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ABSTRACT

A method has been developed at the Pacific Northwest Laboratory to evalu-
ate the environmental consequences of below water table disposal of uranium
mill tailings in mine stopes. The method described uses analytical expressions
for the velocity potential and examines the convective transport of tailings
liquor and leachate through the aquifer and into a water supply well located
downgradient from the mine stope. The arrival distribution of contaminant
(mass flux versus time) and the concentration pumped from the well as a func-
tion of time are the final results of the analysis.
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EXECUTIVE SUMMARY

Problems resulting from the disposal of uranium mill tailings in abandoned
mine tunnels and stopes below the water table are addressed. A quasi-
analytical method to simulate the convective transport of contaminants from the
mine stope to a water supply well downgradient from the stope is developed and
described. The method uses analytical expressions for the velocity field
coupled with a numerical integration routine to simulate the convective trans-
port of water-coincident contaminants. The arrival distributions of contami-
nants entering the well are constructed from the results of the transport
analysis. This work was performed by Pacific Northwest Laboratory (PNL)
through the support of the United States Nuclear Regulatory Commission (NRC).

In this report only one of two geochemical interactions is incorporated
into the analysis. The leaching geochemistry of tailings by ground water is
incorporated from laboratory leaching column studies. The laboratory column
results are used through a direct scaleup based on column volume and equivalent
residence time concepts. The second group of geochemical interactions, those
between the contaminated leachate fluid and the aquifer porous media, are not
currently incorporated in the analysis method. Incorporating these important
interactions into the analysis is a major objective of the continuing work to
be performed under this study.

The results of the analysis, the arrival distribution of contaminant, and
the concentration as a function of time at the well, indicate that the original
concentration of contaminant (sulfate in the test case reported here) in the
tailings slurry is reduced by about 18% (from 14,000 to 11,500 mg/l) due to
dilution caused by different travel distances and times through the flow
system. The results also indicate that the amount of dilution is sensitive to
the orientation of the mine stope with respect to the regional gradient.

The predicted concentration of contaminant at the water supply well is
probably unacceptable; however, this peak concentration may be lowered signifi-
cantly by incorporating the geochemical interactions between the contaminated
fluid and the porous media (i.e., neutralization, sorption, ion exchange,
precipitation). These results indicate the need to continue research and to
develop technology that can be used to analyze geochemical interactions and
contaminant transport.
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1.0 INTRODUCTION

The disposal of uranium mill tailings has warranted considerable study in
recent years. The primary concerns associated with the disposal of uranium
mill tailings include the environmental consequences resulting from the seepage
of water and contaminants through the tailings into the surrounding ground
water and the release of radon gas into the atmosphere. Various methods cur-
rently used and suggested for the disposal of these tailings include: deposit-
ing the tailings in pits excavated during surface mining operations; depositing
the tailings in specially constructed pits with liners, sump drains, and
covers; and placing the tailings in deep mine stopes where the ore was mined.

The problems associated with these disposal methods are primarily the
drainage of concentrated tailings liquor from slurried tailings, the ground-
water seepage through the tailings if the tailings are in contact with the
ground water, and the release of radon if the tailings are in contact with the
atmosphere.

The emphasis of this study is to address the environmental consequences
resulting from placing uranium mill tailings in deep mine stopes where they are
in contact with ground water. When tailings are placed in deep abandoned mine
stopes the primary environmental concerns are the movement of concentrated tail-
ings liquor into the ground water and the leaching of contaminants as the uncon-
taminated ground water seeps through the tailings. A method for evaluating the
environmental consequences is developed in this study. The method described is
intended to be easy to use and is appropriate when a limited amount of data is
available, as is commonly the case. To identify the environmental consequences,
a mathematical model is developed to characterize the amounts, rates, travel
times, and flow paths of the water coincident contaminants.

Many distributed parameter models for flow and transport analysis in
ground water systems are available. These models are based on numerical tech-
niques for solving partial differential equations over heterogeneous domains.
The models require a large amount of data measurements or estimates over each
subregion of the domain and the development of an appropriate grid used to
discretize the domain.

Since such detailed distributed parameter data are seldom available, our
approach was to base this method of analysis on an analytical model of flow
through a single heterogeneous zone surrounded by an infinite homogeneous
media. The heterogeneous zone is an idealized mine stope filled with uranium
mill tailings of permeabilities different from the surrounding media.

I





2.0 RESULTS AND RECOMMENDATIONS

A method for evaluating the environmental consequences resulting from the
placement of uranium mill tailings in mine stopes in contact with ground water
has been developed. The method is based on a mathematical model of an ideal-
ized mine stope. Preliminary results from the limited test case indicate that
the concentration of sulfate in the tailings liquor is reduced by about 18% by
the time that sulfate has entered a pumping well located 500 meters downgradi-
ent from the mine stope. This concentration reduction is caused by dilution at
the pumping well due to variations in travel paths and times throughout the
flow system.

With the development and documentation of this evaluation methodology
completed, the authors recommend that a parametric study be performed in an
attempt to identify the "worst case" scenarios. The parameters that need to be
examined are; the contrast in conductivities, the pumping rate of the well, the
orientation of the mine stope with respect to the regional gradient, and the
location of the pumping well.
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3.0 PROBLEM DESCRIPTION

The placement of uranium mill tailings in mines stopes where the tailings
are in contact with the regional ground-water flow will undoubtedly affect the
quality of ground water downgradient from the mine stope. As a result, the
environmental consequences of such disposal techniques need to be addressed.
To evaluate these consequences we have chosen the following parameters to
characterize the problem:

- the geometry of the mine stope

- the effect on the flow system of placing tailings in the stope that are
more permeable than the surrounding media

- the orientation of the mine stope with respect to the regional gradient

- the effect on the flow system of a pumped well placed downgradient from
the stope

- the leaching of contaminants from the mill tailings as ground water seeps
through the tailings

- the convective transport of the leachate from the mine stope to the well

- the rates at which contaminants arrive at the well located downstream from
the stope

- the concentration of contaminants reaching the biosphere from the pumped
well.

