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LOCAL FORMULATION OF INTERFACIAL AREA CONCENTRATION AND ITS
MEASUREMENTS IN TWO-PHASE FLOW

by

Isao Katnoka.' Mamoru Ishii, and Akimi Serizawa
ABSTRACT

The interfacial area concentration is one of the most important parame-
ters in analyzing two-phase flow based on the two-fluid model. The local in-
stantaneous formulation of the interfacial area concentration is introduced
here. Based on this formulation, time and spatial averaged interfacial area
concentrations are derived, and the local ergodic theorem (the equivalency of
the time and spatial averaged values) is obtained for stationary developed
two-phase flow. On the other hand, the global ergodic theorem is derived for
general two-phase flow. Measurement methods are discussed in detail in rela-
tion to the present analysis. The three-probe method, with which local inter-
facial area concentration can be measured accurately, has been proposed. The
one probe method under some statistical assumptions has also been proposed.

In collaboration with the experimental data for the interfacial velocity,
radial profiles of the local interfacial area concentration are obtained based
on the one probe method. The result indicates that the loca)l interfacial area
concentration has a peak value near the tube wall in bubbly flow, while in
slug flow it shows a higher value in the central region of the tube for that
particular set of data.
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EXECUTIVE SUMMARY

Recently two-phase flow analyses based on a two-fluid model formulation
have been applied to some engineering problems, particulary in the area of
safety evaluations of 1ight water reactor and fast breeder reactor. This is
because the two-fluid model is considered to be the most accurate model among
the models available today. In theory it can predict two-phase flow phenomena
under transient and developing conditions better than previous mixture models
such as the homogeneous or drift flux model.

In the two-fluid model formulation, interfacial transfer terms which cou-
ple equations for gas and liquid are quite important. In terms of the first
order effects, these interfacial transfer terms are proportional to the inter-
facial area concentration (area of gas-liquid interface in unit volume).
Therefore, an accurate correlation for the interfacial area is indispensable
for two-phase flow analyses based on the two-fluid model.

However, the knowledge of the interfacial area concentration is quite
limited due to considerable difficulties in experimental measurements. Par-
ticularly, there is little knowladge on the local interfacial area concentra-
tion in spite of its necessity in two or three dimensional analyses. In view
of this, the local interfacial area concentration has been studied in detail
both theoretically and experimentally in this report.

The local instantaneous formulation of the interfacial area concentration
has been obtained. It can be applied to any two-phase flow regime. Based on
the formulation, spatial and time averaged interfacial area concentrations
have been derived in terms of observable parameters of two-phase flow. For
stationary and developed two-phase flow, it has been proved that the time av-
eraging and spatial averaging are equivalent in terms of both local and over-
all values. This fact is quite important in practical application because one
can measure the local interfacial area concentration by time averaging of
observed signals obtained by a local probe.

New measurement methods for the interfacial area concentration are indi-
cated based on the presently developed theory. A three-probe method which
gives a measurement of the local interfacial area concentration is proposed
and discussed in detai). A one-probe method based on some statistical as-
sumptions of two-phase flow characteristics is also proposed and discussed.
This method is proven to be practical and quite useful. Using this



measurement technique, one can measure the local interfacial area concentra-
tion with considerable accuracy when some statistical characteristics of
interfacial motions are known.

The above one-probe method is applied to experimental data of interfacial
velocities. From this, transverse profiles of local interfacial area concen-
tration are obtained for bubbly and slug flow. In bubbly flow, the local in-
terfacial area concentration indicated a ringwise peak near the wall for these
experiments. On the other hand, in slug flow the local interfacial area con-
centration had a peak value at the center.

The proposed measurement methods can be applied to obtain a broad data
base for modeling the interfacial area concentration. They can be used for
both local and area averaged interfacial area concentrations. Such experi-
ments will be quite useful for developing accurate constitutive relations for
interfacial transfer terms. The present research has established a firm theo-
retical base for these measurements as well as demonstrated the applicability
of the methods by obtaining the experimentally measured interfacial area con-

centrations in two-phase flow.

INTRODUCTION

In order to analyze the thermal-hydraulics of two-phase flow, various
formulations such as the homogeneous flow model, drift-flux model [1-3], and

two-fluid model have been proposed [4,5]. Among these models, the two-fluid

formulation can be considered the most accurate model because of its detailed
treatment of the phase interactions at the interface. The two-fluid model is
formulated by considering each phase separately in terms of two sets of con-
servation equations which govern the balance of mass, momentum, and energy of
each phase. These balance equations represent the macroscopic fields of each
phase and are obtained from proper averaging methods. Since the macroscopic
fields of each phase are not independent of the other phase, the phase inter-
action terms which couple the transport of mass, momentum, and energy of each
phase appear in the field equations. It is expected that the two-fluid model
can predict mechanical and thermal nonequilibrium between phases accurately.
In particular, for transient or entrance flow involving acceleration of one
phase with respect to the other, inertia terms of each phase should be con

sidered separately by use of the two-fluid model. However, it is noted that




the interfacial transfer terms should be modeled accurately for the two-fluid
mode! to be useful. In the present state of the arts, the constitutive equa-
tions for these interfacial terms are the weakest link in the two-fluid
model. The difficulties arise due to the complicated transfer mechanisms at
the interfaces coupled with the motion and geometry of the interfaces. Fur-
thermore, the constitutive equations should be expressed by macroscopic
variables based on proper averaging.

As has been shown in detail [4], the interfacial transfer terms in a two-
fluid model appear 2t averaging of local instant transfers of mass, momentum,
and energy. However, these terms appear as source terms in the field equa-
tions, therefore, it is necessary to model each term by identifying proper
transport mechanisms and using experimental data.

