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FOREWORD

The work reported here was performed at Oak Ridge National Laboratory (ORNL) under; e

sponsorship of the U.S. Nuclear Regulatory Commission's (NRC's) lleavy-Se , ion Steel Technolngy
8 Program, w hich is directed by ORNL. The program is conducted as part of the GP N L Pressure Vessel

Technology Program, of which G. D. Whitman is manager. The manager for the 'RC is Milton
Vagins.

This report is designated lleavy-Section Steel Technology Program Technical Report 58. Prior

reports in this series are listed below:

I. S. Yukawa, Evaluation ofPeriodic Proof Testing and li' arm Prestressing Proceduresfor Nuclear
,

Reactor l'essels, ilSSTP-TR-1, General Electric Company, Schenectady, N.Y. (July 1,1969).

.
2. L. W. Locchel. The Iffect of Section Si:e on the Transition Temperature in Steel. MC R-69-l89,

Martin Marietta Corporation, Denver, Colo. (Nov. 20,1969).
3. Y. N. Randall, Gross Strain Measure of Fracture Toughness of Steels, llSSTP-TR-3, TRW

Systems Group, Redondo Beach, Calif. (Nov.1,1969).
4. C. Visser, S. E. Gabrielse, and W. VanBuren, A Two-Dimensional Elastic-Plastic Analysis of

fracture Test Specimens, WCAP-7368, Westinghouse Electric Corporation, PWR Systems
Division, Pittsburgh, Pa. (October 1969).

5. T. R. Mager F. O. Thomas, and W. S. Ilarelton, Evaluati.>n by 1.inear Elastic Fracture Mechanics

of R.tdiation Damage to Pressure l'essel Steels, WCAP-7328 (Rev.), Westinghouse Electric
*

Corporation, PWR Systems Division, Pittsburgh, Pa. (October 1969).
6. W. O. Shabbits, W.11. Pryle, and E. T. Wessel, lleary Section Fracture Tourhness Properties of

,

/533 Grade B Class i Steel Plate a td Submerged Arc li'eldment, WCAP-7414, Westinghouse

Electric Corporation, PWR Systems Division, Pittsburgh, Pa. (December 1969).
7. F. J. Loss, Dynamic Tear Test Investigations of the Frac .. Toughness of Thick-Section Steel.

NRL-7056, U.S. Naval Research Laboratory, Washington, D.C. (May 14, 1970).
8. P. B. Crosley and E.J. Ripling, Crack A rrest Fracture Toughness ofA533 Grade B Class i Pres.ture

I' esse / Steel, ilSSTP-TR-8, Materials Research Laboratory, Inc,, Glenwood, Ill. (March 1970).
;

9. T. R. Mager, Post-frradiction Testing of 2T Compact Tension Specimens, WCAP-7561,
Westinghouse Electric Corporation, PWR Systems Division, Pittsburgh, Pa. ( August 1970).

10. T. R. Mager, Fracture Toughness Characteri:ation Study of A533, Grade B. Class I Steel,
WCAP-7578, Westinghouse Electric Corporation, PWR Systems Division, Pittsburgh, Pa.,

(October 1970).
,

11. T. R. Mager, Norch Preparation in Compact Tension Specimens, WCAP-7579, Westinghouse

. Electric Corporation, PWR Systems D,ivision, Pittsburgh, Pa. (November 1970).
12. N. Levy and P. V. Marcal. Three-Dimensional Elasiic-Plastic Stress and Strain Analysis for

: Fracture Mechanics, Phase 1: Simple Flawed Specimens, ilSSTP-TR-12, Brown University,
Providence, R.I. (December 1970).

I3. W. O. Shabbits, Dynamic Fracture Toughness Properties offleavy Section A533 Grade B. Class i*

SteelPlate, WCA P-7623, Westinghouse Electric Corporation, PWR Systems Division, Pittsburgh,
'

Pa. (December 1970).
14. P. N. Randall, Gross Strain Crack Tolerance of A533-B Steel. IISSTP-TR-14, TRW Systems

Group, Redondo Beach, Calif. (May 1,1971).

v

>
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15. II. T. Corten and R. ii. Sailors, Relationship He ween Material Fracture lhughness Using
~ Fracture Mechanics and I'ransition lemperature Tests. T& A M Report 346, U nis ersity of Illinois.
Urbana,111. (Aug. I,1971). 8

I6. T. R. Mager and V. J. Mci.oughlin. 7he 1]fect ofan Environment ofliigh Temperature Primary
*

Grade Nuclear Reactor Water on the r tigue Crack Growth Characteristics ofA333 Grade B Classa

I Plaie and Weldment Material, WCA P-7776, Westinghouse Electric Corporation, PWR Systems
-

Division, Pittsburgh, Pa. (October 1971).

17. N. Levy and P. V. Marcal, 7hree-Dimensional Elastic-Plastic Stress and Strain ainalysis for
Fracture Mecianics. Phase 11: Improved Modeling, ilSSTP-TR-17, Brown University,t

Providence, R.I. (Nosember 1971).
' 18. S. C. Grigory,Six-inch-thick flawed Tensile Tests. First TechnicalSummary Report, l.ongitudinal
i Specimens I through 7. IISSTP-TR-lo,:;outhwest Research Institute, San Antonio Tex. (Juae

1972).

I9. P. N. RandalI, Effects ofStrain Gradients on the Gross Strain Crack Tolerance of A333-B Steel,
ilSSTP-TR-19. TRW Systems Group. Redondo Heach, Calii. (May I,1972).

20. S. C. Grigory, Tests of Six-inch-thick flawed Tensile Specimens, Second Technical Summary
Report Transverse Specimens Numbers 8 through 10. WeldedSpecimens Numbers !I through 13.
IISST P-TR-20, Southwest Research Institute, San Antonio, Tex. (June 1972).

2|. l.. A. 3ames and J. A. Williams lleavy-Section Steel Technoh>gy Program Technical Report No.
; 21. 7he Effect of Temperature and Neutron Irradiation upon the Fatigue-Crack Propagation

Behavior of ASTM A533, Grade B. Class i Steel, liEDI.-TME-72-132, flanford Enginecrmg
,

Deselopment I.aboratory, Richland, Wash. (September 1972).

22. S. C. Grigory Tests of Siv-inch thick Flawed lensile Specimens. Third lechnical Summary
,

Report, l.ongitudinal Specimens Numbers 14 through 16. Unflawed Specimen Number 17,
IISSTP-TR-22 Southwest Research Inuitute, San Antonio, Tex. (October 1972).

23. S. C. Grigory. Tests of Six-inch-thick Flawed Tensile Specimens, Fourth Technical Summary
i Report Tests of One-inch-thick Flawed Tensile Specimensfor Si:e Elfect Evaluation. IINSTP-

TR-23, Southwest Research Institute, San Antonio. Tex. (June 1973).

24. S. P. Ying and S. C. Grigary, Tests ofSix-inch-thick Tensile Specimens. Fifth TechnicalSummary,

Report, Acoustic Emission Monitoring of One-inch and Six-inch-thick Tensile Sp, <ic ens.
; ilSSTP-TR-24, Southwsst Research Institute, San Antonio, Tex. (November 1972).
;i 25. R. W. Derby et al., Test of6-inch-thick Pressure Vessels. Series I: Intermediate Test l'essels l'-l

and V-2, ORNI.-4895 (February 1974).'

'
26. W. J. Stelsma n and R. G. Berggren, Radiation Strengthening and Embrittlement in lleavy Section

i Plates and Welds ORNI.-4871 (June 1973).
; 27. P. H. Crosley and E. J. Ripling, Crack Arrest in an increas.. %Id. DISSTP-TR-27, Materials
! Research Laboratory, Glenwood, Ill. (January 1973).'

