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Introduction

This report provides a summary and documentation of a training
course conducted for the Nuclear Regulatory Commission (NRC) %y
S. S. Papadopulos and Associates, Inc. The course was designed to
provide NRC sciertists with an introduction in the use of two-
dimensional and three-dimensional ground-water flow simulation
programs published by the U. S. Geological Survey. These computer
programs are used extensively by hydrogeologists in both the public
and private sector as a powerful tool in the analysis of ground-

water systems.

Course Objectives and Scope

The primary objective of the course was to present the basic
operating procedures for the two programs. However, effective use
of these programs requires a fundamental knowledge of the physical
and mathematical principles that form thke basis of these programs.
Therefore, in addition to basic program operation, other topics

discussed during the course included:

* Historical evolution and use of models in hydrogeology.

* Development sequence of numerical models.

* Introduction to finite-difference methods.
* Theoretical background on USGS programs.

|
* Mathematical description of physical processes.
* Practical considera.‘ons in the use of numerical models

Course Materials

The topics in the previous paragraphs were presented in a

in ground-water system analysis.
3 day course held at NRC offices in Silver Spring, Maryland, August ‘
!

11-13, 1981. Materials (notes, problems, etc.) that were distributed
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to participants are included in the appendices to this report.

The USCGS reports that pro ‘de the basic pregram documentation were
distributed to participa. but ar- not included in (his report.
Appendix A of this report includes the technical notes that accompany
the lecture presentation. Appendix B provides a glossary of commonly
used terms. Appendix C provides notes on matrix algebra that are
useful when studying the USGS reports. Appendix D includes problems
that were assigned to participa.ts along with appropriate program

input and results for solving the basic parts of the problems.

Participast Reaction

The reaction of the course participants to the material presented
was very favorable. The only comments were that the discussions of
program output and iteration parameters were not sufficiently detailed.
"'his was primarily caused by difficulties with NRC computer facilities
which occurred on day 2 of the course. As a result of these difficulties,
participants were unable to obtain the results of their problems in a
timely manner, thus limiting the time available for discussion.

In response to these comments, the problem results presented in
Appendix D have been annotated to describe the program output, and a

short discussion of iteration parameters is presented below.

The iterative methods employed by the program to solve simultaneous
equations use iteration parameters that are defined, in part, by input
from the program user. Optimum values of the user defined variables are
generally determinec by trial in which the "hest" value(s) produces the
least number of iterations to reach the solution. The following table
summarizes the commonly used values for t. : user defined variables in

the two-dimensional program.
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Solution procedure Variables Values
Line-successive overelaxation LENGTH 5 - 10¥
HMAX 1.6 - 1.9
Iterative alternating direction LENGTH 6 - 10
implicit procedure HMAX 1 or 2¥
Strongly implicit procedure LENGTH 10¥
HMAX 1¥

Yuyuse only if convergence is slow, otherwise LENGTH > ITMAX.
¥ yse 2 for highly anisotropic problems, otherwise use 1.

j/Always use 10.
YValues other than 1 are sometimes useful for "difficult" problems.
Two such problems are discussed in the program documentation, pp. 27-29.

In the three-dimensional program, the strongly implicit procedure is the
only available method. The number of iteration parameters (variable

LENGTH) will! normally be 5 to 7 with 5 being most common.

Recommendations

The sequence and depth of the material presented appeared to be
adequately suited to the backgrou~ . of most participants. As previously
mentioned, difficulties with the NRC computer system precluded a thorough
discussion of program output. To circumvent this problem in future
courses, NRC should consider a backup computer system, such as one

provided by the contractor, or adding one day to the length of the course.
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APPENDIX A
COURSE NOTES

Introduction
Objective:
——ee e

1) To gain an understanding of the process of modeling ground-water flow

yvstems.

0

- To provide a formal introduction to the use of the USGS finite difference
omputer programs for modeling 2-D and 3-D ground-water flow.
3) To gain an appreciation of the capabilities and limitations of these

models.

Purpose of models:
1) Predict the response of the system to stress.

2) Quantify water availability.

3) Quantify ground-water velocity (transport processes).
4) Investigate alternativ: system characteristics.

5) Guide data collection.

€) Provide input to management or decision making models.

1) Statistical or probabilistic - does not consider physical processes,

requires sufficient observation of input-output characteristics of che

2) Deterministic - considers physical processes of the system.

Al




Types of deterministic models:

1) Mathematical - use equations to describe physical processes.

2) Physical - use an alternate system that has physical processes that
are analogous to those of the real system.

3) Analog - use an alternate system (R-C network) to simulate a mathem.

approximation to the real system.

Examples of ground-water models:

1) Physical models
a. Sand box
b. Hele-shaw (viscous flow)

. Stretched membrane

!

d. Electrolytic tank or conducting paper.
) Analog models - resistor,capacitor network
3) Mathematical models

a. Analytical - Theim, Theis, Hantush - Jacob, etc.

b. Numerical - finite difference, ‘inite element, polygonal, etc.