Parameters that we have not included in this analysis are the effect of
heterooenities in the porous media other than the mine stope, the effect of
hydrodynamic dispersion, and the effect of any geochemical interactions between
the contaminated leachate and the aquifer material.

Certain idealizations have been made to characterize the geometry of a
mine stope because there is no standard shape by which all mine stopes may be
appropriately represented. Some stopes may be idealized in shapes similar to
long, narrow cylinders, as in Figure 1.

• Z x

FIGURE 1. Tailings-Filled Stope Idealized
as a Circular Cylinder
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Other stopes may be idealized as long, narrow boxes with rounded corners,
as in Figure 2.

FIGURE 2. Tailings-Filled Stope Idealized as a Long Narrow Box

In this analysis we have idealized the shape
narrow prolate spheroids as in Figure 3.

of mine stopes as long,

FIGURE 3. Prolate Spheroid Used as Idealized
Tailings-Filled Mine Stope

Shape for

The ellipsoidal shape was chosen because it is general enough to encompass
a variety of different stope shapes with finite lengths. Very long but rather
narrow tailings-filled stopes can be represented by selecting a large major
axis and a small minor axis. Shorter but larger circular stopes are also
easily represented. Although initially the tapered ends may appear unrealis-
tic, experience shows that for more than 60% of the central stope length the
taper is essentially negligible. The finite length of the idealized ellipsoi-
dal stope is a distinct advantage in enabling more flexible analyses.
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*Two parameters used to characterize the geometry of the stope are, the
radius at the center, b, and the half-length of the stope, a. The surface of
the ellipsoid is described by the equation

x2 +2 
1 

(2

a2  b 2  b2

Cross sections of the ellipsoid cut perpendicular to the longitudinal axis
(x axis) are all circles with radius varying from a minimum equal to zero at
the limit where x is equal to the half-length, a, to a maximum equal to b when
x is equal to zero.

The flow system is considered as a steady system, which is a reasonable
approximation tending towards a worst case. Originally the tailings are in a
slurried form (completely saturated), and once the mine is full of tailings
steady flow conditions are appropriate. Such an analysis essentially ignores
the time period and drainage that occurs as the tailings are being placed in
the mine stope. Some drainage would probably occur while the tailings are
being slurried into the stope. Since this drainage is ignored in the steady-
state analysis, the concentration of contaminant in the plume will be over
predicted, and a conservative approximation of the contamination arriving in
the downgradient well results.

In analyzing the flow system in the region around the mine stope, the most
important consideration is the contrast in permeability of the uranium mill
tailings (often significantly greater) with the permeability of the surrounding
media. As a result, the pathlines of the ground water tend to flow towards the
stope where the permeability is greater, hence the resistance to flow is less.
Figure 4 depicts this flow pattern graphically.

U

FIGURE 4. Pathlines Through a Typical, More
Permeable Section of Tailings
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Change in permeability also affects the way pathlines are refracted when
they pass through a boundary where the conductivity changes. The amount of
refraction is described by the law of refaction of streamlines (Bear 1972) in
two dimensions

tan _ K
tan •' K' (2)

where a is the angle of refraction (both taken with respect to the normal to
the boundary at that point), K and K' are the conductivities of the two media.
This law of refraction can be depicted graphically for a two-dimensional prob-
lem where K' > K as in Figure 5.

A two-dimensional graphical example of pathlines refracted as they enter
and exit an ellipsoidal mine stope is shown in Figure 6. Figure 6 illustrates
an important result of the refraction occurring when the regional gradient is
oriented at 450 to the longest axis of the stope. Due to the refraction, the
path length through the mine stope for a given pathline is significantly
greater than the cross section of the stope parallel to the regional gradient.
The length of the contaminant plume is directly proportional to the length of
pathlines traveling through the stope. This longer travel path through the
mine stope results in contaminant plumes that are longer and, as a result, have
a longer duration of peak concentrations arriving at the well. One also notes
in Figure 6 that although the leachate plume is very long, it is also rather
narrow. The plume's narrowness and greater length are the combined effect of
the pathline refraction due to the permeability contrast and the relative
orientation of the stope with respect to the regional gradient, U.

FIGURE 5. Pathlines Refracted at a More Permeable Boundary
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FIGURE 6. Pathlines Refracted at the Boundary
of the Ellipsoidal Mine Stope

In contrast to the refraction shown in Figure 6, if the regional gradient
is at 900 to the longest axis of the stope, there is little refraction and the
pathlines are perpendicular to the length of the ellipsoid. Under these condi-
tions the downgradient leachate plume is short, but very wide; in effect, as
wide as the ellipsoid is long. This change in the plume shape offers insight
on the interaction of the refraction induced by the permeability contrast and
the relative orientation of the stope with respect to the regional gradient.

After the pathlines have left the mine stope they travel towards a pumping
well. The well is placed downgradient from the mine stope and the steady-state
cone of depression due to the pumping stress is incorporated in the flow
system. The pumping well causes pathlines in the region near the well to bend
towards the well. The capture zone of the well is defined as the area between
the two pathlines (in a two-dimensional analysis) that bound the entire volume
of fluid that will enter the well. The point between these two pathlines on
the downgradient side of the well is referred to as the "stagnation point" by
Nelson and Schur (1980) and "velocity divide" by the American Petroleum
Institute (1972). The stagnation point is located where the gradient caused by
the pumping stress is exactly countered by the regional gradient; at this point
the velocity is zero. The capture zone of a well is illustrated in Figure 7.

