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Abstract 
Modeling the mechanical behavior of expansive clays is of interest in understanding the 
performance of nuclear waste disposal designs that include clay materials as buffers around 
waste containers, backfill for underground openings, seals between adjacent openings, or as 
host-rock constituents. The buffers, backfill, and seals will be unsaturated during construction 
and will re-saturate at varying rates after cessation of disposal operations. The mechanical 
behavior of the clay materials during re-wetting could affect the pressure on waste containers, 
other engineered components, or the host rock, and could influence fluid flow and radionuclide 
transport. The authors describe an approach to mechanical modeling of unsaturated soils using 
the moisture retention characteristic curve and the Bishop principle of effective stress to 
evaluate suction effects on stress. The approach incorporates swelling, thermal expansion, and 
soil hardening and stiffening due to suction or compaction; and uses stress-strain relationships 
based on elastoplasticity. Suction contributions to soil stress, strength, and stiffness are 
evaluated using the same moisture retention characteristic curve that is a standard input for 
hydrologic modeling. The model is illustrated through several numerical simulations: oedometer 
compression, free-swell, and confined-swell testing of a bentonite-sand mixture and a granular 
bentonite mix; and the mechanical behavior of a bentonite column heated at the base and 
subjected to water infiltration at the top. The calculated results for the bentonite column are 
used to explore thermal-hydrological effects on the mechanical behavior of the column. 
Calculated axial pressure at the top of the column is compared with measured axial pressure 
from laboratory testing of similar materials and conditions. The calculated pressure compares 
well with the measurement. However, the model prediction is highly dependent on the 
swelling/shrinkage behavior of bentonite, which could be a source of uncertainty in estimating 
potential pressure due to a bentonite buffer in a nuclear waste repository design. 
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1 Introduction 
 
Several proposed designs for disposal of high-level radioactive waste within water-saturated 
geologic media involve using expansive clays as part of the engineered barrier. In such designs, 
expansive clay could be used in buffers around the waste containers, backfill material for 
underground openings, or seals between adjacent openings. For example, a proposed Swedish 
design for nuclear waste disposal in a granitic host rock includes bentonite buffer, backfill and 
seals [1]. Also, expansive clays may occur in an argillaceous host rock. For example, the 
Opalinus Clay considered as a possible host rock for a repository in Switzerland [2] and the 
Callovo-Oxfordian clay considered in France [3] contain expansive clays similar to bentonite. In 
the designs, the clay buffer, backfill, or seal is planned to be constructed unsaturated and is 
expected to saturate with time after repository closure. Expansive clays are desired in such 
designs because of their ability to swell as they saturate. The swelling may cause small 
openings or fissures to seal and, thus, reduce fluid flow to and transport away from waste 
containers and increase the effectiveness of backfills or seals. Also, depending on mechanical 
constraints around the buffer, backfill, or seal, pressure generated by clay swelling may apply 
additional loading to other components of the engineered barrier that may need to be resolved 
in order to evaluate the performance of such components. A mechanical constitutive model for 
unsaturated swelling soils is needed to evaluate potential swelling and swelling pressure for 
such engineered barrier designs. 
 
The mechanical behavior of unsaturated soils differs from saturated soils because of the effects 
of suction. In this paper, the term “soil” is used to represent a “weak” natural aggregate of 
mineral grains that generally can be separated by gentle mechanical means such as agitation in 
water (e.g., [4], p. 3). Expansive soils are fine-grained and contain enough clay minerals that 
swell when wetted (i.e., expansive clays) such that the soil behavior on wetting and drying is 
dominated by the clay mineral behavior. This paper focusses on the mechanical behavior of 
bentonite-bearing soils, which comprise buffer or seal material in repository designs. 
Interactions between pore fluids (air and water) at the fluid interfaces in expansive and 
non-expansive soils result in suction, which increases the effective pressure that binds the soil 
particles. The increased effective pressure and resulting compaction of the soil skeleton can 
cause the soil strength and stiffness to increase. Therefore, unsaturated soils often exhibit 
greater stiffness, cohesion, and preconsolidation pressure relative to the equivalent saturated 
soil [5]. 
 
The principle of effective stress for unsaturated soils, proposed by Bishop [6], defines the 
suction contribution to the effective stress through a parameter  (Bishop parameter) and can 
be described through the following relationship 
 = + −   (1)
 = −   (2)
 
where tensile stress is considered positive;  is the effective stress;  is the stress due to 
external loads such as gravity or applied surface traction and is commonly referred to as “total” 
stress;  is suction (also referred to as capillary pressure);  is the air or gas pressure;  is 
liquid-water pressure;  is the Kronecker delta ( = 1 if =  and = 0 if ≠ ); and indices 
such as  and  range from 1 to 3 and represent components along Cartesian coordinate 
directions (a repeated index represents a summation over the range of the index). Reference [7] 
suggested that  depends mainly on the liquid saturation  but may be affected by soil structure 



 

 

and the wetting, drying, or stress change path. Also, as [7] explained, Eq. (1) is subject to a 
restriction that = 1 for fully saturated soils and = 0 for dry soils, which makes the equation 
consistent with the Terzaghi principle of effective stress for water-saturated or dry soils. Indeed, 
associating the quantity in parenthesis in Eq. (1) with an equivalent pore-fluid pressure  
results in the following. 
 = − = 1 − + ;    = −   (3)
 
Eq. (3) gives =  if = 0 (i.e., dry soil) and =  if = 1 (i.e., water-saturated soil). In 
general, 0 < < 1 for an unsaturated soil and  is negative and contributes a compressive 
part to the effective stress through Eq. (1). The magnitude of the compressive contribution 
represents the effects of pore fluid interface interactions on soil stress and is referred to in this 
paper as the suction pressure, denoted  and defined in Eq. (3). 
 
The use of the effective stress equation for saturated soil [i.e., Eq. (1) with = 1] has been well 
accepted in soil engineering. However, the more general effective stress concept for variably 
saturated soils [i.e., Eq. (1) for 0 ≤ ≤ 1] has met with skepticism related to the more 
complicated and coupled mechanical and hydrological behavior of unsaturated soils. Reference 
[8] identified the concerns with Eq. (1) as follows. 
 
The first concern is a philosophical argument that introducing the constitutive parameter  into a 
stress state definition violates a requirement that equilibrium states be definable in terms of 
stresses and external loading alone and independent of constitutive behavior. The argument 
emphasizes that soil constitutive behavior is introduced to link the equilibrium definition to soil 
deformation but should not be introduced directly into the stress state definition. However, the 
equilibrium states of a soil are defined in terms of total stress, not the effective stress. The 
concept of effective stress was introduced to obtain a stress measure suitable for developing 
meaningful stress-strain relationships. Therefore, effective stress and the  parameter are part 
of the constitutive definition of the stress-deformation response but have no effect on the 
equilibrium relationship between total stress and external loading. Therefore, defining the 
effective stress in terms of a constitutive parameter should not raise any concern regarding the 
equilibrium state definition. 
 
The second concern is that Eq. (1) is not single-valued for the effective stress because of path 
dependence. Indeed, -  relationships are path-dependent. Hysteresis in moisture retention 
curves has been described through laboratory and field data (e.g., [8]) and several constitutive 
relationships have been proposed for modeling such hysteresis [9]. Laboratory data in [10] 
indicate that hysteresis in the moisture retention curve appear more important for the FEBEX 
bentonite than for the MX‐80 bentonite. Therefore, if  is defined as a function of  as 
suggested in [7], then hysteretic -  relationships imply that the value of  for a given  is 
path-dependent. However, the path dependence does not in any way invalidate Eq. (1). 
 
The third concern is that  is difficult to evaluate. Evaluating  directly through Eq. (1) is not 
possible because effective stress cannot be measured. Although  can be evaluated indirectly 
through shear strength (e.g., [13]), a better approach is to evaluate it using the moisture 
retention curve by implementing the suggestion in reference [7] that  could be described as a 
function of . This approach is better because the development of moisture retention curves for 
unsaturated clay soils is well established in groundwater hydrology (e.g., [8]). Therefore, all that 
is needed to evaluate  using this approach is to establish reliable -  relationships. 
 



 

 

An approach to modeling the mechanical behavior of unsaturated soils that has gained 
considerable use is based on splitting the right-hand side of Eq. (1) into two parts that are 
considered independent enough to be treated as separate stress-state variables (e.g., [5, 8]). In 
the approach, the stress state in unsaturated soil is described in terms of two independent 
variables, net stress ( NET) and suction ( ), where  is as defined in Eq. (2) and NET is defined 
as follows. 
  NET = +   (4)
 
As explained in [5], constitutive modeling using this approach consists of developing separate 
models for the contributions of net stress and suction to soil strain and adding the contributions 
to obtain the overall stress-strain relationships. This approach avoids the use of an “effective 
stress,” and, therefore, the evaluation of a “Bishop” parameter. However, the approach involves 
defining suction-versus-strain relationships, which may be difficult to evaluate. 
 