28. P. V. Marcal. P. M. Stuart, and R. S. Bettes, Elastic-Plastic Behavior of a 1.ongitudinal Semi-
! Elliptical Crack in a Thick Pressure Vessel, Brown Unisersity, Providence, R.I. (June 1973).

| 29. W. J. Steliman, Characteri:ation of flSST Plates 01, 02, and 03 (in preparation). '

| 30. D. A. Canonico, Characteri:ation of fleavy Section Weldments in Pressure Vessel Steels (in
,

| preparation).

3I. J. A. Williams, The Irradiation and Temperature Dependence of Tensile and Fracture Properties
of ASTM A333, Grade B, Class i Steel Plate and Weldment. IlEDL-TME 73-15, fianford
Engineering Development I.aboratory, Richland, Wash. (August 1973).
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TWO FINITE ELEMENT TECHNIQUES FOR COMPUTING MODE I

STRESS INTENSITY FACTORS IN TWO- OR
,

THREE-DIMENSIONAL PROBLEMS
,

S. K. Iskander

ABSTRACT

Two finite element (FE) approaches were used to calculate
opening mode I stress intensity factors (K ) in two- and three-I

dimensional (2-D and 3-D) problems for the Heavy-Section Steel
Technology (HSST) program. For problems that can be modeled in
two dimensions, two techniques were used. One of these may be
termed an " energy release rate" technique, and the other is
based on the classical near-tip displacement and stress field
equations. For three-dimensional problems, only the latter
technique was used.

.

In the energy release technique, K1 is calculated as the
change in potential energy of the structure due to a small change.

in crack length. The potential energy is calculated by the FE
method but without completely solving the system of linear
equations for the displacements. Furthermore, the system of
linear equations is only slightly perturbed by the change in
crack length and, therefore, many computations need not be
repeated for the second structure with the slight change in
crack length. Implementation of these last two items has

resulted in considerable savings in the calculation of Ky as
c'mpared to two complete FE analyses. These ideas are incor-
, orated in the FMECH code.

The accuracy of the methods has been checked by comparing
the results of the two approaches with each other and with
closed form solutions. It is estimated that the accuracy of
the results is about 15%.

.
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1. INTRODUCTION

Flaws in structural components may occur during the fabrication

'

processes or after the component has been put into service. Such flaws

may escape detection in inspection. An important consideration in the

design and analysis of such structural components is the stability of

such flaws not only under normal operating conditions, but under

hypo;hetical accident conditions.

Among the significant parameters in judging the propensity of

flaws to propagate is the stress intensity factor, which depends upon the

geometry and loading of the structure. These factors may be classified

into three basic types, each associated with a local mode of deformation

near the crack tip as shown in Figure 1 [1]. Conceptually, the methods
.

described in this report can be used for the determination of the stress
.

intensity factor associated with any of the three modes. This report,

however, deals with the opening mode I type of deformation, which

implies a loading sym;.etric with respect to the plane of the crack.

All the methods described are based upon the basic assumptions of

linear-elastic fracture mechanics (LEFM), viz., that all nonlinear

effects are confined to a "small" region surrounding the crack tip

and, consequently, may be neglected. A linear elastic analysis then

approximates the essential features of such cases.

The number of " closed" form solutions in LEFM are limited. For

the case of an arbitrarily shaped structure subjected to a general system-

of loads, numerical methods are used. There are many such methods, among*

which the influence function [2], the boundary integral [3], and the

FE [4] approaches are noteworthy. Of these approaches, the ones based
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Figure 1. The three basic modes of deformation
associated with cracks
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upon FE have been particularly popular due to the widespread availability

'of general-purpose computer codes, and this' report discusses the imple-
p. ,

mentation of two FE procedures used to calculate K . One of these is
7,

based upon the so-called energy release concept of LEFM and the other on'

the classical relationship between the near-tip stress (or displacement)

fields and the stress intensity factor K .1 The energy release rate
7

\

concept has been used with our 2-D models only, whereas the stress / dis-.

placement method has been used with both our 2-D and 3-D models.

Verification of the methods has been carried out by comparison with
;

closed form solutions and by comparing the results of the two different

FE approaches for the 2-D problems.
<

j The objective of this report is to document the energy release
!

and stress / displacement methods as they have been implemented for the-

;

! HSST program. Thus, in Chapter 2 two approaches based upon the energy.

) release method are presented. The first approach is labeled the potential

energy method, whereas the second one is termed the strain energy method.

It is shown that, for special cases of either external loads only or
.

1

|
thermal gradients only, both nethods give the correct stress intensity

| factor. In cases where both types of loads are present, the strain
|
- energy approach will lead to erroneous results. Also presented is the
{
' complete derivation of a simple procedure to extract the potential energy

from the upper triangularized system of equations arising in FE methods

without solving explicitly for the displacements. The stress / displacement
.

method is also documented.
|

1This method will be referred to as the stress / displacement method

for brevity.

._. _
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In Chapter 3, results from several 2- and 3-D examples are

presented. First, as partial verification of the methods given in
,

Chapter 2, a problem for which a closed form solution exists was solved
.

in both 2-D and 3-D cases. Second, in 2-D cases, both the potential

energy and stress / displacement methods were used to solve the same,

problem. In all cases, the results were within a few percentage points

of the closed form solution or each other. Also presented are the

results of two 3-D analyses performed for the llSST program. The first

analysis explores, for several different cylinder lengths, the variation
of K7 along the length of a uniform depth axial crack in a cylinder

subjected to a thermal shock. The second deals with the variation of

K along the crack front for several different load cases of the V-87

cylinder.
-

One important task in the FE modeling--that of mesh generation--is
,

also one of the most time-consuming. Many codes have been developed by

the author to facilitate this task and they will be mentioned briefly.

The method used in optimizing the profile of the system of linear

equations occurring in our 3-D FE analysis is also mentioned. Optimiza-

tion is critical since, in many cases, analysis would not be possible

due to limitations imposed by the computer environment.

.

.
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2.1. Introduction
,

7.

In this chapter, both the energy release rate and the.

| stress / displacement methods will be discussed.

2.2. Energy _ Release Rate Methods

This section presents the basis of the energy release rate method

for calculation K as it is implemented in the FMECH code. This method
7

i relies upon the calculation of the PE of the structure, and this is

accomplished by means of the FE method. A brief derivation of the

governing equations of the FE' method based upon PE considerations is

first given. These equations will be referred to,in a discussion of-

the errors that:arise if the strain energy is used in place of the.

,

i potential energy in situations where both thermal and mechanical loads
i

act on the structure (since some authors have used the strain energy'

release rate to calculate K ). The governing equations of the FE methody

_

are also referred to in reviewing an economical computational method for

! calculating the PE. It is shown that the PE of the structure is available

4

at-the end of the forward elimination process and, hence, if the displace-

7
ments or stresses are not required, the FE solution can be terminated at

j

{
this point, thereby saving the cost of back substitution and the cost of

f computing the displacements and stresses.
1 .

One of the earliest papers in fracture mechanics was that of
..

*

Criffith [5]. It introduced the concept of energy release due the'

i

{ propagation of cracks in brittle materials. Later, Irwin [6] and

;

i

r

4
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Orowan [7] extended Griffith's work to account for the "small" plastic

zone ahead of the crack tip; so this concept may also be termed the .

Griffith-Irwin-0 rowan theory. .

Let P be the total potential energy (PE) of deformation of a

structure, and G dA be the total clastic energy made available when the

crack extends by an amount dA, where A is the crack surface area (one

side of the crack); then

dPG = pp( (1)

Fu rthe rmor e, Irwin [8] showed that

1 2
G=77 for plane stressK

*

2

and G = 1 - V K f r p1 n str in (2)
2

E I
.

where

K = opening mode stress intensity factor,
7

E = modulus of elasticity,

V = Poisson's ratio.

Thus, it is possibic to estimate K by evaluating the change in the PE
7

of a structure (AP) due to a small extension of the crack surface (AA).

There are various approaches to implementing energy methods using

FE analysis. One approach would be to perform an FE analysis on the'

cracked structure, then extend the crack by a small amount and perform
.

i

j. a second FE analysis, thus determining the PE corresponding to each
*

!

crack length [9]. The disadvantage of this method is the necessity

of having to perform two complete FE analyses.
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kather than perform twc complete and separate FE analyses to

obtain K , it is possible to optimize the process in a manner that reduces.