The orientation of the mine stope with respect to the regional ground-
water flow is an important parameter in defining the extent of the contamina-
tion problem. The ground-water flow may intercept the stope at any angle from
0 to 900 with respect to the longitudinal axes of the mine stope, as illus-
trated in Figure 8.
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FIGURE 7. Capture Zone of Pumping Well

_ _ _ yx

U(90 0) y

U (00)

FIGURE 8. Orientation of the Ellipsoidal Stope with
Respect to the Regional Gradient

The angle at which the regional gradient intersects the stope is important
because the size and duration of the contaminant plume vary significantly (at
least one order of magnitude) from 0 to 900. Looking only at the tailings
liquor portion of the contaminant plume (the most concentrated portion of the
plume), the different lengths of contaminant plume, L(e), arriving at the well
can be shown graphically as in Figures 9a, b, and c.

Figures 4 and 9a, b, and c illustrate the three-dimensional aspects of the
problem. Accordingly, a three-dimensional analysis was necessary for the
following reasons:

10



L(900)
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U -

(b)

!= ~L (0°),.II
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II

U

(c)

FIGURE 9a, b, c. Contaminant Plume Lengths as a Function
of the Angle of the Regional Gradient
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" The pathlines through the stope vary significantly in length and time
across the depth of the stope (z direction), as illustrated in Figure 4.
Ignoring these variations in the vertical direction would result in
unrealistic downgradient contaminant plumes.

* The orientation of the mine stope with respect to the regional gradient
has a significant effect on the length and travel time of pathlines across
the stope in the x,y plane as illustrated in Figures 9a, b, and c. These
variations also have a distinctimpact on the size and duration of the
contaminant plume. A three-dimensional analysis is required to incorpor-
ate the effect of different travel times and distances through the stope.

The three-dimensional analytical solution for the ground-water potential
in and around the prolate spheroid is available in the classical heat conduc-
tion literature by Carslaw and Jaeger (1959). A summary of this solution
appears in Appendix A. A discussion of extension for the well and the deriva-
tion of the analytical pore velocity field is also included.

The leachate from mill tailings that are slurried into a mine stope and
are in contact with the regional ground-water flow results in a contaminant
plume that consists of two parts; the first part is the concentrated tailings
liquor initially filling the pore spaces. The second is the leachate that is
formed as uncontaminated ground water seeps through and leaches contaminants
from the tailings. In the second part the concentration of the leachate
decreases in time until all contaminants that can be leached from the tailings
are gone. An entire group of primary constituents of the leachate are of
concern; however, for discussion purposes only sulfate will be considered. A
leaching curve for sulfate is shown in Figure 10.

Experiments studying the effect of increasing column length on the shape
of leaching curves are currently under way at Pacific Northwest Laboratory
(PNL) for the Nuclear Regulatory Commission (NRC) under B2370, Task 4 for
FY-1983. The result's and ensuing testing will provide greater insight to the
degree that leaching curves can be directly scaled up to longer column lengths.
Specifically, in this analysis the concentration of the fluid exiting the mine
stope is approximated by determining the number of column volumes that have
passed through a given travel path and calculating the concentration from the
leaching curve, as shown in Figure 10. At present any chemical interactions
between the contaminated fluid and the porous media are ignored once the
contaminant has left the mine stope. Ignoring these chemical interactions is
an overly conservative representation of the real world.

The analysis of contaminant transport in the flow system is simulated as
convective transport. The contaminant is assumed to move with the water and no
dispersion is considered. Only the portion of the contaminant plume that will
enter the well (i.e., the capture zone, illustrated in Figure 7) is examined in
the transport analysis. The size of the capture zone of the well is dependent
on the hydraulic properties and the pumping rate. For small single-family
supply wells (pumping rate on the order of 400 gal/day), the capture zone of
the well is likely to be significantly smaller than the contaminant plume from
the mine stope, as shown in Figure 11.
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The final step in the analysis is to determine: 1) the length of time it
takes the contaminant to arrive; 2) the rate at which the contaminant will
arrive at the well; and 3) the amount and concentration of the contaminant.
Determining the consequences at the well is more involved than many other
analyses since the evaluation involves three-dimensional flow. Accordingly,
the concentration arriving at the well is a function not only of three space
coordinates but also of time. Such an analysis is a more involved extension of
the application of the arrival distribution methods of Nelson (1978). To
extend these methods to handle the three-dimensional convective transport
systems, it is convenient to analyze the system in two parts. The transport
system is divided in two parts by inserting a vertical analysis plane between
the mine stope and the well so that all the fluid entering the well also passes
through the vertical plane. For example, the edge of the vertical analysis
plane is labeled AA' in Figure 11. By appropriately positioning the vertical
plane AA' between the tailings-filled stope and the well, one is able to divide
the flow system into two parts. A three-dimensional transport problem is
located to the left of the vertical plane, AA', and to the right, a two-
dimensional transport problem from the plane to the well. Beyond the analysis
plane the three dimensional-effects of the mine stope have disappeared, and the
flow system is simulated as two-dimensional flow to a well.

The arrival distribution approach for the three-dimensional convective
transport to the left of the AA' plane may be conducted to provide the mass
flux of contaminants arriving at the AA' analysis plane as a function of time
and location on the AA' plane. The resulting integrated contaminant mass out-
flow rate from the three-dimensional evaluation is input to the easier and less
expensive two-dimensional transport analysis from the plane to the well. The
standard two-dimensional arrival distribution methods are easily applied using
the three-dimensional integrated mass outflow curve as direct input. In this
way the more involved assessment is accomplished in an easier manner. The
final result is the mass outflow rate and concentration of a particular contami-
nant as a function of time that is pumped from the water supply well. These
two curves effectively summarize the complete analysis and provide a tractable
final product that is easily understood.

14



4.0 MODEL DESCRIPTION

The mathematical model developed for this analysis consists of three basic
parts: 1) potential and velocity field description; 2) convective contaminant
transport analysis; and 3) consequence analysis. This section is intended to
describe and summarize the development of the model and to characterize some of
the assumptions and limitations that are inherent in the development. Only
equations of central importance in the model are included in this section; a
complete derivation and description of the extended equations appears in
Appendix A. All of the symbols used in the report are defined in Appendix B.

