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Thermodynamics

of the

Liquid State

GENERALIZED PREDICTION OF PROPERTIES

K. M. Watson
UNIVERSITY OF WISCONSIN, MADISON. WIS.

On the basis of a modified application of the
theorem of corresponding states, new
methods are presented for the general pre-
diction of the following thermodynamic
properties of liquids: thermal expansion
and compressibility, pressure correction to
enthalpy, pressure correction to entropy,
pressure correction to heat capacity at con-
stant pressure, heat of vaporization, dif-
ference between heat capacity of a saturated
liquid and its ideal gas, and difference
between heat capacity of saturated liquid
and heat capacity at constant pressure.

D URING the past ten years much attention has been
directed (2, 4, 7, 8, 10, 23-26) toward the develop-

ment of generalized relations which permit prediction of
the thermodynamic properties of the gaseous state, even at
extreme conditions of temperature and pressure, with accu-
racy sufficient for general engineering purposes. The similar
properties of the liquid state have received little attention be-
cause of their lesser importance and because of the failure of
the theorem of corresponding states to directly correlate
liquid properties with accuracy. However, by a modified
application of this theorem it is possible to correlate liquid
properties with a degree of accuracy similar to the correla-
tions of the gas phase.

THERMAL EXPANSION AND COMPRESSIBILITY

The equation of state for the gaseous phase is ordinarily
written,

The only data required are the boiling
point, the critical temperature, critical
pressure, and the liquid density at some
one temperature.

Like all applications of the theorem of
corresponding states, these relations are
not rigorously correct. However, devia-
tions from the available experimental data
on a variety of compounds, both polar and
nonpolar, are sufficiently small to warrant
their use for many process problems where
reliable data are not available, and for ra-
tionalizing fragmentary experimental data.

where co, which might be termed the "expansion" factor,
would be a function only of reduced temperature and pres-
sure.

Unfortunately it is found that factor co of Equation 2 is not
a generalized function of reduced conditions. Values of w at
the same reduced conditions may vary by more than 20 per
cent for different compounds. Accordingly, Equation 2 is a
rough approximation useful only where no direct liquid den-
sity data of any type are available.

Since at least one value of liquid density is available for
almost any compound, a more useful relation results by ap-
plying Equation 2 to obtain an expression for the ratio of the
density at any given condition to that at some reference state
designated by subscript 1:

P1 W1

pv = zRT (1)
P2or p --E
Ul1 (3)

where z, the compressibility factor, is a function of reduced
temperature and pressure, approximately the same for all
substances. If this relation were applied to the liquid state,
an expression for liquid density might be written,

pM ( p, ) PoM P.M
P =zRT = R T, (2)

It has been found that if ca is evaluated as a function of re-
duced temperature and reduced pressure for one compound
on which complete data are available, Equation 3 may be
used with satisfactory accuracy for predicting the densities of
any other compound for which one liquid density value is
available to establish pl/wi.
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Table I. Values of Expansion Factor w
Expansion FactorT, Pr = 0 P, -0.4 P, -0.8 P, = 1.0 Pr - 1.5 Pr -- 2 Pr

0.5 (0.1328) ... .... 0.1332 .... 0.1338 ....
0.0 0.1242 ... 0.1250 .... 0.1258
0.7 0.1144 o:ii. o 0.1158 .... 0.1170 0.118
0.8 0.1028 0.1042 0.i650 0.1056 0.1070 0.1077 0.109
0.9 .... 0.0900 0.0915 0.0928 0.09490 .0968 0.100
0.95 ... .... 0.0810 0.0831 0.0872 0.0902 0.094
1.0 .... .. .... 0.0440 0.0764 0.0818 0.087

Figure 1 and Table I give values of co for isopentane, cal-
culated from the measurements of Young (11) and extended
to higher pressures by the data of Sage and Lacey (16, 18) on
propane and n-pentane and Equation 3. Tables II and III
compare liquid densities calculated from these curves and
Equation 3 with experimental data from the indicated sources
for compressed and saturated liquids of various polar and
nonpolar types. The agreement is reasonably good with de-
viations, in general, less than 5 per cent, even for the case of
water at 1000 C. and above. The anomalous density changes
of water at low temperature are not in agreement with the
correlation, and selection of 40 C. as the reference conditions
instead of 1000 C. would increase the maximum deviations in
the high-temperature range to approximately 10 per cent. In
general, it is desirable to use the highest temperature at which
data are available as the reference state, particularly when the
high-temperature behavior of polar substances such as water
are being calculated.

8 pr-5

0.1350
0.1275

2 0.1202
8 0.1125

Through Equation 6 the group

Jpj (H)
P'cý6pi

2 0.1043 ma b
a 0.1000 may be expressed as a general function
5 0.0954 of reduced temperature and pressure by the

graphical differentiation of Figure 1, re-
membering that 6(1/w) = -(bJ/o0'). The
results of this operation are summarized in

Figure 2 and Table IV for the range of conditions not close
to the critical point.

The effect of pressure on enthalpy may. be expressed in a
more useful form by graphically integrating Equation 6 to
obtain the differences between the enthalpy of a liquid under

I1

PRESSURE CORRECTION TO ENTHALPY

The effect of pressure on the enthalpy of any substance is
expressed by the rigorous thermodynamic equation:

/r
n / r - t s (4)

'Rearranging in terms of reduced conditions,

(m_) (CV)-(T)

3
.1c

0

Z

0.

X
W

00

REDUCED PRESSURE 0.4 -

.07t

Combining Equations 3 and 5,

Jý ( ýH-) 1 \-T
T_"TA 6w
Jp1 ~~ ~ I H 1 (

.06ý

(6)
105

Table II. Densities of Compressed Liquids
Pressure, Reduced -Density, Gram/C-.

Lb./Sq. In. Pressure . Calcd. Exptl. Caled. Exptl. Caled. Exptl.

WATER (12): p,/M - 7.586 AT 1000 C., I ATm.
204.40 C.. 348.9 C., 374.3' C.,
T, - 0.738 T, - 0.961 T, - 1.0

1000 0,312 0.842 0.864 ... ... ... ...
3206 1.0 0.851 0.874 0.611 0.616 0.826 0.318
4000 1.248 0.854 0.878 0.633 0.639 0.551 0.543
5500 1.715 0.858 0.885 0.658 0.660 0.603 0.603

PnOPAwE (17): pi/, - 4.807 AT 21.00 C., 200 LB./SQ. IN.
54.5- 0., 71.10 C., 87.90 0.,

Tr - 0.878 T, - 0.921 T, - 0.966
300 0.466 0.453 0.447 ... ......
600 0.934 0.460 0.458 0.416 0.422 0.374 0.368

1500 2.85 0.485 0.482 0.400 0.458 0.431 0.430
3000 4.66 0.508 0.506 0.489 0.489 0.469 0.470

BUTANE (19): pd/m• - 5.037 AT 21.10 C., 250 LR./SQ. IN.
71.10 C. 104.40 C., 121.1* C.,

T, - 0.869 T, - 0.887 T, - 0.926
250 0.462 0.521 0.522 0.467 0.461 0.427 0.411
500 0.945 0.526 0.527 0.475 0.472 0.438 0.434

1500 2.84 0.548 0.545 0.508 0.501 0.487 0.475
3000 5.67 0.567 0.564 0.536 0.528 0.521 0.507

V. REDIE TEMR

REDUCED TEMPERATURE
V.- 10

Figure 1. Thermal Expansion and Compressibility of
Liquids

Table III. Densities of Saturated Liquids
Tempera- Density, G./Co. Tempera- Density, G./Ce.
ture, 0 C. Caled. Exptl. ture, 0 C. Calcd. Esptl.

AmnoxrA (81): pi/. - 5.463 AT -- 33.83 C., SATn. PRESSURE

-78.8 0.729 0.730 37.8 0.586 0.584
-45.6 0.698 0.699 93.3 0.488 0.475
-17.8 0.664 0.664 121 0.388 0.380
+10 0.626 0.625 133 (T7) 0.240 0.234

ETHTL ALCOROX. (11): po/an -- 6.210 AT 200 C., SATV. PRESSURE
0 0.809 0.806 60 0.746 0.755

40 0.768 0.772 80 0.721 0.735
243.1 (T,) 0.275 0.275



400 INDUSTRIAL AND ENGINEERING CHEMISTRY Vol. 35, No. 4

Expressing in terms of reduced conditions and combining with
Equation 3,

JpiT, QbS X\
WIP.- 6p

(9)

Equation 9 may be integrated to obtain a useful correction
chart relating the difference between entropy under the
critical pressure and entropy at any other pressure under the
same temperature:

PS, ). f1 dp, (10)

2.0 3.0

REDUCED PRESSURE

Figure 2. Differential Effect of Pressure on Enthalpy of
Liquids

its critical pressure and the enthalpy at the same temperature
and other pressures:

(P,' (H. - H) - fl.OJp, (H) dp, (7)

The results of this integration are summarized in Figure 3 and
Table V.

Unfortunately few data are available with which to com-
pare the enthalpy corrections calculated from Figure 3.
Table VI compares the calculated values and those experi-
mentally evaluated for water and propane.
The agreement is reasonably good for both
compounds. In view of the fact that the
pressure correction is relatively small as
compared to the enthalpy changes ordi-
narily encountered in industrial operations, Tr

it is believed that Figure 3 may be safely 0.7
used for many engineering applications. The 0.80.85
fact that a relation based on data for 0.90
pentane is in even fair agreement with. 0.9
such dissimilar materials as water and pro- 1.0
pane is reassuring as to its generality.

PRESSURE CORRECTION TO ENTROPY
Tr P.

The effect of pressure on the entropy of any 0.7 +
0.8 ++

substance is expressed by the rigorous thermo- 0 -. ,
dynamic equation: 0.90.94 .

Figure 3. Pressure Correction to Enthalpy of Liquids

Table IV. Values of - H

Pr m 0 Pr = 0.4 Pr = 0.8 P, - 1.0 P, - 1.5 Pr - 2 Pr - 3 Pr - 5

- 8.0 -3.2 -8.4 -3.5 -3.8 -4.0 -4.4 -4.7
+ 0.1 -0.6 -1.3 -1.6 -2.2 -2.5 -3.3 -4.1
+ 5.0 +3.1 + 1.8 + 1.3 + 0.2 -0.7 -1.9 -3.4
+15.0 +9.1 + 6.3 + 5.3 + 3.4 + 1.9 - 0.2 -2.7

.... ... +19.0 +14.0 + 7.7 -+ 4.9 + 1.7 -2.0

.. +203 12.1 +..2 -0.7... . .. .... +30,0 +21.8 +10.7 +0.4

Table V. Values of P-- (H0 , - H

-0 Pr - 0.4 Pr " 0.8 Pr m 1.2 P, - 1.5 Pr - 2 Pr .3 Pr - 5
3.1 +2 +0.8 - 0.7 - 1.8 - 3.4 - 7.3 - 17.2
0.8 +0.5 +0.1 -0.2 -0.7 -1.4 -4.0 -12.3
8.2 -1.8 -0.5 + 0.4 + 0.9 + 1.0 0.9 - 8.0

-3.0 -1.7 1.0 2. 3.7 4.4 0.2
-. 5 + 2.1 52 8.2 11.8 10.8

... +10.0 1 25.8 20.2 1 39.8

... +15.0 + 24.9+ 350 47 541

. ....... +46.6 +62.5 + 77.8 97+.a +100 3.. . ... +87.0 +101.5 +118.2 +130.5 ...
IV (8)(8)
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Values [b(1/Q)/bT,], were obtained from Figure 1 in de-
riving Figure 2. The resulting integrated pressure correction
to entropy is plotted against reduced temperature and pres-
sure in Figure 4 and summarized in Table VII. Table VIII
compares values calculated from Figure 4 with experimental
values for water and propane. The agreement appears to be
somewhat better than that of the enthalpy correction, in-
dicating that generalization is sufficiently sound for useful
application.

PRESSURE CORRECTION TO HEAT CAPACITY AT CONSTANT

PRESSURE

A useful expression for the effect of pressure on heat capac-
ity at constant pressure may be derived by des-
ignating the right-hand side of Equation 7 as ik,
a function of reduced temperature and pressure:

JP__._ (Hos. -- H),r T II ,
P.W' 0.7

0.9
0.94

Upon differentiation at constant pressure, 0.98
0.99

Jp 1  \1(4) 0999
r '6,,bT 6T 2. T. 6T,.0

Table VI. Pressure Correction to Enthalpy

_ ( H) r, cH./gram mole-.
Pressure, 204.4' C.• -- 348.9 a MO 874.38 C.

Lb./Sq. In. Calod. Exptl. Calod. Exptl Calcd. Exptl.

WATER (12)

1000
2500
4000
5500

300
1500
3000

23 28. .......
8 10 -107 -11 5  .....

- 8 - 9 + 75 + 79 +1130 +1266
-26 -82 +164 +172 +1370 1526

PROPANE (17)
54.50 C. 71.1' C.

-29 -25
+18 +12 3
-28 -21 .1-5'8 .1.4

87.9O C.

205 20 +200260 +256

or JP1T (C,c - Cp)r (-) (12)

Th e results of graphically differentiating Figure 3 in accord-
ance with Equation 12 are summarized in Figure 5 and Table

08

160-

140-

120 1

1800

so-~

Table VII. Values of JPIT SZ-(S, - S)2,
wPs

P, - 0.4 P, - 0.8 Pr - 1.2 Pr - 1.8 Pr - 2 P, " 8 Pr - 5

-4. -:1.7 + 1.1 + 3.2 + 6.9 + 13.8 + 25.0
36 + 3.8 +8.5 1.5 +26 44.9

-7.1 + .6 12.2 20.8 + 34.7 83.5
+.13.2 + 24.6 37.3 + 85.1 79.0
+18.3 + 31.9 + 47.7 7 71.0 + 99.9
+32.1 + 50.0 + 70.2 96.9 +130.0
+50.7 76.9 +102.0 1130.9 +165.6
+93.2 I113.0 +134.0 +161.5

IX. A comparison of values calculated from Figure 5 with
those derived from experimental data for water is shown in
Table X. Additional data for testing this relation are scanty,
but the agreement with the data on water is suffi-
ciently good to indicate that the generalization did not lose
greatly in accuracy through the series of manipulations em-
ployed in deriving Figure 5.

HEAT OF VAPORIZATION

An empirical graphical generalization was developed by the
author (2) which satisfactorily represents the effect of tem-
perature on the heat of vaporization of a variety of polar and
nonpolar compounds. A curve, based on the available data
for all materials, was presented from which the heat of vapor-
ization at any reduced temperature can be calculated if one
value at a known reduced temperature is available. The
Kistiakowsky equation. offers a satisfactory method of es-
timating heats of vaporization at the normal boiling points
for nonpolar compounds but does not apply to polar materials.

A satisfactory generalized method for estimating the heat of
vaporization of any substance at any temperature was de-
veloped by Meissner (14). This method shows good agree-
ment with experimental results, particularly at high tempera-
tures. It becomes somewhat unsound at low reduced tem-
peratures, but even in this range the errors are not ordinarily
serious. The method here presented is an alternate to Meiss-

Table VIII. Pressure Correction to Entropy

-)4Sts - 8) X 10 ocal./gram mole/* K. -
Pressure, 2.8.94 -. 874.35 C.

Lb./Sq. In. Calod. E;ptL CaIlod Exptl. 1ae.Expt

WATER (10)
1000 -116 -100
2500 -87 -32 -- 24 -- 242
4000 +88 +8 + 194 187 6 6 oo
5500 112 96 480 446 2400 2545

PnoAnz, (17)

64.5° C. 71.1* 0. 87.9* C.
o00 -285 -238 .... ... ....

1500 +470 +442 + 630 591 T915 '
8000 +990 +984 -1215 1200 -16704.1790

I 2 3 4
REDUCED PRESSURE

Figure 4. Pressure Correction to Entropy of Liquids



402 INDUSTRIAL AND ENGINEERING CHEMISTRY Vol. 35, No. 4

Table IX. Values of I (Ce, - CO)r

Tr Pr 0.4 Pr 0.8 Pr - 1.2 Pr - 1.5 Pr - 2 Pr - 3 Pr " 5

0.7 --29 -3 + 3 + 7 + 14 + 23 + 380.8 -28 - 9 •3 + 16 + 80 + 52 + 80
0.9 .. -42 ±30 + 62 + 08 +142 +192
0.94 .. - 75 + 70 +143 +216 +303 +302
0.96 -190 +146 +272 +400 +518 +662
0.97 ... +208 ±387 +550 +695 ..
0.98 .. ... +386 1608 +778 ...

by Cox (5) which permits ready determination of dp,/dT
from the corresponding values for the reference substance.
However, this method is rather tedious, and the added labor
is frequently not warranted by the improved accuracy ob-
tained.

If the application of Equation 14 is restricted to the normal
boiling point, a reasonably good approximation is obtained
with the following modified form of the Clausius-Clapeyron
equation in which the factor 0.05 represents the average de-
viation of the vapor from the ideal gas laws at these condi-
tions, together with the effect of the liquid volume:

T

'sTJB O.O5RI'L (15)

A simple relation between temperature and vapor pressure
was developed by Calingaert and Davis (8) as a result of a
study of the Cox method of vapor-pressure plotting:

--- REDUCED PRESSURE
0 I 2 3 4 5

Figure 5. Pressure Correction to Heat Capacity at
Constant Pressure of Liquids

BIn p. = A B
T -- 43 (16)

where T is expressed in degrees Kelvin. This equation is not
particularly reliable for many materials and is not recom-
mended as a general method of predicting vapor pressures
where considerable accuracy is required. However, it can be
used satisfactorily for evaluating dp/dT for generalized
thermodynamic relations where a high order of accuracy is
not required or inherent in the other relations. Thus, dif-
ferentiating Equation 16,

ner's method, with the advantage of not involving any
graphical relations and consequently being adaptable to
mathematical manipulation for the derivation of other ther-
modynamic functions. It is perhaps somewhat more depend-
able than Meissner's method at low reduced temperatures.

It has been found that the general curve, referred to above
(RR) and expressing the relation between heat of vaporization
and reduced temperature, is represented by the following em-
pirical equation:

dp. _ p.B
dT (T -- 43)2 (17)

The constant B may be determined from any two vapor pres-
sure values, such as the boiling point and critical point:

T, 0.
(13)

This equation is more convenient to use, than the original
curve and gives considerably more reproducible results, par-
ticularly at temperatures near the critical. It is in good
agreement with the available data with the exception of water
at low temperatures, below the normal boiling point. As
previously mentioned, water is unusual in many of its char-
acteristics in this region.

Heats of vaporization ma y be accurately calculated at any
temperature from the rigorously correct Clapeyron equation:

dp, _. (14)
P7 f(v 0 - v,)

The molal volume of the vapor, v., may be calculated from the
generalized gas compressibility factors while the volume of
the liquid, v1, is obtained from Equation 3 and Figure 1.
Where complete vapor pressure data are not available, excel-
lent approximations can be obtained from only the boiling
point and the critical temperature and pressure by use of a
reference substance method of plot ting such as that introduced

In p'
Ps1 1

TB - 43 T. - 43

Combining Equations 12 and 14,

= 0.95RB ( TB 43)2

(18)

(19)

Table X. Pressure Correction to Heat Capacity of Water
at Constant Volume (12)

- u- Op) T cal./gram mole/* X.------
260- 0 315.60 C., 337.0 C.,

Pressure, T, - 0.824 T, - 0.910 Tr - 0.943
Lb./Sq. In. Calod. Expti. Caled. Exptl. Caled. Eapti.

1000 -0.88 -0.81 ....... ..
2000 -0.46 -0.38 -1.08 -1.03
2500 -0.27 -0.23 -1.15 -0.99 -2.48 -'2:61
4000 +0.25 +0.27 +0.87 +0.90 +1.94 +2.02
6000 +0.74 +0.86 +2.18 +2.32 +4.40 +4.41



April, 1943 INDUSTRIAL AND ENGINEERING CHEMISTRY 403

This equation gives results generally not differing from. re-
liable experimental values by so much as 5 per cent when
constant B is determined from the critical point and boiling
point. Somewhat better results are obtained if B is evaluated
from a vapor pressure value less distant from the normal
boiling point than the critical temperature, and if the actual
compressibility factor of the vapor is used instead of the
average value of 0.95.

.LJ

0

C- 4
3-I

6- /r I F

HEAT CAPACITY DIFFERENCE BETWEEN SATURATED LIQUID
AND ITS WEAL GAS

By combining the equations developed above with the
generalized expression for the effect of pressure on the en-
thalpy of gases, it is possible to derive a generalized thermo-
dynamic method for calculating the difference between the
heat capacity of a saturated liquid and the same material as an
ideal gas at the same temperature and zero pressure. Such a

002 2 3 4 6 8.01 2 3 4. 6 80.1 2
REDUCED PRESSURE

Figure 6. Differential Pressure Correction to Enthaipy of Gases

Combining Equations 13 and 19, an expression is obtained
which permits calculation of the heat of vaporization of any
substance at all conditions from a knowledge merely of the
boiling point and critical temperature and pressure, since B is
also found from T. and P,:

To-43 1 -2'T)a [eE(T • •1 i- Tr .- (20)

Table XI compares values calculated from Equation 20
with experimental data for several compounds on which
measurements were made at elevated temperatures. The
deviations are of the same order as shown by Meissner's
method; they are greater in some cases and less in others.
Further comparisons indicated that the major source of error
is Equation 19 rather than Equation 13, and the over-all
accuracy is improved by using the actual compressibility
factor at the boiling point instead of the average value of
0.95.

method is of considerable value because of the scarcity and
general unreliability of heat capacity data. Recent develop-
ment of generalized statistical methods (1, 6) derived from
spectroscopic observations permits. reasonably satisfactory
prediction of the heat capacities of the more simple molecules
in the ideal gaseous state. These methods, combined with a
thermodynamic relation between gaseous and liquid heat ca-
pacities and the relations for thermodynamic properties of
liquids developed above, will permit complete prediction of
heat capacities at all conditions, both liquid and gaseous.
Conversely, for complex high-boiling liquids on which liquid
heat capacity measurements have been made, such a thermo-
dynamic relation may offer a more reliable method of estimat-
ing gaseous heat capacities than the statistical methods. The
relation will also be useful in rationalizing experimental ob-
servations of gaseous and liquid heat capacities and making
them consistent with each other.

