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. A Method of Generating Multigroup Transfer Matrices Using

an Analytic Angular Integration Free

of Truncation Error

J. A. Bucholz

.

ABSTRACT

The evaluation of generalized multigroup transfer matrices
for transport calculations requires a double integration ex-
tending over the primary and secondary energy groups where, for
a given initial energy, the integration over the secondary
energy group may be replaced by an integral over the possible
scattering angles. The XLACS cross-section processing code

I presently used in the AMPX system treats this angular integral
in an approximate manner. The more recent MINX cross-section
processing code treats this angular integral analytically but
can admit some small truncation error. These treatments are
reviewed along with their weaknesses. In the present work,
analytic expressions for these angular integrals are derived
which are free of truncation error. Straightforward exten-
sions to include inelastic and/or anisotropic scattering are

'

included. FORTRAN routines are provided for nuclides having
( isotropic clastic scattering in the center-of-mass system.
|

A. Introduction

Many detailed multigroup transport calculations require group-to-group

Legendre transfer coef ficients to represent the scattering processes in

various nuclides. These (fine group) constants must first be generated

from the basic data. This report details an alternate teck.1que for gen-

erating such data, given the total scattering cross section of a partic-

ular nuclide on a point-wise energy basis, c(E'), and some information |

regarding the angular scattering distribution for each initial energy |
|
'

point.

Given the Legendre coefficients of the scattering cross section on a

point-wise energy basis, o (r,E'+E), the group-to-group Legendre transferg

coefficients are defined as:

14035
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2

g-1 E'~1E E
3

$g(r,E') O (r,E'+E) dE' dE Ig
E EE E

o (r,g'+g) E
, (1)g ,

$g(r,E') dE' ,,

EE t

where $g(r,E') are the Legendre coefficients of the angular flux distribu-

tion at each point. The use of these higher order angular flux coeffi-

cients as energy dependent weight functions has been shown to be necessary

if the group-to group Legendre transfer coef ficients are to be consistent

with their use in the solution of the Boltzmann transport equation by

the spherical harmonics method . Prior to performing a detailed trans-

port calculation for the given configuration, such detailed information

is not known. In practice, the higher order terms, $g(r,E'), are replaced

by an energy dependent weight function $(E') whose form largely depends

on the end use of the cross sections being generated. For the generation

of cross sections which are problem independent, $(E') may be 1/E' or
1

some other assumed form. For the generation of cross sections which are

mixture dependent, $(E') may be the scalar flux resulting from the solu-

tion of the integral slowing down equation on a point-wise energy basis.

In that event, the group-to-group Legendre transfer coefficients and the

weight function, $(E'), may be developed in parallel, with a single

point-wise sweep thrchgh the slowing down region. In either case, the

group-to-group Legendre transfer coefficients are approximated as:

g'-1 -

E~E E

o (g'+g) = (1/$E) $(E') o (E'+E) dE dE' (2)g ,

g g ,

MO@b
<
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3

where the spatial dependence of o (g'+g) and o (E'4E) is understood.g g

The Legendre coefficients, o (E'+E), of the angular scattering crossg

section, 0(E'+E,p ), are defined as:,

f

h. +1
o (E'+E) E 2Tr c(E'+E,p ) P (p ) dp (3)g g g g.

:
llowever, the angular scattering cross section, c(E'+E,p ) is of the form:

1

0(E'+E,p ) = c(E '+E) 6 [p -p*(E ' , E,Q, A) ] (4)

where, if p represents the cosine of the angle of scatter in the lab

system, p*(E',E,Q,A) represents the only possible value of that variable

given the initial neutron energy (E'), the final neutron energy (E), the

excitation energy (Q), and the atomic mass of the target nuclide (A). For

two-body interactions, p*(E',E,Q,A) is given by:
g,

.

p*(E',E,Q,A)=f (A+1) - (A-1) + (5)
1

which, when inserted into the definition of o (E'+E,p ) and o (E'-+E)g g

yields: I

o(E'+E)=0(E'+E)P[g(E',E,Q,A)] (6)-g g

|
.

|Integration of this quantity over the primary and secondary energy groups {

|
as noted in Eq. (2) then yields: I

!

E E-E E
o (g'+g) = (1/$8,) $(E')g

E EE - E
-

P [p (E',E,Q,A)] 0(E'+E) dE dE' (7)g .

_

14037
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4

1

The accurate evaluation of this expression represents a severe computa-
1
|

tional burden which must be addressed by any cross-section processing

code. The present method differs from previous approaches in that it

yicids an analytic solution for the integral on dE wl.ich is free of "

I

truncation error when the scattering function is given by a Legendre

expansion in either the center-of-nass (C) or the lab (L) system.

B. Basic Theory |

The scattering function, c(E'+E), represents a distribution over the i

secondary energy (E) and hence over the scattering angle. If p is the

cosine of the scattering angle in the center-of-mass system, then those

neutrons which scatter into dE about E must be the same ones which

scatter into some dp about p such that:
c c

0(E'-*E) dE = c(E') f(E',p ) 2ndy (8),

where O(E') is the total scattering cross section for the particular

nuclide at energy E', and f(E',p ) is the probability per unit solid

angle that an incident neutron of energy E' scatters into an energy E

associated with the scattering angle cosine p in the center-of mass

system. This scattering probability function nay, of course, be expanded

as:

w
2k+1

f(E',p ) = f (E') P (U ) (9)'

7 k k c

The motivation for expanding this probability distribution function in

the C system stems from the fact that scattering processes always appear
I

more isotropic in the C system than in the L system. Hence, a good
1

140313 |
-
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representation of the scattering processes can be achieved with fewer

terms in the C system. Indeed, most scattering involving the formation
, of a compound nucleus is isotropic in the C system, in which case the
I
|

present expansion requires only one term in the C system. An infinite,

)
number of terms would be required to represent this same process exactly

,

in the L system and even a moderately good representation for hydrogen
! would require a large number of terms. (Note, however, that the coeffi-

cients a (g'-g) which will be calculated are in the L system, as necessaryg

for subsequent transport calculations.)

For isotropic scattering in the C systen,

f(E',p)=h (10)

and Eq. (8) becomes:

c(E'+E) dE = f c(E')du (11).

Hence, the integral on dE may be written as an integral on dp :

EE"
P [p (E',E,Q, A)] c(E'+E) dE =g

{
EE

p c(E',E 'O'^)U
U

c(E')j P [p (E',E(p ),Q,A)du (12)
=

g
p G ,E ,Q,0

c L
|
|

|where, if the scattering is also elastic in the C system (Q=0), (

P = YP - Y + P (Y P2 2 + 1-Y ) /2 Y = 1/A . (13)
2 2 1

c t t t . '

For neutron moderation due to elastic' scattering in the C system, the

secondary energy E must lie in the range aE'$ESE' where a = ((A-1)/(A+1)) .

14039
|
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E~1-E

E~
E l

E-E
E'

E E~E E

EE g_1
._.

E~-E
8-E

E-E
I

E~E =0 E= E =E E" =0y U U U 'U
1

E EE =0 E =E E =E E =aE' E =0g, g

Figure 1. Porsible Location of an Arbitrary Secondary Energy Group
Relative to the Range of Possible Secondary Energies E'+aE' and the
Limits of Integration that Should be Used in Each Case.
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An arbitrary secondary group having limits EE +EE may lie totally
1

within, partially within, or totally outside the range E'+aE' as shown

in Fig. 1. The use of E and E as defined in Fig. 1 assures thatg

E (and/or p ) will be integrated over the proper range for the givenr

initial energy E'. The restriction to the range E wu be neces-U L

sary even had the change of variables not been made.,

!