4.1 POTENTIAL FIELD THEORY

The representation of the three-dimensional potential field is based on
the analytical solution to the flow equation. The solution is to Laplace's
equation, transformed to Cartesian coordinates from ellipsoidal coordinates,
for an ellipsoidal zone of different conductivity K' in an infinite medium of
conductivity K. The ellipsoidal zone is located in a two-dimensional regional
gradient of x and y components, U cos 0, U sin 0 respectively, where e is the
angle between the gradient and the longest axis of the ellipsoid. This
analytical solution is taken from Carslaw and Jaeger (1959). The boundary
conditions associated with this solution are:

1) The potential at the surface of the ellipsoid must match on the inside and
the outside i.e., at the interface

=i = ýo (3)

where p is the energy potential.

2) The flux at the surface of the ellipsoid must match on the inside and the
outside of the ellipsoid, i.e., at the interface;

-K'vcp = -K (4)

where K and K' are the hydraulic conductivities and V is the gradient operator.

3) The potential at large distances from the ellipsoidal heterogeneous zone
tends to the value;

U cos 0 • x + U sin 0 - y (5)

The three-dimensional solution is given by equations (6) and (7).
Equation (6) is used to describe the potential inside, q., the ellipsoid, and
equation (7) is used to describe the potential outside, #, the ellipsoid.

00U Cos e x +U sin 0 y(6

1 + A 0 E-I) 1 + Bo(-) 0

° = L1+Ao(-l) U cos 0 x +L1 + o -I U sin 0 y (7)
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Where c is K'/K and A0 , B0 , AX, B are appropriate integrals defined and
evaluated in Appendix A and other terms are defined in Appendix B.

For this solution the shape of the mine stope has been idealized to be a
prolate spheroid (i.e., a long, narrow, cigar-shaped ellipsoid) and the flow,
as already discussed, has been assumed to be steady-state.

A second analytical solution representing steady-state, two-dimensional
flow to a well located downgradient from the stope in an infinite homogeneous
medium is used to model the well. The two-dimensional solution is for a line
sink with an appropriate doublet term to represent the circular well. The
potential due to the well can be expressed as

(s-l)A / 2 U cos Xox
0 0

(i -I)Bx (r 2 U sin O(y-y

~k 1+B0 (E-i))Qkx-xj 2+ (Yy y0 2

q 12K In •(y-y°) 2 + (x-x ) 2

(b-y°) + (x°)

where q is the pumping rate per unit length of well (L3 /T/L). Equation (8)
does not account for the effect of the change in permeabilities between the
aquifer and the stope; however, if the well is located greater than 50 times
the stope radius from the heterogeneous zone, the errors introduced to the
velocity field are small (see Appendix A). The superposition of equations (7)
and (8) yields for the potential, 0, in the region outside the prolate
spheroid

= - U sin E y - U cos 0 x

02

+ U((y-yo) sin G + (x-x0) Cos e) 2 (0 
2 )

(E(-1) U cos o A r 2

+ 1+Ao(E-_) A) - (XX 2 + (y-yo)

J 2l+o( - \(x-x0 )2 + (y-y 0 )/j

+( (E-1) U sin e /) 2
+J ý( _o +(Y Y Y 0

qn yyo) 2 + (X-X0 ) 2 (9)

- TrK (b-y 0) 2 + (X ) 2
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Equations (6) and (9) are now used to describe the potential throughout
the entire domain. The effect of the well is not superimposed on equation (6);
therefore, two of the boundary conditions, equations (3) and (4), are met only
approximately. This approximation error is considered in Appendix A. Equa-
tion (A.113) and Figures A.2 and A.3 indicate the approximation is sufficiently
small if the well is located greater than 50 stope radii downgradient from the
stope. Figure 12 shows the potential surface in the plane of z = 0 for the
region around the ellipsoidal zone of higher conductivity, and Figure 13 shows
the potential surface again in the z = 0 plane in the region around the well
downgradient from the stope.

FIGURE 12. Potential Surface Near Mine Stope in z = 0 Plane
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FIGURE 13. Potential Surface Near Well in z = 0 Plane

4.2 USE OF THE ANALYTICAL POTENTIAL FIELD EQUATIONS

The potential energy expressions in equations (6) and (9) enable deriving
the expressions for the fluid pore velocities, that are required for the
advective transport in the next section. The fluid pore velocity field is
obtained by differentiating equations (6) and (9). Those specific expressions
are presented as equations in Appendix A, and the final results are summarized
as equations (A.63) through (A.65) and (A.100) through (A.102).
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4.3 CONVECTIVE TRANSPORT ANALYSIS

The representation of contaminant transport is based on a deterministic
convective transport approach. The water-coincident transport of contaminants
is examined. The transport analysis begins by considering a fluid particle at
a given time, t, at a location, (x, y, z), in a pore velocity field, (u, v, w).
If a function, F(x,y,z,t), follows a particular fluid particle, then the
convective derivative of F must be zero along the path traveled by the fluid
particle, i.e.;

DFaF+uaF+vIF+waF 0  (10)
DT -ax ay vz

where using Darcy's law, the porosity, P, and the saturated hydraulic
conductivity, K, the pore velocity components are given by

u -K Iý (11)
P ax

v -K 3a (12)
P ay

w -K aý (13)
P az

Substituting equations (11), (12), and (13) into equation (10) yields a
first-order partial differential equation in F, which is solved by the method
of characteristics. The characteristic equations are

dx - -K ao (14)dt P @x (4

dy = -K (15)
dt - T y

dz - -K ao (16)
dt P az

The pathline characteristic equations (14), (15), and (16) are numerically
integrated using a fifth-order Runge-Kutta integration routine (IMSL, 1980) to
yield the pathlines and travel times along those paths. The expressions ao/ax,
a0/ay, ao/az are obtained by the partial differentiation of Equations (6) and
(9) with respect to x, y, and z. The equations resulting from the partial
differentiation of equations (6) and (9) are presented in Appendix A.
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5.0 APPLICATION OF THE TRANSPORT EQUATIONS

The transport analysis is separated into four steps. The first step is to
define the portion of the contaminant plume that will flow into the capture
zone of the well. The second step is to define the analysis plane and a set of
starting coordinates from which a sufficient number of pathlines can be
generated. The third step involves numerically integrating Equations (14),
(15), and (16) from the starting coordinates on the analysis plane backwards in
time until they intersect the surface of the mine stope. The final step of the
transport analysis is to integrate a new set of two-dimensional pathlines from
the analysis plane defined in step 3 to the well.

