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ABSTRACT'

!

Analytical and experimental studies of the dynamic resconse tf a
,

system with a geometric nonlinearity that is encountered in many sc-

tical engineering applications are described. An exact solution for

f the steady-state motion of a viscously damped Bernoulli-Euler beam with

an unsymmetric geometric nonlinearity, under the action of harmonic ex-
,

citation, is derived. Experimental measurements with a mechanical model

verify the analytical findings. The effect of various parameters or the

system response is determined. Major conclusions based on this investi-
>

gation are presented.
,

I

i

,

I

iii

: |
'

!

. . . . . . .



1

:

TABLE OF CONTENTS

Page

ABSTRACT ........................... ;;;

LIST OF FIGURES ....................... ix

NOME N C L A TU R E . . . . . . . . . . . . . . . . . . . . . . . . . xjjj

xyACKNOWLEDGEMENTS .............. . . . . . . . .

1-1
CHAPTER 1. INTRODUCTION . . . . ..... . . . . . . . . ..

1.1 Background l_1
|

1.1.1 Analytical Studies 1-1

1.1.2 Experimental Studies 1-3
-

1.2 Scope of Study 14

CHAPTER 2. ANALYTICAL STUDIES . . . . . . . . . . . . . . . . 2-1
,

i 2.1 Description of the Problem 2-1

2.2 Fo rmul ation 2-1

2.3 Steady-State Solution 2-3
.

2.3.1 Frequencies and Mode Shapes 2-6
;
;
' 2.3.2 Solution Protecure 2-6

2.3.3 Equa tion Solution 2-19

2.3.4 Iteration Scheme 2-20
!

2.3.S Stresses 2-21'

CHAPTER 3. EXPERIMENTAL STUDIES . . . . . . . . . . . . . . . 3-1

3.1 Description of Apparatus 3-1

3.1.1 Beam Models 3-1

3.1.2 Test Fi.tures 3-1x

v

.i



,

. _ _ _ _ _ . . _ . . ..

:

I
I

r gea

3.1.3 Ins trumentation 3-1

3.2 Test 3-4

3.2.1 Vibration Test Setuo 3-4

3.2.2 Description of Vibratien Machine 3-4

3.2.3 Vibration Test Procedure 3-4

1.2.4 Vibration Cata 'athered 3-8

3.2.5 Reduced Vibration Data 3-8

3.2.6 Discussion of Vibration Results 3-11

CHAPTER 4. NUMERICAL RESULTS 4 -1.......... .. ... .

4.1 A1 plication to an Example Problem 4-1

4.1.1 Present Theory 4-3

4.1.2 Comoarison between Theory and
Experiment 4-3

4.2 Effect of System Paraneters 4-13

4.2.1 Excitation Frequency Effec: 4-13

4.2.2 Dancing Effect 4-13

4.2.3 Stiffness Ratio Effect 4-22
|

4.2.4 Effect of Gao Size 4-23

4.2.5 Contact Duration 4-23

! CHAPTER 5. SUMMARY AND CONCLUSIONS 5-1..... .. . .. ...

CHAPTER 6. REFERENCES 6-1....................

APPENDIX A. DERIVATION OF FREQUENCIES AND MODE SHA' PES . A-1. .

i A.1 The Governing Differential Equation of
Free Vibration A-1

A.2 Boundary Corditions A-3
|

A.2.1 Classical Bour.dary Canait ons A-3i

|
|

I| vi
|

,, ._. _ , .



_ . - . _ _

Pace

A.2.2 Nonclassical Soundary Conditiens ,̂ .-4

A.3 Formulation of the Solution A-4

A.3.1 Clamped-Free Beam A-5

A.3.2 Clamped-Ccnstrained Seam A-7

APPENDIX 3. DEFINITION OF SYMBOLS B-1..............

APPENDIX C. COMPUTER PROGP.AM . . . . . . . . . . . . . . . C-1..

4

i

.

4

'l

;

;

vii

.- . .



- -
- ;

.

LIST OF FIGURES

PageFigure

2-22.1 Model o f Sys tem . . . . . . . . . . . . . . . . . . .

!

2.2 Regimes of Motian of Elastic Beam with Geo.r.etric
2-5Nonlinearity ..................

2.3 Ranges ui Mction of the Steady-State Solution . . . . 2-7

2-222.a Flcw Chart for Iteration Scheme . . . . . . . . . . .

3.1 Beam Models . . . . . . . . . . . . . . . . . . . . . 3-2

3.2 Test Fixtures . . . . . . . . . . . . . . . . . . . . 3-3

3-53.3 Model Con.~iguration . . . . .............

3.4 Vibration Test Setup 3-6. ........ ... . . ..

3.5 Vibration Exci ter . . . . . . . . . . . . . . . . . . 3-7

3-93.6 Free Vibration of System ..... .. ......

3.7 Reduced Vibration Data for K* = 25, ; = 0.04,
Clearance Ratios d/S = 5.33 and = 3-12. .......

g

3.8 Reduced Vibration Data for K* = 25, ; = 0.04,
Clearance Ratios d/S = 10 and = 3-13.. .......

g

; 3.9 Steady-State Excitation and Forced Lineat (No-Impact)
Response of Beam / Striker System; n/22 = 26.1 Hz;

3-14
Excitation Level S) ................

3.10 Steady-State Excitation and Forced Nonlinear Response
of BeaG/ Striker System; G/2 = 27.4 Hz; Excitation

3-15Level S # S
2 I...................

3.11 Steady-State Excitation and Forced Nonlinear Response
of Beam / Striker System; R/2r = 28.9 Hz: Exci tation

3-16Level E > E ...............
3 g... .

3.12 Steady-State. Excitation and Fcrced Nonlinear Response
of Beag/ Striker System; O/2: = 30.4 H:: Excitation

3-17Level S3'32...................
|

ix .



-

Fiaure Pace

Vibration Response, Excitation Level 5), No Impact,3.13
C/2r = 26.1 Hz, Speed = 100 cm/sec . . . . . . . . . 3-18

'

3.14 Vibration Response, Excitation Level S2* 1, I pact,
0/2: = 27.4 Hz, Speed = 100 cm/ser 3-21

,

3.15 Vibration Response, Excitation Level 5 > 5 , Impact,
2C/2r = 28.9 Hz, Speed = 100 cm/sec .# 3-24........

Vibration Response, Excitation Level 5 '. '". Impact,
'3.16

0/2: = 30.4 Hz, Speed = 100 cm/sec .3 ! 3-27. ....

4.1 Dynamic Model of the Example Problem . 4-2........

4.2 Construction of a Tyoical Solution (Displacement,
Velocity, and Curvature at X = 0.25L) 4-4.......

4.3 Construction of a Typical Solution (Displacement,
Velocity, and Curvature at X = 0.5L) . . . . . . . . 4-5

.

4.4 Construction of a Typical Solution (Displacement,
Velocity, and Curvature at X = 0.75L) 4-6.......

45 Construction of a Typical Solution (Displacement,
Velocity, and Curvature at X = L) 4-7.........

4.6 Construction of a Typical Solution (Displacement,
Velocity, and Curvature at X = 0.25L) 4-8.... ..

4.7 Construction of a Typical Solution (Displacement,
Velocity, and Curvature at X = 0.5L) . . . . . . . . 4-9

4.8 Construction of a Typical Solution (Displacement,
Velocity, and Curvature at X = 0.75L) 4-10.......

4.9 Construction of a Typical Solution (Displacement,
Velocity, and Curvature at X = L) 4-11........ .

4.10 Comparison between Theory and Experiment of the
Response of a Continuous System with a Gap: K* = 25,
c = 0.04, Clearance Ratio d/S = 5.33 4-12.......g

4.11 Maximum Positive Peak Response for c = 0.05,
Clearance Ratio d/S = 1.5, K* = 5, 10, 20 . . . . . 4-14g

4.12 Maximum Positive Peak Resoonse for c = 0.10,
Clearance Ratio d/S = 1. 5 , K' = 5 , 10 , 2 0 . . . . . 4-14g

i

! x

l
'

. - - .



|

Fioure Pace

4.13 Maximum Positive Peak Response for ; = 0.05,
Clearance Ratio d/S = 2.5, K* = 5, 10, 20 . . . . . 4-15

g

4.14 Maximum Positive Peak Response for ; = 0.10,
Clearance Ratio d/S = 2.5, K* = 5, 10, 20 . . . . . 4-15t

o
i

i

4.15 Maximum Positive Peak Response for ; = 0.05, 0.10,'

Clearance Ratio d/S = 1.5, K* = 5 . . . . . . . . . 4-16
g

,

| 4.16 Maximum Positive Peak Response for ; = 0.05, 0.10,
Clearance Ratio d/S = 2.5, K+ = 5 4-16..... ...g

4.17 Maximum Positive Peak Response for ; = 0.05, 0.10,
Clearance Ratio d/S = 1.5, K* = 10 4-17. ...... .

o

4.18 Maximum Positive Peak Response for ; = 0.05, 0.10,
Clearance Ratio d/S = 2.5, K* = 10 4-17

.. .. ...