There are several methods by which a saturated liquid at
temperature T, may be converted into a saturated vapor at a
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higher temperature T2. One is to heat the liquid (maintaining
saturation) to T2 and vaporize it. Another is to vaporize the
liquid at T,, isothermally expand the vapor to zero pressure,
heat the ideal vapor to T2, and isothermally compress to satu-
ration conditions. Since the initial and final states are the
same in both cases, the enthalpy changes of the two opera-
tions must be equal:

Xt + (H* - Hv,1 ) + CA7 (r2 - TI) - (H,* - Ha.,)
X2 + C.,(T 2 - Ti) (21)

Rearranging and applying to an infinitesimal temperature
change, dT,

(C., - Ce) dT = - dX - d(H* - H.0)

dx d(H* - Hg,) (22)dT dT

Since the term d(H*--H.,) involves both a temperature and a
pressure change, it must be expressed in terms of partial dif-
ferentials:

d(H* dT- H.,) - b( H..)1  +

6b(T* - H.O)] dp. (23)
op dT

All the terms on the right-hand side of Equation 24 may be
obtained from generalizations, presumably applicable to all
substances. Thus, differentiating Equation 20,.

dX -0.361RB / TB N' 1
TT-, (1 -- T,B).- -TB -- 43] (1 -- T,)--- (25)

A generalized relation between (H* - H,) and reduced
temperature and pressure was introduced by Watson and
Nelson (23) and improved by several others (8, 10, 24, 26).
Graphical differentiation of this relation with respect to re-
duced temperature at constant pressure permits evaluation of
the second term of Equation 24. The first part of the third
term similarly may be evaluated by differentiation with
respect to reduced pressure at constant temperature. The
last part of the third term is evaluated by Equation 17.

For differentiation, a pressure-enthalpy correction chart
for the gaseous state was prepared, taking into account the
improved data calculated by Edmister (8) and York and
Weber (26) and extended to the low reduced temperature
range by the Joule-Thomson data on water (11). This chart
was graphically differentiated with respect to temperature and
pressure, and the data obtained are summarized in Figures 6
and 7 and in Tables XII and XIII. Because of the uncer-
tainty of the basic enthalpy correction chart at conditions in

6

4

0~

0

M

0

0 

.

0

80

6

4

.50 .55 .60 .65 .70 .75 .80 .85 .90 .95 1.0

REDUCED TEMPERATURE

Figure 7. Differential Pressure Correction to Enthalpy of Gases

Substituting Equation 23 in 22 and writing in terms of re- the saturated region, particularly at low temperatures, the
duced conditions, curves of Figures 6 and 7 were adjusted by cross plotting

to obtain consistent relations which,

C., C. dX 1 - b(H* - H,) (H* -- H.) Ip.(24) when incorporated in Equation. 24, gave
W•,) Y. T -- T LP, L 6)dT the best average agreement with the ex-
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Table XI. Heats of Vaporlzat
Tempera- X, *al./gram mole
tureo C. alod. -Eiptl.

Tempera-
ture, "C.

WATER (1E)

83 9,680 9,890 277
115 9,250 9,530 307
147.5 8,800 9,110 322
180.5 8,800 8,660 335
210.5 7,740 8,140 348.5
245 7,100 7,470 364

373.3

AMmONIA (El)

-49.9 5,870 5,770 91.8
- 9.5 5,340 5,260 100
+31.0 4,690 4,640 108.1

71.6 3,870 (3,780) 116.2
124.3

BEONZM•I (11)

0 8,250 8,350 180
60 7,680 7,600 220

100 7,000 7,060 260
140 6,400 0,440 280

ETHY ALCooHL (11)

0 10,450 10,110 160
40 9,760 9,900 200
80 8,970 9.350 220

120 8,090 8,350 240

BUTANE (19)

24.9 5,140 5,050 110.9
67.9 4,400 4,310

PnopXmm (17)
20.8 3,680 3,460 88.1
54.8 2,960 2,780 98. 1
73.8 2,410 2,210

SULrfu DIoxIDE (11)
-10 5,930 6,090 40
+20 5,490 5,400 60

functions plotted in Figures 6 and 7 may differ from experi-
tion mental values for some substances by as much as 50 per cent.
X, oal./gram mole However, it is hoped that these errors will tend to compensate

Calod. EXptl. one another when the two charts are used together in con-
junction with Equation 24 and Equations 16 and 18 for cal-

6,880 6,720 culating pressures.
5,460 5,740
5:020 5.240 Heat capacity data in general are so unreliable that it is4,500 4,670

8850 3,90 difficult to find good comparable values on both the liquid and
2,960 3,040Tal I1,o020 1,080 gaseous state with which to test Equation 24. Table XIV

compares values calculated from the equation with experi-

3,310 (8.180' mental data for water, ammonia, pentane, butane, and pro-
8,045 (3,050) pane. The experimental values for the hydrocarbons were
2,730 (2,700 t
2,340 (2,250 taken from the general correlation of Holcomb and Brown
1,800 (1,640) (9) at temperatures below 700 F. These are actually heat

capacities at constant pressure, but at reduced temperatures
5,700 5,790 below 0.8 the difference from the heat capacity of the satu-
4.780 4,850
3,420 8,420 rated liquid becomes small. At higher temperatures the data
2,160 2,140 of Sage and co-workers from the indicated sources were

selected. These investigators made actual measurements of
6,950 7,150 the heat capacities of the saturated liquid.
5,650 5,280
4,260 3,960 The agreement in Table XIV is reasonably good except in
1,990 1,760 the case of butane at the higher temperatures. Although

8 .these few comparisons do not confirm the reliability of Equa-
3.380 8,170 tion 24, it is encouraging that agreement is obtained on both

nonpolar and highly polar compounds of both low and high
1,788 1,490 boiling points. Figures 6 and 7 are not recommended for re-

916 010 duced temperatures above 0.96 or below 0.55. At reduced
temperatures below 0.55 the difference between the heat
capacity of the liquid and the ideal gas appears to approach

5,180 4,950 independence of temperature, and it is believed that this as-
sumption is preferable to attempting to extend Figure 7.

In the recommended temperature range it seems probable
that the calculated heat capacity differences should not be in

r and ammonia, error by more than 25 per cent. Although much better ac-
used for the cal- curacy is to be desired, such errors are not too serious, par-

mended that this ticularly when one is working with materials of high molal
7. heat capacities for which the difference in heat capacities is

perimental values of (C., - C*) for wate
In all of this work Equations 16 and 18 were
culation of vapor pressures, and it is recoin
procedure be followed in using Figures 6 and

x igure I 1I not in goou agreement with
(bH/?P)2 data calculated by Kennedy, Sage, . .
and Lacey (18) from their Joule-Thomson
measurements on n-butane and n-pentane. Table
Edmister (8) pointed out that the data of
these investigators did not conform with his p,
generalized relations. Similarly, Watson and 0.001
Smith (24) found that a generalized plot of 0.0020. 003

Joule-Thomson coefficients showed large differ- 0:00o0.01
ences from the experimental data. These dis- 0.02
crepancies indicate that differentiation of the 0.oa0.06
generalized enthalpy-pressure relation tends 0.10.2
to magnify its inherent errors. It is prob- 0.4
able that the absolute values of the 2.5

XII. Values of - 1- (H* I in Small Calories per
TXlk bTV

Gram Mole per o K.
2'T 0.55 T, -- 0.6 T, 0.7 Tr 0.8 Tr - 0.9 T, - 0.95 Tr -1.0

0.140 . . . . . . . . .

0.275 0.181 ... ... .. ... ....
0.418 0.270 0.121 ...
0.88 0.55 0.242 0.128 .... ...... 0.95 0.40 0.210 0.12s

0.80 0.42 0.254 0195 0.15i
1.23 0.63 0.38 0.29 0.186

... ... 2.82 1.38 0.77 0.59 0.47
2.46 1.34 1.0 0.79... . .. ... 7.0 3.12 2.20 1,es

... . ... 9. 5 5.7 4.0... ... .. ... 1s.5 8.o ,5.7
7.0.. ... 27.2 11.4

... .... 33

Table XIII. Values of 1  (H* - In Small Calories per Gram Mole per e*.

P, T,- 0.55 T,- 0.8 T,- 0.7 T,- 0.8 T,- 0.9 T,- 0.95 rT,- 0.98 T,- 1.0
0.001 25.2 14.6 7.8 4.88 8.29 2.73 2.48 2.32
0.002 82.0 15.8 7.9 4.88 8.29 2.78 2.48 2.32
0.005 46 17.5 8.0 4.88 3.29 2.73 2.48 2.32
0.01 • 20.8 8.1 4.88 3.29 2.73 2.48 2.32
0.02 • 24.0 8.2 4.88 3.29 2.73 2.48 2.32
0.03 .. .. 8.5 5.0 8.35 2.73 2.48 2.32
0.06 .. .. 10.1 5.25 3.4 2.80 2.50 2.34
0.10 .. 12.8 6.05 3.65 3.00 2.64 2.44
0.2 .. .. .. 7.8 4,20 8.29 2.88 2.63
0.3 1.. . 1.7 5.0 3.70 8.15 2.84
0.5 .. .... .0 6.45 4.15 3.5
0.6 .. .. ... 7.8 5.05 4.0
0.7 .. .. ... 10.9 6.6 4.8
0.8 .. ... .. ... 10.7 616
0.85 .. .... ... 15.0 8.1
0.90 .. .. ... ... 34.0 11.2
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Table XIV. Difference between Heat Capacities of Satu-
rated Liquid and Its Ideal Gas

(C.i - K1). Cal
g. mole7--K.

T, T
0 

C. Calcd. Exptl. T, T0 C.

WATER (1£)
0.55 83 11.0 10.0 0.85 277
0.60 115 11.5 10.1 0.90 307
0.65 147.5 11.5 10.3 0.92 322.5
0.70 180.5 11.8 10.7 0.94 335
0.75 210.5 11.9 11.2 0.98 348.5
0.80 245 12.3 11.8

AMMON•A (£1)

0.55 -49.9 9.8 9.8 0.85 71.6
0.60 -29.8 9.9 1.0 0.90 91.8
0.65 - 9.5 9.8 10.2 0.92 100.0
0.70 +10.7 10.4 10.5 0.94 108.1
0.75 31.0 10.7 10.9 0.96 116.2
0.80 51.3 11.4 11.5

a-PBNTANE (9)

0.55 -14.6 9.9 10.0 0.7 55.9
0.6 + 8.9 10.1 10.4 0.8 103.9

n-BuTAeN (9, 16, £0)

0.55 -39.1 8.7 7.6 0.8 67.9
0.6 -17.1 8.8 8.7 0.9 110.9
0.7 +24.9 9.4 10.9

PROPANa (9, 15, £0)

0.55 -67.7 5.2 8.1 0.8 25.6
0.6 -49.1 5.8 6.4 0.9 63.0
0.7 -11.7 6.3 8.2

(0.1 - 0•, 1Cah./
- . mole/° X.

Caled. Exptl.

14.4 13.8
17.0 16.4
18.6 18.0
20.7 20.7
28.0 25.1

12.9 12.6
15.1 14.7
17.1 16.2
16.9 17.8
19.9 20.9

saturation. As a result, saturation values for water fall on the
extrapolated portion of Figure 2 at pressures below the range
of the hydrocarbon data from which it was derived. Better
accuracy should be obtained from Equation 27 when applied
to other materials of lower critical pressures.

ACKNOWLEDGMENT

This investigation was carried out with the financial sup-
port of the Wisconsin Alumni Research Foundation, under the
sponsorship of the University Research Committee. The
helpful criticism and suggestions of 0. A. Hougen are grate-
fully acknowledged.

NOMENCLATURE

small in comparison to the heat capacity of t
present no better general method for estimatii
erties is available.

DIFFERENCE BETWEEN HEAT CAPACITY AT COi
SURE AND HEAT CAPACITY OF SATURATE:

The heat capacity of a saturated liquid C,,
change in enthalpy accompanying a simultaneo
both temperature and pressure:

C,1 = + TP.

In terms of reduced conditions,

6p, '. dT

1 /bH\
Values of - 6- ) may be obtained from Figu

PAO
dT is calculated from Equation 17, permitting ci
ation of Equation 27.

A, B = constants in Calingaert-Davis vapor pressure equation
C - heat capacity

11.4 11.9 C'* - heat capacity of ideal gas
11.6 13.6 d = liquid density

H - enthalpy
H* = enthalpy of ideal gas

10.3 14.4 J = mechanical equivalent of heat
12.9 17.6 M = molecular weight

p = pressure
P - pressure

8.2 9.3 R = gas law constant
13.5 13.4 s = entropy

T - absolute temperature
V = molal volume
V = volume of n moles
Z - compressibility factor (gaseous)

he vapor. At X - molal heat of vaporization
ng these prop- p = liquid density, mass per unit volume

¢• =p-L--- (H~p - 1-)T

N N = liquid expansion factor
r4STANT PRES- Subscripts
D LIQUID B - normal boiling point

expresses the c = critical value
cp = critical pressure

0lS increase in ri - gaseous state
I = liquid state
r = reduced value

NAN as - saturated liquid or vapor

(27)

re 2, and dp./

omplete evalu-

Table XV. Difference between Heat Capacity at Constant
Pressure and Heat Capacity of Saturated Liquid

(Water, 12)
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T2 C.

204.4
287.8
315.6
328.7
337.8

Tr

0.738
0.867
0.910
0.927
0.943

(CP - C0). eal./g. mole/* K.
Calod. Exptl.

-0.08 -0.09
+0.33 +0.54
+0.92 +1.11
$1.76 +2.1i6

3.0 T3.64

Table XV compares results calculated from Equation 27
with the accepted values for water. The agreement is not
particularly good, but the quantity sought is not large except
at conditions near the critical. Furthermore, .it is believed
that maximum errors are probably encountered when Figure
2 is applied to water because of the unusually low reduced
pressures corresponding to a given reduced temperature at
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PROPERTIES OF WATER IN THE RANGE 0 - 100 oC

. ThiS table summarizes the best available values of the density, specific heat capacity at constant pressure (C.). vapor pressure. vi

conductivity, dielectric constant, and surface tension for liquid water in the range 0 - 100 OC. All values (except vapor pressure) re

of 100 kPa (I bar). The temperature scale is IPTS-68.

t

0
10

20
30
40
50
60
70
80

90
100

Rcf,

Density
g/cra

3

0.99984
0.99970
0.99821
0,99565
0.99222
0.98803
0.98320
0.97778
0.97182
0.96535
0.95840

1-3

C,
Jig K

Vap. pres.
kPo

Vise. Ther. cond.

iPa s mrV/K mo Die1. cons

Molar n
Melting
Boiling
Triple p
Triple F
Triple F
Triple F
Critical
Critical
Critical
Critical
Maximt
Temper

4.2176
4.1921
4.1818
4.1784
4,1785
4.1806
4.1843
4.1895
4.1963
4,2050
4.2159

0.6113
1.2281
2.3388
4.2455
7.3814

12.344
19.932
31.176
47.373
70.117

101.325

1793
1307
1002
797.7
6532
547,0
466.5
404.0
354.4
314.5
281.8

561.0
580.0
598.4
615.4
630.5
643.5
654.3
663.1
670.O
675.3
679.1

87.90
83.96
80.20
76.60
73.17
69.88
66.73
63.73
60.86
58.12
55.51

2 1,3 3 3 4

REFERENCES

I. L. Harr. j. S. Gallagher, and 0. S. Kell, NBSINRC Steam Tables. Hemisphere Publishing Corp., 1984.

2. K. N. Marsh. Ed,. Recommended Reference Afaterialsfor t/e Reali:atmon of Physicochemical Properties. Blackwell Sciendf
Oxford, 1987.

3. J. V. Sengers and J. T. R. Watson, Improved international formulations for the viscosity and thermal conductivity ofwater sub

Chem. Ref. Data, 15. 1291, 1986.
4. D. G. Archer and P. Wang. The dielectric constant of water and debye-huckel limiting law slopes. J. Plhys. Chem, Ref. Data,

5. N. B. Vargaftik, et al.. International tables of the surface tension of water.J. Phys. Chem. Ref. Data, 12. 817. 1983.

L. Haar
J. M.H.

for H
J, Kesthi
J. Kesti.
P.O. HN
Chem. I

T

egives he the
listed, as well

Senges and.
c, J. Phys. Cf.
tsutnaga and.'
Chem. Reo D

ENTHALPY OF VAPORIZATION OF
WATER

The enthalpy (heat) of vaporization of water is tabulated as a function
of temperature on the IPTS-68 scale.

REFERENCE
P/kPa

Marsh, K. N., Ed., RecommendedReference Materialsfor the Realihanion
of Physicochemical Properties. Blackwell. Oxford, 1987.

t
cc kJ/mol

f
9C kJ/unol

0
25
40
60
80

100
120
140
160
180

45.054
43,990
43.350
42.482
41.585
40.657
39.684
38.643
37.518
36.304

200
220
240
260
280
300
320
340
360
374

34.962
33.468
31.809
29.930
27.795
25.300
22.297
18.502
12.966
2.066

0.6
1.2
2.3
4.2
7.4
12.3
19.9
31.2
47.4
70a
101.3

476
1555
3978
8593
16530

6-10



FIXED POINT PROPERTIES OF H2O AND D20

Unit H20 [)20

Molar mass grenol 18.01528 20.02748
Melting point (101.325 kPa) oC 0.00 3.82
Boiling point (101.325 kPa) 1'C 100.00 101.42
Triple point temperature 6C 0.01 3.82
Triple point pressure Pa 611.73 661
Triple point density (I) glcm3  0.99978 1.1055
Triple point density (S) mg1L 4.885 5.75
Critical temperature OC 373.99 370.74
Critical pressure MPa 22.064 21.671
Critical density 8/cm3 0.322 0.356
Critical specific volume cull 3.11 2.81
Maximum density (saturated liquid) glean 0.99995 1.1053
Temperature of maximum density aC 4.0 11.2

REFERENCES

L. Haar, J. S. Gallagher. and G. S. Kell, $1'INRC Steam Tables, Hemisphere Publishing Corp., 1984.
1. M. H. Levelt Sengers, J. Straub, K. Watuanbe, and P. 0. Hill, Assessment of critical parameter values

for 110 and DO, J. PAys, Chem, Ref. Data, 14. 193, 1985.
J. Kestin, et. aL., Thennophysical properties of fluid DO. L Phys. Chem. Ref. Data. 13,601, 1984.
J. Kestin, ei. al., Thermophysical properties of fluid H,0, JA Phys. Chem. Ref. Data, 13, 175. 1984.
P.G. Hill, R. D.C. MacMillan. and V. Lee, A fundamental equation of state for heavy water.), Phys.
Chem.Ref. Data, 11,1, 1982.

THERMAL CONDUCTIVITY OF SATURATED H20 AND D2O

blevires the tdermal conductivity forwater(HOor DtO) in equilibrium with its vapor. Values for the liquid (X)and vapor
listed, as well as the vapor pressure.

REFERENCES

.Scagers and J. T. R. Watson. Improved International formulations for the viscosity and thermal conductivity of water
ice,J. Phys. Chem. Refl Data. 15, 1291. 1986.
latsunaga and A. Nagashima. Transport properties of liquid and gaseous D10 over. wide range of temperature and pressure.

Chem. Ref. Data, 12.933. 1983.

SHO D10

e/kfta A(mW/K m) V.(mW/K m) P/kPA X/(mW/K m) %,I(mWlK m)

0.6 561.0 16.49
1.2 580.0 17.21 1.0 575 17.0
2.3 598.4 17.95 2.0 589 17.8
4.2 615.4 13.70 3.7 600 18.5
7.4 630.5 19.48 6.5 610 19.3
12.3 643.5 20.28 11.1 618 20.2
19.9 6543 21.10 18.2 625 21.0
31.2 663.1 21.96 28.8 629 21.9
47.4 670.0 22.86 44.2 633 22.8
70.1 675.3 23.80 66.1 635 23.8
101.3 679.1 24.79 96.2 636 24.8
476 682.1 30.77 465 625 30.8
1555 663.4 39.10 1546 592 39.0
3978 621.4 51.18 3995 541 52.0
8593 547.7 71.78 8688 473 75.2
16530 447.6 134.59 16820 391 143.0

6-11
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1.0 SCOPE

The software COMSOL Multiphysics is a general purpose engineering analysis program.
The COMSOL software is divided into submodules that can be employed based on the
type of problem being solved. For the purposes of this test plan, the Heat Transfer
module is utilized to enable the modeling of heat transfer via conduction, convection, and
radiation.

The Software Test Plan (STP) delineated in this document will cover the software testing,
software acceptance, and software baseline of the COMSOL software.

2.0 SOFTWARE AND PRODUCT IDENTIFICATION

Project Name:
Software Product Name:
Operating Division:
Facility:

Location of Target System:
Software Lead Engineer:

Not applicable
COMSOL Multiphysics
Savannah River National Laboratory
Applied Computational Engineering and
Statistics
703-41A
Matt Kesterson
703-41A, Room 255
(803) 725-5975

3.0 REFERENCE DOCUMENTS

3.1 B-SQP-A-00057, Rev. 0, "Software Quality Assurance Plan for COMSOL
Multiphysics", January 2012.

3.2 IEEE Std. 829-1998, IEEE Standard for Software Test Documentation.

3.3 SRT-EMS-940084, "Heat Transfer Software Test Plan", February 1995,
Attachement 9.1

4.0 RESOURCES

4.1 Test Lead Engineer

COMSOL - Matt Kesterson

4.2 Special Equipment

SRNL computer Lenovo Thinkstation 6493-AL7.

4.3 System Configuration
RedHat Enterprise Linux version 5.
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5.0 TESTING ACTIVITIES

5.1 Software Operating Environment

COMSOL will operate under the RedHat Linux Operating Environment.