5.1 STEP 1: DEFINING THE CAPTURE ZONE

The contaminant plume originating from the mine stope may be much larger
than the capture zone of the well, as shown in Figure 11. To determine the
portion of the contaminated fluid that will enter the well in horizontal
planes, pathlines are started at the downgradient edge of the well casing and
integrated backwards in time until they intersect the mine stope (if they
intersect the stope at all). These pathlines define the bounds in the x,y
plane, i.e., z = o, where contaminated fluid will enter the well. A set of
bounding pathlines in the vertical plane are started at the thickest part of
the mine stope and integrated forwards in time until they enter the well.
These pathlines define the upper and lower bounds of the contaminant plume.
Because the well is simulated as a two-dimensional flow, the entire vertical
cross section of the plume will enter the well. The capture zone of the well
in the x, y plane and the vertical bounds of the contaminant plume in the y, z
plane are shown in Figures 14 and 15, respectively.

310

186- MINE STOPE

62- PUMPING WELL
x

-62- CAPTURE
ZONE

-186-

-310I I

-70 54 176 302 426 550 674

Y

FIGURE 14. Step 1, Bounding Pathlines in the x, y Plane for z : 0
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FIGURE 15. Step 1, Boundary Pathlines in the y, z Plane for x = 0

5.2 STEP 2: DEFINING THE ANALYSIS PLANE AND A SET OF PATHLINE STARTING
COORDINATES

Once the bounds of the contaminated fluid that will enter the well have
been determined, the next step is to define the analysis plane and a set of
starting coordinates on that plane to start generating the pathlines needed.
The vertical analysis plane is placed along the bounding pathline between the
stope and the well to conveniently interface the three-dimensional evaluation
(resulting from the stope) with the two-dimensional horizontal flow induced by
the well. Specifically, the vertical analysis plane is oriented perpendicular
to the straight pathline entering the well that lies in the x-y plane, z = 0.
If as occasionally may happen, the bounding pathlines for the capture zone (see
Figure 11) do not pierce the vertical analysis plane at right angles, then the
three-dimensional analysis automatically uses only those vector components
normal to the analysis plane.

The vertical analysis plane provides a useful place to set up a uniform
grid of pathline starting coordinates. The uniform grid enables easier numer-
ical evaluation of the surface integrals required for the three-dimensional
consequence analysis. Starting the pathlines at the analysis plane does
involve some inconvenience in solving the pathline differential equations with
backward time steps, and subsequently converting the negative travel times to
coordinated positive arrival times at the vertical analysis plane. This
inconvenience is easily compensated by beginning with pathlines known to be
within the well capture zone and then simply discarding any of those pathlines
that do not penetrate the stope.
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5.3 STEP 3: PATHLINE INTEGRATION FROM THE ANALYSIS PLANE TO THE STOPE

The three-dimensional pathlines are numerically integrated starting at the
grid points defined in the previous step. The pathlines are integrated back-
wards in time until they intersect the surface of the ellipsoidal stope. From
the point where each pathline has entered the stope, the travel time across the
stope, the travel distance and the coordinates of the point where the pathline
passes through the opposite side of the stope are calculated explicitly. (See
equations (A.71) through (A.95) in Appendix A). The fluid flux normal to the
analysis plane at the point where each pathline leaves-the analysis plane
(i.e., the starting location on the grid defined in step 2) is calculated. The
grid location, fluid flux, travel time across the stope, and travel time from
the stope to the analysis plane are used for the three-dimensional consequence
analysis.

5.4 STEP 4: PATHLINE INTEGRATION FROM THE ANALYSIS PLANE TO THE WELL

The last step in the transport analysis is to continue the pathline carry-
ing contaminants through the analysis plane on to the pumped well. Since the
flow system effectively involves no vertical components of velocity, pathlines
are only generated in the z = 0 plane. In this way all of the travel time
information required for the contaminant transport analysis is provided econo-
mically. Attention next turns to obtaining the quantity of contaminants (i.e.,
contaminant mass fluxes and concentration required for the final consequence
analysis.)
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6.0 CONSEQUENCE ANALYSIS

The consequence analysis is separated into two parts. The first half is
used to determine the mass flux as a function of time at an arbitrary analysis
plane placed between the well and the mine stope (see discussion with Fig-
ure 11). This first half is a three-dimensional analysis. The second half of
the consequence analysis uses the result of the first half (concentration as a
function of time) as an input to a two-dimensional consequence analysis from
the arbitrary plane to the well. The analysis is separated into two steps
because of economy in the analysis and the difficulty associated with accur-
ately defining the flux at the small circular well casing. A small error in
the surface numerical integration, which is required for the three-dimensional
analysis, could result in significant mass balance errors at the well casing.