7

the costs to an amount equal to or less than that for a single complete.

FE analysis. In describing this optimization, many of the basic equations

of the FE method will be referred to and, therefore, the, will now be

reviewed from a PE viewpoint although such a derivation is common in

the FE literature.

The total PE of a structure is given by [11, p. 384]

, , ,

P= W dV - u' F - " ^ *
B

vol vol area

where

W = strain energy density,
.

u' = displacement field,

'

F = body forces per unit volume,
3

1
'

T = surface tractions per unit area.

The first term is the internal strain energy and the remaining two terms

are the work done by the external forces.

Equation (3) will be rewritten in a form suitabic for FE

analysis.

2
The strain energy density can be expressed as

W=f(c-c) D(c - CO}0 '

.

.

Vectors and matrices will not be given any special symbol (e.g.,2

{c } r [D]) since their definition and context of their use make their0meaning unambiguous.

_ _.
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where

c = total strain vector, .

c = thermal and/or initial strain vector, and superscript T denotes0 .

transpose,

D = matrix of 'e stress-strain transformation matrix, i.e.,
0= D(c - c ), 0 = stress vector.

9

Let c = B u, where

u = nodal displacement vector,

B = strain-displacement transformation matrix.

Then for the structure

' ' '

1 T T T
W dV = 7 u B D B dV u - u BDC dY0

vol vold

+f C DC dV
D .

.

=fu T
Ku-u 70+N '

where

K = stiffness matrix for the structure

,

", B D B dVgy

F =n a aas ica y equivalent to the thermal or initial0
strains

,

B Dc dV=

0
*

1 T
Q = thermal energy = 7 0 0

c Dc dV.
.

Thus, the PE can be written as
.

1 T T T
P=7u Ku-u F -" +00 e '

|

|

|

|

|

_ _ _ .
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where F are the nodal forces statically equivalent to the body forces

and the surface tractions, i.e.,
,

*
F N T dA + N F dV=

" ' area 'vol

where N = the interpolating functions relating the displacement field

within an element to its nodal displacements, viz., u' = N u.

Thus, the PE ran be written in the form

P=fu T' Ku-u F+Q (4)

where F = F +F0 (the sum of the external loads F and the initial ore

thermal loads F0*

The itse of the theorem of minimum potential energy, viz., the
~

first variation on P with respect to the displacement 6u [11, p. 382]

.

viz., 6P =0 leads to

Ku=F (5)

Equation (5) forms the basis for the FE method. Substituting for F

from Eq. (5) into Eq. (4)

P= u Ku-u Ku+Q

or

P=- u Ku+Q (6)

Reca n that the term Q depends upon the thermal strains c and the
0

'

material properties D. The c are functions of temperature and the0
*

coefficient of thermal expansion (which is not contained in D) only. The

term Q is therefore independent of the boundary conditions. Thus, the
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change in PE with respect to a change in crack area can be written as

G - f h = {((h u
T '

K u) (7)
.

In the absence of external mechanical loads, the PE of a structure,

Eq. (3), is given by W dV, the internal strain energy of the structure.

'
On the other hand, if there are no thermal stresses, the strain is equal

i

to the work done by the external forces' (Clapeyron's Theorem [11, p. 86]).

In both these cases, the use of the strain energy in place of the PE in

Eq. (1) is valid, except for the sign. This has lead many authors [1,12]

to use the term " strain energy release rate" in place of the " potential

energy release rate." Where both external and thermal loads act on a

structure, the use of strain energy can lead to errors, since this does

not account for the work done by thermal expansion on the external loads. -

For example, consider a bar supported at one end in such a manner .

that a uniform temperature change only causes a stress-free thermal

expansion. If the bar is subjected to external mechanical loads, a

uniform temperature change will cause no change in the strain energy, but
i

will alter the PE of the structure.

As mentioned above, one obvious and straightforward method of

calculating K by the energy release rate method would be to perform two
g

complete and separate FE analyses. Ilowever, two simplifications are

possible. First, the element stiffnesses calculated for the first FE

i

analysis are saved and, since they are a function of the dimensions and
.

material properties only, they may be utilized in the second FE analysis
.

P P P

3Mathematically expressed as u' F + " ^* *

B
vol ' area '

i.
!

, -. - -.
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and only the boundsry conditions are modified to account for the new

crack root. Since the cost of the calculation of the element stiffness.

comprises a major portion of the cost of an FE analysis, the savings.

are significant.

The second simplification concerns the solution of Eq. (5) and

the computation of the displacements and stresses. About half the cost

associated with these operations can be saved by means of a scheme due

to hellen [10]. It is shown that the PE of the structure is available

at the end of the forward elimination process and thus, if the displace-

ments or the stresses are not required, their costs can be eliminated by

terminating the FE computation at this point. Basically, this scheme
4

enables the conputation of the term (u K u) or, equivalently, the work

done by the total forces acting through their corresponding displacements*

(F u). The method relies upon the symmetry of the stiffness matrix K-

and upon the ability to decompose the matrix into the following form [13]

K=LDU (8),

where L and U are lower and upper triangular matrices with units along

their principal diagonals, and D is a diagonal matrix whose elements are

the " pivots" of Gaussian elimination. Moreover, since K is symmetric,

U=L, Then

K=LDL (9)

The solution of Eq. (5) then proceeds as follows:
,

Ku=F
.

or

T ,

LDL u=F
'

)
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Forward climination is symbolically represented as:

T ~1DL u=L F (10a)
.

or, if the pivots are reduced to unity, then

~IL u=D~ L F (105)

For brevity, let

~1yn .L y

and

F' = D~ L~ F

then

T
L u = P' .

In other words, F' (or F") is the state of the total force vector -

at the end of the forward elimination process. The remaining back

substitution process is symbolized as

u=L F' (11)

then

~

u K u = (F' L ) (L D L ) (L F')

= F' D F' (12a)

or
.

u K u = F" D~ F" (12b) .
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Here the form (12b) would be used if, at the end of the forward

climination, the pivots had been normalized; otherwise, (12a) would be*

used.-

Thus,

n 2
u Ku= [ (f[) d (13)

i=1

In other words, the above sum can be accumulated during the forward

elimination process and there is no need to carry out the back substitution

stage or its attendant cost in CPU" and 10,5 nor is there a need to calcu-

late either the displacements or the sttasses.

There are many advantages to the energy method and these have

been documented in detail in [9]. For a given mesh, energy methods give
.

better accuracy than stress / displacement methods and they are insensitive
.

to a large extent to the details of the mesh layout. This may be due to

errors that cancel out since the meshes used in both analyses (the first

with a crack length A and the second with a crack length of (A + AA) are

identical except for the boundary conditions on the crack front. A

significant ad/antage is also the high degree of automation which energy

methods lend themselves to, as contrasted with the stress or displacement

methods mentioned later.

.

.

" CPU = Central Processor Unit--used synonomously for computations.
5 10 = Input or Output operations to disks or tapes.

|
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2.3. Stress and Displacement Methods

.

These methods rely upon the classical relationships between the
.

near field solution and the stress intensity factor K [14] (see Figure 2
7

for coordinate system notation). The stresses are given by

a = es 1 - sin sin + ...

(2nr)1/2

'

1 0 0 30

(2nr)1/2 cos 7 1 + sin 7 sin 7 + ...o =

sin cos ens + ... (14a)T =

(2nr)1/2

The displacements are (asst. ming plane strain conditions) ,

K 1/ '

u = cos 1 - 2v + sin + ...

sin 2 - 2v - cos + ... (14b)u =

,

terms of order r and r( " ! (n = 0,1,...,a) thatwhere ... represent

are small with respect to the first term when r becomes small,

G = modulus of rigidity = E/2(1 + v) for isotropic materials,

v = Poisson's ratio,

E = Young's modulus of elasticity.