o

4.19 Maximum Positive Peak Response for ; = 0.05, 0.10,
Clearance Ratio d/S = 1.5, K* = 20 4-18........

o

4.20 Maximum Positive Peak Response for ; = 0.05, 0.10,
Clearance Ratio d/S = 2.5, K* = 20 4-18... .....g

4.21 Maximum Positive Peak Response for ; = 0.05,
Clearance Ratios d/S = 1.5, 2.5, 3.5, K* = 5 4-19...

o

4.22 Maximum Positive Peak Response for ~ = 0.10,
Clearance Ratios d/S = 1.5, 2.5, 3.5, K* = 5 4-19...g

4.23 Maximum Positive Peak Response for ; = 0.05,
Clearance Ratios d/S = 1.5, 2.5, K+ = 10 4-20.....g

4.24 Maximum Positive Peak Response for ; = 0.10,
Clearance Ratios d/S = 1.5, 2.5, K* = 10 4-20.... .g

4.25 Maximum Positive Peak Response for ; = 0.05,
Clearance Ratios d/S = 1.5, 2.5, K* = 20 4-21.....g

4.26 Maximum Positive Peak Response for ; = 0.10,
Clearance Ratios d/S = 1.5, 2.5, K* = 20 4-21.....g

4.27 Variation of Dimensionless Contact Time witn
Frecuency Ratio; K* = 5, d/S = 2.5, ; = 0.10 4-24.. .g

4.28 Variatior. of Dirensionless Contact Tite viitn
Frequency Ratio; K* = 10, d/S = 2.5, ; = 0.10 4-24.

g

xi



1

1

Figure Page

4.29 Variation of Dimensionless Contact Time witn
Frequency Ratio; K* = 20, d/S = 2.5, c = 0.10 . . . 4-24g

4.30 Variation of Dimensionless Contact Time with !
Frequency Ratio; K* = 5, d/S = 2.5, ; = 0.05 4-25...g

4.31 Variation of Dimensionless Contact Time with
Frequency Ratio; K* = 10, d/S = 2.5, ; = 0.05 . . . 4-25g

4.32 Variation of Dimensionless Contact Time with
Frequency Ratio; K* = 20, d/S = 2.5, ; = 0.05 . . . 4-25g

4.33 Variation of Dimensionlass Contact Time with
Frequency Ratio; K* = 5, d/S = 1.5, ; = 0.10 4-26...g

4.34 Variation of Dimensionless Contact Time with
Frequency Ratio; K* = 10, d/S = 1.5, c = 0.10 . . . 4-26g

4.35 Variatien of Dimensionless Contact Time with
Frequency Ratio; K* = 20, d/S = 1.5, c = 0.10 . . . 4-26g

4.36 Variation of Dimensionless Contact Time with
Frequency Ratio; K* = 5, d/S = 1.5, ; = 0.05 4-27...g

4.37 Variation of Dimensionless Contact Time with
Frequency Ratio; K* = 10, d/S - 1.5, c = 0.05 . . . 4-27

g

4.38 Variation of Dimensionless Contact Time with
Frequency Ratio; K* = 20, d/S = 1.5, c = 0.05 . . . 4-27g

A-1 Two Bea.m Conditions A-6. . .. . . ...........

C-1 Computer Program Flow Chart C-8. . ...........

|

xii

i

!



_ _
-

N0f1ENCLATURE

Id) th th
! A = amplification ratio for the i mode and j solution region

j

i C = a linear operator of L* and M

,

F(x,t) = harmonically varying load, F(x,t)=F(x) cos Rt
thId) th= the i mode generalized stiffness for the j solution region

K
$

| K *K = spring stiffness of striker and target, respectively
s t

! K* = stiffness ratio of target to striker beam

L = length of beam

L* = a linear differential operator

th th
M (d) = the i mode generalized mass for the j solution region

j

<3 M(x) = uniform mass density of striker beam
th th

Q (d) (x) = the i mode forcing function for the j solution region
$

S = amplitude of base motion
g

S(t) = base excitation, S(t) = S cos Dtg

2 (2")/T* = dimensionless contact time = 1 -

W(x,t) = striker beam displacement

W(x,t) = striker beam velocity

W"(x,t) = striker beam second derivative with respect to x

d = gap size

h = gap location along beam

t = time

a,8 = coefficients of proportional damping

= phase angle between excitation and responseag

= fractior. of excitation period during which W(II(h,t) 5 d
a2

= strain of striker and target beams, respectively, at specified locationsc ''21

th th
Gj(d) = the i mode of critical damping for the j solution region of

the striker beam
th th

wj(d) = the i frequency of the striker beam for the j solution region
,

G = frequency of harmonic excitation

xiii
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Chapter 1

INTRODUCTION

1.1 Background

The problem of forced vibration of a dynamic system with motion>

limiting stops is of great importance in many practical engineering

applications. Some cases in whi:h this problem is encountered

are (1) the effect of gapped supports on the response of nuclear piping 1

subjected to postulated rupture conditions, (2) the vibration of me-

chanical equipment possessing deadspace nonlinearities, and (3) the

vibration isolation of dynamic systems mounted on resilient supports

with motion-limiting stops.

Several investigators have conducted analytical, numerical, and

experimental studies of dynamic systems with geometric nonlinearities

(present, in some cases, together with material nonlinearities).

These studies may be classifted into two main categories based on

the method of investigation.

1.1.1 Analytical Studies

Investigators performing analytical studies have, in many cases,

resorted to numerical techniques. For example, Anderson and Singh (1976)

|
and Moreadith, et al. (1973) performed analytical studies on nuclear

steam piping _ subjected to impulsive rupture loads. Anderson used a

| discretization technique to model the piping system with the applica-

tion of a numerical procedure on finite element concepts.

I

!
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i 1

Masri (1978) reported the results of an extensive analytical /
|
lexperimental study of a system having a geometric nonlinearity. He i

!
developed an exact c,osed-fonn solution for the steady-state motion,

of a simplified mathematical model of a cantilever (striker) beam,

carrying a concentrated mass whosa motion is limited on one side by

a stop (target) beam and that is subjectea to harmonic axcitation.

Anderson and Masri (1979) recently 1 ported the results of analy-

tical and experimental studies of the d/namic response of a system

consisting of a cantilever beam with a gapped support at the free end.

The system, represented as a single-degree-of-freedom system having

generalized properties, was subjected to a dynamic excitation of sinu-
!

j soical and impulsive base accelerations. Their study extended Masri's
!

earlier work (1978) so systems having both material and geometric non-
!
'

lineari ty.

Den Hartog and Heiles (1936) presented an exact theory for the

solutic i of some types of couplings having springs with an initial

set. Quantitative results were obtained by perfoming numerical cal-

culations. Iwan (1968) discussed the steady-state response of a system

constrained by a limiting slip joint and excited by a trigonometrically

varying external load.

; Recently, Onesto (1979) evaluated the response sensitivity to

various snubber parameters and established ranges for those parameters

that will bound system response to acceptable limits. In his study,

Onesto first used simple-models with simple loadings to establish dimen-

sionless response parameters permitting insight into the basic problem,

after which he went on to study more sophisticated models and loading

'

1-2
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(multi-degree-of-freedom lumped mass models).i

Kotwicki, Chang, and Johnson (1979) recently performed studies

aimed at the ' demonstration of the effects of varying support parameters

on the dynamic response of piping systems. The parameters evaluated

were the stiffness of the supports, gap size, and single-acting versus

double-acting supports. The dynamic loadings considered were seismic

response spectra. relief-valve hydraulic thrust, and postulated pipe

rupture. They concluded that varying these parameters changed the

system r;sponse significantly for the cases considered.

In all of the previcusly mentioned studies, the system has usually

been considered a single- or multiple-degree-of-freedom system but

not a continuous system. For the vibration problem in a piping system,

however, the piping shtald be treated as a beam -- that is, as a contin-

uous system. Watanabe (1978) presented an approximate analytical solu-

tion for the problem of a cantilever beam with symmetric elastic stops

on both sides of the beam by considering the beam a continuous system

and neglecting the damping effects.

1.1.2 Experimental Studies

In addition to the analytical studies mentioned, some experimental
,

work has been done on the problem of dynamic systems with gaps. All of

the experimental studies were mainly designed to gain insight into the

unknown, basic dynamic behavior of the type of systems mentioned and to

verify the validity of the analytical models proposed. In the analyti-

cal / experimental work conducted by Masri (1976), the effects of various

system parameters and model sizes were presented and the simplified

analytical single-degree-of-freedom system proposed was found to satis-

1-3

.



factorily agree with the experimental findings. Anderson and Masri (1979)

investigated systems having both geometric and material nonlinearity,

and they made critical comparisons between calculated and measured

responses.

Although the investigations have added considerable k;.owledge to

the subject, no results are available in the published literature

regarding the exact response of continuous systems with inherent energy

dissipation and a gecmetric nonlinearity under the action of an arbi-

trary dynamic environment.

1.2 Scope of Study

To better determine the dynamic response of realistic nonlinear

structural systems, this study concerns the exact solution for the

steady-state motion of a viscously damped Bernoulli-Euler beam with an
,

symmetric geometric nonlinearity, which is subjected to harmonic

excitation. The elastic beam is assumed to have uniform properties

and arbitrary boundary conditions. The geometric nonlinearity is an

elastic spring placed at some arbitrary location within the span of the

beam and separated from the beam by a certain gap.

Chapter 2 describes the analytical studies, including the formula-

tion of the prob |em and the solution algorithm. The experimental

studies that were conducted are presented in Chapter 3. In Chapter 4

the analysis is applied to an example problem and tha effects of system

parameters are investigated. Major conclusions based on this investiga- 1

tion 'and recommendations for future work are presented in Chapter 5.

1-4
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Chapter 2

ANALYTICAL STUDIES

2.1 Description of the Problem

The model under consideration consists of a continuous beam with

an elastic stop placed at a specified distance h from its left end,

as shown in Figure 2.1. Although the figure shows a propped beam with

an clastic stop at a distance h from the support, the solution tech-

nique also applies to beams with arbitrary boundary conditions. The

striker beam is modeled as a continous Bernoulli beam with viscous

damping, and the target beam as a spring.