The end result of the three-dimensional consequence analysis is the
arrival distribution of contaminant at the plane. The data required from the
transport analysis are the travel time, concentration, final location, and flux
at the final location for each pathline. For the first phase of the consequence
analysis, the mass flux, K, across the plane at a given time, T, is given by

Sml~
M = C(R(x,y), z,T) • q'(R(x,y),z) dR dz (17)

0

where C(R(x,y), z, T) is the spatially and time-dependent concentration,
q'(R(x,y), z) is the spatially dependent Darcian flux, and R(x,y) is the
horizontal distance from the point where the pathline pierces the plane to the
point in the center of the capture zone of the well. This equation must be
integrated numerically because the functions C(R(x,y),z,T) and q'(R(x,y),z) are
not known as functions but as tabular data known only at each point where a
pathline pierced the analysis plane. The numerical approximation to Equa-
tion (17) is:

NR NZ
M= E2 C.(T) ' - AR • Az (18)

i=1 j=1 ij ij

The fluid flux term in Equation (17), q.'(R(x,y), z), is independent of
time (steady-state flow system) and is calculated at the discrete points where
each pathline intersects the plane. Equations (14) and (15) are evaluated and
resolved into their vector components normal to the plane (the z component
defined by Equation (16) is always tangent to the plane).

The concentration term in Equation (17), C(R(x,y), z, T), is a function of
time because the concentration of leachate from the tailings decreases after
the tailings liquor has left the stope and clean ground water travels through
the stope and leaches contaminants from the mill tailings. See the typical
leaching curve for sulfate in Figure 10.

In the present analysis, interactions between the tailings liquor/leachate
and the porous matrix are ignored after the leachate leaves the mine stope and
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moves downgradient. An analysis of some geochemical interactions beyond the
mine stope will be incorporated, if appropriate, in the ongoing work on this
task. At present, however, the concentrations of contaminants leaving the
downgradient edge of the mine stope are assumed to be constant between the mine
stope and the well. This assumption is an overly conservative interpretation
of the physical system but is the best that can be done until coupled geochem-
ical and transport analysis techniques can be tested and incorporated.

The concentration of contaminant leaving the mine stope is determined from
the appropriate leaching curve, shown in Figure 10. The travel time across the
stope, t(i), for any given pathline, (i), is calculated by the transport model.
The number of column volumes passing through a particular pathline is calculated
by dividing the time of interest, Te, (at the edge of the stope), by the travel
time across the stope, t(i).

Number of Column Volumes = Te/t(i) (19)

Based on the known number of column volumes passing through a particular path-
line, the concentration is calculated from the leaching curve as in Figure 10.
Because the travel time and distance across the stope is different for each
pathline, the number of column volumes and corresponding concentration at a
given time, Te, is different for each pathline.

The concentration of contaminant, C(R(x,y),z,T), arriving at the plane at
some time, T, is calculated by simply adding the travel time, T2(i), between
the edge of the stope and the plane to the time, Te, at which the concentration
of leachate leaving the stope was calculated.

T = Te + T2 (i) (20)

Combining all of the above steps, the concentration of contaminants
arriving at the plane along pathline (i), at time T is calculated via

1) Number of Column Volumes = NCV - T - T2(i) (21)t(i)

2) Interpolating the concentration from the leaching curve for NCV.

The following figure and example may help clarify the preceding
description. Figure 16 shows two pathlines traveling through the stope.
Pathline 1 requires a time, t(1), to travel a distance, L(1), across the stope
and a time, T2(1), to travel from the downgradient edge of the stope to the
plane. Associated with pathline 2 are t(2), L(2), and T2(2). Assuming the
values; t(i) = 5 years, T2(1) = 10 years; t(2) = 3 years, T2(2) = 15 years.
The number of column volumes passing through each pathline and the associated
concentration arriving at the plane for several time planes are as follows (the
concentrations are taken from the leaching curve in Figure 10):
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TABLE 1. Time, Column Volume and Concentration Data

Pathline 1 Pathline 2

Time,
years

10
15
18
20
25
30

Number of
Col umn
Volumes

0.0
1.0
1.6
2.0
3.0
4.0

Concentration
(MG/L)

180
14,000
12,000
10,000
9,000
4,500

Number of
Column
Vol umes

0.0
0.0
1.0
1.67
3.33
5.00

Concentration
(MG/L)

180
180

14,000
12,000
8,000
3,900

I I
I L i t(1)

II
IIIrI

ANALYSIS
PLANE

I I

IL21 t(2)

FIGURE 16. Pathlines with Different Travel Times Across Stope and
Different Travel Times from Stope to Analysis Plane

Evaluating Equation (18) for a series of arrival times at the plane yields
a curve describing the mass flux across the analysis plane as a function of
time, Figure 17. Dividing the contaminant mass flux by the fluid flux normal
to the plane yields the completely mixed concentration as a function of time in
the fluid passing through the analysis plane, Figure 18. Figures 17 and 18 are
the final results of the three-dimensional consequence analysis. These results
are used as the input distribution of contaminant to the second half of the
consequence analysis.

The second half of the consequence analysis is performed in two dimensions.
The travel times from the plane to the casing of the well and the flux around
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FIGURE 17. Mass Flux Versus Time at y, z Plane

the casing of the well are provided by the transport analysis. These two quan-
tities are combined to construct a Geohydrologic Response Function, GRF (Nelson
1981). The GRF for the two-dimensional flow system from the plane to the well
is shown in Figure 19.

A complete example showing how to use GRFs with variable source terms is
provided by Nelson (1981). That example provides a clear understanding of this
part of the consequence analysis. The sample provided by Nelson has a much
more rounded input pulse than the sharp spike presented in Figure 18, so the
illustrations are much clearer and easier to understand.

