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REVIEW 0F PROPOSED FAILURE CRITERIA FOR DUCTILE MATERIALS

by

| Frederick D. Ju and Thomas A. Butler

ABSTRACT

In this report, failure criteria for structural components
constituting the primary coolant-system boundary of a Liquid Metal
Fast Breeder Reactor (LMFBR) are reviewed. Because the materials
being considered, mild ferritic steel and austenitic stainless
steels, are ductile, especially under LMFBR normal operating and
accident conditions,.only ductile criteria are considered. The

<

ductile criteria must be used in combination with true stress and
strain measures of deformation and internal load. Specific cri-
teria reviewed include maximum stress and strain or plastic in-
stability based on uniaxial tensile-test data and a hole-growth
theory based on coalescence of neighboring voids under load. Cri-;

i teria based only on maximum stress or strain are not recommended
for general use because they are not appropriate under general,

, multiaxial stress conditions. The plastic instability criterion,
because it leaves a large unused toughness region before frac-'

ture, is recommended where considerable conservatism is warranted.
The hole-growth criterion is recognized as being analytically
sound; however, it has not been extended to general three-
dimensional geometry and multiaxial stress conditions. The theory
needs to be substantiated with experimental data for specific
materials being considered.

.

I. INTRODUCTION

The purpose of this report is to review material-failure criteria that are
being used to evaluate Clinch River Breeder Reactor (CRBR) structural response
to accident loadings. Because of the nature of the materials being considered
and the environment to which they are submitted, we consider only ductile
failure criteria.

The ductile materials will have an approximately linear elastic range and
a large-strain, nonlinear, work-hardening range. typical materials are mild

1
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steel and austenitic stainless steel. Materials in the same classification
may not have similar crystalline structures. Whereas brittle fracture is the
single failure phenomenon for brittle materials, ductile materials may, de-
pending upon the level of service limits, have either elastic limits or duc-
tile fracture as the material-failure criteria. For ductile fracture, no rela-

tively simple criterion exists for computational use.
Fracture criteria are inevitably related to stresses and strains. For

yield criteria, because of the small deformation, both the stress and the
strain measures normally refer to the undeformed geometry--the initial cross- |

sectional area and the initial gauge length. Such measures are called the

engineering definitions of stress and strain. In ductile fracture, where large

deformations are generally the rule, the deformed cross-sectional area can be |
much different from the original undeformed area. Therefore, the "true" stress
on the deformed area is normally used. It is reasonable to define, for the !

Ipurpose of ductile fracture-initiation analysis, both the stress and the strain
measures in terms of the current deformed geometry. The differences can be

quite different from those using engineering definitions, both in terms of
magnitudes and constitutive relationships. True stresses and true strains
will be treated further in the section on ductile fracture.

II. PLASTIC YIELD CRITERIA

Under static or quasi-static loading, materials reach the elastic-failure
limit by yielding plastically; the failure criteria are, therefore, the cri-
teria for plastic yielding. Currently either Tresca-Mohr's maximum-shearing-

lstress theorem or the Hencky-Mises energy-of-distortion theorem i s used
to define the yield surface. The modified maximum-shearing-stress theorem can

be expressed in terms of the maximum and the minimum principal stresses

(c) and 0 I*3

I IIIj- 3' f I"1 + 3Io "
*

Equation (1) defines an envelope in the Mohr's stress plane, Fig.1. The given

function is usually assumad constant for materials with similar tensile and

2
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Fig. 1. Envelope of Mohr's stress plane.

compressive elastic properties. The intermediate principal stress is notice-
a'bly not included in the criterion. This fact constitutes one of the major
criticisms of the criterion, although it is generally considered a more con-
servative criterion than the energy-of-distortion theorem.

The general expression for Hencky-Mises theorem is

Jh=f(p), (2)

where J is the second invariant of stress daviator (s93) and p is the2
local hydrostatic pressure. Copper, aluminum, and, to some extent, steel are
not affected by the local pressure. For those materials, the Hencky-Mises
vielding criterion [Eq. (2)] becomes

2J constant = k (3)=
2

.

