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The total flux of tritium then becomes (cf Jury et al.1991)

- xn- (5)

F,+F,

In this equation the tmitium gradient 1s cxprcssed as the space gradient of the conoemranon of
tritium in the liguid phase. The diffusivity D" includes diffusion in both phases. D is given
by

D* = 07»226x10° 86, - 0.7x2.57x107"x17x107° 8, cm?/sec (6)
=1.582x10 °6, - 3.028x10° 8, cm?/sec

D* is equal to 1.68*107% cm?/sec when 6, = 0.06 and 6g = 0.24.

Substitution of €q.(6) in the material balance eq.(1) gives

x6,C,) FC, 20C,

— = P - K®.C) N
% ( ) - k(B,C,)

-
-

or*

Equation (7) treats as neghgible the amount of tritium in the gas phase. That is, it sets

8.C, =6,C, - 8., (8)

It accounts for diffusion in the gas phase however through egs (5) and (6).

If we now divide eq.(7) by 6,,, assuming 1t to be constant in space and time, and then introduce
the variable C” defined by the equation:

CJC* = exp(-kf) 9)



then eq.(7) becomes

) (10)

oc” = . azc‘ozi.x_:
& @nx A’ or

The variable C~ defined by €q.(9) 1s essentially the "undecayed" solution concentration of tritium.
Its introduction reduces eq.(7) to eq.(10); a form we can solve. After solving eq.(10) we then
invoke q.(9) 1o account for decay, and thence recover the actual solution concentration C at
the relevant time, t.

We thus seek 1o solve eq.(10) for conditions we now describe.

INITIAL AND BOUNDARY CONDITIONS

When tritiated water is injected into this soil we expect that the invading solution will
advance quickly and radially as if the soil were a "delta-function” material (Green and Ampt,
1911; Philip, 1969) in which absorption 1s represented by a steep saturated wet front which
advances in response to a constant wetting front potential. Behind the front we assume that the
water content will be constant. This model 1s consistent with the high bulk density and inferred
uniformity of this soil. Gravity will have negligible influence on this process.

Release of the trinated water will thus result initially in a saturated sphere of soil. The
radius r of this sphere 1s given by rearranging the equation

Vo= 4nr’ 8,/3 (an

in which:
* Vs the volume of solution injected; and
. (-Jg 15 the air filled pore space [we assume complete displacement of air].
When Bg = 0.24 and, V = 1 liter, then r = 9.96cm.
At the same time the invading tritiated water will appear to displace the water originally
present in this region in its entirety [Bond et al 1982, Wierenga, private communication, 1993].

The radial distnbutions of water and tritum immediately after release will thus take the form
shown mn Fig.1.

ISmiles et al (1993) failed to divide D by 6, 1n eq.(10). Their effective diffusion coefficient
was therefore too small by 1/0.06.
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Diagram showing the radial distnbution of water and tntium immediately
following release of 1 hiter of tntiated water into a soil with an initial volume
fraction of water. 8. of 0.06, and a total porosity of 0.30. The tritium “front”
hes behind the water "front" because the system behaves as if the invading
solution displaces, n its entirety, the water oniginally present. The vertical dashed
hne at radwss, r= 158 cm represents the furthest excursion of tritium in the water
if convection with the hiquid water phase were the only means of transfer.









Figure 3 shows the normalised concentration of tritium, C./Co, calculated using eq.(14) and
graphed as a function of R, for T in the range 0 < T < 10.

Figure 4 shows log(C./Co) versus R for T in the range 0 < T < 30,

DISCUSSION
1. The solution in dimensionless form.

The information provided in Figs 1, 2, 3 and 4 is described in detail in the legends to
those figures. The data shown in Figs 3 and 4 are general and flexible. Thus:

a. Tritium concentration 1s normalhized relative to the mitial concentration and the data are
not restricted to any specific value of C.

b. Radial distance i1s normalized relative to the initial radius of extent, a, of the tntium
shown in Fig.2. The solution 1s thus scale-independent, and the real radius, r, i1s easily
calculated if the imitial excursion of tritium, a, 1s known.