A three-dimensional two-fluid model has been obtained by using temporal
or statistical averaging [4]. The model is expressed in terms of two sets of
conservation equations governing the balance of mass, momentum, and energy in
each phase. For most practical applications, the model developed by Ishii (4]
can be simplified to the following forms:

Continuity Equation

%oy Py

ot

. S = 1
+ v (akpkvk) e (1)

Momentum Equation

a .
%P ¥k . t

3t K“k“k'k
> > »>
- ¥ . 2
LA TR I T -

Enthalpy Energy Equation

da p H a D
-%t_k’l"’ (“u"k"k;k)"v"'k(“u"‘:)’%ti%’k



qn
ki
"‘Hk’rk*t-;—* .k (3)

Here I, iik' Ty q;,. and ¢, are the mass generation, generalized interfacial
drag, interfacial shear stress, interfacial heat flux, and dissipation, re-
spectively. The subscript k denotes k phase, and i stands for the value at
the interface. L denotes the length scale at the inte~face, and 1/Lg has the
physical meaning of the interfacial area per unit volume [4]. Thus,

Interfacial Area

= 4
i Mixture Yolume (4)

r-|>-
"
o

The above field equations indicate that several interfacial transfer
terms appear on the right-hand sides of the equations. Since these interfa-
cial transfer terms also should obey the balance laws at tie interface, inter-
facial transfer conditions could be obtained from an average of the local jump
conditions [4]. They are given by

Y[‘ = 0
L
K k

ik {(5)

x
=+
"
o

r " =
E (g * Ggftg) = O

Therefore, constitutive equations for ;1k- qai/Ls- and q$1/Ls are necessary
for the interfacial transfer terms. The enthalpy interfacial transfer condi-
tion indicates that specifying the heat flux at the interface for both phases
s equivalent to the constitutive relation for r, if the mechanical-energy
transfer terms can be neglected [4]. This aspect greatly simplifies the
development of the constitutive relations for interfacial transfer terms.



By introducing the mean mass transfer per unit area, m, defined by

l‘k g ai'k " (6)

W T T " 4N ) ¥

The heat flux at the interface should be modeled using the driving force or
the potential for an energy transfer. Thus,

%i = My - T (8)

where T, and Tk are the interfacial and bulk temperatures based on the mean
enthalpy. A similar treatment of *he interfacial momentum transfer term is
also possible. In view of the above, the importance of the interfacial area,
a3, n developing constitutive relation for this term is evident. The inter-
facial transfer terms are now expressed as a product of the interfacial area
and the driving force. It is essential to make a conceptual distinction be-
tween the effects of these two parameters. The interfacial transfer of mass,
momentum, and energy increases with an interfacial-area concentration toward
the mechanical and thermal equilibrium.

Thus, in general, the interfacial transfer terms are given in terms of
the interfacial area concentration a; and driving force [4,6,7] as

(Interfacial Transfer Term) = a; x (Driving Force) (9)

The area concentration defined as the interfacial area per unit volume of the
mixture characterizes the geometrical effects; therefore, it must be related
to the structure of the two-phase flow field. On the other hand, the driving
forces for the interfacial transport characterize the local transport mecha-
nisms such as the turbulent and molecular diffusions.

In two-phase flow systems, the void fraction and interfacial area concen-
tration are two of the most important geometrical parameters. The void



fraction is treated as a variable to be solved from a set of balance equa-
tions, whereas the interfacial area concentration should be specified by a
constitutive relation or by introducing an additional transport equation for
aj [4,6]. s the above formulation indicates, the knowledge of the interfa-
cial area concentration is indispensable in the two-fluid model.

Although 2 number of studies [6-43] have been made in this area, the in-
terfacial area concentration in two-phase flow has not been sufficiently in-
vestigated both experimentally and analytically. Most of the previous studies
are for steady state flow without phase change. Available experimental data
are limited to volume averaged interfacial area concentration cver a section
of a flow channel. Detailed review of these are given in Refs. [6] and [7].
There are a number of shortcomings in measurement techniques. Furthermore,
there are very few established theoretical foundations for relating this in-
terfacial area to some easily measurable quantities. In particular, there
seems to be no information available on a local value of the interfacial area
concentration. However, this local interfacial area concentration is very
important for two or three dimensional analyses using the two-fluid model.

There is one problem dealing with the definition of the interfacial area
concentration locally and instantaneously. Since the Lebesgue measure of an
interface is zero, the local instantaneous interfacial area concentration can-
not be represented by an ordinary function [44,45]. To avoid this probiem, an
integral method has been used in the analysis of the interfacial area [4,5].
However, by introducing a distribution which is a generalized function [44,
45], one can express the local instantaneous interfacial area concentration.

Based on this local instantaneous formulation and the assumptions of the
«tatistical characteristics of two-phase flow, fundamental relations for the
interfacial area concentration have been derived. These equations relate the
local value of the interfacial area to observable parameters of the two-phase
flow. Based on this theory, some measurement techniques of the local interfa-
cial area concentration have been proposed. Finally, using the existing ex-
perimental data on flow measurements, radial profiles of the local interfacial
concentration have been obtained.