Figure 2 comparts criteria of Eq. (1) and Eq. (2), when the limit functions, f,
have corresponding constants at yield based on uniaxial experiments. In

3
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Fig. 2a some experimental data are superposed, indicating the closer prediction
by the Hencky-Mises criterion. Several theories that originated from or are
related to the Hencky-Mises theorem and that are based on untaxial tensile ex-

periments are given below.
Hencky-Mises Yielding Condition

2When the Hencky-Mises condition relates the constant k to the uniaxial
tension experiment, Eq. (3) becomes

'

2 E( l - 2) *I 2- 3 3- 1}I +IJ "" 'y

where o is the tensile yield stress.y
Principle of Energy-of-Distortion

The principle predicts yielding when the energy-of-distortion reaches a
limiting value determined by a uniaxial tension experiment. Herc

9393=hs U -UU e s == s
93 93 e hydrostatic 'd

where (s !) } and {e93 ) are the stress and strain deviators respec-g

is that portion of thetively, U is the strain energy,and Uhydrostatice
strain energy in hydrostatic deformation. Hence, the energy-of-distortion in

uniaxial tension is

U uniaxial "d
*

The principle reinforces the Hencky-Mises condition that

93jj=ho
'

J s= s y.2

Octahedral Stress Criterion
Define an octahedral plane, with unit normals of (1//3,1//3,1/8) in

- ~

principal coordinates of the stress tensor. Then the octahedral stress cri-
terion states that yielding initiates when the shearing stress on that plane

4
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reaches a limit, which is determined by the uniaxial tension experiment. The

octahedral shearing stress can be readily determined as

7oct " I -#) * I"2 - 3I + I "3 - "1 I d (7)10 "
1 2 2

The octahedral shearing stress for unf axial tension is then

(7a)=
.

T oct-ten

The limit is reached when o = o . Then Eqs. (7) and (7a) become equiva-y
lent to Eq. (4).

Equivalent Stresses and Equivalent Strains

The concept introduces an artificial uniaxial stress (or strain) equivalent
to a complex triaxial stress (or strain) state, such that [see Eq. (4)]

e" E( 1 - 2 + I"2 - 3I I * I "3 - "1 ] 3J= "
2 t

oct

or

I
[( c -cIc, ) ,y j 2 * I '2 - "3I + I"3 - S I 3 I9I=

*

for engineering definitions of stress and strain. The limits for these cri-
teria are the yield strength (O ) and the yield strain (c ), respec-y y
tively. For the true stress and true strain the equivalent stress and strain

are defined as

5, = 3Jj h [(B - 5 ) *I +I 3-U) ] (8a)= -j 2 2 3 1

and

, = h 2[@ "c + I"2 - b + I"3 - *1 ) ]. (9a)i:
2

6
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The quantities 5 and c are the principal values of true stress and
9 4

strain, which are defined in Sec. III.

Although the above-stated criteria seem to generate the same yield condi-
tion, some physical interpretation differences do exist. The Hencky-Mises

condition and the octahedral shearing-stress criterion are both controlled by
the state of stress only. The energy-of-distortion principle is also governed
to a certain extent by the constitutive relationship: the equivalent stress
and strain are both artificial; the former is less physically meaningful than
the octahedral shearing stress; the latter is meaningful in linear elastic
materials only. Furthemore, the equivalence of all these criteria is based
on the linear constitutive equations with small deformation. Extension to
large deformation must be justified on individual cases of loading and
defomation.

III. THE0 RIES OF DUCTILE FRACTURE

Ductile fractere is a general term to describe fracture that is preceded
by relatively large plastic deformation in the neighborhood of the fracture
zone. It is distinguished from the tem rupture in the present-day usage.
Theoretically, the latter is restricted to a phenomenon in which the cross-
sectional area at rupture is reduced practically to zero. Ductile fractures
occur in the form of normal cracking, delamination, fracture in the shear band,
or, most likely, a combination of all of these (Fig. 3). Fracture initiation
and mode of fracture are governed by many factors, principally by the current
state of stress, the entire course of straining, and the history of loading
for a specific material. Theories of fracture initiation should individually 7
address criteria for specific modes of fracture in specific crystalline struc-
tures. It is doubtful that there exists a single limiting value that is
applicable to all cases of failure analyses.