¢. The "reduced” time, T, which parameterizes the concentration profiles is used to calculate
the "real" time at which a specific profile is observed, using eq.15 and values of D", 0,
a, and t appropriate to the circumstances.

d. Radioactive decay is accounted for implicitly in the norm.lized concentrations since e
15 related to C, by eq.(9). It enters the calculation wher the actual concentration at a
radius, 1, at a pamcular clapsed nmc t, is required. It is hen invoked using eq.(9) and
recalling that k = 5.64*10™ (ycarq)

Note the great range of C.f'(.‘0 required of the calculation. This is because of the
importance of, and ability to measure, very low tritium concentrations. This range makes the
calculation of the error function terms in eq.(14) critically important and makes, for example, the
otherwise conveniunt five term series cited by Abramowitz and Stegun (1965, p299)
inappropriate. Note also that for R < 1, the concentration of tritium decreases through time, T.
For any value of R > 1, however, the tritium concentration first increases from C, relatively
rapidly, and then slowly decreases with time as diffusion continues.

2. The solution in physical space and real time.
Figure 5 shows dimensionless data of the form seen in Figs 3 and 4 recalculated as

C()/C, versus r, with the profiles parameterized by t in the range 1 < t/(vears) < 30. In this
graph C_ is the oniginal concentration, and C, (1) reflects radioactive decay according to eq.(9).



Figure 3 Graph showing the way tritium redistributes in space with time from a
concentration profile of the form shown in Fig.2. Concentration, C [Ci/1], is
expressed in dimensionless form as a fraction of the initial concentration, C
[Cv1]. € 1s related to the "decayed” concentration, C . according to eq.(9).
Radial distance is presented as the dimensionless radius R = r/a, where a is the
radus of advance of the tritium at time t = 0 shown in Fig.2. Each profile is
parameterized by the time-like vaniable T = 4D 1a®8_, the terms of which are
explained in the text
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R=r/0

Figure 4 Graph corresponding to Fig.3 showing the way tritium redistributes in space (R
= r/a) with time (T = 4D t'azew) from a concentration profile of the form shown
in Fig.2 but with concentration expressed as the logarithm of C /C -
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Graph corresponding to Fig.4, showin g zphys:cal distribution of tritium in the

soil when a = 15.8 cr.,, D' = 1.68%10 /sec, and 8, = 0.06 for t in the range
| < t(years) < 100, and r in the range 0 < r(metcrs; < 10. In this graph the
concentration C_ (1) is corrected for radioactive decay using eq.(9), but normalised
in relation to the original concentration C .



Figure 6 similarly presents C_(1)/C versus r, for t in the range 3 < V(years) < 300
lnbotthgsSandeetakeazlSScme "0069 =024and D = 1.68*10% cm?/sec.

The interpretation of these figures is straightforward. Thus in Fig.5 we observe that 3 years
after release of the tritiated water, the concentration 100 ¢cm from the point of re'ease of the
tritium, C_(t=3) in higuid . and normalized with regard to the original
concentration, C , is approximately 1*10°". This represents a concentration of 10% Ci/liter if the
initial concentration were 10° Ci/liter Thc concentration, C_, measured in the gas phase will be
five orders of magnitude less than this because we must mulnply C,, by the partitioning "factor",
17%10°6 as we explained above. Thus a 1 liter gas sample slowly withdrawn from this region
will contain 17*107 Ci [6.3‘108 disintegrations per second).

It will also be observed in Figs 5 and 6 that for r < a (=15.8cm here) the (/C, decreases
from t = 0. For a value of r > a (=15.8cm), however, it increases to a maximum and then
decreases with diffusive redistribution and as radioactive decay takes effect.

This behavior of the local maximum provides a useful way to consider the process. Thus
Fig.7 shows the way C_/C  behaves as a function of time for a number of points in
0 < rimeters) < 4. The relatively rapid increase to, and slow decrease from, the maximum is
evident.

Figure 8 shows the advance of the maximum in C Wi, (where C,, m/C, yét=0) as a
function of time. Note the linearity of the graph after the mnitial 10 years.