II. LOCAL INSTANTANEOUS INTERFACIAL AREA CONCENTRATION

By considering a simple system shown in Fig. 1, where there is only one
gas-iiquid interface, the location of the , terface is represented by

X = Xo (10)
Now a control volume is defin d by
Y - ;_x € x € y + -;—x— (11)

Then the spatial averaged interfacial area concentration 5? in the control
volume, is given by

Ax
Pl - € —
a, = for |y xol 5

F (12)
=0 for |y - xol > 51

By taking the limit of Ax + 0, the local interfacial area concentration a;(x)
in a one-dimensional form is given by

= § - (13

‘i(X) (x xo) )

Here 6(x - x,) is the delta function [44-46] which satisfies

[ &(x - xo)dx =1 , &(x- xo) =0 for x # x_ (14)

One of the special characteristics of the delta function is that for any
smooth function ¢(x), it gives



Klnterface

Ax|Ax,
2|2,

|
v

Fig. 1. Local Interfacial Area Concentration in One Dimension



| &(x - xc) ¢(x)dx = Q(xo)

This result can be extended to any gas-liquid interface in a three dimensional
space. By considering a moving gas-liquid interface which is smooth and rep-
resented by

f(x,y,z,t) =0,
the local instantaneous interfacial area concentration is given by
a;(x,y,z,t) = |gFad f| &(f(x,y,z,t))

where |gfad f| is defined as

af af .2
3-) + 3—)
y z

of 2
lgrad f| = Jgrad f - grad f = /(3;) +

In bubbly or droplet flow, the gas-liquid interface is composed of many
separate surfaces of bubbles or droplets. For this case, the surface of the
jth bubble or droplet is represented by

filx,y,z,t) = 0 (19)

Then the local instantaneous interfacial area concentration is given by

ai(x.y,z.t) =) |g;ad f.| 6(f,(x,y,z,t)) (20)
3 k| j

The above analysis shows that the local instantaneous formulations of interfa-
cial area concentration can be obtained in terms of a distribution, as in Eq.
(20). This formulation is valid for any flow regime of two-phase flow.

Since the distribution, &(x - x,), is not observable experimentally, it
is necessary to apply appropriate averaging of Eq. (17) or Eq. (20) to obtain
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a measurable representation of the interfacial area concentration. Time and
spatial averaging will be discussed in this relation in the next section.

A. Spatial Averaging of Interfacial Area
In general, there are three types of spatial averaging of a(x,y,z,t),

which are linear, surface, and volume averaging. These are given below.
Linear Average

ipl ) ]s ai(x,y.z.t)ds

§ 47; s (21)

dx = ds cos6,

dy = ds cosey

dz = ds cosb,
(cosex, cosey, cosez); direction cosines of ds

Surface Average

-2 ]fs ai(x,y.z,t)ds

a; = ITS i (22)

dydz = dS cos,

dzdx = dS cosey

dxdy = dS cosé,
(cosex, cosey, cosez); direction cosines of the normal vector of dS

Volume Average

-p3 fffv ai(x,y,Z.t)dV
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dvV = dxdydz
Now, in view of its practical importance for the present study, the

linear averaging along z axis is discussed in detail. For fixed x,, y,, and
t,, the spatial average of Eq. (20) is given by

Z+L
lxo'yo to) IZ '1("o’yo’z'to)dz

1 +
o § lz lgrad f,| 8(f(x .y .2, ))dz (24)

By defining zy as the value which satisfies

fj(xo,yo,zj,to) =0 (25)

Equation (24) can be rewritten as

-pz

a (xo,yo,to) = (26)

|
ot M

Here the right hand side is calculated at (xo.yo.zj.to) and for jth interface
satisfying z < Z; <z + L. By denoting the angie between 7 axis and the
direction of the jth surface normal vector at (xo.yo.zj.to) as 6, (see Fig.
2), it can be shown that

of
cos® '

h * al’ /| grad fjl (27)

Therefore, Eq. (26) becomes
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Z direction

jth interface

Fig. 2. Angle Between f, (z Direction) and ﬁj

=
>

jth interface

Fig. 3. Angle Between ;1j and ﬁj
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W)

cos® L
Here j is arranged such that Z; is in an increasing order

;P2 9 -
a (xo.yo.to) LE

J

E € aaw Zj_l < lJ < Zj+1 e e &t C (29)

Furthermore, it is asumed that the following uniformity of the two-phase flow
exists in the z direction for a reasonably large number of samples.

n
1
%12 =Ty jz-n Iz‘M - zj! L (30)

Then it can be shown that for large L,

(jz)- L/2 (31)

Substituting Eq. (31) into Eq. (28), one finally obtains
-pz 1
a" (x_,y ,t ) =~=1{1/cose) (32)
j 0"0 o L

Here (1/cos6) is the reciprocal of a harmonic mean of cos 8 given by

—— 1
(1/cos8) =1} }/ 3 (33)
lj gt (J)

On the other hand, by denoting the number of bubbles or droplets per unit
Tength of z axis by Nz, £ can be given by




Here the factor 2 indicates that bubble or droplet has two interfaces (upper
and lower) in z direction. Then Eq. (32) can be rewritten as

-pz "
a (xo.yo,to) 2 N, (1/cos8) (35)

Equation (35) implies that the interfacial area concentration can be obtained
by measuring the number of bubbles or droplets per unit length and the har-
monic average of cosaj along z direction. If °j is not known, one can esti-
mate [1/cosé) by assuming certain statistical characteristics of two-phase
flow. For a large number of interfaces, Eq. (33) can be approximated by an
integral form given by

{T7cosey = [*/2 L&) 4 (36)
0 cos6

where p(8) is ti.e probability density function of 6 between 6 and 6 + do. If
one assumes that the bubbles or droplets are sphere and every part of sphere
is intersected by z axis with equal probability, p(6) can be given by

p(8) = 2cosésind (37)

Then by substituting Eq. (37) into Eq. (36),

TTcomT - [n/2 2cosésing . _ (38)
0 cosé

In this case, i?z is given by the following simple form,




-pz
oF 5 = 4N
ai (xo yO tO)

z

Time Averaging of Interfacial Area
For fixed Xor Yo» and 2, the time averaging of Eq.

- 1 T+ 1 T+Q , »
a (xo,yo,zo) b IT 1( Xy2Y 22y ,t)dt - } IT | grad fjl G(fj)dt (40)
Now tj is defined as the time which satisfies
fj(xo,yo,zo,tj) =0 (41)
Then Eq. (40) can be rewritten as
a, (x .y $)» " I {lgrad f |/| jl (42)
i Xoo® Q ; at Lx S tj)

which applies for j satisfying T < tJ <T + Q.