In establishing a limiting value for a specific failure criterion, most

theories refer to the data derived from unf axial experiments. The generally
available mechanical properties of materials are the yield stress and the yield
strain, the ultimate strength, and the maximum elongation, all in the engineer-
ing definitions. The yield stress and the yield strain (c , c ) define ay y
single point on the engineering stress-strain curve marking the start of the

7
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plastic behavior of the material. The ultimate strength (o ) is the maxi-
u

mum engineering stress, after which the stress-strain curve for ductile mate-
rial usually drops off to the point of fracture, which defines the maximum
elongation (e ). Consequently, o and c represent two different

f u f
| points on the stress-strain curve. Because the point of ultimate strength

really represents the point of maximum load, it is generally referred to as
, the point of mechanical instability. For primary loads, the structure will

fail when the point of mechanical instability is exceeded.
In uniaxial tension experiments with ductile materials, there occurs a

significa'nt phenomenon that, within a small length of the specimen (much less
than the gauge length), there is a drastic reduction of cross-section area after

the point of ultimate strength is exceeded. The "necHng" phenomenon may or
may not be evident under combined-stress-state conditi .. . In the " neck"
region, the stress and strain are much higher than the nominal (engineering)
stress and strain. This fact, along with the argument that in the predomi-
nantly plastic region the material does not " remember" its original geometry,
leads to a school of thought that advocates the use of current geometry for
the prediction of failure for ductile materials. The stress and strain
(o, 2) referring to the current geometry are called the true stress and
the true strain (or natural strain). The engineering stress and strain (o,
c) refer to the original geometry. Figure 4 shows a comparison of the
engineering and the truc ccr.stitutige curves for AISI 1020 steel. The true
stress-strain curve does not differentiate the constitutive relationship in
compression and in tension. Referring to the tensile experiment, we may note
that

1. at the point of mechanical instcbility, the true stress-strain curve
does not have a zero slope, indicating that because of necking phenom-
ena, the stress increases as the external load may remain constant;

2. as the post-stability deformation is mostly in the neck region, which
is usually a fraction of the gauge length, the engineering stress-strain
curve fails to show the real engineering strain in the neck region.
The curve is dependent on the gauge length chosen.

Other proposed limit values include the maximum shearing strength (T )
resulting from torsion experiments and given in the engineering definition.

Another is the unifonn strain (cu , which is the true strain at tae start

9
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Fig. 4. Equivalent and engineering flow stress-strain curves in tension and
compression for AISI 1020 steel, hot-rolled. Reprinted with per-
mission from An Introduction to the Mechanics of Solids, S. H
Crandall and N. C. Dahl, copyright 1959, McGraw-Hill Book Co.I

of necking, corresponding to the ultimate strength point. Neither of these
two limit values is commonly given material properties in the United States.

The analytical curve fitting of the stress-strain curve may be represented
by several models including (a) the multilinear model, (b) the Ramberg-Osgood
model, and (c) the extended Ramberg-Osgood model . The multilinear model is
generally used in the updated Lagrangian fomulation so that the stress-strain
relation is linear within each analytical time step. The Ramberg-Osgood model

assumes the approximation

A c" , (10)5 =-

where the exponent n ranges between 0.0 and 1.0. The model is not appropriate
for regions where highly nonuniform stress fields exist. The extended Ramberg-

Osgood model is a good approximation when the yield strain is small in com-
parison with the plastic strain; then

~n6-o =Ac (jj ),y

10



In the Ramberg-Osgood model there is no yield stress but a very low 0.2% yield
strength. The extended Ramberg-Osgood model is essentially a rigid-plastic
approximation. Figures 5a and 5b show the Ramberg-Osgood approximations for
AISI 1020 steel for different values of the exponent, n. Four curves are plot-
ted in Fig. Sa using different values of the work-hardening exponent, n. All
the curves have the single limiting point of 70% fracture strain, at a stress
of 95 000 psi. The work-hardening exponent, n = 0.2, provides the best fit.
In Fig. Sb, each curve with a different value of work-hardening exponent, n,
is made to fit the corresponding stability point on the experimental stress /
strain curve (c = n). Again, n = 0.2 provides the best fit.

u
The extension of uniaxial experimental data to the fracture criterion of

materials under triaxial states of stress is generally complicated. One method
is the extension of the plastic-yielding theory with the use of the equivalent

stress and the equivalent strain (6 ' * ), where 6, and c are defined bye e e
Eqs. (8a) and (9a) respectively. The term " equivalent" indicates that the
particular measure of stress and strain in the triaxial state of stress is

equivalent to the stress and strain in the uniaxial experiment.
In the following paragraphs we discuss the theories of ductile fracture

that have been proposed for use in evaluating CRBR response to accident loads.
1. The Maximum-Tensile-Stress Theory.