P [p (E',E,Q,A)] is a simple polynomial in p but the variable ofg

integration is p Changing the variable of integration to p will.

allow the integration to be done analytically in closed form. To do this,

note that Eq. (13) can be dif ferentiated to yield:

2dp p2' 2 UL

dp =y,12pg+ 2 L f1-y ' 2I
+Y + ! (14)*

2L 1 ;y j
b1Y t

For y < 1, Eq. (12) may now be written as:

E~E

P [p (E',E,Q,A)] c(E'+E) dE =g g
E

E

"c ' U'O'^
O(E ') P [p (E',E(p ),Q, A)] du (15a)

=
g c

p (E ,E ,Q,A)
c L

!
i

( p (E',E ' '^
y, U du

fc(E') P [p (E',E,Q,A)] du (15b)f
=

g g dup (E ,E ,Q,A) Lg

|

g(E',E' '^U u t,

fc(E') 2u + a +p2+ P( ) du (15c)a
, g

p (E',Ep ,A) a+p{QL
.

_ - _ _ _ - _ - _ _ _ _ _ _ - - . . . . _
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where a = (1-y )/y , and the Legendre polynomials are defined by

P (N } " I' 1(N ) " Y , and the recursion relation,0 L L L

EP (p ) = (2E-1) p P _y(p ) - (E-1) PE-2( L) (16)g L g .

Since P (p ) is simply a polynomial in p it is necessary on] al-g g,

unte integrals of the form:

i (x) = x" d x n=1,2,3,4,5, (E+1) (17)....n

g (x) = x" a +x dx n=0,1,2,3,4, E (18)...,n

' *n-

h (x) =
\[2+x- dx

n=2,4,5,6,7, (1+2) (19)...," 2

The integrals represented by g (x) and h (x) are less obvious than

those represented by f (x). In both cases, a substitution

t an 0 = *-
cos 0 = Ma +x^ 2 21

16
o x

Ya 4x2.2x = a tan 0
co 0

0

Ya+x2 = a sec 02 2a dx = a sec 0 de

of the form x = a tan 0 will prove useful. The evaluation of the g (x) in-

tegrals will be illustrated more fully, with development of the h (x) in-

tegrals following a similar course. As will be seen, a separate case must

be made for n = odd and n = even.

For n = odd, the g (x) integrals are evaluated as follows:
n

g (x) = x"Ya+x2 dx = a"+ tan" O sec 9 d6 (20)2 3

904Z
1

..
'
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M2 2 3 n-1tan 0 (sec 0 - 1)" sec 0 de ,g (x) = a m= (21).

n

2Using the Binomial theorem to expand (sec 0-1)* yields:

(sec 0 - 1)" sec 0 = (sec 0)2 e3 , 'l-
(sec 0)2(m-1)+32 3

' l -k 2-k'
sec 0)2(m-2)+3,

L b< l

(sec 0) 2(m-3)+3
2 3+

,

+. k = m+1 (22). . . . . , .

.

Recognizing that tan 0 = sin 0/cos 6 and substituting into Eq. (21)

yields:

-

(cos 0) 2(m-1)-4g (x) = a"+ (cos 0) 2m-4 , 1 -

1-k [2-k kos 0) 2(m-2)-4
-

,

i tf ir t

1-k 2-k
2f;3-k -2(m-3)-4(C * )+

1 3;i 1 3

.

+. sin 0 de (23). . . . . .

J

Letting v = cos 0, dy = -sin 0 de will allow the integral to be evaluated

with case, the result being:
,

g) , ,n+2 f1 sec 0)2n*3 ,
2(m-1)+3;, 1 ;;

II -k g)2(m-1)+3
I

l1
g,

( 2n+3;n

I 1-k}f2-k' sec 0)2(m-2)+3
l 1

(2(m-2)+3f1j(2;

pe43
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_ _ . . _ _ _

10

1-k'f2-k'l-k}I 3

2,k3|(sec0)2(m-3)+34
,2(m-3)+3;, 1 ;1

.

+ n = odd (24). . . . . . ,

'

.

where:

m = (n-1)/2,

k = m+1, and

sec0=Ya+x2/a.2

To evaluate the g (x) integrals for n=cven, one proceeds as before:n

g (x) = x" a +x dx = a"+ tan" O sec 0 d6 (25)n

+ 3g (x) = a (sec 0-1)" sec 0 d0 , m = n/2 (26)n .

Using the Binomial theorem to expand (sec 0-1)" yields:

I(sec 0)2 e3 , ! I f (sec 0)2(m-1)+3ll-kIn+2g"(x) = a
L

, \

(m-2) +3+ (sec 0)'

t i i

* \ \
1-k; 2-k|3-k: (sec 0) 2(m-3)+3,
;1 2j 3-

"I+. . I de n = even (27). . . . ,

I
=4

where m = n/2 and k = nr+1. This differs from the previous case insofar as

one must now integrate powers of sec 0. Fortunately, this may be done

analytically using a reduction formula of the form:

.

14044
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(sec 0)d d0 = (sec 0)j-2 tan 0 + (j-2) (sec 0)j-2 d6 (28)

where

sec0d6=In|sec0+ tan 0|=In(x+Ya+x) (29)2 2
.

The integral of sec 0 may be easily verified by differentiating the result.,

The reduction formula may be proven by setting:

u = (sec 0)re2 dy (sec 0)=

du = (n-2) (sec 0)n-2 tan 0 d0 v = tan 0

and integrating by parts using

1

u dv = uv - y du (30).

Applying this reduction equation repeatedly to each term in Eq. (27) will

yield the analytic result for g (x) in terms of sec 0 and tan 6, where
i

sec0=Ya+x/a and tan 0 = x/a .2 2

For n = odd, the h (x) integrals may be evaluated the same as the
9

g (x) integrals, c.f. Eqs. (20-24), with the result that:

.

'1 ' '

h (*) " "n (8'" }2m+1 +
1 'l-k (** )2(m-1)+1

2m+1; ,2(m-1)+1j ( 1en
_

f1-kf2-k'
I

1
(8 0)2(m-2)+1+ (2(m-2)+1;{1 f4 2;<

1 i 3-k 2(m-3)+12(m-3)+1;{l-kf2-k (""+
1, ( 2 ; ( 3 ,,

_

+. (31). . . . .

-

M045
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Ya+x/a2 2where m = (n-1)/2, k = m+1, and sec 0 = .

For n = even, the h (x) integrals may be evaluated the same as the

g (x) Integral , c.f. Eqs. (25-27), with the result that:
n

h (x) = a" (sec 0)261 , 'l-k'
(sec 0)2(m-1)+1n 1; 3

'

l-k 2-k
0) 2 (m-2) +1, l

1j 2),

+f1-kl2-kf3-k 2(m-3)+1(" '
t, 1) 2 ) t, - 3 ;

1
+. i d0 , n = even (32). . . . .

.!

whe re m = n / 2 and k = nel . Applying the reduction equation repeatedly

to each term in Eq. (32) will yield the analytic result f or h (x) in

terms of sec 0 and tan 0, where:

sec 0 = Ya +x /a and tan 0 = x/a2 2
.

