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ABSTRACT

This report presents an analytical investigation of the sloshing

response of water in annular-circular as well as simple-circular tanks

under horizontal earthquake ground motions, and the results are verified

with tests. This study was motivated because of the use of annular tanks

for pressure-suppression pools in Boiling Water Reactors. Such a pressure-

suppression pool would typically have 80 ft and 120 ft inside and outside

diameters and a water depth of 20 ft.

The analysis was based upon potential flow theory and a computer

program was written to obtain time-history plots of sloshing displacements

of water and the dynamic pressures. Tests were carried out on 1/80th and

1/15th scale models under sinusoidal as well as simulated earthquake

ground motions. Tests and analytical results regarding the natural

frequencies, surface water displacements, and dynamic pressures were

compared and a good agreement was found for relatively small displacements.

The computer program gave satisfactory results as long as the maximum

water surface displacements were less than 30 in.,which is roughly the

value obtained under full intensity of El Centro earthquake (N-S component

1940).

Test results from a 12-ft-diameter simple-circular tank were also

compared with the computer results and again a good agreement was found

between the two. The range in which the linear theory gives good results

is, in general, larger in case of a simple tank compared with an annular

tank of the same outside diameter.

Tests were also conducted to study the effect of vertical ground

motions and these showed a negligible effect on sloshing but a very strong

,7(' i57
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effect on dynamic pressures. The effects of a damping mechanism was also

studied as a means of reducing the sloshing response ''%sts were conducted

under El Centro (1940) and Parkfield earthquakes, but analytical results

are available for many other accelerograms.

KEY WORDS

Sloshing response, Pressure-suppression pool, Annular tanks,

Circular tanks, Earthquake response, Dynamic pressures,

Irrotational flow, Damping
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1. INTRODUCTION

1.1 Objective

This investigation was undertaken to predict theoretically the

sloshing response of water in annular-circular tanks (Fig. 1-1) under

arbitrary horizontal ground motion and to check the results experimentally.

This problem is encountered in the pressure-suppression pool of Boiling

Water Reactors (BWR) where the outer and inner diameters are typically

120 ft and 80 ft respectively, and the depth of water is typically 20 ft.

These structures are considered to be rigid for this analysis. A cross

section through the annulus of a typical pressure-suppression pool of BWR

is shown in Fig. 1-2.

A considerable amount of both experimental and theoretical work

has been reported in the literature on the sloshing of water in cylindrical

tanks and a list of these is provided in the references section [1 through

11] . Most of this work deals only with steady-state response and very

little with the response of water under earthquake-type loading.

On the other hand, very little work has been done on annular tanks.

There has been no experimental or theoretical study reported on the sloshing

response of water in annular tanks under arbitrary ground motions.

Bauer's [12] theoretical analysis for such tanks deals only with steady-

state harmonic ground motion and cannot be applied to earthquake accelerograms.

The main object of this study was to estimate the water surface

displacements during an earthquake. This is necessary to ensure that the

water surface displacements are not excessive to the point of causing an

escape of superheated steam. This would occur if the water surface
jrq

dropped to level C-C in Fig. 1-2. ( 1)/'



1-2

1.2 Scope of the Investigation

The scope of this report, in order of presentation, consists of

the analytical study, computed steady state and seismic response, small-

scale and large-scale model tests, and finally a general discussion of

the data.

Chapter 2 discusses the sloshing theory. Assuming that flow remains

irrotational, a velocity potential function $ was derived by solving the

Laplace equation with time-dependent boundary conditions and free-surface-

pressure conditions. Water displacements, velocities and pressures can

be derived from $ at any point in the fluid. However, for this ana.'ysis,-

only the water surface displacements and pressures along the inner anC

outer boundaries were calculated, as these quantities were measured in

the seismic tests.

The corresponding eigenvalue problem was solved to determine the

frequencies and mode shapes. Based upon the above theory a computer

program called " SLOSH" was written to solve the problem numerically and

plot the important results. This computer program determines frequencies

and modes shapes of water in an annular-cylindrical shape for arbitrary

inner and outer diameters and any depth of water. The program also

calculates time-history response of water surfaces at a section along the

axis of ground excitation and gives a time-history plot of surface water

displacements at the inner and outer boundaries.

Dynamic pressures were calculated along inner and outer boundaries

at a vertical section along the axis of excitation. Thus a variation of

dynamic pressure with depth could be plotted at any moment during the

earthquake. Time-history Calcomp plots were also obtained for maximum

pressures at the bottom of the tank at inner and outer boundaries. The

computed response is discussed in Chapter 3.

'75' 100
,
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The computer program SLOSH works equally well for simple circular

tanks by letting the inner radius approach a small value. The computer solu-

tion was verified by comparison with the test data on a 12-f t-diameter simple-

circular tank. The agreement between the measured and analytical results

for water sur' face displacement due to seismic-type ground motion was

within i9%. Chapters 4 and 5 describe the tee'. , carried out on small-scale

plexiglass models of annular circular tanks, and also on a large-scale

steel model, to determine the accuracy and range of the linear analytical

model.

Chapter 4 describes small-scale tests conducted on plexiglass models

of 18-in. outside diameter (Fig. 1-3) mounted on a small shaking table

capable of providing harmonic motions. The two models had 12-ia and 6-in.

internal diameters. The table used was constructed for these tests because

the large table at the Earthquake Engineering Research Center is not readily

available for prolonged testing to study basic phenomena. Only water

surface displacements were measured under steady-state harmonic motions;

the pressures being too low to measure. Natural sloshing frequencies of

water were measured and results, when compared with the analytical solution,

indicated a very good agreement. Steady-state response of water surface

waves under harmonic motion was also compared with the analytical results

and again a satisfactory agreement was found.

Chapter 5 gives details of large-scale tests conducted on a steel

tank having inside and outside diameters equal to 5 ft 5 in.and 8 ft

respectively (Fig. 1-4). These tests were done basically to obtain

experimental data under simulated earthquake motions. Both water surface

displacements and dynamic pressures were measured. There were a total of

* i e i,,e
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6 water displacement gt ges and 3 pressure gages. Tests were carried

out on the 20 ft x 20 f t shaking table at the Earthquake Engineering

Research Center, University of California, Berkeley. Tests were done

both for harmonic and earthquake ground motions. The test data was

digitized at the rate of 100 samples per second. Again, a comparison

between the test data and analytical results, both for water surface

displacements and dynamic pressures, showed a satisfactory agreement.

In subsequcnt testing, screens were also used in the annulus as a

means of creating turbulence to reduce the sloshing response of water.

The effective damping introduced into the dynamic system by this device

was determined by observing the decay of freely sloshing water.

The report ends with a general discussion and conclusions.

i7/4 }h]
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2. ANALYTICAL STUDY

2.1 In troduction

The assumption for mathematical formulation and the solution to

the basic equations are described in this chapter. The Laplace equation

is solved to derive a velocity potential. Ground motion is introduced

into the solution through boundary conditions which are time dependent.

The associated eigenvalue problem is solved to determine the natural

frequencies and mode shapes of the sloshing mass of water. Water displace-

ments and dynamic pressures are derived from the velocity potential.

A computer program named SLOSH was developed to solve the problem

numerically and plot a time-history response of displacements and dynamic

pressures. At the end of this Chapter an approximate method is given to

determine the natural frequencies of annular-circular tanks. This is

based on the natural frequencies in simple rectangular tanks.

2.2 Assumptions for Mathematical Model

The mathematical analysis is based on the following assumptions:

* Rigid tank Ralla. The assumption is made that the tank walls

are rigid and hence the tank moves as a rigid body. This is realistic

because of the massive structures used for suppression pools. Also the

sloshing response is a low-frequency phenomenon and it will be seen later

that even if the structure were more flexible,there would be little effect

on the overall sloshing response of the water (i.e., water surface

displacements) which is the main concern of this study. It should,

however, be noted that dynamic pressures are dependent to a greater

,

'
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degree on the flexibility of the tank walls as these may be high-frequency

phenomena.

* Shalt displacemento. It is assumed that the displacements and

velocities are small so that linear theory can be used.

* Incompressible fluid. The water is treated as an incompressible

fluid and with the low dynamic pressures expected in the prototype

structures,this assumption is considered reasonable.

* Non-viscous fluid. The viscosity of the water is neglected.

The model tests gave a value of the overall damping of freely sloshing

water as less than 0.4% of the critical value. This would even be lower

in the prototype structures and therefore damping (viscosity) can be

noglected for practical purposes for relatively short durations of earth-

quakes. Neglecting the viscosity can cause problems if the ground motion

is harmonic and the frequency of motion is the same as one of the natural

sloshing frequencies of the mass of water in the tank. This event, however,

is unlikely during an earthquake and therefore of no practical significance

in this investigation.

* Irrotational flou. It is assumed that there are no sources and

sinks present in the tank and thus as a result of the assumption of small

displacements and non-viscous fluid, flow remains irrotational throughout

the duration of the earthquake.

b'

2.3 Basic Equations and Boundary Conditions

Since the flow has been assumed to be irrotational, there exists a

velocity potential $ which will satisfy the Laplace equation which in a
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3-D cylindrical coordinate system is

3 & ,1 3$ 1 3&,3& 0 (2-1), =
2 r 3r *

30* azBr r

The coordinate system is shown in Fig. 1-1. The ' z axis is taken in the

middle of the tank, positive upwards, and zero in the horizontal plane

passing through the undisturbed water surface. r and 0 are the radial

and angular coordinates; O is the angle of any radial line with the axis

of horizontal ground excitation x which is a function of time. b and a

are the inner and outer radii of the annular tank, and h is the

depth of water in the tank.

It should be noted that the velocity of water at the boundaries

should always be equal to the wall velocity which can be stated mathemat-

ically as follows:

B& ic cos 8l. =p
r=a

B& -

x cos 02. =p

E3. 0=
0* z = -h

dx-

where x = g = tank wall velocity, and t = time. Also, the linearized

free-surface boundary condition is given by the following equation [13)

3&+g M=04. at z=0
2 g

9t

where g is the acceleration of gravity.
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2.4 Solution of the Associated Eigenvalue Problem

To determine the sloshing frequencies and mode shapes, it is

necessary to solve the free vibration problem, in which case the mass of

water in the tank may be given an initial displacement or velocity (or

both) but the boundary conditions will be zero. Thus we have to solve

equation (2-1) with tha same boundary conditions as above (Section 2.3)

except that boundary conditions 1 and 2 will become

N E 0= =

3r Ofr=a r=b

Assume

$= R(r) O(0) Z(z) T(t)

where T(t) will be harmonic. Substituting for $ in Eq. (2-1), we have

1
R"Oz + 1 R'Oz + q RG"z + R0z" 0=

r

or

5h = v
# # # 2 (2-2)+ + =

2where v is a constant and primes indicate the partial d'rivatives.e

From the above equation we have

2

] .7 00 1 i/ i0"+v0 =
J

0(0) c sin v0 + D cos v0=.

where C and D are constants. In order for $ to be a single-valued

function, v has to be an integer. Call v = m, where m = 0,1,2,...=.

C sin (m0) + D cos (m0)l. 0(0) =
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Also from Eq. (2-2),

2 2
r R" rR' r Z" 2

, ,

R R Z

or

2

35. = m R' R" 2
+A [y2 40 is not possible]=

Z 2 rR Rr (2-2a)

or

0 [Bessel's equation]r R" + rR' + (A r -m )R =

Note that A, C, D, E, and F have a subscript m = 0,1,2, . . . = and this is

dropped for convenience.

EJ (Ar) + FY (Ar) (2-3)R(r) =

m m

where E and F are constants and J and Y are Bessel functions of first

and second kind and of order m. Primes indicate their derivatives with

respect to r. Consider the following boundary condition

E jR
OZ 0= =

3r 3r
r=a r=a

0 and Z in general are not equal to zero. Therefore

3R 0=

3r
_

Similarly, '? 1, . , a

??. 0=

3r
r-b

Applying these two boundary conditions to Eq. (2-3) , we have
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EJ ' ( Aa) + FY'(Aa) 0 (3-3a)=

m m

EJ ' ( Ab) + FY ' ( Ab) 0 (2-3b)=

m m

The solution of the above set of equation exists if the determinant of

the coefficient matrix is equal to zero, i.e. ,

J' ( Aa) Y' (Ab) - J' ( Ab) Y ' ( Aa) 0 (2-4)=

m m m m

The solution to this equation gives infinite values of A for each value

of m. Therefore C, D, E, F, and A will have double subscripts m and n

varying between zero and infinity but dropped here for convenience.