This oldest and simplest theory predicts cohesive failure of a material
when the maximum principal stress (in tension) reaches the stress limit of the
ultimate strength. Cohesive failure by high compressive loads, such as that
in brittle fracture, is not considered for ductile fracture.

2. The Maximum-Shearing-Stress Theory

The basic philosophy of this theory is to extend Tresca's yield condition
to that of fracture; the ultimate shearing strength is, therefcre, the stress
limit. Because infomation on the shearing strength is difficult to obtain,
the stress limit can be approximated with the uniaxial experiment. For that
case, the ultimate shearing strength is taken to be one-half of the ultimate
strength. An alternate theory is to have the octahedral shearing stress reach
a stress limit. It is observed that this theory extends the Hencky-Mises
yield condition to fracture by allowing the equivalent stress to reach a limit
equal to the ultimate strength. Generally, the stress liuits of these

theories are expressed as a function of the nomal stresses on the
corresponding shear planes.

11

_ - _ _ _ _ _ _ _



_ ___

| l | | | I .
' ' ' ' ' *'

/m
N - p.. -

~[*100
STABILITY PolNTs 7,= n

,,
' '~

0.1 0.2 0.3 o.4

' * * * , -
-

,
/

.
- _

' . - /- ,,,,,,.

~~~.
-

i | i | : |
i | i | i | i i

~'~ -~
~~

*

goo _. __ o
,

,
-x -

,

90 -
# , ,,, . - 1 _ /,/,/ _

~ , ,
m /s O UNIFORM STRAIN iu

*

p - $ * / [-- . e FRACTURE STRAIN T -

g 80 j , ! e''

g

E - 50 ff a = o.1 -"' -
*

.

70
!,/ * [

-
---- - n = 0.2

-/2 0
4 W3 o . o.3f

- -- - --

7
_

5 W.eo _

// o . O.4
-

0.5 __g
-

-ffg 50 -[ Atsi 1o20 STEEL -

'
- f,! -

40
:s / ::
oc 30 ## - II

~

J> II

AISI 1020 STEEL FROM _ |/ ---

20
~[/ UNIAXIAL TEST f .

f -
_ _o

'
i i i i i I e I e I i i i l i

0
0 QI O.2 0.3 0.4 0.5 0.6 0.7 0.8

I I l i I I i I. i i ii

TRUE STRAIN O O.2 0.4 0.6
TRUE STRAIN

Fig. Sa. Ramberg-Osgood 5 - E curve (5 = AE ) based Fig. Sb. Ramberg-Osgood models (5 = AE") forU

on maximum strain cf = 0.7 for AISI 1020 AISI 1020 steel for equal stability

steel. point.

,



P "' 4 l' || | 4 m P ' | u " I' I'' 'HI '' ' u''il 4s

3. The Maximum-Strain Theory

Under secondary stress, only the maximum strain (tensile) in a machanical
structure is limited to the maximum elongation E . In view of many experi-

f

ments showing reduced c under combined stress states, a better proposal
f

is to use the strain value at the onset of necking, c or c u (unifonnu
strain), as the limiting value.
4. The Plastic-Instability Theory.,

In uniaxial tensile experiments, the ultimate strength is reached at the
onset of necking; the engineering stress is distinctly identifiable at the
point that do/dc = 0 on the stress-strain curve. In the true stress-strain
expression, the curve continues to rise after necking (Fig. 4). In that case,

the point of plastic instability can be defined as the point of the maximum
load,3 or dP = 0. Hence, in terms of the current cross-sectional area A,
P = 5A, or dP = 5dA + Ad 5 = 0, that is

[
- Ad5
u" dA"

~~
*

u

Assuming that up to the maximum strain the incompressibility condition of
plasticity still holds, that is, d(AL) = AdL + LdA = 0,

dA dL -

p= p=-dc .

We thus conclude that for the uniaxial state of stress, the plastic ir'tability
occurs when the ultimate true stress reaches a stress limit such that

t -

O (12)=
.g

.d e u

In a multiaxial stress state, we may extend Eq. (12) in terms of equivalent
stress and strain (o , c,) such thatg

( B d5 d5

7=1 (13)
1 ee e= or

_ _ _

Z d e, dc ,c
e

!

whera Z is the subtangent as shown in Fig. 6.4

13
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,

4For uniaxial tension, the critical subtangent Z = 1. Hillier developed
j
| a general expression for -the critical subtangent as

[fl
#aJ1 9 1 V - - - - -

s ) 6,9 + a ) s ) s,g a6 6,, (14)6s7"T p 4 T, g g q g ,

en

|e a mn .

I

I
where 6 is the true stress tensor,li is the deviatoric tensor of stress, |

4 43
and P is the normal and shear component of force. Simplified equations

4
were developed for plane strain, biaxial tension and shear in-plane stress, |

and thin tubes under internal pressure and axial load. No triaxial stress-
5state solution is available. McClintock gave the results for internally