5.2 Existing Test Plans

None

5.3 Test Problems

For computer software, one acceptable method of testing is technical evaluation
by tests which demonstrate its capability to produce valid results for the test
cases. The test plan for validating the software requirements requires matching
the requirements with the test problems, making sure that the test problem is well
defined, building the model using the software, inputting required data such as,
material properties, loading conditions, boundary conditions, setting the model
for run, and finally comparing the results. One test problem can validate more
than one requirement in a test run. Fifteen problems have been selected to test
the code analysis options that are frequently used in analyses at SRS. These test
problems are described in Attachment 9.1. These problems have been used in
the past for the dedication of this type of software. For each problem, written
and graphical descriptions are provided to define the problem. The option tested
is identified and the expected solution is given along with the methodology used
in arriving at the solution. The expected solution is obtained from an analytical
solution, experimental results, or results from other industry standard software
codes.

Attachment 9.1 consists of a set of problems for which solutions have been
published, or for which solutions are derived using standard analytical methods,
or solution comparison with other software codes, or recommended benchmark
problems. The problems were selected with the intent of testing a wide range of:
1) element types, and 2) analysis procedures. 2-D, 3-D, and axisymmetric
problems with radiation boundary conditions, Dirichlet (Temperature =constant),
and Neumann (heat flux dT/dx = constant) boundary conditions have been
solved. These test cases provide an excellent baseline for the analysis and
development work which is performed in the SRNL at the SRS.

Note regarding units: When modeling heat transfer due to radiation, an absolute
temperature system must be used. COMSOL does not currently have syntax for the
Rankine system, the degrees F is used with input temperatures increased by 459.67, and
output temperatures reduced by 459.67 (or else reported as Rankine temperatures).
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5.4 Acceptance Criteria

The accuracy of solution should be within 0.5% for typical benchmark problems,
and within 5% for non-standard problems in comparison with solutions from
"industry accepted" codes or experiments.

5.5 Test Logs/Reports

The Test Engineer will create a test logbook for recording any errors or
deficiencies encountered during testing, if necessary. The test cases and printed
input/output files from the software shall also serve as test documentation. All
result directories shall be preserved to verify the input parameters. Input/output
files for the various test cases are listed in Attachment 9.4.

5.6 Special Plant/System Configuration

The computer system is a Lenovo Thinkstation 6493-AL7 with the RedHat
Linux Enterprise Edition, version 5.

5.7 Training Requirements

The Test Engineer shall be trained in the use of the software. The Owner shall
document the training and the background experience of the Test Engineer.

5.8 Schedule

Not Applicable.

5.9 Limiting Conditions

Not Applicable

5.10 Initial Conditions
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Software shall be installed such that the program can run locally on the target
machine. Material databases shall be installed along with the source file
installation.

5.11 Error/Deficiencies Handling

If errors or deficiencies during testing are found, the Test Engineer shall take the
following steps:

- immediately stop the testing
- contact the software Owner for error/deficiency resolution
- software Owner shall review the requirements, test method, or Test

Engineer's steps to determine the source of error
- The software Owner may revise the requirement, revise the test method or

revise the Test Engineer's steps to resolve the error/deficiency.

5.12 Regression Testing

If a requirement or test case is rewritten, all previously testing requirements shall
be retested to ensure no adverse effects.

5.13 Recovery Plan

Not applicable.

6.0 ACCEPTANCE

Independent Reviewer (IR-2)

Owner Acceptance of Software:
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7.0 BASELINE ESTABLISHED

Test Lead Engineer:

IVI.K. mustmon i.AR

Design Agency:

Design Authority:

8.0 SUMMARY AND CONCLUSIONS

The COMSOL software is classified, tested, and maintained in accordance with
the requirements set forth in QAP 20-1 of Manual IQ. The test problems
modeled and run on this software give results that meet the stated acceptance
criteria. It is concluded that the COMSOL software will perform its intended
safety function.

9.0 ATTACHMENTS

9.1 SRT-EMS-940084, Heat Transfer Software Test Plan, February 1995.
9.2 Test Results and Tester Comments.
9.3 Computer Files
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ATTACHMENT 9.1
Heat Transfer Software Test Plan
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.E., 1: 0

Infinitely Long Hollow Cylinder with Applied Heat Flux

QPTION(S) TESTED:

Conduction with heat flux (Steady-state, British units)

A heat flux (q") is applied at the right wall (r2) and temperature (To) is held
constant at the left wall (rl). Steady-state temperatures are calculated assuming
an axisymmetric geometry.

Tj
TC k

Iri

00

r2
Parameters:

q" - 20 Btu/hr-ft 2  r2= 3ft.
To - 100" F k I Btu/hr-ft-'F
rl =2 ft. L =length (infinite)

EXPECTD SOLUTIONo

The temperature at the right boundary (r2) can be found fiom the expression:

2xLk(TI - Td
q= In(rjr1 )

Rearranging,

T =T+ n(rLr)q

0
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By deftddon the. heat rate (q) in Btu/hr can be writt as

q= 2r 2Lq".

Substitutng into the previous equation yields

T, =.Tor+ 2xkLr q"

ikL
simlfY am substittig vau, s++ III•

Ti= +..

ln(3/2X3)(2o)
T, 100+

T= 100 + 24.328

T,=124.328

The temperature at the right wall (r2) is found analyteally to be 124.3280F.

EKr=sit, Fank. and Black. Wldliam Z. sic Heat Transf, Harper & Row,
New YadC. 1980, pg 55.•.
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PROBLEM 2:-

Infinitely Long Cylinder with Internal Heat Generation and Convection

OEM =IONS)TSTED:

Internal heat generation and convection (Steady-state, British units)

DMlRCRnflQN.

Heat is generated internally (q") throughout the solid and is conducted to the right
wall at temperature Ts whene it is tmrnorted by convection to the environment at
temperature T... The convective heat transfer coefficient is constant. Steady-
state temperatures at the centerline (T(O) )are calculated assuming an
axisymmetric geo mtry,

rq- -0- Ts

I h

Parameters:

q"= 50 Btu/hr-ft3  ro= I ft.
h 1 1 BtuLhr-ft-*F k= I Btu/hr-ft-'F
T..f= 100 F

SEXPECTED SOLUITON:

The temperature at the outside surface (rt) can be found from Newton's law of cooling

q W hA(T, - T..)

where A is the surface area of the outside of the cylinder

A =2xr4 L.

The heat rate (q) in Bta/hr is found from the cylinder volume and volumetric heat
generation (q'n):

• . q =q"'"(xr, 2L)

q@
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Rearrabiing Newton'$ law of 'ooling and subudtug the volumetic heat souce" gives

Ts =. ." .. q.

50(1)T,=100+ ....

Ts 1.25

The centerlne tealperature MOD0) can be found frlom:

.. ... s4k ..

SubstTtutig at r = 0

T() 4w(1) +125

.. O)= 12.5 + 125

V)137.5

The t.emperature at the .6.terln T(0) is foundanalyticaly to be 137.5 OF.

Krelth, Frank, and Black, W.. am Z Harper•& Row,
New:York, 1980, pg 7.2.
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PRO13LEMY3

ID Slab with Internal Heat Generation

OPTIO(S) TESTED:

Temperature dependent conductivity.(Steady-state, British units)

Heat is generated internally (q'.) in a slab with thickness 2L. The heat is
conducted through the solid slab to a fixed wall temperature of To. The
conductivity is linearly-dependent on temperature. Steady-state temperatures at
the centerline (xwO) are calculated assuming a slab geometry.

. ofI

TO 21-"-*" TO"

0
Parameters: To= 100 F

q" = 500 Btu/hr-ft3

ko = 1 Btu/hr-ft-'F,

L = 1 ft
k = kO(l +bT)
b = 0.1F-I

EXPCTED SOLUTION*

The thermal conductivity is expressed as k = k0(1 + bT).

The temperatum at x=O can be found from the expression:

(T(x) -To + ka 10
,,.2

qL2/2k0

Substituting for x = 0 yields

= 1- 1 /L)2

q . b -L2k 1
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T(O) - 100+ 0.051 2(0) 500 250

-1±•1 + 4(0.05)8(0 -1± 41710.1 = 0.1 =120.767,-140.770

Since -140.770 is a physically meaningless root for this problem, T(0) = 120.767.

The temperature at the centerline (x-u0) is found analytically to be 120.767 OF.

Arpaci, Vedat S. tion eat Transsfer Addison-Wesley PublishingCompany, Reading, MA., 1966, pg 131.
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PRBQLEM 4

Transient Conduction in a Semi-infinite Solid

0 =TONS) TESTE•D:

Transient solution (Transient, British units)

A heat flux (q") is conducted into a semi-infinite solid having an initial
temperature (TO) of 100 0F. The temperature at the surface x-O is calculated in
0.5 hr intervals fiom 0 to 2 hours.

00

4

qI

X x

Parameters:
k = 1 Btu/khr-°F
Cpi= 1 Btu/Ibm-'F

p 1lbm/ft3

TO= 100F
q" = 10 Btu/hr-ft2

EXPECTED SOLION:

The transient temperature at the left boundary can be found from the expression:

2q"(21)
TsffTo+ k

Substituting values gives

T.To+ 204

Note: In the diagram, the heat flux is on the edge of the slab. The arrow pointing to the center was an
error in the original document and marked out by hand on the originaL
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The temperatures at the surface in 0.5 hour intervals are found analytically:

time murature at x
0 -100.00w

.0.5 107.979
1.0 1.284
1.5 113.820
2.0 115.958

Incropera, Frank P., and DeWitt, David.P. Fundamentals of Heat Transfer. John
Wiley & Sons, New York, 1981. pg 205.
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PROBlLEM5:
Concentric Cylinders Modeled as 2-D Plates with Radiation

OPT I)TESTED:

Radiation (Transient, British units)'

Radiative heat transfer occurs between concentric regions 2 and 4 (region 3 is
void). All surface emmittances and absorptlvites are 1. Region 2 radiates to
region 4 and region 4 radiates to the ambient. Region 1 is a heat source of 3702.6
Btu/br-fL3. The temperatures at locations T3, T8, and T4 are calculated for times
of 0, 30, and 90 minutes.

REGION
1
2
3
4

(inches)

15.25

21.25
21.5

-Conductivity S Heat Densim ty(BWAW-ft-T) (Btu/bm) . tb/O
REGION 1 139.7 0.214 169

REiN 26 0.113 489
EIN 4 26 489• Table 1: Material Prol• tes

Note: In the diagram, the radius of region 1 was incorrect in the original print of the test case and was
corrected by hand before the original document submission
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Tim (minutes) Ambient TeruItm (rF)
0, 13OUF0- 3 0 1 475 0 ,

30-90 I 3"
Table 2: Aint emperature

EXPECTED SOLUMTON; ,

The temperatures at locations T3. T8, and T4 are shown below for times of 0,
30, and 90innutes.

I ~~Tempera"tures C°1" Imin) 13 . T8 T4 1
0 .27 ,37 . 4T.5II
30 .I 1272.Z• 708 -f.- 054I9 -01397. -• 3.49074

ff- MOM=M

Glass. Robert E. Samnie Pmblern Manual Axr Benchmarlcinvr of Cask Analyqsi
Codes (SAND8R-0190 1TC-0780 UC-71, Sandia National Laboratories,
Albuquerue, NM 87185, February 1988.

--- j -----
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Freezing of a Square Solid - The Two Dimensional Stefan Problem

OEflNL•& TESTED:

Phase change (Transient, SI units)

This problem is the two-dimensional Stefan problem: a square block of material is
initia•ly liquid, just above the freezing temperature. The temperature of its
outside perimeter is reduced suddenly by -45, so that the block starts to freeze
from the outside towards the core. The latent heat of freezing (70.26 J/kg) occurs
between the solidus and liquidus temperatures of -0.25' C and -0.15' C,
respectively. The initial temperature of the material is 0* C

The block is a square with a side length of 8 meters. Symmetry allows the mesh
to be generated on only one quarter of the model. A graphical ABAQUS solution
is presented for the first 5 seconds of the transient at the points 'A' and 'B' which
are shown in the figure below. The ABAQUS element used is type DC2D4 (four-
node, bilinear quadrilateral).

H-s--H8

8 x 8 mesh
of linear
biquadrilaterals T

81 Y

T=-45 "C fortime >0

Parameters: k = 1.08 W/m-tC
p = 1.0 kg/m3

cp = 1.0 J/kg

EXPECTED SLUQN:

Plots of the temperatures computed by CONSOL Multiphysics should be similar to those
computed by ABAQUS..
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Temperature vs. Time at Node A
0

-10

1:20
-30

-40
0 2 3 4 5

Time (seconds)

0

-10

I-2
-30

Temperature vs. Time at Node B

-- ABAQU S tempera ure suts

0 1 2 3 4 5
Time (seconds)
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Insulated Slab with Radiation

Conduction and radiation (Steady-state, SI units)

A Bs- 0.1 M
Parameters: Ta =1000 K eb 0.98

Tambient = 300 K k = 55.6 Wlm-" C

This problem is found in ABAQUS V5.2 Verification Manual, page 6.2.2. The
ABAQUS element type tested is DC2D8 (8 noded quadrilateral elements). The
model used a uniform mesh with 10 elements along the length.

Geometry consists of a rectangular region with zero heat flux along the top and
bottom boundary, and fixed temperature (ra) at the left end. Heat is conducted
through the solid to the right end at temperature. (Tb) which radiates to an
environment at 300 K. The right end has an emissivity (eb). There is no internal
heat generation.

This is a test recommended by the National Agency for Finite Element Methods
and Standards (U.K.): Test T2 from NAFEMS publication TNSB, Rev. 3, "The
Standard NAFEMS Benchmarks," October 1990. The temperature results are
compared for point B.

CITI SOLUTIONe

The temperature at point B is computed by ABAQUS to be 653.80 *C.
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PROBLEM 9:

Insulated Slab with Variable Temperature Boundary Condition

OPTION(S) TESTED:

Transient analysis using a variable temperature boundary condition (Transient,

SI units)

DY.BIlQ•j:

A B

4-- .0.1m r

Parameters:

Ta =0* C
Tb = 100sin(nt/40)* C where t is in seconds
p = 7200 kg/m3

k 35.0 W/m-OC
Cp = 440.5 J/kg*C

This problem is found in ABAQUS V5.2 Verification Manual. pg 6.2.3. The
ABAQUS element type tested is DClD3 (I-D with 3 nodes per bar element).

Geometry consists of a rectangular region with zero heat flux along the top and
bottom boundary, and fixed temperature (Ta) at the left end and with a varying
temperature (Tb) at the right end. There is no internal heat generation.

This is a test recommended by the National Agency for Finite Element Methods
and Standards (UK..): Test T3 from NAFEMS publication TNSB, Rev. 3, 'The
Standard NAFEMS Benchmarks," October 1990. The temperature results are
compared for.

EXPECT SOLUTION

The target solution is 36.60" Cat x = 0.08 m and 32 secs.
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2-D Slab with Convection
OPTION(S) ETD

2-D with convection (Steady-state, SI units)

DESCREMOQN:

Parameters: h -750 W/m2- ,To =l10-Qk =52 Win*C, T. =0'*C

This problem is found in ABAQUS V5.2 Verification Manual, page 6.2.4. The
ABAQUS element type tested is DC3D8 (3-D with 8 nodes per hexagonal
element). The mesh is uniform and the width (Ax) and height (Ay) for each
element is 0.1 m. There are four elements through the thickness (Az) for the
ABAQUS model.

Geometry consists of a rectangular region with zero heat flux along the left
boundary, and convection to the ambient at To. along right and top boundaries.
The bottom is held at a constant temperature (TO). There is no internal hedt
geneation.

This is a test recommended by the National Agency for Finite Element Methods
and Standards (U.K.): Test T4 from NAFEMS publication TNSB, Rev. 3, 'The
Standard NAFEMS Benchmarks," October 1990.

X•E-M SOLION:

The temperature at point E as computed by ABAQUS is 18.26 Tc.
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IM X IM Square Aluminum Plate

OPTION(S) TESTED.ý

Nodal point heat source (Steady-state, SI units)

DESCRIPTflQ

A square aluminum plate has a left boundary fixed at 100.0 K and a uight
boundary with a constant heat flux of 1000.0 W/m2. At the bottom heat is lost to
the environment at 300K through convection with a coefficient of 13.4 W/m2-K.
The top boundary is insulated. At the center of the plate (0.5, 0.5) is a nodal point
heat source of 1000W. The plate is uniformly meshed (4x4) with sixteen 4-noded
quadrilaterals. P3MTHERMAL results are compared to ABAQUS results at the
specified coordinates.

100.0 K
(fixed) -

Nodal Point
Heat soume
1000W 4%

(0.5,0.5)

- 1000 W/m2
Constant Heat
Flux

h = 13.4 W/(m2-K)
ef. Tconvection = 300K

Parameters: kaluminum = 293.076 W/nK

EXPECD SOLUTION:

The temperatures computed by ABAQUS at three coordinates are shown below:

Coordinates Temperature MK)
(1, 1) 108.0906

(0.5,0.5) 107.1976

(1, 0) 112.1438
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PROBfLEM I I

"Stiff' Thermal Problem with the Direct Solver

OPTION(S) TESTED:

Numerical convergence (Steady-state, SI units)

This problem has been designed to illustrate the thermally "stiff' problem. A
material with a lower thermal conductivity and width of 0.5 m is sandwiched
between two materials with a higher conductivity and width of I m. Temperature
and heat flux boundary conditions are imposed on the surfaces as illustrated.
QTRAN has Iterative (SOL = 0) and Direct (SOL=2) solution options. For "stiff'
thermal problems iterative solvers tend to converge very slowly while direct
solvers work very efficiently. This problem is solved using the direct solver.
Temperature results are com ared to ABAQUS V5.2 temperature results at the
coordinates x = 1.0 and y 9.0.

30007 t1

*~OMLi

High k material (1.0 W/m-K)

Heat flux= 1 W/m2

20m

Low k material (0.01 W/m-K)

PXM•CTED SOLUTION:

The temperature at coordinates (1.0,9.0) is computed by ABAQUS to be
409.690502 K.
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PROBlLEM12:

Infinitely Long Hollow Cylinder with Multiple Materials

OPTION(S) TESTED:

Conduction through multiple materials (Steady-state, British units)

An infinitely long hollow cylinder is composed of 9 concentric cylinders of
various materials, some of which have temperature dependent thermal
conductivities. There are constant temperature boundary conditions at the inner
cylinder wall of 3390 F and between the stainless steel/fiberglass interface of 1900
F. The objective is find-the temperature at the fiberfrax/stainless steel interface.

3390F 1.-
Boundary Conditionj

Temperature result --

-- -- 7r--1--

Inside

IN -- 00

Alumina
Zircar

Inconel

K-3

Fiberfrax

Stainless steel1900 F 1-kZZZZZF~
Boundary Condition) Outside

Parameters: Ti = 339" F
ro = 14.275
L = length (infinite)

77;ý

1 7 Air

To= 190" F
ri = 4.125

Mateial outer radus Me aisMnM~t
Alumin anhs (r)ýgh (Btu/hr-ft-*

Ai. 11.913. @ 339'F
Zircar 5.195 4.5 004 05
Inconel r 55t 5 at15 8.16 @ 271
.K-3 11.2.5 5.5 2.5 (268 *F

Fiberfra 12. 1125 005 21
Stainless steel 13.4 12.0 9.5@ 27*

Stainless steel 1T14275 9.2 _______190_

The rate of heat transfer by conduction across th e materials (q) can be determined
from

2xkL(Ti - TO) (Ti - TO)
q= lnr1r4) - I
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The rate of heat transfer by conduction across the materials (q) can be determinedfrom

2rkL(Tj - TO) (Ti - TO)

= ln(rjr) = R

The total thermal resistance (Rt) is found by the summation of individual
resistances:

ln(r,/r1 )

Substituting values between the 339" F boundary condition (To) and 190" F
boundary condition (To) yields Rt = 1.0064. When Ti = 339 F and To = 190" F, q
-148.0451 Btu/hr. -

The total thermal resistance (Rt) between the 190" F boundary condition and the
stainless steel/fiberglass interface is calculated to be 0.3192. Substituting Rt -

0.3192, q = 148.0451, and To = 190* F into the equation for heat transfer by
conduction gives Ti = 237.25* F.

EXPETEDSOLUTION:

The temperature at the stainless steel/fiberfrax interface is analytically found to be
237" F.

BfREFEE E: Kreith, Frank, and Black, William Z. Basic Heat Transfer Harper & Row,
New York, 1980, pp 55, 56.
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..B.M 13:

2-D Plate with Two Isothermal Boundaries

OPTMO(S) TESTED:

Spatially dependent temperature boundary condition (Steady-state, SI units)

A 2-D plate has a constant temperature of 0 Kat the left and right boundaries. A
spatially dependent temperature boundary condition is imposed at the top and
bottom of the plate as shown below:

T(x, y) =-x 0<x5l
T(x,y) =2-x I<x<2.