From Eq. (2-2a) we have

Z" - ZA 0=

the solution of which is

A cosh (Az) + B sinh (Az) (2-5)Z(z) =

Applying the boundary condition at the bottom of the tank

BZ AA sinh (-Ah) + BA cosh (-Ah) 0==

0* z = -h

A sinh (Ah)
-77B

cosh (Ah) 37(5 }jc
=

Substituting for B in Eq. (2-5) and simplifying gives

A[ sh(Az + Ah)] (2-6)Z(z) =

cosh ( Ah)

Calculating F from Eq. (2-3a) and substituting in Eq. (2-3) we get
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E[J (Ar) Y (Aa) -J (Aa) Y (Ar))

Y' ( Aa)

Let Aa = (. Substituting in tenns of ( into Eqs. (2-6) and (2-7), we get

A[ cosh (( + )]
Z(z) (2-8)=

cosh ( )

()- (2-9)= -
()Y (() -J (() YE J

R(r)
Y (()

Substituting for R, 0, Z and T; combining A and E with C and D, and

bringing back the subscripts m and n which we omitted for convenience,

we have

cosh ((* + ) C (& f)= = iw t

$ ={{e [C sin (m0) + D cos (m0)] h
cosh (( -)Y,.(& )m=0 n=0

(2-10)

where

C,(& h) J (& f) Y'(( ) - J' (( ) Y(& h) (2-11)=

iw t
" " .and T(t) =e

To determine the natural frequencies, we now apply the free-surface

boundary condition

0 at Z=0+ g =

Bt . , - ,
,/ / j4 f

12 2substituting for 3 &/at and 3&/3z, we get
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(& E)= " iw t C
* "" [C sin m0 + D cos m0]-w e
mn mn mn e

Y (( )m=0 n=0

C((""E tanh(C""b)" " iW t " ' ^'+ 1[ { e (mn[C sin me + D cos m0]"" 0=

a mn mn i

Ym=0 n=0 m mn

comparing the coefficients, we have

(g) &mn tanh((mn b)
2 (2-12)W ,

a amn

Equations (2-12) and (2-11) give sloshing frequencies and mode shapes of

water in a circular annular tank. Equation (2-10) gives the velocity

potential for free vibration and the values of the constants C and D

will be determined by initial conditions.

2.5 Sloshing Response for Arbitrary Ground Motions

Equation (2-1), with the boundary conditions given in Section 2-3,

will be solved for the velocity potential $ which can then be used to

derive displacements velocities and pressures anywhere in the fluid.

Since the boundary conditions are non-homogeneous, assume a

solution of the form

$(r,0,z,t) $ (r,0,z,t) + & (r,0,t) (2-13)=
3

4 is taken independent of z because of the rigid tank walls.
j 7 .a4 e s

,

B& B&c
- e/ 3

34 1 ,

x cos0 at r=a+ =p= g g

and r=b
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Let

B&
i cos 0=

Br

then

3$ 3
0 at r=a=

g

and r=b

Substituting Eq. (2-13) into Eq. (2-1), we have

2 2
2 2 - 34 3*&c ~ 3 ,2- 3 ,2 3

_

_ g,2 g,c . 1 21c 0+ + + + =+ +
* 2 r _ 3r 3r _ 2 2 2 2

r _ 30 3e , 33_ ar Br ,

or

3$ 4 b &
3 1 3 y 3 3

0 (2-14)+- +- + =

2 2 2r 3r r gg g3
3r

with the. coundary conditions

3&
3

0=

3r r=a

B&
3

3r r=b

3@3

3z z = -h

and
2

3& B& 3,
1 +1 0 (2-15)+ =

2 r 3r 2 2
ar r 30

with the boundary conditions , 7f ,
-

l j ,J
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3@c
x cos 0=

3r r=a

B&
= ic cos 0

3r r=b

Assume

R(r) O(0) T(t)$ =

Substitute in Eq. (2-15)

1 " 1
Br* OT a" OT

+ + 0RT =
" 2 30r

or

2 2 2
r 3R r 3R

_ _ 230
,

R 2 R Br 030*3r

Therefore we have

f - v 0 (2-16)+ =

dr

and

d0 2
+ v0 0 (2-17)=

2
de

The solution of Eq. (2-17) will be - 1 / ("3
i7/5

'

0 A cos v0 + B sin v6 (2-18)=

with boundary conditions at r = a and r = b
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3$ BR .x cos 0O+T +=

3r - 3r

Therefc,re

A cos v0 + B sin v6 (2-19)cos0O(0) = =

iand T(t) =

From Eq. (2-19) , A = v = 1, and B = 0. Now considc. Sq. (2-16),

f -1 0+ =

dr

2 d 0 (2-20)r +r -R =

dr

This is the Cauchy equation, and the solution will be of the form R = r .

Substituting in Eq. (2-20) ,

K (K - 1) r + Kr -r = 0

0 giving K = ilK -1 =

C r + C,r"R(r) =

C -Cr-=

n =Be.e.,
3r 3r

x cos 0 (C, - C,r-2)5 cos 0= =

r=a
7

,n, \1i
.
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Comparing the coefficients

1C =
3

0C, =

Therefore

$ ROT x r cos 0 (2-21)= =

Now consider the free-surface boundary condition

b 0 at Z=0+g =
2 az

3

3 &g &c 1
+ *9 Bz

0=
2 2Bt 9t

3 @g 3@g 3 &c .

- x r cos 0 (2-22)+9 " =
2 Bz

-

28t z=0 dt

Therefore we have to solve Eq. (2-14) with the additional boundary

condition at the free surface given by Eq. (2-22).

Equation (2-14) is similar to Eq. (2-1) and the boundary conditions

at the walls and bottom of the tank are the same in both cases. Therefore

the general form of the solution in these two cases will be similar except

that the time ft: , tion T(t) will be different for the solution of Eq.

(2-14) which was simply hannonic for the free vibration case. Thus the

solution of Eq. (2-14) will be of the form

cosh &""(*- + b) C (&"" E) T
" * (t)^ " ^ ""[C sin me + D cos m0]4 =

cosh (& g)m=0 n=0 Y (( )

.

}/g(2-23).,
4 m' r , y



2-13

The above is the general solution and covers all types of modes.

It should be noted, however, that the horizontal ground motion which we

are considering at present does not excite all types of modes. It will

excite only antisymmetric modes which correspond to an m value equal to 1.

Therefore we can drop the sum on m and it is understood that in all

subsequent equations we are referring only to the class of modes which

correspond to m = 1 and which are antisymmetric about an axis perpendicular

to the axis of excitation. Thus $ becomes
3

[ [C
cos 0] cosh ( (* + h)C (& h) T

" sin 0 + D (t)

$ (2-24)=

Y ' (( ) cosh (& h)n=0

where

C(& h = J (( h) Y' (( ) - J ' (( ) Y (( h) (2-25)y

and ( are the roots of the equation.

J{ (() Y (K() -J (KC) Y (() 0 (2-26)=

wnere K = b/a.

T (t) are the time functions yet to be determined. C and D are

the constants to be determined from the initial conditions. Now we apply

the free-surface (z = 0) boundary condition given by Eq. (2-22) and we have

cos 0] cosh (( )C((n[C sin 0 + D"
y n

1[O
,

s h 3 7 / 4

n=0 Y R *[ ' '1 n na -

sinh (( h)Cy (( h"
g -

+p (n sM+D = -r s0M
e hn n
y (( ) cosh (( g)n=0 Y
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gathering sin and cos terms and dividing both sides by a

h+ "&"tanh(&"b)T"

1 sineC(C E)
" ^ A

C

Y{(&nn=0

h+ &"tanh(&" )T"

= - cos0 E"-
+ D cos0 C & f)

-

Y,(( )n=0
(2-27)

Now we want to express r/a as Bessel's Fourier series in: terms cf

C (& r/a) using the orthogonality property of the eigenfunctions

" + *** + ^ + ***
n1 n 01 0 + ^1 1 1 n1 nA*

n=0

Multiplying both sides by rCy(& r/a) and integrating within the limit
b to a, we have

*
2 t'

(( f)dr+0+...C(( f) dr 0 + 0 + .... + A rC=

#
b b

Substituting for C (& r/a) from Eq. (2-25) into the above equation,

integrating within the limits b to a and simplifying gives the values of

the constants A determined by the equation

. -

=
- " ~ (2-28)A

+ C[ fK& ) [1 - K & )
" 2

C (( - 1)

thus
.]3

.

{ = { A,Cjt,{} (2-29)

n=0
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where A are given by Eq. (2-28). Substituting for r/a into Eq. (2-27)

we have

5 + b (" tanh ((" b)T
"

b
[C sin 0]c ((n a)

" ^ * "-E
a n 1 7' )n=0 1 n

E b
1((na)_T + 1 (n tanh((na)T

"
D cose c

1 n n a n,

n=0 Y (( )

y (g [) M (2-30)= - A cose c

n=0

comparing coefficients, it is clear that

ba (n tanh((na)TD @ +
n .n n_ _ ,

-

Ua y (g )

Or

A $=E M (2-31)--- Y{ ((n)T +w T =
D n nn n n

where

2

(n #" b ~=w n

and

= -- Y ' ((n) AE n i1 n ,yyA }jin D

.

since
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h+g& tanh ( - T / 0
-

T
n a n na n

therefore C = 0.
n

Equation (2-31) is a second order ordinary non-homogenous equation,

whose homogenous solutirm will be

F sin W t + G cos W tT =
n n n n n

Let

particular solutionY =

then

U (t) sin W t + U2 (t) cos W tY =
n n

using variation of parameters, we have

,t
E
" cos W T E dTU =

g
# "
0

et E
" sin W T'x'dTU = -

g
s "

0

Therefore the general solution for T will be

.t
E

F sin W t + G cos W t+ sin W t *n ( I) cos W T dTT =
n n n n n W n, n

0
~

E
- d cos W t x (T J sin W T dT (2-33)U ""O "n

Thus the solution for $ becomes

*'{ \0.
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cos O cosh &n (a*- + b) C ((n a) T
E (t)m

a 1 n
4 (2-34),

1 h
n=0 Y. d 8

1 n na

where T is given by Eq. (2-33) and Cy(C r/a) is given by Eq. (2-25).

Now, using Eq. (2-13) we have the solution of the Laplace equation with

time-dependent horizontal boundary conditions. The solution for & will

be obtained by Eqs. (2-21) and (2- 34) . Thus

r cose x + { cos0 cosh ( (f +) C (& h)a
,

$ =

1((n coshna
,

n=0 Y

.t. E

F sin to t + G cos W t + " sin W t 'x'(T) cos W T dT*

- n s0

E et -

cos W t 5E(T) sin W T dTU * "n u -

0

Now apply the initial ("at rest") conditions

(1) $ (r,0, z,0) 0=

34(2) p (r,0,z,0) 0=

using conditions (1) and (2) , F =G =0
n n

cose cosh ( (*+ C(( f)*

r cos0 x, +$ =
,

n=0 Y R * C1 n na

~E E et -
*

"sin W t N cos (d T dT - cos W t I sin W T dT*

0 -

o

i $}
', -- e
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substituting for E and rearranging the above equation,

cosh &n
-+b E*

&n a

cose1rx.
C*

a a 1
$ -a A=

sh hnUn=0 n

t" P ~t "

1,

sin W t 'x' cos W T dT - cos W t V sin W T dT (2-35).

n n n n
- J #

O 0
~

where A and C (& r/a) are given by Eqs. (2-28) and (2-25) , respectively.

Equation (2-35) is the expression for the velocity potential in an annular-

circular tank and will be used to derive the displacements, velocities,

and pressures at any point in the liquid.

2.6 Derivation of Displacements, Velocities and Dynamic Pressures

Once the expression for the velocity potential is known, we can

easily derive the fluid displacements, velocities, and dynamic pressures

anywhere in the fluid. Let

6 fluid displacement=

fluid velocity in the direction of rU =

fluid velocity in the direction of 0U =
g

fluid velocity in the direction of zU =

dynamic pressurep =

then

-fh(r,0,z,t)6 (r ,0, z , t) =

gcyid.37g3
.

B&p (r,0,z,t)U (r,0,z,t) =
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1 B&(r,0,z,t)0(r,0,z,t)U =
r 30

B&(r,0,z,t)
z(r,0,z,t) 32

U =

B&(r,0,z,t)
p(r,0,z,t) -p=

at

where p = density of the fluid. From Eq. (2-35) we have

,

cosh (n(a*- + b) C (Cn a)
E=

af = cos04 rx - a { A
a 1i .

at ,

cosh (( -)\ n=0

'

- at t .

|e

cos W t h*(T) cos W T dT + sin W T E'(T) sin W T dT* (2-36)'

0 0 -J#

Thus general expressions for 6 and p become

= - cose]s-a[A c sh & (*- + b) C (Cn a)E*
n a 16 (r ,0, z , t) < r

bn=0 " cosh (&n a)
" .t ,t .

cos W cos u sin u sin W*

n n n n
,

(2-37)

cosh &(a*+b)C & E
"

n a 1 naP (r ,0, z , t) = - pcos0 4 rs-a{A
cosh (& hn=0

- t t

~f#

cos W cos u sin u sin u
d'

a

n n n n
* ~

<

0 o

7 3 ,g -- (2-38),

.
IUs
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where A , C , (n' "" are giv n by Eqs. ( 2-28) , ( 2-25) , ( 2-26) , andy n

(2-32), respectively.

Similar expressions can be derived for velocity components U ,

U , and U from Eq. (2-35).g

2.7 Steady-State Response

Let the ground acceleration E=x sin w t, where x = amplitudeg g g

of the ground acceleration, and w = circular frequency of the groundg

motion. Substituting for E in Eq. (2-37) and simplifying, we get

cosh ( ( * + ) C (( f)
= - s0[s-a{A

ym

6(r,0,z,t)
cos @ h

r

( n=0

- - ,

x sin w t x sin w t I

(2-39)+ *. -

w 2 e w
-1 -

, ,

The term x sin w t/[w /w - W /e ] in Eq. (2-39) is the transient term.