pressurized, thin-wall spheres and thin-wall tubes Hillier ,7 compared his6

results with other theories for thin-wall tubes loaded by internal pressure

i and independent axial tension using both analytical and experimental data.
.

For cases where the critical subtangent Z can be computed and true stressa
strain curves are available, the stress and strain limits (U , E ) can be!

g g
readily obtained at the tangent (Fig. 6). 'For some analyses, assuming the
Ramberg-Osgood relationship, both Eqs. (10) and (13) simplify to

= n and i nZ (15)I, =g .

Hence ,

g= 5,Z" -(16)1, Z and Bl = .g
.

Equations (15) and (16) do not hold' for the extended Ramberg-Osgood relation-
ship [Eq. (11)].

In its basic form, the plastic-instability theory is essentially a stress-
limit tneory.4 It can be extended to determine the strain limit with an
appropriate constitutive relationship such as Eq. (10).
5. The Hole-Growth Theory'

Figure 3 shows evidence of the coalescence of holes with normal cracking;
;

! the incipient delamination actually shows the elliptical holes. Figure 7 shows

14
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Fig. 6. Critical subtangent to the generalized strain-hardening curve.
,

in more detail the coalescence of holes in copper and plasticine. The mathe-
matical theory of hole growth and subsequent coalescence was developed by
McClintock. 8,9 He states: "The material is assumed to contain three mutu-
ally perpendicular sets of cylindrical holes of elliptical cross-section with
axes parallel to the principal directions of the applied stress (and strain
increments), Fig. 8.... The condition of fracture will be that the growth of
the holes is such that ... one of the semiaxes a or b of the hole approaches

half of the corresponding mean spacing, L,/2 or g/2 respectively." 8
A growth factor ,

(b/()/(b/()OF (17)= ,

zb

is introduced for which there exists a limit as a criterion for hole coales-
Icence. Because fracture occurs when F43 reaches a critical value F ), the9

| damage is then defined as dg = d(2n F43)/( An Fjj). The fracture strain
is derived as

,

15
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STRESS-STRAIN PATH
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Fig. 8. Strain plane with corresponding deformations of a cube containing
two holes coalescing in the b direction. Reprinted with
permission from Journal of Applied Mechanics, F. A. McClintock,
"A Criterion for Ductile Fracture by the Growth of Holes,"
copyright 1968, American Society of Mechnical Engineers.

-

(

f| _
5, 5, )

- - - -

f 1 -n ) a+ "b ,3 "a ~ %fg gp sinh 1 (18),
,

zb 2(1 n) A 2-

when n is the strain-hardening coefficient that may either be the exponent in
the Ramberg-Osgood relationship [Eq. (10)] or be defined in terms of the stress
at the point of unifonn strain divided by the average stress over the stress-
strain curve up to the uniform strain, that is

[S / avg to i 3-I II9)n = *
u

u

The expression in Eq. (18) may be approximately simplified for cases of plane
tension to

-

7
.

d (1 - n)
b+b

if = (1-n)4 Ff a b
(20)sinh 7zb .

_

J .
C
e ,
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McClintock considered that the expression in Eq. (20) is good to 15% at high

triaxiality,where the triaxiality (TF) is defined as TF = (6, + U + IN . At
b c e

low triaxiality it may differ from Eq. (18) by a factor of two. For instance,
in unf axial tension Eq. (18) yields a fracture strain of 0.64356( fnF I

zb '

whereas Eq. (20) gives 1.07733 (2nFzb), both using n = 0.25.
Using an order of magnitude estimate, McClintock derived for ellipsoidal

holes for triaxial state of stress

N= h (1-n) 2n Fh / sinh (1 - n ) TF (21)
. .

McClintock indicates that there is good correlation for aluminum, but the hole-
growth e rg overestimates fracture strain for copper-dispersion alloys (see
Fig. 9).
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Fig. 9. Comparison of ductility of copper-dispersion alloys with hole growth
theory. Reprinted with permission from Ductility, F. A. McC11n+ock,
"On the Mechanics of Fracture from Inclusions," copyright 1%8,
American Society for Metals.
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V. GENERAL REVIEW

For ductile fracture many diversified theories are being proposed. There I