_C . Exact Treatmeit for Hydrogen

For clastic scattering in the center-of-mass system, y = 1/A where

A is generally the atomic mass of the target nuclide. In the context of

two body kinematics, A as used in the above equations should really be

the ratio of the mass of the target nuclide to the mass of the incident

neutron. The precise value of that ratio for hydrogen is somewhat less

than unity (0.9991682). This would yield a value of Y just slightly

greater than unity and the form of the above equations would become:

14046
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E~E

P [p (E',E,Q,A)) c(E'+E) dE =g
E

E

2 1

fo(E') f(C,(,Q,A)
' '

2p + p -b + P (p ) (33)g,
Jp p{ - P7,

>

2 2
where b Y_1>0. The integrals corresponding to=

2
Y

E (x) = x"kx-b22 dx (34)

n
*b (x) = dx (35)

Yx-b2" 2

could then be evaluated analytically using substitutions of the forir x =

b sec 0. Using these substitutions and

tan 0=Yx-b cs0=b2 2

b

* l2 2
Vx -b x = b sec 0

0

hx _32 = b tan 6 dx = b tan 0 sec 0 de2

2
noting that tan 0 = sec 0 - 1 yields:

5 (x) = b"+ [(sec 0)"+ - (sec 0)n+1) d9 (36)

li (x) = b" (sec 0)"+l d6 .( 37 )

Applying the reduction equation repeatedly to each term will yield the

analytic result for i (* n(*} '" *#"" *"' "' "" ' "'*#* " """
n

14047
,
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sec 0 = x/b and tan 0 = Yx -b /b .2 2

The exact treatment outlined here undoubtedly represents an unnecessary

degree of accuracy. If, however, such accuracy is desired, the integral

of Eq. (33) must be perf ormed using double precision arithmetic

throughout.

D. Simplified Treatment for Hydrogen

In practice, the A-1 approximation is used for hydrogen, in which

case Eq. (15c) remains valid. For A=1, Y=1 and a=0, such that Eq. (15c)

simplifies to:

Eg
n-

E F
P [p (E',E,Q,A)] c(E'*E) dE = c(E') L g(p ) dp (38)4 Pg g 2

.gr E
E t

kW

Since P (p ) is simply a polynomial in p , it is necessary only to evaluateg t

integrals of the fom

f (x) = x dx = x"+ (39)n

where for odd values of t, n will take on only even values and for even

values of t, n will assume only odd values. In practice, this simplifica-

tion for hydrogen can yield substantial savings in computing time since,

for each of the several thousand initial energy points (E'), hydrogen

downscatters to all lower energy groups. For heavier nuclides, the more

complicated form, Eq. (15c), would have to be used, but the number of

possible secondary energy groups would be much fewer.

140$
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E. Extension to Inclastic Scattering from Discrete Levels

For inelastic scattering from discrete levels, Eq. (15c) and the

ccmponent integrals remain valid. In this case, however, the upper and

lower limits for p would depend on the excitation energy, Q, as showng

in Eq. (5). Likewise, the parameter a would depend on the excitation
2er.ergy insofar as a = (1-Y )/Y where now

- .

2,[ E'y
^ (40)

iA) E' + Q3

Note that this will always yield y < 1 and a > 0. With these minor

changes, the analytic results remain the same as stated previously for

elastic scattering in the center-of-mass system.

F. Extension to Include Anisotropic Scattering

If the Legendre coefficients, f (E), of the angular scattering crossk

section are specified on a point-wise energy basis in the lab system such

that

c(E'-*E) dE = O(E') f(E',p ) 2ndp where (41)

ISCT(LAB) ,,gy,

f(E',g) = '

f (E') P (g) , then (42)g k

*

it is most expeditious to use this data directly. Substituting these

equations into Eq. (7) yields:

16049
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8~1E

P (p (E',E,Q,A)] c(E'+E) dEg
EE

ISCT LAB) p (E',Eg,Q,A)y ,

= 7 c(E') (2k+1) f (E') (43)P (U )P (g) d g.k L gkk=0
p.(E',E,,Q,A)
u o

Integrals of this form may be evaluated quickly and easily siny.e the

product, P (U )P (p ), is simply a polynomial in p . Indeed, Weisbink L g g

has developed a recursion relation for integrals of this form. To the

to which the coefficients E (E') reproduce experimental data, theextent
k

result will be exact and analytic with no truncation error.

If, on the other hand, the Legendre coef ficients, f (E'), of the
k

angular scattering cross section are specified on a point-wise energy

basis in the center of mass system such that

c(E'+E) dE = c(E') f(E',p ) 2ndu where (44)c

ISCT(CM) ,,
f(E',p ) = f (E') P (U ) , then (45)k k c

two options are available. The first option is to substitute these

equations into Eq. (7) and perform the necessary integrations analyti-
-

cally, without converting the expansion coefficients to the L-system

and without introducing any truncation error. The second option is to

use a transformation technique developed by Amster to convert the

C-system coefIledents f (E') k=0,1,2, . . . , ISCT(CM) to L-system coef fi-

cients 2 (E') j=0.3,2, ..., =, truncate the L-system expansion to some {
order, 1SCT(1,AB), and perform the integrals as indicated in the preceding

=

14050
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paragraph. This latter approach is presently used in the MINX code.3

Both approaches are reviewed below.

If the Legendre coefficients, f (E'), of the angular scattering creak

section are known on a point-wise energy basis in the center-of-mass

system, then Eq. (45) may be substitutad into Eq. (44), and that in

turn may be substituted into Eq. (7). The integral of interest may

then be written as:

E~'E
P [p (E',E Q,A)] c(E'+E) dEg g

EE

ISCT(CM) p'(E',E '9'^y U

= 7 c(E') [ (2k+1) f (E')k
p( ' L'9'^)c

P (p ) P [p (E',E,Q,A)] dp (46a)g c

ISCT(CM) p (E',E Q,A) dpcg U
k(Y ) P (p ) dg (46b)p"

c g Lk d g,
p(E',g,Q,A)g

where

dp p 2

ha kuf +
2+g

.

(47)"Y 2pg+ ,a =
dp 2

a YL

and

pc"Y -1 + p a +p , ,2 ,1- (48)
2

t
Y

Without writing all of the coefficients explicitly, the point to be made

14051
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here is that the integral of interest may be evaluated analytically using

the integrals g (x) and h (x) already defined. Since P (Y ) is ak c

polynomial in p , one must consider |dp/dp |timespowersofp. Per-
c

forming the algebra and using the Binomial theorem to expand powers of

p yields

du I, , .

d ("c) = R (Y } + 8 ("L} "+"L+T(Y)fa+p (49)m L m m L 2 2L
t

where k (p ), 5 (p ), and T,(p ) are polynomials in g . Hence, multi-g

plying |d c/dyg|bythefullpolynomialP(Y)will nly hange thek c

coefficientsofthesepolynomials[E(p),S(p),andi,(p)],aswillL

|dp/dp|P(p)P(g)maybewrittenasmultiplying by P (p ). Thusg g

dp
P (p ) P (p ) = R ' (p ) + S * (p ) ha +dp g g

L

+T' (p)ha+p (.50)g 2

L

such that

E~E

P [p (E',E,Q, A) ) O(E'-+E) dEg g
EE

ISCT(CM) p (E'.E ' '^g U dp
p (E') c P (U )P (p ) dp (Sla)=

k c g
d

p (E',E ,Q,A) L
t

14052
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ISCT(CM) i
~

k[-0
p (E') |{ r in(NL E ("L

= +"k n
i n .

k'E
'

"L (E ' , E ' '^}U
h ("L) (53b)+t n n

. p (E',E ,Q,A)g

where R ' (g), S ' (p ), and T ' (p ) are slightly different polynomialsg

in p ; r ' ,s' , and t are the coefficients of these polynomials;
'

n

and f (x), g (x), and h (x) are the integrals which were previously

evaluated. Note that the result is exact and analytic with no trunca-

tion error.