If the sinusoidal ground motion is applied for a sufficiently long period

of time the transient motion will disappear due to the small damping

present in the system and the sloshing response of the fluid will become

steady state. Thus the steady-state response of the fluid displacements

will be given by the following equation:

cosh ( ( - + h) C (( E)m

= -
s0 - a{ A6 (r,0,z, t) rx sinw g h

cosh (( -)
n

( n=0

. ,.

sin w t |x
U O

, ' $ ( 2- 39a)

-1 1
~

) (p /jj
4 7/*

- (w_!1 -

'

'w.
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This equation will give good results for steady-state response under

sinusoidal ground acceleration as long as one of the sloshing frequencies

e is not too close to the frequency of the ground motion e and if
n o

w = w , then resonance occurs and the solution given by Eq. (2-39) becomes
n o

infinite. This was understood as the damping was assumed to be zero to

begin with.

Similarly, steady-state pressure response will be given by

cosh ("(^*- + b)Cl (&" 1)
"

- p cos 0 ( r x, sin w -a[ A ^ ^p(r,0,z,t) =
g

cosh (( -)n=0

~

x sin W t" )
4 (2-40)* -

2
"

-1 [
-

g
-o

2.8 Approximate Analysis for Natural Frequencies

A simple approximation for determining the sloshing frequencies

in an annular tank can be determined from the classical solution for

sloshing in a rectangular tank of length 22, and water depth h. This

solution has a further advantage in that it stays close to the physical

aspects of the problem and enables simple physical arguments to be made

for the correct design of a damp .; system and also enables the more3

precise solutions to be understood physically.

The first sloshing frequency in a rectangular tank (see Fig. 2-1)

is given by

{tanhw =

u,, - .

.
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and this one relationship can be used to estimate all of the sloshing

frequencies in the annular tank as follows.

It is assumed that the radial and tangential water particle motions

' are uncoupled, that is, for any natural mode the particle motion is either

(a) tangential, or (b) radial. This assumption leads to all three types

of sloshing modes.

2.8.1 Tangential motion

In this case the wavelength is measured on the mid-circumference

of the water surface, at a radius of C = (a + b)/2. Using symmetry

conditions the node and anti-node points of the mode can be determined

by inspection. The first four such modes are indicated in Fig. 2-2, with H and

L indicating the high and low lines of the water surface, and O repre-

senting a zero line (see Fig. 2-2). The following can be deduced from

this simple approximation:

a) For any mode n the half wavelength is given by 21 = nc/n.

b) The even-numbered modes cannot be excited by horizontal

ground motion.

c) In the odd-numbered modes, mode 1 will be strongly excited

by horizontal ground motion, mode 3 very little, and as the

mode number increases, the participation reduces.

Observations a) and b) agree with test observations. It was found extremely

difficult to excite any of the tangential modes by horizontal table motion

with the obvious exception of mode 1.

d) In any tangential mode the water surface gradient on any

radius is almost zero. This was observed in mode 1.

i7( )bb



2-23

2.8.2 Radial motion

In the simplest form of radial motion, the lines of equal water-

surface elevation are circumferential. Taking an element of the water

between two closely spaced radii, the length of the equivalent rectangular

tank is a-b. Hence there is a family of mode shapes given by the half

wavelength 21 = (a-b)/n, where n is the node number. The first three

such modes are indicated below as radial symmetric modes (Fig. 2-3) .

Clearly there is a closely related set of modes (when considering

horizontal ground motion) of the same frequencies cnd mode shapes on any

radius, but whose distribution of displacement is antisymmetric across

a diameter. These are indicated as radial antisymmetric modes (Fig. 2-3).

The accuracy of these simple approximations can be seen in Table 2-1

which shows the approximate and exact values for the sloshing frequencies

in two different tanks at two different water levels. The following can

be deduced from this simple approximation:

a) For any mode n, the half wavelength is given by 2E = (a-b)/n.

b) In comparing this with sloshing in a rectangular tank, it

should be noted that the boundaries of the water element

in this case are not parallel as they are radii. Hence it

can be expected that the vertical water displacement on the

inner boundary will be greater than on the outer boundary.

This was verified by both observation and the exact analysis

(see Fig. 4-5).

c) Horizontal ground motion will not excite any of the radial

symmetric modes.

d) Horizontal ground motion will excite tne odd-numbered

i7( b
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radial antisymmetric modes, there being a decreasing chance

of this as the mode number increases.

e) In the radial antisymmetric modes there are circumferential

water surface gradients as well as radial gradients, and

clearly provided the radial gradients predominate, the

approximation will be valid. As the inner radius b is

reduced the ratio of radial /circumferential gradient reduces

and hence the approximation is likely to get less precise.

However, even v: hen a/b = 3 as in the case of Model 2, the

results are still remarkably accurate.

f) An understanding of the direction of water particle motion

associated with each mode which comes from this approximate

analysis is essential when designing damping devices. Radial

dampers are required to reduce circumferential motion and

circumferential dampers are required to reduce radial motion.

To reduce seismic response, both are required.

1QRi7/ 1
. : s
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TABLE 2-1. Comparison of approximate and exact sloshing
frequencies for Models 1 and 2.

Natural Sloshing Frequencies (Hz)

Model 1 Model 2

Approx Exact Approx Exact

_.

water depth = 3 in.

First antisymmetric circumferential 0.70 0.70 0.87 0.88

First antisymmetric radial 3.16 3.17 2.16 2.31

second antisymetric radial 4.47 4.47 3.18 3.22

Third antisymmetric radial 5.48 5.47 3.90 3.92

water depth t 5 in.

First antisymmetric circumferential 0.87 0.87 1.05 1.07

First antisym etric radial 3.16 3.18 2.24 2.37

Second antisymmetric radial 4.47 4.50 3.19 3.22

Third antisymmetric radial 5.48 5.51 3.90 3.91

19I,3 7 / 5
s i

_



H L
0

__.

I

h

n

ef - |

FIG. 2-| RECTANGULAR TANK

O L 0 HL H O O
'

' ' '' d O o ,o,

H L HIH IH H H L H H "

L ' '

O L 0 H O
MODEI MODE 2 MODE 3 MODE 4
21=vc 21 = vc/2 21 = rc/3 21= rc/4

-

'

(. T

'

FIG.2-2 TANGENTIAL MODES
-

<3
ra XBL 7812-13916



T
D H H H

'l@ 70%

ff'N "

\
7

') [
IMODE 3 1

1 MODEI I i 1 MODE 2 1
'

'

|c=== ,
g _

-

RADIAL SYMMETRIC MODESg===2

"4O O O

[ \ [ \ / \
.

LOH MODEI LO H LHL MODE 2 H L H LHLH MODE 3 LHLH

|.

'
O O O

RADIAL ANTISYMMETRIC MODES
__,

[.

FIG. 2-3 RADI AL MODES

XBL 7812-13915



3-1

3. SEDSHING RESPONSE ANALYSIS WITH

THE COMPUTER PROGRAM " SLOSH"

3.1 Computer Program SLOSH

A computer program named SLOSH was developed to solve for the

sloshing response of water in annular.or simple-circular tanks under

actual earthquake ground accelerations. The program determines a pre-

specified number of sloshing frequencies and mode shapes and gives the

displacements of water at the free surface. It also determines the

pressure variations with depth along the walls of the tanks.

The frequencies are determined by solving Eq. (2-32) and the values

of & in that equation are substituted by solving Eq. (2-26) which involves

the derivatives of Bessel functions of the first and second kind. This

equation which would be satisfied for an infinite values of ( was solved

by trial and error for the required number of modes. Corresponding mode

shapes were determined by using Eq. (2-25). It should be noted that

Eqs. (2-25) and (2-26) give mode shapes and frequencies which are anti-

symmetric about an axis perpendicular to the axis of ground excitation.

These are the only modes which are excited by horizontal ground motion and

they correspond to Bessel functions of order 1 as can be seen in Eqs.

(2-25) and (2-26) . The modes of this type will be termed as modes of

class 1, as they correspond to Bessel functions of order 1.

Another class of modes which corresponds to Bessel functions of

order zero in Eqs. (2-25) and (2-26) will be presented here. This class

of modes will be termed as modes of class 0. Modes of class 0 are

spmnetrical about z-axis (see Fig. 1-1) and they have a close relationship

with the modes of class 1. Frequencies and mode shapes of class O were

1 7/5 } 9 [:/*
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determined by equations similar to Eqs. (2-25, (2-26) , and (2-32) except

that 1 was replaced by 0 in those equations.

The computer program calculates displacements of water at Section

A-A shown in Fig. 1-1. At this section z = 0 and 0 = 0 and r varies between

b and a. Displacements were determined at thirteen points along Section

A-A, giving a complete profile at that section. Profile of water surface

at any other section can be determined by simply multiplyins with cose.

Thus in this way a complete profile of the surface becomes known.

Since the earthquake input is usually given in the form of

acceleration, Eq. (2-37) was reduced to the following form to determine

the displacements of water at the free surface.

*

{ rs - aAC(&na) E(t)
-

6 (r,0,0, t) 1 E=

n19
n=0 -

t
P

+ W cos W t E(T) sin W T dTn n n
0

et -

- W sin W t E(T) cos W T dT (3-1)n n n
*0 ~

From the digitized earthquake accelerograms, numerical integration is

carried out to evaluate the integrals in Eq. (3-1) for each mode of

vibration and the values of C (& r/a) are calculated at thirteen different

locations between the radii a and b for each mode and the summation is

carried out over the significant number of modes. It was found that the

convergence is fast and only the first few modes contribute more than 99%

of the sloshing response. Usually the first ten modes were included for

this analysis.

( \9'
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The computer program SLOSH determines the pressures at thirteen

points along the depth at inner and outer walls at Section A-A (Fig . 1-1) ,

i. e., at 0 = 0. To calculate the pressures at the walls the general equation

for pressure [Eq. (2-38)] was used. Substituting for r = a and r = b,

respectively, and integrating by parts we get the pressures at the outer

and inner walls given by the following two equations:

cosh &" ( **- + b)
*

as - a [ A
*"

C (& 3 E(t)p (a ,0, z , t) -p=

cash (& -)n=0
,

t t ,~

( E(T) sin e T dT - e sin W t i..

+ W cose t x(T) cos e T dT *

jn n n n n n
0 0 (3-2) -

and

cosh &" ("*- + b) C (KE")"-p b5 - a A M(t)p (b,0, z , t) =

cosh (& -)n=0
.

,",t t ,

y

+ W cose t E(T) sin w T dT - W sin e t E(T) cos w T dT jn n n n n ng
0

(3-3) -

These equation were solved numerically as before for thirteen different

values of z between 0 and h, to get a complete distribution of the

pressure variation along the depth at the inner and outer walls. Once a

complete distribution of the pressure variation is known for Section A-A

in Fig. 1-1 (i. e., for 0 = 0) , the pressure variation along any other section

at the inner and outer walls can be determined by multiplying the pressures

i?/5 } 9 [) I'
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at Section A-A (i.e., the section along the ground excitation) by cose.

Thus the pressure distributions become known everywhere along the walls

of the tank. Note that the pressures given b - Eqs. (3-2) and (3-3) arei

the dynamic pressure only, and to get the total pressure at a ooint

the static pressure must be added to the dynamic pressure.

The computer program SLOSH reads in the dimensionsof the tank and

the digitized accelerogram and prints out the natural frequencies and

mode shapes. Water surface displacements at various radii along the axis

of excitation and the pressures along the inner and outer walls at various

depths at Section A-A (Fig. 1-1) are also printed at each interval of time.

Time of maximum displacement and the water surface profile at that moment

are also printed. Maximum pressures are also printed.

A time-history calcomp plot of the displacements of water surfaces

the inner and outer walls is also plotted on the computer for a visualat

inspection. Similarly, time-history calcomp plots of maximum pressures

are also plotted on the computer. These maximum pressures occur at the

bottom of the inner and outer walls along the axis of excitation.

3.2 Mode Shapes and Frequencies Computed by SLOSH

Figures 3-1 and 3-2 show the mode shapes of antisymmetric (modes

of class 1) and symmetric modes (modes of class 0) in an annular tank

having a b/a ratio of 0.667. The antisymmetric-mode shapes in Fig. 3-1

which represent the first four modes are at Section A-A of Fig. 1-1, and

the water surface profile at any other section will be given as a function

of cos0 where 0 is the angle between that section and Section A-A. This

1'' \h"
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is not true however for the symmetric-modo shapes shown in Fig. 3-2

where the profile of water surface for any section in the annulus of the

tank will be the same. This can also be seen in Fig. 3-3. Figure 3-3 (a)

shows water at rest in an annular tank, whereas Fig. 3-3(b) and 3-3 (d)

show the first and second modes of vibration of antisymmetric modes,

respectively. It should be noted that in all of these modes the water

surface profiles at a section perpendicular to Section A-A remain at

initial water surface levels and the water surface displacements in the

z direction are zero. Figure 3-3 (c) shows the first symmetric mode of

vibration indicating same water surface profiles at each section, making

the mode symmetrical about the z-axis. It can also be noted that the

modes of class 1 are antisymmetric about the section which is perpendicular

to A-A and that is why they are called here antisymmetric modes.

Although the symmetric modes cannot be produced by horizontal

ground motions and thus they do not contribate to the sloshing response

in circular tanks, they do have a close relationship with the antisymmetric

modes, and that is why they have been presented here. This close relation-

ship between the mode shapes and frequencies of class 0 and class 1 can

be seen in Figs. 3-1 and 3-2 and Table 3-1. Table 3-1 shows the natural

sloshing frequencies in a typical prototype structure where the inner and

outer radii are 60 ft and 40 ft and the depth of water is 20 ft. It can

be seen that the second, third, fourth .... frequencies in the antisymmetric

modes agree (to the second figure accuracy) with the first, second, third...

frequencies of the symmetric modes respectively. The same holds true for

the mode shapes when we compare Figs. 3-1 and 3-2.