Temperatures are calculated analytically at three randomly selected nodal
locations: (1.45, 1.1), (0.85,1.5), and.(0.15,0.7).

x, 0<xl1

2-x, l<x < 2
I I

(0,2) (2, 2)

OK- Plate -OK

(0,0) (2,0)

x, 0<x l
2-x, l<x:92

Parameters:
a =2 m (plate length) b= 2 m (plate width)

=CIMT SOLUTION;

The temperature at any (xy) coordinate within the domain can be found from

T~~) Jinni2) Sinn + si44a Rxb .j I.
sin~nx an(h2b
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The solution is f!und from the following FORTRAN program and output after
subsdtudng valu esfor the plate length and width and sutrming the first 35 terms.
Tempemtures am calculated at the three arbitrarily selected points within the

:domini: (1.45, 1.1), (0.85, 1.5), and (0.15,0.7).

iER=AM
program sum

Ci ~print', ,Enter x :,

read (*,*) x
print*, Entery:'
read (*$*) y

wumb = 0.0
pi - 3.14159265
do 10 n-1, 35
at- n*pi/2.0
gin - (sinh(at*y) + sinh(at*(2-y)))/sinh(n*pi)
sum = sin(at)/n**2 * gin * sin(at*x)
tsum = tsum + sum

' 10 continue
C

write (*, *) 'sum =', 8.0*tsum/pi**2

M sumf
% aout
Enter x:
1.45
Enter y:
1.1
sum =0.2477080

%a.out
Enter x:

0.85

1.5
sum= 0.4228634
% Lout
Enter x:

0.15
Enter y:
0.7
'sum: 8.1770860B-02
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The temperatures calculated at the three points are shown below:

Node Coordinates Temperature
472 (1.45, 1.1), 0.2477080

1479 (0.85, 1.5) 0.422863
1145 (0.15,0.7) 0.081771

Powers, David L Bound= Value Problems. ClarksonCollege of Technology,
Academic Press, Inc., 1979. pp 182, 183.
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ORSLEM I4:

Radiation Exchange between Two Infinitely Long Cylinders and Space

OPTION(S) TESTED:

Radiation view factor calculations (Steady-state, SI units)

To test performance of P3/THERMAL's integrated viewfactor/radiation resistor
generation program, a benchmark analysis was chosen that has an exact solution.
This thermal radiation benchmark consists of two parallel cylinders, each 1-meter
in radius, with the centerlines separated by 2.25 meters. A uniform heat flux of
1000 W/m2 is applied on the outer surfaces. The cylinder material is assumed to
be a near perfect conductor (thermal conductivity of 7920 W/m-K) to make the
radial temperature gradient small so that the analytical solution can be easily
shown. The surface emissivity is 1.0. The space temperature (T.) is taken as
absolute zero. The relatively close proximity of the cylinders makes this
benchmark a significant challenge to a radiation view factor code. This
benchmark demonstrates P3/THERMAL's view factor program accuracy for a
complicated view factor problem as well as the capability of the solver to model
the radiation network.

1000 W/m2 1000 W/m 2

Parameters: D = 0.25 m
q"= 1000 W/m 2

EX lD SOLUTION:

R=lm
Y = 5.7(10)-8 W/m2-K4

The net heat flux between surface 1 and the environment is

q"I-3 = GOFI.3( TI4- T34)

The viewfactors (F) for this arrangement can be expressed as

Fl.2 + F1-3 = 1.0.

"Ath
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with

FI-2 -- C K - 1)I/ +Y2- Cos I'

where X + -D
2R

Evaluating, FI-2 = 0.30895 and E.- 3 0.69105.

Substituting these values into the expression for the net heat flux qIl.3 yieldsT1 =
399.700 K.

The temperature of the cylinder surface is analytically found to be 399.700 K.

Siegel, Robert and Howell, John. Thermal Radiation Heat Transfe, 2nd. ed.,
Hemisphere Publishing Co., 1981. pg 205.



COMSOL Multiphysics Version 4.3
Software Test Documentation

B-STP-A-00027
Revision 0

Page 36 of 58

PRBfLEM IS:

3-D Brick with Heat Flux, Convection, and Temperature Boundary Conditions
OPTIlON(S) TESTED: • .

3-D conduction (Steady-state, SI units)

nECRIMflQ:
A brick has a width of 1.0 m (Az,, length of 2.0 m (Ax), and height of 1.0 m (Ay).
A heat flux (q"j) of 245 W/m2 is applied at the plane z=1. Convection (q"c)
with a convective heat transfer coefficient of 180 W/ilK occurs to an environment
at 250 K at the plane x = 2. The boundary at y = 0 is held at a constant
temperature of 300 K The remaining boundaries are insulated. The thermal
conductivity of the brick is 40 WImK.

The brick is uniformly meshed with 250 8-noded hexahedrons, each having an
element edge length of 0.2 m. Temperatures computed by ABAQUS are shown at
three arbitrarily selected nodal locations within the brick-

a 0% A " - (0l110)

(0,o,0)
z

(2.0, 0) '. l0W2

EXPETED lQMNo

The temperatures at dtfr nodes are found by ABAQUS as shown below:

Node Coordinates (x,y,z) Temperature (K)

305 (1.4,0.6,0.8) 287.566078

r27 (1.2,0.4,0.6) 293.430702

(80.8,.0.2,0.2) 298.230642
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The following results compare the COMSOL solutions to the theoretical or other
solutions at the specified critical points. The test cases (Problem #s) identified in
Attachment 9.1 were run on Redhat Linux Enterprise Edition version 5 and therefore
satisfy the RSS #1 [B-SQP-A-00057, Attachment A]. Computer input and output files
are listed in Attachment 9.4.

Test Problem 1: Infinitely Long Hollow Cylinder with Applied Heat Flux

Results: The temperature at the right boundary (r2)

COMSOL 4.3 (0 F) Analytical (°F) Error (%)
124.33 124.328 <0.01

The temperature contours are shown in Figure 1.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.3, 3.4b, 3.4e,
and 3.6. Software calculated result meets the acceptance criteria.

Test Problem 2: Infinitely Long Hollow Cylinder with Internal Heat Generation and
Convection

Results: The temperature at the centerline (r,)

COMSOL 4.3 Analytical (°F) Error (%)
(OF)

137.5 137.5 <0.01

The temperature contours are shown in Figure 2.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.3, 3.4a, 3.4b,
3.4g, and 3.6. Software calculated result meets the acceptance criteria.

Test Problem 3: 1-D Slab with Internal Heat Generation

Results: The temperature at centerline (x=0):

COMSOL 4.3 Analytical (0F) Error (%)
(OF)

120.77 120.767 <0.01

The temperature contours are shown in Figure 3.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.3, 3.4b, 3.4e,
3.4g, and 3.6. Software calculated result meets the acceptance criteria.
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Test Problem 4: Transient Conduction in a Semi-infinite solid

Results: The temperatures at x = 0, at 30 minute interval:

Time COMSOL 4.3 Analytical Error (%)
(Hours) (OF) (OF)

0 100.000 100.000 <0.01
0.5 107.978 107.977 <0.01
1.0 111.283 111.283 <0.01
1.5 113.812 113.821 <0.01
2.0 115.958 115.959 <0.01

The temperature contours are shown in Figure 4.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.2g, 3.3,
3.4b, 3.4e, and 3.6. Software calculated results meet the acceptance criteria.

Test Problem 5: Concentric Cylinders Modeled as 2-D Plates with Radiation

Results: The temperatures at T3, T4, and T8 are:

Time COMSOL 4.3 (0F) Reference (OF) 4.3 Error (%)
(min)

T3 T8 T4 T3 T8 T4 T3 T8 T4
0 278.4 400.0 417.8 278.6 399.2 417.5 0.07% 0.20% 0.07%

30 1273.2 710.2 505.5 1272.2 708.8 505.4 0.08% 0.20% 0.02%
90 398.7 569.5 596.2 397.4 568.4 595.4 0.33% 0.19% 0.13%

The temperature contours are shown in Figure 5.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2e, 3.2f, 3.3,
3.4b, 3.4f, 3.4g, and 3.6. Software calculated results meet the acceptance criteria.

Problem 6: Freezing of a Square Solid - The 2-D Stefan Problem

Results: The temperatures at Points A and B are given in Figure 6:

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2c, 3.2d, 3.f, 3.3,
3.4b, 3.4e, 3.5, and 3.6. Temperatures calculated by COMSOL are in good agreement
with ABAQUS results. COMSOL does not have specific inputs for latent heat due to
phase change, but COSOL does give the user great flexibility by allowing the user to
input equations describing the systems phase change. Based on these observations, the
results obtained using COMSOL are in good agreement with the ABAQUS results.



COMSOL Multiphysics Version 4.3 B-STP-A-00027
Software Test Documentation Revision 0

Page 40 of 58

Problem 7: Insulated Slab with radiation

Results: The temperature at point B is:

COMSOL 4.3 ABAQUS ("C) Error (%)
(°C)

653.85 653.80 <0.01

The temperature contours are shown in Figure 7.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2e, 3.2f, 3.3,
3.4b, 3.4f, and 3.6. Software calculated result meets the acceptance criteria.

Problem 8: Insulated Slab with Variable Temperature Boundary Condition.

Results: The temperature at point B (x = 0.08 m and 32 secs) is:

COMSOL 4.3 (-C) I ABAQUS (OC) Error (%)

36.60 36.60 <0.01

The temperature contours are shown in Figure 8.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4b,
3.4c, 3.4e, and 3.6. Software calculated result meets the acceptance criteria.

Problem 9: 2-D Slab with Convection

Results: The temperature at point E is:

COMSOL 4.3 ABAQUS ("C) Error (%)
(°C)
18.25 18.26 <0.05

The temperature contours are shown in Figure 9.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4a,
3.4b, 3.4e, and 3.6. Software calculated result meets the acceptance criteria.

Problem 10: 1M X IM Square Aluminum Plate

Results: The temperatures at three nodes are:
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Node Coordinates COMSOL 4.3 ABAQUS Error (%)
(_K) (K)

5 (1, 1) 108.1249 108.0906 0.032
3 (0.5, 0.5) 107.83248 107.1976 0.529
4 (1,0) 112.14712 112.1438 <0.01

The temperature contours are shown in Figure 10.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4a,
3.4b, 3.4e, 3.4g, and 3.6. Software calculated results meet the acceptance criteria.

Problem 11: "Stiff' Thermal Problem with Direct Solver

Results: The temperature at coordinate (1.0, 9.0) is:

COMSOL 4.3 ABAQUS (°K) Error (%)
(°K)

409.69505 409.690502 <0.01

The temperature contours are shown in Figure 11.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4b,
3.4e, and3.6. Software calculated result meets the acceptance criteria.

Problem 12: Infinitely Long Hollow Cylinder with Multiple Materials

Results: The temperature at the Fiberfrax/stainless steel interface is:

COMSOL 4.3 Analytical (°F) Error (%)
(OF)

237.25 237.25 <0.01

The temperature contours are shown in Figure 12.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4b,
3.4e, and 3.6. Software calculated result meets the acceptance criteria.

Problem 13: 2-D Plate with Two Isotherm Boundaries

Results: The temperatures at the selected nodal points are:

Node Coordinates COMSOL 4.3 Analytical Error
(°K) (K) (%)

932 (1.45, 1.1) 0.24815 0.2477080 0.18
1248 (0.85, 1.5) 0.42375 0.422863 0.21
578 (0.15, 0.7) 0.08189 0.081973 0.10
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The temperature contours are shown in Figure 13.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4b,
3.4d, 3.4e, and 3.6. Software calculated results meet the acceptance criteria.

Problem 14: Radiation Exchange between Two Infinitely Long Cylinders and Space
Results: The temperature at the cylindrical surface is:

COMSOL 4.3 Analytical ('K) 4.3 Error (%)
(OK)

399.65 399.700 0.01

The temperature contours are shown in Figure 14.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2e, 3.2f, 3.3,
3.4b, 3.4e, 3.4f, and 3.6. Software calculated result meets the acceptance criteria.

Problem 15: 3-D Brick with Heat Flux, Convection, and Temperature Boundary
Conditions

Results: The temperature at the cylindrical surface is:

Node Coordinates COMSOL 4.3 ABAQUS 4.3 Error
(°K) (OK) (%)

623 (1.4, 0.6, 0.8) 287.34454 287.566078 0.08
1061 (1.2, 0.4, 0.6) 293.24771 293.430702 0.06
1939 (0.8, 0.2, 0.2) 298.17468 298.230642 0.02

The temperature contours are shown in Figure 15.

Tester's Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2e, 3.2f, 3.3,
3.4a, 3.4b, 3.4e, and 3.6. Software calculated results meet the acceptance criteria.
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Figure 1 - Temperature Contours for Test Problem No. 1
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Figure 2 - Temperature Contours for Test Problem No. 2



COMSOL Multiphysics Version 4.3
Software Test Documentation

B-STP-A-00027
Revision 0

P0~e 4.5 nf5•R
Page 45 nf 5R

Surface: Temperature (degF)

A 120 77

I

0.8

0,7

0.6

120

115

110

105

0.4

0.2

02

-0 1

-02

Yp0 10 000 04 0.8 08 1 1.2 1 4 1,6 1.

Figure 3 - Temperature Contours for Test Problem No. 3



COMSOL Multiphysics Version 4.3
Software Test Documentation

B-STP-A-00027
Revision 0

Page 46 of 58

flme.7200 Sued T.erTpeWr.u (deqF)

12

11

L0

Ais4

lid

112

3

110

100

106

104

102

2

1

D

-1

-2

-2 0 2 4 6 8 10 12

Figure 4 - Temperature Contours for Test Problem No. 4
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Figure 5 - Temperature Contours for Test Problem No. 5
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Figure 6 - Temperature Plots for Test Problem No. 6
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Figure 7- Temperature Contours for Test Problem No. 7
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Figure 8- Temperature Contours for Test Problem No. 8
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Figure 9- Temperature Contours for Test Problem No. 9
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Figure 10- Temperature Contours for Test Problem No. 10
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Figure 11- Temperature Contours for Test Problem No. 11
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Figure 12- Temperature Contours for Test Problem No. 12
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Figure 13- Temperature Contours for Test Problem No. 13
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Figure 15- Temperature Contours for Test Problem No. 15
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Attachment 9.3 - Computer Files
All folders are located in:

/hpc/archive/ems/qa/comsol/Comsol43

Test Model Date/Time SubFolder
Case File Stamp

1 Testcase 1.mph 10/42012 TestCasel
11:49AM

2 Testcase2.mph 10/4/2012 TestCase2
11:52 AM

3 Testcase3.mph 10/4/2012 TestCase3
11:53 AM

4 Testcase4.mph 10/4/2012 TestCase4
12:01 PM

5 Testcase5.mph 10/4/2012 TestCase5
1:09 PM

6 Testcase6.mph 10/15/2012 TestCase6
6:52 AM

7 Testcase7.mph 10/15/2012 TestCase7
7:11 AM

8 Testcase8.mph 10/15/2012 TestCase8
7:15 AM

9 Testcase9.mph 10/15/2012 TestCase9
7:29 AM

10 Testcase 10.mph 10/15/2012 TestCasel 0
8:09 AM

11 Testcase 11 .mph 10/15/2012 TestCasel 1
8:13 AM

12 Testcase 1 2.mph 10/25/2012 TestCase12
2:49 PM

13 Testcasel 3.mph 10/25/2012 TestCase 13
2:25 PM

14 Testcase 14.mph 10/25/2012 TestCase 14
2:36 PM

15 Testcase 15.mph 10/25/2012 TestCasel 5
2:42 PM
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Nomenclature and Units
h = Convection Heat Transfer Coefficient (Btu/hr-t2-°F)
k = Thermal Conductivity (Btu/hr-ft-°F)
p = Density (lb/ft3)

Cp = Specific Heat (Btu/lb-°F)
L = Characteristic Length (ft)
T = Temperature (fF)

Acronyms and Abbreviations
CCSS
CCV
CoC
CV
DOT
BTSP

HAC

HAC/Solar

HSV

HTV

MC5PV

NCT

NCT/Solar

NCT/Shade

PV

SARP

SRNL

SS

Configuration Control Support Structure
Contamination Control Vessel
Certificate of Compliance
Containment Vessel
Department of Transportation
Bulk Tritium Shipping Package

Hypothetical Accident Conditions

Hypothetical Accident Conditions (Steady State) with Insolation

Hydride Storage Vessel

Hydride Transport Vessel

Mound Configuration 5 Process Vessel

Normal Conditions of Transport

Normal Conditions of Transport with Insolation

Normal Conditions of Transport without Insolation

Product Vessel

Safety Analysis Report for Packaging

Savannah River National Laboratory

Stainless Steel
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1.0 INTRODUCTION

This document describes the thermal performance of the Bulk Tritium Shipping Package (BTSP)
for the Normal Conditions of Transport (NCT) and the Hypothetical Accident Conditions (HAC)
containing the Mound Configuration 5 Process Vessel (MC5PV) package. The BTSP has been
previously evaluated for multiple product vessel (PV) configurations [1]. Figure 1 shows a
schematic of the BTSP package with a generic PV content. This calculation evaluates the
MC5PV within the BTSP. The MC5PV was previously authorized for shipment in the AL-MI
Nuclear Packaging (DOE CoC No. USA/9507/BLF)121. The general configuration of the MC5PV
in a BTSP is shown in Figure 1 and a photo of the MC5PV are shown in Figure 2.

24 'A"

50 ½"

Figure 1 Schematic and dimensions of the BTSP package containing the CV.
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i,-.

Figure 2 Sketch and Photo of the MC5PV Product Vessel

Technical specifications for the BTSP packaging components are provided on the BTSP
engineering drawings 3 ]. Package design specifications relevant to the thermal analysis are
summarized below.

2.0 INPUTS AND ASSUMPTIONS

2.1 Package Construction

Drum and Lid Assembly

The BTSP drum assembly consists of a 16 gauge Type 304L stainless steel (SS) drum shell with
top and bottom bands welded to SS top and bottom plates and a 16 gage SS liner. A CV support
shelf is welded to the bottom of the liner assembly. The drum top plate is fitted for a
bolted-flange closure and is closed by a lid assembly. The closure lid incorporates a cylinder of
Thermal Ceramics Vermiculite TR-19TM Block insulation. The drum assembly bottom is welded
closed with a SS plate after the volume is fitted with a cylinder of the TR-19TM block insulation.
The assembly construction details are defined on Drawings R-R4-G-00040, R-R3-G-00049 and
R-R3-G-0005 1.[3]



NCT and HAC Thermal Analysis for the MC5PV M-CLC-A-00448 Rev. 1
Page 7 of 23

Compressed Fiberfrax®, Last-A-Foam® and Vermiculite TR-19

Three layers of Fiberfrax® insulation blanket with density 7-10 lb/ft3 are wrapped around outside
of the drum liner. The drum fabrication process has liquid General Plastics Manufacturing
Company Last-A-Foam® FR-371 0[4] polyurethane foam being poured into the annular region
between the insulation blanket and the drum wall. The Last-A-Foam® expands and becomes
rigid as it cures, with a bulk density of 10 lb/ft3. The expanding foam compresses the 1.5 inch
layer of Fiberfrax® to approximately 3/ inch. Because the thickness of the Fiberfrax® is
approximately halved, its density is assumed to double. This assumption is based on the
compression of Fiberfrax® in the 9977 package that has similar construction [5]. Details are
shown in Drawing R-R2-G-00051.[31 The Vermiculite TR-19 is block insulation with a bulk
density of 23 lb/ft . The TR- 19 blocks are located both above and below the CV and in contact
with the drum lid and base.

Containment Vessel (CV)
The BTSP CV is a SS pressure vessel designed, analyzed and fabricated in accordance with
Section III, Subsection NB of the ASME Code, with design conditions of 500 psig at 400'F.
The CV is fabricated from Type 304L SS seamless pipe having a minimum 0.250 inch wall
thickness terminated by a machined base welded at one end (R-R3-G-00013) with a flange
welded to the other.

The CV body is closed by a 304/304L SS lid secured by bolts. The CV leaktight containment
seal, per ANSI N14.5, is made by an inner Inconel Alloy 718 C-ring while an outer elastomeric
O-ring provides the capability of post-load verification of the seal.r6I The CV Lid has a 1-inch
valve assembly protected by a valve cap attached with cap screws. Valve assembly and the C-
rings[6' that fit into these grooves complete the leaktight closure assembly. The construction
details are given in Drawings R-RI-G-00024, R-R3-G-00013, R-R4-G-00037, and R-R4-G-
00038 .

Honeycomb Cylinder
The honeycomb cylinder is fabricated using 5052 aluminum and is covered both inside and
outside with a layer of resin impregnated fiberglass cloth to give it a smooth and abrasion
resistance surface. The construction details are given in drawing R-R2-G-00054.J31 Figure 3
shows the end view of the honeycomb cylinder and the CV assembly with the insulating pad
placed on the honeycomb cylinder.

Aluminum Foam Spacers

Two aluminum foam spacers, placed inside the top and bottom the CV, provide impact
protection. The construction details are given in drawing R-R4-G-00039J31

Silicone Pad
A silicone rubber pad, reinforced with fiberglass, is placed at the bottom of the drum liner as a
flexible wear surface for the CV. The details are given in the drawing R-R2-G-00070.J31

Insulating Pad
An insulating pad placed on the CV closure lid (see Figure 3) provides added thermal protection
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to the CV seals. The pad is made of KAO-Tex Superwool insulation made by Thermal
Ceramics. The design details are given in the drawing R-R2-G-00069.13 1 The pads thermal
properties are assumed to be the same as the Fiberfrax® insulation blanket due to their similarity
in materials and construction.

InsultnS
Pad

Fiberglass Coated Honeycomb Cylinder Honeycomb Cylinder and CV Assembly

Figure 3 Aluminum Honeycomb Cylinder and CV Assembly

2.2 Thermal Properties

Insulation Materials
The thermal conductivity k of the polyurethane foam is an important property for the NCT
analyses. The foam vendor gives the thermal conductivity values at room temperature only. The
values at higher temperatures were calculated previouslyl'1 and are reported in Table 1. The
density and specific heat values of the foam are modeled as constant values. The modified
Sandia equation was validated for the 9977 package model [51

The thermal conductivity of the compressed Fiberfrax® insulation blanket surrounding the liner
is based on testing at SRNL.181 Thermal properties of the compressed blanket are listed in Table
1. Vermiculite TR-19 Block insulation thermal properties are listed in Table 1.

Honeycomb Cylinder & Aluminum Foam Spacers
The honeycomb cylinder is procured based on a minimum strength and the foil thickness and cell
size may vary to meet that requirement. The thermal properties of the aluminum honeycomb
used in the analyses are based on testing and calculations. The radial plane k values are based on
thermal conductivity tests[81 on aluminum 5052 honeycomb samples having appropriate cell size
and foil thickness and a density of 12 lb/ft3. The aluminum foam spacers are small compared to
the honeycomb cylinder and are assumed to have the same thermal properties. The properties
are modeled as constants and are listed in Table 2.
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Other Materials
The properties of stainless steel and aluminum are listed in Table 2. Thermal properties of the
silicone pad are approximated with grey silicone rubber [9]. The values are listed in Table 2.