Although the approach based on two independent stress-state variables has been studied 
extensively (e.g., [5, 14]), the authors chose to develop a constitutive model based on Eq. (1) for 
the following reasons. First, the evaluation of  can be handled reasonably well by using the soil 
moisture characteristic curve (also referred to as the moisture retention curve), thereby 
addressing the third concern with the Bishop principle of effective stress. An approach to the 
evaluation is described in Section 2.1. Second, having defined the effective stress using Eq. (1), 
stress-strain relationships can be developed using standard elasto-plasticity theory without a 
need to define new concepts. Finally, the resulting constitutive model can be implemented in an 
existing geomechanics modeling code using a standard user interface for the code. This paper 
describes the development and evaluation of a mechanical constitutive model for unsaturated 
expansive soils based on this approach. The model, referred to hereafter as Modified Cam-clay 
model for Unsaturated Soil (MCUS), is described in Chapter 2 and has been numerically coded 
for implementation in FLAC [15]. Chapter 3 describes example numerical modeling conducted 
using the implementation. 
 
2 Constitutive Model 
 
The constitutive model defines relationships between increments of strain and effective stress in 
an unsaturated expansive clay soil subjected to wetting (or imbibition) and drying (or drainage) 
cycles, temperature change, and external loading. We describe the evaluation of Bishop 
parameter  and suction pressure (i.e., suction contribution to the effective stress)  as 
functions of suction ; general incremental stress-strain relationships; and models for elastic 
deformability, plastic strain and yielding, and strains due to swelling or shrinkage and 
thermal expansion. 
 
2.1 Evaluation of Bishop parameter and suction pressure 
 
The evaluation of  involves defining -  and -  (moisture retention) relationships. Regarding 
the	 -  relationship, a common practice is to assume =  [16, 17, 18]. However, some 
published data (e.g., [8], p. 40) suggest that ≤  and ≥  can all be expected. Therefore, 
the authors propose the following to provide for a flexible range of -  relationships. 
 =   (5) 

 



 

 

= − 1 −⁄   (6) 
 
where  is the effective saturation (e.g., [8], p. 112), defined in Eq. (6) using the residual 
saturation  but could be defined by replacing  with an immobile fraction of the liquid 
saturation such as suggested in [19]. The parameter  could represent the effects of soil type; 
has to be positive; but can be less than, equal to, or greater than unity ( =  if = 1). A 
graphical representation of Eq. (5) (Fig. 1) shows that the suction contribution to the effective 
stress through Eq. (1) decreases as  increases, such that a value of  greater than ~10 
could make the role of suction insignificant in any case. Therefore, as the figure suggests, the 
value of  should not exceed a maximum that could be material dependent in order to 
represent the effects of suction through Eq. (1).  
 
Having defined a -  relationship using Eq. (5), evaluating  and  requires a material-specific 
moisture retention relationship. The authors obtained hydrological and mechanical properties 
data for an MX80 bentonite and quartz sand mixture in dry weight proportions of 70% bentonite 
and 30% sand [20, 21] and for a granular MX80 bentonite specimen referred to as E-Mix [22]. 
The data were part of information provided for the DEvelopment of COupled Models and Their 
VALidation against EXperiments (DECOVALEX) program, an international program on 
modeling coupled thermal, hydrological, chemical, and mechanical processes relevant to the 
performance of designs for geologic disposal of nuclear waste [23]. The two sets of data are 
used here to illustrate the evaluation of  and . 
 
2.1.1 Evaluation of  and  for a bentonite-sand mixture 
 
The information for the bentonite-sand mixture included moisture retention data obtained under 
constant volume conditions and provided in terms of moisture content ( ) versus . However, 
the measured maximum  was greater than the theoretical value for saturated conditions, 
which suggests that the specimen did swell somewhat during the test. Therefore, the authors 
corrected the  values to remove the swelling effect and ensure  does not exceed 1.0. Also, 
the authors assumed = 0.15 based on examination of the data. The resulting -  data was fit 
with the following equation. 
 = 1 −   (7) 
 
with = 12.5 and = 1.25 for  in MPa. The measured data and fitted relationship are shown in 
Fig. 2. The ‐  relationship for the bentonite-sand mixture is obtained by substituting Eq. (7) into 
Eq. (5) and is shown in Fig. 3. The suction pressure  is obtained as	  (for = 0) and shown 
in Fig. 4. As Figs. 3 and 4 show,  decreases monotonically from a value of 1.0 at saturation 
and  increases monotonically from zero at saturation as  increases. The relationships depend 
strongly on  and a value of  of 10 or greater appears inappropriate for this material 
because of its effect on . Because the moisture retention data does not include hysteresis, 
the ‐  and ‐  relationships obtained using the data are non-hysteretic. However, a hysteretic 
moisture retention behavior can be incorporated using the same procedure described in 
this subsection. 
 
2.1.2 Evaluation of  and  for MX80 E-Mix granular bentonite  
 
The authors fit the following -  relationship to the moisture retention data for the MX-80 E Mix 
granular bentonite from reference [22]. 
 



 

 

= MIN 1.0, 0.6 +      for   0 ≤ ≤ 40 MPa (8) 

 = 0.6 −     for   > 40 MPa (9) 

 
where = 85, = 1.75, and = 0.05 with  in MPa. The relationship is shown in Fig. 5 along 
with a van Genuchten [24] fit to the same data. Although the van Genuchten function is 
considered standard and used extensively by hydrologists, the authors chose Eqs. (8) and (9) to 
simplify subsequent use of the moisture retention data in mechanical constitutive modeling. The ‐  relationship for the granular bentonite is obtained by substituting Eqs. (8) and (9) into Eq. (5) 
and is shown in Fig. 6. The suction pressure  is obtained as	  (for = 0) and shown in Fig. 
7. As Fig. 7 shows,  increases monotonically with  for ≤ 1.5. Therefore, the authors 
consider values of  greater than 1.5 as inappropriate for this material because there is no 
physical reason for a decrease in  as  increases, i.e., the slope ⁄  should always be 
positive even if its magnitude decreases as  increases. 
 
2.2 General stress-strain relationships for a heated expansive clay soil 
 
Based on common practice in stress-strain modeling of elastic-plastic materials (e.g., [25]), the 
authors assume that the contributions to the strain increment at a point in the soil mass (i.e., 
over a representative elementary volume of the soil) are additive and separable. The relevant 
strain increments for a heated expansive clay soil are the elastic, ∆ ; plastic, ∆ ; thermal, ∆ ; and physicochemical swelling, ∆ . The elastic and plastic strains represent recoverable 
and non-recoverable deformations due to mechanical loads; thermal strains are associated with 
thermal expansion; and physicochemical strains are associated with swelling due to water 
absorption (or shrinkage due to water loss) but do not include any deformation due to a release 
of mechanical loading, which is included in the elastic strain. The assumption that the strain 
increment contributions are additive implies that the total strain increment, ∆ , during a state 
change from time  to time + ∆  is given by 
 ∆ = ∆ + ∆ + ∆ + ∆   (10) 
 
where tensile strain is considered positive. An important implication of Eq. (10) is the 
incremental stress-strain relations can be based on Hooke’s law and results in the following 
 ∆ = ∆ − ∆ − ∆ − ∆   (11) 
 
where  is the elastic stiffness matrix and, assuming the material is isotropic with respect to 
mechanical deformation, can be evaluated using the following 
 = + +   (12) 
 
with shear modulus  and Lame parameter  related to the bulk modulus  and Poisson’s ratio 
 through the following 

 =     and  = −  (13) 

 



 

 

Eq. (11) is nonlinear because of the effects of compaction and pressure (hence, suction) on bulk 
modulus. We implement Eq. (11) as follows using a FLAC® [15] “extra variable” interface. 
 ∆ = ∆ − ∆ − ∆ EX;   ∆ EX = ∆ + ∆   (14) 
34 
 
where ∆ EX is treated as an externally defined addition to the stress increment and is not 
affected by ∆ . This implementation is based on two assumptions:  (1) the effects of soil 
deformation on thermal-hydrological processes (that drive moisture redistribution and 
temperature change) can be neglected during a small increment of the mechanical state and (2) 
the bulk modulus  (therefore, components of ) can be treated as constant during such 
increment and updated at the end of the increment. 
 
2.3 Deformability and preconsolidation 
 
We describe soil strain in terms of the specific volume history, where specific volume  is the 
ratio of bulk volume  to volume of solids  and is related as follows to the void ratio . 
 = = 1 +   (15) 

 
If the compressibility of solid particles is assumed negligible such that ∆ ⁄ ≈ 0, it can be 
shown that the specific volume is related as follows to the volumetric strain increment (where  
is the specific volume at the start of the increment). 
 = 1 + ∆   (16) 
 
An increase in  indicates dilation and a decrease indicates compaction. The change may be 
recoverable (i.e., elastic) or non-recoverable (i.e., plastic) as discussed subsequently. 
 
2.3.1 Specific volume versus pressure 
 
The volume change versus pressure model is based on the laboratory soil compression 
characteristic curve described schematically in Fig. 8. As the figure shows, the characteristic 
curve is represented by a bilinear ‐ log  relationship OAB, where  represents pressure. The 
OA segment with a slope  represents the unloading-reloading response and the AB segment 
with a slope  represents the virgin compression response. The pressure at which virgin 
compression begins, i.e., the break in the bilinear relationship (point A in Fig. 8), is 
approximately equal to the preconsolidation pressure ( ), which represents the maximum 
effective pressure that the soil element experienced previously (e.g., [4], p. 103). The soil is 
described as “over-consolidated” if <  or “normally consolidated” if = . Volume change 
response under over-consolidated conditions is purely elastic whereas both elastic and plastic 
deformations may occur under normally consolidated conditions. For a normally consolidated 
soil,  increases as  decreases (i.e., soil compaction). Also, an increase in suction (i.e., soil 
drainage or drying) causes  to increase. The effects of compaction and suction on  are 
described in more detail as part of the plasticity model. 
 