From the above fact, it is clear that under certain circumstances

}9b'i7/
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TABLE 3-1. Sloshing frequencies of prototype (a = 60 ' ,
b = 40', h = 20') modes of class 1 and O.
__

Frequency in (liz)
Frequency

Antisymmetric Synnetricnumber
modes (class 1) modes (class 0)

1 0.079 0.36

2 0.36 0.51

3 0.51 0.62

4 0.62 0.72

5 0.72 0.80

6 0.80 0.88
--- __~.--m_ _ , _ _ , . ___
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there may be an energy transfer and some symmetrical mode may also be

excited as a result of imperfections in the tank. This phenomenon was

observed by Jacobsen [14] in his tests on simple cylindrical tanks under

horizontal ground motions where he saw a concentration of water in the

center of the tank and could not explain it because the center spot

should have suffered no vertical water displacements.

It can be observed in Fig. 3-1 that for b/a = 0.667, the water

surface in the annulus along a radial line remains almost horizontal in

the first antisymmetric mode with the maximum displacement occurring at

the outside wall, but the displacement being within 1% at the inner wall.

In all other sloshing modes the maximum water surface displacement always

occurs at the inner wall and the displacement at the outer wall is always

about 82% of that of the inside wall displacement, and may be in phase or

out of phase by 180 depending upon the frequency number. For the symmetric

modes (Fig. 3-2), maximum displacement for each mode shape occurs at the

inner wall while the displacement at the outer wall is again about 82%

of that of the inner wall.

From the mode shapes presented in Fig. 3-1, it can be expected

that if the first mode were not dominant during the sloshing of water in

geometrically similar tanks, the maximum displacement of water-surface

displacement would occur at the inner wall and not at the outer wall.

This was indeed observed for the prototype structure (a = 60 f t, b = 40

ft, h = 20 f t) that under all the earthquake accelerograms used for this

analytical study, the maximum sloshing response of water always occurred

at the inner wall because the dominant mode of vibration was not the

[OOfirst mode but always the second mode. 3 7/ '
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3.2.1 Effect of water depth on the sloshing frequencies

~

The effect of the water depth on tne sloshing frequencies in anti-

symmetric mode was analyzed for the typical prototype structure (a = 60 f t,

b = 40 ft) and the results are presented in Table 3-2. Analysis was made

for water depths (h) of 20, 60, 80 and 120 ft respectively. It is

interesting to note in Table 3-2 that for various depths above 20 ft all

the frequencies except the first one agree to the second significant

figure although they will not be exactly the same. Since the sloshing

response of water in the prototype structure under actual earthquakes is

predominantly in the second mode, we should not expect any significant

difference in the water surface displacements under a given ground motion

when the depth of water is varied beyond 20 ft as will be seen in the

next article. If the depth of water is increased beyond 120 ft, even the

change in the first sloshing frequency will become insignificant.

TABLE 3-2. Sloshing frequencies of prototype for various
water depths for modes of class 1.

_

Frequency in (Hz) for depth h
Frequency
number h = 20' h = 60' h = 80' h = 120'

1 0.0791 0.117 0.123 0.127

2 0.36 0.36 0.36 0.36

3 0.51 0.51 0.51 0.51

4 0.62 0.62 0.62 0.62

5 0.72 0.72 0.72 0.72

6 0.80 0.80 0.80 0.80

_
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3.3 Sloshing Response of Water in the Prototype Tank
Under Various Earthquake Accelerograms

An analytical study of the sloshing response of water for a typical

pressure-suppression pool used in Boiling Water Reactors was made under

the effect of various earthquake accelerograms. The analysis was carried

out on the computer using the program SLOSH. Output included the printing

of water surface profile at Section A-A (Fig. 1-1) and the pressure

variation across depth along the inner and outer walls at 0 = 0, i.e. ,

along the axis of excitation. Maximum water displacements and pressures

were plotted on the Calcomp plots and they are shown in Figs. 3-4 through

3-14. Normal depth of water in such a typical pressure-suppression pool

is about 20 fts however, the depth of water was varied to see the effect

on sloshing response. Inner and outer radii of the prototype tank were

40 ft and 60 ft respectively. The following earthquake accelerograms were

used for this analytical study:

1) Pr 4ma Dam Accelerogram (S16 E) recorded at Pacoima Dam

in the San Fernando carthquake of 1971. The maximum

acceleration was 1.24 g.

2) El Centro (N-S) Accelerogram (1940) - the actual accelero-

gram was scaled up to a maximum acceleration of 0.53 g

compared with 0.32 g actually recorded.

3) Parkfield Earthquake Accelerogram (1966) - the maximum

acceleration value was 0.5 g.

4) Artificial Earthquake Accelerograms.- These eight accelerograms

named A1, A2, B1, B2, Cl, C2, El and D2, were produced

artificially by Jennings [15). Accelerograms of type A and B

represent earthquakes of magnitudes 8 and 7 respectively.

') { 94 7 / 4
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The shaking expected in the epicentral area of a magnitude 5-6

carthquake is represented by Type C and has the same average

intensity as the record obtained at Golden Gate Park during

the 1957 San Francisco carthquake. For earthquakes of Type D,

which model the shaking close to the fault in a shallow

magnitude of 4. 5 -- 5.5 carthquake, the motions have been scaled

to have a maximum acceleration of about 0.5 g. Earthquakes of

Type B have the same spectral intensity as the El Centro 1940

record.

A brief discussion of the sloshing behavior regarding the water

surface waves and the pressure distributions is'given in the following

pages.

3.3.1 Water surface displacements

Table 3-3 gives the maximum values (6 ) of the water displacements

at the surface in the typical protype structure under the various carth-

quake accelerograms mentioned above. The depth of water in all cases was

20 ft and the outer and inner radii of the tank were 60 ft and 40 ft

respectively. Table 3-3 also gives the maximum values of the ground

acceleration for each earthquake accelerogram.

Figures 3-4 through 3-14 show time-history plots of the displacements

of water surface at the inner and outer walls along the axis of ground

excitation for various earthquake accelerograms. Thus the displacement

plots in these figures represent the displacements 6(b,0,0,t) and 6 (a ,0,0, t)

at the inner and outer boundaries of the annular tank respectively. The

ground accelerations in Fig. 3-4 through 3-14 have units of g, the

water displacements scale is in inches, and the horizontal scale

.1364 20 3
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TABLE 3-3. Maximum water surface displacements (6 max) and
pressures (pmax) in pr totype (a = 60 ' , b=40',
h = 20') under various earthquake accelerograms.

__ _

Name of the Max. ground 6 ,x p
max

accelerogram acceleration es) (psi)
(g)

Pacoima (S16 E) 1.24 59.8 6.37

El Centro (1940) 0.53 48.8 2.85

Parkfield 0.50 26.0 2.70

Al 0.41 91.6 2.14

A2 0.45 68.6 2.36

B1 0.38 32.2 1.92

B2 0.32 37.8 1.69

Cl 0.07 2.9 0.36

C2 0.06 2.0 0.31

D1 0.485 9.7 2.56

D2 0.492 9.8 2.63

.

~ f

136+ E04



3-12

represents time in seconds.

Figure 3-15 shows the profile of water surface at Section A-A

(Fig. 1-1) at the time when maximum displacement (6 , ) of water occurs

in the tank. The plots show profiles for earthquake accelerograms A2,

Bl, Pacoima and El Centro, and the displacements are given in inches.

Figures 3-16 through 3-19 show the time-history plots of surface

water displacements at inner and outer walls of the prototype tank as the

depth of the water (h) is changed from normal depth of 20 ft to a depth

of liv ft.

The following observations can be made regarding water displacements

and sloshing modes:

1) The maximum displacement of water (6 ) shown in Table 3-3

always occurs at the inner wall of the tank as can be seen

in tbne-history plots of Figs. 3-4 through 3-14. This

happens because the dominant mode of vibration in the prototype

under all the earthquake accelerograms used here is the second

mode. Maximum displacements occur under the accelerograms Al

and A2 and are 92" and 69" respectively. This should be

expected as they represent very strong earthquake (magnitude 8)

and thus the ground motions will have longer periods of

vibrations. It can be noticed that although Al has maximum

acceleration which is only one-third of that of Pacoima record,

the displacement is 50% higher under the artificial earthquake

accelerogram A1. Comparing the sloshing response of water under

the accelerogram B1, C1, D1 with that of under B2, C2 and D2,
a

respectively, it can be seen that t' e 6 , values are quite

136q 205
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comparable in the two cases as they represent the same type

of ground motion characteristics.

In general, it can be said that earthquake accelerograms

with long period components of ground motion will give higher

sloshing response of water in the prototype because of rather

long fundamental periods of sloshing mass of water (first

and second sloshing periods of water in the prototype are 12.6

and 2.8 seconds respectively). It should also be pointed out

that at present there is more uncertainty about long period

ground motion than short period.

2) It can be noticed from Figs. 3-4 through 3-15 that second mode

is the dominant mode of vibration of the water sloshing in

the prototype structure under all the earthquake accelerograms.

Figures 3-4 through 3-14 show that the sloshing period of

water is very close to the second natural period of 2.8 seconds

in almost every case. The water surfaces at the inner and outer

walls are always opposite in phase as they should be in the

second mode of vibration.

Figure 3-15, which shows the profile of water surface

across the annulus is another indication of the dominance of

second mode. The water surface profile in this figure when

the water is sloshing under various earthquakes closely

resembles the second antisymmetric mode of vibration (compare

with Fig. 3-1).
- p

3) Comparison of Figs. 3-16 through 3-19 shows that the sloshing

response of water in the prototype annular tank remains almost
..
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unchanged as the water depth is varied from 20 ft to 120 ft.

This can be explained on the basis of the effect of depth

on natural frequencies of sloshing. It was pointed out in

the previous article that as the depth of water is increased

beyond 20 ft, there is very little change in the second or

higher natural sloshing frequencies (see Table 3-2) of the

prototype. Since the dominant mode of vibration is not the

first modo, but the second mode, therefore, little change in

the sloshing response should be expected as the depth of

water is increased beyond 20 f t. The reverse may not,

however, be true depending upon how the natural frequencies

are affected as the depth is decreased. When the depth of

water is rather small, then even the higher frequencies will

be sensitive to variations in depth.

4) For a given earthquake accelerogram, if the intensity of

accelerations is increased or decreased by a certain factor,

then the sloshing response will also increase or decrease by

the same factor. This follows from the linearity assumption

on which the theory is based and can be seen by comparing

Figs. 3-16 and 3-20. Both figures show the surface water

displacements under the El Centro earthquake accelerograms

with the difference that the accelerations in Fig. 3-20 are

only 50% of those of Fig. 3-16. It will be observed that the

water displacements in Fig. 3-20 are also reduced by 50%

compared with the corresponding values of Fig. 3-16. The

maximum displacements in Figs. 3-16 and 3-20 are 48.8 and 24.4

inches respectively.
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5) It should be noted that the displacements given in Table 3-3

and Figs. 3-4 through 3-20 are all given at a section along

the axis of ground excitation for which the angle 0 is zero.

To determine the corresponding values at any other section,

simply multiply by cos0 the corresponding values of Section A-A

where 0 is the angle from Section A-A.

3.3.2 Dynamic pressures

Table 3-3 gives the maximum values of the dynamic pressures in

the prototype structure under various carthquake accelerograms. Figure

3-21 shows the distribution of dynamic pressures along the depth of the

tank walls and Figs. 3-22 through 3-26 are the time-history plots of the

maximum pressures at the inner and outer boundaries at Section A-A of

Fig. 1-1. From Table 3-3 and Figs. 3-21 through 3-26, we can make the

following observations:

1) The values shown in Table 3-3 for maximum pressures (pmax)

occur at the bottom of the outside wall of the tank and

they are approximately proportional to the maximum ground

acceleration to which the tank is subjected. (Compare the

values of dynamic pressure to the maximum ground accelerations

for various earthquakes in Table 3-3.)

2) The pressure distribution along the depth at the inner and

outer walls is shown in Fig. 3-21 for the prototype structure

at a maximum ground acceleration of C.34 g. It is seen that

the dynamic pressure is more uniform along the inner wall

compared with the distribution along the outer wall of the

1361 208
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tank. This distribution of dynamic pressures was taken from

the time-history analysis under El Centro earthquake at the

time of the peak ground acceleration and is valid only for

a depth of water equal to 240 inches.

3) Time-history plots of Figs. 3-22 and 3-23 show that the

dynamic pressures at the bottom of the tank along inner and

outer walls are out of phase when the depth of water is 240 inches.

However, this is not true for dynamic pressures at the bottom

of the tank at larger depths as in Figs. 3-24, 3-25, and 3-26.

Here the pressures at inner and outer walls (at the bottom of

the tank) are in phase and this fact was verified by tests.

4) The maximum pressures do not vary linearly as the depth of

water is increased (compare Figs. 3-24, 3-25 and 3-26) .

) )bk -
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4. SMALL SCALE MODEL STUDIES AND

COMPARISON WITH COMPUTER RESULTS

4.1 Introduction

Small scale model tests were conducted primarily

* To help understand the basic sloshing phenomenon on a small

readily available 4 x 3 ft shaking table.

* To compare the test results with the computer results

from the program SLOSH which was being developed sbmultaneously.