(39)

(20) is given by

By defining ¢y as the angle between the velocity of the jth interface,
311. and the direction of the surface normal vector at (xo,yo,zo.tj) (see Fig.

3), the following relation can be obtained

1

|grad f |/ J! -~
|v1j|cos¢j

Substituting Eq. (43) into Eq. (42), one gets

St

j 'vij‘cos’j/

1

-t 1
% (xo'yo’zo) ’ 5'2
ilv Icosoj

(43)

o)



16

for all j satisfying T < tj < T+ Q. The above result has been obtained also
by Ishii [4] and Delhaye [47,48] using the integral method.
Now j is rearranged so that tj is in increasing order as

TR TR T TR FFCRL PP (45)

Then by assuming the following uniformity of the time intervals

im :

l\’. ﬁ—"’—-i- s T (46)

e~
(ad
'
o

one obtains the following relation for large @

(j))s a/t (47)

Substituting Eq. (47) into Eq. (44) yields

;: (xO'yO’ZO) .- %'T’l—— (48)
Ivilcoso

Here the reciprocal of a harmonic mean of |v1j|cosoj is given by

",—1“—" ).—;1—/(2) (49)
|V1|COS¢ j Ivijlcosoj, j

Now the number of bubbles or droplets which pass the point (x,,y,.2z,) per
unit time is denoted by Ny, then t can be given by

(50)
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Here the factor 2 indicates that one bubble or droplet passing (xo,yo.zo) has
two interfaces associateu with it. Thus, Eq. (48) can be rewritten by

-t 1
- b 5
2, (xo.yo.lo) 2N (51)

L P
Ivilcoso

This equation indicates that the time-averaged interfacial area concentration

can be obtained by counting Ny and knowing |Wij|cos¢j for each interface.

If one assumes that ’1 and 1 has no cor elation, one obtains (see

cos
| %

Appendix A) |V,j

HENESD. S (52)

and

Then
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C. Ergodic Hypothesis of Interfacial Area Concentration

In the previous sections, spatial and time averaging of the interfacial
area concentration has been discussed. However, there is one interesting and
practically important problem to consider. This is related to the ergodic hy-
pothesis. It is essential to know under what conditions, the time and spatial
averages coincide. A general answer to this problem is quite difficult to ob-
tain and beyond the scope of this report. However, for stationary and devel-
oped two-phase flow this ergodic hypothesis can be demonstrated as shown
below.

First, the integration of a;(x,y,z,t) in volume domain V and time domain
Q is considered. This is given by

I(v,n) = fffv " ai(x,y,z,t)dxdydzdt (56)

This integral represents the total area of interface in the volume domain V
and over the time interval Q. The sequential integration in time domain 2 and
volume V coincides with I(V,R), thus

[11, g a;(x.y,2,t)dt [dxdydz

= Jo Ully aj(x,y,2,t)dxdydz }dt (57)

The average value of the interfacial area concentration can be obtained by
dividing Eq. (57) by V2. Then, in view of Eqs. (23) and (40), Eq. (57) can be
rewritten as

wouil
- ?1" (58)

This shows that the volume average of the time averaged local interfacial area
concentration is identical to the time average of the volume averaged concen-
tration. This result is similar to that which Delhaye has proved based on the
integral method using the Leibnitz rule [47,48]. Equation (58) might be cal-
led the overall ergodic theorem. Although Eq. (58) does not require any
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statistical assumptions on the characteristic of two-phase flow, its validity
is 1imited to finite volume and time domains. However, this theorem shows a
very important relationship between the time and spatial averages. The
ergodic theorem indicates that these two averages are consistent and they
represent fundamentally similar plysical quantities. It is shown below that
by introducing some additional conditions, one can obtain the ergodic theorem
which is valid locally.

The integration of a;(x,y,z,t) in the domain of z from Z to Z + L and t
fromT to T + Q is defined by

IL,e) = [/ ai(x,y.z,t)dzdt (59)
L,R

This integral has an important physical meaning because it represents the area
of interface in the domain from Z to Z + L and from T to T + Q. Now by chang-
ing the sequence of integrations,

I+ [ T+Q T+Q

i 200
IZ {IT a1(x,y,z,t)dt}dz = fT {IZ ai(X.y.z,t)dz}dt (60)

Thus by dividing Eq. (60) by L2 one obtains

1 24 1 T+a

ar o ai(x.y,z,t)dt}dz

1 T+ 1 .Z+L
. IT {E-fz ai(x.y.z.t)dz}dt (61)

The above equation is a special case of the general ergodic theorem for
the interfacial area concentration given by Eq. (58). A ergodic theorem ap-
plicable to the local interfacial area concentration can be obtained by con-
sidering stationary and developed two-phase flow. For this type »f two-phase
flow, appropriately averaged two-phase flow parameters are independent of time
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and axial location. By applying these characteristics to the interfacial area
concentration, the following results can be obtained.

-t _1 T+ )

8 =3 IT ai(x.y.z,t)dt Alx,y) (62)
and

pz _ 1 7+ |

& = [Z ai(x.y,z.t)dz B(x,y) (63)

where z is the direction of flow. By substituting Eqs. (62) and (63) into Eq.
(61) and integrating it, it can be shown that

1 7+

P (ORI I A TP P (68)

This can be satisfied for arbitrary values of x and y only if
Alx,y) = B(x,y) (65)

Therefore, for stationary and developed two-phase flow, the linear averaging
;gz and the time averaging i} becomes identical when the linear averaging is
taken along the flow direction. Thus,

5?2 = 5: (for stationary and developed flow) (66)

In comparison with the general ergodic theorem given by Eq. (58), Eq. (66) can
be called the local ergodic theorem. From Eqs. (32) and (48) this ergodic
theorem can be modified to

‘et « L 22— (67)

2 T | *
lvilcoso
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The local ergodic theorem given by Eq. (66) is quite important in terms of
practical applications. This is because the theorem indicates that the line
averaged interfacial area concentration .an be obtained from the time-averaged
local interfacial area concentration. The latter can be related to measurable
quantities in a two-phase flow system. For example, the time-averaged local
interfacial area concentration can be measured from the number of bubbles or

drops and the interfacial velocity as shown in Eq. (51).