The exact closed-form solution for the steady-state motion of the

system was based on the assumption that when the system is hannonicelly

excited, the predominant respor.se is one in which the beam contacts

the elastic stop once per cy'cle, and the conditions of the system are

repeated once per excitation cycle. This assumed motion reflects the

motion found by investigators to dominate in most .eyperimental studies

of such systeins.

2.2 Fonnulation

The system consists of a viscously damped beam of mass M(x) and

stiffness EI, which is separated by a gap d from an elastic stop (spring)

placed at a distance h from its support and having a stiffness K . Thet

system is excited through harmonic base motion.

2-1
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|

;

I i
| The system is governed by tne partial differential ecuation
1

k
L*[W(x,t)] + h C[W(x,t)] + M(x) ' #* **)= F(x,t) (2.1)

3t

over the length L of the beam, where

L* = A linear, homogeneous, self-adjoint differential operator of

order 2p with respect to spatial coordinate x that specifies

the stiffness distribution of the bean.

C = An operator that is a linear combination of ocerator L* and

function M, viz.,

(2.2)C = aM + SL*

in which a and 5 are constant coefficients.

M = A function that specifies the mass distribution of the beam.

F(x,t) is a harr.'onically varying load equal to

F(x) cos at (2.2)
;

with

2F(x) = C 3 g(x) (g,4)
9

for base excitation.

2.3 Steady-State Solut' y

From the experi'. ental studies of previous investigators (e.g.,

Masri,1976) as well as from the experimental observations of Section 3,

it has been found that the predominant type of response is that in which '

the beam contacts the elastic stop, and the conditions of the system

are repeated once per cycle of the excitation.

2-3
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The steady-state solution of the systen shown in Figure 2.1 is '

developed using the normal-mode approach. The solution consists of two

segments corresponding to N(I)(h,t) $ d, i.e., when there is no contact

between the beam and the elastic stop (the scring), and W(2)(h,t) > d,

i.e., the solution n!gion in which the beam and the elastic stop are in

contact (see Figure 2.2). The solution s|10.:1d satisfy certain condi-

tions of continuity of the displacement and velocity of the system at

times of release and contact for one cycle. These conditions may be

stated as follows:

(a) Everywhere along the beam, the displacement W( }(x,22) and

velocity s'(I)(x,a2) at the end of the first region of solu-

tion (the no-contacu solution region) should be equal to tne

corresponding displacement and velocity at the beginning of

the second solution region.

(b) Everywhere along the beam, the displacement W(I)(x,a)) and

velocity $(I)(x,c)) at the beginning of the first solution

region should equal the displacement W(2)(x,a ) and velocity
3

g(2)(x,a ) at the end of the second solution region (contact

region).

(c) At the point of contact between the beam and the elastic stop,

the displacements W(I)(h,a ), WI )(h,a2)' W( }{h'"2), andj

W(2)(h,a -' the beginning and the end of both solution3

regions sim. equal to the gap d. All of these condi-

tions are stated mathematically in Ecuations 2.15 to 2.20 of

Section 2.3.2. Details of the solution are in the following

sections.'

2-4
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FI GURE 2.2 REGIMES OF MOTION OF ELASTIC BEAM WITH
GE0 METRIC NONLINEARITY
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2.3.1 Frequencies and Mode Shapes

la order to use the nomal-mode method of analysis of the response

of continuous systems, it is first necessary to determine the natural
,

frequencies and modal configurations. Two types of frequencies and

eigenfunctions are used in the solution of the problem (Figure 2.2a):

(1) the frequencies and mode shapes of the elastic beam alone, which

represents the system when there is no elastic stop (Figure 2.2b), and

(2) those of the beam with the spring, i.e. , the constrained beam (Fig-

ure 2.2c), which represents the case where the elastic stop is attached

to the beam at all times.

Procedures for the derivation of the frequencies and modal shapes

of beams such as those in Figure 2.2 may vary considerably depending on

the type of system under consideration. Details on this subject are

available in numerous publications (see, for example, Gorman (1975),

Clough and Penzien (1975), Young (1948), McBride (1943), and Lee and

Saibel (1952)). In the present work, the frequencies and mode shapes

are derived through the solution of the homogeneous beam differential

equation that expresses equilibrium between inertie forces and elastic

restoring forces, subject to prescribed boundary conditiors. A summary

of the analysis is presented in Appendix A.

2.3.2 Solution Procedure

Referring to Figure 2.3, let c (d)(x) be the i eigenfunctionth
4

associated with the homogeneous equation of the undamped system for the

th
j solution region and assume that the eigenfunctions satisfy the

orthogonality condition.

2-6
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FIGURE 2.3 RANGE 5 0F MOTION OF THE STEADY-STATE SOLUTION
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i
,

l M (d) (2.5)fg tj(d)(x) M(x) o (d)(x)dx 5=
s 1s i

and

K (d) (2.6)fg cj(d)(x) L* [o Id)(x)] dx d=

s is i

|

where 5 is the Kronecker delta, and ti Id)and K Id) are, respectively, the
| 33 j j

0generalized mass and generalized stiffness of the 1 made for solution

|
region J.

Using the normal-mode approach, the solution for region j can be

written as

| =

W(d}(x,t) c (d)(x) g (d)(t) (2.7)=
4 j

t=1

where j = 1 or 2, depending on the solution region.

( Then substituting for W5d)(x,t) into Equation 2.1 leads to

5d)hj(d)(t)*C(d)i;4 (d)(t) - K fd)q Id)(t) = Q (d}(t)| M
4 j j $4

[fh;$ (d)(x)f 5d)(x)dx] cos (at a ) (2.5)=
4 g

where a is a phase angle related to the origin t by a = Ot .g g g g

The solution of Equation 2.8 is

,

2-8
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(j)
'i (at - 2 ) qf d) (2 )(3)(t) = exoq3

-

3(3) 3
i

\

'
- (j)

'ih cfd) sin r (), (at - 23)4

U i j
-

i

_,

(j)
'i

+ aj(j) CDs (at - c ) >

F j ,

, ,

'(J)
+d (3j)4 (j)ni(j) sin (3)(at - 2 ) >i 3

,i
,

1
s >

,
r

3(j) (J)"i
(3)rfJ) sin+sinafd)
i

(3) (at - c3) y<

1 1

(

f -

AfJ) (j)
"i

+Cesefd) ;[J)* sin ( at - 33)
-

t);
,

. _

i

|
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(3)
+ n (d cos

(Ct - 23)
Aj

r j
.,

+ A (d cos (P.t + T (d}} (2.9)j j
,

where
i

e .(d ) = x.(d)/ M.(j) (d) C .(d ) 2 K.(d ) M.(d );1 =
1 1 1

,

1 1 1

n .(d ) = 1- ; .(d)' 2
r .(d ) = C/w.(d )

~

1 -1 -
,

1 1

A (I) f (d) K($)I (1 - r (5 } 2)+(2;;(d}r(I})=j j j j j

L

f(dI = oj )(x) fU)(x) dxfdj
0

T .(I ) - y. I)(= 2 ,
1 0 1

'(j( }
~

' 2;j( } T ( }tan l- F(}=
j j r

2-10



subject to tne conditions 2, t Ct 5 2,
)J J

where

- (j ) + 2)=0 s =
:) jq,

and

2 5 unkncwn to be deter nined,2) = Otj 2
,

3 = 2r2

The velocity of the system is given by
. .

. (j)
(nt - 2 ) (J)(23)i,(d)(t) 'i

(); 3
q3= exp -

f
. . N

, ,

uj(j) n (j)

n (J! sin p (J ) (Ct - 24) 5
'

4- -
--

;

i i
r >

' (j)
1 ' t'j ) s i n 'i' 4(j)(aj) ))(Ct - 2))

-

4 -

3 (j; j
1 1

r .

3
-

,, ( j )

(d) cos ; (at - a ) >
- n9 j

r
4

-s

2-11



'

(j)# (j)g (j I (j)
sin s$

- "i 1 i (j) sin "' i(j)
jy ;$ y (Ot -23)

+

' I(

'

U(j)
nj(j) cos j)(Ot - aj)

i
>-

1
. ,

' '

(j)a (J: (j)
+ cos 9 (j) 4 "i i . 'i

4 jy (Gt - aj ) >sin

1 1

< >

- GA ($ sin (Gt + Tj( ) (2.10)$

subject to the condition

j s Gt s a ,3a j

Evaluating Equations 2.9 and 2.10 at Gt = aj ) yields

q$(d)(a ,)) = Sl (d) g (d}(a ) + S2 (d) q$($)(a )j j j j $ j

+ S5 fd) sin 9(d) + S6 (d) cos e (d)
$ 5 $ j

+ 57(d} cos(a ) +t(d)) (2.11)$ j j

2-12
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.-

and

dj(d (aj,j). = S3 (d)q (d)(aj) + S4 (d)dj(d)(aj) * SS fd) sin s (d)9 j 9 j j

+ 59;(d)cos s (d) + S10;(d) sin (2 ,) + j (d)) (2.12)j 3

where all the undefined symbols are as given in Appendix B.