In the region close enough to the crack, K is calculated from
7 ,

Eq. (14a) or (14b). If the displacements are used, by taking 0 = n, we get
.

Z (15)-

K .

4(1 - V ) (6/
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Similarly,.if the stresses are used, by taking 0 = 0, we get

= (2n)1/2 (c /r ) (16)K
I z

,

The displacements are the primary solution in most FE computer

codes. The stresses are obtained by numerical differentiation with some

loss in accuracy. In the interests of accuracy, the stresses are computed

at the so-called gaussian integration points, which are interior,to the '

element and not exactly at 0 = 0. Thus, it may be preferable to use the

displacements whenever possibic. Ilowever, the stresses would be used to

calculate K where the displacements are not available, for example,- in
7

3-D problems in which the crack front does not intersect the free surface

at a right angle.

'

The procedure used to calculate K is to plot either the term
7

-I! or cr ! as a function of r. The stresses or displacements arel *
ur

taken from the FE solution along a ray normal to the crack front. By

extrapolating the curve back to r = 0, an estimate of K may be obtained.
7

It has been found by solving problems with closed form solutions that a

straight line extrapolation gives reasonably good results [31]. (Also

see Sections 3.2.1. and 3.3.1. of this report.)

The total number of degrees of freedom (DOF) and, hence, the

computational effort can be decreased considerably by the use of so-called

" singularity elements" around the crack tip. These elements reproduce the
;

1 singularity in the stresses, thereby allowing the use of relatively---

/r
-

few elements in the crack tip region; otherwise, the high stress gradients
, ,

in that region necessitate a highly refined mesh so that these gradients

can be modeled with reasonable accuracy by either constant or linear

!
!

|

|

t

,

, ~ c . _ . , ,- - - - - .
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,

stress elements. One type of singularity element can be produced from

{ any element with mid-side nodes by locating the mid-side nodes adjacent

thefpoint (Figure 3).' The stresses in theto the crack front at
,

ielement will possess the correct singularity in the stresses as well

1
as the correct stiffness, but the displacements at the 7 nodes will be

1
inaccurate [16]. Such an element is often referred to as the 7 point ;

element.

One advantage of the energy methods mentioned is the immediate

computation of K as compared to stress or displacement methods which
7

require a certain amount of manual plotting and computation, thereby

lending themselves to a high degree of automation.

f The energy methods described above ha~>e been implemented in the

finite element code FMECH (Fracture Mechanics). This code is designed to.

compute K for problems with any form of loading, mechanical or thermal.
7,

However, it is particularly useful and relatively efficient in LEFM

problems with transient thermal loadings. In such cases, the aim is

to calculate K for a large number of different' temperature distribu-
7

tions as well as different values of' the crack depth.

4

[

i

,.

.-

'Such elements were introduced almost simultaneously by Barsoum [15]
i and Henshell [16].

*

.
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3. EXAMPLES OF ANALYSIS

3.1. Introduction*

.

This chapter presents some problems that have been solved using

the techniques previously described in this report. The object of this

is twofold. First, by solving problems that have either well-established

or " closed form" solutions, a partial validation of the method and some

assessment of the accuracy of the solution can be made. Second, it

presents examples of the type of problems arising in the IISST program

that have been solved with these techniques.

The first section deals with 2-D problems, the second one with

3-D problems. Both sections start with a problem for which a closed form

solution exists then deal with the problems arising in the llSST program..

* 3.2. Two-Dimensional Examples

Two problems will be discussed in this section. The first has a

closed form solution and thus gives a rough assessment of the accuracy of

the stress / displacement method. The second problem, one that arises in

the llSST program, was solved using all the different approaches described

in this report and the results have been compared.

3.2.1. Finite Length Strip With a Central Crack

The closed form solution of the centrally cracked strip

has been given by Isida [17] and has been used extensively to
.

verify numerical solutions. Such a strip with a crack-to-width

'

ratio (a/w) of 0.10 and a length-to-width (f/w) of 3 has been

modeled with 14 elements and is shown in Figure 4 The

|

|
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displaccnent method was used. The strass intensity factor K y

was normalized by dividing it by TMi ,7 where T is the externally
,

applied traction and 2a is the crack length (Figure 4). The
,

theoretical value given by Isida is 1.006. The normalized stress

intensity factor calculated from the displacementse is plotted

against r, the distance from the crack tip, and is shown in

Figure 5. The two straight-line fits give the values obtained

when using either two or three integrttion points' in the FE code.

The results for the two integration points are better (27. higher

than theoretical) than three integration points (77. lower).

Hellen [29,30] has reported results showing similar trends.

Two integration points were used in all subsequent work of

this type..

3.2.2. Long Axial Flaw in a Cylinder Under Thermal Shock
,

The cylinder analyzed is the one used in the TSE-4

experiment [19]. In this experiment, the test specimen was a

cylinder of 0.533 m (21 in.) outside diameter, 0.241 m (9.5 in.)

inside diameter, and 0.914 m (36 in.) long. The material was

A508, class 2 with a quench only heat treatment (from 871*C).

The long axial flaw was 11 mm (0.42 in.) deep. Initially, t e

whole cylinder was heated to 291*C (555*F) then the inside

surface was suddenly cooled by a methyl alcohol / water mixture.

7The stress intensity factor for an infinite plate.
*

eAll the FE analyses with the stress and displacement method were.

performed using the ADINA Code [18].

' Implying a 2 x 2 or 3 x 3 integration order in 2-D and 2 x 2 x 2
or 3 x 3 x 3 in 3-D integration order in 3-D.
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The coolant temperature was initially -25*C (-13*F). The actual

experimental temperatures obtained by the thermocouples on the
,

cylinder during the transient were used in the calculation of K .
7,

The analysis was performed using two different codes, each with

different techniques. The FMECll code utilizes energy-based

techniques, but two slightly differing approaches were used.

The first approach with this code, which is documented in

Reference [9], may be termed the " strain" energy approach and is

based upon the fact that, in the absence of external forces, the

PE and the internal strain energy are identical (see Eq. (3)).

The displacements and stresses are first computed by the FMECll

code and then the internal strain energy term is calculated from

a quadratic expression in the stresses [9]. The other approach-

uses a more economical method described in Section 2.2. of this
,

report and has been termed the " potential energy" approach. A

typical inesh for both approaches is shown in Figure 6.

The mesh for the displacement method using the ADINA code

is shown in Figure 7. The results of the analysis using all of

these different approaches are given in Table 1. The maximum

dif ference between the K values for any particular time intervaly

is 7%. The results calculated by the potential energy approach

are more accurate than those obtained by the strain energy method

since fewer computations are performed and, therefore, round-off
.

errors are less.
.

Considering the accuracy demonstrated by the stress / dis-

placement method in Section 3.2., the close agreement between the
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Table 1

Comparison of Kg obtained by energy release ,

rate methods to those obtained by the
displacement method .

__

3fksiam'
YK MPa*mg

Time in Transient (Minutes) 0.4 5.03 15.03

Energy Release Rate Methods (FMECil Code)

Strain Energy 26.9 94.3 69.0
(24. 5) (85.8) (62.8)

Potential Energy 27.8 97.1 71.1
: (25.3) (88.4) (64.7)
i

Displacement Method (ADINA Code)'

251 Nodes 25.1 90.7 66.5
(22.8) (82.5) (60.5)

.

625 Nodes 25.5 91.2 66.9
(23.2) (83.0) (60.9)

,

!

.
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stress / displacement and the energy methods also indicates that

the energy method gives good accuracy.! .

The main advantage of the energy method over the.

| stress / displacement method is the high degree of automation that
!

l

i
the former one lends itself to. Stress / displacement methods as

described in this report require some manual effort: extracting

the stresses or displacements at the proper locations, calculating,

!

the K values, plotting and extrapolating the values to r = 0.
7

Some of this ef fort may be eliminated by autornating some of it.
I
| llowever, an element of judgment will always still be required in
!
!

| fitting the straight line through the data points. The energy
1

method on the other hand yields K values immediately.
7

.