A2
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Mathematical Fundamen:als and Background

Basic equations of ground-water flow

1

Concept - unsteady flow in a saturated porous medium

conservation of mass

wn
|

Describe

- Darcy's law (empirical)
J r

Darcv's law

or v = k _.._’
d?s
where h 1is hydra head, & 1is distance along a flow path and

constant of proporticuality known as hydraulic conductivity. Law

for velocities that produce insignificant inertial effects.

mass

servation

tatement -

=
[+})
A
N
oY
o
ol
-
0
7}
n

or mathematizally

where m repre.ents fluid mass.

is

-

valid
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b. Vertically averaged flow, homogeneous

where 1

S 1is storage coefficient

is defined as

: ~
and L2

c. Non-homogeneous

d. Vertically

~ Ten - | i F 1 .~y
€. Unconfined flow

approximation),

Sy is known as specific yield or

thickness of the uncor

is transmissivity

represent

averaged flow,

non-homog

Assumptions that are me
1) Compressible fluid

2) Spatial variations

: [f;% -
X

(product

]
-

I
|

the

neous

fined aquifer.

in an elastic

in fluid

(product of

bottom

and

density are

and

; 3
ol K

and anisotropic medium,

isotropic medium,

effective porosity and

employed are:

compressible aquifer.

insignificant.

Ab

non-homogeneous and anisotropi

b

isotropic medium,

and aquifer thickness),

Ss and aquifer thickness), and

and top of the aquifer.

(free surface), vertically averaged flow (Dupuit

is the

saturated
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4) Areal (vertically averaged flow within
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Initial conditiocons

The dependent variable h is a function of x,y,z and t. To completely
specify the mathematical problem, h(x,y,2,0) must be known.
In some cases, the method of superposition can be used to simplify the

specification of initial conditions.

Analytic solutions

Given a P.D.E., boundary conditions, and initial conditions, "closed-form"
analytic solutions can be found via the calculus for many problems of
practical interest. Some of the classical solutions include the Theis

equation for infinite, homogeneous, isotropic aquifers,

»nN

i ]
w

s (£,8) = = W(w, g e

4nT 4Tt

where s is water-level decline caused by pumping rate, Q. The variable r
is the radial distance from the pumping well at which the decline is measured.
W(u) is known as the well function. Another commonly used equation is one

attributed to Hantush and Jacob to analyze "leaky'" aquifers.

s (r,t) = 33? W(u,r/B)

L
where B = [T/L]2 and L is the vertical hydraulic conductivity of an

overlying or underlying confining bed divided by its thickness.

Numerical solution of P.D.E.'s

Concept: values of the dependent variable will be calculated at specific
points in space and time rather than the "continuous" function obtained

from an analytic solution.

Methods: Finite difference, finite element, polygonal (integrated finite

difference), boundary integral.

A8



Finite difference methods

Advantages:

a. Theory is intuitively straightforward.

b. Programming is relatively simple.

c. Structure of difference equations can be used to advantage with certain

solution procedures.

Disadvantages:
a. Some geometric properties may be difficult to represent adequately.

b. Number of resulting algebraic equations can become very large.

Concept: Approximate differential expressions using discrete functional

values. y

y = f(x)

A T T
|
i
y2 |-
Zil -
i '
X1 X2 X3
Difference approximations:
.- > Vo = ¥i
a. Backward, f'(x,) = <o—2J
; : ¥y3 = y2
b. Forward, f'(x,) = <2—4£
' X3 = X2
~ ¢ 3 ¥y3 = ¥}
Coe (,(".'-ltldl, f'(»)-».) ~ N
X3 = X)

A9



Second order derivatives:

y = f(x)
Y3
y2
Y1
X
A A
' Qx ' sX
f”{x) ohs f (_X + 2 f (X - : )
i g e - .
Ax
b f TS i b Beals "
f"(x) = __ Ox Ax
A
Ax
y3 - 2y2 + y1l
£ (x) » A——iy -
AAX‘
Considerations:
Truncation error - a measure of the discrepancy between the derivative and
p 3

the approximation. This error can be examined using a Taylor sei es expansion.
The results of this examination are usually expressed in terms of the order

of the function for which the approximation is correct. That is, rorward

and backward difference approximations are first-order correct [ (lxﬂ

and thus are exactly correct for linear functions but will have truncation
error for higher order functions. Central difference approximations are

second-order correct. To illustrate this consider:

y = f(x) = ax’ + bx + ¢
f'(x) = 2ax + b
f'"(x) = 2a
AlO
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= (ax? + 2axAx + alx® + bx + bAx + ¢ - 2ax? - 2bx

<

2 ~ M " 2 A 3 A
- 2¢c + ax” -2axlx + alx“ + bx - bAx + ¢) / Ax

i

(2alx“) / Ax°

Application to solving P.D.E.'s

;L‘__h s _‘._[A
X" at
b - 2h, + h . h - h
,bAf 1,k i,k 1i-1,k - i,k +1 1,k
x? At
or By = rh, + (1 - 2r)h, + rh,
ik + 1 i + 1,k ' " '{ - 1,k
where r = At /] Ox*
t A
k+1 &
At
k —_ \,—%
k-1
Ax Ax e
i-1 i i+l

This is termed an explicit scheme. It does not involve simultaneous equations

A2
5 8 4 ax 4 =
but the solution will be unstable for r <% or At > ——. Instability refers

r4

to the propagation of truncation errors at successive time steps. If the errors

accumulate, the scheme is unstable.