The solution for j = 1 is subject to tne condition

(2.13)a) $ at 5 a2

and the solution for j = 2 is subject to the conaition

(2*l4)a25OUf23*

The problem solution should satisfy the following conditions:

N( }(* '32)II)(x,a2) i N (x) (2.15)W *
2

(0( (x,22) (*' 2)
* i 9 (x) (2.16)

2

N( }(*'*1 } W (*) (2'l7)W(2)(*'33)* l

,

S( }(x,a3) 1(x) (2.18)I*'al)' i*
'

2-13
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'!( }(x,a ) 'I I*'"l) x=h 'l(h) d (2.19)* " =
'

.

3 x=h

W(I)(x,a2) *!( }(**32) x=h N (h) d (2.20)" * =
x=h 2

Equations 2.i5 through 2.20 provide six equations to solve for the

i unknowns W,(x), N (*)' '1(*)' '2(*)'
'

2 1
2, and a2-0

Multiplying both sides of Equations 2.11 and 2.12 by o fd)(x)j
t

| and surming over i with j = 1, 2 yields the following:

(

[t(I)(x) fl)g)+S2(I)dj) +S5(I)sinofl)Slj j j 4 j
1

+ S6(I) cos 9 ( ) ' 57(I) cos 2 + I( }sj 4 4 i
)

='l(*) (*)9"
2 # i i2 (2.21)

!
!

| oj (x) S3 (I) g ) +S4(I)dj)+58(I) sins (I)5 j 4 3 j
1

!
'

i s

+ 59 (I) cos e(I)+ S10(I) sin 2 ^T(}I '

5 j 4 2 i

0(2)(x)qi2= 0 (x) =
2 $ (2.22)

:

|

[ :j( )(x) + Sl ( }qi2 + 32 ( i2 + $5(2) sin 9(2)j i j 4,,

i

|

2-14 |



+ S6 (2) cos 9 (2) - s7)(2) C 53 ~T '

3 3 3 i

= W (x) :j II)(x)q$) (2.23)=
3

1

I)[oj(2)(x) < 53 (2)9i2 + S4 ( }9i2 + 58 (2) sin e$ i 5 j
1

,

+ S9 ( ) cos 9;I ) + 510 I ) sin 3'Ti2
$ $

= 9)(x) g4 ( )(x)d ) (2.24)= j
1

where

q$) g (I)(aj) (2.25a)= j

9 ( }(22) (2.25b)ai2
*

1

dj(I)(aj) (2.25c)dj) =

b(d i2 i ("2) (2.25d)*

Using Equations 2.7, 2.11, and 2.12 together with Equations 2.19 and

2.20 yields

IIf )(h) <51 (2)9i2 + S2 jo( (h)q ( )( 3) d" # i29j j i

AS5 (2) sin s ( ) * S6 (2) cos 9 5
$ j 5 5

|
2-15
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1

+ S7;I2) cos d (2.26)2 ^T =
3 i

o (I)(h)q (I)(a2) *i ( }{h) Sl ( }9 -S2(I)d)*j j i il 9 5
1 1

,

1

+ 55 (I) sin e Il) + $6 (I) cos s (I)
$ j j j

+ S7 (I) cos i2 () d (2.27)^T =
$ 2 i

Using Equation 2.22, togetner with the orthogonality condition of

Ecuations 2.5 and 2.6, yields

1m ml + C3 , sin S f I + C4, co 3 9Cl g ml + C2* q 912 M (d) 7 m m
mg .

(I)+ C5 sin ag + : (2.23)g

. ,

Similarly, Equation 2.21 yields

.

q + C8 sin 9 (I)C67$q ) + C7912 M (4)
* q j) gg 5q

ig _

-

2-16
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(}
3$ cos 0 (I)+ C10 cos+ C9

$ 2i a2 + Ti (2.29)

q2 from Equations 2.28 and 2.29 intoSubstituting for t2 and
1

Equations 2.23 through 2.26 yields

.

sin e(I) + h4 cos e (I)[ hi gjjj+h2d)+h33 j 3 j3j
J

,

2 + Tj( }+ h5) cos a2 + Tj( ) + h6 sin
3

cos a3 + I(+ h7 sin s (2) + h8 cos s (2) + h9 j3 j 3 j 3

tj( )(x)q )j w)(x) (2.30)==

i

h10q)+hlld)+hl2 sin O(I) + hl3 cos s(I)pp pp p p p p

2+T(}f ) + h15 sin 2+ hl4 cos a2 + Ip p pp

_

+ hl6 sin s(2) + hl7,, cos 9 (2) ' hl8 sin c ^I
p p p p 3 p

.

[c (x)d) 0)(x) (2.31)==
p p

P

!

and

.

+ h22 cos s ( })kkl+h20ig)*h21, sin 0,l)[ h19 9 k kg
k

_

2-17
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!

2*T() (}+ h23 cos + h24 sin 22 ^ ~kk k k

+ h25 sin s( ) + h25, cos e
k k k

k cos a3 + T( )+ h27 d (2.32)=
k

Also, Equation 2.25 can be written as:

.

sin s(I) + h31 cos e(I)h28 q ) + h29 q ) + h309 j 4 j5j 4q
1

.

2+T(}+ h32 cos d (2.33)=
4 i

Tj(d) and e(d)From the definition of j ,

s (d) + ( aj - y (d }) . (2.34)= aj g j

Making use cf triconometric identities to express sin and cos of

e (d) in terms of a and ej, then Equations 2.30 through 2.33j g

become

.
.

hi g )+ h2 q)) + h50) sin a + h51 cos ajj 3 g 3 g
J

.
.

j (*)9jl (2.35)
D*

J

_
_

[ h10 q ) + hll 6 ) + h52 sin 2 + h53 cos 2,pp pp p
P

,
_

2-18



O ( )(x)q 1 (2.36)*
p p

D

sina + h61 cos a =d ( 2.3 7)
h19 Pk kl + h20k kl + h603 g k g

h28 q$) + h29 d ) + h62 sin a + h63 cos a =d (2.38)
5 5j 5 g 5 g

Note that Equations 2.35 through 2.38 provide four equations through

which the unknowns g ), 4 ), a , and 22 can be determined.j 5 g

The orthogonality conditions of Equations 2.5 and 2.6 can be fur-

ther used with Equations 2.35 and 2.36 to yield

q sin a ' H4 cos a ] (2.39)q) [H1 g j) + H2g j) + H3g g g gq=
g,

J

q,n) = [ [H5mp p1 + H6mp pl + H7 sin a A M8 cos a l (2.40)9 m g mp g
p

2.3.3 Equation Solution

The solution for the nknowns a , a2' lil, and q$) in Equationsg

2.37 thro.igh 2.40 involvrs expanding each equation in the number of

codes chosen and forming a matrix of the coefficients of g ), d ),j 5

sin a , and cos a ( i = 1, 2, . . . , number o f modes) . An iteration scheme
g g

between reasonablethat is initiated by assuming a value for 22

limits based on physical properties of the problem gives a solution

of the set of equations, thus detennining the values of a2' 20' 9il, and

.q ). The rest of the unknowns can then be ~3und by back substitution
q

2-19



2.3.4 Iteration Scheme

The iteration procedure is started by assuming a range of 2 be-
2

tween an initial and a final value. The assumed range is chosen based

on the physical properties of the problem and on experience developed
i

by solving different cases. A /alue of an increment 12 is then found
2

by dividing the assumed solution range by the number of increments

chosen for iteration. At each value of a2 in the range ( 2) initial to

(22) final, the set of equations is solved and a test is performed to

see if the parameter c satisfies the convergence criterion e where:g

.

,

1 - cos"y (2.0)c = Mnimum value of sin a : ,2g g g
.

At this point a new range for the solution is determined around the ag
corresponding to c . For this new range, the initial value of 2 isg 2

set as the maxirum value of either tne old initial or the minimum
2

value of (a2 - 0 2), and the maximum range value is set as the minimum

value of either the ld final value of a2 or the minimum of (22+I 2)*
The iteration is then repeated for the new range and the equations are

again solved and a new test value of c is found. This procedure isg

repeated as many times as needed up to the maximum number of iteration

s teps . If the c value is within the specified tolf rance limits, con-g

vergence is reached and the solution is found. In the case where con-

vergence could not be reached, the iteration om;.adure is modified to

find an approximate solution. A back substitution for the rest of the

unknowns is then carried out using the vclues of the unknowns q$ ,

} , a , and 2gj g 2 found from iteration, and the equa.tions that deter-
.

| 2-20
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mine the solution are checked to see whether the solution is accepta-

ble. Figure 2.4 shows the flow chart corresconding to this iteration

scheme.

2.3.5 Stresses

Considering small deformations, the stresses c(x, t) at

any point along the beam can be evaluated using the standard stress-

strain relationships deri red in structural analysis books:

,2 (j)(x)=

c(d)(x,t) = E { Id)(t) (2.42)4i2
ex

i =1

where

o 0 (j)f x),2
c.(j)(x) (2.43)

5 s -

=
,

3x'

th
denotes the second spatial derivative of the i made shape function

th
for the j solution region.

|
|

[

'l
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'

;.

Develop a new iteration' range

near the a2 by either ,

g

Given (a2 ' "2 ' ^*2 ,INC,c,...) -

,
, ,

4 3 g

a2 = MINIMUM of either (ap or a2 *A 2)'
f

g
1

Aa2 * ("2 '' "2 )/INC
f i

l' Tf N F
Is the number of iterations s ITRMAX? 7

<

.

"2 " "2 i.