This testing program helped greatly for both the purposes mentioned

above. Based upon the visual observations regarding tangential and radial

motion of particles in certain modes, an approximate analysis was developed

(see Chapter 3) to predict the sloshing frequencies in annular tanks.

This approximate analysis is discussed in Section 2.8.

Tests were carried out on a 1/80th scale model shown in Fig. 4-1.

Natural frequencies and water displacements were measured and the test

results were compared with the computer results; a good agreement was

found between them.

Tests were also performed simultaneously on a small tank which had

the same outer diameter as the true scale model but the inner diameter

was smaller. These tests were made to study the characteristics of

damping and linearity with variation in the value of K.

The small shaking table was only capable of producing harmonic

motions, therefore, these tests were carried out under harmonic motions

only, and the response under actual earthquake ground motions was left for

the larger model on the 20 x 20 f t shaking table which can reproduce actual

carthquake accelerograms. Dynamic pressure measurements, being too low

in the small model were left for the larger model.

kb -



4-2

4.2 Model Description

Dimensions of the 1/80 scale model are shown in Fig. 4-1. Inner

and outer radii are 6 in.and 9.09 in.respectively. Height of the model

is 9 in., but the normal depth of water corresponding to the prototype

depth is 3 in. This represents a typical prototype with a = 60 ft,

b = 40 ft, and h = 20 ft. Small discrepancy in the outer radii of the

model and the prototype was due to fabrication problems.

The model was constructed out of h-inch-thick plastic and is

shown attached to the shaking table in Fig. 4-2. One-half-inch-thick

plastic was used to ensure the rigid boundary conditions and it was

estimated that the displacements of the tank walls, relative to the base,

would be negligible. This true scale model is designated Model 1 in

Fig. 4-2. The plastic model designated as Model 2 in Fig. 4-2 has the

same outside diameter as Model 1 but the inside diameter is 6 in.instead

of 12 in. Model 2 was basically constructed to study the effects of

variation of K on the linearity range.

4.3 Instrumentation

Water displacements at each point were measured by means of two

parallel stainless wires running through the depth of water and attached

to the bottom of the tank. These two wires are insulated from each other

at the bottom of the tank and the resistance across the wires is dependent

upon the water depth h in the tank (see Fig. 1-3 for the wires).

The stainlest steel wires were 0.03 in.in diameter and were spaced

0.25 in. apart. The top end of the wires was connected in a four-arm bridge
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circuit across 10 resistance as shown in a schematic diagram of Fig. 4-3.

Steel wires were connected across a low resistance (10) so that the

bridge circuit would remain linear for fairly large variations in the

depth of water. Input to the bridge circuit was given by means of a

Valedyne carrier demodulator as seen in Figs. 4-2 and 4-3. Carrier

demodulator had to be used in order to avoid electrolysis of water.

The bridge was initially balanced when the water was at rest and

any variation of water depth in the tank thus caused a change in the

resistance across the wires, unbalancing the bridge and giving an output

across AC (Fig. 4-3). Thus a continuous output across AC could be measured

and related to the water depth. Calibration was done by changing the

depth of water by a known amount and measuring the voltage output across

AC. During sloshing experiments the output across AC was continuously

plotted by means of an oscillograph connected to the bridge across AC,

as shown in Figs. 4-2 and 4-3.

Models 1 and 2 both were instrumented with two displacement gages

(steel wires). Each displacement gage was located at a distance of 0.2 in.

from the walls and along the axis of the shaking table motion (see Fig. 1-3).

Acceleration of the shaking table was measured by an accelerometer

(see Fig. 1-3) attached to the table and the output was connected to the

oscillograph via an amplifier for a continuous record. As a further

check on the accuracy of the accelerometer, the displacements of the

shaking table were also recorded from the MTS control panel and the

accelerations were computed from displacements knowing the frequency of

the sinusoidal motion.

The frequency of the shaking could be determined either from the

oscillographs or directly from the function generator (Fig. 4-2) .
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4.4 Shaking Table

The shaking table (Fig. 4-2) consists of a 4 x 3 ft aluminum plate

which is h-in. thick and is reinforced by 4 x 2 inch channel sections spaced

1 ft apart. The table is supported on four linear roller bearings and is

driven horizontally by a 50 kip hydraulic actuator. The table has 3/8-in.

tapped holes at 8-in. spacing through which the structure can be fixed to

the table.

The hydraulic actuator is controlled electronically via a servo-valve

as shown in Fig. 4-2. The servo-valve has a 20 gpm capacity and normally

operates at a pressure of 3000 psi. The Sydraulic actuator which drives

the shaking table has a capacity of 2.5 inches.

The electronic control system for the servo-valve consists of an

MTS Systems Corporation's supplied console (see Fig. 4-2) which acts as

an amplifier for the input signal and compares it with the feedback signal.

The input signal is generated by a function generator (shown in Fig. 4-2)

which can generate harmonic signals over a wide range of frequencies.

The input signal as generated by the function generator is fed to the

servo-valve via MTS control system's amplifiers. Servo-valve controls

the flow and pressure of oil to the hydraulic actuator and drives it

according to the input signal. Servo-valve also sends a feedback signal

to the MTS control console which compares the feedback signal with the

input signal, and the MTS system stops automatically if there is any

significant discrepancy between the input and feedback signals.
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4.5 Test Set-up and Testing Procedure

Test set-up is shown in Fig. 4-2. Models 1 and 2 were fixed to the

shaking table such that the displacement meters lie at the points where

maximum water displacements were expected. The displacement meters were

connected in the four-arm bridge and the output signal was wired to the

oscillograph through the amplifier of the carrier demodulator for a

continuous record of the water displacements. The accelerometer was

also connected to the oscillograph through the amplifier.

Before starting the actual experiment, the displacement meters

were carefully calibrated. The depth of water in the tanks was brought

to a certain level and the bridge circuit was balanced. Then water was

added to the tanks at a constant flow rate and a continuous plot of the

signal ras obtained on the oscillograph to make sure that the plot was a

straight line within the range of maximum and minimum displacements

expected in the tank. A straight-line plot ensured the linearity of the

bridge circuit. The oscillograph output was then related to the change

in water depth in the tank and scale was established between the surface

water displacements and the oscillograph output.

Af ter calibration of the displacement meters and the accelerometer,

water depth in the tanks was brought up to the required level and the

shaking table was given a sinusoidal input at a pre-solected frequency.

The amplitude of the table acceJ r ution was brought up slowly to the

required level with the help of MTS console. The frequency of the table

motion could be changed continuously with the help of the function generatoi

and this procedure was adopted to search out the sloshing frequencies.

Table acceleration and water displacements were recorded on the

oscillograph whenever desired. Frequency of the sinusoidal motion was

} )h) k
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directly read from the function generator and the amplitude of the

displacement of the hydraulic ram was also recorded directly from the

MTS control which would be the same as the amplitude of the shaking table.

Thus knowing the displacement amplitude and the frequency of the motion,

the acceleration of the table could be determined directly and was a

further check on the accuracy of the acceleration measured from the

oscillograph as recorded from the accelerometer.

It was learned during the initial part of testing that the two

displacement meters located in the same tank become coupled with each other

through water, and since they are located quite close to each other, this

caused some error due to interaction, especially when water displacements

were out of phase. In subsequent testing,therefore, caly one displacement

meter was connected in each tank except when the mode shape was required.

4.6 Determination of Natural Frequencies and Mode Shapes

To determine the natural sloshing frequencies, table was excited

at a low but roughly constant amp'itude of acceleration, and the frequency

of the sinusoidal motion was slowly increased until resonance occurred and

a marked increase in the amplitude of the sloshing water was observed.

The frequencies at which resonance occurred were recorded as these

represent the natural frequencies of sloshing. As the table motion

was horizontal only, the antisymmetric modes were excited.

Mode numbers 1 (see Fig. 4-4 for Mode 1) and 2 were very easy to

, produce and the amplitude of sloshing becomes very high even with extremely

small accelerations. Mode number 3 was rather hard to excite on account

of its rather symmetrical shape about a vertical axis passing through the
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middle of the annulus (see Fig. 3-1). Similarly, mode numbers 5, 7,

9,... and so on will be hard to excite and therefore would contribute

little to the overall response under earthquake-type of accelerograms.

Mode numbers 4, 6, 8,... and so on can be excited easily but the

amplitude of mode shapes above mode number 6 again becomes rather small

and the contribution to water displacements by higher modes would be

rather small. This fact was verified by the computer analysis which

showed that under earthquake accelerograms, the major share of the

response comes through the first and second modes. Mode number 3

contributes very little and mode number 4 contributes significantly,

and modes higher than 4 contribute very little to the sloshing response.

Table 4-1 shows the measured and computed frequencies for Models

1 and 2. ':t will be seen that whereas the numerical difference between

the first and the second natural periods is rather large, the

difference between the subsequent consecutive periods becomes small.

Table 4-1 gives *he sloshing frequencies for h = 3 in. and h = 5 in., where

h is the depth of water in the tank and it can be seen again that

changing the depth of water from 3 in.to 5 in.does not cause any appreciable

change in the natural frequencies except the first one.

During the course of testing it was observed that the particle

motion was tangential in the first antisymmetric mode and radial in all
~

the higher modes in Model 1. This can be explained on the basis of water

surface gradients. Looking at Fig. 3-1, it can be observed that there

is almost zero slope in the radial direction and the slope in the

tangential direction will be much higher (because the displacements vary

with cos0) and therefore the movement of particles will be in a tangential

direction. This, however, is not true for the second or higher modes (see

$bb ? |t
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TABLE 4-1. Test and analytical frequencies of Models 1 and 2.

Natural Sloshing Frequencies (IIz)

Mode
number Test Theory Test Theory

for h = 3 in.

1 0.70 0.70 0.90 0.88

2 3.20 3.17 2.30 2.31

3 4..a 4.47 3.20 3.22

4 5.50 5.47 3.90 3.92

for h = 5 in.

1 0.90 0.87 1.10 1.07

2 3.20 3.18 2.40 2.37

3 4.50 4.50 3.20 3.22

4 5.50 5.51 3.90 3.91
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Fig. 3-1) where the gradients are much higher in the radial direction

compared to those in the tangential direction and therefore the particle

motion should be in the radial direction for these modes. Based upon

this observation, an approximate analysis has been presented to predict

the natural frequencies in annular-circular tanks (see Section 2.8) with

comparatively higher values of K.

It was also observed that when the water was sloshing in the first

and second natural modes, it could become unstable very easily (due to

slight imperfections) and would start sloshing along an axis not aligned

with the axis of ground excitation. This instability problem may not,

however, be important for sloshing under earthquake accelerograms.

Test data regarding the mode shapes are shown in Fig. 4-5 along

with the predicted mode shapes. Test data represents only two points

since there were only two water measurement gauges near the tank walls.

The data in Fig. 4-5 relates to Model 1 only.

4.7 Determination of Damping

Damping of the sloshing mass of water was determined by exciting

the water in its first natural sloshing mode and then recording the free

vibration time history as the amplitude of the motion dies down. Two

such typical plots for Models 1 and 2 are shown in Fig. 4-6. The depth

of water in both cases was 3 in. and frequency of vibration was 0.7 Hz

and 0.9 Hz for Models 1 and 2 respectively. Similar plots were obtained

for both models for depth of water equal to 5 in.

Using decay curves of the type shown in Fig. 4-6, damping was

determined as follows.
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Let A be the amplitude of sloshing at a particular time, and Ay 2

be the amplitude after m consecutive vibrations. Then for a lightly

damped system, damping S can be detemnined from the following formula:

( ^^12'
S log *=

(2mm)

The values of the damping for Models 1 and 2 for h = 3 in.were

0.84% and 0.48% of the critical damping respectively. The corresponding

values for h = 5 in. were 0.65% and 0.36% respectively for Models 1 and 2.

It can be seen that the damping decreases as the depth is increased, as

would be expected. It can also be expected that as the tank size is

increased the damping will be reduced and very little amount of damping

can be expected in a prototype structure.

4.8 Determination of Water Displacements Under Sinusoidal Ground Motions

Water displacements were measured only at the inner wall along the

axis of ground motion in each model. The shaking table was given a

sinusoidal acceleration at a predetermined frequency; the amplitude was

brought up to the required level and the table was allowed to run for

about 30 to 60 seconds until the response of the water became steady.

When the sloshing response became steady, the oscillograph was turned on

to have a continuous plot of the water displacements and table acceleration.

Such a typical plot is shown in Fig. 4-7. The upper plot in Fig. 4-7

shows the table acceleration and the lower curves indicate the displacement

response at the inner walls of Models 1 and 2. It is clear from this
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figure that the response is steady state.

Using such plots as shown in Fig. 4-7 for each test, the amplitudes

of ground acceleration and water displacements were determined. Amplitude

of the ground acceleration was also detenmined from the recorded displace-

ment amplitude as read directly on the MTS console as a double check.

Frequency of the motion was recorded from the function generator. Tests

were made for various frequencies and level of ground accelerations as

shown in Table 4-2. This table shows the frequency and the amplitude

of acceleration of the sinusoidal motion of the shaking table along with

the measured and predicted values of the displacements at the inner walls

of Models 1 and 2.

The data given for Model 1 in Table 4-2 can be applied to the

prototype structure using the laws of simlitude. Let L = Model/ Prototype

scale ratio.