Alternatively, an implicit scheme can be used.

2°h _ éh
ax* at
i+ 1,k + 1 i P L CR T P R R T Bk
Ax? At
- 2r + + . oh
oF ™ s 1k+1 (2r + Db, 4 41 o (R T PSR ik
where r = At / Ax?

B

This scheme can be shown to be unconditionally stable. Truncation errors are
not eliminated, but they do not accumulate at successive time levels. However,

a set of simultaneous equations must be solved at each time level.

Solving simultaneous algebraic equations

Two approaches:

1) "Direct"methods - a solution is obtained after a fixed number of operations.
The Thomas method is a direct method designed for tridiagonal equation

svstems. Most methods are various forms of Gaussian elimination.

'
2) "Iterative" methods - a sequence of estimates is generated that (hopefully)

tend to the solution.



Advantages of direct methods:

1) The solution (within computer round-off error) is obtained after a
fixed number of operationms.

2) An initial estimate of the solution is not required.

3) 1Iteration parameters and convergence criteria are not required.

Disadvantage of direct methods:
As the number of equations increases, the number of computer operations and

the amount of computer storage locations may beccme excessive.

Advantages of iterative methods:
1) If the initial estimate of the solution is "good", process can be very
efficient.

2) Computer storage requirements are less severe.

Disadvantages of iterative methods:

1) If the initial estimate of the solution ie not "good", the process may
require many iterations.

2) Most methods require iteration parameters.

3) The criteria for deciding when to terminate the iteration sequence can

be ambiguous.

Examples:
Direct methods
Thomas algorithmn
Gauss-Doolittle method

Cholewsky-Crout elimination

Al4



III.

IV.

Iterative methods:
. Point-successive over-relaxation
. Line-successive over-relaxation
. Slice-successive over-relaxation
. Alternating direction implicit procedure
. Iterative alternating direction implici
. Strongly implicit procedure
. Conjugate gradient procedure
3

. Modi jugate gradient procedure

L)
s
)
Q.
0
3
o
[
,.

Considerations for designing generalized 2-D and
Requirementa:

. Flexibility

. Reliability

. Documentation

Numerical procedures:
. Approximating equations

. Solution of simultaneous equations

2-D and 3-D USGS programs
Capabilities
=D

Confined or unconfined conditions or both

. Anisotropic permeability or transmissivity

AlS

procedure

3-D programs

Single aquifer with leakage from adjacent strata

Arbitrary distribution of recharge and/or pumpage



. Evapotranspiration function
. Approximation for transient behavior of confining bed
. Arbitrary boundary conditions

. Several equation solving schemes

Multi-aquifer or "true" 3-D
. Unconfined conditions in uppermost layer
. Arbitrary boundary conditions

. Anisotropic permeability or transmissivity

Mathematical formulation, "numerical" procedures, and program operation

2-D:

General equation -

g [T Ii}-‘] + £ [T i'-‘] = s L w4+ FW)
oX XX oJX ay vy oy It

or
J oh - 3h oh -
= | X ¢ =ik b=l = 8 + W + F(h)
ox XX IX 3V vy v v ot
Difference approximation -
. Central difference in space pra! ; il

. Backward difference in time

time level k >

time 18\,‘;‘1 k-1 / / /
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Source/sink terms -

Recharge and wells ] fy values at each node
; . ¢ Qo .
Evapotranspiration - A ETmax
.+ Land :
(G) —t - \‘EI
surface |
F’Y
T,

| 9eTmax h G
| l‘])k:- ‘v‘l
f (( - h )
= £ q [ i 1,9,k
U Tmax o ‘ETmax | 1 - Lo Pt (G - h Y<h . G |
L L;Z 13 i.j,k 3,18 %,

Leakage - steady and non-steady

a. Steady ’
] i,§ ¢
= —=2dai (h - h
W= m o Py T P
1,

t

Assumes that storage effects in the confining strata dissipate at a

relatively rapid rate and contribute an insignificant quantity of water.

b. Non-steady approximation

L

}{'
g P R, -
+ 2 (h, ., - U )
ml’j l',} 1,1,0
k'i =
where t' = —jli~f is a dimensionless time factor
m: .S'
1,1 S

Al8
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Solution of simultaneous equations =~

Strongly implicit procedure

Program operation -
Input data:

Group 1

Card 3 - specifying NCH smaller than the actual number of constant

head nodes causes problems that are sometimes difficult to detect.
Overestimating NCH does not affect program operation.

Card 4 - left justify options within the 5 column field; specify option

by punching the underlined character string.

Group 11

Card 1 - NPER, KTH and LENGTH are integer variables and must be right
justified.

