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five times (faster than the ratio for the NETSIM
wodel (4).
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Service Rates of Mixed Traffic on the
Far Left Lane of an Approach

WILLIAM R McSHANE AND EDWARD B LIEBERMAN

The eMect of et turming vetucles on spproach capacity has been atwerved and
Hudied. bt § complete model hay been lacking A4 part of the deveiopment
of the TRAFLO pmuiation model tor the Federsl Mighway Adminatr ton the
capacity of § Hgnatized in1ereclion approach wes madeled  The maest com
plex component of this cap. oty madel, that for left turn lanes. i & scused
Thees basic types of intervals for the vehucle ducharge process sre wentibied,
and the probabelities of sach are found. Expressions for e pected vehicle duo-
charge per eyele and for saturation fow rater per hour of green are reported.
Fastonstie resuits have been obtarwd

The problem of a3 lett-turn lane that serves both
tutning and through vehicles has been addressed in
various ways, as bas the probles of lanes that secrve
turners only (i=)), The L1965 Highway vapacity Manual
(4) provides some empiric assessment of left-turn
capacity wichout special phasing; other treatments
include egquivalencies for left turnars tacing
opposing traffic (3). But none of the existing
treatments provides the level of intorsation and
detail necessary for imclusion in the TRAFLO model
currently being develope* for the Federal Highway
Muainistration (FHsA),

The TRAFLO model ('«<ludes a determaination of
service tates on app.ocches to & signalized inter-
section. (It also includes appropriate treatments of

unsignalized intersectings, but these are et
treated in this presentation,) The dischatqge service
tates oOf venicles on the individusl lanes are
strongly linked to the mechanism by which the

thiough vehicles distribute theaselves among the
lanes in & self-optimizing fashion, Computationally.
the service cates ot the mixed traffic lanes (i.eo.,
those that contain turning and throuqgh vehicies) are
functions of the percentage of turning vebicles in
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the lanes., This interdependence of servi~e rates and
the Lateral distribution of vehicles on an ApPLOACH
Cteates a fesdback that can be adaressed by the
loliowing fterative computations

1. Assuming that all vehicles in the outermost
lanes tuin, the service rates of these lanes can be
somputed from approptiate models to  begin  the
procedure.

i. Based on these service tates, the principle of
jrivers optimizing their individual travel timse is
applied in order to compute the implied percentage
of tuths in each lane that serves mixed (1.8
theough and turning) traffic,

3. If the lane percentages differ from the
sesumed values, the initial computation is cepeated
but the latest lane percentage (s used,

The overall procedure implied in these steps is
discussed and justified in o paper by Liebersan
elsewhere in this Record. It has been shown that
convergence is obtained ana that few Lterations are
reguited,

This paper is restricted to (he model of the lane
that contains through and left=tutning venicles, s
(equited in the statement “cosputed (rom appropriste
mooels® in step 1 avove, The complexity of the
precess sanes 8 closea-form solutien infetr b adv, Nt
rne forsmuletion obtained 48 both com.iete ond
ciactable, It s certain.y weil suites w0 the
original putpose-~inclusion in the TRAF LY madel--and
could potentially be @ component A e general
procedure for estimating intersection capacity.

b e

JENSH
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LEFT-TURN- LANE MCOOEL

The far left lane at an intersection generally
containg mixed traffic, of which a fraction
turns Jett ard o fraction (1l = ) goes through.
The activity duting & patticular green phase s
handled by three sutmodels:

L. An A model, which hanales the discharge of the
subject lane while an opposing gueve Is dischatging
Of a coherent oncoming platoon 18 discharging:

3. A b model, which handles the discharge of
vehicles on the subject lane during unstructured
OPPOSiIng arrivals, usualiy atter the A model; and

J. A C wsadel, which handles the discharge from
the subject lane by a number of left-turn laggers at
the ed of the green phase and a “jumper® at the
beginning of the phase.