is the basic question of whether material properties generated from the uni-
axial tension test are representative of the ductile failure for other stress

: states. We must also question whether the point of mechanical instability or
the point of fracture is to be used as the limit point. According to the ASME
code, Section III, Appendix F, for Level D primary loading,II the maximum

load is to be 70% of the mechanical instability load. The criterion leaves an

|
extensive region past the stability point as available fracture toughness in
fracture design. The following review will address the merits and short-'

comings of individual theories.
| The stress criteria are simple to use and need not be converted to the

true stress form in the elementary applications of the maximum stress theory
and the maximum shea' ring stress theory. One fom or another of the theory is
popularly used in numerical computations as a criterion for fracture initia-
tion. Typical examples are the maximum tensile stress as a criterion for the'

; initiation of mode I cracks, and the maximum octahedral shearing stress
! (equivalent to the so called " von Mises" stress) for the initiation of mode II
i or mode III cracks. These criteria are applicable for uniaxial tension or

simple shear states of stress. For complex states of stress both theories .

have been disproved by Bridgeman's experiments performed during World War II.
An updated discussion can be found in Nadia.12 Bridgeman's experiments in-

'

volved small cylindrical bar specimens, to each of which a constant high fluid
pressure p was superimposed while the specimen was stretched in tension.

j States of stress at the center of the break section and at surface of the neck
i are shown in Mohr's diagrams for four pressure levels as reproduced from

l
Nadia in Fig. 10. Bridgeman himself proposed the mean stress as a crite-

i rion but the proposal is readily disproved with a specimen failure in pure
shear for which the mean stress is zero.

,

It is therefore concluded that a single stress limit alone is not adequate
to define fracture initiation. If the stress limit is to be established other
parameters may have to be taken into account. One of such proposal is similar

,

to the Mohr's theory of failure that there exists an envelope curve in the,

stress plane to the Mohr's circles, such as that in Fig.10b and Fig.1. The;

circle that is tangent to the envelope is the limiting state of stress. The
,

19
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theory seems to work best with dominant shear failure, and Fig.11 shows an
increasing fracture stress with increasing lateral pressure to the cylinder.
The experiments constitute a good counter example for cohesive failure.

The theoretically sound stress-limit criterion is the plastic-instability
theory, Eq. (13). It is, however, pointed out by Hillier that the theory
predicts the point of instability rather than the fracture point; experiments

!" e* *
<

,
-i -b o a b 'k k h=

io*ser

o rie000
*N,000

'**4000Ar

Fig. 10a. Stresses at center of minimum cross sections.

_ _

To .

-s M*MM' 0 9,

|-

,

-4 -j .i 4 # i ti ! 'F,o ag,,,r *

I

|

! Fig. 10b. Stresses at surface of neck (r = a).

Fi g. 10. The major principal stress circles representing the stresses at
fracture in Bridgman's tension tests for steel bars exposed
simultaneously to high hydrostatic pressure p. Reprinted with
permission from Theory of Flow and Fracture of Solids, A. Nadia,,

copyright 1950, McGraw-H111 Book Co.
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on failure usually lead to fracture instead of the instability point. Conse-
quently, the theory is at best verified qualitatively, and controlled stability
experiments are still much needed. However, when the stress state is caused

by primary loads, the mechanical structure will, theoretically, continue its
i defomation to fracture once the stability point is passed. Hence, for con-

servative design, the plastic-instability criterion is recommended for all
primary stress states.

The simple strain-limit theory suffers the same problem of oversimpliff-
cation,regardless of whether the fracture strain or the uniform strain is being
used. That the limit is affected by the state of stress (or triaxiality factor,