3.3. Three-Dimensional Examples
_

.

In this section, analyses of some 3-D problems will be presented.

Although the stress / displacement method is easily applied to 3-D problems,

the usual difficulties of generating 3-D FE meshes become more acute in

3-D crack problems in which it is difficult to obtain the number of nodes

necessary for a reasonable degree of accuracy and still remain within the

available computer capacity. Some of the problems described here were

close to the maximum size problems that could be handled with the soft-,

!

ware and hardware existing at the time.
t

A brief description of the mesh generation process is given in

Appendix A, and the details of the FE modeling and analysis are given in
.

Appendix B.

_
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The questions of validating the model and the nesh for 3-D

problems are the same as for 2-D problems. Partial verification of the -

overall method was obtained by solving the 3-D problem of an imbedded .

plane circular crack located centrally in a cylinder which has a closcd

form solution. The other examples presented are probicma arising in

the IISST program.

One of these problems, that of the variation of K axially alongy

a longitudinal crack of uniform depth in cylinders of dif fering lengths,

implicitly provides some verification of the results since, as the length

I increases, the stress intensity factors at mid-length should approach

those of the corresponding 2-D plane strain problem.

Another problem presented arose during the pretest analysis of the

'

V-8 cylinder. A part-through crack was to be produced on the outside '

surf ace of a cylinder in an IISST program test whose purpose was the -

determination of the influence of a residual stress field on the

behavior of a flaw in a pressurized vessel.

3.3.1. Plane circular Crack Located Centrally in a cylinder

Th. closed form solution for the case of a long cylinder

subjected to a uniform axial tensile load applied at the ends and

stress-free cylindrical sides and a centrally located plane
.

circular crack was obtained by Sneddon and Welch [20]. Values

of K from that solution for Poisson's ratio of 0.25 have beeny

reproduced in a graphical form by Rooke [21]. A particular case
,

t of such a cylinder was modeled and analyzed. Table 2 gives the
.

dimensions, material properties, and loading used in the analysis.
i

The axisymmetry of the problem allows a sector of any angular

!

l

l
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Table 2

Dimensions and material properties used in the
-

analysis of centrally cracked cylinder
.

Dimensions.

Radius of cylinder 254 mm (10 in.)
Cracked radius 127 mm (5 in.)
Distance from crack plane to ends 812.8 mm (32 in.)

Macerial Properties

0Young's modulus E 200 GPa (29 x 10 psi)
Poisson's ra6 0 0.25

_oadingLi

End traction 68.9 MPa (10 ksi).

.

e

.

|.
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dimension to be analyzed, but the restrictions imposed by the

code" lead to the choice of a quarter of the cylinder to be ,

modeled. Figure 8 shows the 2-D mesh used to generate the 3-D
,

model shown in Figure 9. Details of the FE modeling and analysis

are given in Appendix B.

The nodal displacements from the FE analysis are given in

Table 3. As an illustration of the process of estimating K from
7

~!
these displacements, the term u r has been plotted in Figure 10.

g

A best fit straight line extrapolated to r = 0 gives a value oft

-3 in !~1 ~3 mm ! 1.42 x 10 1
ur = 7.14 x 10 ,

*
r=0, 0=n

and the use of expression (15) yields a value of
.

in /2)K = 30.2 MPa a m ! (27.5 ksi - l

7 .

When this valt.e is normalized by dividing by 2T/a/n , the stress

intensity factor for a plane circular crack of radius a in an

infinite medium subjected to a uniform stress of T gives a value

of 1.088. Rooke [19] gives a corresponding value of 1.074. Thus,

the method gives values within 1.5% of the cicaed form solution.

No convergence studies with differing mesh sizes were performed

to insure that this result is not fortuitous. However, in the

V-8 analysis described later in this report, convergence studies

with a mesh similar to this one and a mesh with 50% more nodes .

|

I

''In the ADINA code, boundary conditions at the planes of symmetry
can only be applied in directions parallel to the x-y-z coordinate axes.



33

DWG. NO, M/G-8 0 216 8

tu).

.
, ,

,

o

.

>

49

~
n,

WW?
o

)

.

tr

k

< Mi

II ()
()

= : .

t o

" O o
.

/
-

Q ,

.. .. ..
- = -'' ,= ~ : - :. .

CRACK FRONT

Figure 8 Two-dimensional mesh used to generate the 3-D FE mesh
by propagating it normal to the plane of the paper.-

The resulting 3-D mesh, shown in Figure 9, was used
for the analysis of the circular central crack-
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Table 3 ;

'
1

; Nodal displacements from FE analysis for a central*

; circular crack in the cylindrical.bar with v = 0.25
(Ratio of crack-to-cylinder radii = 0.5) -*

!..

l

Distance r from
,

: Crack Tip Nodal Displacements

mm in. Um in.4

!

~3
6.35 0.25 18.4 724 x 10.

.

| 25.4 1 33.3 1.310 !

! !

38.1 1.5 40.1 1.583'

:

; 50.8 2 45.0 1.773 :
'

l
69.9 2.75 50.2 1.977'

.

l
'

88.9 3.5 53.6 2.112 !
,

.

98.4 3.875 54.8 2.15~

108 4.25 55.6 ?,189

117.5 4.625 56.1 2.208
:

| 127 5 56.2 2.214
i

i
j
I

i
-

,

>

h

I

'

. ,,

t

i
4

a - r- , ,,._4-...---. e . .- ,,,,ve.,. -- ,..m.-r----,,,--n-,, , - - - - . - - - - , - - - ,, ,-.
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were performed. The results of the finer mesh were almost

identical to those from the coarser one.
.

3.3.2. Variation of Kr in an Axially Cracked Cylinder Subjected
to Thermal Shock (the End Effect Problem)31

,

The object of this series of analyses was the determination

of the effect of the free ends on the values of K for a specific
7

thermal shock problem. The problem is that of a thick cylinder

with an axial crack extending along the whole length, Figure 11(a).

As the length of the cylinder increases, the K values along a
7

central portion of the crack will approach the 2-D plane strain

value. The problem of concern is to determine the minimum lengths

that will satisfy a required reintionship between the 2-D and 3-D

K values over a specified central portion of the cylinder.
7

The cylinder analyzcd has an inner radius of 343 mm and a
,

wall thickness of 152 mm. It is initially at a uniform temperature

of 129*C. The inside surface is quenched with coolant at -196*C.

The thermal analysis was performed on a one-dimensional axisymmetric

model using the IIEATING5 [23) code with the data shown in Table 4

and some of the resulting temperature distributions through the

wall thickness is given in Figure 12. The radial temperature

distributions were used in the FE analysis of the cracked

t2cylinder. Figure 11(b) shows the models analyzed while

Table 5 gives the cylinder lengths, times in the transient,

,

**If the ratio cylinder-length-to-outside-radius is of the same order
of magnitude as unity, neither the plane strain nor the plane stress assump--

tions are useful and complete 3-D theory must be employed [22, p. 289).

12 Details of the method of mesh generation and profile reduction are
given in Appendix A. The 2-D mesh used to generate the 3-D meshes is
similar to that shown in Figure 7.
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Table 4

Input data for IIEATINGS analysis,*

case designation 13C
(One-dimensional axisymmetric solution).

Cylinder Radii

Inside 343 mm (13.5 in.)
Outside 495 mm (19.5 in.)

Initial Temperature 129 'C (264 *F)

Coolant Temperature -196 *C (-320 'F)

Density 7 83 g*cm (489 lb. f t.-3)

Conductivity 43'3 W m *K- (25 Btu *hr- *ft-1 * F-l)-1
*

Specific Heat"
SI US Units

-1 -1*C J Kg K *F Btu *lb- 'F-
*

-184 184 -300 0.044
-157 251 -250 0.060
-129 312 -200 0.0745
-101 356 -150 0.085
- 73 385 -100 0.092
- 46 406 - 50 0.097
- 18 423 0 0.101

38 452 100 0.108
93 479 200 0.1145

149 503 300 0.1202
204 528 400 0.1260
260 551 500 0.1315
316 574 600 0.1370

,

D

.
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Table 4 (Contd.)
.