F

7 Is test s c, tolerance value?'

M

Evaluate test = f(u2), f r each of

a2 ' "2 + ^"2' '' "2 Modify iteration procedure to-
$ j 7

; Solution found find an approximate solution

Find the minimum test value from
,

! Test = sin a 1 - cos a Ec Substitute back for the rest of the problem i"'

unknowns and check the accuracy

of the solution i

FIGURE 2.4 FLOW CHART FOR ITERATION SCHEME

I
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EXPERIMENTAL STUDIES'

The objectives of the experimental studies reported herein are

(1) To verify the validity of the analytical results de-

scribed in Section 2, and

(2) To investigate the effects of system paraceters.

3.1 Descriotion of Accaratus

A scale model of a cantilever (striker) beam with a ore-sided mo-

tion-limiting stop (target) was mounted on a vibration exciter and sub-*

jected to sinusoidal vibration at several different magnitudes of ex-

ci ta tion.

3.1.1 Beam Models

The striker and target beams were made from sheets of mild steel .

Details of the striker and target beams are shown in Figure 3.1.

3.1.2 Test Fixtures

Figure 3.2 show3 the lightweight yet ri id fixtures that simulateg

a fixed-free boundary condition for tne striker beam and a clamped-

free boundary condition for the target beam.
;

3.1. 3 Ins trumenta tion

In addition to a number of strain gages that were mounted on tne

! striker and target beam models, several vibration pickups were sttacned
!

| to the test fixtures and the vibration exciter to monitar the excitation
1

being furnished to the system. A model of tne system under cor.sicera-

tion is shown in Figure 3.3.

|
| 3-1
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3.2 Test

3.2.1 Vibration Test Setup

Figure 3.4 shows the setup of the test in which the system was

subjected to a base excitation of the form S(t) = S sin Gt.
g

3.2.2 Description of Vibration Machine

The vibration exciter was an J..ctrodynamic shaker (Figure 3.5)

caoable of generating arbitrary motion. It was used to generate har-

monic excitation in a horizontal plane.

3.2.3 Vibration Test Procedure
.

In a typical test, the gap clearance d was set to a specific value,

the shaker base amplitude level S was selected, and the shaker fre-g

quency was set to a given frequency value G. The excitation and the

system response were then measured and recorded. Measurements were

made of the following quantities:

2
''( t ) sinusoidal base acceleration -G S sin GtS ==

g

W(x,t) displacement at chosen stations along the beam=

W(x,t) velocity at chosen station along the beam=

c)(x,t) striker beam strain at the chosen stations=

c2(x,t) target beam strain at a station chosen along the=

target beam

Sample records of the measured quantities are shown in later figures.
|

The excitation frequency G was then increased to some value G) and j
|

the same response parameters were measured and recorded again. Due to

the nonlinearity of the system parameters, the responst cctennined

for both increasing and decreasing excitation frequency values that

spanned a range of 50% with respect to u), the fundamental frequency

of the striker beam.
.

3-4
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3.2.4 Vibration Data Gathered

Free vibration (logarithmic decrement; see Figure 3.6) and steady-

state (half-power method) tests were conducted on the striker beam

model in order to determine its natural frequency and ratio of critical

damping. A summary of the beam characteristics is given in Table 3.1.

The beam was tested with two different gaps at a specific level

S and frequency G. For each value of d, the frequency was varied fromg

G to' G and then back to G This was repeated for each of twomin max min.

different striker- to target-beam ratios, which were produced by either

changing the target beam dimensions or alterir.g its boundary conditions

to simulate a certain elastic-stop stiffness. The peak values of the

steady-state response were measured and recorded.

3.2.5 Reduced Vibration Data

The data discussed in Section 3.2.4 were reduced to a more meaning-

' ful form by introducing the following dimenc'...it ess ratios:

G
,-- excitation frequency ratio=

1

.
_ exciting frequency

natural frequency of striker beam

A = clearance ratio
| b

o
i

size of gap between striker and target beam,

amplitude.of sinusoidal base motion4

K
t .

= * ,target beam stiffnessp = stiffness ratio striker beam stiffness
t

A = amplification ratio eak S-S amulitude of striker beam=
S amplitude of sinusoidal. base motiong

3-8
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TABLE 3.1 SEAM DIt'EilSIONS AND WEIGHT

|
|

imension, in. iStriker Beams

length 8.0

Thickness 0.057

Width 0.533

Target Beams

Length 3.72

Thickness 0.057 - 0.025
Width 0.535 - 0.585

Striker Beam Concentrated Weight

(with accelerometer) 32.0 gm

.

1
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!

Samole reduced data are plotted in Figures 3.7 and 3.8 ia the form of |

amplification ratio versus excitation frequency ratio for various
1

excitation levels, and for clearance ratios, including the case where

d/S is very large. .

g

3.2.6 Discussion of Vibration Results

Figures 3.9 to 3.16 represent sample time histories of the vibra-

tion response of the system .for certain chosen parameter combinations.

These figuras show the displacement and the velocity at the tip of the

striker beam, in addit in to the base acceleration 5 and the strain c)

at theat three-fourths of the striker beam length, and the strain c2

middle of the target beam for different levels of excitation 5.

The electronic instrumentation used to measure and record the ana-

log signals introduced extraneous phase shifts that tended to distort the

actual phase relationships between the recorded dynamic measurements.

Consequently, the time histories shown in Figures 3.9 to 3.12 do not

show accurate phase relationships.

Figure 3.9 shows the response for the case of an excitation level

5 = 5), for which the maximum peak displacement is such that the maxi-

mum relative deflection at the contact point is less than the gap d.

This results in a simple hannonic response of the system at a frequency

a corresponding to the exciting frequency of the base motion, S(t) =

S sin Ot. The response shown in Figure 3.10 with a base excitation
g

5=5*1 corresponds to the limiting case where the maximum relative!
2

deflection is equal to the gap d (note the effect that hitting makes on

! the curves for velocity and strains c) and c )*2

!
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Increasing the excitation level-further to 5 = 5 # causes the
3 2

two beams to impact periodically, once per cycle of the excitation

(Figures 3.11,3.12). These impacts result in a significant contribu-
,

tion to the response from the higher modes of vibration of the beams,

as can be seen by comparing the records of the strains e and c shownj 2

in the figures, with increasing excitation levels.

The results obtained from the experiments conducted indicate the

j presence of nonlinear phenomena, such as the multivalued response.

This particular phenomennn is evident from the fact that the stciker

beam maintains impact with the target even if the increasing frequency

i 0 results in a linear (unconstrained) response less than the gap d

(i.e., inadequate causing contact between the two beams). Or the other

hand, for decreasing frequency values, impacts will not be sustained
* *

until 0 < 0 for which A(G ) < d. Note that this multivalued response

behavior is characteristic of systems with hardening nonlinearities

(Stoker,1950), which is the type of system under consideration.

: i

!
!

!
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Chapter 4

NUMERICAL RESULTS,

4.1 Application to an Example Problem

Based on the analysis presented in Section 2, a computer program
;

was developed for the construction of a typical steady-state solution

of an arbitrary example problem. The system chosen for this example is

shown in Figure 4.1. It consists of a uniform cantilever beam with an

elastic stop (spring) placed at its end with a clearance (gap) d. The

beam is assumed to have a constant stiffness EI, a uniform cross sec-

tional area A , ar wss density m. The computer program was designed
s

to solve for the unknowns of the problem discussed in Chapter 2, using

the iteration scheme presented in Section 2.3.4. A brief description
,

of tne program is presented in Appendix C.
fd)For the derivation of the damping ratio ;j , the damping para-

meters a and 8 can be related to the frequencies and ratios of critical<

damping of two modes i and j (see, for example, Timoshenko, et al .,

1974) by

(2;$ - Sug) wj (4.1)j =a

l
and

2(;)w) - ;jwj ) (u) - w5 ) (4.2)3 =

For the present work, the values of 2 and 3 were determined from Equa- |

tions 4.1 and 4.2 so as to make the damping ratios of the first two

4-1
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modes of vibration of the unconstrained region of solution c) = c2 * ;o

E constant. The damping ratio c$ for each mcde of both solution

regions is then determined by using the following equation:

-

(d)(d)
{) + sw$ (4.3)0.5

c$
=

i
. -

4.1.1 Present Theorv

Typical steady-state solutions for different arbitrary sets of

parameters are illustrated in Figures 4.2 through 4.9, where the dis-

placement W(x,t), the velocity W(x,t), and the curvature W"(x,t) at

different stations along the striker-beam length are shown for one

periM of the exci tation. The contribution of the higher modes to the re-

sponse is clear in all of the figures, as was the case in the experi-

mental data discussed in Section 3.2.6.

Furthermore, it can be seen that the amount of penetration (W(L,t)

- d), the durat'on of contact, and the maximum positive peak displace-

ment depend largely on K* (the stiffness ratio of the target to the

striker beam), as well as on the damping of the striker beam at:d the

gap size. A complete discussion of the effects of the various para-

maters is oresentea in Section 4.2.

4.1.2 Comoarison between Theory and Exoeriment

Figure 4.10 presents a typical comoarisc1 of the theoretical and

experimental results. In this figure the stiifness ratio K* is about

25 and the damping of the striker beam is about 4".. It is clear from

this figure that the agreement between the theoretical and experimental

results is fairly good, even though only two modes were used in the

in the theoretical analysis.
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4.2 Effect of System Parameters

The effects of the system parameters were studied by varying one

parameter at a time while keeping the rest constant. The graphs shown

in the figures clarify the various effects. Figures 4.11 through 4.26

represent tho dimensionless positive peak response Wmax/3 versus the0

dimensionless frequency ratio O/w) for the chosen parameters, whereas

Figures 4.27 through 4.38 represent the dimensionless no-contact time

ratio a2 n versus the dimensionless frequency ratio 0/w). The effect/

of each parameter is discussed in the following separate sections.