The second option, of course, is to convert the C-system coeffi-

cients f (E') to L-system coefficients f (E'), truncate the L-systemk 3

expansion to some order, ISCT(LAB), and perform the (relatively simple)

integral indicated in Eq. (43).

Certainly the angular scattering cross section as defined by Eqs.

(44) and (45) could also be written in the lab system as

c(E'+E) dE = c(E') [(E',g) 2n d g where (52)

*

f(E',p ) = [ 2k+1 f (E') P (g)
~

g 4n k k (53).

k=0

Since those neutrons which scatter inta dp about p are the same neu-g g

trons that scatter into dp about p .
c c

f(E',p ) du = f(E',p ) dp and hence: (54)t

2k'+1 ("'

"c2k+1 '

4Ti k,( P '(N } *k L 4n k( )k U (k du
"

ck'=0 k=0 - L-

15053
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$ 2
ISCT(CM) I ML

=Y f( ) N (N } YL+ (55b)" YL+ 2k k c L I
.

Note, however, t. hat the L-system expansion would require an infinite num-

ber of terms, f (E'), to represent the quantities within the radicals
k

on the right. In practice, the L-system expansion is truncated to

some order, ISCT(LAB), thus introducing some error.

To determine the coefficients i ,(E') requires multiplying both
k

(55) by P ,(g), integrating both sides from u = -1 tosides of Eq. g .,

p = +1 and applying orthogonality. The result isg

ISCT(CM) 2M1 pg1 du,,

f ,(E') = { f (E') k(N } t'(N } N (56a)g 2 k du c L Lk=0 L,_y
L

ISCT(CM) 2k+1
'

[ I (E') [ r ,L''n(N + "k,t' E (N
k

=

2 k n L n n Lk=0 | n -

~ N =1 |k,t' h (p ) (56b)
L+t .

g' J u =-1" "

t i

Note that the form of the resulting integral is the same as in the pre-

vious case; hence, both methods would require an algorithm for generating

the coefficients r * ,a' , and t '
.

In the approximate method, the functions f (p ), g (p ), and

h (p ) would have to be evaluated once and only once at p = +1 andg

p = -1 for each order, L' = 0,1,2, ISCT(LAB). Having once estab-....g

lished each E ,(E'), the int,egrals of simple polynomials, c.f. Eq. (43),g

would have to be evaluated for each secondary energy group for each

1M()$f1 -
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initial energy. These integrals should be relatively rapid to evaluate.

Some truncation error will always exist but may be reduced by using an

expansion of higher order, i.e., by increasing ISCT(LAB).

In the exact analytic method, the coefficiente, r ,L "n,L
k k

' ' ""n

k'l
t could be evaluated once and stored for each (n,k,L), or they could

n(Y } "#*be reen'_culated each time the functions f (N }' E D "
n L n L' L

evaluated. These functions would have to be evaluated once for each

secondary energy group for each initial energy point, c.f. Eq. (51b).

The result would be analytic and contain no truncation error.

If the Legendre coefficients, f (E'), of the angular scatteringk

cross section are known on a point-wise energy basis in the center of

mass system, then either of the two methods may be used with the trade-

off in running time depending on the expansion order ISCT(LAB) required

to give acceptable results.

G. Review of Another Method Based on Numerical Quadrature

; In the method to be described here, it is assumed that the angular

scattering cross section is known on a point-wise energy basis in the

lab system such that

c(E'-*E) dE = c(E') f(E' ,p ) 21r du (57)g

where the probability distribution function f(E',p ) may, for example,

be specified as a Legendre expansion in the L-system. If the Legendre

expansion coefficients are known only in the C-system, a conversion to

the L-system is made using the procedure described earlier. Substituting

Eq. (57) into Eq. (7) and noting that

14055
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E~E

P [p (E',E,Q, A)] 0(E'+E) dEg g

p (E',E ,Q,A)g g= 2n c(E') f(E',p ) P (p ) dug (58)p(E',(,Q,A)t

yields

E~E
o (g'+g) = (2n/$E,)g $(E') c(E')

EE

F p (E',E ,Q,A)
U

f(E',p ) P (p ) dp dE'g L (59).

p(E',(,Q,A)g j

With no loss of accuracy, this equation may be written as

e +1o (g'+g) = (2n/$E,)g P (p )g
"
-1

-

E~E ~

$(E') o(E') f(E',p ) c(p ) dE' du, (60)E,
t. E

where

if, for EE 5 E' 5 EE'~ ,

P (E',E ,Q,A) 5 g 5 p (E',E 'N ^),g t
U

(61)
, 0. 0 otherwise .

1405G
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Alternately, since g is a monotonic function of E', the effect of c(p )

may be Incorporated in the limits of integration such that Eq. (61)

may be written as:

!

r +1
o (g'+g) = (27t/4E,) P (p )g g

J_1

.

high(U 'E)'
L

(E') c(E') f(E',u ) dE' dp (62)g

_" E (p ,g) -yg g

hi@( L,g) and Eygw(p ,g) depend on various conditions as notedwhere E g

in Fig. 2 with

E E~ E~E" =E p(p ,E ,Q,A) (63)

EEE=EE p(pg,E ,Q,A) (64)

und
r

7 t f r2 r t r 1 7 1p p
+ + ' #^~

;A 1 Y ,A-lj A
1 i ,A lj

p(p,E,Q,A)=f
-

r T'i r

2+ for A-1 (65)2
i Li . i 1.

u

Eq. (62) is equivalent to Eqs. (59) and (60) with no loss of rigor. At

this point, however, it is convenient to approximate the angular integral

of Eq. (62) with a numerical quadrature of some order, N, such that

|

|

1405'?
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-EE~ (pgy)

-EE~ (DL2)
g'-1

-

E (PL1}OE

E (UL2) EE~ (p 3)O

(YL3) E- (pL4)g, |E0E

E-E' (p
E O M)-E (pg)

E

- E (PLS)

=0 E
high high" high F.high" high

= =0

E EE =0 E =E E =E E =E E =0yg yg yg yg

Figure 2. Location of a given primary energy group (EE +EE') relative
to the range of possible initial energies (Ey-1+Eg)ofaneutronscat-
tering through a particular angle (ptn) into a given secondary energy
group (EE-l+EB). Also shown are the limits of integration that should
be used in each case.
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N

o (g'+g) a (2n/$8,) {w P (pg)g g
n=1

,l

high(YLn'E
$(E') O(E') f(E',pLn) dE' (66)

J
h Eg (pLn,8)

As a practical w tter, values of N=8 up to N=16 are commonly used. To

the extent that the angular scattering distribution function, f(E',p ),g

is independent of E' over certain broad ranges, it may be taken outside~

|

the energy integral. The evaluation of the group-to-group Legendre

transfer coefficients is then reduced to evaluating the integral of

|
$(E')c(E') over certain broad ranges in which a(E') is specified by

|

one of the five ENDF interpot tion formulas (flat, linear-linear, log-

linear, linear-log, or log-log) and $(E') may be 1/E' or some other

assumed form. Such integrals can be performed analytically with great

speed. .