.

Surface lleat Transfer Coefficient"
-1~I ~

*C' kW m" K~ "F Btu'hr ft *F

-176 5.31 -285 936
-162 4.05 -260 714
-148 3.01 -235 530
-134 2.22 -210 391.2
-121 1.64 -185 288
-107 1.21 -160 213.6
- 92.8 0.886 -135 156
- 78.9 0.668 -110 117.6
- 71.9 0.586 - 97.5 103.2
- 65 0.531 - 85 93.6 -

- 58.1 0.511 - 72.5 90

.

.

"For temperatures outside this range, the values at the end of
the table are used.

bThese are the film temperaturca used by the llEATINGS code, and
are the average of the surface temperature and the coolant temperature.

.

O
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- Table 5

' Data used in the free-end-effects study on cylinders -

*

Temperature distribution designation 13C

g . Nominal Axial Lengths 2L Time in Transient
|

; mm (in.) minutes

406 (16) 5;

[ 686 (27) 5
; 914 (36) 1, 5, 10
'

1219 (48) 5

Radii

Inside 343 mm (13.5 in.)
Outside 495 mm (19.5 in.)

~
i

Material Properties

6 *
Young's modulus E '193 GPa (28 x 10 psi) .
Poisson's ratio V 0.3
Coefficient of linear expansion a 11.7 x 10-6 .C-1 (6.5 x 10-6 p-1),

|-

Fractional crack depth a/w 0.5

2-D Kg Values MPa*m * ksi in.'/8

Time in Transient (Minutes) 0.5 1 5 10

' Displacement Method 21.6 37.4 180.2 149.4
(19.7) (34.0) (164) (136)

Strain Energy Method 19.56 38.3 181.2 150.4
(17.8) (34.9) (164.9) (136.9)

!

! -

I
,

e

.- .. -
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the material properties, and the 2-D plane strain K values.
7

These K values were calculated using both the energy and the..
7

displacement methods. The results are very close to each other,,

an indication of the accuracy of either method.

The results of calculations for 914 mm (36 in.) length

and three different times in the transient (1, 5, and 10 minutes)

4

are shown in Figure 13. The 3-D K values (KI3D) were n rmalized7

by dividing them by the 2-D K value (K
7 I2D *

'
It appears that for this particular problem the end effects

are largely independent of the time in the transient. Thus, cal-

; culations for other cylinder lengths were made for a single time

in the transient.

I
*

4 The results of analyzing different cylinder lengths are

shown in Figure 14. The K values near the mid-length are all,

7

! greater than the corresponding 2-D value, except for the very.

short cylinder. In the shortest cylinders, the K va ues never
,

I3D

attained the K values. For the longer cylinders, the KI2D I3D

values exceeded K fr8 me Portion of the cylinder lengthI2Dj

} and then dropped rapidly to zero. The percentage of the cylinder
i

length with KI3D values within 15% of K was 23%, 47%, 67%,I2D

i and 73% for the 406, 686, 914, and 1219 mm cylinders.
!
7

j It may be worth noting that the free ends rotate inwards
4

so that the ends appear to be concave, with the deepest point-

'

:

towards the inside radius (Figure 15). This is, of course, due
.

to the inside being cooler than the outside, which tends to

result in closing of the crack near the ends. In the 3-D

,

-
. .. . -_-_~.-_. - .-. . --- . ._ .
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analysis, the nodes on the crack front were-free to move and the

.two nodeo at the end~of the cylinder.and closest to the crack root
i,

i moved in such a way as to have " crossed" over the line of symmetry,

(see Figure 16). Such an anomalous behavior, of course, has no

physical reality since the other face.of the crack will prevent

such an occurrence. This effect can be prevented by the use of

crack elements, gap elements, etc. Ifowever, a simple stratagem

was to fix a priori the nodes that had exhibited cuch a behavior

in a previous analysis. This was tried out and had a negligible

effect on the K values. The tendency of the nodes at the freei

I3D
!

ends and closest to the crack tip to close took place in all the'

I

cylinder lengths analyzed and, hence, the K I3D "" ""* * * #**

} ends were assigned zero values.-

,

' 3.3.3. Analysis of the V-8 Cylinder
.

.

Another example of the 3-D fracture mechanics analysis is4

that performed on a cylindrical vessel designated as V-8. This

vessel was tested in 1979 as a part of the ongoing HSST program,, t

and full details may be found in Reference [24] with a summacy '

.

in Reference [25]. It consists of an internally pressurized

'

cylinder, closed at the ends, and with an external flaw.

Figure 17 gives the dimensions of the V-8 cylinder and
t

the associated crack as modeled. Symmetry allowed the modeling

of only one quarter of the cylinder. As explained in Appendix A,

} a 2-D mesh is produced from which the 3-D one is generated.

Furthermore, the 2-D mesh itself is composed of two separate

portions (coarse and fine) that are later merged together, as |
,

! illustrated in Figure 18,
1

,

I

_ . _ _ . . _ - - . _ . . _ - . _ _ ~ __ -- . ._. _ _ . - -
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For the purpose of a convergence study, two FE models

were analyzed in which the basic 2-D meshes of the cylinder wall,

differed in the " fine mesh" region (Figure 18) close to the flaw.
,

^ The " coarse mesh" portion was the same for both meshes. The 2-D

models of the fine mesh region are shown in Figures 19 and 20,

and these are designated Mesh 1 and Mesh 2, respectively. Mesh 2

produced about 50% more degrees of freedom (DOF) in the 3-D mesh..

The 3-D meshes were generated from these 2-D meshes as described
4

in the Appendix A. Figure 21 illustrates such a 3-D mesh generated

from Mesh 1. The angles subtended by the elements in the circum-

ferential direction and u"ed to generate the 3-D meshes, the

number of nodes, elements, DOF, etc. , together with the computer

resources required in the analyses are given in Appendix B.*

Under an internal pressure of 69 MPa (10 ksi) the nodal"

,

displacement at the outside surface of the cylinder at the center

of the crack for Mesh 1 and Mesh 2 were 99.5 pm (3.92 x 10~ in.)
-3and 99.8 pm (3.93 x 10 in.), respect,1vely, a change of about

0.25%. It was concluded that no significant benefit would be

. realized in analyzing the finer mesh.
'

.

The four analyses performed are summarized in Table 6;

the resulting displacements normal to both the crack face and the

crack front at various angles 0 (Figure 17(b)) are given in

Table 7. These displacements were used to calculate the K
7

values given in Table 8 by means of the displacement method
.

described in Chapter 2. These K values were compared to those
7

calculated by other methods [24, Table 4.6]. It appears that the

K values calculated by the method described above are accurate.
7

i

-._ _
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-Table 6;

Cases analyzed for V-8 test"
!.

.

.

Young's Modulus E = 200 GPa
Poisson's Ratio v = 0.29

i

;

Case Number Loading
,

i 1 Internal pressure 68.95 MPa

2 Ditto, using finer Mesh No. 2
.

I 3 Uniform Pressure on Crack Surface 68.95 MPa

j 4 Pressure on Crack surface varying linearly
! from 127.6 MPa at the deepest point in the

flaw corresponding to a radius of 431.8 mm'

to 255 MPa at the outside radius of 495.3; ,

!'

.

,

^ #
Except for Case 2, these were all performed using Mesh No. 1.

i

.

t

.

j
i

.

A

r

!

!
.

$

4

i
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Table 7

Nodal displacements obtained from FE analysis of -

the V-8 cylinder for the four load cases
.

Load Case 1
Internal Pressure 68.95 MPa with Mesh No. 1

Node Designation" 2 3 4

r mm 14.10 21.15 28.19

Angle & Nodal Displacements um

0 47.22 57.58 65.58
10 47.09 57.45 65.46
20 46.74 57.05 65.13
30 46.08 56.34 64.59
40 45.01 55.22 63.86

,

50 42.47 52.93 62.89

.