The data of Fig.8 may be obtained exactly by differentiating eq.(14) with respect to 1,
correcting for radioactive decay using eq.(9), and solving for AT (VC)/ét = 0. This calculation
is tedious however and in the present case we used eq.(16) viz

K 2
CANCy = —T28__ exp(-—" k) (16)
6(zD"1/6 ) 4D 18,

This equation is the solution of eq.(10) subject 10 eq.(13) as a — 9. It represents a solution to
the purely diffusional problem cited by Carslaw and Jacger(1959 p.257), combined with eq.(9)
to account for decay. It offers an excellent approxlmanon for eq.(14) as r increases relative to
a, and as t increases. Thus, for D B = 28%10™ * em?/sec at r = 50 cm, the difference between
the two solutions is less than 5% aftcr 0.3 years and 1s less than 1% after 1 vear.

Figure 9 is also calculated using eq.(16). It shows the envelope of maxima of C wAVC,,
for all time, for r in the range 0 < r{meters) < 35. This graph also corresponds closely wﬂh thc
data of Fig.7 confirming the usefulness of eq.(16). We further observe, for example, that at a
distance of 6 meters from the source C_(1) C(')O will mvgr exceed 5.3*10° 7 . while maxima at 10,
20 and 40 meters are respectively ~9. "‘10 ~1*10"'? and —4*10°%¢ hg.8 shows that these
maxima are realized at 58, 128, and 268 vears respectively.
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Figure 6 Graph similar 1o Fig S for t in the range 3 < t years < 300, and r mn the range 0
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Figure 7 Graphs showing the way C w1V/C, changes with time at r = 0.5, 1, 1.5, 2, 3 and

4 meters from the point of releasc of the tntium. Note the way that C /Co
increases rapidly to a maximum, then declines relatively slowly.
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Figure &
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Graph showing the advance, as a function of time, of the maximum tritium
concentration, found by differentiating eq.(18) with respect to t for constant r, and
setting &(C_ (1)C )@t = 0, for the case shown in Fig.7, but for the range of r
extended to 0 < r(imeters) < 50, and t < 350 years.
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The envelope of maximum values of C(1)/C for r in the range 0 < r(meters) <
35. The local concentration C (1) will never cxcecd maximum values dcﬁned by
this curve Thusatr= 10 metcrs CyC  will ncvcr exceed 9.18*10°7, so | § o

= 10° Ci/liter then C « (1) will never exceed 9. 18107 Ciliter there. Simularly, thc
maximum concentratlon of tritium in the water at 30 meters will be 1.8*16°'°
Cv/hter. It will be attained according to Fig 8 after 198 years. The corresponding
congentrations in thc gas phase of the soil will be less than that in the water by
the factor 17*10°%
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Figures 7, 8 and 9 thus provide useful insights into the decay and redistribution process,
and eq.(16) provides a useful approxima ¢ method for determuaing the intermediate and long term
distnbution of released tntium. Spec-.cally, if one liter of tritiated water had been released at
a depth of 20m beneath the soil surf .ce, and 200m above the water table, and if C = 10 bCifliter,
then:

a. At the water table no tntium will ever be detected. We infer this from the fact that the

water tablc 1s at 200m, and eq.(16) reveals that even at 60 m from the point of release,

~2.5%1027%C b v’hter will be the greatest value of C, ever achieved. This concentration
represents ~9‘10 dnsmtcgranons/sec /liter and 1s undmcctablc by present methods.

b. At the sol surface, however, and neglecting complications relating to soil structure, water
content, temperature and air prcssure variability in the top 2-3m, we upect the ma:umum
value of C,/C, to be ~107'2  C_ (max) will then be 10 Ciliter (3.7%10%
disnntcgrationsrsec"htcr). This waluc approximates the maximum permssable
concentration for trittum in water released to an unrestricted area of 3*10™ Cv/liter
{(Nuclear Regulatory Commussion, 1992). It will be achieved after 130 years. Note that
gas phase concentrations will be approximately S orders-of-magnitude less than this.

3. The coefficients D" and D"/

It is important here to comment on the coefficients D* and D" B, . Both of these are called
diffusion coefficients in the soil science hiterature. Comparison of, for example, Hillel (1981)
and Jury et al(1991) illustrate inconsistencies and difficulties that arise n relation ‘o them.

D" is effectiv ely a "transfer coefficient” as defined in egs (4) and (5). D’ 9, on the other
hand 1s a "diffusion coefficient” in-so-far as it is the coefficient in the dlffusnon eq.(10) and 1t
represents "transfer” D" ) divided by “capacity” 0,).