Because the soil compression characteristic curve is described with respect to a log  scale, an 
arbitrary minimum pressure ref, referred to as reference pressure, needs to be included with 
the material specification. The compression behavior is undefined in the model for < ref, 



 

 

except as modified in the plasticity implementation to account for a limited tensile strength. The 
value of specific volume at ref, referred to as the reference specific volume refO, is needed as 
part of the material specification and generally decreases as suction increases. The relationship 
between specific volume and pressure is based on the characteristic curve and is defined as 
follows. 
 ∆ = − ∆

    for  ≤   (unloading or reloading) (17) 

 ∆ = − ∆ = −     for  =   (virgin compression) (18) 

 
The parameters , , , and refO vary with suction as described in Section 2.5. 
 
2.3.2 Elastic deformability 
 
The elastic deformability is defined by the stress-strain relationships for over-consolidated (i.e., 
unloading-reloading) conditions. It can be shown using Eqs. (16) and (17) that the bulk modulus 

 is related to  and  as follows. 
 =   (19) 

 
Thus the elastic deformation is nonlinear, because the bulk modulus varies with deformation 
and pressure. Also,  is suction dependent, mainly because of suction pressure (e.g., Figs. 4 
and 7) but also because of the effect of suction on  through deformations caused by suction-
dependent stress change. 
 
For conditions of high suction, Eq. (19) could result in  values large enough to cause numerical 
instability. Therefore, the authors propose the following relationship to limit the value of . 
 = +   (20) 

 =   (21) 

where =  and =  is the value of  at the preconsolidation state under zero-strain 
and saturated conditions. The value of  is determined by refO, , and  (zero-strain value 
of  for a saturated condition) and the condition =  defines a minimum . An alternative 
minimum  could be defined by evaluating  at the reference state for saturated conditions 
(i.e., with = refO for saturated condition and = ref). The value of  from Eq. (20) 
approaches  asymptotically as  increases. However, the choice of  is somewhat 
subjective but can be controlled because a value that is too large may cause numerical 
problems whereas a value that is too small will likely result in a calculated unloading-reloading 
behavior that is incompatible with the measured behavior from an oedometer compression test. 
Choosing  is discussed with examples in Chapter 3 of this paper. 
 
Fig. 9 shows ‐  relationships based on Eq. (20) for the MX80 E-Mix granular bentonite 
(Section 2.1.2). Three relationships are shown in the figure for = 50 MPa with  evaluated 
at the preconsolidation state, = 100 MPa with  evaluated at the preconsolidation state, 
and = 100 MPa with  evaluated at the reference state. In each case  is evaluated using 



 

 

parameters for saturated condition. Evaluating  at the preconsolidation state is based on an 
assumption that the preconsolidation state under saturated condition defines a minimum 
stiffness in the same way that it defines a minimum shear strength. The alternative reasoning, 
which results in evaluating  at the reference state, is that while the effect of preconsolidation 
compaction may be preserved, the stiffness may still decrease because of pressure decreasing. 
The authors have not made a firm choice between the two options but intend to evaluate both to 
examine their effects for different modeling situations. 
 
An additional parameter such as  or  is needed in Eq. (13) to complete the elastic 
deformability model for a mechanically isotropic material. The authors have held  constant, 
thereby letting  vary according to Eqs. (13) and (20). A conceivably better option that the 
authors have not evaluated is specifying  as a function of  with a maximum value at = 0 and 
an asymptotic minimum as  increases to large values. Such a relationship appears consistent 
with the effect of suction on soil stiffness but appears to be a model refinement relative to the 
model based on the constant  assumption. 
 
2.3.3 Inelastic deformation 
 
Both elastic (recoverable) and inelastic (non-recoverable) straining may occur in a soil element 
undergoing deformation under normally consolidated conditions. Therefore, the virgin 
compression slope  includes contributions due to elastic and inelastic deformations. Thus, soil 
deformability in a normally consolidated state is determined by the elastic deformability and the 
effects of inelastic deformation. We evaluate the contribution of inelastic deformation based on a 
generalized plasticity model as described in Section 2.4. 
 
2.4 Generalized plasticity model 
 
The plasticity model is based on defining the conditions for plastic deformation, referred to as 
the yield criterion; the rates (or incremental magnitudes) of plastic deformation using a flow rule; 
and the evolution of mechanical properties during plastic deformation, referred to as the 
hardening rule (cf. [26], p. 388). 
 
2.4.1 Yield criterion 
 
The yield criterion is based on modifying the CAM-Clay model yield function for saturated clay 
soils (e.g., [25]) to account for the effects of suction on yield strength. The CAM-Clay model 
provides a generalized representation of the volumetric and shearing behavior of soils, has 
been used extensively to model plastic yielding under saturated conditions, and has been 
shown to be well suited for unsaturated conditions if the effects of suction are incorporated 
appropriately (e.g., [5]). Consistent with the CAM-Clay model, the yield condition is defined in 
terms of an elliptical surface in ‐  space, where  is the effective pressure and  is the 
distortional stress intensity (proportional to the second invariant of deviatoric stress, ), defined 
as follows. 
 = −   (22) 

 =   
(23) 

 



 

 

= −   (24) 

 
As shown in Fig. 10, the major axis of the ellipse lies on the  axis and has a magnitude of +

, where  is the tensile strength. The minor axis of the ellipse is parallel to the  axis and has 
a magnitude of 2⁄ + , where  is the slope of the critical state line. The yield function, 
derived using the geometry of the yield surface, is as follows. 
 = + + − + 4⁄ − − + = 0  (25) 
 
The condition < 0 represents stress states within the interior of the yield surface and defines 
over-consolidated conditions, i.e., stress conditions that permit only elastic deformation. The 
condition = 0 represents stress states on the yield surface and defines normally consolidated 
conditions, i.e., stress conditions that permit elastic and inelastic (i.e., plastic) deformations. The 
condition > 0 is not permissible and represents a stress state estimate that must be corrected 
back to the yield surface to obtain a stress state valid for describing the elastic-plastic 
conditions. The yield surface may expand if  increases (e.g., due to compaction) or shrink if  
decreases. The dependence of the yield surface on compaction implies a dependence on the 
plastic volumetric strain ( ), as indicated in Fig. 10. The location of the yield function in ‐  
space as Fig. 10 shows is based on  being positive or zero while  varies in − ≤ ≤ . 
 
2.4.2 Plastic strain increment using plastic flow rule 
 
The flow rule is based on a potential function  in the effective stress space such that the 
plastic strain increment is proportional to the gradient of  with respect to stress as follows. 
 ∆ = Λ   (26) 

 
where Λ is a positive scalar variable. The CAM-Clay model was developed to ensure that a 
plastic potential identical to the yield function (i.e., ≡ ) provides a compaction and dilation 
behavior consistent with the observed behavior of clay soils. Such a plastic potential is said to 
be “associated” with the yield function. Therefore, Eq. (26) with ≡  results in an associated 
flow rule, which implies that the plastic strain increment vector at any point on the yield surface 
coincides with the outward normal to the yield surface. Therefore, as indicated in Fig. 10, plastic 
deformation at stress states on the right-hand side of the minor axis of the ellipse (dashed line in 
Fig. 10) results in compaction. Conversely, plastic deformation at stress states on the left-hand 
side of the minor axis results in dilation. Plastic deformation at a stress state represented by the 
intersection of the minor axis with the yield surface (i.e., the so-called critical state) results in 
constant-volume shearing. 
 
The following derivatives of the yield function and combinations of the derivatives with the 
elastic stiffness matrix are needed to evaluate the plastic strain increments using Eq. (26). 
 = = 3 − 2 + −   (27) 

 = = 6 − 2 + 3 2 + −   (28) 

 



 

 

To evaluate Λ (therefore, Δ ), we invoke the consistency condition, which requires Δ = 0 for 
two successive stress states that permit plastic deformation (e.g., [26], p. 388). The consistency 
condition for Eq. (25) results in the following relationship that needs to be evaluated to enforce 
the condition. 
 ∆ = ∆ + ∆ = 0  (29) 

 
The following expression is obtained for Λ by substituting Eqs. (14) and (25)–(28) into (29). 
 Λ = Δ   (30) 

 = + ;    = − +   (31) 

 
The evaluation of ∆ , which was used in the derivation of Eq. (31), is explained in the next 
subsection. Eqs. (26) and (30) are used in Eq. (14) to evaluate stress increments. 
 
2.4.3 Evolution of the yield surface due to plastic deformation 
 
Soil compaction, i.e., plastic deformation resulting in a permanent decrease in volume, causes 
an increase in , which causes the yield surface to increase. Consider a deformation sequence 
under virgin compression conditions, i.e., stress state on the yield surface (on the ellipse in Fig. 
10 or on AB in Fig. 8) during which the specific volume and preconsolidation pressure change 
from ,  to + ∆ , + ∆ . The specific volume increment consists of an elastic part ∆  
related to  and ∆  through Eq. (17) and a plastic part Δ . It can be shown using Eqs. (17) 
and (18) that 
 Δ = − −   (32) 

 
If the values of specific volume and preconsolidation pressure at the start of the deformation 
sequence are denoted  and , then it can be shown using Eqs. (16) and (32) that 
 Δ = − Δ   (33) 

 = + Δ   (34) 
 
Soil dilation due to plastic deformation on the left-hand side of the critical state (Fig. 10) will 
cause a decrease in , because Δ  will be positive in such a case, which will result in a 
negative ∆  because the first parenthesis quantity in Eq. (33) is positive if values of  and  
are appropriate. 
 