| TF), was demonstrated by Bridgman's experiments with two types of steel; results

] are shown in Fig.11, which is reproduced from Ductility.13 Furthermore, the
Ifmiting strain value is very sensitive to the gauge length used in either the*

experiment or the numerical analysis. Figure 12 shows various strain paths
and fracture points corresponding to different gauge lengths. A workable
strain-limit theory, therefore, must also take other factors into
consideration.

i

5 - e;

e Steel 9-4
o Steel 5-0

4 -

'
;

3 - o
-: . ,

!
82 -

C

i - *
,

I IO - ' i

l O +1-

e . aresi
3a,

Fig.11. Correlation between fracture strain and ratio of hydrostatic
pressure to effective stress at fracture. Reprinted with per-

j mission from Cuctility, G. E. Dieter, " Introduction to
) Ductility," copyright 1968, American Society for Metals..
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The hole-growth theory, dealing with the changing geometry of the hole, is
a natural extension of the strain-limit theory. The fracture strain given in
Eq. (18) was developed by plasticity analysis for a planar tension field; how-
ever, in most applications'the simpler Eq. (20) has been used, including its
extension to the three-dimensional expression. Figure 13, which plots the |

!damage (c / AnFzb) as a function of triaxiality factor, illustrates the differ-f

ence between the two equations using a work-hardening exponent of n = 0.2.
Up to a triaxiality factor (TF) of 1.85, Eq. (20) yields a higher fracture-

|
strain limit than that of Eq. (18), which is by no means conservative. Only '

1

for a TF > 1.85 does the approximate Eq. (20) yield lower fracture strains as
limit values than those predicted by the analytical Eq. (18). Users of the j-

approximate equation should be aware of this fact. Because the simplified

Eq. (20) is generally used, further comparison would help decide the level of
conservatism of a criterion. We shall construct the ratio of triaxial fracture
strain to the uniaxial fracture strain (c /cfu). The analytical fracturef

strain Eq. (18) yields;

'

Bolonced bioxiot tension-/ #
~Unboloncedcircular bulge 7 / bioxiot tension-

o.co N | elliptical bulge--

N .G99t.Jt!!9thj
o.6o , , , 7 o Infmite

/ \ in.'' 0 *0

} N'az
'

+ o.1in.
g x Infinitesirnal

.{ o.ro g
,

\ Plane strain-*rC o :-- + s very wide tensile ,I \ \ fest
E N w> -oro Ni x -- .

| \ NCN
~0'"

i N Unionial tension- y-

8, * n ordinary tensile test g
-0.60

o o.4o o.8o 1.20 s.60 2M

Longitudinal principal strain

Fi g. 12. Effect of biaxial stress state on ductility of sheet steel.

Reprinted with permission from Ductility, G. E. Dieter,
" Introduction to Ductility," copyright 1968, American Society
for Metals.
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Fi g. 13. Comparison of damage for exact and approximate equations of
hole-growth theory.

1

n) sinh (f(1-n)) +i 2 (22)f
,

, ,

$ n) sinh f(1-n) TF) + f
I ~ "ifu

/1 -a + 8.

where a = (/6,9, whereas the simplified expression Eq. (20) leads to

-

"f
sinh ( d(1-n))/ sinh ( O (1-n) TF)=

(23)2 7 .,

"fu
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Figure 14 plots both against the triaxiality factor, TF. One criterion pro-

posed by Westinghouse * is to let the true maximum positive principal strain
from multiaxial loading have a maximum value of 70% of uniaxial true frac-
ture strain as shown in Fig.15. The proposed limit would be conservative
only if the material fractures under a triaxial state of stress with TF > 1.,

There are many uncertainties associated with the theory that have yet to be
resolved. These include the assumptions on the proportional increase of
stress and the coincidence of ma,jor and minor axes of the eliptical hole with
the principal axes of stress. The overestimate on some experiments as de-
scribed below has yet to be explained. Furthermore, the analytical development
of the hole-growth theory assumes no anisotropy and is based on a proportional
biaxial tensile stress field. Its extension to the shear band has yet to be

derived

i i ,i>i i...i- , , , ,

\
-'s -

e .

\ :
PROPOSED UMIT

-

DE ------- -

1.0 - -

gi, ,20-n) sinh \ 2 (1-n\+ 4If )/ N^s
IE he ' /'5 /50-n)TF I-"z\

.

~

.20-n) 2 q_ga

N -

0.5 -
-

(i-n))/ sinh (1-n) TF h@ g sinh
,,l, , , , i , , ,, , , , ,,,