Card 2 - layer numbers should be specified for variables LEVEL1 and
LEVEL2. For example, if maps are required for the first, second, and

fourth layers, the number 124000000 should be coded.

Group III

Each data set describing a particular parameter or property is composed
of a subset for each layer. Each subset consists of one card that
indicates whether the parameter or property for that layer is uniform
or non-uniform. If non-uniform values are indicated (IVAR = 1), the
first card must be followed by a series of cards that describe the
variation of values within the particular layer. Note that with this

format, values are not required for each node if the non-uniform values

A23



Group

are limited to one or two layers. Values are input by rows according
to the appropriate format. Begin successive rows on a new card. Note
that the iritial card for each subset that describe transmissivity

(or hydraulic conductivity) values has three additional parameters tnat
describe directional properties of T or k.

Do not include any cards for variables related to options that have not
been selected (data sets 5, 6, 7, and 8).

Only 10, JO and/or KD values are required to define non-uniform grid
characteristics (data sets 8, 9, and 10).

Parameter TK, which describes the leakance of confining beds in
multi-aquifer problems, consists of KO-1 layers (1 confining bed beiw=en

each aquifer).

IV
Variables KP, KPMl, NWEL, and NUMT are integer and must be right justified.
There will be NPER sets of group IV data.

Time step variables are related by the equation.

NUMT
TMAX = CDLT (CDLT 0 - 1)

(CDLT - 1)

DELT

Definition of input variables and units for 3-D versus multi-aquifer simulations.

Multi-aquifer

T - transmissivity, Al

S - storage coefficient, dimensionless

TK - leakage coefficient (or leakance) for confining layers that are not
treated as explicit model layers, T !, 1I1f no confli.ng iaye exists

between two aquifers TK should be
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Grid

Time

characteristics

Orientation should be accordance with aquifer anisotropy chara-teristics

or other structural features of the system.

Node spacing should be sufficient to adequately describe non-homogeneities
of the system. Use a uniform spacing if it does not produce an unreasonable

number of node points.

step sequence
Should be compatible with the time horizon and tiie areal scale of the problem.
May have to experiment to insure that the time step sequence does not

inf luence results.

Boundary conditions

Use hydrogeologic boundaries whenever possible.

Use constant head boundaries with caution.

I1f the exact boundary or boundary condition is uncertain, conduct tests to
determine its influence.

Constant head conditions are imposed at node points, no-flow conditions are
imposed at block boundaries.

Head-dependent flow conditions are useful for renresenting aquifer conditions

beyond the area of primary interest.

Initial conditions (transient simulations)

Three alternatives -

1)

~N
~’

3)

Contoured water-levels
Computed steady-state water-levels

Superposition

A26



Contoured water-levels

Use with caution. The values are probably not a solution to the equations
described by the model because of model error. Head changes will occur
that are a response to both the initial conditions and new stresses on

the system. After a period of time, the impact of the initial conditions
will diminish bu® the question of "how long?" is difficult to answer.
Computed steady-state water levels

Usually better than contoured water-levels. Changes in water-level are

a response to new stresses only.

Superposition

Strictly applicable only for linear (confined) systems, but can be used

effectively on many non-linear (unconfined) systems if the non-linearity

is not too severe. The principle is:

but T 7o = § because ho is a solution

Thus 0“8 a8
S -

and s obeys the same differential equation. Boundary conditions should be

the same as those for h or h. Initial conditions are s = 0 everywhere
0



For unconfined systems, an approximat: superposition principle can be derived.
The result is referred to as "Jacob's correction", which is a method of
correcting water-level declines (drawdown) calculated from linear equations.

If s' is a solution of

Q>
w

|

o]

- e ]
2~ [kb L2l -8
ax ax J y ot

then s' is an "unadjusted" dravdown and is related to the real drawdown by

where b 1is the initial saturated thickness of the unconfined aquifer. The
approximation is generally valid if drawdowns do not exceed 25% of the initial
saturated thickness. For some steady-state simulations, the errors may be

small for drawdowns of as much as 50% of the initial saturated thickness.

Model calibration

Refers to the process of adjusting model parameters to obtain the Yest
simulation of an observed historical response of the system. Usu:lly cone
by trial and error, although recent research has produced formal procedures.

One danger of trial and error procedures is "over-calibratiou”. A quantitative
measure of the process should be established such as
- total or mean squared deviations between computed and observed
water levels.
- plots of percent of observation points with deviations less than or
equal to specified values.
- ratio of a) squared deviation of computed water levels from the

mean value of observed levels to b) squared deviation of observed

water levels from their mean value.




Mode.l

Types of calibration simulations

Steady-state (conductance parameters, boundary conditions, and
source/sink values)

Time-averaged "steady-state" (if water -levels have changed, storage
terms should be computed and added to the analysis)

Transient (includes storage prcperties implicitly)

verification

Refers to the comparison of the computed system response to an independent
set of observations of system response. By "independent', we mean that
these observ. .ions were not used in the calibration process.