2.5 Effects of suction on deformability and preconsolidation 
 
The preconsolidation pressure  and deformability parameters , , and refO are suction 
dependent. The tensile strength  (therefore cohesion parameter ) and critical state line slope 

 (Fig. 10) likely are also suction dependent. We describe the suction dependency in this 
section based on available but at times unconfirmed information. 



 

 

 
2.5.1 Preconsolidation pressure 
 
The value of  at the initial state (i.e., state of zero deformation characterized by an initial 
pressure and initial void ratio), init, consists of two parts as follows. 
 init = +   (35) 
 
where  is the value for a saturated condition and  is the suction contribution. init is 
suction dependent because of . For example, the suction dependency of  for the granular 
bentonite mix described in Section 2.1.2 is illustrated in Fig. 11. As the figure shows,  
depends on the magnitude and history of . For a soil element subjected to increasing  
(i.e., drainage or drying phase), =  and depends on  as described in Fig. 7. The ‐  
relationship for the granular bentonite mix in a drying phase is represented by the red curve in 
Fig. 11, which is the same as the = 1 curve in Fig. 7. During a wetting (or imbibition) phase, 

 remains constant at the historical maximum as  decreases (e.g., horizontal green line in 
Fig. 11). When  is smaller than the air-entry value aEp,  decreases with  as represented by 
the near vertical segment of the green bilinear relationship. Although described here as bilinear, 
the ‐  relationship during wetting is likely a curve parallel to the drainage (red) curve. During a 
re-drainage or re-drying phase beginning at a value of  above the red curve, the ‐  relation 
would follow a curve parallel to and above the red curve but represented here by the blue 
dashed line, until the value of  reaches the historical maximum. 
 
At the initial state, = init as defined using Eq. (35). Subsequently, for an incremental change 
in suction, 
 = + Δ ;     Δ = Δ   (36) 

 
where  is the value of  at the previous resolved state. Eq. (36) is evaluated at the 
beginning of a deformation increment before the stress-strain calculations described in Sections 
2.3 and 2.4. In contrast, Eqs. (33) and (34) are evaluated at the end of the increment. That is, 
the effects of suction on  are evaluated once at the beginning of a deformation increment, 
whereas the effects of compaction are evaluated once at the end of the increment. 
 
2.5.2 Soil compression characteristic curve 
 
The soil compression characteristic curves for the MX80 bentonite-sand mixture (Section 2.1) 
are shown in Fig. 12 based on reference [21] data. The data are based on laboratory oedometer 
compression tests at constant suction for four different suction values. The data can be used 
directly to evaluate  (using the measured characteristic curve from the = 0 test) and the refO‐  relationship. Based on the data, we obtained = 0.8 MPa and the refO‐  relationship 
shown in Fig. 13. The data indicates that refO decreases, and the gradient 	⁄  
decreases asymptotically toward zero, as  increases. We fit a bilinear ‐s	relationship to the 
data but a continuous curve may have worked at least as well as the bilinear relationship. 
 
Fig. 12 data also could be used directly to evaluate  and  based on Eqs. (17) and (18). 
However, values of  and  calculated using this approach vary with pressure in a way that 
could result in excessive complication if the variation is incorporated in the constitutive model. 
Instead, we treated  and  as independent of pressure or deformation in Eqs. (17) and (18) 



 

 

and performed numerically simulated oedometer compression testing (described in Chapter 3) 
to evaluate the parameters. The values of   and  calculated based on the simulated testing 
and fitted ‐  and ‐  relationships are shown in Fig. 14. The results suggest that  
decreases and  increases, both asymptotically, as  increases. 
 
2.6 Swelling and shrinkage 
 
In this paper, physicochemical swelling or shrinkage refers to the strain contribution due to an 
increase or decrease of moisture content. Such swelling or shrinkage results from the increase 
or decrease of water that is sorbed within the platy structure of the clay minerals, in contrast to 
water held in place by interfacial tension at the soil-gas-liquid interface. The strain increment ∆  in Eqs. (10), (11), and (14) is equal to one third of the potential volumetric strain increment 
due to an increase in moisture content for an elemental volume that is free to expand or shrink 
in every direction as the moisture content increases or decreases. This strain increment actually 
is fictitious as it is meaningful only for an isolated soil element subjected to a uniform moisture 
content change. The physicochemical strain increment in a real soil element connected to other 
elements and to a boundary surface consists of two parts. The first part represents potential free 
swelling or shrinkage if the element were isolated and is equal to ∆ . The second part arises 
from interactions due to moisture-content and mechanical-property gradients within the soil 
medium and any boundary restraint. This second part is not represented explicitly but results 
from satisfying the equilibrium conditions and constitutive relationships for the medium. Swelling 
pressure occurs if part of the potential free swelling is suppressed due to moisture-content or 
mechanical-property gradients or boundary restraint. 
 
The potential swelling of expansive clays is typically characterized using indices such as 
swelling potential, which is the percentage swelling measured in a “free-swell” test [8] or 
swelling pressure, which is the maximum pressure measured in a constant volume swell test 
[27]. These indices are useful for comparing different expansive clays or developing empirical 
design parameters, similar to approaches used in other geotechnical problems, such as the 
estimation of foundation heave [8]. However, for general mechanical modeling, including the 
evaluation of swelling pressure for a nuclear waste disposal design involving a bentonite clay 
buffer or seal, swelling is better characterized by defining the potential free swelling in relation to 
the moisture content change. We use a swelling characterization defined in terms of the 
potential free swelling strain per unit moisture content increment [28, 29], referred to here as the 
unit swelling potential  and defined through the following equation. 
 

 Δ = 1 3⁄ ∆   (37) 
 
where ∆  is the moisture content change. The coefficient  can be evaluated as the gradient 
of the volumetric strain versus moisture content plot from an oedometer free-swell test. 
 
2.6.1 Unit swelling potential for bentonite-sand mixture 
 
Fig. 15 shows the volumetric strain versus moisture content based on oedometer free-swell test 
results from reference [21] and a curve fit used to approximate the data. The data indicate = 0 for < 0.129 and = 1.34 for ≥ 0.129 for the bentonite-sand mixture. This 
interpretation of the data is based on an assumption that the total strain measured in the 
oedometer free-swell test is due to physicochemical swelling only. However, as discussed in 
reference [29], the measured volumetric strain from the oedometer free-swell test is the net 
effect of deformations due to suction reduction and swelling. Mechanical response to suction 



 

 

reduction (i.e., deformations due to decrease in confining stress and bulk modulus) combine 
with the effects of swelling and could result in a measured volumetric strain that underestimates 
the swelling potential. However, a sensitivity analysis in reference [29] concludes that the value 
of  based on the oedometer free-swell test provides a good estimate of the swelling 
behavior of the bentonite-sand mixture. 
 
2.6.2 Unit swelling potential for MX80 E-Mix granular bentonite 
 
The authors combined swelling strain versus time and moisture content versus time data based 
on oedometer free-swell test results in reference [22] to obtain swelling strain versus moisture 
content relationships for the MX80 E-Mix granular bentonite (Fig. 15). The data indicate a 
negligible dependence on the initial dry density, = 0 for < ~0.073, = 2.015 for 0.073 ≤ ≤ 0.878, and = 1.16 for > 0.878. 
 
2.6.3 Shrinkage 
 
The authors have assumed that the unit shrinkage potential (i.e., value of  for ⁄ < 0) 
and unit swelling potential (i.e., value of  for ⁄ > 0) are equal and that the swelling 
threshold (i.e., smallest value of  needed for swelling to initiate) is equal to the shrinkage limit. 
These assumptions imply full reversibility of swelling and shrinkage strains during wetting and 
drying cycles if the moisture retention curve is non-hysteretic. However, even with these 
assumptions regarding , a hysteretic moisture retention curve could result in the 
accumulation of non-reversible swelling or shrinkage strains during wetting and drying cycles. 
For example, reference [30] describes test results that indicate a net accumulation of swelling 
strain during cyclic wetting and drying of a densely compacted bentonite-silt mixture (initial dry 
density of 1.55 Mg/m3) and net accumulation of shrinkage strain during cyclic wetting and drying 
of a loosely compacted specimen of the same soil (initial dry density of 1.27 Mg/m3). In both 
cases the accumulated strain per cycle decreased as the number of cycles increased, such that 
the soil approached a state of full reversibility of swelling and shrinkage during wetting and 
drying cycles. However, the data did not indicate whether the observed strain accumulations are 
due to hysteretic swelling and shrinkage or hysteretic moisture retention. 
 
Exposure of expansive soil to several wetting and drying cycles likely will not be of concern in 
potential designs for disposal of high-level radioactive waste in saturated geologic media. 
Expansive soils that are part of such a design will likely undergo one episode of re-wetting 
toward the ambient saturated condition, or one episode of increased drying followed by one 
episode of re-wetting toward the ambient condition. Potential uncertainty due to strain 
accumulation during such a drying and wetting history is likely smaller than the uncertainty that 
could result from several wetting and drying cycles. 
 
2.7 Thermal expansion 
 
The strain due to thermal expansion [i.e., ∆  in Eqs. (10), (11), and (14)] is equal to one third 
of the potential volumetric strain increment due to a temperature increment ∆  for an elemental 
volume that is free to expand or contract in every direction as the temperature increases or 
decreases. As explained in Section 2.6 for physico-chemical swelling strain, this strain 
increment actually is fictitious as it is meaningful only for an isolated soil element subjected to a 
uniform temperature change. The thermal strain increment in a real soil element connected to 
other elements and to a boundary surface consists of two parts. The first part represents 
potential free thermal expansion or contraction if the element were isolated and is equal to ∆ . 