Contents
The MC5PV contains a sorbent material with adsorbed tritiated water. The sorbent material can
be a 4A, 5A, or 13X molecular sieve. The heat capacity of the various molecular sieves is
constant and the density varies by 2% for the beaded material. The 5A molecular sieve density is
an average of the other types of sieves. Therefore, for the purpose of this calculation, the thermal
properties 5A molecular sieve usedI101. The heat generation of the contents is assumed to be the
content maximum of 3.3 Watts [21. A sensitivity analysis for the thermal properties of the
contents is described in section 4.4.2.

In addition to the molecular sieve material, the contents can contain up to 2kg of water [2]. Water
has a higher thermal conductivity than the molecular sieve materials and will therefore yield
lower content temperatures for the steady state evaluations. The addition of water content will
also add additional heat capacity to the content region, thereby also lowering the maximum
temperatures attained in the transient case.

Gases
Tritium gas is assumed to fill the empty spaces inside the MC5PV. The space between the CV
and the MC5PV is evacuated and filled with helium during the CV loading. The helium gas
pressure is I to 5 psi [I I above the atmospheric pressure to ensure inert environment in the CV
during transport. Air is assumed to fill any gaps between the CV and the silicon pad or
honeycomb cylinder. Thermal properties of the tritium, helium and the air are given in Table 2.

Table 1 Thermal Properties of Insulating Materials
Material Thermal Conductivity Density Specific Heat

k, (Btu/hr-ft-°F) p, (lb/ftl) Cp, (Btu/lb-OF)
Fiberfrax (compressed) Insulation 2.14E-02 @ 70.0-F
Blanket (Values are based on 2.25E-02 @ 122.0°F
tests at SRNL) [8] 2.43E-02 @ 185.0°F 20 0.27

(Same for Insulating Pad)
Vermiculite TR-19 Block 6.33E-02 @ 400.0-F
Insulation[ 121 6.67E-02 @ 600.0-F

7.OOE-02 @ 800.0°F
7.33E-02 @ 1000.0°F
7.75E-02 @ 1200.0-F
8.17E-02 @ 1400.0°F

Polyurethane Foam Insulation 2.325E-02 jri 68.0°F
FR-3710 2.690E-02 (a 140.7°F
(During NCT and pre-fire){71 3.285E-02 Oa 248.4 0F 10 0.353

3.906E-02 @ 348.6°F
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Table 2 Thermal Properties of Other Materials

Material Thermal Conductivity Density Specific Heat
k, (Btulhr-ft-°F) p, (lb/ft) Cp, (Btu/lb-°F)

Honeycomb Cylinder (Radial 0.196 15.22 a 0.22
plane) (Aluminum 5052)06.
Honeycomb Cylinder (Axial 0.0982 15.22 a 0.22
plane) (Aluminum 5052)09.
Aluminum Foam Spacers
(Radial) - Assumed same as 0.196 16.9 a 0.22
honeycomb cylinder
Aluminum Foam Spacers
(Axial) - Assumed same as 0.0982 16.9 a 0.22
honeycomb cylinder
Aluminum
(Type 6061 T-6) 131 90.0 169.3 0.216
304L Stainless Steel1141  7.74108 @ 32.0°F 494.429 1.200E-01 @ 32.0°F

9.43444 @ 212.0 0F 1.350E-01 @ 752.0-F

12.5793 @ 932.0-F
14.9983 @ 1292.0-F

Tritium Gas 0.105@800 F 5.1 1E-03@80-F 3.419@80-F
(Hydrogen property values 0.1 19@(170°F 4.38E-03@1700 F 3.448@170°F
are used)I91  0.132@260°F 3.83E-03@260°F 3.461 @260°F

0.145@350°F 3.41E-03@350°F 3.463@350°F
0.169@530°F 2.79E-03@530°F 3.471 @530°F

Helium1141  8.177E-02 @ 32°F
8.685E-02 @ 77°F
9.096E-02 @ 120°F
9.846E-02 @ 212°F 0.01105 0.124
1.226E-01 @ 392°F
1.684E-01 @ 932°F

2.552E-01 @ 2192°F
Air 1141  1.516E-02@80°F 0.240@80-F

1.735E-02@170°F 0.237@212TF
1.944E-02@260°F 0.0735 0.265@1070'F
2.142E-02@350°F 0.277@ i 520°F
4.178E-02@ 1520°F

Molecular Sieve 5A 0.48 44 0.19
(Contents)1 101

Silicone Pad191  0.18 91.73 0.35

Aluminum shells"I 1 0.185 28 0.22
Note: The numbers in brackets are the references at the end of the calculation.
*Based on bulk assembly

Surface Emissivities
Experience with the analyses for drum type packages (9975, 9977 and 9978) has shown that
changes in the internal surface emissivities result in a relatively small change (< 5°F) in the
predicted temperatures. The emissivity values for the various surfaces are listed in Table 3.
These were used previously in certified drum type packages11 ] and have shown acceptable
agreement with test results. The emissivity values for honeycomb cylinder, silicone pad and
insulating pad are obtained from the sources cited.
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Table 3 Surface Emissivities

Surface
Emissivity

Component Material

CV 304L Stainless Steel 0.30
Drum Liner 304L Stainless Steel 0.30
Bottom of Lid 304L Stainless Steel 0.30
CCSS Aluminum 0.20
Honeycomb Cylinder' Aluminum/Fiberglass 0.75
Exterior of DrumExteri of pre e 304L Stainless Steel 0.21(NCT & pre-fire)

Exterior of Drum
(during HAG post-fire) 304L Stainless Steel 0.80

Silicone Pad (grey soft
rubber) 2 Silicone Rubber Pad 0.86

Insulating Pad (Kao-
Tex ith cover)2  Fiberglass Cloth Cover 0.77

1 www. ntraed-thennography.comlmatrla-l- htm

2 www.ib.cnea.gov.ar/-experim2/Cosas/omega/emisivity.htm

The surface emissivity values in Table 3 are for the gray and diffuse surfaces. The CV is a
machined stainless steel component with clean surfaces. These surfaces are not polished. The
drum surface is assumed as received (medium finish). For the NCT analyses, the drum surface
thermal emissivity value (0.21) and solar absorptivity (0.498 or -z 0.50) are based on the detailed
analysis for different types of drum surfaces.[221 The drum surface emissivity value during HAC
post-fire phase is the minimum value (0.8) specified in the 1OCFR 71.73. The corresponding
solar absorptivity of the drum surface which is oxidized and is of dark gray color is assumed to
be 0.9. A lower drum surface emissivity value results in higher component temperatures during
post-fire cooling.
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2.3 Geometry Modeling Assumptions

2.3.1 Drum and Lid Assembly
The dimensional details of the various components are given in drawings in Reference 3. The
dimensions used in making the models are the nominal values and no attempt is made to
incorporate tolerances in the dimensions. Nuts, bolts and welds are not included in the model
because their impact on the temperature distribution is negligible. Since the gaps between
components are small, it is assumed that the various components inside the drum remain
concentric. A minor shifting of the components has only secondary effects on the package
temperature field. The resulting thermal models are axisymmetric and are depicted in various
figures only as half model.

2.3.2 Other Components
The gas valve assembly is located off-center in the CV Lid design but is modeled in the center.
Valving and tubing connected on to the MC5PV are not amenable to accurately model in an
axisymmetric model. Therefore, the MC5PV geometry is modified to include a ring at the top of
the vessel representing the mass of the valving and tubing.

3.0 ANALYTICAL METHODS AND COMPUTATIONS

The mathematical equations describing the thermal models are solved by numerical methods.
The general purpose conduction-radiation computer code COMSOL Multiphysics® was used to
perform the computations.f161 This computer code meets site nuclear safety QA requirements.f1 71

Work was performed in accordance with the WSRC E7 manual., 181

3.1 NCT Thermal Models
The NCT models for the NCT/Shade and NCT/Solar were developed using the COMSOL
Multiphysics software. Boundary conditions, described in section 3.2, meet the intent of those
specified for NCT in 1OCFR71.71.[' 9 ] In the thermal analysis, the limiting components are the
containment vessel, its C-ring seals, and the polyurethane foam insulation. Temperature limits
for components of the BTSP for the NCT are tabulated, along with predicted maximum
temperatures, for the MC5PV model in Tables 4 and 5. The BTSP model for NCT analyses
includes interior metal surfaces, namely the drum shell and its liner, CV surfaces, and the metal
surfaces between the drum lid, drum liner and the upper part of the CV lid.

Three modes of heat transfer - namely conduction, convection, and radiation - are considered in
the analysis. Natural convection is evaluated on the outer drum surface but is ignored inside the
CV cavity and in small gaps. This simplification is conservative since it yields higher local
temperatures. Radiation is considered in all gas filled areas of the model. The pressures of gases
in internal cavities are assumed to be one atmosphere.

The modeled MC5PV package contains maximum of 5.6 kg of molecular sieve material [2] with
adsorbed tritiated water. The thermal properties of a loaded molecular sieve are not directly
known. Therefore, a sensitivity analysis was performed, section 4.4.2, to determine the effect on
the package temperature of a dry mixture and a mixture that is principally all water. For these
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calculations the thermal properties of a 5A molecular sieve["°] were used. The maximum heat
generation of the contents is assumed to be 3.3 Watts. Figure 4 shows the color representation of
the materials with the MC5PV as the source model. The fill height of the molecular sieve was
determined by the mass, density of the molecular sieve and the internal dimensions of the AL-
M I container. Having a lower mass or higher density molecular sieve will yield lower sieve
volumes and if the decay heat remains constant, slightly higher (by 6°F) content temperatures
will be seen. Section 4.4.2 discusses the effect of the molecular sieve density on the thermal
analysis.

1,l _ _ _ _ _ _ _'

TR-19 Insulation Block

Insulating Pad

Helium

Molecular Sieve

Aluminum Foam Spacer ,

Silicone Pad :'-

ITR-19 Block Insulation H

Fiberfrax

FR-3710 Foam

Liner

Honeycomb Cylinder

CV Body

Drum

•~Air

1-1

-0.7 -08 -M5 -0.4 -0.3 -0.2 -01 0.1 0.2 03 0.4 05 a0. 071 0.8 0.9 1

Figure 4 - Material Representation for BTSP with MC5PV.

3.2 Boundary Conditions
The boundary conditions used in the analytical models include the ambient temperature, solar
heating, and convection and radiation heat exchange from the drum surfaces. Solar heating used
in the NCT/Solar analyses is applied as heat flux to the drum's outer surface. IOCFR 71.71
prescribes a total insolation energy of 800 cal/cm 2 over a period of 12 hours on a horizontal
surface and 400 cal/cm2 over a period of 12 hours on the vertical surface, alternating 12 hours on
and 12 hours off. The corresponding time averaged heat fluxes are 245.77 Btu/ft2-hr on the top
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of the package and 122.88 Btu/ft2-hr on the side of the package. The applied solar fluxes using
absorptivity of 0.50 are 122.88 Btu/ft2-hr on the top of the package and 61.44 Btu/ft2-hr on the
side of the package. As listed in Table 3, the emissivity value for the outer surface of the drum is
0.21 for the pre-fire condition and 0.8 for the post-fire condition. Other specific parameters and
related assumptions are summarized in the description of the NCT/Solar model below.

Description of the NCT/Solar Model

All NCT/Solar calculations were performed under the following conditions:

1. The drum is in an upright position and the contents are assumed to remain concentric
during transport.

2. The drum bottom surface is adiabatic.
3. There is radiative heat transfer from the sides and top of the drum to the ambient.
4. There is natural convection heat transfer from the sides and top of the drum to the

ambient.
5. The ambient temperature is I 00TF.
6. Insolation is applied as solar heat flux. The applied solar fluxes are 122.88 Btu/ft2-hr on

the top of the package and 61.44 Btu/ft2-hr on the side of the package. These heat fluxes
are applied continuously rather than as a step function with a period of 12 hours.

7. The polyurethane foam thermal conductivity is the calculated value obtained from
Reference [5]. The thermal conductivity values are validated by the environmental
thermal test described in Reference [I].

8. The thermal properties for 50% compressed Fiberfrax® are used for the insulating blanket
surrounding the drum liner.

9. The Content decay heat is 3.3 Watts.

The model for the NCT/Shade was the same as that for the NCT/Solar except that the insolation
heat flux was omitted.

Description of the NCT/Shade Model

1. The drum is in an upright position.
2. The drum bottom surface is adiabatic.
3. There is radiation heat transfer from the sides and top of the drum to the ambient.
4. There is natural convection heat transfer from the drum sides and top to the ambient.
5. The ambient temperature is I 00°F in shade
6. The polyurethane foam thermal conductivity is the calculated value obtained from

Reference [5].Unburned foam properties are applied to the foam in the drum.
7. The Content decay heat is 3.3 Watts.

3.3 HAC Thermal Models

The HAC/solar analysis refers to the steady state analysis with a 100 'F ambient temperature and
insolation during the post-fire phase where the drum surface optical properties reflect the dark
gray surface appearance of the fire affected drum surface. For the HAC/solar analysis, the solar
absorptivity is assumed 0.9 and the emissivity as 0.8. Lower emissivity gives higher steady state
temperatures for this analysis. The analysis results are given in Section 4.0.
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Description of the HA C/Solar Fire Model

I. The drum is in an upright position with contents.
2. The drum bottom surface is adiabatic.
3. There is radiation heat transfer from the sides and top of the drum to the ambient.
4. There is natural convection heat transfer from the drum sides and top to the ambient.
5. The ambient temperature is 1475°F.
6. Insolation is applied as solar heat flux assuming solar absorptivity of 0.9 for the drum

surface during post-fire cooling. The applied solar fluxes are 221.18 Btu/ft2-hr on the top
of the package and 110.59 Btu/ft2-hr on the side of the package. These heat fluxes are
applied continuously rather than as a step function with a period of 12 hours.

7. Thermal properties for air are used in place of the polyurethane foam. This is due to
charring of the foam during the fire phase.

8. The Content decay heat is 3.3 Watts.

Description of the HAC/Solar Model

I. The drum is in an upright position with contents.
2. The drum bottom surface is adiabatic.
3. There is radiation heat transfer from the sides and top of the drum to the ambient.
4. There is natural convection heat transfer from the drum sides and top to the ambient.
5. The ambient temperature is 100°F.
6. Insolation is applied as solar heat flux assuming solar absorptivity of 0.9 for the drum

surface during post-fire cooling. The applied solar fluxes are 221.18 Btu/ft2-hr on the top
of the package and 110.59 Btu/ft2-hr on the side of the package. These heat fluxes are
applied continuously rather than as a step function with a period of 12 hours.

7. Pristine foam (10 lb/ft3) thermal properties are applied to the char cavity in the drum.
This is a highly conservative assumption for the transient post-fire model, due to the
pristine foam having a higher density and heat capacity compared to air. The package
will retain heat for a longer period of time and yield higher maximum temperature for the
transient case.

8. The Content decay heat is 3.3 Watts.
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4.0 RESULTS

4.1 NCT/Shade Model Results

The MC5PV NCT/Shade model examined a temperature profile for a 3.3 Watt heat source. The
maximum predicted temperatures of the limiting components are listed in Table 4. Figure 5 is
the package temperature contour.

Table 4 NCT/Shade Maximum Component Temperatures (*F)

BSTPIMC5PV Temperature
Component Model Limit

(OF) F)

CV Wall 112 400

CV C-ring 105 1200

Cap C-Ring 106 1200

Bellows Valve 106 400

Honeycomb Cylinder 111 350

MC5PV Contents 154 NA

Drum Surface 101 NA

Last-A-Foam® FR-3710 107 300

Gas in CV (Volume Average) 111 NA

Gas in MC5PV (Volume Average) 117 NA
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Figure 5 MC5PV Prefire Temperature Profiles for NCT/Shade

4.2 NCT/Solar Model Results

The MC5PV NCT/Solar model determined a temperature profile for a 3.3 Watt heat source. The
maximum predicted temperatures of the limiting components are listed in Table 5. The package
temperature contour is Figure 6.

Table 5- NCT/Solar Maximum Component Temperatures (°F)
Component BTSP/MC5PV Model Temperature Limit
Component _(OF) (OF)

CV Wall 158 400

CV C-ring 157 1200

Cap C-ring 158 1200

Bellows Valve 158 400

Honeycomb Cylinder 157 350

Contents 185 NA

Drum Surface 164 NA

Last-A-Foam® FR-3710 159 300

Gas in CV (Volume Average) 159 NA

Gas in MC5PV (Volume Average) 163 NA
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4.2.1 Volume Average Gas Temperature

Volume average gas temperature is required for calculating the maximum normal operating
pressure (MNOP) inside the CV. Average gas temperature was calculated by volume averaging
of nodal temperatures in the CV cavity. The average gas temperature for the MC5PV NCT/Solar
configuration is 163°F.

4.2.2 Volume Average Foam Temperature
The volume average foam temperature for the MC5PV configuration is 147°F.
average foam temperature data is required in assessing the structural performance
during NCT.

13
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Figure 6 MC5PV Model Temperature Profiles for NCT/Solar

4.3 Results for the HAC/Solar Model

The HAC/Solar Fire model is used to calculate component temperatures during the fire event and
refers to the thermal model with insolation effect during post-fire phase. Table 6 lists the
maximum component temperatures of the MC5PV model during the fire phase while Table 7
lists the maximum component temperatures during the cooldown phase.

0
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Table 6- HAC/Solar Maximum Com 3onent Temperatures During Fire
BTSP/MC5PV Temperature

Component Model Limit
(OF) (OF)

CV Wall 161 500

CV C-ring 161 1200

Cap C-ring 158 1200

Bellows Valve 158 400

Honeycomb Cylinder 180 NA

Contents 185 NA

Drum Surface 1474 NA

Last-A-Foam® FR-3710 1471 NA

Gas in CV (Volume Average) 159 NA

Gas in MC5PV (Volume Average) 163 NA

Table 7- HAC/Solar Maximum Component Post-Fire Temperatures

BTSPJMC5PV Temperature
Component Model Limit

(OF) (OF)

CV Wall 238 500

CV C-ring 236 1200

Cap C-ring 236 1200

Bellows Valve 236 400

Honeycomb Cylinder 273 NA

Contents 284 NA

Drum Surface 1474 NA

Last-A-Foam® FR-3710 1471 NA

Gas in CV (Volume Average) 236 NA

Gas in MC5PV (Volume Average) 218 NA

The post-fire temperatures are calculated using the HAC/Solar model. The only difference in
this thermal model is the replacement of foam/char with air in the foam cavity. The steady state
temperatures are given in Table 8.
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Table 8 HAC/Solar Steady State Component Post Fire Temperatures
Component BTSP/MC5PV Model Temperature Limit

(OF) (OF)

CV Wall 161 500

CV C-ring 160 1200

Cap C-ring 161 1200

Bellows Valve 161 400

Honeycomb Cylinder 160 NA

Contents 187 NA

Drum Surface 171 NA

Last-A-Foam® FR-3710 (replaced as 164 NA
Air post fire)

Gas in CV (Volume Average) 161 NA

Gas in MC5PV (Volume Average) 166 NA

As shown in Table 7, the component temperatures are well below their design limits. Figure 7 is
the temperature profiles for the MC5PVconfiguration during the HAC/Solar event.

30 min 1hr 2hr 3hr

into Fire Post Fire Post Fire Post Fire
W 

'"
V1,011

Figure 7 - HAC/Solar Temperature Profiles (peak temperatures are 30 minutes into fire). 1
hr post fire is at 1.5 hr simulation time.

Note: Temperature scale was set to a maximum of 6000Ffor comparison of plots. Any dark red color represents a value of
600'F or higher.



NCT and HAC Thermal Analysis for the MC5PV M-CLC-A-00448 Rev. 1
Page 21 of 23

4.4 Uncertainty/Sensitivity Analyses

Uncertainties in thermal properties and other important parameters are minimized by making
sure that their threshold values are used to yield conservative results. Uncertainties are
addressed by performing simple sensitivity analyses. Sensitivity analyses were performed for
finite element mesh size and thermal properties.

4.4.1 Mesh Size Sensitivity

A mesh sensitivity analysis was performed to ensure that the various thermal models had
sufficient number of elements to give stable results. The number of elements was increased from
192,880 to 516,528 elements in the NCT/Solar. The maximum contents temperature with the
increased number of elements was found to be less than 0.1% lower compared to the smaller
number of elements. The model with the lower number of elements was used in the analyses.

4.4.2 Thermal Properties

FR-3710 foam free rise density of 10 lb/ft3 and the corresponding thermal conductivity (k) values
are used in the thermal analyses. However, the actual packed density of the FR-3710 foam in the
prototype packages was found to be approximately 12.4 lb/ft3 21]. Since k of the foam increases
with the density, the actual k would be higher. 4

1 For the NCT steady state analysis, higher k
results in lower CV temperatures and therefore actual foam k does not impact the NCT analysis
results. For the HAC analyses, higher density foam has lower thermal diffusivity than the lower
density foam[41 and hence lower CV temperatures during HAC fire event.

The model was evaluated replacing the thermal properties of the 5A molecular sieve with water.
Water having a higher thermal conductivity yielded steady state temperatures for the contents
that were 20'F lower than when evaluated with the 5A molecular sieve material. For the
transient case, water also has a higher heat capacity and therefore yields contents temperatures
80'F lower during the HAC fire.

The density of the molecular sieve material was varied to determine the effect on the steady state
temperature of the package. A lower density was not simulated since a lower density will yield a
larger molecular sieve volume. Using the same decay heat of 3.3 Watts over a larger volume will
distribute the heat load and result in a lower maximum content temperature. A density that is
50% higher (66 lb/fl3) yields a steady state maximum temperature 6°F higher for the contents.

5.0 CONCLUSIONS

1. The NCT and HAC analyses show that the maximum component temperatures are below
their design limits.

2. The analyses show that the BTSP Mound Configuration 5 Process Vessel package meets
the thermal design requirements given in 10 CFR Part 71.
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where the Rayleigh number,

go3(T3 - T)L 3 (RaL = GrTLPr = a (9.25)

is based on the characteristic length L of the geometry. Typically, n =and for laminar
and turbulent flows, respectively. For turbulent flow it then follows that hL is independent
of L. Note that all properties are evaluated at the film temperature, Ty m (T, + T.)12.