Results r~ these tests can be used to measure the reliability of the model.
In ground-water modeling, however, we frequenily encounter the situation
in which the response that is to be simulated is tho result of a stress
that is much larger than any that have occurred in the past. To evaluate
model reliability in this case is more difficult. Techniques such as

sensitivity analysis or "Monte Carlo simulation" can be useful.

Typical sequence of events in the development of a ground-water model

Identification of analysis objectives or in other words, 'What role will

ground-water models play in the analysis of the problem?’

An aid in understanding system behavior
A mechanism for guiding data collection
To quantify ground-water velocities

As a predictive tool for analyzing the effects of ground-water development
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Model verification

of model against an observed event

Philosophical considerations

. Be aware of the model's conceptual framework when evaluating results --
be sure the model is capable of producing the response you are seeking.
. Be aware of data reliability to prevent "over-calibration" or attempts
to calibrate parameters that have no '"observabilit " or "visibility"
within the available data (no sensitivity at points of observation).
. Be aware of study objectives to insure that the model can answer
the appropriate questions.
. Be aware of the deterministic nature (physical basis) of the model.

Be aware of potential non-uniqueness of the model.

. Be aware of the power of the many available analytical models.

A3l
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APPENDIX B

DEFINITIONS OF COMMONLY USED TERMS
Aquifer - a formation, group of formations, or part of a formation that
contains sufficient saturated permeable material to yield

significant quantities of water to wells or springs.

Confined or artesian aquifer - an aquifer that has wells that contain

water levels above the top of the aquifer.
Unconfined aquifer - an aquifer that has a water table.

Hydraulic conductivity - usually denoted as K, is the volume of water
at the existing kinematic visc.sity that will move in unit
time under a unit hydraulic gradient through a unit area
measured at right angles to the direction of flow. It is
commonly referred to as permeability even though "intrinsic
permeability" is the term that is strictly a property of the

porous medium only. The terms are related by

K:Eﬂ."ﬁgﬁi
v

where k is intrinsic permeability, p is fluid density, u is
dynamic viscosity, and vV is kinematic viscosity. Hydraulic
conductivity and permeability are used interchangeably to

refer to K. Units are iy

Transmizsivity - a product of K and saturated aquifer thickness. It uis
the =+ at which water of the existing kinumatic viscosity
is transmitted through a unit width of aquifer under a unit

hydraulic gradient. Units are L®T™',

Bl



Specific storage - the volume of water released from or taken into
storage per unit volume of the porous medium per unit change

in head. Units are L-'.

Storage coefficient - the volume of water an aquifer releases from or
takes into storage per unit surface area of the aquifer per
unit change in head. It is a product of specific storage

and saturated aquifer thickness and is dimensionless.

Specific yield - the ratio of 1) the volume of water which the porous
medium, after being saturated, will yield by gravity to
2) the volume of the porous medium. For practical purposes, it is

the storage coefficient for an unconfined aquifer. It has no units.

Water table - the surface of an unconfined water body at which the

pressure is atmospheric.

Specific discharge, or specific flux - the rate of ground-water discharge
per unit area measured at right angles to the direction of flow.
It has the dimensions of velocity (LT-!) but is not the velocity
of the water within the pores of the medium. It is also referred

to as bulk velocity or Darcy velocity.

Velocity, average interstitial - specific discharge divided by effective

porosity.

Confining bed - a body of "less permeable'" material stratigraphically
adjacent to one or more aquifers. Sometimes referred to as

"aquiclude" or "aquitard".
Leakance - a characteristic of a confining bed that describes its

ability to conduct water. It is the vertical permeability of

the confining bed divided by its thickness. Units are

B2



Fluid potential, static head, and total head - fluid pctential is the
mechanical energy per unit mass of a fluid at any given point
in space and time with respect to an arbitrary state and datum.
It has components related to elevation, pr sure, and velocity.
In ground-water movement the velocity related terms are
generally negligible and if they are ignored, the static head
is a measure of the potential. It is the height above a
standard datum of the surface of a column of water (or other
fluid) that can be supported by the static pressure at a given
point. Total head is essentially the same as static head but
includes the velocity related terms. In ground water, most
references to head imply static head. For an incompressible
fluid whose velocity is negligible, the fluid potential is

related to the static head by,

¢ = gh

Potentiometric surface - a surface which represents the static head.
For an aquifer, it represents the levels to which water will

rise in tightly cased wells.

Source-

Lohman, €.W., an' others, 1972, Definitions of selected ground-water
terms - revisions and conceptual refinements: U.S. Geol. Survey

Water-Supply Paper 1988, 2lp.
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APPENDIX C

NOTES ON MATRIX ALGEBRA

Consider a set of equations:

m”h1 + mlzhz + m13h5 = dl Alternative notation
®yphy * by *myghy o 4, [v] = H=M=N
o~

This can be written ir a shorthand way, called matrix notation

ﬁl =d
where
"n ™2 "’1] by "1‘
f=]my, oy, my b= " a=< 9,
31 M32 W34 By 4
-

s
Normally, the elements of M(denoted m) are referred to by row and column

m m b oo R

location, 1.e., m,,, e "
Sy RuWsg SRy g - Seaw e

dimension of a matrix - number of subscripts required to locate an element,
= ‘ ) - -

M is 2-dimensional, h and d are l-dimensional.

order of a matrix - indicates the size of the matrix, 1.e. 3 x 3.

square matrix - number of rows equals number of columns.