The approach described above, based on Eq. (66), has been success-

4fully used in an experimental version of the XLACS code ,5,6 The results

have generally been quite good except in the case of hydrogen (in which

case XLACS now reverts to a more direct numerical approach). The method
i

| does, however, have some difficulties as described below.
l

Given a sufficiently small secondary energy group, the above method

yields at most N group-to-group transfers for which o (g'+g) may beg

non-zero. (That is: LetAEfn~ ##*8P " ""E * "Ln* ^8~

n n

AZE becomes small, AE becomes small. If each AE is sufficiently0n

small,eachAEbn will lie wh 11y within a single primary energy group

14053'
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AE8'. If each AE lies within a separate primary energy group, there0n )

will be (at most) N group-to-group transfers for which o (g'+g) may beg

non-zero.) This problem is most noticeable in the case of light nuclides.
|

With hydrogen, for example, the present method yields 00(g g) = 0 for

many group-to-group transfers when, in fact, neutrons can scatter into

a particular group from all higher energy groups and 00(g'+g) should be
non-zero whenever g' s g. In addition, the numerical values of the

non-zero transfer coefficients may be in error, as noted below.

For the purpose of explaining some aspects of the method, it is

convenient to combine the numerical quadrature of Eq. (66) and the

notation used in Eq. (60). Thus Eq. (66) may be re-written as

N

o (g'4g) a (2n/48,) [w P (pg)g g
n=1

g'-1
eE

4(E') a(E') f(E',ug) c(pg) dE' (67) >

"E8

where c(pg) is defined by Eq. (61). If[(E',p)isapolynomialin
p and N represents a sufficiently large Gaussian quadrature, then

Eq. (67) will yield on exact value for o (g'+g) if and only if c(p "g Ln
1.0 for each angle p When, for a given group-to-group transfer,g 4

c(p ) = 0.0 for any of the N angles (p e numer cal value ofLn ,

o (g'-+g) represents an approximation which should be examined. If theg

group structure is sufficiently fine, there will be precisely N group-

to-group transfers for which o (g'+g) will be non-zero and each of theseg

will have only one (as opposed to all N) angles p f r whichLn

c(ug) = 1.0 and the numerical values of o (g'+g) should certainly beg

14060
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held suspect.* Use of the approximation with a broader group structure

will improve the accuracy of the results since each group-to-group

transfer will then encompass more angles for which c(pg) will be non-

For a physically possible group-to-group transfer within a givenzero.

group structure, exarnination of Eq. (5) and Eq. (61) reveals that the

number of angles for which c(pLn) = 1.0 increases as A increases. Rus,

the numerical values of a (g'+g) obtained for heavy nuclides are betterg

than those obtained for light nuclides. Numerical experiments do, in

fact, indicate the approximation to be quite good for heavy nuclides and

adequate for all nuclides but hydrogen. In all cases, the accuracy of

the approximation may be increased by increasing N.

While the above method may have some difficulties calculating the

individual group-to-group scattering cross sections, o (g'+g), it isg

worthwhile to note that the total scattering cross section for a given

group

G

o (g') = { o (g'+g) (68)g g
g=1

*While the quadrature method (of some fixed order, N) does indeed
fail to yield accurate values of ag(g'"g) when the group structure
becomes sufficiently fine, the utility of even an exact method must
be considered in order to retain perspective. When the group structure
is sufficiently fine, c(g'+g,pL) will physically be non-zero over only
a very narrow range of pt and an adequate representation of the angular
scattering distribution using a Legendre expansion may require many
terms, og(g'+g). Present day computers place a practical limit on the
number of such terms that can be carried in a given transport
calculation.

14061
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will remain correct. Taking the sur:aation on g inside Eq. (67) yields
,

N

o (g') = (2n/$E,) [w R(ULng
n=1

n

8'"I 'G
~

rE ,

$(E') c(E') f(E',pg) c(pg) dE' (69)
"E8 8_" ' .

If f(E',p ) is a polynomial in p and N represents a sufficiently largeg

Gaussian quadrature, then Eq. (69) will yield on exact value for o (g')g

if and only if

G

[ c(pg) = 1.0 (70)
g=1

for each angle p A neutr n initially at energy E' scattering throughLn.

a fixed angle p loses a specific amount of energy and lands up ing
one and only one energy group, g*. Thus, c(p ) = 1.0 for that energy

group and 0.0 for all others. Thus Eq. (70) is satisfied for that

particular angle p The same argument may, of course, be made for.,

each of the N angles, thus satisfying the necessary condition.

H. FORTRAN Routine for Isotropic, Elastic Scattering

in the C-System

Many scattering processes can be hypothesized on theoretical

grounds to be isotropic in the center-of-mass system. Such is usually

the case whenever a compound nucleus is formed. Hence, the exact

analytic treatment of such scattering as described in Section B is of

special interest. A FORTRAN IV function called PINT has been written I

i 10P W
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to evaluate the integral

rM ( ' U,Q=0,A)c P [p (E',E(p ),Q=0, A)] dp (71)g

p( 0,A)
c 'L,

which is required in Eq. (15a) during the evaluation of Eq. (7).

PINT (EINIT,ESECUP,ESECLO,AA,LL) is a REAL*4 FUNCTION, the same as

SIN (X) or COS(X). It has four REAL*4 arguments and one INTEGER *4 argu-

ment. The value of the function represents

UPPER
'PINT E P (p ) dp (72)

" LOWERc

where pg, and p are the direction cosines in the lab and center of mass

systems, LL is the order of the desired Legendre polynomial (E) and AA

is the mass number of the target nuclide. EINIT is the initial energy

of the neutron in the lab system. ESECUP and ESECLO are the upper and

lower energy limits of the secondary energy group under consideration.

From these, the appropriate limits of integration are determined subject

to the constraint that ((AA-1)/(AA+1))2 EINIT 5 E "" 1 EINIT. The result8

is calculated analytically for 0 $ LL s 20. The routine is written so

as to take advantage of the simplified treatment for hydrogen (c.f.,

Section D).

The CPU time required per call increases roughly as (LL/2) and is

a factor of 10 less for A=1 than for A>1. The additional CPU time re-

quired to do the angular integration using PINT appears to be acceptable

when compared with the time required to de the other necessary calcula-

tions in a sophisticated cross section production code. The time

14063
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f
required for such calculations varies strongly with the group structure

and the number of groups to which downscatter can occur.