Smiles et al. A 1993) failed to define clearly these differences and sct the coefficient in
€q.(10} equal to D’ rathcr than D’ 9. . Thus they used a value of 1.68*10 6 em?isec (based on
eq.6) rather than 2.8* 10"° cm?/sec (= 1 68' 10%/0.06). We demonstrate the extent to which their
calculations are erroneous below.

It 15 also important to comment on the vahdity of the estimation of D" based on eq.(6).
This equation provides an estimate of D for unsaturated soil systems for which we have no
measurement. It was invoked firstly to assess the relative |mponance of tritium transfer in the
hiquid and gas phases, and then to provide an estimate, through D" 8. of thc way diffusive
transfer might be affected by vanation in 8 and the total porosity, (9 ). While other
empincal equations which introduce funcnonal forms for the tortuosity, mlghﬁmw been used
(Jury et al 1991), their use must also be experimentally justified. As 6, — 0 however all
models of this sort fail. This 1s because, at very low water contents, the assumphom which make
eq.(6) feasible fail, water films become discontinous so transfer becomes more complicated than
a "simple” paralle]l flow model can describe (cf Philip and de Vries, 1958). We cannot specify
when these pcrturbatmnc b.ecome enitical but arbitranily reject eq.(6) for 8, < 0.04. In this range
we believe that D* and D B, can only be determined experimentally.

%



4. Effect of variation of D'/8

The general solution, C"(R.T), of our problem represented by eq.(14) and illustrated in Figs
3 and 4, is dimensionless, and independent of D’ 8. Calculations of C/C | in physical space and
time require we spccnfy D B, (aswellasa,r, 1, and k) however. Itis nmportam to examine the
effects of variation in D° L m terms of the rate of advance of the maxima shown in Fig.8 and
the envelope of maxima shown in Fig.9. We illustrate the effect of vanations in total porosity
and 6 on D’ /8, using eq.(6).

Table 1 shows the way D" and D /’9 calculated using eq.(6) vary with 8 and the total
porosity, (6, +© )for004 <@, <0l and03 <0, +0,) <05 Notein th:s table that the
transfcr coefﬁmcm D mcreases with both increasing wa%cr content and increasing porosity.
D" /8, on the other hand increases with porosity but decreases as the water content increases.
This lS because "isotopic dilution” associated with increased "capacity” of the system to store
tritium increases with increasing water content.

Figure 10 extends the data of Table 1 and shows values of D lB calculated using eq.(6)

for a range of water contents and total porosities of 0.3 and 0.45. We also show data measured
by Ihakayama and Jackson (1963), Scott and Paetzold (1978) and Torok et al(1991) in this
figure. Data calculated using eq.(6) lie somewhat above the majority of the measured values but
agree reasonably well taking into account the high values of Torok et al.(1991) for their sands.
Equation (6) does not predict the maximum observed by Nakayama and Jackson (1963) at 0,
=0.04 nor a minimum observed [although at much higher water contents) by Scott and Pactzold
It 1s evident that both porosity and water content should be measured accurately when
determining D L

: In Figs 11 and 12 we illustrate the effect of variation in D' B, from 2107 10 4.5*10°°
cm®/sec, on the rate of advance of the maxima, and the enveiope of mmnma These figures also
show these relations for the much lower diffusivity used by Smiles e. al.(1993).

The eﬂ"gct of vanation of the diffusivity is great, and clearly calculations using a value of
1.68*10°® cm?/sec are misleading. General conclusions drawn by Smiles et al.(1993) on the
basis of their calculauons must therefore be disregarded. Even variation within the range of
D’ 8, from 2*10° 10 4.5%10°° em?/sec produces significant effects. Thus, in Fig.12 we see that
at a dxstancc of 20 meters from the origin we might expect the maximum to lie in the range
7*1014 < ¢ C, < 2.2°10r H Fig.11 shows that these maxima might be observed at t in the
range 155 > t(vears) > 99, At 60 meters (beyond the range of thc figure) the corresponding
ranges in maximum concentration is 4.9*107! < ¢ Co < & 4*10°2 at times in the range 495 >
t(years) > 321.
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TABLE 1
This table shows the way variation in 8 and 9 affects:

* the "transfer coef’ﬁc:cn " D* calculated using eq.(6) ( T'able 1a); and
* the "diffusivity” D' B, (Table 1b)