Each vehicle in the subject lane is assigned a
probability 1+ of being & left turner, except as
explicitly noted, Gaps In the opposing flow are
assumed to be exponential during the B madel., This
assumption s reasonable and has two important
advantages: f(a) If each gap in each opposing lane is
exponential, It can be shown by order statistics
that the tesv'tant gaps are also exponential ard (b)
in the B model, truncated gaps and conditioned qaps
play an important role, Note that the distribution
of the conditioned gaps of an  exponentially
distriouted sequence of 9aps is also exponential.

For the putposes of the work presented in this
Papel, we assune that dischatges from bBoth the
subject lane and the opposing queve (Il any) are
deterministic at specified rates. An endless supply
of vehicles (s asssumed In the subject lane, for it
is the capacity value that is of interest in this
work. Cleatly, If the necessary demand (s lacring,
the actual output can be less than the levels that
tesult from the computations.

It sugt be recognited that the made. Ppresented
here was developed to be both logical and complete
and to yleid wnown sensitivities that are not
represented in previous lotmulations and at the same
time to tesain tractable and computationally
feasible, Some refinements are possible but were
judged unnecessary for the precision with which the
model would be used, For instance, duration for the
A model is actually a random variable, but a simple
deterministic computation (s done to estimate (ts
duration. Likewise, & weighted average headway is
used In the B model to simplify the formulation and
the computations.

A Nodel

For simplicity, completely random (i.e., exponen~
tially disteivoted) opposing arcivals are assumed in
the A model. As Figure | shows, & gueve f[orma on the
opposing approach. The gqueue discharges during the
*A period®, effectively blocking any discharge of
left turnecs on the subject approach during this
time.
T™he A duration is given by

A QuuplR LV(S-Q,,) th

wheie

QW‘ * total opposing flow (vehicles/h),
red-phase duration (s),
L = vetal 2tatt=up lout time for discharging
queue (8), and
§ * 10tel opposing saturstion fl w
{vehla.en n).

Figure 1. The A mode!
Cppos-

L G a
B
S (Grgen A /[Trajecte
““\ Bite \ d.' l’-nt ry
ormation - o \ / i Queued Vehicle on
\\v’ bﬂﬂlm Approach

How many vehicles can be dischatged (rom the
subject lane during the A duration? Only lesding
through venhicles -an discharge, since the first left
turner must wait wuntil the opposing gqueue s
dischatged. The maximus numbetr of through vehicles
that can discharge (M%) 1is

M* i) )

whete t. s the mean discharge headway for a
through vehicle in the lane of interest (s/vehicle).

Consider the situation of X thiough wvehicles
preceding tne flrst turner. The probability of there
being x through vehicles preceding the first lefrx
turner is

‘u-u" e Mt

M‘.”')'«-n"' e M o
and the expected value of x is
' l:'
NatEIX] s ¥ abiXsn) 4)
LI
or
Na® 100 = M) = (1« M) %

For small Ay the asymptot ic form LY .
M*(L = (M* # 1)4a/2] 1= used to avoid numeric prob-
lems with the division by L as it approaches sero.

It I8 necessary to compute the gap-distribution
pacameter o for the B model. This value s based
on the total cpposing flow minus that partion that
i discharged during the A duretion,

Let Ng equal the number of vehicles discharged
from the opposing approach during the B durstion oa
one cycle:

Ny ® (Qopet /36000 {1+ [(R* ANC] ] = Q3600 6)

where € is the cycle length in seconds. The rate of
fiow during the B duration e thetetfore

Na B ® Qg IO (N

o




and, o sequently, a = o,,"/uoo vehicles/s.

b Nedel
The 8 model, which (s telatively complex, is
presented in two parts: the “stacrt” operation ana

the "normal” opectation.