 

 

The second part arises from interactions due to temperature and mechanical-property gradients 
within the soil medium and any boundary restraint. This second part is not represented explicitly 
but results from satisfying the equilibrium conditions and constitutive relationships for the 
medium. A thermal stress increment occurs if part of the potential free thermal expansion is 
suppressed due to temperature or mechanical-property gradients or boundary restraint. 
 
The thermal strain increment is related to the temperature change through the thermal 
expansivity, , as follows. 
 

 Δ = 1 3⁄ ∆   (38) 
 
3 Example Modeling Cases 
 
In this chapter we describe examples of numerical modeling conducted using the FLAC [15] 
implementation of MCUS. The examples consist of numerically simulated oedometer 
compression, oedometer free-swell and confined-swell tests, and mechanical behavior of a 
granular bentonite column heated at the base and subjected to water infiltration from the top. 
 
3.1 Simulated oedometer compression testing 
 
The simulated oedometer testing was conducted to determine ‐  and ‐  relationships 
[Eqs. (17) and (18)] needed to match the available laboratory data as discussed previously in 
Section 2.5.2. The geometrical model for the tests consists of a single axisymmetric rectangle 
with boundary-normal displacements held at zero at the base and side, and a downward 
displacement was applied at the top surface in small increments. The model was subjected to a 
uniform constant suction during each test. The suction values were chosen to match the 
available laboratory data and to cover the expected range of suction for the intended use of the 
simulated test results. The tests were performed for the bentonite-sand mixture and granular 
bentonite mix described previously in Sections 2.1.1 and 2.1.2. 
 
3.1.1 Simulated oedometer testing of bentonite-sand mixture 
 
For this material, we performed simulations for constant suction values of 0, 4.2, 12.6, and 
38 MPa, which match the suction values for the laboratory compression tests from reference 
[21]. We set = 1 [Eq. (5)], = 1000 MPa [Eq. (21)], = 0.8 MPa as discussed in 
Section 2.5.2,  assigned from the = 1 curve in Fig. 4, and refO assigned from Fig. 13 as 
described in Sections 2.3.1 and 2.5.2. Then we determined through trial and correction the 
values of  and  needed to match the laboratory soil compression characteristic curve for 
each suction value. The resulting  and  values are given in Table 1 and Fig. 14. The 
calculated and laboratory compression curves are shown in Fig. 16 for the case of = 12.6 
MPa. The figure shows plots of  versus , where = −  is the applied pressure,  is the 
effective pressure [Eq. (22)], and  is the suction pressure [Eq. (3)]. The unloading response 
for the = 0 simulation case was numerically unstable for < ~2 MPa. 
 
The values of  and  in the numerical simulation were constrained by matching the laboratory 
data. An additional control, illustrated in Fig. 17, is that the value of  for a given  on the virgin 
compression curve should increase monotonically as  increases. For a  on the virgin 
compression curve, = init + ∆  where ∆  is related to ∆  through Eq. (18) and init is 
defined in Eq. (35). Therefore,  is dominated by , which, as shown in Fig. 11 (red curve), 
increases monotonically with . As Fig. 17 shows, the calculated results satisfy the additional 



 

 

control, except for the simulation case for = 4.2 MPa. We honored the laboratory data for this 
case. However, a different set of , , and refO values would have resulted in calculated 
results closer to the dashed lines in Fig. 17, to satisfy the additional control on  versus . 
 
3.1.2 Simulated oedometer testing of MX80 E-Mix granular bentonite 
 
For this material, we performed simulations for = 0, 10, 60, and 200 MPa to cover an 
expected range of suction for a different modeling task, but laboratory data was available for =0 only, from reference [22]. We set = 1, = 1000 MPa, = 2 MPa from the	 = 0 test 
data, and  from the = 1 curve in Fig. 7. Then we determined the following through trial 
and correction with the additional control that the value of  for a given  on the virgin 
compression curve should increase monotonically with . For suction and pressure in MPa, 
 refO = 2.0 − .     (39) 
 = 0.05 −     (40) 
 = 0.23 +     (41) 
 
The calculated soil compression curves and the laboratory data for = 0 condition are shown in 
Fig. 18. The calculated results are also shown in Fig. 19 in terms of  versus  plots. 
 
3.2 Simulated free-swell and confined-swell testing of bentonite-sand mixture 
 
In the simulated swelling tests, a disk-shaped specimen, 2 m in diameter and 1 m thick, was 
modeled as an axisymmetric solid with boundary-normal displacements set to zero on the 
cylindrical surface and at the base. For free-swell testing, a small surcharge pressure of 
0.1 MPa was applied at the top surface. For confined-swell testing, in contrast, the top surface is 
held at zero vertical displacement, thus holding the specimen at constant volume throughout the 
test. The boundary conditions for the simulated tests were selected to represent the laboratory 
test conditions, such as described by Hoffmann et al. [31] for wetting under constant load (free-
swell testing) and wetting at constant volume (confined-swell testing). For each simulated test, 
the specimen was initially unsaturated with a specified suction. After mechanical initialization, 
the suction was reduced in small steps to a near-zero value to simulate wetting. The specimen 
moisture content was assumed to attain an instantaneous uniform value at each suction step 
and was calculated using the moisture retention relationship [Eq. (7)] for the bentonite-sand 
mixture and = ⁄  where  is the void ratio (without accounting for  changes during the 
calculation history) and  is the relative density of mineral grains. Mechanical response of the 
specimen to the prescribed suction history was calculated using a FLAC [15] implementation of 
the model described in this paper. Two analyses were performed in each case: one analysis 
with  set to zero, referred to as “wetting without swelling,” and a second analysis with  
set to its known value, referred to as “wetting with swelling.” The initial suction was 50 MPa and 
the mechanical parameters are as described in the first paragraph of Section 3.1.1. Suction was 
decreased in 0.05 MPa steps. 
 
3.2.1 Results from simulated free-swell testing 
 
The calculated yield function value  [Eq. (25)] from the “wetting with swelling” analysis, plotted 
as a function of  shows the mechanical state was elastic ( < 0) until suction decreased to 



 

 

~10 MPa (Fig. 20, solid blue curve). As the figure shows, plastic yielding ( ≈ 0) occurred at 
this value of suction and the mechanical state remained elastic-plastic during the rest of the 
wetting sequence. The preconsolidation pressure  remained constant at 17.5 MPa until the 
onset of plastic deformation (Fig. 20, solid red curve). The plastic deformation caused  to 
increase, due to compaction according to Eqs. (33) and (34), as  decreased to the air entry 
value of 2.5 MPa (compare with behavior described in Fig. 11). As  decreased further, 	  
decreased and approached the value for a saturated state. 
 
The mechanical state was elastic ( < 0) throughout the “wetting without swelling” analysis, as 
shown in Fig. 20 (dotted green curve). Therefore,  was constant at 17.5 MPa during the 
analysis until  decreased to the air entry value of 2.5 MPa. Further decrease in  caused  to 
decrease toward the value for a saturated state. 
 
Plots of the ‐  stress paths (Fig. 21) provide more explanation of differences in mechanical 
response from the “wetting with swelling” and “wetting without swelling” analyses. As the figure 
shows,  increased rapidly relative to  in “wetting with swelling.” The lateral effective stress 
increased due to suppressed lateral swelling but decreased due to suction release with a net 
increase as the effect of swelling increased. In contrast, the axial stress decreased due to 
suction release but was not affected by swelling because the specimen is free to swell axially. 
Therefore,  increased rapidly relative to  and the ‐  stress path intersected the initial yield 
surface at point A. Subsequently, the yield surface expanded between points A and B and 
contracted between points B and C. In contrast, for the “wetting without swelling” case,  was 
essentially constant while  decreased. The axial and lateral effective compressive stress 
decreased at the same rate due to suction release and there was no swelling effect. Therefore, 

 was essentially constant while  decreased and the ‐  stress path was almost horizontal and 
inside of the yield surface (Fig. 21).  
 
Axial (vertical) deformation 
 
The calculated vertical displacement is shown in Fig. 22 for the “wetting with swelling” (blue 
curve) and “wetting without swelling” (red curve) analyses. The difference between the two 
displacements (green curve) represents deformation due to swelling. The mechanical response 
to wetting consists of three contributions: (1) elastic relaxation due to suction release, 
(2) compression due to stiffness reduction, and (3) swelling. The “wetting without swelling” 
analysis can include the first two contributions but not the third. As Fig. 22 (red curve) shows, 
the first contribution (relaxation due to suction release) was initially dominant and resulted in a 
net positive displacement at  values greater than ~4 MPa. As  decreased to smaller values in 
the “wetting without swelling” analysis, compression due to stiffness reduction became dominant 
and resulted in a net negative displacement. However, the overall mechanical response as 
obtained with the “wetting with swelling” analysis (blue curve) resulted in a net axial expansion 
because the swelling contribution is much greater than the other two. The calculated net 
deformation shows an axial expansion of ~17%. Although this analysis is not compared against 
any laboratory data, in a previous analysis of the bentonite-sand mixture [29], the authors 
showed that axial expansion calculated using the model compared well with axial expansion 
from laboratory oedometer free-swell testing. 
 