9.6.1 The Vertical Plate

Expressions of the form given by Equation 9.24 have been developed for the vertical plate
[5-7]. For laminar flow (104 !- Rar Z 10W), C = 0.59 and n = 1/4, and for turbulent flow
(10' SG RaL '- 10'3), C = 0.10 and n = 1/3. A correlation that may be applied over the
entire range of RaL has been recommended by Churchill and Chu [8] and is of the form

.= {0825 + 03 + 2 (9.26)

Although Equation 9.26 is suitable for most engineering calculations, slightly better accu-
racy may be obtained for laminar flow by using [8]

N 0L -0.68 + 0.670RaL4  RaL Z 10P (9.27)

[I + (0.492/Pr)91 6]"10

When the Rayleigh number is moderately large, the second term on the right-hand side of
Equations 9.26 and 9.27 dominates, and the correlations are the same form as Equation
9.24, except that the constant, C, is replaced by a function of Pr. Equation 9.27 is then in
excellent quantitative agreement with the analytical solution given by Equations 9.21 and
9.20. In contrast, when the Rayleigh number is small, the first term on the right-hand side
of Equations 9.26 and 9.27 dominates, and the equations yield the same behavior since
0.8252 - 0.68. The presence of leading constants in Equations 9.26 and 9.27 accounts for
the fact that, for small Rayleigh number, the boundary layer assumptions become invalid
and conduction parallel to the plate is important.

It is important to recognize that the foregoing results have been obtained for an isother-
mal plate (constant Ts). If the surface condition is, instead, one of uniform heat flux (constant
q"), the temperature difference (T, - T7*) will vary with x, increasing from the leading edge.
An approximate procedure for determining this variation may be based on results [8, 9]
showing that NuL correlations obtained for the isothermal plate may still be used to an excel-
lent approximation, if NuL and RaL are defined in terms of the temperature difference at the
midpoint of the plate, ATU2 = T,(LI2) - T . Hence, with h q','IATLI2, a correlation such as
Equation 9.27 could be used to determine ATu2 (for example, using a trial-and-error tech-
nique), and hence the midpoint surface temperature T (L/2). If it is assumed that Nu cx Ra.14

over the entire plate, it follows that

q"x cc ATf/x/
kAT

or

AToc x1/5
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where A, and P are the plate surface area (one side) and perimeter, respectively. Using this
characteristic length, the recommended correlations for the average Nusselt number are

Upper Surface of Hot Plate or Lower Surface of Cold Plate [191:

=u L-0.54Raj4 (10W PSaL- 107, Pr Z 0.7)

NuL= 0.15 Ra4' (10C: RaL . 1011-,alIPr)

(9.30)

(9.31)

(9.32)

Lower Surface of Hot Plate or Upper Surface of Cold Plate [20]:

Ku--L0.5 2 Rau5 (10 RaLS 10',PrL0.7)

Additional correlations can be found in [21].

ExA•mPLE 9.3

Airflow through a long rectangular heating duct that is 0.75 m wide and 0.3 m high main-
tains the outer duct surface at 45 C. If the duct is uninsulated and exposed to air at 15°C in
the crawlspace beneath a home, what is the heat loss from the duct per meter of length?

SOLUTION

Knqnrn: Surface temperature of a long rectangular duct.

U

Find: Heat loss from duct per meter of length.
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Natural-Convection Heat Transfer in
Liquids Confined by Two Horizontal Plates
and Heated From Below
This paper presents results of an experimental investigation of convective heat trans-
fer in liquids placed between two horizontal plates and heated from below. The liquids
used were water, silicone oils of 1.5, 50, and 1000 centistoke kinematic viscosities, and
mercury.

The experiments covered a range of Rayleigh numbers between 1.51 (10)1 and 6.76(10)1,
and Prand•l numbers between 0.02 and 8750.

Tests were made in cylindrical containers having copper tops and bottoms and in-
sulating walls. For water and silicone oils the container was 5 in. in diam and 2 in.
high. For mercury, two containers were used, both 5.28 in. in diameter, but one 1.39 in.
high and another 2.62 in. high. In all cases the bottom plates were heated by electric
heaters. The top plates were air-cooled for the water and silicone-oil experiments and
water-cooled for the mercury tests. To prevent amalgamation, the copper plates of the
mercury container were chromium plated.

Surface temperatures were measured by thermocouples embedded in the plates.
The test resudts indicate that the heal-transfer coefficients for all liguids investigated

may be determined from the relationship

Nu = 0.069(Ra)V/(Pr)0.074

In this equation the Nusselt and Rayleigh numbers are based on the distance between
the copper plates.

The results of this experiment are in reasonable agreement with the data reported by
others who used larger containers and different fluids.

w nl
UN CERTAiN engineering projects it is sometimes

necessary to predict the heat-transfer rates by convection in
liquids confined between two horizontal plates and heated from
below. The search of published literature reveals that such in-
formation is scarce. The two important papers that are available
on this subject are limited in their scope. They do not possess
the desired range of physical properties to justify a derivation of
a general equation. The work of Mull and Reiher, as reported by
Jakob [1]1 was done on air, while Malkus [2) used water and
acetone in his experiments.

I Numbers in brackets designate References at end of paper.
Contributed by the Heat Transfer Division of Tim AmNRICAN

SocrEvy or Mmcmkmcnx Fsozz ts and presented at the Heat
Transfer and Fluid Mechanics Institute, Berkeley, Calif., June 19-21,
1958.

NoTE: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Manuscript received at ASME Headquarters, July
21, 1958.

In the first case, the Prandtl number was practically constant
because it is known that for air the variation of Prandtl number
with changes in temperature is negligible; in the second case,
Malkus purposely kept the mean temperature of the water and
acetone at a constant value.

The Prandtl number, however, may be an important factor in
a mathematical expression from which heat-transfer rates are
computed.

Thus this lack of confidence that an equation derived from the
available data will apply to liquids with widely different physical
properties suggested the work presented in this paper.

The main purpose of this investigation was to obtain data and,
if possible, develop a mathematical relationship from which
reliable heat-transfer coefficients for confined liquid heated from
below could be determined.

To obtain this goal, five liquids with dissimilar properties were
chosen for these tests.

-Nomenclature
CO = specific heat at constant pressure,

Btu/(lb)(F)

C - constant, dimensionless

f = function
g = acceleration of gravity, ft/(hr)l

Gr = Grashof number, dimensionless,
L'1p~gAtf3/p'

-k = thermal conductivity, Btu/(hr)-
(ft)(F)

L = height of container, ft

7i-, n= exponents

Nu = Nusselt number, dimensionless,
h'L/k

q = rate of heat flow per unit area,
Btu/(hr)(ftW)

Ra = Rayleigh number, dimensionless,
Gr Pr

= coefficient of volumetric expan-
sion, 1/F

At - temperature difference between
the top and bottom plate, F

g = dynamic viscosity, lb/(ft)(hr)
p - liquid density, lb/ft'

h' = special convective heat transfer Pr = Prandtl number, dimensionless,
coefficient, Btu/(hr)(ft2)(F) C•lk
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The liquids used were water, silicone oils of 1.5, 50. and 1000
centistokes kinematic viscosity, and mercury.

Procedure
The heat-transfer coefficient in geometrically similar containers

was assumed to be subject to the generally accepted factors that
influence convection, with the exception of L and At. The dimen-
sion L, the distance between the plates, was used as the charac-
teristic distance, and At was used as the difference in temperature
between the plates. Thus

h' - f[L, p, u, C,, k, At, (f0g)] (1)

Without much difficulty we may derive by dimensional analysis
the relationship

h'L (Lap'g#At LC , Op7 = f ( t -) (2)

Assuming the functional relationship to be given by a product

of powers we get

Nu = C Ra-Pra (3)

The Nusselt number here defined is an indicator of how effec-
tively heat is transferred by convection as compared to that of
conduction. When the Nusselt number is equal to 1, convection
does not exist and heat is transferred by conduction.

The constant 0 and exponents m and n were determined from
appropriate graphs of the test results.

The exponent m was determined from the plot of log Nu versus
log Rn at a constant Prandtl number. Then all test data were
plotted as log Nu/Ram versus log Pr, and the exponent n and
the constant C were found from the plot.

The physical properties of the liquids which were needed to
compute the dimensionless numbers were determined at the mean
temperatures of the upper and lower copper plates. For silicone
oils, water, and mercury, the properties were taken from Dow
Corning [3], Brown and Marco [41, and Liquid Metals Handbook
151, respectively.

All data were recorded when steady-state conditions were
established. It was assumed that steady state was obtained
when all readings remained constant for more than one hour.

For each run the electrical heat input to the lower plate, the
temperatures of the two copper plates, and the temperature dif-
ferences between the plates were measured.

The following experimental range was covered:

Prandtl number from 0.02 to 8750
Rayleigh number from 1.51(10)6 to 6.76(10)s
Nusselt number from 1.9 to 66.9
Temperature difference between the hot and cold copper plates

from 2 to 80 F

OVERFLOW CHAMBER

(----'-"COPPER PLATE

0PLEXIGLASS CYLINOER

WATER OR SILICONE OIL

COPPER PLATE

tr for silicone, oils and water

Temperature of the hot copper plate from 75 to 198 F.

Apparatus
The test apparatus used in these experiments consisted of

right-circular hollow cylinders with '/-in-thick copper plates at
the top and bottom, and insulating walls.

As shown in Fig. 1, the liquid container for the water and
silicone-oil tests had an ID of 5 in. and a clear distance of 2 in.
between plates. The cylindrical wall was made of plexiglas and
attached to the plates with 0-ring seals so that no leakage
occurred. The heat from the upper plate was removed by blow-
ing air over its surface. In order to improve the heat-transfer
rate, the upper surface of the top plate was finned. The upper
plate was also drilled and tapped, and connected with a 1/tin.
nipple to an expansion chamber.

The temperatures of the plate surfaces were measured by
copper-constantan thermocouples. The thermocouple junctions
were located at the center of the plates and approximately 0.03
in. from the liquid suraces. The wiring connections were such
that the temperature differences as well as the individual tem-
peratures of each plate could be determined. The thermocouples
were connected to a recording potentiometer and a portable pre-
cision potentiometer. The recording potentiometer was used to
indicate the time when steady state was established.

The mercury container is shown in Fig. 2. Two different
heights were used: 1.39 and 2.62 in. The ID for both heights
was 5.28 in. The side walls were made of pyrex glass and the
copper-plate surfaces were chromium plated to prevent amalga-
mation of the copper. 0-ring seals were used at the interface of
the glass and copper plates, and the plates were bolted together
through a transite ring. To remove the heat from the top plate
a chamber was constructed above this plate and cold water was
circulated through it. Provision was also made for the expansion
of mercury. The overflow chamber, located off center, can be
seen in Fig. 2.

As in the water and oil containers, temperatures were deter-
mined by the use of copper-constantan thermocouples and po-
tentiometers. However, the thermocouples were connected so
that only individual readings could be made. Direct reading of
At was not possible because of the electrical path through the
mercury.

An electric heater was used to supply the heat to the con-
tainers. In the early experiments a laboratory hot plate was
used. Later, a heater was constructed from an element used in
an electric cooking range and a 3/fin-thick aluminum plate
attached at its top surface. The aluminum was used to assure
even heat distribution.

The electrical input to the heaters was measured by a voltmeter
and ammeter. A voltage regulator, connected in the electric cir-
cuit, insured constant voltage.

0
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Fig. 2 Diagram of container for mercury

Method of Tests
The container was filled with the appropriate liquid and then

placed in an evacuated chamber to eliminate any gas entrain-
went. When evolution of gas bubbles ceased, the container was
put on the electric heater. This assembly was then placed in a
large box and surrounded by about 3 in. of mineral wool.

The electrical input was adjusted to a predetermined value and
the recording potentiometer connected to the thermocouples.

When the temperatures remained constant for one or more
hours, the precision potentiometer was connected and used to
determine the temperatures. For the experiments with mercury,
in the region where the temperatures fluctuated, the recording
potentiometer was used to estimate the average temperatures as
well as the magnitudes of the fluctuations. The voltage and
amperage to the heater were also recorded.

Results and Discussion
An analysis of the variation of the physical properties with

temperature revealed that the Prandtl number for mercury re-
mained practically unchanged within the experimental range of
temperatures. This fact led to the logarithmic graph shown in
Fig. 3. The straight line may be expressed by

IV ,

Io

10

'.,5 4 R /3

Nu - O.051(Ra)V" (4)

It should be noted that in Fig. 3, NuRa instead of Nu was used.
This was done to improve the accuracy of the graph since the
largest source of error is At. The convective-heat-transfer co-
efficient h' is determined from the relationship

÷

$
iOt.-1 I IL

q = h'At (5)
.I1s a 3 4 5454 # 57

10' 10! 1•0

The Nusselt number may be written as

Nu = -- (6)

The Rayleigh number is

Ra - Llplg• C (7)
gk

Thus an error in At creates errors of opposite sign in Nu and Ra.

The product of the Nusselt and Rayleigh numbers is

Nu Ra = qL'Ptgj%-, (8)

Fig. 3 Natural convection
mercury

between horizontal plane surfaces In

The Nu Ra may be considered a dimensionless heat flux while
Ra is a dimensionless At. Nu Ra is independent of At4 but de-
pendent on q, which was known very precisely from the electrical
readings. Fig. 3 is in effect a graph of heat transfer as a function
of temperature difference and any possible error in At is not mag-
nified because it appears only in Ra.

The fact that the exponent m is '/A suggests that the natural
convection is in the turbulent region. The point at which turbu-
lence starts is a matter of some disagreement among various ob-
servers. Schmidt and Saunders [6], working with water, ob-
served a transition to turbulence when Ra - 45,000. Jakob [(1
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correlating the data of Mull and Reiher on air sets the transition
point at about Ra - 280,000. Malkus 121 in experiments with
water and acetone observed changes at several different values of
Rayleigh numbers. His lowest value of R& Is about 50,000.

The smallest value of Ra reported here is 151,000 and there were
only two observations below 300,000. It may, therefore, be
safely said that the results in this paper pertain to the turbulent
region.

With the exponent m determined, we may now evaluate ex-
ponent n. This is done by plotting on logarithmic paper Nu/Ra'/"
against Pr for all observations recorded in these tests.

The graph of this type is shown in Fig. 4. The slope of the line
Indicates that n = 0.074 and the resulting equation is

in temperature. We know that water is more temperature-
sensitive than the other liquids tested. It is probable that deter-
mining physical properties at the arithmetic mean temperature
of the two plates is only an approximation to the correct repre-
sentation of convective heat transfer in a fluid whose properties
change with temperature.

Equation (9) is in fairly good agreement with the results pre-
sented by the two previously mentioned observers. Jakob i]1
in his analysis of the data of Mull and Reiher on air gives the re-
lationshipflx whi

fL, but d
.e sketri(

a functi
is not mra

the natur
hich turb
various o
water, C

Jakob

le ASi

Nu - 0.068Gr)'/' (10)

Assuming for air a Prandtl number of 0.71, Equation (9) simplifies
to

[
Nu - 0.069(R&)/'(Pr)G-o'4 (9) Nu = 0.060(Gr)'/, (11)

The graph of equation (9) is shown in Fig. 5. The computed
values for the five liquids are superimposed on this plot to show
their deviations. It is seen that the points for water deviate
slightly more than the points for other liquids. The reason for

this Is probably the sensitivity of physical properties to changes

Journal of Heat Transfer

Malkus [21, basing his relationship on the data of water and
acetone at room temperature, proposed the expreasion

I'

:1
Nu = 0.085(Ra)0.an

for the turbulent region.

(12)
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The Prandtl number for water at 70 F is 6.8. Using this value
in Equation (9), we get

thermocouple and the one 11/2 in. away. The temperature
fluctuations were similar in magnitude at the two points measured
on the lower plate.

Nu = 0.080(Ra)"'/ (13)

It is pertinent to point out here that the authors are convinced
that the size of the containers used for the experiments reported
in this paper had no bearing on the heat-transfer rates obtained.
This conviction is based on the fact that for the mercury tests two
containers were used with radically different ratios of diameter
to height of liquid. Although the ratio was changed by a factor
of almost two, in the region of overlap there appeared to be no
difference in the results, and outside the overlap the observation
fits the same relationship.

The data of Mull and Reiher and especially those of Malkus
corroborate this conclusion. Malkus experimented with con-
tainers 4 in. in diam and from 0.05 to 3.2 in. in height. His
conclusion was that the departure of the heat-transfer rate from a
model of infinite horizontal extent is negligible.

In the experiments on mercury, turbulent fluctuations of tem-
perature were observed at Rayleigh numbers above 106. These
fluctuations appeared at both the upper and the lower plates.
They increased in magnitude with increase in Rayleigh number
and attained their largest value at Ra - 3(10)5. Beyond this
Rayleigh number, there was no increase of temperature fluctuation
as a percentage of At. The largest possible fluctuation of At
would occur when the individual plate fluctuations were out of
phase. Thus the maximum difference between At for the lower-
plate maximum temperature and upper-plate minimum tempera-
ture and At for the lower-plate minimum temperature and upper
plate maximum temperature was found to be between -I 10 per
cent of the average At. It is reasonable to assume that the net
fluctuations in At were smaller than this, but since there was only
one recorder, it was not possible to determine their true variations.

To investigate the possibility of lateral temperature gradients,
a second thermocouple was attached to the lower plate. This
thermocouple was located 11/2 in. away from the center of the
plate and was used to determine temperatures at Rayleigh num-
bers above 106. The results showed that there was a negligible
difference in temperature readings between the centrally located

Conclusion
A mathematical expression has been developed for computing

heat-transfer coefficients when liquids are heated from below,
This equation is based on experimental data of liquids for a range
of Prandtl numbers between 0.02 and 8750, and Rayleigh numbers
between 1.5(10)6 and 6.8(10)6. The expression is

Nu = 0.069(Ra)'/'(Pr)O'--

The Nusselt and Rayleigh numbers include the thickness of the
liquid layer as the characteristic geometric factor.
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CORRELATING EQUATIONS FOR
LAMINAR AND TURBULENT FREE CONVECTION

FROM A VERTICAL PLATE

STUART W. CHURCHILL and HUMBERT H. S. CHU
Department of Chemical and Biochemical Engineering, University of Pennsylvania,

Philadelphia, PA 19174, U.S.A.

(Received 2 August 1974 and in revised form 10 February 1975)

Abstract-A simple expression is developed for the space-mean Nu (or Sh) for all Ra and Pr (or Sc)
in terms of the model of Churchill and Usagi. The development utilizes experimental values for Ra
approaching zero and infinity, and the theoretical solutions obtained from laminar boundary-layer
theory. The expression is applicable to uniform heating as well as to uniform wall temperature and for
mass transfer and simultaneous heat and mass transfer. The correlation provides a basis for estimating
transfer rates for non-Newtonian fluids and for inclined plates. Even simpler expressions are developed
for restricted ranges of conditions. The general and restricted expressions are compared with representative
experimental data. The structure of the correlating equation shows why the common power-law-type

equations cannot be successful over an extended range of Ra and Pr.

NOMENCLATURE

a, arbitrary exponent;
A, dimensionless coefficient;
b, arbitrary exponent;
c, dimensionless coefficient;
-9, diffusivity, [m'/s'l;

f{Pr}, dimensionless function of Pr in
equation (2);

F{m}, dimensionless function of power-law
coefficient in equation (16);

g, acceleration due to gravity [m/s2];
h, local heat-transfer coefficient [J/m 2 .s. OK];
h, mean heat-transfer coefficient over O-z

[J/m 2 .s. .K];

k, thermal conductivity [J/m. s. .K];

k', local mass-transfer coefficient [s-'];
mean mass-transfer coefficient over O-z
Is-];

K, coefficient defined by equation (15)
[kg/m-s2-m ];

m, exponent defined by equation (15);
n, exponent in equation (1);
Nu, hz/k, local Nusselt number at. z;
Wu, iz/k, mean Nusselt number over 0-z;
Pr, v/a, Prandtl number;
q, heat flux density [J/m 2-s];

Ra, gf(T,- Tb)z 3/va, Rayleigh number;
Ra', gv(* - wb)z3/v-9, Rayleigh number for mass

transfer;
Ra*, gfqz4/kva, modified Rayleigh number based

on heat flux density;
Sc, v/9, Schmidt number;
Sh, k'z/l, local Sherwood number;
-h, k'z/S9, mean Sherwood number over O-z;
T, temperature [OK];
x, independent variable [in];
y, dependent variable [im];
z, distance up plate [I].

Greek symbols

a, thermal diffusivity [m 2/s];
Pi, thermal coefficient of expansion [K- '];
Y, dimensionless coefficient for expansion due

to change in composition;
0), mass fraction;
v, kinematic viscosity [m 2/s];
(p{Pr}, dimensionless function of Pr in

equation (8);
0, angle of inclination of the plate from the

vertical;
T, shear stress [kgim-s2 ].

Subscripts

b, bulk;
s, surface;
0, limiting behavior for small z;
co, limiting behavior for large z.

INTRODUCTION

A VARIETY of theoretical expressions, graphical cor-
relations and empirical equations have been developed
to represent the coefficients for heat and mass transfer
by free convection from vertical plates. However, the
discrepancies between the expressions proposed for
correlation and the various sets of experimental data
have still not been completely resolved or explained.
The experimental anomalies are apparently due in part
to physical property variations and undefined differ-
ences in the environment. The theoretical results are
mostly limited to the intermediate range of Rayleigh
number for which the postulates of laminar boundary-
layer theory are applicable; a completely satisfactory
theory has not been developed for either the diffusive
regime (low Rayleigh numbers) or the turbulent regime
(high Rayleigh numbers). The primary shortcoming of
the empirical correlations is their failure to take into

1323
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proper account the varying dependence on the Rayleigh
and Prandtl (or Schmidt) numbers.