4.2.1 Excitation Frequency Effect

It can be seen from Figures 4.11 through 4.14 that the peak re-

sponse ratio Wma/S is a nonlinear function of the excitation fre-o

quency O/w). The maximum peak response occurs at different excitation

frequencies, depending on the beam-to-spring stiffness ratio K*.

4.2.2 Damping Effect

It is found that the amount of damping q9 present in the primary

system has a significant effect on the peak response of the system with a

gap, as would be the case for the system without a gap. Generally, the

peak response is reduced by increasing the amount of damping of the

primary system. The amount of reduction depends on the values of the

stiffness ratio K*, clearance ratio d/S , and excitation frequency ratiog

0/w). Figures 4.15 through 4.20 show the effect of the change in the

value of the damping ratio for stiffness ratios K* equal to 5,10, and

20 and clearance ratios d/S equal to 1.5 and 2.5. It is clear fromg

these figures that the maximum reduction occurs at the peak values of

the response. Figure 4.16 illustrates this for the case of stiffness

4-13
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. ratio K* equal to 5 and.for a gap size a/S equal to 2.5. An increase. g,

in.the value of damping ~ ratio (4 -from 0.05 to 0.10 would reduce the

maximum positive peak response Wmu/S by 38.5% at an excitation fre-o

quency ratio of 0/w) = 1,2, whereas the reduction is very small, if

any, at the frequency ratio of 0.8.-

4.2.3 Stiffness Ratio Effect4

The stiffness ratio has 'a significant influence on the response of

the system, as can be seen from Figures 4.11 through 4.14 in which all
,

the parameters except the stiffness ratio K* are kept constant. Ncte-

[ that in all of these figures, increasing the stiffness ratio alone

would reduce the maximum peak response an amount dependent upon the,

damping ratio q and the gap size d/S .q g

The amount of peak response for a certain excitation frequency
'

ratio n/w) would be greater or less, depending on the range of the exci-

tation. For example, Figure 4.11 shows that wh.ere the constant gap

ratio d/S -is equal to 1.5, at an excitation frequency n/w) equal tog

I-
1.2, the peak' response is greater for a lower stiffness ratio K*; where-

as for an excitation frequency ratio n/w) equal to 1.4, the peak response
i is greater for a higher stiffness. ratio. Thus, it could be concluded

i that| hardening of the spring. does not imply a reduction'in the peak

! response amplitude in all excitation frequency ranges. It is also seen
:

| from Figure 4.11 that a 10.5% reduction in the maximum peak response
i

resulted from.a -100% increase in the stiffness ratio K* (from K* = -5 to
t

; K* = 10), although a 28.5% reduction is achieved by a 400% increase in
.

the stiffness ratio (from K* = 5 to K* = 20).

|
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:

4.2.4 Effect of Gap' Size
,

it'is seen from Figures 4.21 through 4.26 that decreasing the gap

' - size generally reduced the value of the maximum peak response by an

amount that depends on the stiffness ratio K* and the damping ratio c);;

[ on the other hand certain ranges of the frequency of excitation n/w)
~

may have an opposite effect on the peak response. For example, decreasing

the gap size ratio d/S by 40% resulted in a 13% reduction in the valueg

of the maximum peak response for a constant stiffness ratio K* equal- to

5.0 and a constant damping ratio c4 equal to 0.05. The same stiffness
;

ratio and same percentage of decreases in the gap size resulted in a 14%
i

reduction in the maximum peak response for a constant damping ratio of

.0.10. Figure 4.24 shows that the peak response is reduced about 36%
i

; at an excitation frequency ratio n/w) equal to 0.9 for a 40% decrease
;

in the gap size d/S); while a 7% reduction in peak response is achieved; .

at a higher excitation frequency ratio equal to 1.4.

| 4.2.5 Contact Duration

The study of the time of contact is important in that it shows how

long the primary system -(the striker beam) stays'in contact with the

!
elastic "+.op (spring), for then the whole system is considered a con-

i

! straine'd beam in the solution of the problem. In all of the cases of

parameter permutations studied,' the contact time of the primary system
.

! with the elastic. atop was noted. Graphs of the variation of the non-
,

dimensional no-contact time a2 n versus the excitation frequency ratio/ .

L n/w) are shown in Figures 4.27 through 4.38. In Figures 4.27 through

4.29, all parameters are kept constant except the stiffness ratio K*.

:

}
This.was done to see the effect of the elastic stop stiffness on the

contact time. It is seen in these fi.gures- that the maximum contact time

,

4-23
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is reduced by increasing the stiffness ratio K*, depending on the exci-

tation frequency range. For example, by increasing the stiffness ratio

from 5 to 10, the maximum contact time is reduced 13% at excitation
;

frequency ratios n/e) = 1.25 and n/e) = 1.35, respectively. This

illustrates that the percentage of decrease is not linear. Figures 4.30

through 4.32 are similar to Figures 4.27 through 4.29 except the damping

is reduced to 0.05. This reduction affects the contact time ratio a2 "/

by increasing the contact time, the amount of increase depending on the

stiffness ratio and the excitation frequency ratio. Increasing the

damping of the primary system from 0.05 to 0.10 causes a decrease in

the maximum contact time of about 5.5% for a stiffness ratio K* equal

to 5.0. Figures 4.33 through 4.38 are similar to those of 4.27 through

4.32 except the clearance ratio d/S is reduced about 40%. This was doneg

to see the effect of the gap size on the contact duration. Comparison

between Figures 4.27 and 4.3? shows that a 40% reduction in the gap size

ratio for a constant stiffness ratio of 5.0 and a 0.10 damping ratio

caused an increase of the contact time by at least 7.6% at an excitation

frequericy ratio n/e) = 1.25 and by at most 21% at n/w) = 1.42.
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Chapter 5

SUMMARY AND CONCLUSIONS

An exact closed-form analytical solution for the steady-state

motion of a viscously damped Bernoulli-Euler beam with an unsymmetric

geometric nonlinearity wa: derived using the normal-mode approach. The

elastic beam was assumed to have uniform properties and arbitrary

boundary conditions, and was subjected to a harmonic excitation. The

geometric nonlinearity consists of an elastic spring, placed at some

arbitrary location within the span of the beam and separated from the

beam by a certain gap.

A computer program was developed for the construction of a typical

steady-state solution of an arbitrary example problem based on the

formulation presented. The program was designed to solve for the un-

knowns of the problem using an iteration scheme presented in Section

2.3.4. The program also allowed the use of an arbitrary number of modes.

A typical steady-state solution of an arbitrary example problem was pre-

sented, as well as a study of the effect of various system parameters.

Experimental studies with a mechanical model were performed to veri-

fy the validity of the analytical solution and also to investigate the

effect of system parameters. A fairly good agreement between the theo-

retical and experimental results was achieved.

From the analytical / experimental work carried out in this study, it

was found that:

\
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(a) The analytical solution presented herein provided a model for

the understanding of the dynamic response of realistic nonlinear

structural systems having components that can be modeled as

continuous beams with geometric nonlinearity.

(b) The parametric study performed provided useful information

regarding the amount of penetration, the duration of contact,

and the maximum positive peak displacement.

Additional studies along similar lines are needed. For example,

the effect of other types of loads, such as blast or earthquake loads

shou,1 De co.;;idered; and more sophisticated models should be constructed

by adding a mass and a dashpot to the elastic stop, or, better yet, by

considering the elastic stop as a beam.
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APPENDIX A

DERIVATION OF FREQUENCIES Ai,D MODE SHAPES

A.1 The Governing Differential Equa, an of Free Vibration

There are two commonly used methods for obtaining solutions to the

problem of free vibration of beams. The method most frequently used,

where possible, is to solve the beam differential equation that ex-

rresses equilibrium between inertia forces and elastic restoring forces,

subject to prescribed boundary conditions. The second method is an en-

ergy method, which consists essentially of utilizing the fact that in

free vibration the sum of the beam's potential energy, due to its depar-

ture from a static equilibrium configuration, and the kinetic energy,

due to the motion of its particles, is constant.

The differential equation governing the free vibration of uniform

beams is

' 43'W(x,t) EI a U(x,t) - 0 (A.1).
pA 4at 3x

where W(x,t) is the transverse displacement of the beam; E, I, A, and p

are the modulus of elasticity, moment of inertia, cross-sectional area

and density of the beam, respectively; and t is the time.

In Equation A.1, the effect of shear strain and rotary inertia are

neglected. Using the first method mentioned above, Equation A.1 can be

solved by means of separation of variables. This can be done by ex-

pressing the displacement W(x,t) as

A-1
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W(x,t) X(x) T(t) (A.2)=

where X(x) is a function of x only and T(t) is a function of t only.

Substitution of Equation A.2 into Equation A.1 yields the following two

ordinary differential equations:

2d T t) 2, T(t) 0 -(A.3)=

dt

and

4
d X x) 4g X(x) 0 ( A.4 )

=,

dx

: where

2
4 A

S =p (A.5 )g

: and u is the circular frequency of the beam vibration.

The solutions for these equations are

X(x) = A sin Sx + B cos Sx + C sinh Sx + D cosh 8x ( A.6)

and

T(t) = cos (ut + a) (A.7)

where a is a phase angle depending on the initial conditions.
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The four constants A, B, C, and D in Equation A.6 define the shape

and amplitude of the beam vibration. These constants must be evaluated

by consideration of the boundary conditions at the ends of the beam

segment. Two conditions expressing the displacement, slope, moment, or

shear force will be defined at each end of the beam segment. These may

be used to express three of the four constants in terms of the fourth

and will also provide the frequency equation from which the frequency

parameter S, and hence the value of e, can be evaluated. The fourth

coristant cannot be evaluated directly in a free vibration analysis.