Cl




lumratuun

Addition - sum the corresponding elements to produce the elements of the

resulting matrix

- only if the matrices are of the same order

- subtraction is addition of negative

Example:

r —_

K11 K2 K3

ifR = K21 Koo Ky

k k k
L' 32 %33
then

- —

- + +
K1y Kpptmy, kgt
R+H-= Ko1¥my  kgptmy, kgt
L"‘s)""‘sl K3ptmy,  kggtmg,
—

Thus, the process is commutative and associative
A+B=F8+A and A+ (B+0T) =
Multiplication of a matrix by a scalar quantity

Each element of the matrix is multiplied by

Example:

r -
A X
o h .y AWy
i o= Am, Am,, Am,
Wy Amgy Amg,
- -l

the

(A+B) +

scalar

c



Multiplication of matrices
To obtain element ij of the product matrix, we form the inner product
(sum of the individual products) of row i of the first matrix with colwan j of

the second matrix.

Thus:
F-'"11 ™2 '“1? T‘n K12 "1]
R = "1 M2 Ml X Ky Ky Ky = P
"9 "32 "’3}_} E‘_'n k3o "31
[m) )4y kg 4, ks, 1112712k 3Ks) m) Ky 3*my oKy 3ty Ky
B = |myky tmyoky tm,oky) 1512225 22"25% 32 ®)1%13* MK 3* )3k,
L e P T e E e D Pl P PP A E P I L M ST
Therefore le = ngl m. knJ

Matrix multiplication is not commutative in most instances

AE EA
Also it is clear that the number of coclumns in the first matrix must be the
same as the number of rows in the second matrix for the product to exist.

Associative and distributive laws hold:

(AB)T = A(BC)
A(B+T) =428 + AC
(X + B)T =4C + B

However, if AB = KE, this does not necessarily mean that B = C.

Cc3
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Spe« ial matrices

Dizgonal matrix

Unit or identity matrix

[ )

i

Lower triangular matrix, non-zero elements on the main diagonal




Upper triangular matrix, nen-zero elements on the main diagonal and above
E

Banded matrix

diagonally

[f there are

tridiagonal.

- Zero

3} diagonals,

elements

through the watrix

Cx

ntered on the main diagonal,

3

everywhere except along a band or

usually centered on the main diagonal

the matrix

strip

18

running

called
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APPENDIX D
COURSE PROBLEMS

Problem 1: 2-D Areal

The purpose of this problem is to become familiar with data
input and the effects of truncation error. The effects of a single
well pumping from an "infinite", homogeneous, isotropic aquifer will
be simulated and compared with the analytical solution developed by

Theis.' Use the following aquifer characteristics:

T = 0.01 ft?/s
S = 0.0001
3
Q.= -1.0 ft /s, r, = 0.5 ft

Use a grid block of 1,000 ft on a side for the node containing the
well., Expand the grid by 1.5 times for adjacent blocks from the well
to the grid perimeter. Use a 21 by 21 grid (well will be at node 11,
11 ). Simulate drawdown for 10 days with an initial condition of
s(x,v,0) = 0 for all x and y. Try 1, 6, and 15 time steps with a time
step expansion factor of 1.5.

Compare the drawdown in the well (r = r,) after 10 days of
pumping with the analytical value as given by the Theis equation. Plot

values of drawdown versus r’

at t = 10 days and compare with the analy-
tical values. Plot drawdown versus time for the 15 time step simulation
and compare with the analytical values. Plots should be made on log-log

paper.

Additional problem:
Simulate a "leaky" aquifer and compare with the Hantush-Jacob solution.
Assume that the confining bed has the following properties:
KZ =2 x 10 !° ft/s
$ = 0.001 ft !
s
Thickness = 100 ft

Complete references for the analytical solutions used in this

appendix are given on page D33.

D1
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EINTTE-NTYFFERINCE mNDFL
FOR
SIMULATTOY NF CROUND-WATEP FLOW

JANUARY, 1975

M L L R Al A Al A A A A A A A A A A A R R R L

PROALEM == 2-D AREAL 7 THMEIS SIMULATION  N®C CLASS 7 PRnA, 1

R A Al R L A A A A L A A A A Al A A L A R A A L

SIMULATION DPTIONS? ' ~ SIP CHEC NUIME

NUNBER NF RNWS = 21
NUMPRER NF CNLUMNS = 21

NUMB®2 DOF WELLS FOR WHICH DRAWDDWN IS COMPUTED AT A SPECIFIED QADIUS = 1
_ MAXTMUM PERMITTED NUMARER OF TTFRATIONS 25
VALUE MUST BE LESS THAN THE DIMENSION
4 2
- S e — et gNRes JF Y VECTO0 UKD o Vi e OF VARIABLE Y IN SOURCE PROGRAM —e
_ NUMAER OF PUMPING PERINDS = 1 P e e
TIME STEPS RETWEEN PRINTOUTS = 1