O O.5 LO L5 2.0

TF = (l + a)/Ji-a+a2 , (y,+ y,}fy,
''I ' ' ' ' ' ''

.'56
' ' ' ' ' ' '

- O.'13 026 0.40 LO -0,7 -0.48 -Q29 -Qi4 O 0 LO

a = F /Fb o

Fig. 14. Fracture strain as a function of triaxiality factor.

*Information provided by the Westinghouse Electric Corporation, Advanced
Reactor Division, Madison, Pennsylvania 15663.
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Fig. 15. Fracture criterion proposed by Westinghouse.*

analytically from plasticity theory. The lack of theoretical justification

may have accounted for some disturbing experimental results. For instance,
the hole-growth theory would predict a higher fracture strain in shear (TF = 0)
than that of uniaxial tension (TF = 1), even though experiments on some mate-

9rials have proved otherwise as shown in Table I (McClintock ). Of the eight
materials tested, six show the ratio ( e /cg) less than 1 at TF = 0. The

f

data submitted by Westinghouse * cover only the region for TF > 1.0 (Fig.15).
In Fig.15, a 70% base is drawn as a limit, which is edequate for TF > 2.0
For TF < 2.0, even a 70% base is marginal.

,

It is therefore concluded that for high TF (greater than 2.0), the cri-
terion based on the hole-growth theory may be adopted. For low TF, the

.

*Information provided by the Westinghouse Electric Corporation, Advanced
Reactor Division, Madison, Pennsylvania 15663.
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TABLE-I
a

COMPARIS0N OF FRACTURE STRAIN IN TENSION AND TORSION

Equivalent
Tensile Strength True Fracture Plastic Strain

Material (psi) (Tension) (Torsion)

1100-0 aluminum, 13,000 2.62 7.3
annealed 6600F

60-40 brass, 56,000 0.68 0.51
as-rolled

7075-T6 aluminum 84,000 0.37 0.34
alloy

7075-T6 aluminum 84,000 0.44 0.48
alloy

1045 steel,15750F;b 271,000 0.52 0.16
011 quench temp 4000F

1045 steel,15750F;b Rc40c 0.88 0.39
Water quench temp 8000F (188,000)

1045 steel,15750F;b R 92c 0.93 0.38B
Salt quench temp 8000F (80,000)

,

1045 steel,15750F;b R 86c 0.89 0.43B
Salt quench temp 11000F (62,000)

a Table adapted from Ref.11.
b Material heated to 15750C , then quenched as noted.
c Rockwell hardness (B or C scale)

hole-growth theory fails to relate the failure phenomenon physically. More
|

controlled experiments in that range are necessary to establish a rigorous
criterion .

In conclusion, it is recommended that j

1. for yield, the Hencky-Mises criterion, Eq. (2), is to be used. Its

simplified and other alternate foms [Eqs. (4), -(7a)] may be used if
the yield function, f(p), is not available; _ '
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2. the triaxiality factor be used as a single, dec' ding parameter in duc-
tile fracture. The work-hardening exponent should be determined by
the mechanical instability point, Fig. Sb, because higher values gen-
erally result in stiffer plastic constitution, leading to underesti-
mation of defonnation. It seems safe to use the criterion based on
the hole-growth theory in the range of TF > 2, for steel-based_

ductile metals;

3. for TF < l, use the ASME existing code,Il a conservative (perhaps
_

overly so) but safe criterion, until more experimental data become
available to substantiate other criteria;

4. in the range 1 < TF < 2, data in Fig.15 tend to indicate marginal
conservatism. However, a 70% baseline is considered adequate for
evaluation of accidents beyond the design base;

5. as shown in Fig.15, the use of the unifonn strain as a limit is gener-
ally considered to be conservative for low triaxiality (TF < 2.5).
The failure criterion, however, is not yet verified by experiments
for TF < l . It is strongly recommended that controlled experiments
be conducted for the materials of interest to fill such a vacuum;

6. all computed strains to be compared with the strain limit should be
the mechanical strains corresponding to the stress state on the given
stress-strain curve. In thermal stress analysis, the actual strain

consists of the thermal strain and the mechanical strain. For a
lineal member constrained at both ends, heated to have a temperature

rise of AT, the actual strain cA (being constrained) is zero.
The thermal strain is c = cat; the corresponding mechanical

T

strain g is therefore

g-c3 -g -aar.
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