Stact Operation

At the beginning of the B interval, there (s a
probability Py that the first vehicle is a lef:
turner  (this is the “left turner first* (LIF)
sltuation|:

Mty
Par Y b FY R LOT i (%

LA

This left turner must wait theough N gaps in the
opposing flow that are too small, followed by & gap
that is at least the minious size. The prodabilivy
that a gap is too small is

P, 2ll-eT) i)

whete o is the parameter for the
distribution (L/s) and T is the gap tequired by the
firet left turnetr in & Qiven gap (s). The expected
value of the waiting time through the suctession of
such 9aps \s

opposing~llow gap

um-t...r.'u-r.»-,..r.u-r.. i

e

where w; I8 the mean of the

shown in Figure Ja

A\l
n.-f tytnpde =gl a) - Tel - F, P (i
0

After this,
mean of
§iven by

tejected gap, as

there is & 9ap that
this ascceptable qap.

is big enough, The
dencted as 43, s

By s [T tia (2

which reflects tha pioperties of 1he
distribytion (see Figure 2b).

This same gap way also service other vehicles, If
the fellowing vehicle is another turner, it taxes
H, 8 to discharge. 1f it is a through vehicle, it
takes t, & to discharge., To make the modeling
tractable, it (s assumed that both take the same
time N, & weighted avecage:

exponential

He g * (1« My i1

The numbetr of vehicles that can be accommodated
An this gap is shown in Figure 3. It can be shown
that the expected numbers of left-turn and through
vehicles 4in this gap ate as follows:

BOLTY® [ =1« MUK - L) (14
ECTHRL) = (1 - MUAL - ) (15
ETOTALI = L1 <) (16)
whete U * M Note that these are the expected
nunber of vehicles to be discharged in the tise b:

D E(W) sy (1

Oefined by the LTF gsituation that begins the &

intervel.
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Figurt 2. Two types of gaps in the 1tart of the 8 intervel
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Figure 1 Number of vehucier secommodated n & gap

e

Figure & Al thiough vehicles discharged duning & gap 10 the opEONNg IITeem.

W

et =

Through =

-at
Shaded acen » #1018
whare § » 4,

tit)=ae

it

the musber &1 through vehizles passed

is) W,

PN wenicies are throughe )
. ea®

b

L l!. N.

(e} The probability of N conseculive throuwgh vericies




Tranapcgtation Research Record 772 FaY
"
A specisl coase arises when the B dutation is less probability of the qep “passing® only theowgh
than the scceptable gap (L.e., D > B), vehicles and h; be the exp ed nusber of vehicles
passed (gaven that all are throwgh vehicies). 1t
Normal Operation should e noted that (1 = )™ is the prod-
ability string of exactiy M throuwgh vehicles fol+
Alter the time described above, other Japs oour. lowed By cutofl and », the probebility that & qap
These can be telecrted to as notmal gaps (i.e,, not will “see® only through vehicles, s egual to
special, as the start situation was), Two distinct e ilg,
possibilities oceur: (a) ALl vehicles processed ate Figure 4 summdrizes the sSequenve (or an arba e
through vehicles, ot (b) only the tirst M vehiclies trarily selecvted ja§ L il whe yap Lalis Getween
ote thtough vehicles., These two possibilities will v, and At it an pass M = 3 through vehicies:)
be considered here individually. the Pprobedility that ihere are tw consecutive
In the Lirst cose, note that the opposing Jap IS through vehicles s T f. Sumsing over all
*used® by through vehicles only in the sense that possibilities, Py = the protability ot M consecy-
they CeCupy the same time and precivae 1Ls use Live Lhrouyl vehicies times Lhe prtobability thet the
others (Le0.y left tuthers). et ¥ b the jgap s smaller. ihus,
Figure 8 Summary of sctivities in sach phase of the model
AT _INTERVAL LEFT TUANER FIRS® (Beqirning “9°)
Ny vehicles (all A\',u o EiLT) o+ Rlvwmu] wenicles
throwyh) In A - in firat gaps devoted e
seconds tlearing this situatior

e Duration Rlw] » ¥y

B
4

TNORNAL®_ GARS

& With Probability P_ . Yhis case happans Theouy vehicles
enly ore passed u' of thes Curation vn,v\.v
TERMINATION
. h Probabiiity A, & "LEFT TURNER FIRST" situation with