Swelling pressure 
 
The simulated test conditions permitted development of swelling pressure, because the 
boundary conditions did not permit the potential lateral swelling. The swelling pressure was 



 

 

calculated as the difference between the effective pressure in the “wetting with swelling” and 
“wetting without swelling” analyses and is shown as the green curve in Fig. 23. As the figure 
shows, the swelling pressure increased during wetting and reached a maximum of ~6.6 MPa at 
a suction value near the air-entry pressure. The swelling pressure decreased with suction 
thereafter and approached ~1 MPa at saturation. Therefore, for this material and simulated test 
conditions (e.g., geometry, initial suction, mechanical properties), the analysis indicates the 
maximum swelling pressure that an embedded structure such as waste container could 
experience is greater than the swelling pressure at saturation. 
 
3.2.2 Results from simulated confined-swell testing 
 
The calculated  versus  and  versus  for the “wetting with swelling” and “wetting without 
swelling” analyses are shown in Fig. 24. Plastic yielding occurred in the first analysis at ≈ 16 MPa but did not result in compaction or any effect on  because the test conditions did 
not permit any volume change. Therefore,  was constant at 17.5 MPa until  decreased to 
smaller than the air-entry pressure. As  decreased further, 	  decreased and approached the 
value for a saturated state. For the “wetting without swelling” analysis, the mechanical state was 
elastic ( < 0) throughout. Therefore,  did not change until  decreased to smaller than the 
air-entry pressure.  
 
The boundary conditions for this test did not permit any deviatoric stress. Therefore, = 0, the ‐q stress path is horizontal and coincident with the  axis (Fig. 10), and the behavior of the 
stress path can be understood using the  versus  plots (Fig. 25). As the figure shows,  
decreased monotonically toward zero throughout the “wetting without swelling” analysis. In 
contrast, for “wetting with swelling,”  decreased initially, then increased until yielding  
(i.e., = ), remained constant until  decreased to smaller than the air-entry value. Thereafter, 

 decreased as the yield surface contracted because of decreasing .  
 
As shown in Fig. 25, the calculated swelling pressure increased to a maximum of ~15 MPa at a 
suction value approximately equal to the air-entry pressure. The swelling pressure thereafter 
decreased toward a value of ~2.5 MPa at the saturated state. The calculated swelling pressure 
from the “free-swell” and confined swell tests indicate, as is expected, that swelling pressure is 
not a material property, but a product of mechanical conditions and properties and wetting 
history. Hoffmann et al. [31] arrived at a similar observation based on laboratory swelling test 
results for wetting under constant load (similar to the “free-swell” test condition) and wetting at 
constant volume (similar to the confined swell test condition). 
 
3.3 Simulated free-swell and confined-swell testing of MX80 E-Mix granular bentonite 
 
The simulated test geometry and boundary conditions are the same as described in Section 3.2. 
For each simulated test, the specimen was initially unsaturated with suction = 200 MPa. After 
mechanical initialization, the suction was reduced in 0.05 MPa steps to a near-zero value to 
simulate wetting. The specimen moisture content and mechanical response were calculated as 
described previously (Section 3.2). Also, two analyses were performed in each case: “wetting 
without swelling” and “wetting with swelling.” The mechanical parameters are as described in 
Section 3.1.2. 
 
  



 

 

3.3.1 Results from simulated free-swell testing 
 
The calculated  versus  and  versus  for the “wetting with swelling” analysis (Fig. 26) show 
the mechanical state was elastic ( < 0) until suction decreased to ~95 MPa. As the figure 
shows, plastic yielding ( ≈ 0) occurred at this value of suction and the mechanical state 
remained elastic-plastic during the rest of the wetting sequence. The preconsolidation pressure 

 (solid red curve) remained constant at 34.3 MPa until the onset of plastic deformation. Plastic 
deformation caused  to increase initially because of compaction. Then, as the stress condition 
traversed critical state (compare with Fig. 10) the volumetric strain behavior changed from 
compaction to dilation and  decreased according to Eqs. (33) and (34) as  decreased from ~24 MPa to the air entry value of 5 MPa. As  decreased further, 	  decreased and approached 
the value for a saturated state. In contrast, the mechanical state remained elastic throughout the 
“wetting without swelling” analysis (dotted green curve). Therefore,   remained constant at 
34.3 MPa while  was greater than the air-entry value, but decreased thereafter as  decreased.  
 
The ‐  stress paths (Fig. 27) from this test are similar to the stress paths discussed previously 
(Fig. 21). As Fig. 27 shows for the “wetting with swelling” analysis (blue curve),  increased 
rapidly relative to , starting at the onset of swelling (i.e., point of separation of the blue and red 
curves) until the stress path intersects the initial yield surface at point A. In the stress-path 
segment OA, both lateral and vertical compressive stresses decreased initially due to suction 
release. At the onset of swelling, the lateral compressive stress increased but the vertical 
continued to decrease. Therefore,  increased rapidly relative to . Between points A and B, the 
yield surface expanded initially because of increase in  due to compaction, reached a 
maximum size and contracted because of decrease in  due to dilation. Yield surface 
contraction continued from point B toward C because of suction effects on  at  values smaller 
than the air-entry pressure. In contrast, for the “wetting without swelling” case, the ‐  stress 
path was on the inside of the yield surface throughout the analysis. The value of  did increase 
as  decreased: Potential expansion due to suction release occurred in the vertical direction 
(Fig. 28, red curve) but was suppressed laterally. Therefore, the lateral compressive stress 
increased relative to the vertical, resulting in an increase in . A similar increase in  occurred in 
the bentonite-sand mixture model (Fig. 21) but the magnitude of the increase was greater in the 
MX80 E-Mix granular bentonite model (Fig. 27). However, the  increase in the “wetting without 
swelling analysis” with either model was small such that the ‐  stress path remained on the 
inside of the yield surface, i.e., the mechanical state was elastic throughout the analysis.  
 
Axial (vertical) deformation 
 
The calculated vertical displacement for this analysis (Fig. 28) has features similar to the vertical 
displacements in Fig. 22 that were calculated for the bentonite-sand mixture. In the “wetting 
without swelling” analysis, the specimen expanded axially initially until  decreased to ~11 MPa 
but the test ended with a net specimen compression of ~5%. In contrast, the “wetting with 
swelling” analysis ended with a net specimen expansion of ~42%. 
 
Swelling pressure 
 
The swelling pressure, calculated as the difference between the effective pressure in the 
“wetting with swelling” and “wetting without swelling” analyses, increased during wetting and 
reached a maximum of 13.8 MPa at a suction value near the air-entry pressure of 5 MPa 
(Fig. 29). The swelling pressure decreased with suction thereafter and approached ~3 MPa at 
saturation. Therefore, for this material and simulated test conditions, the analysis indicates the 



 

 

maximum swelling pressure that an embedded structure such as waste container could 
experience is greater than the swelling pressure at saturation. The analysis with the 
bentonite-sand mixture model led to a similar conclusion. 
 
3.3.2 Results from simulated confined-swell testing 
 
The calculated  versus  and  versus  relationships (Fig. 30) show that the stress state in 
the “wetting with swelling” analysis satisfied the yield condition when  decreased to ~110 MPa. 
However, plastic yielding did not result in compaction or dilation and, therefore, had no effect on 

 because the test conditions did not permit any volume change. Therefore,  was constant at 
34.3 MPa until  decreased to smaller than the air-entry pressure. As  decreased further, 	  
decreased and approached the value for a saturated state. For the “wetting without swelling” 
analysis, the mechanical state was elastic ( < 0) throughout. Therefore,  did not change until 
 decreased to smaller than the air-entry pressure.  

 
As discussed in Section 3.2.2 for the bentonite-sand model, = 0 and the ‐  stress path is 
horizontal and coincident with the  axis (Fig. 10) throughout the test. The behavior of the ‐  
stress path can be understood using the  versus  plots (Fig. 31), which shows  decreased 
toward zero throughout the “wetting without swelling” analysis. In contrast, for “wetting with 
swelling,”  decreased initially, then increased until yielding (i.e., = ), and remained constant 
after yielding until  decreased to smaller than the air-entry value. Thereafter,  decreased as 
the yield surface contracted because of decreasing .  
 
The calculated swelling pressure (Fig. 31) increased to a maximum of 29.5 MPa at a suction 
value approximately equal to the air-entry pressure. The swelling pressure thereafter decreased 
toward a value of 4.6 MPa at the saturated state. As discussed in Section 3.2.2, the results 
indicate, as is expected, that swelling pressure is not a material property but a product of 
mechanical conditions and properties and wetting history. This interpretation of the swelling 
pressure agrees with the Hoffmann et al. [31] observation based on laboratory swelling tests 
performed at conditions similar to the simulated test conditions discussed in this paper. 
 
3.4 Bentonite column heated at the base and subjected to water infiltration at the top 
 
In this problem, we evaluated the mechanical response of a column of MX80 E-Mix granular 
bentonite heated at the base and subjected to water infiltration at the top. The evaluation 
consisted of thermal-hydrological (TH) analyses using a code xFlo [32] and mechanical (M) 
analyses using FLAC [15] with the constitutive model described in Section 2. The TH and M 
analyses were coupled sequentially, i.e., the calculated TH response was used as input for the 
M analysis but the resulting mechanical response was not used in the TH model. The analysis 
was intended to simulate a laboratory test on a granular bentonite column with similar boundary 
conditions [33, 34], which could represent bentonite buffer conditions in a geologic disposal 
design for radioactive waste. Numerical modeling of the test was conducted as part of the 
D2015 phase of the DECOVALEX program [23]. 
 