I11. MEASUREMENT METHOD OF LOCAL INTERFACIAL AREA CONCENTRATION

As discussed in the preceeding sections, there are two possible methods
for measuring the local interfacial area concentration. The first approach is
to use the principle indicated by Eq. (35). Equations (33) and (34) show that
cne has to measure the number of bubbles or droplets and a direction cosine of
a normal vector of each interface in the sufficiently large z axis distance
between Z and Z + L. For this, it is necessary to use a sensor which scans
distance L in a negligible time duration. In other words, the sensor velocity
must be much larger than the velocity of interfaces. The optical techniques
such as a photography or light attenuation method may be applied for this
purpose. Several attempts have been made based on these methods [31,39,40].
However, at present, this approach has a limited success only for very low
void fraction two-phase flow. At higher void fraction, the light scattering
and refraction at multiple interfaces become a very serious problem. Due to
these difficulties in the experimental technique, a complete measurement of
the local interfacial area concentration based on Eqs. (33), (34), and (35)

has not been accomplished yet.
Another approach is to use a principle indicated by Eq. (51). In view of

Eqs. (49) and (50), this method requires a sensor located in a fixed point in

two-phase flow and being capable of measuring the number of bubbles or drop-
lets, their interfacial velocity and the angle between the interfacial veloc-
ity and normal vector of the interface. For this purpose, electrical resist-
ivity probe, optical probe, and anemometer which are often used in two-phase
flow measurements [49,50] may be suitable. In what follows, the measurement
using an electrical resistivity probe will be discussed in detail.

Figure 4 schematically shows a double-sensored electrical resistivity
probe. Sensors 1 and 2 detect gas and liquid phase by means of the difference
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Double Sensored Probe

j th Interface

Fig. 4. Double Sensored Probe and jth Interface
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between gas and liquid electrical resistivity. Therefore, from the electrical
signals out of these sensors, a gas liquid interface can be detected. There-
fore, using these sensors, the number of interfaces passing the probe per unit
time, Ny, can be measured. Furthermore, by measuring the time difference at
for an interface to pass sensors 1 and 2, the velocity of interface passing
the probe can be measured. Here this velocity is denoted by v which is given

by

As
= — 8

o (68)

Now consider a unit vector, ﬁs, which direction is same as that of a
double sensored probe (Fig. 4). Its direction cosines are represented by
(cosny, cosny, cosny). The position of sensor 1 is given by (x,.¥4.25), then
the position of sensor 2 is given by (x°+Ascosnx. Yotascosny, zo#Ascosnz). By
considering the jth interface passing the sensors 1 and 2, with the passing

velocity of Vsj and the interval of Atj. the following relation exists.

as
=

vSj " (69)

J

Since the jth surface is represented by Eq. (19), the surface equation should
satisfy

fj(xo,yo.zo,tj) =0 (70)

+ 4t )=0 (71)

f (x +Ascosn +Ascosn , Z +Ascosn , t
o x* Yo y' "o g 3 j

J

where tj is the time when the jth interface passes the sensor 1. When 4s is
small, Eqs. (70) and (71) give the following approximate relation

of

. -».-—J-
as(grad fj) n R Atj (72)



24

In view of Eq. (69), the above equation can be transformed to

J s

(73)

The angle between A and ﬁj which is the surface unit normal vector of
the jth interface is denoted by EJ as shown in Fig. 4, then it can be shown

that

(grad fj) en

|grad f |
J

From Eqs. (73), (74), and (43),

»
|vsj|cosﬁ - |ViJ|C°50

J J

On the other hand, Eq. (73) ~an be rewritten as

afj

of af af —_—
J J J at

—COEN * ~=COSN ¢ = COBN_® o =

ax X 3y y oz z vsj

(74)

(75)

(76)

Equation (76) indicates that it is possible to calculate the value given by

Eq. (75) by using three double-sensored probes with a common sensor.

schematically shown in Fig. 5.

It is

The unit vector and its direction cosines for

probe k are represented by Ag and (cosny, cosny cosn,, ) with k = 1, 2,
3. The passing velocity of the jth interface over probe k, is denoted by

Vskj® Then from Eq. (76) one obtains
3fj 3fj 3fj of
;;—cosn“*-a;—comﬂ+;cosnzk=--a-€—

e (77)
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Sensor 1

Fig. 5. Three Double Sensored Probes
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The directions of three probes can be made independent, then it implies

€OSN,y, COSNy1, COSNy)
[Ag] = | cosnyp, cosnyp, cosngy | * 0 (78)

COSNy3» COS'\y3. COS"\l3

Under this condition, Eq. (77) has a solution. From this solution, it can be
shown that

af
3| M )

|3t

. . (79)
rad f 2 2 2
lrad £l Jia 1%+ a7+ 1ny)
1 2 3
where |A;], |Ay|, and |A3]| are given by
1, cosnyy, cosnyy |
|A1| & ;l——- 1, cosnyp, cosngp (87)
sl
’ 1, cosny3, cosnyy
cosnyy, 1, cosny
|Ay| = ;l—» cosnyp, 1, cosnyp (81)
s2
’ cosny3, 1, cosnyj
cosnyy, cosnyy, 1
[A3] = ;l—- €oSNyp, cosnyp, 1 (82)
s3
v cosny3, cosny3, 1

In view of Eq. (43), the above result gives

2 H 2
; IR TWLRATY
Ivijlcoso * (83)

3
/)
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If x, y, and z directions are chosen to be the directions of the three probes,
or gy, Agp, and Ag3, Eqs. (78) through (83) gives

19, leoss = A7 o (= o () (84)
¥s1j ¥s2j ¥s3j

The the time-averaged local interfacial area concentration can be measured in
view of Eqs. (49) and (51) from the foilowing relation.