Fase J Sumpeare and Bratintice above
S
l1aggere in 0 seconds

of time atudied @ With Pronabiliity (1«daP. ), & Sase with two subtanes wilth
“Telati o‘>,v”:-i-...-."..u and chacacteristics as follves
* with Probantlity P, 5 #y throuen 1o[oh o B, Jooe
—— i re Lty pass Ny through in(=p ¢ B, jeee
& MM s gercra 2 "LEFT TURNER FIRST® situation
- Mil=-2) )
"3 a _% . 2 i ‘l
Rl ® with Feobabiiity (1+P.) paes Ny ¢ BILY] & E{Twwous
o Mol 1-8 e e ALY !
|
{ b iy ) seeends
i
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) Tl
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One can similarly develop an expression for Ny,

Por the second possibility<-that only the ficst ™
vehicles are through vehicles--there ate three
Subcases: (8) M =G, (Bl M >0 and the first jeft
turner canno® be passed, or (¢) M 0 and tne
first left turner can be passed. In the interests of
brevity, a detailed development is not presentes
here.

Figuere S5 shows a summary of these and other
subcases. The relative frequency of the different
subcases, % how one begets the other, are
SuMmarizes later in this papecr. Clearly, If M » @,
the first venicle is & turner and *he situation is
ldentical to all LIF situations, as in the case of
the ¥ sodel.

€ Mode]

Lot there be J left-turn “juspers® or “laggers® per
eycle. Une must find an exptession for J.

A% the end of the cycle, several configurations
of left turners may “push® themselves through, as
shown In Figure 6. It is plavsible to assume that no
moce than 2 left~turn leggecs/cycle will push across
the stop line. From Figure &, it can be estimated
that the.e are (p % pi) expected laggers at the
end of tha cycle, where p is the prodability that
the vehicie or wehicles indicated in Figure & are
left tutnecs.

Note that the provability P is not the typical
Probability of a left turmer, 4, It depends on the
fact that the configutations in Figure & ate oredted
&Y the B interval activity, The wvalue of p 1is
discussed in the summary of model and time
allocation.

The "NO* in Figure & also gives insight inte the
Probability of a left turner leading the A intecval:
', Based on onservations made in  wWashington,
B.C,y the probability of that vehicle jumping is
taken a8 1/3. Thus, & (easonable estimate of the
number of Jumpers and laggers per oyclie as

Jephied et 1

Figure 7 Descripnon of 4 evenn " men
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SUMMARY OF MODEL AND TIME ALLOCATION

Figuee 5 summarizes the activity in each of the hey
intecvals of the phase. However, this does not
Provide an estimate of how many evests happen in the
Phase, from which the productivity can be computed,

Assume that there afe » events in the B
interval, net including the initial LTF situation.
Figute 7 shows the sequence in which these events
aeCur.,

There are I3 #348 & 41 =4 = PiPn)
LTF situations in a green phase, which leaves the
following time (in seconds) for other situations:

BePredagetl «XePyiPynl[E(W)+ 5y (20

There ace (1 = d)n other situations from the
illustration aleve, each of which averages f
seconds. From Figure 5, ( can be computed as follows:

Fo IPINy 1 o 11« ke PP, Jitg/h) ¢ 4y )
SO R Padl « Poaftg N e g 1) /(B 200« Ke PP,
P-RhaPiil - P (M1
Further simplification is possible, but not
necessary, 9iven the anticipated numeric solution.

Thus, the situations use (1 » i) fy seconds.
The following equality,

CheXiin =B Py ¢ ANSEL AP I EIWY e ) (2

Leads to

W [EOW g P ) M e AP P Wi s sl (20
Enowing n, one can obtain expressions for the

cxpected number of through vehicles (THRU) and

lett=turn vehicles (LEFT) in a phase:

THRU SNy o FyNgo ¢ ECTHRLY) [Pg + 01 «Pyml ¢ Nowi = h«Py) (24)
LEFT =0 0 Bl TPy # () « Pyn) (4

GCiven these, simple multiplication, by (3600/green

time) wiil yield the components of the satutstion

ilow for the lane, in vehicles per hour of green,
Figure 5 and the separation of cases illustrated
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Figure B Approsch capecity s lane 3t but o
funcuon of percentage of lelt turnery and oppan

interacty elite ' t -
‘hne N ) vice Vel o - ple
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