 2.0 (BIGDTI)

1t should be noted that although our computer-generated excitation
is band limited, it can for theoretical purposes be considered "white
noise" excitation, since w, is much greater than any fundamental fre-

-

quencies present in the system. Both of the following examples, which
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represent the parameters used in all instances for the data values

generated in this report, show that

ve

where w is the natural frequency of the primary system. In general,
the system models studied in this report have response functions
that display peak values between zero and 2w. Thus the '"white noise"

excitation assumption is valid.

Example No. 1

Input Parameters:
F = mean value of excitation function = 0.0
w = 1 radian/unit time
Period = ?2n/w = 2n :
BIGDT1 = 0.05
Calculated Parameters:
oT = 2 pioT1 = 0.314

w n “‘ i / 3 3
@y * FTHBIOOIT - 0317 ° 10 radians/unit time

. new. N PPt PO D OIS L FE I S P Sy S Grrr e — R P e, SR TRoOT e T Ty R N TS T B T P N N I TS SN ST s e .

= 10.0 w (A.21)



Relationsiip between

and 9§
o}

F

2
£

Standard Deviation ‘ariance of 2
of Excitation Excitation : One-sided PSD: Two-sided
0.158113 0.024999 0.0025 0.00125
0.316227 0.09999 0. 0.
0.948683 0.8999%9 0. 0.
1.581 2.499 0. 0.
3.16227 i 9.99 « 3 ; 0.
6.3245 ; 39.999 4, é Z.
15.811% l 249.997 25, ! i
31.6227 |  999.995 100. e
Example No. &

Input Parameters:

F

W

Period = 1
BIGDTI = 0.05

Calculated Parameters

= mean value of excitation function

= 2n radians/unit time

2n

— BIGDT1
W

w

2.0 BIGDTI

"

62.83

0.05

unit time

radians
unit time




| Relationship between

gr 9 and So
5 K
Al A s s
Standard Deviation Variance of ) 0
of Excitation Excitation PSD: One-sided PSD: Two-sided

0.158113 0.024999 0.000397 0.000198
0.316227 0.09999 0.00159 0.000795
0.948683 0.89999 0.01432 0.007161
1.581 2.499 0.0397 0.019886
3.16227 9.99 0.1589 0.07949
6.3245 39.999 0.63646 0.31823

15.8113 249.997 3.9788 1.989

31.6227 999.995 15.915 7.957

Let the vector A as shown in Figure A4 represent the forcing

function, which is a sequence of discrete independent random variables

with a normal distribution, specified standard deviation, and zero mean.

The time history of this forcing furction (i.e., F[t]) is written as

F(t) = AK for

() DT « £ = (K « 1) DT

The autocorrelation function of this process is written as

l B(F(t,) Fit,)]

} if % and t are in the same time increment (i.e.,

| 1 2

(K)DT < t,,

E [A'Z(]

t, < (K + 1)DT),

87
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or as

E[F(t,) * F(t,)] = © (A.24)

if t1 and tz are not in the same time increment. This generating
forcing function can be considered as an approximation to true band-
limited "white noise'" excitation, which has an autocorrelation function

defined as
B{P(t,) « F{t,)] = B [A®] DT [aul . tz)]

if the response of the system being studied has a characteristic time
(i.e., a fundamental period equal to 2n/w) that is large compared to
DT. In this report the fundamental period of the system model

was set equal to 20 DT, which was verified by experimental investigation
to be sufficiently large to assure that the input forcing function did

in fact approximate true band-limited "white noise" excitation.

*
8(t, - t,) is the Dirac delta function.

1
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FIGURE A1

PSD OF THE FORCING EXCITATION GENERATED USING
SUBROUTINES GAUSS AND RANDU

2

S(w)
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w3 s Y w3
FIGURE A2

PSD OF BAND LIMITED FORCING EXCITATION

‘R(f)
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FIGURE A3

AUTOCORRELATION FUNCTION FOR BAND LIMITED
FORCING EXCITATION
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APPENDIX B
STATISTICAL DISCUSSION OF EXPERIMENTAL RESULTS

The data values presented in this report represent an
empirical "Monte Carlo" investigation, are ensemble averages of N
generated time-history responses. Each of the tine-history responses,
which represent the numerical integration of the system model equations
of motion, were obtained by using the appropriate computer program logic
with an arbitrary sample of F(t) (i.e., normally distributed random
forcing function with a specified mean and variance) as excitation.
Initial conditions (i.e., displacement and velocity) were set equal to
zero for all data samples.

Let <§;> denote a simple ensemble average over an ensemble size N

for a randon variable x. It is statistically known that the variance
of <?> is given by

o2

2 X

o <?>> e i

ek ; g
here cx is the variance of the random variable x. From fundamental

(B.1)

stics the following definitions are presented:

+
£[ mean value (x) = f x p(x)da (B.2)

+@

E[(x - 732] = variance (ci) = jﬁ (x - ?)2 p(x)dx (B.3)
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E[xzj = mean square value (x") f x“ p(x)dx (B.4)

o
f p(x)dx = 1 (B.5)
AT (B.6)

The variance of the mean square is written as

022 = E [(xz - E[xz])z} = fw (xz - E[x2]>2 p(x)dx (B.7)

X

From Definition B.6 with the mean (i.e., X) set equal to zero one

obtains the following rel<:cicnship

E[XZ] = x2 = oi (B.8)

Using Definition B.8, Definition B.7 can be rewritten as

+@ + +@
022 = f x4p(x)dx - Zoi f xzp(x)dx . ci f p(x)dx (B.9)
x - -0 -0
2 4 4
oxz s E[x'] - oy (B.10)

: 4
Studies of E[x ] or 022 were not performed for the response data
X
obtained in this report. However, one can obtain some useful

information about the variance of <x2> by assuming the response Xx is
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Gaussian even though it has been shown by Lutes that this assumption

is not always valid, especially for hysteretic or nonlinear systems.

I1f x is a normally distributed random variable (i.e., Gaussian) with zero

mean, the following relationship is useful

D jl i TanE | R & 02 for D = even
E[x] = (B.11)
'0 for D = odd
Evaluating Definition B.11 for D equal to 4,
4 4

WKL » 20, (8.12)

Combining Definitions B.12 and B.10 one obtains
2 4
axz = Zcx (B.13)

Using Definition B.1 as an example, the ensemble variance of the mean

square value is expressed as

o2
x2
- (B.14)

o’ a
&)

Substituting Definition B.13 into Definition B.14 yields

Q = —.—5— = 02
N 3

2\ 1/2
(N) (B.15)

*Lutes, L.D., "An Approximate Technique for Treating Random Vibration of

Hysteretic Systems,' Report No. 4, Department of Civil Engineering,
Rice University, Houston, 1969.
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Definition B.15 expresses the relationship between the standard devia-
tion of the mean square ensemble average <.v.2> of a Gaussian process
with variance oi and the number of averages N 1in the ensemble. This
equation applies equally well to displacement or velocity. Table B.1
presents some typical numerical examples.

TABLE B.1. STATISTICAL RELATIONSHIP AS ENSEMBLE
LENGTH N VARIES

N (2/n) 12 5
o

10 0.4472 0.4472 oi
20 0.3162 0.3162 oi
24 0.2887 0.2887 oi
40 0.2236 0.2236 oi
48 0.2041 0.241 ci
4
60 0.1826 | 0.1826 o
80 0.1581 0.1581 oi
160 0.1118 0.1118 ci

For this study, N was set equal to 24. It should be noted
that doubling the ensemble siie, which would consequently double the

4
computer costs, would have reduced the standard deviation of <x"> by
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