&t (x vz ) =2 {3 ‘ (
B 2 2
I/fllvslj) + (l/vsz + (1/v

e

) (85)

2
i) $3j
Although in principle thi- method gives accurate measurement of an interfacial
area concentration, there are some problems in terms of practical applica-
tions. In deriving Eq. (72) from Eqs. (70) and (71), it has been assumed that
As is small. In view of the effect of curvature of bubble or droplet inter-
faces, the accuracy of the measurement increases as As decrease. On the other
hand, Eq. (69) indicates that Atj decreases with decreasing As. This implies
that one has to measure smaller Atj as As decreases. Then the accuracy of
measuring Atj and that of Ysj decreases as As becomes smaller. Therefore, in
practical measurements, the determination of optimum As should be an important
problem which requires utmost attention.

The above described method based on the three double-sensored probes may
be difficult to apply if the required sensor distance is very small. It is
cvident that As should be considerably smaller than a bubble or drop diam-
eter. Furthermore, deformations of interfaces by the probes should also be
carefully examined. It can be said that this method will encounter increasing
difficulties as the fluid particle size becomes smaller. In view of the
above, a simpler probe method which can be applied to many two-phase condi-
tions is highly desirable. One possibility is to use a single double-sensored
probe. However, in this case it becomes necessary to assume certain statis-
tical characteristics of two-phase flow.
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Now a double-sensored probe located in z direction is considered where
the mean flow is assumed to also be in the z direction. The velocity and the
normal unit vector of the jth interface, ’13 and ﬁj. can be given in terms of
unit vectors A, ﬁy. and A,, using angles with z and y axes given by (a.8;)
and (uj,vj) and shown in Figs. 6 and 7. Thus,

»> > »> > >
vV,, = |v cosa, n_ + sina, cosB, n + sina, sing. n 86
ig = Ivygllcosag m, % 5 Ty o, sing, n | (86)
n n o+ si osv. n + sinu, sinv. n (87)
n, = Cos n sin cosv. n sin nv. n

j Y3 "2 "5 %% Ty 5 TRl I

Then it can be shown that

»> > »>
'vij| cosoj = vij - "j

= ';ij' {cosa, cosu, + sina, siny, cos(g, - v (88)

)}
J J J J 3 37

Substituting Eq. (88) into Eq. (49) one obtains

siteis # o : /(2) (89)
lvilcoso i 'vijl {coscB cosuj + sinaa sinu;| cos(B‘j - uj)} j

By assuming that there are no statistical correlations between |¢1J| and b5
(randomness of Vij)- Eq. (52) can be used. Then in view of Eq. (89),




29

N &

>y

Angles ay and 84 for 3”

Fig. 6.
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>Y

+

Angles u; and vy for ﬁj

Fig. 7.
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1 :
x[} {x':o.r.aJ cosuj + simnJ sTnuj cos(sJ =Y ”]I(Jl) (90)

When the number of measured interfaces is large, the summation can be approxi-
mated by an integration. Thus,

1
L ﬁ:osaJ cosu, + sivmJ simaJ cos(B‘j - vjﬂ/(‘ji)

J

3 ”'/2 ”2! P(a,B,u,v)

a,u=0 ““8,v=0 {cosa cosu + sina sinu cos(B8 - v)} dadgdudv (91)

where P(o,8,u,v) is a probability density function of a, 8, u, v. Then Eq.
(90) can be rewritten as

)

osu + sina si =
|3'|coso jNiJ' j su + sina sinu cos(g-v)}

On the other hand, in view of Eq. (75), the measured velocity Vg associ-
ated with the jth interface passing the double-sensored probe located in z
direction is given by

>
|vszj| cost, = |vU| cosé (93)

3 J

Since the probe direction is in the z direction,
ks = A, (94)
Substituting Eqs. (87) and (94) into Eq. (74), one gets

COsEy = COSuy (95)



32

In view of Eqs. (93) and (95) and assuming that no statistical correlation
exists between |V;;| and uj, it can be shown

|
" .\ 2 1 P(a,8,u,v) cosu dadBdudv
g' |vszjl/(}) {} ';”'/(E)} 11 {cosa cosu + sina sinu cos(g-v)} (%)

where 0 < a, u ¢ #/2, and 0<8, v < 2m.

In view of Eqs. (92), (96), and (48), the time-averaged local interfacial
area concentration is giver in terms of the measured velocities of interfaces
and the probability density function. Hence

1 1
(x .y .2 ) ==
% YoY% r‘}lvszjl/(j):)}

P(G,Bn H.V)ddﬁdudv
osu + sina sinp cos(g-v)}

x [11] {cosa ¢

Pla,B,u,v) cosu dadpdudv

/11 {cosa cosu + sina sinu cos(B-v)} s

Equation (97) indicates that i: can be calculated from measured values of the

bubble or droplet number, "t' and of the passing velocities of interfaces us-
ing one double-sensored probe. However, in addition to these it is nec=ssary
to assume a form of the probability density function, P(a,8,u,v). For this
purpose, it is assumed that the interfaces are composed of spherical bubbles
or droplets and the probe passes cvery part of bubble or droplet with an equal
probability. Furthermore, it is assumed that the x and y direction components
of 31 j is random. Under these assumptions, 3 and v takes any value between 0
and 2» with equal probability and B8 and v are statistically independent of
each other. Then the probability density function can be reduced to
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3