Table 1a.  105%D" (cm?/sec)

0,
®, +8, 0.04 0.06 0.08 0.10 0.12
0.30 1.42 1.68 1.93 2.19 2.44
0.35 1.57 1.83 2.08 234 2.59
0.40 1.72 1.98 2.23 249 2.74
0.45 1.87 2.13 239 2.64 2.90
0.50 2.03 2.28 2.54 2.79 3.05
Table 1b.  10°xD" 8 (em?/sec)
By
®,, 8, 0.04 0.06 0.08 0.10 0.12
0.30 3.55 2.80 2.41 2,19 2.03
035 393 3.08 2.60 234 216
0.40 4.30 330 2.79 2.49 2.28
0.45 4.68 3.55 2.99 264 242
0.50 5.08 3.80 318 2.79 254

Note in this table that:
(B, *ﬁg, is the total porosity of the soil;

« D" is a "transfer coefficient” defined by eq.(6), which takes into account flux in both the
hquid and gas phases; and

. D"/(aW is a "diffusion coefficient" in-so-far as it represents the transfer coefficient, D",
divided by a "capacity” term, 8.



7
a®
6 —
(.
5 a Sy
|o5o,’;
™ O
4 — O
O
& )
3 - S
o ®
2 e e
2rd o
e O
L J @ o
° © O w O o 2
| - L3
@
Ao |
00 ¥ 02
ew
Figure 10 Graph showing vanation in D.I’G“, with 8 calculated using eq.(6) for soil

porosity of 0.3 and 0.45. The graph also shows data measured by Nakayama and
Jackson (1963) (O), Scott and Paetzold (1978) (@), and Torok et al(1991) for sand
(0) and a sand/clay mixture ()
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Graph similar to Fig 8 comparing the raze of ad\'a}‘ncc of the mgximgzm tritium
concentration, for D 8 values of 2*107, 2.8*10™ and 4.5*107" cm®/sec. The
diffusivity used by Smiles et al (1993} (1.68%10°% cm*/sec) produces the lowest
line and results in a rate of advance approximately one quarter that of the more
realistic and greater values of D 0.
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Figure 12 The envelope of maximum values of log(C, (1)C,) for rin the range 0 < r
(meters) < 28 for values of D’ 8, of 2*10° S T 8‘!0’ 45*10°°, and 1.68*10°°
em?/sec. Numbers on each curve mdxcatc thc time (years) at which the maxima
are realised. The lower diffusivity reduces the maximum at any point directly and
because of the increased time for the maximum to arrive results in greater
radioactive decay as well.



These data do not affect the conclusions set out above relating to transfer of measureable
amounts of tritium to the water table 200 meters below the point Sof release. The higher
maximum value of C,/C,, at 20 meters associated Wﬂgl D B, =4.5%10 cfl'n /sec however raises
the maximum soil surface concentration to 2.2*10™ Ci/liter if Cj = 107 Cv/liter. This value
exceeds the maximum permissable concentration (Nuclear Regulatory Commission, 1992) by a
factor of 10. In view of this uncertainty, it is therefore very important to have as good an
estimate of D /8, as possible and we recommend its measurement, at appropriate water contents,
under field conditions for soils of concern. In particular, D /8, should be measured ior 6 in
the range 0 <8 < 0.1 using soil of anpropriate bulk density and particle size range. Specifically
these experiments should focus on the lower end of the range where empirical equations such as
eq.(6) fail.

We offer further comment in relation to:
» net flux of water;
 net flux of the vapor phase;
» temperature effects;
+ the influence of the redistribution of injected water;

« formulation of the diffusion equation in soils.

h

Net flux of water,

Convection of tritium would be important if significant liqwid flow occurred. Similar soils
have hydraulic conductivities, K, at water contents in the range 0.0 -~ 8 < 0.1 of order 108
cm/sec (Rose et al., 1965). Assuming unit hydraulic gradient, such conductivities imply a drift
towards the water table at a velocity (= K/8) of approximately 107 em/sec. The center of
influence of the sphere of trittum might then be expected to arrive at the water table 200 m
below after approximately 5,000 years. It would not therefore present a problem. Within this
framework also the influence of the additional water associated with the injection is trivial. Thus,
barring sustained climate change, or sustained application of water to increase KB by several
orders-of-magnitude, we believe that there will be hittle liquid water movement in the soil as
described. Convective transport will therefore be unimportant after the initial, and minor,
redistribution of the released tnitiated water.