TEQRNR FRITERINN FNR CLOSURE = «1000020F~01
STEADY STATE ERRNR CRITERIAN = O,

SPECIFIC STNRAGE NF CONFINING RFD = ).
g FVYAPOTRANSPIRATINN RATE = 0O,
o  EFFECTIVF PEPTH NF ET =  1,)90000

MULTIPLICATION FACTOP FOR TRANSMISSIVITY IN X DIRECTION o  1,300)0)

IN Y DIRECTION = 1.000090

STARTING HEAD = 0,

T STORAGE COEFFICIENT - «1300000€-01

TRANSMISSIVITY . ~1000000F=01
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1 T TTTTIME STel uunm “GLEEEE )

----------------------—---------------------—.-------o---

SJZE NF TIME STEP IN SECONDSe —2HPA59,29

o ERY Sl Lk ___TOYA) SIMULATION TIME (M SECONNSes  Ak4n0C0%0 2
MINUTES S 14400,00 Y
- SR N e N0yeSe 240,00 ottt o BRIl S o
DAYSs 10.920 T T
—— - - YEARS » 40 v
1Ll T DURATION NF CURRENT PUMPING PERIND IN NAYSs 10,00 g o T AR
- LN BT oY - — o NEARSe 0% st B e
CUMULATIVE MASS BALANCED Lee? (= sl RATES FNR THIS TIME STEP: Lee3/Y . X
SNURCEST Bt . § 1 [ YT 1.0001 iEn
S st RECHARAF = )220
STORAGE = A64057.75 CONSTANT FLUY = 043200
PFCHARGF = 0,00 S lu o] R I PUMPING = =1.00% LT e dn iy
CONSTANT FLUX = ). 00 TEVAPATRANSPTIRATION =« 0.0000
__CNNSTANY HEAN = 0.00 o CONSTANT HEAD: T R L e
LEAKAGE = 0.00 IN = 0.2000
R TOTAL SNURCES = AA6050.75 T = 2.,0000
LEAKAGF
DISCHARGEST __FROM PREVINUS PUMPING PFRIND = 0.0000 Y
P sm———- TNTAL = 0.0000
EVAPOTRANSPIRATION « 0.00 p = T TR e TN T o Ll i
o CONSTANT HEAD - ¢.ud SUM OF RATES = .0001
v QUANTITY PUNPF™ = 864000.00
LEANAG: = 0.0)
- o TNTAL DISCHARGE = R64000.00 - R
DISCHARGE=SGURCES = -50.7% ABSOLUTE VALUE SHOULD BE L, 1 i 3% S
PER CENT DIFFERENCF = -0l <E="" ], css THAN 0.5 PERCENT
AXTNUM HEAD CHANGE FNR FACH TTERATION: arer i T [YALUES MAY OSCILLATE BUT SHOULD o PR
B e T s i’ — U — MAVE A DECREASING TREND ——— —
___l.3027 1.3991 1.1898 2677 0571 0102 0327

AXTMUN CHANGE IN HEAD FOR THIS TINE STEP = 3,000

-

i S ’SUHNARV OF ITERATIONS REQUIRED FOR
7 9
x:i_i:it_' - E R iw TN . 10 11 SOLUTION AT EACH TIME STEP. IF VALUES

AR ER s ey “‘k———“' INCREASE SIGNIFICANTLY, THE INCREASE
1
TERATIONS: : 2 . 2 2. 2 ) 3.3 8 3 3 3 8 LN TIME STEP SIZE MAY BE TOO LARGE.
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Problem 2: 2-D Cross-section

A long waste pit, 200 ft. wide, is leaking at a rate of
0.045 ft/d into an underlying aquifer. The aquifer is composed of sand
with a permeability of 5 ft/d and extends 700 ft on both sides of a river.
The waste pit is parallel to the river at the edge of the aquifer. The
aquifer is 50 ft thick and the river level is 30 ft above the aquifer

base. The river is 5 ft deep and 400 ft wide.

R =0.045 ft/d

9
': >1 A 200 ft
! 200 ft

k=5 ft/d

T‘A
IR

)

30 ft

}< 900 ft Y

1) Compute the steady-state head distribution created by the leakage
for anisotropy ratios of 1:1, 10:1, and 100:1.
2) What adjustments should be made after the initial solution?

3) How would one caiculate the time required for leachate to reach the

river?