The PINT routine has been impicmented in an experimental cross-

section code called ROLAIDS. Using 21,000 initial energy points, both a
i

218 group and a 16 group cross-section set were produced for each of six

nuclides including hydrogen, oxygen, and uranium. P' l ' "" 20

transfer matrices were produced in each case. Production of the 218

group cross sections required 5.1 minutes on the IBM-360/95(OS) while

the 16 group cross-section set required only 1.4 minutes.

k
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FUNC TI ON PINT ( EINIT, ESECU P,ES E CLO, A A, LL I
IM PLIC I T R E Al* 8 ( A-H,0-Z )
RE Al*4 PINT, EI NIT,ES ECUP ESECLO, A A
FLO AT( Ni = DFLO AT( N)

{ IN T( X ) = IDINT(XI
SQRT(X) = DSQRT(X)
ALOG(X) DLOG(XI=

PINT = 0. 0
IF (ESECLO.GT.EINITI RETUPN
ALPHA = ( A A-1. O l / ( A A + 1.01
ALPHA = ALPHA * ALPHA
AELOW = ALPHA *EINIT
IF (ESECUP.LT.AELOW) RETURN
ESECU = ESECUP
ESECL = ESECLO
IF (ESECUP.GT.EINITI ES E C U= E I NI T
IF (ESECLO.LT.AELOW) ES EC L= A E LOW
UL U P = SQR T( E S ECU/ E IN IT)
IF (AA.LT.1.01) GOTO2
ULUP = ( AA &1. 0 l *ULUP-( A A-1.01/ ULU P
UL UP = ULUP/2.0

2 ULLO = SQR T ( E S E CL / E I NITI
IF ( A A . LT.1. 01 ) GOTO3
ULLO = ( AA &1. 0) *ULLO-( AA-1.01/ UL LO
ULLO = ULLO/2.0

3 AAAA = AA*AA-1.0
SOF T( AAA A)A =

CALL PGEN (LL)
LL TE ST = I NT(0.1 + 2.0 * FLOAT (LL / 2t l
IF ( LL TEST . E Q. L L) P I NT= ( P INT E (L L, A,ULUP t-P INT E( LL , A, UL LOl l / A A
IF (LLTEST.LT.LL) PI NT=( PINTO (L L, A,ULUp)-P INTO(LL , A, ULLOl l / A A
RE TURN

- END

14068
,
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SUBROUTINE PGEN (LLI
IM PLIC I T R E AL* 8 ( A-H,0-Z )
CO MMON / ANT P L U/ A I S E C ( 231, B I S EC ( 21 ) , C IU ( 2 2 ) , O A( 21 ) ,0 B( 21 )

,

{FLOAT (NI = DFLOAT(Ni
)IN T( X) = 10! NT(X1

SQ R T( X ) DSORT(X)=

ALOG(X1 DLOG(Xl=

LLP1 = LL+1 1

00 2 !=t,LLP1
OA(Il = 0.0

2 OB(Il = 0.0
OB(1) 1. 0=

IF (LL.EQ.01 RETUDN
OB(1) = 0.0
QA(11 = 1.0
OB(21 1. 0=

IF ( LL. EO. li RETURN
00 6 L=2,LL
IUP = L-1
00 4 I=1,IUP

4 OA(!) FLOA T( 1-L i *0 A (II / F LO AT (L I=

IUP = L+1
00 5 !=2,IUP
J= I-l

5 OA(I) Q A ( ! ! + QB ( J i *F LOA T ( Lt t- 11/ F L O AT ('. I=

DO 6 I = 1,1 UP
OUM = OA(!)
CA(Il = OB(I)

6 OB(!) = DUM
RE TURN
END

0

.
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FUNCTION PINTE (LL, A,UL)
I M P LI C I T P E A L* 8 ( A-H ,0-Z )
CO MMON / ANT PL U/ A I S E C( 2 31, B I S EC ( 21 ) , C IU ( 2 21,0 A ( 211,0 B ( 211
FL O AT( Ni O F LO AT ( N)=

IN T( X) = IDI NT(X)
SORT (XI = DSORT(X)
ALOG(X) DLOG(XI -=

LLP1 = LL+ 1
LL P2 = LL+ 2
LL P3 = LL+3
CA LL FECINT (LLP2,Ull
IF ( A.G T.O.141775 ) CALL GHE I NT (LLP3,A,Ull

PINTE = 0.0
00 2 LQB=1,LLP1,2
N = LOB-1

2 PI NTE = PI NTEt CB( LOB l *FUNE (N, A,Ull

RE TURN
END

W HNCTI ON P !NTO(LL, A,Ull
t k >L I C I T R E A L * 8 ( A-H ,0-Z )

:MMON / ANT PLU/ AI SE C( 2 3) , B IS EC ( 211 C IU ( 2 2) ,0 A( 210,0 B( 218
OFLOAT(N1rL O A T( N ) =

IN T( Xi = IDI NT ( XI
DSORT(X)SORT (Xl =

DLOG(X)AL OG ( X) =

LLP1 = LL+1
LLP2 = LL+ 2
CA LL FEOINT (LLP2,Ull
IF ( A.GT.O.141775 ) CALL G HOI NT (LLP2,A,UL)

PI N TO = 0. 0
00 2 LQB=2, L LP1,2

N = LOB-1
2 PI NTO = PI NT O+ CB( LOB l * FUN 0(N, A,Ull

RETURN
END

l

-

1
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FUNCTION FUNE( N, A,Ull
IMPLIC I T R E AL* 8 ( A-H,0-Z i
FLO AT( N) = DFLOAT(N1
IN T( X) IDINT(XI=

SORT (X) DSORT(X)=

ALOG(X) D L O' . X I=

NF E O = N+1
13 (A.GT.O.1417751 GO TO 2
FUNE = 4.0*FEO(NFEO,Ull
BETURN

2 NH N+2=

FU NE = GE( N, A, Ull +HE INH, A , Ull
FUNE = (2.0*FEO(NFEO,ULl+FUNEl
RE TURN
END

FUNC TI ON F UN0( N, A ,Ull
IMPLIC I T RE Al* 8 ( A-H,0-Z )
FL OA T( N) = OFLOAT(N)
IN T( X) IDINT(X)=

SORT (XI D50RT(XI=

AL OG( X ) DLOG(XI=

NF E 0 = N+1
IF ( A. G T. O.1417 75 ) GOTO2
FUNO = 4.O*FEO(NFEO,Ull
RE TURN

2 NH = N+2
FUNO = G0(N,A,Ull+H0(NH,A,Ull
FUNO = (2.0*FEO(NFEO.Ull+FUNO)
RE TURN
END
FU NC TI ON F EO(N,ULI
IMPLIC I T R E AL*8 ( A-H,0-Z)
COMMON / ANT PLU/ AI SE C( 2 31, B I SEC ( 2t l , C IU ( 2 21,0 A( 21) ,0 B( 21 )
FLO AT( N i DFLOAT(Ni=

IN T( X) IDINT(XI=

SQRT(X) DSOR T( X I=

ALOG(X) = DLOG(X)
ND1 = N+1
FE 0 = C IU( NPil /FLO AT ( NP11
RETURN
END

SUBROUTINE FEDINT ( N P 1,X I
IM PL IC I T R E A L* 8 ( A-H ,0-Z I
CO MMON/ ANTPL U/ A I SE C( 23 ), B I SEC ( 21 ) , C IU ( 2 2) ,0 A( 218,0 B( 218

j FLO AT( N) DFLOAT(N)=

IN T( X) = IDI NT(X)
SORT (X) DSORT(XI=

ALOG(X) DLOG(XI=

CIU(1) X=

DO 2 !=2,NP1
J = I-1 14071

2 CIU(!) X*CIU(J)=

RE TURN
END

_ __
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FUNC TI ON GE( N, A,UL)
I MPL IC I T R E AL* 8 ( A-H,0-Z 1

COMMON / ANT PLU/ A I SE C( 2 31, B I SEC ( 21 ) , C IU ( 2 2 ) ,0 A( 211,0 6( 21 l
DFLOAT(NiFLO AT( N) =

INT ( X) = IDI NT(X)
SQRT(X) = DSORT(X)
ALOG(X) DLOG(X1=

NP 3 = N +3 *
GE = AI SEC(NP31
IF (N.EO.0) GOTO6
M = N/2
K = M*1
TERM = 1.0
ITERM = 0

2 ITERN = ITERM+1
I = 2* ( M-I TE RM i t3
TE R M = TER M*FLO AT( IT ER M-K ) /FLO AT ( I T ER M)
GE = GE+ TERM *AISEC(Il
IF ( I . N E.31 GOTO2