6. Net flux in the vapor phase.

It is difficult to estimate the magnitude, at a depth of 20 m, of "pumping"” associated with
pericdic atmospheric pressure and temperature changes. The great capacity for tritium of the
liguid, compared with that of the gas phase, as well as rapid equilibration between the phases,
ensures that retardation of this form of transfer is great. We therefore assume that it will produce
no net transfer, and can be neglected. In this regard we assume that air slowly withdrawn at a
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point in the soil will reflect the soluuon concentration at th»* point, and therefore provide an
appropriate basis for sampling.

7. Temperature effects.

We similarly assume that temperature variation, in space and time, at this depth can be
neglected. The actual temperature cannot be ignored however, and data of Scott and Paetzold
(1978) showed an order-of-magnitude increase in their diffusivity at 8, =0.05 as the temperature
increased from 5°C to 33.5°C. That increase had decreased to a two-fold one for 8, =0.2.
Sposito (1981) collates data showing the temperature dependence of the self-diffusion cocfﬁcncm
of liquid water.

8. The influence of the redistribution of the injected water.

We pointed out earlier that the available evidence indicates that as the released water
redistributes, it displaces in its entirety the water originally present. No matter how rapidly this
process takes place [within reasonable physical conditions], the initial radius of excursion of
trnitium for our problem will not exceed 15.8 cm. The assumption that the tritium will reach this
radius at time zero over-estimates the speed of advance of the profiles shown in Fig.5 and the
calculations are therefore conservative.

9. Formulation of the diffusion equation in soils.

In developing this analysis it emerges that ambiguities in relation to material balance, and
the significance of concentration gradients, may emerge depending on whether the tritium
concentration is expressed per unit volume of water,  per unit volume of soil. The diffusivity
1s the same n each case. To avoid these ambiguities the water content distribution must be
specified to define fully, the system. In our case, the water content is assumed to be uniform,
and interpretation is straight-forward. In systems where the water content varies spatially and
in time however, the problem is significant. Formulation of the equations in a Lagrangian
coordinate system which satisfies the matenal balance equation for the water then offers a
rational resolution of these ambiguities. Smiles et al.(1981) and Wilson and Gelhar (1981) set
out such a method. The approach requires that we explicitly define the water content field, by
measurement if necessary. It is then relatively unimportant if there are local changes in water
content. Furthermore it 1s then relatively simple 10 take into account systemati~ water content
change associated, for example, with approach from above to a water table, or \vi h local soil
texture change.

CONCLUDING REMARKS

When tritiated water is released in a uniform and relatively dry soil it redistributes in both
the liquid and vapor phases. The flux density of tritium in each phase is of the same order of
magnitude however so tritium redistribution must be modelled as if transfer occurs "in parallel”
in the hiquid and vapor phases
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The approach we describe uses the diffusion equation cast in spherical coordinates and takes
into account radioactive decay. It permits calculation of radial profiles of tritium concentration,
within and external to a sphere of released solution. We assume the concentration within this
sphere initially to be uniform. The solution also predicts attenuation and rate of advance of the
maximum of tritium concentration as it advances in the soil.

The solution is not in principle restricted to sphenical sources however because the diffusion
equation we solve is linear. We can therefore superimpose solutions for distributed sources.
Thus we can solve by the principle of superposition, problems of release from cylindrical sources
of any aspect ratio and orientation.

The diffusion equation can also be recast to solve the redistribution problem where there is
a steady net flow of the water or of the air within the assumption that equilibrium always exists
between the gas and water phases. Neither process would be important in the deep and dry
desert soils for which we perform illustrative calculations here.

Finally, it is important to note that while calculated material properties are appropriate for
illustrative calculation, they must be supported by field measurement when the theory is used to
support engineering application. Thus the diffusivities of tritium in the liquid and gas phases in
soil, for example, must be recognised as properties of the soil structure and water content which
do not permit prediction. In addition the calculation of D" embodied in eq.(6), despite the
agreement we cite here with measured values, should be supported by experiment, particularly
at relatively low water contents.
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