This constant defines the amplitude of motion, which depends on the

initial conditions.

A.2 Boundary Conditions

Beams may be subjected to two types of boundary conditions:

classical and nonclassical.

A.2.1 Classical Boundary Conditions

These types of boundary conditions-involve only the shape of the

beam deflection curve at its boundaries. They consist of the following:

1. Free Boundary Conditions

These conditions specify that the moment as well as tne

shear force at the beam boundary are equal to zero, i .e. ,

2 3d X(x) d X(x) 0 (A.8), =
2 3

dx dx
.bounda ry

2. Clamped Boundary Conditions

Clamped boundary conditions specify that the displacement

as well as the slope of the beam should equal zero, i.e.,
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d } (A.9)X(x) =
d

boundary

3. Simple Boundary Conditions

This case of boundary conditions states that the displace-

ment as well as the curvature of the beam boundary should equai

zero, i .e. ,

2d X(x) (A.10)X(x) =

dx boundary

A.2.2 Nonclassicial Boundary Conditions

Only one kind of nonclassical boundary conditions will be mentioned

here -- the lateral coil spring. It is the type that may be used for

the solution of the problem of concern. This condition states that at

the position of the spring, the shear force on the beam is equal to the

spring restoring force or

.

3
d X(x) KX(x) (A.ll)EI =

dx

A.3 Formulation of the Solution

Two cases will be considered here, the clamped-free beam and the

clamped-constrained beam (i.e., the cantilever beam with a coil spring

at its end). Other combinations could be similarly derived.
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A . 3.1 Clamped-Free Beam

For the case of the clamped-free (cantilever) beam, Figu. e A.la,

the boundary conditions are as follows. At the end x = 0, the boun-

dary conditions'are of the type 2, i.e., Equation A.9 or

dX(x) 0 (A.12)X(x) = =

x=0 x=0

whereas at the end x = L, the boundary conditions are of type 1, i.e.,

Equatien A.8 or

2 3d X x) d X x) (A.13),

dx dxx=t x=L

These boundary conditions, when substituted in Equation A.6, yields

" sin SL + sinh SL cos SL + cosh SL' [A} [0'
(A.14)=< >

_cos SL + cosh SL sinh SL - sin SL. ,B. ,0,

For the coefficients to be nonzero, this equation requires that the

. determinant of the square matrix vanish; setting this determinant equal

to zero provides the frequency equation

0 (A.15)1 + cos SL cosh SL =

The solution of this transcendental equation then provides the values

of SL which represents the frequencies of vibration of the cantilever

! beam.

From the two equations in the matrix expression of A.14 and the

relationships from the first two boundary conditions, Equation A.6 can

.
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be written as

A[ sin 3x - sinh Sx + (coshEx-cos8x)] (A.16)X(x) =

where

sin 6L + sinh SL
Y, (A.17)cos SL + cash SL

Then the mode shapes can be found by substituting the value of SL that

is obtained from the frequency Equation A.15 into the Equation A.16.

A.3.2 Clamped-Constrained Beam

In the case of a cantilever beam supported at its end with a trans-

verse linear coil spring (Figure A.lb), there are three classical boun-

dary conditions to be imposed:

2
dX(x) d x)X(x) 0 (A.18)0; and= =

x=0 x=0 x=t

The fourth boundary condition is the nonclassical one:

3d X x) gy[x) (4,39)EI ,

|
dx

x=L
|
|

| On substituting Equations A.18 and A.19 into Equation A.6, it is found

that A = -C, B = -D, and the solution for the vibration frequencies re-
|

quires finding those values of S that satisfy the determinant equation'
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sin SL + sinh SL cos EL cosh SL*

cos SL + soch SL (sin SL. + sinh SL) =<0> '

E* K*
7 (sin 8L - sinh SL) T (cos SL - cosh SL)

+ +
,

(A.20)

where

k* = h (A.21)

It can be seen from Equation A.20 that as E* approaches zero the equa-

tion approaches that of the vibration of a clamped-free beam.

Simplifying Equation A.20 yields

3
K* (sinh SL cos SL - sin SL cosh SL) - S (1 - cos SL cosh SL) = 0

(A.22)

The solution of the characteristic Equation A.22 then provides the

values of the frequency of vibration of the system.

In a way similar to the previous case considered, the mode shapes

can be obtained as

X(x) = sinh 8x - sin Sx + (cosh Sx - cos Sx) (A.23)

where

-(sin SL + sinh SL),Y cash 6L + cos SL
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APPENDIX B

DEFINITION OF SYMBOLS

(f)
e (l) '

(3)(c .3 - 23)
=

33

i

(1)U(1) 'i
? j(1)

iy (C2 - "l) r(1) "2
*=

r jj

n.(2) n.(2)

of2) ("3 - "2) -k27 (2 -c)**
2

r
r$ 4

..

:!J)
d,

(3)(c .3 - a )E exp' -

3 jj
1

.--

(1) ( '(1) )
'i '

EfII g )("2 - "1) (r ) "zj**P* -exp= -

: : .
.

r(2) - ( 2)

. ' l ) ("3 "2)E (2) (2r 32)**P ( 2,
* -

,x,,

3
1

, ., .
.

,

E.(d) sin 0.II)c11|J) =
!

1 1
!

c12!J) E.(3)ces .1( 3)=
1 1 +

l
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Cl3 (dl 0 (d) cfd)C12 - ;$ $
U c11=

$ 9 $

(d) (;3(d) c12 W + n$(d)c11[d))c14/d) -u$
=

$

W) n$(c$(d) c11 W + c3W
W

s1[d) c12=
$ $

fd) q$(d) * C11 (d)Id)
152 =

$ uj 5

(j)
s3.(d ) "i c11.(d )=

1 u. ) 1y

e4 (j ) I Cl3 (d)=
~i g ,t j ) y j]] i

1 1

55.(d ) C A(d) 52.(d)=
1 1 1

56 (d) - -A.(d) 51-(d}
1 1 1

S7.(d A .(d )=
1 1

58(d) GA(d}S4(5)=
3 $ $

S9 (d) - A .I ) S3.(d )=
i 1 1

Id)510.(d) -A=
1 $
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(x) M(x) o,II)(x) dxG0 = og g
o

tk *t }(*) N(*) *k( )(x) dxC0 *

1)Cl G0 S3=
g 3

G0 S4 ( }C2 =
g g m

G0 58 ( }C3 =
1m g m

G0 59 ( }C4 =
tm 3 m

S10,(1)C5 G0=
g g

II)C6 - G0 Slg$ gj j

G0 S2 (1)C7 =
gg g5 9

|

G0 55 (I)C8 =
t$ g$ $

G0 S6 (I)C9 =gj gg 3

II)G0 S7C10 =gj g4 3
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hl
C75) + C51)

=
y

i,

h2
3 C67) + C52)

=

h3
3 C77) + C533

=

h4 C78
3 3 + C543

=

h5, C79= js

h6)
C55=

3

h7 C56=

3 3

C57
h8)

=

3

h9
C58)

=

3

h10 C80 + C59=
p p p

h11 C81 + C60=
p p p

h12 C82 + C61=
p p p

.
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h13 C83,+ C62=
p p

h14 C84=
p

h15 C63=
p p

h16 C64=
p p

h17 C65=
p p

C66h18 =
p p

C85k + C67kh19 =
k

C86k + C68kh20
~

=
k

h21 C87k + C69k
=

k

C88k + C70kh22 =
k

h23 C89=
k k

C71h24 =
k k
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:

h25 C72=
k k

h26 C73e
k k

h27 C74=
k k

oj(1) (h) S1;II)h28 =
9

4(I)(h)52)(1)h29 =
4 4

II (h) 55 (1)h30, c$
=

9

(1) (h) 56 (1)h31 =
4 $ 4

c (I) (h) S7 (1)h32 =
5 j $

hkd)40 cos (aj - y(d) )=
4 g

h(d)41
$ sin (a) - y4(d} }=

4

j(d)42 cos (a),3 - y$ )=
$

!