Load Case 2
Internal Pressure 68.95 MPa and " Finer" Mesh (Mesh No. 2)

Node Designation" 2 3 4 5 6

r mm 9.53 14.10 18.80 23.50 28.19

Angle $ Nodal Displacements pm

0 38.40 47.63 54.58 60.50 65.86
i 10 38.30 47.47 54.43 60.38 65.74

20 37.95 47.09 54.03 59.99 65.41
! 30 37.31 46.38 53.31 59.33 64.90

40 36.32 45.24 52.22 58.42 64.24

50 33.99 43.13 50.67 57.48 64.29 .

.

m
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,

Table 7 (Contd.)

.

.

Load Case 3
Crack Surface Pressurized with a Uniform Pressure of 68.95 MPa

, Node Designation" 2 3 4

r mm 14.10 21.15 28.19

Angle $ Nodal Displacements pm

0 23.61 28.96 33.20

10 23.59 28.93 33.17

20 23.54 28.88 33.15

30 23.40 28.73 33.07

40 23.11 28.42 32.94

50 21.98 27.38 32.54

.

Load Case 4
Crack Surface Pressurized with a Linearly Varying Pressure,.

127.6 MPa at Crack Root and 255.1 MPa at Outer Surface

Node Designation" 2 3 4

r mm 14.10 21.15 28.19

Angle & Nodal Displacements um

0 65.13 82.19 97.08

10 65.66 82.78 97.71

20 67.23 84.51 99.52

30 69.55 87.02 102.21

40 72.06 89.79 105.38

50 71.96 90.09 107.49

.

.

"These node designations are indicated in Figure 3. Displacements
at node 1 are inaccurate as mentioned in text.
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Table 8

K in MNm-3/2 as a function of Qa .

g

.

Angle $

Case Load, 0* 10* 20' 30* 40* 50*

1 55.2 55.5 54.9 53.5 52.0 46.4

2 55.7 55.9 55.7 53.7 52.2 47.4

3 48.3 48.3 47.9 47.7 47.5 43.2

4 71.4 71.9 73.8 76.7 80.1 78.2

.

^60* is the point at the free surface.
.

e

f
1
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4 DISCUSSIONS AND CONCLUSIONS

4

.

The energy and stress / displacement methods-used to calculate K
7

*

in 2- and 3-D' problems.have been documented in this report. These methods -

!

have been used for solving problems of interest to the HSST program. The

stress / displacement methods are based upon thi near field equations
,

relating the stresses and displacements to the stress intensity factors.

Some approximation is involved in the use of these equations, namely, the

j higher ' order terms are neglected since these terms are, in general, unknown.
:

i The term used is valid only in the " vicinity" of the crack. It was there-
i

| fore important to validate the method through the solution of test
i

problems with closed form solutions. The resulting methodology was

used successfully for the solution of both 2- and 3-D problems, some
.

~

. of which have been presented in this report.
!

* Energy methods described in this report do not involve such an<

.

f approximation at the theoretical level. The approximations made are those
!

associated with the numerical methods used and the resulting errors apply

to both energy and stress./ displacement methods. As such, energy methods
I are more reliable and accurate than stress / displacement methods. Their

main limitation is the practicability of their application to 3-D

problems.
,

This report also discussed the errors that may arise if the strain

energy is used in place of the potential energy in problems where both

mechanical and thermal loads occur.*

Examples of 2- and 3-D problems solved have been presented. For.

!

! 2-D problems, these have been solved by both energy and displacenent

methods, and the results of either method compare well with each other.

i

_ _ . -, _ - - . _ . - . - . , , - , , _ _ _.,
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This indicates that the methods as applied to the type of problems

described in this report are accurate and reliable.
.

One of the errors that may arise in the FE method is that
.

associated with a sufficiently fine mesh, especially in the vicinity of

staep stress gradients such as those associated with cracks. Some assur-

ance that an adequately fine mesh was used has been obtained by mesas of

limited convergence studies in which the same problem was solved with

two meshes, one of which had more degrees of freedom than the other.

No significant change in the results was observed.

The energy methods as implemented in the FMECH : ode use a four-

noded quadrilateral, and the mesh in the crack region is fine enough to

allow the depth of the crack to be changed by the small amount AA by means

of releasing the node at the crack root. This method was preferred to .

altering the coordinates of crack root node by a small amount to achieve
.

the same purpose because altering the coordinates will distort the two

elements sharing that node with a possible loss in accuracy in that

region. The stress / displacement method uses an eight-noded 1/4-point

element. In terms of computer resources, the eight-noded element is

more efficient than a four-noded element. However, the total effort

required to compute K using the stress / displacement method is more than
7

|
'

that required for the energy method since the former requires some manual

effort. However, for the 3-D problems the stress / displacement method has

proven useful since it is easily impicmented if a suitable FE code is
*

!
available and once the required input data is prepared.

,

I
-

| In conclusion, each of the methods discussed in this report have

their advantages and limitations, but within these limitations both methods

are capable of yielding K ~ values within about 15% accuracy.
7

!
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APPENDIX A

*
FINITE ELEMENT MESil CENERATION AND PROFILE REDUCTION

.

1. Mesh Cencration

One important task (in fact, one of the most time-consuming ones

in FE modeling) is that of mesh generation. A large number of codes were

written, others acquired and implemented, to facilitate this task.

For the cases described in this report, the geometry of the

problem allows 3-D meshes to be generated from 2-D ones. By rotating |

the 2-D mesh, such as that shown in Figure 18 about an axis lying in its

plane, a 3-D one may be obtained (Figure 21). Similarly, by propagating

a 2-D one, such as that shown in Figure 8, in a direction normal to its
.

niane, the 3-D mesh shown in Figure 9 is produced.

Tha mesh generating effort may be conveniently divided into two*

tasks. The first will be termed the "2-D level" and consists of generating

'

the 2-D mesh. The second task, the "3-D level" one, comprises taking the

2-D mesh and producing from it the 3-D mesh.

At the 2-D level, the most important task was the coding of a

mesh plotting program and implementing it on the time-sharing PDP-10

system [26]. All the 2-D plots shown in this report were produced by

this package. It is capable of plotting the whole structure or, by means

of user-defined coordina te limits, it can plot certain areas of the mesh

thereby " zooming" on detailed areas. The node and element numbers may-

be displayed or suppressed..

This '. lows the analyst to generate and view the mesh. If it is

deemed unsatisfactory, the whole process may be repeated. A satisfactory

_ __ - _ _ _ _ _ - _ -
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mesh may be produced in less than an hour. A similar process, when

attempted in a batch mode, would take several days to complete.
,

Generation of the 2-D models of cylinders is accomplished by
,

means of the GEN 8 code [26], producing semicircular annuli similar to

that shown in Figure A.1(a) . The number of elements in the radial and

circumferential directions, geometric progression factors for both these

directions, and the inside and outside radii are the input parameters.

Strips such as that shown in Figure A.2 have been useful in the

modeling process. The centrally cracked strip and *he coarse mesh portion

of the V-8 cylinder model (both mentioned earlier in this report) as well

as many others have been generated by the " STRIP" code [26]. This allows

the user to define the number of elements horizontally and vertically

as well as their dimensions. The number of horizontal elements may be *

doubled in number as the mesh is generated vertically down, with a one-
.

time transition from four to five elements possible. This allows a mesh

to be produced that can be made finer in regions of high stress gradients.

A third code " MERGE" [26) swaps any two elements designated by

the user with a so-called singularity block (Figure A.1(b) and A.2(b))

to produce automatically the 1/4-point siegularity elements surroundingt

the crack tip (Figures A.1(c) and A.2(c)).

The "QMESil" system [27], a very useful tool that generates more

complex 2-D meshes, was implemented and used to generate the meshes used,

for example, in the centrally cracked circular har and the V-8 cylinder.
.