6 00 5 I=2,NP3
,

5 GE = GE*A
RE TURN
END

FUNC TION HE( N, A,Ull
IMPLIC I T RE Al* 8 ( A-H, OHZ)
CO MMON / ANT PL U/ AISE C( 23), B I SEC ( 21 ) , C it ' OA(218,0B(218

FLO AT( N) DFLOAT(Ni=

IN T( XI = IDI NT(XI
DSORT(XISORT (XI =

ALOG(X) DLOG(X)=

NP1 = N+1
HE = AI SEC (NPil
IF (N.EO.01 RETURN
M= N/2

-

K = M*1
TE R M = 1. 0 --

ITERM = 0
2 ITERM = ITER M+ 1

I = 2* ( M-I TE RM) +1
TE RM =. TER M*FLO AT(I T ERl4-Kl /FLO AT ( I T ERM)
HE = HE * TERM * AI SEC(I l
IF (I.NE.1) GO TO 2
DO 5 !=1,N

5 HE = HE*A
RE TURN
END

140*72
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SUBROUTINE GHEINT (N P3, A,X I
IM PL IC I T R E A L* 8 ( A-H,0-Z I
COMMON / ANT PL U/ AI SE C ( 2 3), BI SEC ( 21 ) , C IU ( 2 2),0 A( 211,0 B( 218
FL O A T( N ) = DFLOAT(N)
IN T( X) = IDINT(XI
SORT (X) OSORT(X)=

-

ALOG(X) DLOG(XI=

00 1 !=1,NP3
1 AI SEC(I l = 0.0

R= SQR T( A *A + X *X I
SSEC = R /A
TTAN = X/A
AI SEC(1) ALOG(SSEC+TTAN)=

TE R M = 1.0/SSEC
TMUL T = SSEC*SSEC
00 2 !=3,NP3,2
J= t-2
AISEC(I) FLOAT (Ji*AISEC(Ji=

TE R M = TMULT* TERM
DUM = TTAN *T ER M& A I S E C ( Il

2 AI SEC( I l = D UM/ FLOAT (I-1)
RE TURN
END

14073
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- FU NC TI ON G0( N, A ,Ull
I MPLIC I T R E AL*8 ( A-H ,0-Z )
COMMON / ANT PLU/ AI SEC( 2 31, B I SE C ( 211, C IU ( 2 21,0 A( 21),0 B( 218
FLOAT (Ni = DFLOAT(Ni '

IN T( XI = I DINT (Xi
SORT (X) = DSORT(X)
ALOG(X) DLOG(K)=

' NP 2 = N+2
GO = B I SEC ( NP21/FLO AT (NP 2 )
IF (N.EO.1) GO TO 6

(N-11/2=

= M* 1
TE RM = 1.0
ITERM = 0

2 ITERM = ITERM+1
I = 2* ( M-I TE R M l +3
TERM = TER M *F L O AT ( I T ER M-K l /F L O AT ( I T ER M I

<

GO = GO+TE RM*BISEC( II / FLOAT (Il
IF (I.NE.31 GO TO 2

6 DO 5 !=1,NP2
5 GO = GO*A

RE TURN
END

FUNC TI ON H0( N, A, ult

IMPLICIT REAL*8 (A-H,0-Z)
COMMON / ANT PLU/ AI SEC( 2 31, B I SEC ( 21 ) , C IU ( 2 21,0 A( 21),0 B ( 21)
FLOAT (Ni = DFLOAT ( N)

IDINT(XIIN T( X) =

} SORT (X) DSORT(X)=

DLOG(X)ALOG(X) =
'H0 = BI SEC ( NI /FLO AT( Ni

IF (N.EO.11 GOTO6
(N-ll/2M =
M*1K =

#

TE RM = 1.0
ITER M = 0

2 ITERM = ITERM&1
2* ( M-I TE P M l +1 4I =

TE RM = TER M*F L O AT ( IT ERM-K l /F LO AT ( I T ERM I
HD = H0+TE RM*BI SEC (I I /FLO AT( Il

|
IF (1 NE.ll GO TO 2

6 00 5 !=1,N
5 HO = HO*A

PETURN,

END

140'74
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SUBPOUTINE GHOINT (NP2,A,XI
IMPLICIT RE Al*8 (A-H,0"ZI
CO MMON/ ANT PLU/ AI S E C( 2 3 ) , B I SEC( 21 ) , C IU ( 221,0 A( 211,0 B( 211
FL O AT( N) DFLOAT(N)= ,

IN T( X) = IDI NT(X)
SQRT(XI DSQRT(X)=

ALOG(X) DLOG(X)=

D0 1 I=1,NP2
1 BI SEC( Il = 0.0
R = SQR T( A* A+X *XI
SSEC = R/A
DUM = S SEC * S SE C
BISEC(1) SSEC=

00 2 I=3,NP2,2
J= I-2

2 BI SEC( Il = DUM*BI SEC ( J)
RETURN
END

1S075



. .. .........._ _ _

,

'O* U.S. NUCLE AR REGULATORY (.,OMMISSION
(7 77)

BIBLIOGRAPHIC DATA SHEET NUREG/CR-0295
4 TITLE AND SUBTITLE (At/d Volume No., sf appropraswl 2. lleave blanki

A Method of Generating Multigroup Trancfer Matrices
Using an Analytic Angular Integration Free of Truncation 3 RECIPIE NT'S ACCE SSION NO.

E rror.
7. AUTHOR (S) 5. D ATE RE PORT COMPLE TE D

"

| YE ARMONTH
J. A. Bucholz July 1978

9. PE RF ORMING ORGANIZATION N AME AND MAILING ADDRE SS (include lip Codel DATE REPORT ISSUED
Oak Ridge National Laboratory |YE^H*Nm

Uuclear Engineering Applications sect. 1978
Oak Ridge, TN 37830 6 ' Lea"" 6'da*>

8 (Leave blank)

12. SPONSORING ORGANIZATION N AME AND M AILING ADDRESS (include lep Codel
p

*.
Office of Nuclear Material Safety and Safeguards
U.S. Nuclear Regulatory Conmission 11. CONTR ACT NO.
Washington, D.C. 20555

FIN No. B0009
13 TYPE OF RLPORT PE RIOD COVE RE D (/nclusive dams)

15. SUPPLEMENTARY NOTES 14. ILeave blanki

16. ABSTR ACT C00 words or less/

The evaluation of generalized multigroup transfer matrices for transport calculations
required a double integration extending over the primary and secondary energy groups
where, for a given initial energy, the integration over the secondary energy group
may be replaced by an integral over the possible scattering angles. The XLACS cross-
section processing code presently used in the AMPX system treats this angular integral
in an approximate manner. The more recent MINX cross-section processing code treats
this angular integral analytically but can admit some small truncation error. These
treatments are review d along with their weaknesses. In the present work, analytic
expressions for diese angular integrals are derived which are free of truncation

j Straightforward extensions to include inelastic and/or anisotropic scatteringerror.
are included. FORTRAN routines are provided for nuclides having isotropic elastic
scattering in the center-of-mass system.