h(d)43 sin (aj ,y - y (d))=
3 j

,
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h44( I cos Y ( }=
9 g

,

(2)h45 (2)
9

sin y$=

h3 h40)II) - h4 h41)(1) - h5)h43)(1) + h6 h42)(1)3 j 3h50)
=

+ h7)h40)(2) - 58)h41 (2) +h9)h45)I2)j

h3 h41) + h4 h40)II) + h5)h42)(1) + h6)h43.(1)h51)
=

3 j

+ h7 h41 (2) + h8)h40)(2) +h9)h44)(2)j

II)
h12 h40(1) + h13 h41(1) - hla h43(1) + h15 h42h52

p p p p p p p p p=

+ h16 h40 (2) - h17 h41 I2) + h18 h44(2)p p p p p

h12 h41(1) + h13 h40(1) + h14 h42(1) + h15 h43(1)h53
p p p p p p p=

+ h16 h41(2) + h17 h40 (2) - h18 h45 (2)p p p p p p

h21 h40( ) - h22 h41( ) + h23 h43 I) + h2d h42(l)
k k k k k k k k kh60 =

+ h25,h40( ) - h26 h41( ) + h27 h45( }
k k k k k

h21 h41.g(1) + h22 h40 (1) + h23 n42 (1) + h24 h43,(1)
k k p k k kh61 *

k

h25 h41( ) - h26 h40( } * h27'(h44 ( }a
g k k k k
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h30 h40(1) - h31 h41 ) - h32 h43(1)h62 =
4 $ $ $ $ 4

h30 h41 (1) = h31 h40 (1) - h32 h42(1)h62 =
$ $ 3 3 $ $ 9

# ( ) (x) 52 (2) ClC51 *
i $ imm 2)

C52, 2) *if ) (x) 52 (2) C2
1=

$ im

(}$C53 *
i I*m lA) I

M
$

# ( ) (x) S2 (2) C4C54 *
1 9 imm (2)

o (2) (x) S2 (2) C5
I

C55, gj
=

g $ im

o (2) (x) S5 (2)C56 = j $4

(2) (x) 56 (2)057 o$
=

$4

o (2) (x) 57 (2)C58 =
9 j g

1 # ( } (*) 34 ( ) ClC59, (2)
=

1 i im

(2) (x) 34(2) C2C60, :$
= j im

1
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E o,(2) (x) 54 (2) c3,m
-

C61, =
3

i

(2) (x) 54 (2) C4C62, c$
=

9 fm,

1

E 3,(2) (x) 54 W
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APPENDIX C

COMPUTER PROGRAM

The computer program used for the solution of the problem was de-

veloped based on the formulation presented in Chapter 2. The program

was designed to solve for the unknowns of.the problem, a2' o' 9il, and~

d ), using the iteration scheme presented in Section 4.3.4 and admitting
$

an arbitrary number of modes. The rest o.f the unkr. owns, a 2 and gi2'i

are then found by back substitution, and the time variables, qf(t) and

qf(t) are computed. The response, velocity, and curvature as functions

of time are then easily computed using the proper formulas. A flow

chart showing the steps involved for the solution of the problem is

given in Figure C.l. The flow chart entries are explained as foilows:

1. Input data. The data related to the program are explained

below.

Young's modulus of elasticity of theEEE ==

striker beam.

E * I = EI = Striker beam stiffness ( <oung's

j modulus E multiplied by the moment of

l inertia I.)

! L = EL = Length of the striker beam.

M(x) = DNSTY = Striker beam mass density per unit
,

|

length .l

h= Excitation amplitude level .
o
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d = DS = ' Gap size.

c(1) = ZETAI(1) = First mode damping ratio.

c(2) = ZETAI(2) = Second mode damping ratio.

= GMGFAC = Value of the exciting frequency

ratio.

(a2) initial = AINTLP = Initial value of a2 n for iteration./

(a2)fwl = AFNLP = Final value of a2/2 for iteration.
''

Tolerance A Tolerance level for a2/7-
=

[ Iteration) The number of increments for iter-
! |= INC =
(increment) ation.

/ Function)
'= EPFMIN = Iteration tolerance level.

(tolerance)

[Maximumnumber) The maximum number of modes chosen
|= MAXNOM =

(ofmodes ) for the solution.

A = OMGINC = Increment.of the exciting frequency

ratio.

f=GAPFAC Increment in gap size ratio.
o

[ Maximum h Tha maximum number of iterations
= ITRMAX ='

(iterations) to be used.

2. Frequencies of the free and constrained beams.

Two different subroutines for the evaluation of the frequen-

cies of each beam constitute part of the program. These sub-

routines evaluate the required number of frequencies stored and

used in other parts of the program, such as the computation of

the mode shapes.

3. Mode shapes for the free and constrained beam.

C-2
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A separate function subroutine for each case is provided to

compute the mode shapes where needed.

4. Second derivatives of the mode shapes of the free and con-

strained beams.

As with the evaluation of the mode shapes, two function sub-

routines are available for the computation of the second deri-

vatives of the mode shapes for the free and constrained beams.

These second derivatives will be used later in the computation

of the curvatures of the beam under consideration.

5. Problem parameters.

A subroutine was written to compute the following para-

meters : S and 2 , the damping parameters that can be related

to the frequencies and ratios of critical damping of two modes

i and j :

(2;)(I) - so) )u) (C.1)a=

and

2(c2( }" 2 - G ( }"l)1 (C.2)B= 2 2

(u2 ~ "l)

r (d) = = Frequency ratio.j
1

-1
'(J)r(J)2

y (d) = tan i = Phase angle.
g

(1- r;(d))2

6. Generalized parameters.
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e

!-
, ,

j A subroutine for ' computing the following generalized para-

meters was written:

L .

(d)(x)._2 Id)| a) Generalized mass = M(x) p4 dx = M
$

j 0 . -

:

b) . Generalized stiffness = M $d)* (j) 2
$ ra$

;

c) Generalized force = F D Id)(x) dx
0 iF 0 . .

i
j where

| F0 = So*n *m(x) (C.3)
4

(f,(j)/k (d)).

d) Amplitude ratio = A (d)=
'

1 I
9

(j 2 2cgId) r$fd
-

1-{r$ 4
,

i

j e) The two constant coefficients G0 and C0 where
i

!
,

-

G0
'

c (2)(x) M(x) 6 (I) (x) dx (C.4)=
$3 4 3

} 0

$3 c$II)(x) M(x) cj(2) (x) 'dxC0 (C.5)=

'
,

;
. |i A subroutine that utilizes the Simpson rule is avail- '

j. able for the computation of all the integrations in-
;

-

i

; volved.

j 7. At this point, all the quantities that are independent of the -
.

unknowns of the problem, viz. , a2' "0' 911 and g ), are computedj

.
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and an iteration schere is started by assuming a value for the

unknown a2
This iteration scheme was presented in Section

2.3.4.

8. Using the assumed value of a2, the coefficients of the un-

are evaldated using a sub-knowns q$), q$), sin a0, and cos 20

routine (C0FIM) written for this purpose.

9. A matrix of the computed coefficients of previously mentioned

unknowns is formed using a subroutine (C0FMAT). This sub-

routine also foms the right hand side vector of the equations

of the problem unknowns (Equations 2,37 through 2.40).

10. Using matrix inversion (used in this program) or any simulta-

neous equations solution technique, the equations are solved

for the unknowns using the first assumed value of 2'
11. At this point, the values of sin a0 and cos a0 found fr::n this

solution is checked for a unique value of a2 using the formula

2
sin a0: 1 - cos (C.6)Test =

0

If the test value is witht a certain acceptable range, de-

pending on the accuracy required, then the required solution

for the unknowns is already achieved; otherwise, .the next

value of a , which is eaual to (a2 + 0"2), is to be used and2

steps 7, 8, 9 and 10 are repeated again. This iteration

procedure should be continued until an acceptable solution is

reached.

12. Af ter solving Equations 2.37 through 2.40 for unknowns

C-5
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,

1

,

qqj, q$j, 32, and 20, the solution for the unknowns at2, and
i 912 is achieved by back substitution into Equations 2.28 and

,

; 2.29, respectively. A check of the equations at the' differen:

steps of the solution is then carried out to estimate the accu-
1

<

i
i

racy of the computations. :

d 313. Computation of the time-dependant variables q$ (t) and q$ (t),
.

'

which constitutes the remaining part of the- solution, is then
.

carried out using a subroutine designed for computing tnese

quantities through Equations 3.8 and 3.9.

Computation of the response dd)(x,0), the velocity MJ)(x,t), and14.

the curvature c(x,t) is then carried out in a sepa' rate sub-

i routine utilizing Equation 3.6 and the equations
i

4

{ h(d)(x,t) )[] o (d)(x) q$(d)(t) (C.7) I=
g

i=1

and

c = W"Id}(x,t) = )[] o''(d)(x) q$(d)(t) (C.8)$

i=1

15. The peak values of the response are then computed using sub-,

routine MINMAX.
4

16. Two different plotting routines are used when required to plot

the displacement, the velocity, and the curvature. One of these,

two routines draws the required curves on computer paper.

This routine'shows only specified' symbols such as dots or_x's

at the points where the' response is comouted The second rou-,
.

!
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tine draws curves and symbols on draft paper, calling a system

routine written for this purpose.

17. The program is designed to solve the problem for different

values of the excitation frequency ratio n/u) by adding speci-

fied increments of the exciting frequency ratio if desired.

This is achieved by snecifyir-) a starting value, an increment,

and a maximum value of the excitation frequency ratio 2/u) .

18. At this step an increment A(d/S ) of the clearance ratio d/Sg g

may be added and the program is repeated again for the new value

of the gap size.
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5 tart
7. Start iteration 13. Compute the generalized time

k coordinates qf(x) and qf(t)
,,

1. Read input data

8. Compute the constant coeffi-

cients of the unknowns 14 Compute the displacement
g (z.t), the velocity hS(m.t),l2. Compute frequencies for the

Ifree and the constrained bean 't and the curvature W "(u.t),,

9. Construct the setrix of the
coef ficents of the unknowns

3. Compute sede shapes for the and the right-hand-side vector 15. Compute the peak values of
,

Ifree and the constrained beam the response W (m.t)d'

10. Solve the simultaneous equa-
9 4 Compute the second derivatives

_ .i

tions for the unknowns q 16. Plot the responseq,
Iof the previous mde shapes gf , sgn , , cas a 1

g {a o

{ 17. Is 7 l---.=

5. Compute different parameters
. 11. Is the test value _

of the problem T
sin u , t 1 - cos a

4
acceptable? T 18. I s d_ , [ d 7 gF

[o o /su r6. Compute the generallred mass,
stiffness, force and the quan- - 12. Back substitute and

g. G0 ), and C0 )
'~ '

titles A g g check the equations ; Stop

FIGURE C-1 COMPUTER PROGRAF 1 FLOW CHART

.
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