To obtain the mass flux arriving at the well as a function of time, a
series of GRFs representing the concentrations at various input times, t , are
integrated at a given arrival time, T. Specifically the concentration v~rsus
time curve of the input pulse, Figure 18, is discretized at various, t
values. A response function at the well for each departure time, t, Ys
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FIGURE 18. Concentration Versus Time at y, z Plane

constructed. Each of these curves represents the arrival function at the well
for a given concentration from the input pulse. At a given arrival time, T,
each concentration is multiplied by its associated differential volume flux and
is integrated to yield the mass outflow flux at time, T. The contaminant mass
flux rate into the well at time, WTs is described by the integral:

g' max
WT f: m CIT dq' (22)

q min
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FIGURE 19. Arrival Time Versus Flow Rate at the Pumping Well

where,

W .is *the mass flux rate of contaminant entering the well
dqT is the differential fluid flux arriving at the well at a given

time, T
C is the concentration of the contaminant
T is the time of interest

q' max is the maximum flux of contaminated fluid at time T
q' min is the minimum flux of contaminated fluid at time T

By evaluating W at various times the mass flux of contaminant at the well
versus time curve can be constructed, Figure 20. Dividing the mass flux by the
pumping rate yields a curve describing the concentration of contaminant in the
fluid pumped from the well as a function of time, Figure 21.
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FIGURE 20. Mass Flux Versus Arrival Time at Well

The remainder of this report consists of five appendices. Appendix A
contains a derivation of the equations used in the model. Appendix B contains
a list of the symbols used throughout the report. Appendix C is a user's
manual for the FORTRAN programs. Appendix D is an example problem. Appendix E
is a listing of the FORTRAN programs. Appendices D and E are included in
microfiche form on the back cover.
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APPENDIX A

DERIVATION OF MODEL EQUATIONS

The equations for the idealized three-dimensional model described in the
report are presented here and useful results are derived. The model was
designed to enable estimates of expected tailings leachate consequences when
limited field data are available. Accordingly, the model is necessarily sim-
plified and idealized as the representation of the real situation.

The mined-out tunnel or stope which has been backfilled with uranium
tailings is idealized as being generally circular in cross-section and rather
long, shaped somewhat like a cigar. The tailings-filled stope having a hydrau-
lic conductivity, K', is embedded into a much larger aquifer, i.e., much larger
both in areal extent and in thickness, that has a hydraulic conductivity K.
The embedded tailings stope is circular in cross section but with a longitu-
dinal or lengthwise shape of a very long ellipsoid, i.e., a classical prolate
spheroid. Such a shape has the advantage of an essentially constant cross
section over 60 to 70 percent of the length, yet being of finite length so that
the whole range of interactions between the stope orientation and the regional
gradient can be investigated with the idealized model.

The third and last part of the analytical model is the downgradient water
supply well which intercepts the leachate plume and is the location where the
tailings leachate reaches the biosphere. This well will be represented as a
vertical line source combined with a doublet appropriately balanced to hold a
constant potential around the well in the presence of the mine stope filled
with tailings some distance up gradient. With the groundwater potential
expressions for these three interacting parts of the system then the idealized
performance assessment and consequence can be completed.

In the sections to follow the potential equations are presented with the
appropriate derivations to provide the desired model. It is convenient to
derive the final model in two parts beginning first with the three-dimensional
combined tailings-filled stope embedded into the large regional aquifer and
later superimpose the potential field induced by the pumped well down gradient
from the stope. A major part of the mathematics leading to the final model is
involved in obtaining the analytical component expressions for the characteris-
tic pathline differential equations. We begin with the closed form analytical
solution from Carslaw and Jaeger (1959) second edition, pages 426 through 428.
Specifically, that solution provides the potential for three-dimensional flow
in and around the permeable prolate spheroid embedded in a large regional
aquifer.

POTENTIAL AND PATHLINE EQUATIONS IN AND SURROUNDING THE STOPE

The long and slender prolate spheroid (ellipsoid) representing the
tailings-filled tunnel or stope is described in Cartesian coordinates as:

2 y2 2
x 2 b+ Z2 = 1 (A.1)

a b b
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FIGURE A.I. Idealized Mine Tunnel or Stope

where interior to the prolate spheroid the hydraulic conductivity is K' and
outside the aquifer medium conductivity is K. Also at large distances from
the prolate spheroid the potential tends to:

V1 x + V2 y (A.2)

where:

V = -U cos e, 0< (A.3)

V2 = -U sin e, 0< e < T2 (A.4)
2 -2

with U being the regional gradient and e the angle between U and the x
coordinate axis. Then from Carslaw and.Jaeger (1959) page 427, the potential
energy inside the prolate spheroid denoted by 4i is:

-U cos e x U sin e (A.5)
i= +Ao0 (-1) 1+-P (AE)1

where:

K' is the ratio of hydraulic conductivity inside to that outside
K the ellipsoid

o= 1-e2 1 - ln (+e -_e (A.6)

Bo=1-e 2 e2 - I!1n (T!,)+ (A. 7)
2e 3 _ie 2 le)
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a

A convenient set of dimensionless variables are:

X X
X b

y, =

b

- K t
b

Then in dimensionless form equation (A.1) becomes:

b2(x)2+ b 2(y') b2 ('2

a2  b2  b 2

or if:

a' a

b

then,

(A.8)

(A. 9)

(A. 10)

(A. 11)

(A.12)

(A. 13)

(A. 14)

(A.15)
(x,)2+
Wa2 +(a')2

(y')2 + (z) 2 = 1

Similarly equation (A.5) becomes

, U cos e x' U sine y' (A.16)
i 1+Ao( 6-l) - +o (-1)

Using equations (A.9) through (A.13), equation (A.8) becomes:

1

e - a') - 1] (A.17)

The dimensionless potential inside the tailings is then provided by equa-
tion (A.16) with A , B and e defined by equations (A.6), (A.7), and (A.17)
respectively.
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Further, if the pore velocity components in the x, y and z coordinate
direction respectively, are:

u K ý_ dx (A.18)

V K 3•_ dy (A.19)v 7 -Py dt

= K j _dz (A.20)w- P z dt

Rewriting one of the second equalities using equations (A.9) through (A.13)

gives:

K a(bp') _ d(bx') (A.21)-P a-(b-x - d('t b

K

or

dx' _ 1 ' - v' (A.22)
dt' Pox' x

and similarly

dy' _ 1 aý' =
dt' , - v; (A.23)

dz' _ 1 a ' ,(A.24)

dt' P az' Vz"

But using equations (A.22) through (A.24) with (A.18) through (A.20) yields:

U K DO' = Kv' (A.25)

V K 0' _ Kv' (A.26)

- K '4' = Kvy (A.27)w - P az'

To more compactly define the spatial potential distribution and yet stay in
the convenient Cartesian coordinates, a X. is introduced into the expression:

2 2 2
X + y + z -1. (A.28)

a2+X b2 +X b2+X.