Being a general-purpose package, it is, however, too unwieldy to use for
,

simple meshes such as those mentioned above and local mesh refinements

are difficult to accomplish.

|
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The generation of 3-D meshes f rom any of the above 2-D meshes is

accomplished by means of the 3-D and V-8 codes [26]. These codes also.

produce output that allows the user to relate the 3-D models to the 2-D.

ones. It also produces outp2t identifying element faces in a particular

area, if desired. Such output would be useful in the FE analysis of

pressure loaded structures, e.g., the V-8 cylinder analysis mentioned

in Chapter 3.

The concept of the subdivision of a major task into smaller ones

has allowed a considerable amount of modularity in coding the various

programs. Furthe rmo re, it permits the user to monitor the satisfactory

completion of one task before proceeding to the next one. A major draw-

back of the 3-D mesh generation codes described above is that the chole

maah ia penalised by the presence, at the 2-D level, of the fine mesh*

in the crack region which is then propagated into the third dimension.
.

It is more efficient to implement a merging scheme at the 3-D level

similar to that shown in Figures A.1 and A.2 for 2-D meshes. For 3-D

meshes, the process is accomplished in three steps. The first consists

of generating a relatively coarse mesh for the 3-D structure to be

analyzed. Then, a " block" containing the finer mesh required to

adequately model the crack region is generated. The final stage

would be to merge this block into the mesh for the 3-D structure.

2. profile Reduction

.

The bandwidth of automatically generated meshes is, generally
.

speaking, larger than necessary. This condition not only leads to

uneconomical FE analyses but, in some instances, to cases impossible
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to run on the computer. This is caused primarily by the very high

number of input / output (I/0) operations necessary to store and solve ,

out-of-core the large system of linear equations occurring in the FE ,

method of analysis. This, in turn, causes large wall clock times (WCT)

during which large segments of memory (1750K) are tied up for say,

10 hours, and unacceptable amounts of scratch disk space are required.

Thus, it is imperative to optimize the node numbering scheme. This is

accomplished by means of the computer code " REDUCE" [28].

As an illustration of some of the computer resources saved by

optimizing the node numbering scheme of the FE models, some pertinent

numbers from two separate analyses are given in Tables A.1 and A.2. The

problem analyzed is the circular crack described earlier in this report.

The "before" refers to values associated with the meshes as generated -

(i.e., with unoptimized meshes) while the "after" are values associated
.

with the optimized meshes. The figures were compiled from the

data generated by the ADIN and the REDUCE codes. These figures show

a reduction of 20% to 47% in the computer resources required. The

example problem selected was a small one. In cases like that of

Mesh 2 of the V-8 analysis, the savings were significant enough to

have made the difference between the feasibility or nonfeasibility

of the FE analysis.

.

G

l
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Table A.1

Effect of node renumbering on the IBM 360/195.

ccmputer resources required by
the ADINA computer code,

(Approx. 1700K memory used)a

Number of Nodes 1286
Number of Elements 234

Before After % Reduction

6 6
Number of Matrix Elements (approx.) 1.897x10 1.498x10 21

Maximum llalf-Bandwidth 1415 962 32

Mean Italf-Bandwidth 552 436 21

Number of Blocks 29 23 21

CPU Minutes 14 9 36

9 I/O in Thousands 39 28 28

Wall Clock Time (Minutes) 70 37 47

Approximate Cost" $87 $58 33

.

a
Plane Circular Crack problem.

On the IBM 360/195 MVT environment, this can vary widely.

C
Printed output to tape.

.

.
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Table A.2
l

REDUCE code data *

*

! Half-Bandwidth Profile (approx.)"
b

| CPU Cost

| Before After % Before After % Min $

Circular Crack 506 331 35 256,000 193,000 25 6 28

cMesh No. I 1270 626 51 653,000 392,000 40 6 44

| Mesh No. 2 1656 593 64 1,278,000 777,000 39 24 115

I
|

" Profile is the sum of the number of terms in the so-called
" sky-line", based on the element connectivity, not upon the actual
number of DOF.

.

b
Includes print cost.

.

#
IBM FORTRAN EXTENDED PLUS compiler generated object code.

,

4

1

,
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APPENDIX B

*

DETAILS OF THE FE H0DELING AND ANALYSIS

.

In this appendix, details of the FE modeling and analysis are ,

given. Apart from documenting the data used in the 3-D analyses described

in Chapter 3, this information has proven useful as a basis for estimating

the computer resources required for other similar 3'-D computations. This

information is important since an upper-limit estimate of the computer

resources required in a particular run must be declared before the run

is made.

.

O

e
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Table B.1

Data used to propagate meshes from 2-D into 3-D

No. of Elements Element Thickness
Analysis Propagation in 3rd Dimension or Angular Dimension Total

Circular Crack Axial 6 25.4, 25.4, 50.8, 101.6, 203, 813 mm.
406 mm

(1, 1, 2, 4, 8, 16 in.) (32 in.)

End Effects Cylinders Axial

Nominal Lengths 2L mm (in.)

406 (16) 2 2 x 101.6 m 203 mm u
*(2 x 4 in.) (8 in.)

686 (27) 6 3 x 76.2 m + 3 x 38.1 mm 343 mm
(3 x 3 in. + 3 x 1.5 in.) (13.5 in.)

914 (36) 6 4 x 101.6 mm x 2 x 25.4 m 457 mm
(4 x 4 in. + 2 x 1 in.) (18 in.)

1219 (48) 6 6 x 101.6 mm 610 mm
(6 x 4 in.) (24 in.)

V-8 Cylinder Circumfer-
ential

Mesh No. 1 7 3*, 6*, 12*, 24*, 3 x 45* 180*

Mesh No. 2 9 1* , 2 * , 4 * , 6* , 10" , 22* , 3 x 4 5' 180*

. . ., , .
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Table B.2

Miscellaneous data of interest related to the
'

3-D FE analysis using the ADINA code
(Fast Memory Used 1700K Bytes)c

End Effects Study V-8 Cylinder

Circular Cylinder Lengths, mm
Crack Mesh Mesh

b dProblem 406 686" 914 No. 1 No. 2

Nodes 1286 1045 2573 2573 2328 3456
'

Elements 234 160 480 480 434 666

Equations (Degrees
of Freedom) 3439 2726 7179 7179 6389 9603

Matrix Elements
in millions (approx.) 1.5 0.64 3.2 1.2 3.1 6.2

Max. Italf Bandwidth 962 509 900 900 1789 1543

Mean llalf Bandwidth 436 231 943 943 485 645

Max. Block Size 67565 60127 39386 39386 44354 29226
.

Number of Blocks 29 11 82 82 71 216

CPU Time (Minutes),

IBM 360/195 9 3.1 27 28 22 63

I/O (Thousands)" 28 46 50 175 105 492

WallClockJime(Minutes) 37 90 175 250 125 585

Approximate Cost ($) 58 57 178 235 1658 60088

.

" Object code obtained with the IBri FORTRAN H compiler. This
version still had the sequential I/O routines.

1500K region and 3K blocking factor for scratch units, unoptimized
profile.

.

One time step of the transient (also applies to 1219 mm cylinder) .
.

Three time steps of the transient.

" Depends upon blocking factor of the scratch units.

'In an "Multiprogramming with a Variable Number of Tasks" (MVT)
environment, this can vary considerably for identical runs.

8Printed output to tape.

. .-- .-
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Conversion Factors for Units Used in This Report '

(Reference: Metric Practice ASTM E380-76)

To Convert From To Multiply By

Stress / Pressure Ibf*in~ (psi) kPa(kN*m" ) 6.894 757
i

~! (MN*m" ! ) 1.098 843Stress Intensity ksi in MPa*m
Factor

-I * ~1Coefficient of Btu h ft" F Wm~ K~ 5.678 263
Ileat Transfer

~1 -1 ~1
Heat Capacity Btu lb~ **F kJ kg K 4.186 800

Thermal Btu h *ft-2,.p-1 y, -1K 1.730 735~1 -1

Conductivity

Density lb ft~ kg*m- 16.01846

,

b

I
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