D10
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l TIME STEP nunon -

R e e e S ———

S L LRI ) SITE NF TINME STEP IN SFCONDSs 75437,00 B =
TOTAL SIMULATIONN TIME TN SECONDSe RA400.0 .
MINUTE Se L840, e
et  HNURSe L TG S SR I e e ] 1
DAYSw 3.0 SRR
= Y‘.’__S_f___ . JJ
DURATION OF CURRENT PUMPING PERIOND TN NAYSe 100 = B ik b e
'E‘DS. |°O

CUMULATIVE MASS BALANCES co s =il [LE LN e ATy RATFS FOR THIS TIME STFP1 Le®3/T
SOURCES? ’ R S T g e B IR E STNRAGE « 32,0000 o
. __ weseemes ~ RECHARGE = 2.3000
STORAGE = N.00 COMSTANT FLUX = 9.0%)0
RECHARGF = i NSRS T L B - = PUMPING e B0y .
CONSTANT FLUX = T774503.0) EVAPOTRANSOIRATINN = 0.0000
CANSTANT HFAD = 1 T e CONSTANT HFADY il AL
LEAMAGE = 0.0) IN = J« 0020
ot TNTAL SOURCFS = 1 7600.00 Ut = -A,0484
LEAKAGF
DISCHAN‘FS| r. . _FROM PREVINUS vunnm‘. PERIOD = o %.2000
2 eeessscews BRI TS T | T R S TOTAL = v 2.0000
o EVADOIPANS"IHHON . aF 9,00 . - ) PR I LT 1. X  ER O
COMSTANT HEAD = T7318).25 JM NF QATFS = 0514
L ___QUANTITY PUMPED = J.0)
LEAKAGE = Je 0D
TOTAL DISCHARGF = L 773160426 Tl Tt - il . St b e N T .
DISCHARGF=SNURCFS » “4439.7¢ 000 i ) e N el
PER CENT DIFFERENCE = Bl aachs
AXTMUM HEAD CHANGE FOR EACH TTERATIONT i e R it T e - B
RLLT _«b6A2 1.1902 1.9209 3,0386 02142 +2695 «457) . 9791 2.9303
«1470 «1932 03455 L7755 15769 o112 «1535 2751 « 5756 1.2436
«0906 «1203 $2169 <4530 #9922 .07 5 40969 o178 3634 «7859 5 N
__«0%73 .0760 1371 «2964 H274 0459 «0613 1104 «2298 « %4979 e
«0362 «04n LI +19%11 «396R L3290 N8R U598 «16%13 3144
«0229 «0304 549 e1l146 L2510 L0184 «J245 0441 «0919 . 1989
L «0145 «0192 s 347 0725 «1587 «0116 «015%5 279 0571 *1E9T L B el SR
«0092 0122 «J219 «J4658 .1004 «0N73 «0098 «O17/ «0369 «J79% .
0058 «0077 W39 L0290 #3835 0046 <0062 117 2231 « 2503
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Problem 3: 3-D Areal
The purpose of this problem iz to become familiar with data

input and the effects of truncation error. The effecrts of a partially
penetrating well pumping from an "infinite", homogeneous, isotropic
aquifer will be simulate’ and compared with an analytical solution by

Hantush. Assume,

K = 0.001 ft/s

8% 10~ fe¢~!

Qu= 3 ft’/s

Aquifer thickness = 300 ft

Screened interval of well: lower 1/3 of

aquifer

Compute the drawdown after 0.5 hours and compere with the
analytical data tabulated below. To reduce computing time, only one
quadrant of the x-y plane will be solved. Tne solutions in the remaining
quadrants are mirror images. Use a 44 ft, square block at node (2,2) for
the well and expand block sizes b - a factor of 1.5. Use a 12 by 12 grid.
Try } 3, and 6 time steps with 3 ana 6 layeis. If time permits, simulate
the same problem in the multi-aquifer mode.

Radius in feet
S 31 80 161 284 470 748 1166 1792 2732
Analytical 9.91| 6.39| 4.40] 3.20[ 2.35 1.63] 1.0l O.SQ% 0.16

(3L, 1t s 043 | Ld47| 419 | 284 | 203 ] 1,37 | 0,83 | 044 | 0.8
3L, 3ts (1079 )] L8] 449| 3.7 | 227 ] 15§ | 094 | 041 | 0N
‘3L, 6 t s 035 | b4 | 455 332 | 232 | Lo | 097 | 04% [ 0.7

6L, 1ts 1007 25 [ 41 [3%7 203|137 |08 |044 | 0N

(6L, 3t s 1039 656 | 44l | 3:C |227 [ 155 |0 4 |pd7 | 0.

6L, 6t s 1023 | bbl| 4947|331 J232 | 160 | 097 ]048 |07
D21
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TINE STEP ¢ 1 2 1

E - O aE - = __g“__.g______-_-___g___-_-____-__.-_____g-______ G - - =
3 TIME STEP NUMPER = 3 3 .
_—e SIZE OF VIWE STEP N SFCONDS. _ e32,% £ I L T -y
TOTAL SIMULATION TIME IN SECONDSs 1799,71 ¢
MINUTSSe 3C.3)
DI UER = HNIRS e 59
NAYS e G2 :
L . - & - N V"A'S' LN OJO
: DURATION OF CUPRENT PUMPING PFRIND IN NAYSs 02
YEAPSw «00
CUMULATIVE ™MASS RALANCE?R Lee3 ) RATES FNR THIS TIWF STFEP: L LeeyyT
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