From dimensional analysis, it can be shown that if the frequencies

of sinusoidal ground motion are scaled by a factor of VL , then the

displacements in the prototype can be obtained by multiplying the model

displacement values by a factor 1/L -
r

4.9 Comparison of Test and Analytical Results

4.9.1 Frequencies and mode shapes

Comparison between the test and predicted frequencies for Models 1

and 2 is shown in Table 4-1. The results are given for water depths

equal to 3 in. and the frequencies are given in Hz. It can be

seen in Table 4-1 that the agreement between the test and analytical

bbh-
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TABLE 4-2. Sloshing response of water in Models 1 and 2
under sinusoidal ground accelerations (h = 3 in . ) .

Maximum Displacement at Inner Wall (Inches)
Model 1 Model 2

Frequency Acceleration Test Test
(Hz) (g) Test Theory Theory Test Theory Theory

0.6 0.00195 0.047 0.051 1.08 0.013 0.014 1.08

0.6 0.00390 0.103 0.102 0.99 0.026 0.028 1.08

0.6 0.00490 0.138 0.128 0.93 0.034 0.035 1.03

0.6 0.00585 0.167 0.153 0.92 0.040 0.042 1.05

1.2 0.00780 0.042 0.045 1.07 0.073 0.080 1.09

1.2 0.0156 0.087 0.090 1.03 0.150 0.160 1.06

1.2 0.0234 0.128 0.135 1.05 0.224 0.240 1.07

1.2 0.0312 0.184 0.180 0.98 0.308 0.321 1.04

2.0 0.0212 0.070 0.070 1.00 0.214 0.234 1.09

2.0 0.0265 0.081 0.087 1.07 0.275 0.293 1.06

2.0 0.0319 0.101 0.105 1.04 0.344 0.353 1.03

2.0 0.0424 0.137 0.139 1.01 0.450 0.469 1.04

2.0 0.0530 0.168 0.174 1.04 0.580 0.586 1.01

3.7 0.0146 0.054 0.047 0.87 0.036 0.039 1.08

3.7 0.0291 0.110 0.094 0.86 0.072 0.079 1.10

3.7 0.0437 0.160 0.140 0.88 0.112 0.118 1.05

3.7 0.0582 0.217 0.186 0.86 0.150 0.157 1.05

3.7 0.0742 0.271 0.237 0.88 0.196 0.201 1.03

_ _ _

-

. .

O
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results is very good and within acceptable limits of e4?eri-c..tal error.

Comparison between the test and analytically predicted mode shapes

is shown in Fig. 4-5 for Model 1. The experimental values are given at

only two points near the tank walls and the comparison has been made for

mode shapes 1 and 2 only. It can be seen that the agreement between the

test and predicted values is excellent for the first mode but slightly off

for second mode shape. The reason for the discrepancy in the second mode

was attributed to interaction between the displacement meters because of

the fact that the water displacements are in opposite phase. This

interaction problem does not cause any measurement errors in the first

mode because in this case the water motion is in phase and of the same

amplitude at the inner and outer walls and this matches exactly the

conditior.s under which the calibration of the displacement meters was done.

4.9.2 Forced harmonic response

Test and analytical results of water displacements at the inner

wall of Models 1 and 2 are shown in Table 4-2 for sinusoidal ground motions.

All tests represent a steady-state response and the water depth was always

3 in. Table 4-2 shows the frequencies and amplitude of sinusoidal ground

motion. The amplitude of the ground motion is given in terms of acce>eration

in g's and frequency is given in Hz. In addition to the test and predicted

values of displacements of water surface (given in inches) , Table 4-2 also

shows the ratios between the test and theoretical displacement values

indicating error on the basis of test values. It should be remembered

. that the steady-state sloshing response under harmonic ground acceleration

will also be harmonic with the same frequency as the ground excitation
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frequency. Thus the water displacement values given in Table 4-2

represent the sloshing amplitude.

In Table 4-2, it can be seen that the agreement between the test

and analytical results is generally within 10% except for a few values

of Model 1. It can also be seen that in Model 2 the test results are

always lower than the analytical results, but this is not true for Model 1

indicating that damping (viscosity) is probably not the major source of

discrepancy between the two results. If it were so, then test results

should always be lower compared with the analytical results which

neglect the viscosity (damping) of water.

Figures 4-8 and 4-9 show the comparison of test and analytical

water displacements (time-history plots) at the inner wall of Models 1

and 2 respectively. The comparison is shown by superimposing the test

results (dotted line) over the analytical results (solid line) by the

middle curves in Figs. 4-8 and 4-9. Ground motion frequency and

acceleration amplitude was 1.2 Hz and 0.0312 g, respectively, and is

represented by the upper curves in Figs. 4-8 and 4-9. It can be seen

that the agreement between the test and computer results is good in this

case and is within 4% as may be seen in Table 4-2.

Figure 4-10 shows the variation of sloshing response displacements

at inner walls of Models 1 and 2 under sinusoidal ground accelerations

of frequency 2 Hz and varying amplitude of motion. Figure 4-10 shows

both the test and analytical values as given in Table 4-2. It can be seen

that the displacements increase linearly with an increase in the ground

motion amplitude within the limits indicated in Fig. 4-10. It is clear

#that thee test values agree well with the theoretical linear line, indicating

that the sloshing response is in fact quite linear in the range of Fig. 4-10.
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5. LARGE SCALE MODEL TESTS AND COMPARISON

OF COrdPUTER AND TEST RESULTS

5.1 General

The purpose of these tests was to check the accuracy of the

analytical model and to determine the reage in which the linear solution

is satsifactory. These tests were conducted under simulated earthquake

ground motions on the 20 x 20 ft shaking table located at the Earthquake

Engineering Research Center, University of California, Berkeley. The

test model consisted of an 8-f t-diameter steel tank and the quantities

measured included the water surface displecements and dynamic pressures.

The effect of the vertical ground acceleration on the sloshing response

was also studied in these tests.

Tests were carried out with and without a damping mechanism present

in the tank and the value of damping was determined in both cases. Details

of the model, instrumentation, testing procedure, and comparison with the

anal 3cical results are presented in this chapter.

5.2 Model Description and Instrumentation

Figure 5-1 shows a 1/15th scale model of a pressure-suppression

pool used in boiling-water reactors. The external and internal radii of

the model were 48 in.and 33.2 in., respectively, and the height was 48 in.

The model was made of steel with 1/4-in.-thick walls which were

welded to a 3/4-in.-thick base plate. The tank walls were stiffened in

the vertical and horizontal directions by means of 3/16 x 2 x 2-in.-angle iron

as may be seen in Fig. 5-1. The tank was provided with nine observation.
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windows in one-half of the tank. Each observation window was 8 x 40-in.

and was fitted with 1-in.-thick lucite, having grid lines to indicate

the relative motion of water. The observation windows were used to make

a movie showing the water motion.

The tank was instrumented with six water displacement gages and

three pressure gages. The location of the water gages is shown in Fig. 5-2.

Figure 5-4 is a close-up view of water gages 4 and 5. Note that in Fig. 5-4

there is also a water gage in between gages 4 and 5 but it was disconnected

to overcome interaction problems. These water gages work on the same

principle as explained in Chapter 4.

The location of the pressure gages is shown in Fig. 5-3. A

close-up view of the location of gage numbers 1 and 2 can also be seen

in the photograph of Fig. 5-5. At location number 1, the pressure gage

has been removed while location number 2 shows both the gage and the

adapter (Fig. 5-5). These pressure gages are of a piezoelectric type

and measure the dynamic pressures.

5.3 Internal Damping System

Since the internal damping of the water system is very low, it was

considered highly desirable to study the effect of introducing an artificial

damping mechanism which would create turbulence and thus increase energy

loss. The design chosen for this internal damping mechanism is shown in

Fig. 5-6. This design was based both on the initial observations in the

small scale model studies, and also on computer analysis of the sloshing

behavior of water in such annular tanks under actual earthquake ground

motions. It was pointed out in Chapter 4 that the motion of the water
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particles in the first and second antisymmetrical modes is tangential

and radial respectively. The computer analysis showed that the second

mode is the dominant mode of sloshing in such annular tanks under earth-

quake accelerograms (see Chapter 3) with significant contribution from

the first mode.

Based upon the observation mentioned above the design shown in

Fig. 5-6, which consists of a circular screen and four radial sections,

was selected. The diameter of the circular screen was 6 ft, 9 in.and

the screen was 3 ft high. The screen was made up of 3/64-in.-thick

aluminum sheet with 1/8-in.-diameter holes. The ratio of the open area to

the closed area was roughly 3 to 2. The circular portion of the screen

was designed to offer resistance to the radial motion (i.e., to second

mode sloshing) of the water, whereas the four radial sections of the

screen were designed to reduce the water motion in the tangential direction

(i.e., to first mode sloshing). The circular screen was stiffened by

means of vertical strips of aluminum which were then fastened to the tank

walls at the top and bottom by means of horizontal strips (see Figs. 5-1

and 5-6). Figure 5-1 shows the damping system placed and fastened inside

the tank.

5.4 Shaking Table and Associated Systems

The shaking table is located at the University ot California

Richmond Field Station. It has plan dimensions of 20 ft x 20 f t, with one

horizontal and the vertical degrees of freedom. It may be used to subject

structures weighing up to 100 kips to motions of about twice the intensity

of the N-S component of El Centro (1940) earthquake. , ,
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Figure 5-7 (a) shows the shaking table with the tank model pre-

stressed to it. The shaking table is constructed with a combination of

reinforced and prestressed concrete and may be considered as a 1-ft-thick,

20-f t-square plate stiffened with heavy ribs. The table, which weighs

100 kips, is driven horizontally by three 50-kip hydraulic actuators

and vertically by four 25-kip hydraulic actuators. The horizontal and

vertical actuators are 10-ft, 6-in.and 8-ft, 8-in.long, and are equipped

with 200 gpm and 90 gpm servo-valves, respectively. These actuators are

located in a pit beneath the table.

When the table is in operation, the air within the pit and beneath

the shaking table is pressurized so that the total dead weight of the

table and test structure is carried by the pressurized air. Because the

dead weight is balanced by air pressure, the four vertical actuators can

accelerate the table to a maximum of 1 g vertically. The three horizontal

actuators can accelerate the table up to 1.5 g horizontally. The actuator

forces are reacted by a massive reinforced concrete foundation weighing

1,580 kips.

The electronic MTS control system for the shaking table is shown

in Fig. 5-7 (b) and controls five degrees of freedom of the table. The

sixth degree of freedom, which is one of the horizontal translations, is

controlled by a sliding mechanism. Normally the pitch, roll and yaw (twist)

command signals are zero, and the horizontal and vertical command signals

represent translational and displacement time histories of an earthquake

record.

Associated with the table is a data acquisition and processing

system which is based on a NOVA-1200 minicomputer operating in conjunction
,
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with a Diablo-31 moving-head magnetic disc unit (see Fig. 5-8). The data

acquisition and processing system is used for three main purposes:

1) Generation of command signals in the form of displacement

time histories

2) Acquisition of data from up to 128 transducers that monitor

the behavior of the test structure and shaking table

during a test

3) Processing of test data

The shaking table command signals must be in the form of displace-

ment time histories and the NOVA computer is used to derive this from the

acceleration records. The original acceleration tLme histories may bo

fed to the computer by means of the teletype keyboard or the teletype

paper tape reader. The time histories of the required earthquake arc

checked to see if the maximum values of acceleration, velocity or displace-

ment will exceed the limits on the shaking table motion. After satisfactory

displacement time histories are available for both the hcrizontal and

vcrtical command signals, they are fed via a digital-to-analog converter

to an analog tape recorder. The signals are stored there until they are

required for a test, and at that time are fed to the MTS Control Console.

During a test the minicomputer is dedicated to the collection of

data. Analog signals originating in accelerometers, LVDT's, etc, are

fed to amplifiers, multiplexers, and an analog-to-digital converter

housed in the Neff System 620. It is possible to sample up to 128 analog

channels at a rate of 100 samples per second per channel. The sampled

data is stored initially on the disc, and if permanent storage is desired,

the data is transferred to the nine-track Wang digital-magnetic tape
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recorder. The computer is also used to process test data stored on the

disc or on the magnetic tape recorder, as well as to plot the complete

time history of the signal of any channel on the versatec printer / plotter.

5.5 Test Set-up

The tank model was prestressed. to the shaking table by means of

five lh-in.-diameter steel rods located at the four corners and in the

center of the tank. Water displacement gages and the pressure gages

were connected to the data acquisition system of the shaking table and a

careful calibration was done.

Linearity of the water displacement gages was established by varying

the water level in the tank. Under normal conditions of operation, the

water depth in the tank should be 16 in. (corresponding to the 20-ft depth

in prototype) and therefore to ensure a sufficient linear range of water

displacement gages, the water depth ir. the tank was increased to 20 in.

initially and then water was pumped out of the tank at a constant rate to

a depth of 12 inches. A visicorder trace was obtained between the water

gage output and time which were straight lines indicating that the water

displacement gages are linear.

Water displacement gages were calibrated to give the displacements

directly in inches and the pressure gages gave the pressures in psi.

Before the start of actual tests, water depth was t.rought to the required

level of 16 inches and each test was started with zero initial conditions.

Tests were also done with twice the normal depth of water and the linearity

of the water gages was again checked by varying the depth of water in

the tank between 36 inches and 28 inches.
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5.6 Testing Procedure

Tests were conducted for sinusoidal motions as well as actual

earthquake accelerograms. The time scale of the earthquake records was

reduced by a tactor of V15 to correctly represent the similitude

requirements.