This paper presents simple but very general cor-
relations for the space-mean value of the transfer rate
for free convection. The correlations are developed
wholly in terms of the model of Churchill and
Usagi [1]:

indicates that n = I is a reasonable choice, yielding

0.670Ra" 4 (
[1 + (0-492/Pr)91' 6]449"

Equation (5) is seen in Fig. I to provide a good
representation for all Ra < 10" while equation (3) is
seen to be increasingly in error for Ra < l0s.

LAMINAR PLUS TURBULENT REGIME

An asymptotic solution is not available for Ra -- oo,
but Churchill [14] has asserted on the basis of dimen-
sional analysis that

y" -A(Z) + Y". (1)
and thus require appropriate expressions for the limit-
ing behavior for both large and small values of the
independent variable z,

Ede [2] provides a thorough review of the literature
for heat transfer through 1964. In the interest of brevity,
correlations, theoretical solutions and experimental
data since that date will not be reviewed or analyzed
except insofar as they are directly relevant to the
derivations herein. The correlation is first developed
in terms of heat transfer from an isothermal plate.
Uniform heating, mass transfer, simultaneous heat and
mass transfer, non-Newtonian fluids and inclined plates
are subsequently considered.

LAMINAR REGIME

Boundary-layer theory has been utilized to derive
relationships of the form:

Nu == Ral/4f{pr} (2)

where f{Pr} represents a tabulation of values such as
those summarized by Ede [2] for a number of values
of Pr. Churchill and Usagi [1] derived an empirical
expression in the form of equation (1) to provide a
continuous approximation for these tabulated values
off{Pr}. This expression can be rewritten as follows
in terms of Nu:

N- = Oý670Ra' 4/[1 + (0-492/Pr)911 6] 4/9. (3)

Equation (3) represents the various computed values
within 1 per cent from Pr = 0 to Pr = o and is in
general agreement for 105 < Ra < 109 with the widely
scattered experimental values compiled by Ede [2].

Equation (2) and hence equation (3) would be
expected to become invalid for Ra > 10' owing to the
onset of turbulence and as Ra -+ 0 owing to thickening
of the boundary layer relative to the distance from the
starting edge of the plate. A generally accepted solution
has not been derived for this latter regime. For pure
conduction (Ra = 0) from an infinite strip Nu = 0, but
for a plate of finite dimensions Nu has a finite value.
The experimental data of Saunders [5] indicate a limit-.
ing value of approximately 0"68, probably due to edge
effects.

Utilizing 0.68 for yo{z} and the right side of equation
(3) for y,o ({z in equation (1) yields the following test
expression for the entire laminar regime:

f 0"670RaI /4 y

Vu-"u = 0.68n + ([1+ (O'492/Pr)9116]419) " (4)

A test plot of representative experimental data [2-13]
in the form proposed by Churchill and Usagi [1]

Nu -* ARa "'( (Pr) (6)

where A is an empirical constant and ýp{Pr} is a
function which approaches unity for Pr-, co and is
proportional to Pr113 for Pr -+ 0. Equations (5) and (6)
could be combined in the form of equation (1) to obtain
a test expression for all Ra and Pr. However the
limiting value of &-68 proves to combine with equation
(6) to produce a simpler and equally successful cor-
relation. The resulting test expression is

Wu-- = 0-68"+ [ARa" 3(p{PrJ]". (7)

Equation (7) provides a dependence of Nu on Ra for
any positive n which increases continuously from the
zeroth power to the 1/3-power as Ra increases. If
equation (7) is to provide the same interrelationship
between Ra and Pr in the laminar boundary-layer
regime as equation (5) it is necessary that:

cp{Pr} = ([1 +(0-492/Pr) 9"' 6]-4 /9)/ 3

= [1+(0"492/Pr)9 116
]-1

6 12 7  (8)

The expression resulting from insertion of equation (8)
in (7) also conforms to the asserted dependence for
Pr - 0 and oo as Ra -. oa.

Bosworth [15] proposed an equation of the form of
equation (7) with qo{Pr} = 1"0 and n = 1/2 for Yu- for
free convection from horizontal cylinders in air. Trial
plots indicate that n = 1/2 is a reasonable choice for
the vertical plate as well. The straight line with a slope
of 1/6 drawn in Fig. 2 through the same representative
data as in Fig. 1 yields a value of A = 0-150 and hence
the final correlation:

V--I/2 = 0825 387Ra 16  (9)[I + (0"492/Pr)9116]s1 2 7

This value of A is in reasonable accord with the value
of Aqp{Pr} = 0-10, hence A = 0-12, derived by Bayley
[16] for air and also with the value of 0-13 proposed
by Kutateladze [17] for a correlation in the form of
equation (6) for turbulent free convection from vertical
plates, cylinders and spheres to a number of fluids.

Equations (3) and (5) are plotted also in Fig. 2 for
comparison and to indicate their limits of applicability.
The undoubted superiority of equation (9) for Ra > 199
is somewhat obscured by the lack of data for truly high
Ra, the scatter of the available data and the very con-
densed scale of the ordinate.
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INTERPRETATION

Computed values of f{Pr} and 91{Pr} for rep-
resentative fluids are given in Table 1. The significant
deviations for air and water from the limiting depen-
dence for Pr -- oo indicate why the customary em-
pirical equations of the form of equation (2) with
f{Pr} = 1-0 and equation (6) with qo{Pr} = 1'0 have
not proven satisfactory for a variety of fluids with a
wide range of Pr. Table 1 also indicates that some-
what lesser but still significant discrepancies are to be
expected with the simplified correlations for liquid
metals based on the limiting form for Pr -+ 0. A
further variation in the dependence on Pr and Ra arises
from the additive constant in equations (5) and (9).
Thus empirical correlations of the form:

range of Ra -or Pr. Instead, the deviations from the
correlations in the literature must be due in part to
the choice of tF: form rather than wholly to experi-
mental error. Such correlations appear to have outlived
their usefulness.

Equation (9) provides a smooth transition from the
laminar to the turbulent regime whereas the actual
transition is known to be essentially discrete. The
representation provided by equation (9) for this region
is thus an oversimplification of reality and is numeri-
cally successful only because the effect of the transition
is dampened by the integration which leads from the
local to the mean Nusselt number. A correlation for
the local Nusselt number extending through the tran-
sition from laminar to turbulent motion would need to
be more complicated in structure than equation (9).Nu = CRaaPra
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Table 1. Correction factor for various fluids from asymptotic behavior

Pr Fluid I Pr( p{rPr (0"492/Pr)"' 4
f{Prt (0"492/Pr)`p{ Pr:-

1"000 1"000
100 oil 0-978 0-971 0"259 0-165

7-0 water 0.914 0.887 0.471 0.366
0.70 air 0.766 0"701 0.702 0-623
0.024 mercury, 0.436 0.331 0.928 0.905

50'F
0.004 sodium. 0.292 0-194 0.912 0.962

1200'F
0 1.000 1.000

For large temperature differences such that the
physical properties vary significantly, Ede [2] recom-
mends that the physical properties be evaluated at the
mean of the surface and the bulk temperature. Wylie
[18] provides more detailed theoretical guidance for
the laminar boundary-layer regime.

UNIFORM HEAT FLUX

The definition of the mean Nusselt number for
uniform heating is somewhat arbitrary. However,
Sparrow and Gregg [19] have shown that for a laminar
boundary layer the use of the temperature difference
at the midpoint of the plate yields values in better
agreement with those for uniform wall temperature
than the use of either the integrated mean temperature
difference or the integrated mean heat-transfer co-
efficient. With this definition the following expression
can be derived from the empirical representation of
Churchill and Ozoe [20] for the local heat-transfer
coefficient for uniform heating in a laminar boundary
layer.

N- = 0"670Ral14/[1 + (0"437/Pr)91' 6]4/9 (11)

It may be noted that for Pr -+ oo the coefficient of the
Rayleigh number is indeed the same as that of equation
(3) and that these expressions differ only by
((0.492/0-437) 1/4- 1)100 = 3 per cent even for Pr -+0.
[Equation (11) can be converted to one for the inte-
grated mean temperature difference by multiplying the
coefficient 0'670 by (6/5)1.4/2'14 giving Vf708 and to the
one for the integrated mean heat-transfer coefficient by
multiplying by (5/4)'/4/2'14 giving 0-745.]

Neither experimental data nor theoretical results
appear to provide a limiting value of Nu for Ra - 0.
Hence the same value as for uniform wall temperature
will arbitrarily be used. The exponent in equation (1)
has generally been found to be the same for similar
processes as illustrated by comparison of equations (3)
and (11). Hence in the absence of experimental data
the following expression is proposed for the entire
laminar regime with uniform heating:

0&670Ra'/
4

Nu = 0.68 + [1 + (0"437/Pr)9/1 6 ]4
/9 (12)

An equation of the form of equation (6) would be
expected to hold for uniform heating as well as uniform
wall temperature. Combining equation (6) with

Nuoh = 0-68, forcing the same relationship between Ra
and Pr as in equation (11) and assuming that 1/2 is
again a satisfactory choice for n results in:

A,12Ra'/6
VU_ 1,2 = 0"825 +-t- 2Rl/6 2 (13)[I8 + (0"437/Pr)91 6]8127 (

A plot of a random selection from the limited sets of
experimental data for uniform heating [21-24], in
Fig. 3 in the form suggested by equation (13) again
yields a value of A = 0"15, producing the following
correlation for uniform heating for all Ra and Pr:

0.387 Ran: 6

- 2 
= 0.825.[I + (0.437/Pr)91 16]8 127  (14)

Churchill [14] has asserted that Nu for fully
developed turbulent motion (Ra -- oo) should be the
same for uniform heating as for wall temperature if a
value independent of z, corresponding to a pro-
portionality of Nu to Ran" 3 is attained. This assertion
is tested by plotting equation (9) for Pr = 0'70 in Fig. 3.
Good agreement with the data may be noted as would
be expected since equations (9) and (14) differ only
slightly in one coefficient.

Free convection with uniform heating is often cor-
related in terms of Ra* in order to avoid explicit
inclusion of the surface temperature. Equations (11),
(12) and (14) can be rewritten in terms of Ra* simply
by replacing T - Tb with q/h, hence Ra with Ra*/-N-.
However, this re-expression disguises the important
result that the dependence of Vu- on Ra is essentially
the same as for uniform wall temperature.

INCLINED SURFACES

Vliet [25] has reviewed prior results for inclined
surfaces and presented additional results for uniform
heating. He concludes that for the laminar regime the
solutions and correlations for a vertical plate may be
used for a plate inclined up to at least 600 from the
vertical if the component of gravity parallel to the
surface is used in the Rayleigh number. However, the
Rayleigh number for transition from laminar to tur-
bulent motion is decreased drastically as the angle of
inclination from the vertical is increased and his local
results for the turbulent regime were better correlated
in terms of g than in terms of g sin qp.
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MASS TRANSFER

Equations (5) and (9) with Sh substituted for
Sc for Pr, and Ra' for Ra are expected to hold
mass transfer as long as the net rate of mass trai
is not so high as to affect the velocity field significa
Representative mass-transfer data [26] are includc
Fig. 2 and reasonable agreement with equations (5)
(9) is apparent.

SIMULTANEOUS HEAT AND MASS TRANSFER. On the basis of the results of Saville and Chur
[27] and Lightfoot [28] for mass transfer due
temperature gradient only (0(o0.- (b)/1P(T.-Tb)

and Pr/Sc +0) -h) can be substituted for u-u
Ra(Sc/Pr)4 13 for Ra in equation (9).

Also, on the basis of the results of Saville
Churchill [27] for simultaneous heat and mass trar
Vu and Sh can be calculated from equation (9) foe
special case of Sc = Pr merely by substituting Ra -
for Ra. For Sc # Pr, the asymptotic solutions are
explicit and simple substitution in equation (9) is
possible [29].

NON-NEWTONIAN FLUIDS

For a power-law fluid such that:

du "-F du
dy Ty

Acrivos [30] has derived for Pr -+ oo the follo,
generalized form of equation (2):

epof(T•- Tbz + 11t(3. + t

Nu = Fm

where F{m} is a weak function of m and F{ 1.0} - 0
Equation (16) has been confirmed as a good
resentation for a number of fluids with &.6 < m -
by Agarwal et al. [30] for uniform wall tempera
and the analogue of equation (16) for uniform hei
with 0'4 < m < 1"0 by Chen and Wollersheim [3,

A follows that equation (5) with f{Pr) = 1 and equz

(9) with g {Pr) = 1 should be applicable for such fluids
-ffu, if (pfl(T- Tb)zlim+ /Kde)/3m+ l is susbsituted for Ra.
for Fujii et al. [33] have obtained numerical solutions

isfer for a Sutterby fluid at finite Pr, and experimental results
ntly. for aqueous solutions of polyethylene oxide. Their
A in results indicate that Acrivos' solution may be a reason-
and able approximation for real fluids if the coefficients K

and m are evaluated at the shear stress at the midheight
of the heated plate.

chill CONCLUSIONS
to a 1. Equation (9) based on the model of Churchill and
-+0 Usagi provides a good representation for the mean
and heat transfer for free convection from an isothermal

vertical plate over a complete range of Ra and Pr from
and 0 to oo even though it fails to indicate a discrete

isfer, transition from laminar to turbulent flow.
the 2. Equation (14) provides an equivalent represen-
Ra' tation for heat transfer by free convection from a
not uniformly heated vertical plate. However, equation (9)
not is also an adequate representation for this boundary

condition.
3. Equation (9) is applicable to mass transfer with

S-i, Ra' and Sc substituted for N-u, Ra and Pr and can
be applied for simultaneous heat and mass transfer for
the special case of Pr = Sc if Ra+Rd is substituted

(15) for Ra. Other such extensions are also possible.
4. More accurate representations for the laminar

wing regime are provided by equations (5) and (12) and these
simpler expressions should be used rather than equa-
tions (9) and (14) for Ra < 10'. The expressions for the

(16) laminar regime are also applicable to mass transfer
and simultaneous heat and mass transfer with the

-670. indicated substitutions.
rep- 5. Equations (5) and (12) are proposed as tentative
010 representations for laminar convection from plates
ture, inclined up to at least 60' from the vertical if g sin g
dting is substituted for g. Based on the results of Vliet [25],
.]. It equations (9) and (14) may be applicable for the tur-
ition bulent regime without this modification. Fortunately
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these equations are quite insensitive to the point of
transition from laminar to turbulent motion.

6. Equations (9) with Pr -- oo is applicable to non-

Newtonian fluids whose behavior can be represented
by a power-law if (pgf(T7-Tb)z 2"'+iKe"1) 4 !3 "•+ is

used for Ra.
7. The principal uncertainty in the correlations pro-

posed herein arises from the uncertainty in the limiting
solutions and experimental data for Ra -+ 0 and oc.

8. General correlations of the simple power-law type
such as equation (10) are seen to be fundamentally
unsound for any extended range of the variables and

their use is no longer justified.
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LOIS DE CORRELATION EN CONVECTION NATURELLE LAMINAIRE
ET TURBULENTE SUR UNE PLAQUE VERTICALE

Risum--Une expression simple pour le nombre de Nusselt (ou de Sherwood) moyen est obtenue A I'aide
du mod/1e de Churchill et Usagi pour tout nombre de Rayleigh et de Prandtl (ou de Schmidt). Au cours
des developpements il est fait usage de valeurs expfrimentales du nombre de Rayleigh tendant vers z6ro
ou vers l'infini et de solutions thboriques obtenues en thborie de ]a couche limite laminaire. L'expression
est applicable au transfert thermique A flux constant aussi bien qu'A tempkrature constante ainsi qu'au
transfert de masse et au transfert simultan6 de chaleur et de masse. La loi de corr6lation fournit une
base de calcul des taux de transfert pour des fluides non newtoniens et pour des plaques inclin6es. Des
expressions tout aussi simples sont d6velopp~es pour des domaines limit~s correspondant A des conditions
particulitres. Les expressions d'application g6nbrale et d'application restreinte sont compar6es aux

I -
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donn~es exp6rimentales reprsentatives. La structure de I'&uation de correlation fait apparaitre la
raison pour laquelle les lois habituelles de type puissance ne peuvent s'appliquer sur un domaine 6tendu

de nombres de Rayleigh et de Prandtl.

KORRELATIONEN FOR LAMINARE UND TURBULENTE FREIE KONVEKTION
AN EINER SENKRECHTEN PLATrE

Znsammenfassung-Nach einem Modell von Churchill und Usagi wurde eine einfache Beziehung ffir
mittlere Nu-Zahlen (oder Sh) f~ir alle Ra und Pr (oder Sc) entwickelt. Es sind dazu experimentelle Werte
fiir Ra die gegen Null und unendlich gehen herangezogen und theoretische Ldsungen, wie sic aus der
Grenzschichttheorie erhalten werden. Die Beziehung ist anwendbar ffir gleichfdrmige Heizung, einheitliche
Wandtemperatur, ftir Stofflibergang und gleichzeitigen Wirme- und Stoffilbergang. Die Korrelation
vermittelt eine Grundlage zur Bestimmung des Obergangs bei nichtnewtonischen Flissigkeiten und ffir
geneigte Platten. Fiir bestimmte Anwendungsbereiche werden einfachere Beziehungen angegeben. Die
allgemeine Gleichung und die spezielle Beziehung werden vergliechen mit reprasentativen experimentellen
Daten. Die Struktur der Korrelationsbeziehung gibt AufschluB uiber das Versagen der allgemeinen

Exponential-Gleichungen fur einen ausgedehnten Bereich von Ra und Pr.

KOPPEJIlULHIOHHbIE YPABHEH14A AAJ1A QrIO4CAHHAS JIAMHHAPHOA 14
TYPfBY1EHTHORI CBOBOFIHOf4 KOHBEKIJHH OKOJIO BEPTHKAJ1bHOfl

fIJIACTH Hbl

1329

AiwoTawma - C [IomoLutbo moatelHl qep9HJ!J H Y3arH noiiy'ieso npocToe BL!pa)KeHHe Ann ocpeAt-
HeHiloro no npOCTpaHcTSy 3Ha'IeHHA 'icnia Nu (HWIN Sb) psi4 iuofai 3Ha~eHHqX nHcent Ra H Pr (sinH
Sc). flps DbBiaoitt HCnOJM3OnanHCb WccnepNmesiTanbmise LtaHHbIC isns qmcna Ra, c~pe~mmmerocsi K
HY1I1O H 6ecKome4eHOCTH, H a~anIHTH'IecKme pCUinHHA, flojly'eHHbie Ha OCHOBe TeOPHHl nia~mlapHoro
norpaHHsnoro cnios. Bu6pawlesuse rIpHmeHHMO Kc cj1y9~Im nocrOrNHHoro TenhloBoro noTolCa, flOCTOARH-
Hall TeMnepaTyPbi cTeHKH, a Taxswe flnii onHcaHHX npoueccoB maccoo6meHa H OluHoapememiHoro
TeTUio- x4 maccoo6me~a. Koppeniurni AaCT Bo3moxHocTb paccmsITaTb cicopomT nepCnoca, a HeHbioTo-
HOCKHX WHKHtOCTAlX H4 B Ciiy'ae HaKJIOHHb]X nnaCTHH. AHanor-HRnbie, HO 60nee nPOCTbte BbIpaXCCHHRI
rinofyembi Axr orpaHNqeHHbIX JjHana30HOB YCJIOBHII. O6uiee H iacmbic BbI.Ip)KCH~iR cpaBHHiaa]OTCH
Ha LtOCTOBef~HNX 3KCflepflMeHTanlbHbix )IaHH]6ix. C-rpyK-rypa ICoppej7.fLIOHHOrO ypaBHeHHul no-
380JReCT o6iaswmHT TOT 4saKcT, no~eaty o6bI9bie ypaBmeCHNR i~nn CTeneHHbIX 3aBHcmMOcTefl mie

MOIyT ycnemHo U~pHMeHATbCH UIPH 6o=murx Am~anla30Hax 3HaWiHmlt Ra H Pr.
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Natural Convection Adjacent to.
Horizontal Surface of Various Planforms
Natur•l convection adjacent to horizontal surfaces of icu oar square, rectangular. and
right triangular plan forns has been studied experimcntally. Electrochemical techniques
were employed involving a fluid with a Schmidt number ofabnut 2200. The results en.
compass a wide range of Rayleigh numbers thus providing information on both the lami-
nor and the turbulent regimes, The data /or all planforms are reduced to a single corre-
lation in the laminar and turbulent regimes using the characteristic length, as recom:
mended by Goldstein, Sparrow, and Jones. Lo = Alp. where A Is the surface area and p
is the surface perimeter. The laminar data for all plnnforms are correlated by the expres.
sion

Sh O.54Ra'" (2.2 X 10' :5 Ra 8 x 1O')
and the data for the turbulent regime are correlated bv the expre.sior

Sh - 0. 15 Ra"1s(8 Xi c10 -1.6 x 10)

Transition i.s found to occur at about Ra = 8 x 106. 7Te present work thu. .ign'ificantly
extends the Rayleigh number range of validity for the use of L* through the % power
laminar regime into the turbulent % power regime. It also demonstrates the validity o/
the use of Lo to correlate natural convection transfer coeflicients for highly unsynmetri.
cal planforms.• which heretofore had not been demonstrated. Comparisons to analytical
solutions and other experimental heat and mass transfer data are presented.

!

:!

Introduction for high Prandul number fluids is the fact that the property varia.
iions for the mass transfer experiments are essentially zero.