P(a,B,u,v)dadBdudv = Pla,u,(8-v))dadud(8-v)
= L gla)sinu cosu dadud(s-v) (98)

By substituting Eq. (98) into Eq. (97) and in view of Eq. (50), one finally
obtains the following result after carrying out the integration

-t 1
(x .y .,z )=aN 1] / )
ai o’o zo t‘j 'vszjl (j)}

1

x .
w/2 1+ cisa, . (99)
fo gla) sina 2n | sinu——) da

3 %

];/2 gla) cosa da

Since the main flow is in the z direction, the major component of the in-
terfacial velocity is also the z component, if the mean flow velocity is not
small compared with the fluctuating x and y components. In that case, gla) is
considered to have a sharp peak at a = 0. Hence as a first approximation,
gla) may be represented by a delta function as

gla) = &(a) (100)

Then Eq. (99) can be simplified to

-t 1 o o
ai (xo.yo.lol g “t{§ "TZJ"/(})}' mt 'rv—s;]' (101)

The approximation given by Eo. (100) implies that the interfacial velocity V”
has onlv the z component. Equation (101) has also been obtained by Sekoguchi
[51-53] and Herringe et al. [54] based on the bubble diameter distribution
assuming spherical bubble.
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A more accurate approximation for f(a) may be given by

1
9(0)=a—° for 0 < a < a

=0 for °o < a<=— (102)

This form of g(a) implies that the angle a made by the interfacial velocity
and the z axis is random with an equal probability within the maximum angle of
ay- Substituting Eq. (102) into Eq. (99), the interfacial area concentration

becomes
: / 1)
-t ’ Iv l (j
a; (x.y,.2,) = (103)
070" o0 “o . a %
1 - cot 5 n (cos T) - tan 7 en (sin 5—-)

Therefore, by knowing the value of ay, the time-averaged local interfacial
area concentration can be calculated from the measured values of Ny and
Vszj+ % can be estimated from measured values of statistical parameters of
interfacial velocity as explained below.

As shown in Eq. (86), vij is composed of x, y, and z components, Vixj'
viyj’ and 3123, which are given by

<+

z'-» >
ixj vulsimm.J sinBj n (104)

< ¢

= |y n 105
iys Ivulsinaj cosBJ ny (105)

»

. > 06
vizj Ivulcom.J n (106)



35

They should satisfy

v.. =V + v +v (107)

If there is no prefered direction for an instantaneous transverse velocity, 8
has a probability density function given by

h(g) = = 0 <8 <2n (108)

Then in view of Eq. (86) with the assumption for g(a) given by Eq. (102), one
gets

=0 (109)
Similarly,
v. =0 (110)

iy

On the other hand,

n (111)
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Here no statistical correlations between N”I, a, and B has been assumed.

The mean squares of velocity fluctuations are given by the following ex-
pressions. For the x components,

i > ) N 2 i, N 2 H + 2 ’ - 2
% F Wi~ V) = v s v = v
2 2 2 2
- |;i| I;/ gla)sin ada ]i' h(8)sin 8ds
W 3 O T
=3 I - —) (112)
)
for the y components,
- sin2a
TR Sl G B o2
3 Gy s (Viy - V") |V1y| -2- |Vi {E - ZT} - ox (113)
and for the z component,
P e s e T ¥ 2 > 2
o, = (viz - viz) lviz' - 'vizl |v1| ]o gla)cos ada - |v'z|
sin2a —_
ST A Y8
LN A% Sersn R LM e
[
On the other hand, from Eq. (101),
+ 2 T, 2 >
= (115)
LA RS LW Iviyl vl
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Furthermore, from an assumption that the velocity fluctuations are equilateral,

Fad o (116)
y

sin2a 1 - (a:/|311|2)
< (117)

zab P

1+3 (¢ /|'11| )

Thus by knowiing the mean value and fluctuations of z component interfacial
velocity, it is possible to estimate the value of By

IV. EXPERIMENTAL VALUE OF LOCAL INTERFACIAL AREA CONCENTRATION

As shown in the previous section, the time-averaged local interfacial
area concentration can be calculated from measured values of the bubble or
droplet number per unit time and mean and fluctuating components of the
interfacial velocity using Eqs. (103) and (117).

Serizawa et al. [55-58], have measured the above mentioned parameters in
air-water bubbly and slug flow in a vertical tube. Under stationary and de-
veloped conditions, they measured the bubble number per unit time, N; and
spectrum of passing velocity of interface, lvszl at various radial posi-
tions. The examples of the spectra of lvszl are shown in Fig. 8. From these
spectra, one can calculate the reciprocal of a harmonic mean of lvszl as

e wilv_|)
i | 1 ™ sz
R e ) R | T dlv_ | (118)
vsz {J vszj /(})} !o ‘sz "sz

where w(|v¢,|) is the probability density function of |v¢,| corresponding to
the normalized spectrum shown in Fig. 8. Similarly, the square mean of the
fluctuation of Ivszl can be calculated from the spectra as
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Serizawa et al.
Air-Water Bubbly Flow

Jg=0135m/s _ jj=1.03 m/s
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Fig. 8. Spectra of |v.,| for Air-Water Bubbly Flow at j, = 0.135 m/s and
jg = 1.03 m/s at Various Radial Positions (Serizawa et al. [55,57]))
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I (vl - T_sj)"’/(g)}
2

- %Y | 4 (
I e 1P wliv 1) dive |- 7 vl wliv 1) dlv ] (119)
where

v |- @ 20
Ysz J'c 'vszl w(lvszl) dlvsz| vt

The value of °i/|;iz|2 is not measured in Serizawa's experiment. However, or>
can approximate this value as

2 2
% %52
= (121)
I;ul2 IvszI

which is calculated by Eqs. (119) and (120) from the measured spectrum of
|vgz|. Figure 9 shows one example of the profiles of N, l/l'_]_———rf , and
g z/T_"T calculated from the above procedure. Thus one obtains the local
interfacial area concentration from Eqs. (103) and (117) using the measured
values of Ny and spectrum of Ivszl.