Before starting each test, the water in the tank was brought to a

standstill and the shaking table was given the appropriate motion; the

resulting data was digitized at a rate of 100 samples per second and

stored tamporarily on the disc. The digitized data included the water

displacement, dynamic pressures and the horizontal and vertical displace-

ments and acclerations of the shaking table. This digitized acceleration

data were used to carry out the computer analysis for comparison with

the test data regarding the water surface displacements and dynamic

pressures.

At the end of each test, maximum and mi7imum values of the

response quantities and the shaking table data were printed out for a

spot check to see if everything was working properly. In certain cases

when it was felt necessary, versatic plots were also obtained shortly

after the test, but this was not done for every test as it was a rather

slow process. Later on the data was transferred to a magnetic tape

for permanent record and for subsequent processing and plotting of the

data on the CDC-6400 computer.

The normal length of digitized records was about 10 seconds for

each test except the tests which were conducted for determining the damping.

The procedure of testing was also somewhat different in these tests. In

the damping terts, the table was moved sinusoidally to excite the

kbh .
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furaamental sloshing mode and then it was stopped when sufficient sloshing

response was built up. A 50-second decay curve was used to determine

the effective damping.

5.7 Sequence of Tests

The series of tests which were carried out on the 8-ft-diameter tank

can be classified into two main categories:

A) Tests without internal damping mechanism

B) Tests with internal damping mechanism.

In both series A) and B), tests were conducted at water depths of 16 inches

and 32 inches. In these tests, 16 in. represents the scaled water depth

at which a typical pressure-suppression pool of water in boiling water

reactors is operated. The purpose of the tests at double the normal

depth was to study the effect of the variation of water depth on the

sloshing response.

Test series A) and B) can be subdivided into the following

categories:

1) Free sloshing tests to determine the damping and to study

the variation in damping with variation in water depth.

2) Sloshing tests under El Centro earthquake of 1940: These

tests were carried out for various intensities of maximum

ground acceleration ranging from 0.2 g to 0.6 g which were

useful in determining the range of linearity. (Note the

recorded maximum acceleration in this case is 0.32 g.)

Tests under El Centro earthquake were repeated with and without
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the presence of the actually recorded vertical ground motion.

This was found helpful in establishing the fact that vertical

ground nations do not significantly affect the sloshing

response.

3) Sloshing tests under Parkfield earthquake (1966): Tests for

Parkfield accelerogram were also conducted for various intensities

of ground acceleration ranging from 0.3 g to 0.9 g. These tests

were carried out to study a change in the characteristics of

sloshing response with a different earthquake record. It will

be seen later (in the next section) that the sloshing mode in

2) and 3) are essentially the same.

5.8 Test Data

A summary of the test data is presented in this section, including

damping values, a summary of the extreme values, and time-history plots

of some selected data.

5.8.1 Damping values

Table 5-1 summarizes the damping values for the 8-ft steel tank

model. These values which represent the percent of the critical damping

were calculated using the digitized data from the free vibration tests on

the model. The damping values are 0.4% and 0.2% for water depths of 16

inches and 32 inches, respectively, when there was no internal damping

mechanism present. These damping values are applicable to the model only

and it is anticipated that the damping values for the prototype will be

smaller. It is interesting to note that the damping value for the small
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TABLE 5-1. Damping values for sloshing in
8-ft-diameter steel tank.

--

Water depth = 16 inches Water depth = 32 inches

Without With Without With
screen screen screen screen

0.4% 4.5% 0.2% 3.4%

lucite model (Chapter 4) was 0.84% compared to 0.4% in the 8-ft model,

although the 8-ft steel tank model had a rougher surface compared to that

of the lucite model.

The damping values for the large-scale model in the presence of

the damping screens increased considerably and are 4.5% and 3.4% for

16-in.and 32-in. depths, respectively (see Table 5-1).

5.8.2 Extreme values

Table 5-2 gives the extreme values for all the tests carried out

in this study on the 8-ft model. This table shows the test number, the

name of the earthquake, maximum horizontal and vertical ground acceleration

(in g's), water depth in the tank (in inches), maximum and minimum (i.e.,

maximum upwar6 and downward displacements), surface water displacements

(in inches) at water gage locations 1, 5, 2, 4, and maximum dynamic

pressures (in psi) at pressure gage locations 1, 2 and 3. Note that W-1

means water displacement at water gage location 1, and P-1 means dynamic

pressure at pressure gage location 1, etc.

Water displacements at locations 3 and 6 are not given in Table 5-2

because they are normally close to zero as expected (under perfect symmet-

rical conditions, they should be zero for horizontal ground excitation).

kbh h



TABLE 5-2. Extreme values for Test Series A (without damping mechanism).

Ground Water Displacements Dynamic Pressures
Acceleration maximum / minimum (inches) maximum (psi)

'
Test No. Earth- depth

quake Horiz. Vert. (in) W-1 W-5 W-2 W-4 P-1 P-2 P-3

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)

171276.1 El Centro 0.18 0. 16 0.7/0.7 0.7/0.6 0.8/0.7 0.9/O.9 0.081 0.076 0.034

.2 El Centro 0.33 0. 16 1.5/1.3 1.3/1.1 1.9/1.4 1.9/1.6 0.140 0.113 0.061

.3 El Centro 0.48 0. 16 2.7/2.0 2.3/1.8 2.9/2.2 3.8/2.5 0.190 0.161 0.068

.4 Park field 0.30 0. 16 0.8/0.7 0.6/0.6 0.8/0.8 0.9/0.7 0.115 0.092 0.054

.5 Parkfield 0.58 0. 16 1.7/1.2 1.3/1.1 2.0/1.5 1.8/1.4 0.215 0.181 0.087

.6 Park field 0.87 0. 16 2.8/1.9 2.2/1.6 2.9/2.1 2.8/2.1 0.295 0.246 0.138

201276.3 El Centro 0.00 0.11 16 0.0/0.0 0.0/0.0 0.1/0.0 0.0/0.0 0.062 0.044 0.059

.4 El Centro 0.08 0.00 16 0.3/0.3 0.4/0.4 0.5/0.4 0.5/0.5 0.038 0.038 0.021

.5 El Centro 0.08 0.10 16 0.4/0.3 0.4/0.4 0.5/0.5 0.5/0.5 0.088 0.058 0.102

.6 El Centro 0.15 0.10 16 0.7/0.5 0.6/0.6 0.8/0.7 0.8/0.9 0.110 0.076 0.100

.7 El Centro 0.22 0.10 16 0.8/0.8 0.9/0.8 1.4/1.0 1.2/1.2 0.127 0.091 0.100

.8 El Centro 0.23 0.21 16 0.7/0.8 0.9/O.7 1.3/1.1 1.2/1.1 0.223 0.158 0.220

.9 El Centro 0.29 0.14 16 1.1/1.1 1.3/1.1 1.9/1.4 1.8/1.5 0.125 0.110 0.097

.10 El Centro 0.29 0.30 16 1.1/1.0 1.2/1.0 1.8/1.4 1.7/1.5 0.217 0.152 0.209

.11 El Centro 0.44 0.14 16 2.0/1.6 2.0/1.6 2.8/2.1 3.1/2.3 0.175 0.145 0.125

.12 El Centro 0.41 0.30 16 1.8/1.5 1.8/1.7 2.8/1.9 2.9/2.2 0.249 0.178 0.218

.13 El Centro 0.43 0.44 16 1.7/1.5 1.8/1.7 2.6/2.0 2.9/2.2 0.373 0.261 0.322

.14 El Centro 0.65 0.15 16 5.2/2.9 4.6/3.4 7.5/4.9 7.1/4.7 0.266 0.227 0.166
~}}
C7' .15 El Centro 0.65 0.30 16 4.4/3.3 4.6/3.1 7.9/6.9 7.3/5.6 0.277 0.211 0.218
9

.16 El Centro 0.55 0.14 16 3.7/2.4 3.7/2.8 6.1/3.8 5.6/4.0 0.219 0.182 0.139

N
w continued . . .
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TABLE 5-2 (continued)

Ground Water Displacements Dynamic Pressures
Acceleration maximum / minimum (inches) maximum (psi)"

Test No. Earth- depth

quake Horiz. Vert. (in) W-1 W-5 W-2 W-4 P-1 P-2 P-3
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)

201276.17 El Centro 0.55 0.29 16 3.5/2.5 3.5/2.4 5.6/3.6 5.6/3.5 0.299 0.218 0.213

.18 El Centro 0.08 0.0 16 0.4/0.4 0.4/0.4 0.5/0.5 0.5/0.6 0.031 0.027 0.025

.19 El Centro 0.13 0.0 16 0.6/0.6 0.7/0.7 0.9/0.8 0.8/0.9 0.055 0.043 0.022

.20 El Centro 0.21 0.0 16 0.8/0.8 0.9/0.8 1.3/1.1 1.3/1.2 0.091 0.077 0.048

.21 El Centro 0.31 0.0 16 1.3/1.2 1.4/1.2 1.9/1.5 1.9/1.6 0.124 0.112 0.053

.22 El Centro 0.38 0.0 16 1.9/1.5 1.9/1.6 2.6/1.9 2.8/2.1 0.147 0.127 0.067

.23 El Centro 0.46 0.0 16 2.8/2.1 2.8/2.2 3.7/2.7 4.6/3.1 0.194 0.170 0.080 p
211276.1 El Centro 0.24 0.0 16 0.9/0.9 0.9/0.8 1.2/1.0 1.2/1.2 0.096 0.086 0.032 U

.2 El Centro 0.44 0.0 16 2.2/1.7 2.1/1.8 2.5/2.0 3.4/2.3 0.164 0.149 0.063

.3 El Centro 0.56 0.0 16 4.3/2.7 3.5/3.0 5.8/4.5 6.0/4.0 0.207 0.184 0.088

.4 Parkfield 0.39 0.0 16 1.0/0.8 0.9/0.8 1.2/1.0 1.2/1.1 0.152 0.130 0.059

.5 Parkfield 0.60 0.0 16 1.7/1.5 1.4/1.3 2.2/1.8 2.1/l.6 0.251 0.215 0.093

.6 Parkfield 0.76 0.0 16 2.2/1.7 1.8/1.4 2.9/2.2 2.9/1.9 0.306 0.264 0.116

.7 Parkfield 0.87 0.0 16 2.6/1.7 2.1/1.6 3.0/3.0 2.8/2.2 0.351 0.296 0.109

.8 El Centro 0.39 0.26 16 1.6/1.4 1.9/1.5 2.1/l.7 2.6/2.0 0.185 0.129 0.135__,

L/4 .9 El Centro 0.54 0.39 16 3.5/2.5 3.3/2.6 4.5/2.8 4.9/3.3 0.310 0.220 0.188
Ch
42. .10 El Centro 0.20 0.0 32 0.8/0.9 0.8/0.8 1.2/1.0 1.0/1.0 0.179 0.178 0.065

.11 El Centro 0.29 0.0 32 1.3/1.2 1.2/1.2 1.8/1.4 1.5/1.3 0.236 0.237 0.079py

]]j .12 El Centro 0.39 0.0 32 1.9/1.6 1.7/1.6 2.5/1.8 2.2/1.7 0.294 0.295 0.093

.13 El Centro 0.47 0.0 32 2.8/2.0 2.6/1.9 3.5/2.3 3.6/2.2 0.354 0.350 0.118

continued . . .



TABLE 5-2 (continued)

Ground Water Displacements Dynamic Pressures

Acceleration maximum / minimum (inches)
maximum (psi)

g

.. Test No. Earth- depth

quake Horiz. Vert. (in.) W-1 W-5. W-2 W-4 P-1 P-2 P-3

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)

211276.14 El Centro 0.54 0.0 32 3.8/2.9 3.9/2.9 5.3/3.4 5.6/3.2 0.426 0.422 0.172

.15 Parkfield 0.39 0.0 32 1.1/0.9 0.8/0.9 1.2/1.1 1.0/0.9 0.303 0.294 0.104

.16 Parkfield 0.60 0.0 32 1.9/1.5 1.5/l.4 2.4/1.7 1.8/1.4 0.470 0.458 0.165

.17 Parkfield 0.86 0.0 32 2.9/1.9 1.7/1.7 3.8/2.8 2.1/1.8 0.629 0.615 0.219

Extreme Values for Test Series B (with damping mechanism)

291276.1 El Centro 0.22 0.0 16 0.4/0.8 0.6/0.7 0.6/0.7 0.5/0.9 0.095 0.085 0.035

.2 El Centro 0.32 0.0 16 0.5/1.0 0.7/0.8 0.8/1.0 0.7/1.0 0.126 0.111 0.044

.3 El Centro 0.41 0.0 16 0.7/1.2 1.0/0.8 1.0/1.1 0.9/1.1 0.149 0.134 0.053

.4 El Centro 0.48 0.0 16 0.8/1.3 1.2/0.9 1.2/1.2 1.1/1.3 0.170 0.147 0.077

.5 El Centro 0.57 0.0 16 1.0/1.5 1.3/1.1 1.3/1.4 1.2/1.7 0.228 0.198 0.082

.6 El Centro 0.67 0.0 16 1.2/1.7 1.5/l.2 1.7/1.5 1.5/1.8 0.266 0.230 0.108

.7 El Centro 0.39 0.23 16 0.7/1.2 1.0/0.9 1.0/1.2 0.9/1.2 0.160 0.120 0.122

.8 El Centro 0.57 0.40 16 1.0/1.6 1.4/1.1 1.5/1.5 1.3/1.6 0.300 0.200 0.224

.9 Park field 0.36 0. 0 16 0.7/0.7 0.6/0.7 0.7/0.8 0.8/0.7 0.130 0.115 0.058
-

.10 Parkfield 0.53 0.0 16 1.0/0.9 0.8/0.8 1.0/1.1 1.2/0.9 0.210 0.167 0.097g
* .11 Park field 0.62 0.0 16 1.1/1.0 0.9/0.9 1.1/1.2 1.4/1.0 0.239 0.200 0.126

N .12 Parkfield 0.76 0.0 16 1.2/1.2 1.1/1.1 1.3/1.4 1.7/1.1 0.300 0.225 0.126

.13 Parkfield 0.87 0.0 16 1.4/1.4 1.2/1.1 1.6/1.5 1.8/1.2 0.320 0.263 0.145

continued . . .