17. KEY WORDS AND DOCUMENT AN ALYSIS 17a. DESCRIPTORS

17b. IDENTIFIE RS!OPEN E N DE D TERMS

18. AV AILABILITY STATEMENT 19. SE CURITY CLASS (T.as reporf/ 21. NO. OF P AGE S

Unlimited 20 SECURITY CLASS (Thss papel 22. P RICE
$

NHCFORM 335 (7 77) 1/j (j



(g&|' y CM$swmeuwow ccm,SMWY%g%%gTgg#%g@g$gydh4 Swam Ap@qkdQ wQM@ 4W@@4%jyqq$$dMM YNN p%pa$af#wcl M NS E Nid oud p2

UeWWWrMonmem'utu%?' m a n g o g ;t o pp % y W' i ' @,.
e 1: m?y j% g M V S b g W M 9 9ve#5 saa ?**# *ato EQ 4

e%k% @Msgg
;

Jy$ g|&edm%W@:@QMMMW45MQ*Qf:kgA M@qw$kQQiMi&ww@Wc***WoM%
,#e

;Wa 4 QI

N
, 4%g mewomwant w w%% WMi MW nMM M ###Mynw G %fw%%wM M%%WMW '. MMa.

- _ _ , _ - _ _ _ _
N h---ne,--w, ,--- -~ ~

f b

a@&denf@%wmmww @wu $w$$@m$@EMM@n%m#RM < py WWM@an%M@$$e$n
gna a a nnw n
ffM $n$$$aw[hp$QQ tg QVN M
km $smer . n.my ?w.wd$A % n $n # '% 4 W ' . w% 7, n,M,$adRd WMA&ye & mt , n&nwyn%g%; ; %g s.m.e m rg > wpw qee: M Qw

: v&- < m
..mm,

#

Thy wweWher wwwweg.

yhh&a n gf%&,6 p& mk?Q
,

h6,&an%%n@mm$n
w,,

QQ W S V'

A,s3wMs , WM,p- +w;_w ,,iw,..M'M ,n, ww, u_MM,SM" *
nna

. - 9c nemy g .u.. n : s a. . ,,m .n;n D s q y y n,u g y O , ?) u, a- ., , , ,, ,,.wn.
<

~ 6. z,M;g awtsa o m.m n.w a Ms , . ,

3 3 . v

Y,swI

~f,hYhh,,~s?y~hfm $u$Wbhhhh,w ?(n' hf$0
'u n .

.n
xk> $$E hY h f am)hb,$f$ Y. h? . D h~~ , fQ w hy Nh.,[s ,:m m %~ff ^

r e ,u aa' '
9 ,p"%wS ? ,:msn ag ufdQf3

@y d %m:n p f Q;T @y y g%g,jhh @ k;&g%gs%g'y %g g%[W;1;jdW f+f WiMdsjh EM M$%p -,g Y:k

&Qig pV

Mygg'L|yMy gp:ug , qy8 sy> s ygh>

wngv&'g+Qppqan %g "gygy%p
e G 2:p a iW / .

\ % y!;9y v ~ n .p kt

> w y p;' 2 % p g g%@y.mc Mm.e wi
..M nn? uc

$%M M QN w afv,fM/W M @;g q
- v [: m n*4 %. s [w; f;w +p;f?{J s w e]m -

m;t M + y mm Aa w'' w ,9 r 'a w w; ;w.;;;; n,w ' ;, +s
' Q % b,%; %;;. w"^ct.[ m, e

,
.

, + . -wD' ,h g.l:?p1:,M f y: n
; [O , gi

' \ ap. s
y b % j/ i gj'[ ]#M *ff,d f

w: h,.~,
.

-.'i , . .g< h.w .. oggw upwng , ;a nw .m
,% , hh[Ny~k,NMMbyMM[3Eh M,Q %;s ] M j ', . m ' h/C %@N Dk.k - 9*

;
%% .

, h_|||) u v e
ma- m

_ 1 %.. ,.. ,, ,

f;]% :| | q{ 'fYf hf f |, | ~ < > rT& ?'

]fu'|.m ,

V.

'' ^
i u '

^^'f g }m &y$|f'g%y & ', $e)f.f~:, %m
,

. ,
x - s <.

'Q' ', w
;f Q p . .y|pp y? ' >?" M ,s

. .yi,''-'r <r '

<QMg yg , p.Wg w>wg ~,>q yy
t #@@. s ; W 'm > w4 " &
m.

%.f QU3 K yy @Q y@@.%y$q@f %y m/m%m,w[w a
,..ax Pr W m Mo e

, _ M :4cb
- 4,

. . , .gg ny, ! . '

< . 4 "' ' *
'

(Rn& g my np r , . s' m&a n., ~. . ~ , W:n .
A * g ;

< w: a ,Y< .

<

P e,n>,7w;

, e'.%n n:w% <4y%e-
. :A' w un e c u c wk ny%

p' w * q/ E f ,
'

w :L w

v.y _ \,my 3. ym.}7{p%yj,4Q.,f M-QQQfyQ 'N.M&_V ?,4g ,gmgh ;%, k QfJh
+,%

a ' "
< qf W

&, c 'y;.@i .
v i ^ ;. ;4

' **w.

j'JgW 'y/i',:
a

Nfr #
- n ,,~ We , ,W: D/W, r, . A s, -

yF'; .y 5e '. M. o . ,e v
3N '

'

W| * ' *ih Q &j." sT. '

' e " p' . .
. ' ,,

gn o : p L..,
,;

i

, ., _p, g;
"

;q. . . n & r,

% ..
.

s %_ s,_ w ~m < ,
a

. b ,2
n n:,Y, _f. / p$, hy [$|j. p

'~y.g ( ' , g. . r. ,,.w-.y / g > m, ,,3,,.,,e, u a
. .,

_

~

' fff .| f Df. n >|m'
y. -

hh f}} m,yy fhf

|:gf.y#] y %K $ $.$;R jj$x,~ g, u ; b E. ' >
,

.p, h,|[ , v.w wsw . w a. .
,

-

,

fffr k, 0Q A;QMuN! L Q|.yQ ,I yYL ;
. ..

- 1 ,

.

t. , &,TF y, _ T V
i

bg3 QJn M, ,g fg i^ , ' .,d;j f , pi[
,

IV '
g, r s

$9%:k,f. h. - ,.
$, - n.& n f,e, &. %.

m m - m w,% ,

, |u|3;| N,
;&0 |. f, ' q'' y: | -

; m m

D Q fh$p -
f h ?a m w|h y e|& & M ;p yh$n?Jh TU> : | ~ h?

o' >a
,

'U R N&_Nfc
. ,

' % a $ Q y %ub & N p&h & % M .| Q ;h p% ^;;pQN fh fh
'& ' * <%,y< <

%% ? W, .% ,

' ta QWc p
'**'

, ,

Y hhN N W $$ x $N k $ ','

M E M M M N $ @ S R @ M % w$ 8 N 6 Y@E " ; , N ' A W A BM&M$ 1 * Z' .i 4TMWud FWMM
Wp&wyw%w$$Nw% %w kv y CM e %a y %% wag Nw E ' C e,

w%w m a wy: w-.w, m o m,mem wp2 n r

p+p p m M k y n g a %pu x :% p% w Q +% q s( 4 ;p %ungQ, mpy ~n3 gy@.c. my+ n
u + n m ., w

m % q ,v.w . .& m~.
.mW w ,, . w ., n ,pyw y p:n > , 4

q a v 9 ( N, g a gM-QQp gp yq m;, n +.. syay . n , fawn w- < v m~ :

maggww, w.m,k
g, n?e:-p-pg p n +y,

,, -
a

c -~ .

N h h f ^ '

+j . ~4n ~, -.