In the laboratory test, the bentonite column has cylindrical cross section with diameter of 7 cm 
and height of 50 cm and was placed in a Teflon® cell with outer walls reinforced with 
semicylindrical steel shells to avoid deformation of the Teflon during the test [33, 34]. Also, the 
cell was restrained at the base and top, and a load cell at the top surface was used to measure 
the axial pressure. The test consisted of a heating-only phase for 5,000 hr. followed by an 
infiltration phase for 15,000 hr. The heater temperature was increased in stages as described in 



 

 

[35] to a maximum of 140°C and held constant thereafter through the remaining test time 
(including the infiltration phase). Temperature and relative humidity were simultaneously 
measured at three locations: Probe 1 at 40 cm from the bottom, Probe 2 at 22 cm, and Probe 3 
at 10 cm. The water intake was measured by means of an electronic load cell measurement 
system. A ring load cell was used to determine the axial pressure generated during the test. 
 
TH analysis was performed to calculate the distributions of temperature, (liquid) water 
saturation, and gas pressure as functions of time [35] and the distributions were used as 
input in the mechanical analysis. The mechanical analysis model and results are described in 
this paper. 
 
3.4.1 Mechanical analysis model 
 
The bentonite column was modeled as an axisymmetric solid of radius 0.035 m and height of 
0.5 m, discretized into 198 rows of cells of 14 cells per row. An additional row of relatively stiff 
cells was placed at the top of the assemblage to represent the load-cell and was used to 
calculate the axial pressure. The top row was modeled as linear elastic and was not assigned 
any TH variables or properties. The 198 rows representing the bentonite were modeled using 
the constitutive model described in Chapter 2 with material parameters described in 
Section 3.1.2. 
 
All exterior boundaries of the model were held at zero normal displacement. The axis of the 
cylindrical solid also was restrained by implication of axisymmetric modeling. Therefore, the 
overall model volume could not change. However, internal deformation of the material could 
occur because of temperature and moisture content changes and could generate a reaction at 
the top row of elements representing the axial load cell. The internal deformations consist of 
swelling or shrinkage and thermal expansion of the bentonite. The analysis results indicate that 
the contribution of thermal expansion is negligible even during the heating phase. Therefore, the 
mechanical response of the bentonite column was controlled by swelling and shrinkage of 
bentonite due to moisture redistribution caused by the heat source and water infiltration.  
 
The value of  [eq. (37)] based on data described in Section 2.6.2 resulted in excessive axial 
pressure in the model. Therefore, we modified  to introduce a variation with moisture 
content ( ) and a difference in  values for swelling and shrinkage as described in Fig. 32. 
The  versus  relationships shown in Fig. 32 were chosen to result in a calculated axial 
pressure that reasonably matches the measured axial pressure from the laboratory experiment. 
Subsequent studies of the swelling and shrinkage of bentonite may lead to better understanding 
of swelling and swelling pressure modeling.  
 
3.4.2 Results of thermal-hydrological model used as input to mechanical model 
 
Spatial distributions of  and temperature ( ) used in the analysis are shown in Figs. 33 
and 34, respectively, at times of 4527, 5413, and 17,604 hr. These times represent the end 
of heating-only phase, beginning of infiltration (i.e., 5000 hr.) and end of the test (20,000 hr.). 
Such distributions were provided at 100 time increments through TH modeling and were used 
as input to the mechanical model. The TH model provided liquid saturation ( ), , and gas 
pressure ( ). The value of  was calculated from  using = ⁄ , where = 2.74 and = 0.797 is the initial void ratio. Also,  was used to calculate , , and  as described in 
Sections 2.1 and 2.3.2. 
 



 

 

At the start of the simulation (representing the initial state in the laboratory test) = 0.064 and = 22℃ everywhere. Because infiltration did not start until 5000 hr., the  contour plot at 
4527 hr. (Fig. 33) represents thermal effects on moisture redistribution. The contours show that 
during the heating-only phase (first 5000 hr.) of the simulated test, moisture content increased 
to almost 0.1 in approximately the middle third of the specimen, remained essentially 
unchanged in the upper third, and decreased to as low as approximately zero in the lower third. 
The moisture content changes caused swelling or shrinkage of the bentonite that manifested as 
axial pressure changes in the laboratory experiment. As Fig. 33 shows, moisture content 
changes during the infiltration phase are greater than during the heating-only phase. Therefore, 
mechanical response of the specimen during the infiltration phase is greater than during the 
heating-only phase. 
 
3.4.3 Mechanical response 
 
Mechanical changes in the specimen consist of internal deformation due to thermal expansion 
and moisture-induced swelling or shrinkage. Because the specimen was constrained 
mechanically at all exterior boundaries, the mechanical changes resulted in an evolution of 
internal pressure that was monitored in the laboratory experiment using an axial-pressure load-
cell at the top of the specimen. Model calculations indicate the contribution of thermal expansion 
to the overall mechanical response is negligible. For example, the maximum axial pressure 
change due to thermal expansion is approximately 0.05 MPa, with thermal expansion modeled 
using a constant thermal expansivity of 10  /°C. In contrast, the measured axial pressure 
reached a maximum of approximately 1.5 MPa. Therefore, the mechanical response due to 
swelling and shrinkage caused by moisture redistribution is much greater than the effects of 
thermal expansion, such that the calculated response could be explained by comparing with the 
moisture content changes. 
 
The spatial distributions of volumetric strain (Fig. 35) indicate dilation in approximately the 
middle third of the specimen during the heating-only phase (4527-hr results), which was 
compensated by compression in the lower and upper thirds. The dilation zone at 4527 hr. 
(Fig. 35) corresponds approximately to the zone of increased moisture content at 4527 hr. 
(Fig. 33). The results indicate that bentonite swelling in the middle third caused an increase in 
volume that was compensated by volume decrease in the upper and lower thirds. The onset of 
water infiltration at the top of the specimen resulted in a zone of increased moisture content at 
the top (Fig. 33, 5413 hr.) and a corresponding dilation zone at the same location (Fig. 35, 
5413 hr.). The middle and upper dilation zones grew and eventually merged as shown in Fig. 35 
(17,604 hr.), thus indicating specimen dilation in approximately the upper half, compensated by 
compression in the lower half.  
 
The measured axial pressure (Fig. 36) was in the range of 0.1–0.2 MPa during the heating-only 
phase, increased rapidly to approximately 1.2 MPa at the beginning of infiltration and more 
gradually thereafter to a steady maximum of approximately 1.5 MPa. The calculated axial 
pressure histories for three model cases are compared with the measured axial pressure in 
Fig. 36. The axial pressure depends on the bulk modulus ( ) and swelling or shrinkage 
coefficient ( ). The bulk modulus for each of the model cases shown in Fig. 36 varied with 
suction in the range of 20 ≤ ≤ 50 MPa based on the model described in Section 2.3.2 and 
Fig. 9 (red curve). The model cases differ only with respect to the ratio of the  values for 
shrinkage relative to the values for swelling. The ratio equals 0.5 for the green curve, 0.75 for 
the red curve, and 1.0 for the purple curve.  
 
  



 

 

 
Although the calculated axial pressure during the thermal and infiltration phases matches the 
overall trends of the measured pressure, the rapid increase in the measured axial pressure at 
the start of the infiltration and more gradual increase thereafter to a steady maximum were not 
captured by the model results. Part of the difference between the observed and calculated axial 
pressure response can be attributed to the differences in moisture distribution between 
observations and xFlo results. The xFlo calculations consistently underpredict the measured 
cumulative mass inflow by approximately 10 percent throughout the infiltration period, affecting 
total change in moisture content within the column. The time history of the measured RH also 
suggests that the xFlo-calculated wetting front is sharper than the observed wetting front 
(measured moisture changes occur deeper in the column than calculated moisture changes) 
[35]. In addition, temperature transients measured at the probe nearest the heater (e.g., diurnal 
and seasonal changes in laboratory temperature, and changes in heater temperature and 
insulation) were associated with axial pressure transients up to 0.006 to 0.007 MPa/°C. Further 
calibration of the mechanical parameters relevant to swelling pressure may yield a better match 
to the experiment, but additional calibration may be less important for repository conditions that 
feature a slow and relatively uniform buffer rewetting given the large interface area of the 
surrounding buffer.    
 
4 Concluding Remarks 
 
This paper illustrates an implementation of the Bishop principle of effective stress in constitutive 
modeling of unsaturated expansive soils. The implementation uses the moisture retention 
characteristic curve to evaluate the Bishop parameter  and, therefore, suction contribution to 
the effective stress, i.e, suction pressure . Although the proposed general approach provides 
for flexibility in ‐  relationships through the  parameter, the two materials evaluated in the 
paper were modelled using =  (i.e., = 1). Therefore, the  parameter was not 
evaluated in detail, except for the observation based on ‐  relationships for MX80 E-Mix 
granular bentonite that needs ≤ 1.5 for  to increase monotonically with . Using the 
moisture retention curve as described implies  is defined by the hydrologic response and 
establishes an important hydrologic input to modeling the mechanical behavior of 
unsaturated soils. 
 