Figures 10 to 15 show the local interfacial area concentration profiles
based on the above-described method and the experimental data of Serizawa et
al. [55-58]. In the figures, r denotes a radial position and R denotes radius
of flow passage. For bubbly flow the local interfacial area concentration
shows rather uniform values in the center region of the tube and higher values
near the tube wall. The higher values suggest that in this type of bubbly
flow the interfacial transport of momentum and heat is higher near the tube
wall. On the other hand, in slug flow and bubbly to slug transition flows the
local interfacial area concentration does not show an appreciable peak value
near the tube wall as indicated in Figs. 14 and 15. However, higher values of
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Jy = 1.03 m/s Calculated from the Nata of Serizawa et al. [55,57]
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the interfacial area concentration appear at the central region of the tube.
It has been already shown by Ishii et al. [7] and Sekoguchi [53) that the area
averaged interfacial area concentration is strongly dependent on two-phase
flow regimes. However, the present study has demonstrated that a transverse
profile of the local interfacial area concentration is also strongly dependent
on the flow regimes. These results indicate that the interfacial transports
of mass, momentum, and energy strongly depend on the overall flow regimes as
well as on detailed transverse structures of flow.

Figure 16 shows the radial profiles of various local parameters of two-
phase €low along with the interfacial area concentration. This figure sug-
gests that the turbulent velocity of the liquid phase Gl and the void fraction
@ are closely related to the local interfacial area concentration as pointed
out by Serizawa [59] and Herringe et al. [54].

Here the local interfacial area concentration hzs been calculated from
Eqs. (103) and (117) using the experimental data obtained from one double-
sensored probe. This procedure is based on several assumptions on statistica)
characteristics of the interface motion as described in the previous section,
such as the randomness of the interfacial velocity and equilateral fluctua-
tions of the velocity etc. These assumptions are considered to be valid in
the central region of bubbly flow. However, in the very near wall region of
bubbly flow or slug flow, some of the assumptions are not completely valid.
Furthermore, for two-phase flow where fluid particles cannot be well defined,
such as churn-turbulent flow, the above method may not be appropriate. For
these circumstances, more information on the interfacial velocity is necessary
for an accurate measurement of the local interfacial area concentration. The
three double-sensored probe method which is described in the previous section
fs suitable for this purpose. Such detailed measurements are strongly recom-
mended for a better understanding of two-phase flow structures and interfacial
transport phenomena.

V. CONCLUSIONS

The local instantaneous formulation of the interfacial area concentration
has been introduced based on the concept of a distribution. Using a delta
function and the interface equation, the local instantaneous interfacial area
concentration has been defined. Then by integrating the local instantaneous
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interfacial area concentration, spatial and time averaged interfacial area
concentrations have been obtained. For a dispersed two-phase flow the spatial

(1inear) averaged interfacial area concentration is given in terms of the num-

ber of interfaces per unit length and the harmonic mean of cosf;, where 95 is

the angle between the normal vector of jth interface and averaging direc-
tion. On the other hand, the time averaged interfacial area concentration is

given in terms of the number of interfaces per unit time and the harmonic mean
of |¥;;| cosej, where |¥;;] is the interfacial velocity of jth surface and ¢

L4
J
is the angle between V.. and the normal vector of jth interface.

§

Based on the 1oca1Jinstantaneous formulation of the interfacial area con-
centration, several ergodic theorems concerning the averaged interfacial area
concentration have been derived. The overall ergodic theorem for the time and
spatial averages has been obtained theoretically. For a .ationary and devel-
oped two-phase flow, the local ergodic theorem is obtained. Both theorems are
important in terms of practical applications and interpretations of experi-
mental data.

Based on these theoretical developments, several measurement methods for
the interfacial area concentration have been proposed and discussed in de-
tail. The method using three double-sensored probes located in three inde-
pendent directions has been proposed for a general application. It is shown
that this method enables an accurate measurement of the local interfacial area
concentration. However, it is also pointed out that the required small size
of the whole probe may be an engineering problem.

A much simpler method using one double-sensored probe is also proposed
and discussed in detail. By assuming certain statistical characteristics of
the interfacial motion, an expression for the local interfacial area concen-
tration can be related to measurable quantities from a double-sensored probe.

Applying this one-probe method to experimental data, radial profiles of
the local interfacial area concentration have been obtained for air-water
bubbly and slug flow. The local interfacial area concentration has a peak
value near the tube wall in the bubbly flow, while in s'ug flow it has higher
values in the central region of two-phase flow. These results demonstrated
the applicability of the one double-senscred probe method for the measurement
of the local interfacial area concentration.

The formulation of the local interfacial area concentration and measuring

methods developed in this study are basically applicable to any type of two-
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phase flow. A further experimental study utilizing these methods for
measuring the interfacial area concentration is highly desirable. Such a de-
tailed measurement of the local quantities of two-phase flow greatly increases
the understanding of interfacial transport phenomena, structures of two-phase
flow and flow regimes.
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APPENDIX A

Product of Two Statistical Variables

By considering two statistical variables Pj and Oj. a correlation coef-
ficient of P; and Qj, which is denoted by vpq, is defined as

N
i (q, - 8)°
sl J }

where P and 6 are means of PJ and QJ. When Pj and QJ are statistically in-
dependent, there are no correlation between PJ and Qj. This implies

Ypq = 0 (A2)

In this case, Eqs. (Al) and (A2) gives

N
L (o~ P)ay - 8) -

J

On the other hand,

From Eqs. (A3) and (A4), one finally obtains
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