This paper presents an experimental investigation of natural whereas the corresponding heat transfer experiments exhibit large
convection adjacent to horizontal surfaces of various planforms. variation in properties. The present results apply to either the

The results encompass a wide range of Rayleigh numbers. inciud- heated. upward facing heat transfer surface or the cooled down-
ing the laminar and turbulent flow regimes, for circular, square, ward facing heat transfer surface.
rectangular, and 'right triangular planforms. An electrochemical A review of the literature reveals both analytical and experi-
technique was employed to obtain the natural convection mass mental investigations of horizontal surfaces of various planforms.
transfer measurements. This technique has been used by many Analyses of the natural convection 12. 3. 4. 51 generally employ a
investigators in recent years to study mass transfer, as evidenced boundary layer model applied to the two-dimensional problem of
by the recently published review by Mizushina 111.2 The elects- long thin rectangles. Suriano and Yang 161 solved the problem nu.
lyte employed in the present investigation was an aqueous solu- merically for small and moderate Grashof numbers. It should be
tion of cupric sulphate atnd sulphutic acid. wherein the Cu* . ions noted that the analyses give a %-power dependence of the dimnen-
were the transferred ions and the sulphuric acid served as the signless transfer coefficients on the Rayleigh number for the lami-

supporting electrolyte. The boundary condition for these experi. nar regime.
mentawas uniform concentration atLthe test surface, which is the Experimentally, both heat-" and -mass transfer investigations'
counterpart of uniform surface temperature in the corresponding have been presented for horizontal surfaces e.g.. 17-161. The cot-
heat transfer problem. The Schmidt numbers were on the order of relation between' Nusselt number and' Rayleigh number for the

2200 so that these results' apply to the'analogous high Prandt heat transfer problem which is the most widely accepted is that
number heat transfer problem. One of the advantages of using the of Fishenden and Saunders [17.z Their experiments involved
present mass transfer technique over heat transf,,- experiments square planforms situated in air. The temperature differencesi.n.

valved'were as high as 10007 indicating extreme property varia-
tiona and radiation' corrections. Bosworth (8) provides very little

I Present address; Pratt and Whitney Aircraft. East Hartford. Conns ' -- information" on his experiments, and Mikheyev [91 apparently
2 Numbersin brackets designate Referencets at end of paper.. , used. rectangular planforms, although this is not certain. Fpjii
Contributed by the Heat Transfer Division and presented at the Winter and hmura 110 and Hass and Mohamed [1] considered

Annual Meeting, New York. N,.Y. Navembar 11-22, 1974. oaTHE AMERI a the
CAN SOCIETY OF MECHIANICALENGINEERS. Manuscript received by lhrizontal upward facing surface as part of larger studies of heat
the Heat Transfer Division April 8. t974. Paper No. 74-WAliT-66. transfer to inclined surfaces.
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Mese. transfer natural convection experiments tare provided by
Fenech and Tobiase8121, Wragg 1131, Wrogg and Loomba 1141. To-
bias and BoetTard 1151. and Goldtgein. Sparrow. and Jones l161.
Reterences 112-5I1 used the same electrochemic.'. technique emr
ployed herein. Feriech and Tobias 1121 used electsodes embedded
in the floor of the test cell. The electiodes had various widths and
the etgth of each electrode stretched fnrm one wall of the test
cell to the other. Due'ta experimental difficulties only their wider
testI strips wire used intiiceir correlation and thus their results
were. only r6r the turbulent regime. Wragg 1131 and Wragg and
Loomba 1141 used 'circular disks. but again embedded them.flush
in a surrour.ding collar. Tobias and Boeffard 1151.studied'both

o circular and rectangular horizontal etectrodes surrounded by side
walls. The side walls were both vertical and cor.Janar in nature.
The object of this study was to determine ,the effect of the side
walls and to deiermine the effect of electrode size:on the mass
transfer.

The work by Goldstein. Sparrow, and Jonep 1161 deserve special
attention. They performed their:expe:inmpts using naphthalene-
vapor sublimation. They- investigated unshrouded circles.
squares. and equilateral triangles, and proposed a characteristic
length so that the results from these planforms. could be correlat-
ed by a common expression.. Heretofore this had not been possi-
ble., Unfortunately. their results did not spanmthe full Rayleigh
number range of the laminar Flow regime, and did not contain
any irregular or nansymmetrical plafnrmps.

:,The present risults. :t the best of the authors' knowledge. pro.
+vide the only elect rohermical mass transfer data for any free.

standing. unshrouded planform. The results of the investigation
• are also the first for any mode of transfer involving the nonsym-

metrical right triangle planforms. The Rayleigh numbers based
on Goldstein. Sparrow. and .Jones characteristic length range
from 2.6 x 104 to 1.55 x 109. thus providing laminar, transition.
and turbulent mass transfer information. By analogy, the results
also apply to the corresponding isothermal horizontal surface heat
transfer problem.

Data Analysis
In the present electrochemical mass transfer experiments, the

total mass transfer rate of copper ions to the test surface was a
result of three basic transfer mechanisms 1211: migration, convec.

• tion, and diffusion

ining their magnitudes under limiting current conditions. As ex-
plained in reference Ill, under certain operating conditions.
termed limiting current conditions, the concentration. of the
transferred species is essentially zero at the test surface.

Considering first the migration term. it is seen that ,n C',. .!
tains the transferred species conentration. Since this concentra-
tion is essentially zero at the surface, the entire term is. while in tl
presence of the supporting electrolyte where ait/y is small. neglo
gibly small.

Next, consider the convection and .diffusion: terms together.
Modeling the electrolyte solution as a binary mixture of copper
ions as one component and the rest as the other component, refer-
ence 1301 shows that t. c - /(1 - c/plplcail)f.ly.Realizing that the
concentration of the transferred species is approximately zero. the
following is obtained

N5 V+ V , c/p ac ac+ - / -- + 1) D 2-C 31 - D 2-.

Thus

The total rate of ion transfer is given in eference 1211 as

=iF

(5)

(6)

(7)

It is thus clear that the surface mass transfer Is diffusive in na-
ture which establishes the analogy between'the present mass
transfer experiments and the corresponding heat. transfer prob-
lem.

It is possible now to define the, mass transfer coefficient k in the
same manner as is done in the analogous heat transfer problem

k .1 1. ).

(a)

The dimensionless mass transfer number (analogous to the Nus-
selt number for the corresponding heat transfer probleml is give
by the Sherwood number .1

Sh -LL (9)

The three fluxes can be defined by the following relations which
.are all evaluated at the test surface

Here D is the diffusion coefficient of the transferred species and,
Ls is the characteristic length. The characteristic length defined
by Goldstein, Sparrow, and Jones 1161 is

U= L

11= C

b5 Lc.

-A
1'.=p (10)

(2)
where A is the transfer area of the test surface and P is the per-

(3) imeter. The Rayleigh number is

(4) Ba = - 1 ) 3 ISo (11)

The relative iinpotance of each mechanism is revealed by exam- whert Sc is the Schmidt number (analogous to the Prandtl num-

inri rnsnctasture -

A = surface area of transfer surface
c,= transferred speiies concentration

.fn= diffusion coefficient of transferred
species.

F - Faradaynumber
g = gravitational acceleration

currentdensity'..

k = mass transfer coefficient

c - characteristic length Lo =A/p
, n -valence or transferred species.

444!/ .NOVEMBER 1974'

V= rate of mass transfer
p - perimeteroftransfer =rface

Pr = Pranddl number
Ra - Rayleigh number
Sc i Schmidt number
Sh Sherwood number

transference numnber
U ion mobility
v convection velocity nhrmal to test

surface,
y = distance normal to test surface

U - viscosity,
r density-
. - electric field potential

Subscripts

c - due to convection
d = dueto diffusion

..m ix due to'migration
w ' surface conditions

W bulk conditions

Transaction's of the ASM
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mensions. Each cathode was congtructed of 0.635 cm thick cop-
per. To the back• side or each of the! s6rfaces wait attached a lead

wire which connected to the main electrical circuit. The back and
sides of the test pieces were, carefully insulated with epoxy and
Glyptal (an insulating point). The test surface was held in posi-
tion by a plexiglass holder. The lead wire was connected to a 12"
automotive storage battery to provide the electric power. The pa.
tential of the cathode was measured relative to .a-refereni:e;elert+---
trade which consisted of a bare copper wire inserted into a glass
tube. The glass tube "had aswmall kale in the bottom. to, provide
eleclrical contact between the reference electrode and the electro-
lyt. solution. The potential was controlled with a series of preci..
sion variable resistors. The current flowing in the circuit, which is
directly proportional to the mass transfer rate, was obtained by
meaiuring the potential drop across a calibrated precision resis-
tor, called a current shunt, with a Leeds and. Northrup 8686 po-
tentiometer. The anode was a large thin copper sheet 50 cm x 50
cm (length by width). It was purposely larger than the cathode so
that the reaction would be totally controlled by conditions at the
cathode,

To obtain a datum point the following procedure was followed.

Dug Prior to each test run the anode and cathode were carefully resur-
faced and cleaned, essentially as described in reference 1171. and
then placed in the tank. The catlode was carefully leveled to pro.
vide a horizontal surface located about .lý cm off the bottom of
the tank, and time was allowed for the system to come to com-
plete equilibrium. Limiting currents, where the concentration of
the transferred species Is zero at the test surface 1211. were deter.
mined in each run by noting the characteristic plateau in the cur-
rent-potential curves in the voltage range between 0.40" and 0.50v
as will be discussed further in a later section. The copper ion and
sulphuric acid concentrations of the bulk solution were deter.
mined for each run by standard spectrometric and titration
methods f18, 191, Vertical bulk concentration gradients at the
time of data acquisition were determined for each run to insure
that all data would not be influenced by stratification. Finally, it
should be noted that the length of each run was critical since it
was necessary to operate long enough to insure steady operating
conditions, but not so long as to generate any recirculation effects
on the transfer at the surface. All data were taken so as to insure
steady operating conditions without recirculation effects.

Results and Discussion

Before discussing the results of the experiments, a short discus-
sion of the characteristic length Is presented. The characteristic
length employed in this investigation is that proposed by Gold-
stein, Sparrow, and Jones 161. it was their "expectation" that
this particular characteristic length would enable all horizontal
planforms to exhibit a common correlation. Unfortunately, they.
investigated a more limited, number, of. planforms and smaller
Rayleigh numbers than in the present investigation. The present

oeffi- investigation should serve to prove or dispiove their expectations.
d C, As discussed earlier, limiting current-voltage curves as shown
spec- in Fig. 2 were generated in each run. Plotted in the figure on rec-
ences 'tangular coordinates Is the current density at the cathode versus
)rop- the cathode voltage. As indicated in the figure, the plateau, sig-
naxi- nifying limiting current conditions, was reached in several ,teps'
major At each step, the system was allowed tq reach steady conditions..

All data were taken at cathode voltages of 0.401 to 0.50v to insure
that limiting conditions had been reached. Current shunt signals

Le for. the laminar flow regime were very steady and could be read
Fig. directly.. In the turbulent regime the shunt signals- fluctuated

iigtbh making it necessary to time average the data over a period of ap-
con- proximately two minutes, which wars determined in the present,
grade - investigation to be sufficient to obtain accurate time averages
15M: without encountering stratification effects. This time averaging
sup- was accomplished by, recording the data digitally on the tape unit

of a Hewlett Packard 2019A Data Acquisition System and then
pro- . statistically averaging them on a computer. ,
c di- Fig. 3 presents the data for the laminar flow regime. The Sher-

it.] at 20. 3 b.4

ber) p/WD ,s. r, and D are viscosity, density, and diffusion c
cient, respectively, at the average concentrations; and r. an
are the fluid densities in the bulk and at the test surface, re,
tively.-The properties Were eýaluated using the data of refern
[22-281. as describedlin reference 1171. As noted previously, 1
erty variationsiwere practically nonexistent being 3 percent a
mum. This is where this electrochemical technique has its n
advantage over high Prandti number heat transfer ezperimnents

Experimental Apparatui and Measurement Techniqi
A: schematic of the experimental apparatus is presented in

t. A 30 gal polyethelene tank 61 cm x 45.6 cm. x 41.6 cm (Ie
x width x depth) served -as the test chamber. The tank
tained 'theelectrolyte which .was madeup using reagent 1
chemicals. Theielectrolyte solution was approximately 0.03
CuSOs as the transfeired species and 1.6 M H2SO, as the
porting electrialytei.

The test surface was the cathode in the circuit. Table 1
, ides a listing of the planforms tested and, their characteristi

. AborhalotHeat Transfer... - fNOVEMBER 19,74 ./ 445
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wood number is plotted as a function of the Rayleigh number oT
logarithmic coordinates. The shape of the...sy.wi.ols reflect-the
plantorms; of the various surfaces as indicated in the upper left
corner'of the figure. it is immediately obvious that within the
scatter of the data. approximately * 5 percent, the data from al
planforms are correlated through the use of Lo. including thi
nonsymmetric'right triangle planform. This confirms the expec
rations of Goldstein, Sparrow. and Jones, A least squares frl
through the data yields the relation.

Sh 0. 50 W.,255

Forcing a slope of 2/, as has been reported in the literature for the
heat transfer experiments, one finds the relation

Sh = 0541RaO'
for the data in the Rayleigh number'ange from 216 Xl10O to 8 N

Silce L appears toWcoirelate all the horinontal planfoisms
~~.-,--other'published experimental results can be appropriately modi

,l.,•dand. cmpaed to the pretent work. The data of Wragg antc
Loomba• 1141iand, Wragg 1131 can be compared directly.-to:tha
presentvwork since- the same electrochemical, techpiqttw, was am.
ployed. Wragg and Loombs,, it should be noted, is arevislon.u
Wragg-.They concerned themselves withcircular surfaces whict
S hada flush fitting:collar surrounding their freetstandlngitest sur
fact. The- revised data of, Wrag and-Loomha"fall 10 percen,
below the present results'.'Thia difference couid' be a r 'esult. al
least in part. from the presence of the surrounding collar.

446 / NOVEMBER 1974

• •. ~ ~ '5 - , , . .. • . ,,* 1 . .

I The prediction of Goldstein. Sparrow, and Jones also involved
mass transfer but at a much lower Schmidt number, approxi-

.ý mately 2.5, Althougshtheir data only extended up to a Rayleigh
number of 7 x 103, it is interesting that extension of their predic-

I tion into the Rayleigh number range covered in the present inves-
t tigation falls very close to the present result, This would indicate

that the Rayleigh number may be sufficient to account for
t' Schmidt or Prandtl number variaLions.

- Fig. 4 presents data for the turbulent flow regime. The Sher-
wood number is plotted as a function of the Rayleigh number oil
logarithmic coordinates. As in Fig. 3 the symbols reflect the plan-
forms of the various surfaces. There does not appear, to be 'ny
difference in the data for the variousý planforms. A least squares
fit through the data for Rayleigh numbers greater than 8 X 10 "
provide the following correlation

Sh = 0 . 1 691a i".
If a W slope is enforced the best fit expression becomes

F Si = ol5Ra'1w
i With the exception of two data points, the data scatter *7 per-

centabout this correlation.
f The results of other investigators are also lresented. The heat
I transfer correlations of Fishiriden and Saounders (71 and McAdams

( (291 are seen to fall 4 to 12 percent lower than the present investi-.
tg ation. The date of Fujii and Imura (101 using watezr uathe work-
C ing fluid are perhaps the'most interesting heat transfer data :for

Comparison to the present work. They~piesnt two Nuseelt num.

Tjqftac.kns 0rthe ASME.,
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her expressions. for the turbulent regime. Both have the form Nu
= C Rat-3, but the value for C is 0.13 forl Ra less than 5 x 10"
and 0.16 for Ha greater than 2 X 10". The difference, they state, io
due to edge effects on the surface. These experimentcl resulto
using water as the surrounding medium have.'within experimen-
tal scatter. essentially the same correlation as the present work
when their edge effects are minimal. This would indicate again
that the use nf the Rayleigh number may be sufficient to account
for Prandtl or Schmidt number effects,

The data at Fenech and Tobias 1121. Wragg 113]. and Wragg
and Loomba 1141 employed the same electrochemical techniques
but with the previously discussed differences in the experimental
setup. The data of Fenech and Tobias fall about 12 percent high-
erthan the present data. This difference is in all probability due
to the differences in the experimental setup as have been dis-
cossedt earlier. The data of Wragg and Lpomba are about 8 per-
cent higher-ihan the present woik..lt is important'to note. how.
ever, that the correlation of Wragg and Loomba is a revised ver-
sion: of Wragg, due to the use of different physical-properties, and
that thi'correlation of Wragg. which uses almost the same values
for properties as the present work, falls within the scatter of the
present, data. in this regimen t he effect of the surrounding collar.-
appears to be nigligible. based on comparisons of Wraig's data-tn
the present investigation.

Finally. the work of Tobias and Boeffard 1151 deserves special-
mention. They considered the effect of both vertical and coplanar
surrounding walls on the mais transfer to horizontal surfaces
using the same experimental techniques. They found that the
surrounding walls had no effect on the mass trohsfer correlation if
the surfaces were large enough. For smaller electrodes their corre-
lation underpredicts and it must be multiplied by a factor d.. a
number which is larger than one. When one considers their data
in the light of the present investigation it appears that their size
effect is related to the transition noted in the present work from
the turbulent range to the laminar range. Indeed, if one takes
Schmidt and Grashof numbers characteristic of the present data
and use their expression to predict the Sherwood number for the
turbulent regime, it is found that'their prediction-falls within the
scatter of the present turbulent data. If one consit -.rs the small
electrodes found in the laminar regime of the present work and
applies the del correction discussed in their work, their Sherwood
number prediction fails approximately within the scatter of the
present work. Thus, it appears to be possible that their size ef-
fects. even with the surrounding walls, may be related to the dif-
ference between the laminar and turbulent flow regimes discussed
in the present work.

Concluding Remarks
The present data are the fir*titlectrocheemical mass trinsfer in.

vestigations of truly free.standing unshrouded horizontal surfaces.
They alsW present the only data available for any mode of transfer.
involving right triangular planforms. The characteristic length as
proposed by Goldstein. Sparrow. and Jones appears to bring all
the data into a common correlation, even the nonsymmetrical
surfaces such as the right triangles, for all Rayleigh numbers in-
vestigated. Special note should be made that the experimentally
determined laminar correlation involves the , power of the Ray.
leigh number whereas the laminar boundary layer analyses indi-
cate a %• power dependence. This is probably the result of using a
boundary layer approach in the analyses.
- It is highly encouraging to see data from circular. square, rec.
tangular, and right-triangular planforms exhibit a common corre-
lation through:the use olfthe, characteristic lent rh proposed by
Goldstein. Sparrow. and Jones. There areindications that thi use
of the Rayleigh number in the mass or heat transfer relations is
sufficient to account for Schmidt or Prandtl number variations.
These observations, based on the experimental data.,will enable
calculation of transfer rates -involving-any shaped upward facing
horizontal surface provided the transfer surface area and perimeter
sre.known. - - -
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utility than other expressions for the heat-

more familiar) form of dimensionless
the Nusselt number hD/k, the Prandtl

Aods number DG/p. The L/D and vis-
'or Reynolds number <10,000) also

Iions are usually expansions of the dimen-
Ich the terms are in more convenient units
,I factors are grouped together into a single
me instances, the combined physical prop-
alinear function of temperature, and the

olves into an equation containing only one

Simplified dimensional equations have been derived for air, water,
and organic liquids by rearranging Eq. (10-32) into the following
form by collecting the fluid properties into a single factor:

h = b(At)"'L3-' (10-34)

Values of b in SI and U.S. customary units are given in Table 10-1
for air, water, and organic liquids.

Simultaneous Loss by Radiation The heat transferred by radia-
tion is often of significant magnitude in the loss of heat from surfaces
to the surroundings because of the diathermanous nature of atmo-
spheric gases (air). It is convenient to represent radiant-heat transfer,
for this case, as a radiation film coefficient which is added to the
film coefficient for convection, giving the combined coefficient for
convection and radiation (hk + h,). In Fig. 10-7 values of the film
coefficient for radiation h, are plotted against the two surface tem-
peratures for emissivity = 1.0.

Table 10-2 shows values of (h, + ks) from single horizontal oxi-
dized pipe surfaces.,curs when a solid surface is in contact with a

ýerture from the surface. Density differences
;ýnequired to move the fluid. Theoretical anal-

[tis require the simultaneous solution of the
uotion and energy. Details of theoretical stud-

-vera general references (Brown and Marco,
alranevfer, 3d ed., McGraw-Hill, New York,

t Transfer, Wiley, New York, vol. 1, 1949; vol.
raly been applied successfully to the simple

-. solution of the motion and energy equations
I velocity fields from which heat-transfer coef-
d.Thegeneral type of equation obtained is the
ation;
h Lý _(p g At Lp....
k 7,a (--"'g • kt (10-32a)

i. a(NcNpt) (10-32b)

or0 yarious Geometries Natural-convection
;,bedies may be predicted from Eq. (10-32).
;1 values of a and m have been determined
re given in Table 10-1. Fluid properties are

, /2. For vertical plates and cylinders and
sNishiwaki, and Hirata inst. J. Heat Mass

ý68)] recommend the relations

- 0.138N?'4(N~j',75 - 0.55) (10-33a)

35N4'P[Np,/(0.861 + Nr)a'O (10-33b)

stonal Equations Equation (10-32) is a
rand any consistent set of units may be used.

AG. 10-7 Radiation coefficients of heat transfer h, To convert British ther-
mal units per hour-square foot-degrees Fahrenheit to joules per square meter-
second-kelvins, multiply by 5.6783; OC = (°F - 32)/1.8.

)-1 Values of a, m, and b for Eqs. (10-32) and (10-34)

b, organic
b, air at b, water at liquid at

Coniguration Y - NGNft a m 21
0

C 70F 21*C 70*F 21
0

C 70OF

afaces <10' 1.38 6
a dimension <3 ft 10' < Y < 10' 0.59 X 1.37 0.28 127 26 59 12

>lop 0.13 % 1.24 0.18
I,1ylinder < 10-5 0.49 0
eter <8 in i0-5 < Y < 10-3 0.71 Y6

10-3 < Y < 1 1.09 m6.
I<Y<101 1.09 %

101 < Y < lo 0.53 % 1.32 0.27
>10 0.13 16 1.24 0.18

1 flat surface 105 < Y < 2 X 10
7
(FU) 0.54 1 1.86 0.38

2 2X 10<Y<3X 10 10 (FU) 0.14 %
3 X H0P< Y<3 X IO0e(FD) 0.27 1 0.88 0.18

- facing upward; FD - facing downward. b in SI units is given in aC column; h in U.S. customary units, in aF column.