TABLE 5-2 (centinued)

Ground Water Displacements Dy.amic Pressures
Acceleration aximum/minimu (in hes) maximum (psi)We

Test No. Earth- depth
quake Horiz. Vert. (in] W-1 W-5 W-2 W-4 7-l P-2 P-3/

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)

291276.16 El Centro 0.31 0.0 32 0.7/0.9 0.8/0.7 0.8/0.9 0.7/0.9 9.228 0.212 0.074
.17 El Centro 0.38 0.0 32 0.8/1.1 1.0/0.9 1.0/1.1 0.9/1.1 0.288 0.287 0.116
.18 El Centro 0.57 0.0 32 1.1/1.5 1.4/1.0 1.4/1.4 1.2/1.5 0.408 0.396 0.181
.19 El Centro 0.71 0.0 32 1.3/1.7 1.5/1.2 1.8/1.5 1.3/1.7 0.497 0.503 0.238
.20 Parkfield 0.40 0.0 32 0.7/0.7 0.7/O.7 0.7/O.8 0.8/0.6 0.298 0.297 0.100
.21 Parkfield 0.59 0.0 32 0.8/1.3 1.0/1.1 0.9/1.5 1.2/1.0 0.487 0.440 0.167
.22 Parkfield 0.84 0.0 32 1.5/1.6 1.3/1.4 1.7/1.7 1.8/1.2 0.640 0.600 0.210 m

-
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5.8.3 Time-history plots

Figures 5-9 through 5-26 are the Calcomp plots showing the time-

history response at water gage locations 1, 2, 4 and 5, which were

obtained from the digitized data kept on the magnetic tape. These

representative test results are given to support the general observations

of Section 5-11.

Figures 5-9 through 5-12 show the sloshing response of water under

El Centro earthquake (1940) for various ground intensities ranging from

0.24 g to 0.60 g. By comparing these figures, it can be seen that the

response clearly becomes nonlinear at 0.6 g.

Figures 5-13 through 5-16 show the sloshing response of water

in the annular tank model when subjected to the Parkfield earthquake

(1966). Maximum ground accelerations vary from 0.39 g to 0.87 g and the

vertical ground accelerations are zero. It can be seen that the response

under Parkfield accelerogram is much lower compared with that under the

El Centro earthquake (for a given intensity of maximum acceleration)

because of the smaller duration of the Parkfield earthquake and

different frequency contents. Water displacements under Parkfiald

earthquake are only about 50% of those under El Centro earthquake, but

the dominant mode of vibration is the same in both cases.

Figures 5-17 and 5-18 show the sloshing response under El Centro

earthquake and include both the horizontal and the vertical ground motions.

Comparison of Figs. 5-17 and 5-18 with Figs. 5-11 and 5-12, respectively,

show's that addition of the vertical ground motion has small effect

}jhk 2fbeven in the nonlinear range of sloshing.

Figures 5-19 through 5-21 show the sloshing response under El Centro

when the depth of water in the model is changed to 32 inches (twice the
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normal operating depth) . Comparison of Figs. 5-19, 5-20 and 5-21 with

Figs. 5-10, 5-11 and 5-12,respectively, reveals that the water surface

displacement remains virtually unaffected by the change in water depth.

Figures 5-22 through 5-25 show the time histories of water surface

displacements under El Centro carthquake with the internal damping

system (damping screens) present in the tank model. Comparing Figs.

5-22, 5-23 and 5-24 with Figs. 5-10, 5-11 and 5-12, respectively, it

can be seen that the presence of damping screens both reduces the

maximum response and shortens the decay tbne as would be expected. It

is interesting to note that in the absence of damping mechanism (Figs.

5-11 and 5-12), the sloshing response actually grows after the end of

the earthquake and the maximum displacements actually occur well after

the ground motion has already stopped. Comparison of Figs. 5-24 and

5-25 show that vertical ground acceleration has no effect on the response.

Figure 5-26 shows the sloshing response under Parkfield earthquake

with the damping mechanism present in the tank model. Comparison of

Fig. 5-26 with Fig. 5-16 shows the response with and without damping

screens for the same ground motion intensity.

Figures 5-27 through 5-30 are the time-history plots of the

pressure response at pressure gauge locations 1, 2 and 3 under El Centro

earthquake. Figures 5-27 and 5-28 show the pressure response with and

without the damping screen indicating no change in the impulsive pressures

at the walls. Figure 5-29 shows the effect of vertical ground motion

on the pressures. Note that the dynamic pressures are directly affected

whereas the water displacements are note affected in any significant

way as noted earlier. Figure 5-30 is the pressure response at the same
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location but the depth of water was changed to 32 in. Figure 5-31 is

the pressure response under Parkfield earthquake. In addition to the

pressures, Figs. 5-27 through 5-31 also show the water displacements

at water gage location 3 which are quite small.

5.9 Comparison of Test and Analytical Results for Annular Tank

Comparison of the measured and analytical results in the case of

water surface displacements and dynamic pressures shows a good agreement

for small displacements. Comparison of surface displacements is shown

in Figs. 5-32 through 5-38. Figures 5-39, 5-40, and 5-41 show a similar

comparison between the pressures at pressure gage 1. A brief discussion

on the comparison is given below.

5.9.1 Water displacements

Figure 5-32 shows time-history plots of water surface displacements

at the inner (water gage location no. 4) and outer (water gage location

no. 5) walls. The thinner line in both cases represents the measured

results. Water depth in the tank was 16 inches. The same results are given

for 32 in. water depth in Fig. 5-33. The intensity of ground shaking in

Figs. 5-32 and 5-33 is about the same and the accelerogram is the

horizontal record of the El Centro earthquake of 1940. The maximum

ground acceleration is 0.24;in Fig. 5-32 which is roughly 80% of the

recorded value. It can be seen that the agreement between the theory

and test results is quite good. Figure 5-34 shows comparison of the same

results under the full intensity of the El Centro earthquake and the

l.3hk
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agreement between the measured and predicted results is still quite

satisfac tory.

Figures 5-35 and 5-36 show similar comparison at water depths of

16 in.and 32 in. The intensity of the ground shaking in both of these

figures is approximately 401 higher than the actual recorded motion of

the El Centro earthquake. It will be observed in Figs. 5-35 and 5-36

that there is a good agreement in the initial part of these plots, but

as the amplitude of the measured response grows and clearly becomes

nonlinear, the discrepancy between the test results and tne linear

analytical solution increases. In the nonlinear range the measured

displacements are much higher than the analytical (linear) results.

It can also be observed that the change in the sloshing period is quite

small even with the large nonlinearities in the response motion.

Figures 5-37 and 5-38 show comparisons of the water displacements

under Parkfield earthquakes. The maximum ground accelerations in

Figs. 5-37 and 5-38 are 0.39 g and 0.60 g respectively. Again it can

be seen that the agreement between the test and analytical results is

quite good,
o

Based upon these comparisons it can be concluded that the linear

theory gives satisfactory results as long as average surface slopes are

less than 25%.
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5.9.2 Pressures

Figures 5-39 and 5-40 show the time-history plots of measured

and predicted pressures at the base of the outer wall (pressure gage

location 1) under the El Centro earthquake for water depths of 16 in.and

32 in. Figure 5-41 shows the same comparison under the Parkfield earth-

quake with a depth of water equal to 16 in. It will be seen from these

figures that the test ar.d theoretical results match each other quite
*

closely.

5.10 Comparison of Test and Analytical Results for a Simple
Circular Tank

It was pointed out in Chapter 4 that the theoretical results

for the annular tank can also be applied to simple-circular tanks which

is a limiting case of an annular tank as the inner radius of the

annular tank approaches zero.

Figure 5-42 shows a comparison between the measured and analytical

results for dae surfare displacements at the tank walls under El Centro

earthquake (1940) motion. The test results were available from another

study [16} on a 12-ft-diameter flexible tank. The height of the tank

was 6 f t and the water depth was 5 ft. It can be seen in Fig. 5-42

that the agreement between the test and analytical results is quite

good and the response is well within the linear range. The flexibility

of the tank does not seem to have any appreciable effect on the

sloshing response.

)[h
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5.11 Discussion and Important Observations on Test Results

The following observations can be made from the test results

for the sloshing and pressure response in annular and simple-circular

tanks under earthquake ground motions.

5.11.1 Effect of vertical ground motion

Vertical ground motion alone does not produce any sloshing

response but it does produce dynamic pressures as may be seen in

Table 5-2 (Test IJo. 201276.3). The addition of vertical ground

acceleration to a prescribed horizontal ground accelerogram has

virtually no effect on the sloshing response in the linear range and

this effect remains very small even in the nonlinear range. This can

be seen in Tests 201276.4 through 201276.17 in Table 5-2. It can also

be seen in Table 5-2 that the vertical component of ground motion

produces dynamic pressures of the same order of magnitude as those

produced by the horizontal component.

5.11.2 Linearity range

Figure 5-43 shows the extreme values of water surface displacements

at water gage locations 1 and 2 under varying intensity of El Centro

ear thquake . It can be seen that the displacements increase linearly

with increasing ground motion intensity as long as the maximum displace-

ments remain less than 2 in. in the 8 f t model which corresponds to 30 in.in

the prototype [see the upper two plots in Fig. 5-43(a) and (b)}. The

linear solution gives satisfactory results up to full intensity of

El Centro (1940) ear thquake . This applies to the annular tank considered

here and th'e linearity range may increase or decrease depending upon,-

the tank configuration (i.e. , ratio of the outer to inner radius of the

tank). - [h,
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5.11.3 Nonlinearity

It is interesting to note daat once the sloshing becomes nonlinear

the displacementsamplify quickly and the sloshing response grows even

after the ground motion stops as may be seen in Figs. 5-18, 5-21 and

5-35. It can also be noticed that compared with the nonlinearity in

the amplitude of the motion, the change in the sloshing period remains

quite insignificant.

5.11.4 Effect of the internal damping mechanism

The internal screen increases the damping and thus reduces the

sloshing response considerably as may be seen in Fig. 5-43. It can be

seen that the upwards displacements are affected more and are reduced

by a factor of more than two even in the linear range. For the

nonlinear range the damping screen is very effective as may be seen by

comparing Fig. 5-12 with Fig. 5-24 for the same ground motion. Also

compare Figs. 5-10 and 5-11 with Figs. 5-22 and 5-23.

It should also be seen in Table 5-2 that the presence of the

damping screen has very little effect on the dynamic pressures (compare

Test Nos. 211276.17 and 291276.22) indicating that the major contribution

to dynamic pressures comes from the impulsive part and not the convec-

tive part.

The damping values in the model were of the order of 4.0% and

0.3% with and without the damping mechanism (see Table 5-1) .
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5.11.5 Dominant mode of sloshing

Second antisymmetric mode was the dominant mode of sloshing

response in all these tests and the maximum displacement always occurred

at the inner boundary under both the El Centro and Parkfield earthquakes

(scaled down by a factor of /15 on the time scale) . In the linear range

the prototype displacements can be obtained from the model data by

multiplying with the scaling factor of 15. However, it should be

pointed out that at present, sufficient informatica is not available

regarding ground motions at the very low frequencies associated with

the first sloshing mode of these tanks. The fact that the dominant

response in these tests is in mode 2 is of course related to the given

input motion and any significant input energy at 0.08 Hz would cause

a response in mode 1.

5.11.6 Tank flexibility

The flexibility of the tank does not seem to have any appreciable

effect on the sloshing response as may be seen in Fig. 5-42 where the

test results of a flexible tank (first frequency is approximately

equal to 10 Hz) show a good agreement with the analytical results

based upon the rigid tank assumption. The dominant mode of vibration

in this 12-ft -diameter tank is the first antisymmetric mode (with a

natural frequency of 0.48 Hz). The agreement is good because the

sloshing frequencies and the tank frequencies are well separated.

4' t.
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5.11.7 Pre ssures

The dynamic pressures are approximately linear with the ground

accelerations as may be ss.n in Fig. 5-44 which shows the extreme

values of the pressures with varying ground motion intensities of the

El Centro earthquake. The values are plotted for pressure gages 1 and 2.

5.12 Conclusions

A good correlation between the test and computer results

shows that the linearized small displacement theory can accurately

predict the sloshing displacements and dynamic pressures in annular-

circular tanks as well as in simple-circular tanks under actual earth-

quake ground motions. The range of linearity is quite large even in

annular tanks of the type considered here and satisfactory results can

be obtained from the computer model as long as the displacements

remain less than 30 in. in the prototype tank being studied. The

linearity range for the simple-circular tanks of the same size are much

larger. Second mode is the dominant sloshing mode of vibration under

the scaled accelerogram records used in all of the tests on the typical

annular tank considered here having first and second sloshing periods of

12.6 and 2.8 seconds respectively.
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