Using the moisture retention characteristic curve to evaluate  and  enables an evaluation of 
suction effects on soil strength (through the preconsolidation pressure, ) and stiffness (through 
the bulk modulus, ) without needing additional information. This approach, therefore, reduces 
the number of independent parameters needed in the constitutive model and allows for 
consistency among mechanical and thermal-hydrological modeling. That is, the moisture 
retention curve used for thermal-hydrological modeling is also a controlling input to mechanical 
modeling. Additionally, this paper describes the use of numerically simulated oedometer 
compression testing to augment laboratory data defining suction effects on the soil compression 
characteristic curve. 
 
The approach to modeling swelling described in this paper allows the effects of mechanical 
boundary conditions and moisture content change and its spatial gradients to be incorporated in 
the analysis of swelling and swelling pressure. The basic material characteristic input is the unit 
swelling potential , which represents the volumetric strain increment per unit change in 
moisture content for a soil element that is free to swell in every direction. Based on this 
definition, using the oedometer “free-swell” test to evaluate  likely results in underestimating 
the potential swelling and swelling pressure because, as discussed in Section 3.2, the 



 

 

oedometer specimen is not free to swell in every direction. However, the oedometer “free-swell” 
test provides a better estimate of   than other available testing techniques. Therefore, using 
this  in the modeling approach described in this paper provides a good basis for estimating 
potential swelling and swelling pressure in a soil mass subjected to arbitrary mechanical 
boundary conditions and wetting history. Results calculated using the model indicate that the 
potential swelling pressure in a given design would vary with saturation and the maximum 
swelling pressure could be substantially greater than the swelling pressure in a saturated state. 
Furthermore, different mechanical boundary conditions could result in a substantially different 
swelling pressure for a given saturation. For example, the maximum swelling pressure for a 
constant-volume condition could be much greater than the maximum swelling pressure for other 
conditions that permit swelling in one or more directions. 
 
The illustrative examples include numerical modeling of a laboratory test on a column of 
bentonite soil heated at the base and subjected to water infiltration at the top. Results from the 
model were evaluated by comparing measured and calculated axial pressure histories at the top 
of the specimen. The results show the proposed approach is suitable for modeling the 
mechanical response of swelling soils that may experience changes in saturation and 
temperature. However, better understanding is needed of the swelling and shrinkage potentials 
and their dependence on moisture content.  
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Table 1. Slope parameters of the soil compression characteristic curve for the bentonite-sand mixture 
based on numerically simulated oedometer compression testing 

Suction (MPa)   
0 0.05 0.12 
4.2 0.038 0.15 
12.6 0.035 0.17 
38.0 0.025 0.21 
 
  



 

 

 
Fig. 1. Bishop parameter versus effective saturation ( - ) relationships based on Eq. (5) and showing 
the effects of the  fitting parameter 
 
 

 
Fig. 2. Moisture retention relationships for a bentonite-sand mixture based on reference [20] data and 
Eq. (7) curve-fitting 
 
 
  



 

 

 
Fig. 3. Bishop parameter versus suction ( - ) relationships for the bentonite-sand mixture described in 
Fig. 2 showing the effects of the  fitting parameter 
 
 

 
Fig. 4. Suction pressure (i.e., suction contribution to the effective pressure) versus suction ( - ) 
relationships for the bentonite-sand mixture described in Fig. 2 showing the effects of the  
fitting parameter 
 
  



 

 

Fig. 5. Moisture retention relationships for MX80 E-Mix granular bentonite based on reference [22] data 
and Eqs. (8) and (9) curve-fitting 
 
 

 
Fig. 6. Bishop parameter versus suction ( - ) relationships for MX80 E-Mix granular bentonite described 
in Fig. 5 showing the effects of the  fitting parameter 
 



 

 

 
Fig. 7. Suction pressure (i.e., suction contribution to the effective pressure) versus suction ( - ) 
relationships for MX80 E-Mix granular bentonite described in Fig. 5 showing the effects of the  
fitting parameter 
 
 

Fig. 8. Schematic soil compression characteristic curve based on a bilinear - log  relationship 
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Fig. 9. Bulk modulus versus suction ( - ) relationships for MX80 E-Mix granular bentonite based on 
Eq. (20) and showing the effects of  and assumptions regarding minimum bulk modulus (K_inf = , 
w0 = , PC = preconsolidation, and REF = reference) 
 
 

 
Fig. 10. Schematic illustration of the generalized -  yield surface [Eq. (25)] for unsaturated soil 
 
  



 

 

 
Fig. 11. Suction contribution to preconsolidation pressure,  versus  for MX80 E-Mix 
granular bentonite showing changes during drainage and imbibition (from a hypothetical 
maximum suction) 
 
 

 
Fig. 12. Laboratory oedometer compression curves for the bentonite-sand mixture based on reference 
[20] data 
 
  



 

 

 
Fig. 13. Reference specific volume versus suction ( refO- ) relationships for the bentonite-sand mixture 
based on reference [20] data curve-fitting 
 
 

 
Fig. 14. Unloading/reloading slope versus suction ( - ) and normal-compression slope versus suction 
( - ) relationships for the bentonite-sand mixture based on matching numerically simulated 
compression test results with the laboratory data (Fig. 12) 
 
  



 

 

  
Fig. 15. Swelling strain versus moisture content for the bentonite-sand (based on [36]) and granular 
bentonite (based on [22]) mixtures (“idd” in the legend stands for “initial dry density”). We used the 
gradient of the strain versus moisture content relationship to evaluate the unit swelling potential 
 
 

 
Fig. 16. Simulated oedometer compression test on the bentonite-sand mixture for = 12.6 MPa 
compared with reference [20] laboratory test data 
 
  



 

 

 
Fig. 17. Value of effective pressure  for a given specific volume  on the normal-compression segment 
of the oedometer compression curve, based on numerically simulated testing of the bentonite-sand 
mixture. Dashed segments indicate minimum acceptable relationships, whereas the solid curves 
represent the relationships calculated by honoring reference [36] laboratory test data 
 
 

 
Fig. 18. Simulated oedometer compression test results for MX80 E-Mix granular bentonite and 
laboratory data from = 0 testing from reference [22] 
 



 

 

 
Fig. 19. Value of effective pressure  for a given specific volume  on the normal-compression 
segment of the oedometer compression curve, based on numerically simulated testing of MX80 E-Mix 
granular bentonite 
 
 

 
Fig. 20. Variation of the yield function value  and the preconsolidation pressure  based on 
numerically simulated oedometer free-swell testing of the bentonite-sand mixture, subjected to 
progressive wetting to saturation from an initial suction of 50 MPa 
 
  



 

 

 
Fig. 21. Calculated -q  stress paths based on Eqs. (22) and (23) from the simulated free-swell testing of 
bentonite-sand mixture described in Fig. 25. Path OABC represents the general direction of the 
simulated tests 
 
 

 
Fig. 22. Calculated axial displacement versus suction from the simulated free-swell testing of bentonite-
sand mixture described in Fig. 25 
 
  



 

 

 
Fig. 23. Calculated effective pressure versus suction showing the effect of wetting on swelling pressure 
from the simulated free-swell testing of bentonite-sand mixture described in Fig. 25 
 
 

 
Fig. 24. Variation of the yield function value  and the preconsolidation pressure  based on 
numerically simulated oedometer confined (i.e., constant volume) swell testing of the bentonite-sand 
mixture, subjected to progressive wetting to saturation from an initial suction of 50 MPa 
 
  



 

 

 
Fig. 25. Calculated effective pressure versus suction showing the effect of wetting on swelling pressure 
from the simulated constant-volume swell testing of bentonite-sand mixture described in Fig. 29 
 
 

 
Fig. 26. Variation of the yield function value  and the preconsolidation pressure  based on 
numerically simulated oedometer free-swell testing of MX80 E-Mix granular bentonite, subjected to 
progressive wetting to saturation from an initial suction of 200 MPa 
 
  



 

 

 
Fig. 27. Calculated -   stress paths based on Eqs. (22) and (23) from the simulated free-swell testing 
of granular bentonite described in Fig. 31. Path OABC represents the general direction of the 
simulated tests 
 
 

 
Fig. 28. Calculated axial displacement versus suction from the simulated free-swell testing of granular 
bentonite described in Fig. 31 
 
 
  



 

 

 
Fig. 29. Calculated effective pressure versus suction showing the effect of wetting on swelling pressure 
from the simulated free-swell testing of granular bentonite described in Fig. 31 
 
 

 
Fig. 30. Variation of the yield function value  and the preconsolidation pressure  based on 
numerically simulated oedometer confined (i.e., constant volume) swell testing of MX80 E-Mix granular 
bentonite, subjected to progressive wetting to saturation from an initial suction of 200 MPa 
 
  



 

 

 
Fig. 31. Calculated effective pressure versus suction showing the effect of wetting on swelling pressure 
from the simulated constant-volume swell testing of granular bentonite described in Fig. 35 
 
 
 

 
Fig. 32. Relationships between unit swelling/shrinkage potential ( ) and moisture content ( ) used in 
the numerical modeling example described in Section 3.4. 
 
  



 

 

Fig. 33. Typical spatial distributions of moisture content ( ) used as input to the numerical modeling 
example described in Section 3.4. 
 
 

Fig. 34. Typical spatial distributions of temperature ( ) used as input to the numerical modeling example 
described in Section 3.4. 
 
  



 

 

Fig. 35. Calculated spatial distributions of volumetric strain in the modeled bentonite column based on 
the numerical modeling example described in Section 3.4. 
 
 

 
Fig. 36. Calculated histories of axial pressure at the top of the bentonite column compared with the 
measured axial pressure, based on the numerical modeling example described in Section 3.4. 

 