One notes that when X = 0 then equation (A.28) reduces precisely to the
equation for the prolate spheroid (Equation A.1). When X is positive (only
positive values are of practical interest here) then we will find that some
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other equipotential surface outside of the stope will be described. Use of
equations (A.9) through (A.14) in equation (A.28) reduces to the dimensionless
form:

b2 (x,) 2  b2 (y,) 2  b2 (z1).2 (.9
+ + I (A.29)

b2 (a') 2 +X b2 +X b2+X

or

__x,)2 (y,) 2  (z,) 2 
=1(.0

() + + W) (A.30)

(a') 2 +W 1+x''

where

X' - (A.31)
b2

The positive root of x hence V' is needed so from equation (A.30) rearranging
gives:

(lk )x 2 + X(a )2,2 ,2 ,2 X(1+ ')(x) ' + x'][(y,) + (z) = [(a') + x'][1 + V'] (A.32)

or rearranging and collecting terms yields:

Wj) 2 +ý(a)2 + I- (x')' - (Y,)2 _ z)2ýx' +)() x2-(a' )2  )2 + (z2J (A. 33)

and solving for X':

x' 2 +(y,) 2 +(z') 2 _(a ) 2_I1

t4, 1-W (Y.)2  _ (z') 41(a') - (x') - W ) (Y)2 +(A.34)

The potential outside the ellipsoid, 0o, is after equation (13) in Carslaw

and Jaeger, page 427 and using equations (A.3) and (A.4):

(o +Ao( l)- 1 U cos 8 x +LI+Bo(_I) -x U sin e y (A.35)

And in dimensionless form using equations (A.9) through (A.13), then upon
reducing:

[(-1) Ai 1 IN-1) B' 1
S=LI+Ao(_I) - l1 cos e X' + I+BoE-i - U sin a y', (A.36)

where again from Carslaw and Jaeger and the equation for dimensionless term,
i.e., using equation (A.17) rather than (A.8) gives:

AXI = Ax =1-e- In 1+e' - e ' , (A.37)

e 3 2 1-e'
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Bxw = Bh -. re2 e
2e3 l-e' )2

where

1 In Ll+e_ e } (A. 38)

e_ (ai) 2+1} (A.39)

The velocity components are obtained using the partial derivatives, i.e.; see
equations (A.25) through (A.27), and differentiating equation (A.36) gives:

L F+-1) -• u cosU C os 0 U O ' U n B ( -i) +BO

(c-i) I[ Ao(-1I) a i 1+B0 (C-i aX (A.4 )

and,

a. = [(C-i1) B 1
[iY (c-i ijU sin e +

U sin ev '(E-i) aBA
0+B o(-l)

+ Y' - +
Jy 1

+ U cos 6 x'(C-Lj DAx
+A 0 (C-1)

Cos a X'(C-I) ýA x
Ao0( E-1I) Dy'

(A.41)

(A.42)Oy, - U sin eý II+Bo(CI)

and also,

A

0
az'

_ U cos e x'(6-1)
1+A o(C-1)

aAX U sin 0 '(s-1) aBA
+ l+B 0 (-1) az' (A.43)

3A x
But the

aA aAx
a-•', •-•, terms are respectively upon differentiating

equation (A.37):

aA 1-e2 1 i(l-e')
a5x-- e3 7 ýý+ [ 1 ae' + l+e'(-I)

-4-r ax'7 (I-e')2
ae' ae'

- a x'j (A.44)

or reducing

and

aA x 1-e2 z

9Ax 1-e2 1 +1-e'ý

ax e3 -721+e')

2(1-eTT -Ox
(A.45)

[1
1-e' + (1+e'X-X -1)

(1-e' )2 (
ae'1 (A. 46)

or reducing
A.6



;A 2 1-e2 1 + _1 e'
+Tr -ý 1 ýe3 ~2(l+e') (1-e') ia-'

a yn e eo

and al so

(A.47)

aAX
Z-r

_1-e2' 1 1 De'e3 2(+e'7 T(71-' -eiaz, (A.48)

where using equation (A.39) written in the form:

el = [(a')2 _ 1]1/2 [(a')2 + X,] -12 (A.49)

and upon differentiating gives the expressions needed in equations (A.45),
(A.47), and (A.48), that is:

ae' [ )2
ax,

11/2 (_4) 1
[(a') 2+xI]3/2 (A.50)

or

;e' [(a')2 _1]1/2 aX'
xTX- 2[(a,)2 +Xl,]312 •-ý -

De' _7[(a )2 -1]112 ax'
5yT 2[(a') 2 +>,]3/2 ay'

ae' [(a')2 -1]1/2 ax'
az' 2[(a') 2 +X,] 3 / 2 az'

(A.51)

(A.52)

and

(A.53)

ax, ax' a'needi l1But the three expressions of ax' aE' a '
-A.52), andazt azntiatin equations (4a.51),(A.52), and (A.53) are obtained by differentiating equation (A.34) and gives:

ax, -. + 2[a')2 + I--_(X') 2-_ ,~)2 __(ZI) 2] .[ -2x' I -4 (-2x')

ax 4~Ea2+ 1 (x.)2-(y.) 2-(Z) 2 3 -4~a)2 _(x,.)2 (_)2 [(' 2 ()2:J

(A.54)

ax,2 2 + .2 .2
= = x'± [-(a') + (xW )2+ (y,)2+ (z)2+ 1 x

(A.55)•A

J .,[)2 + 1 _ (X,)2 _ (3,12 _ (,_z12] - 4 )(a.)2 _ (X. )2 _ (a.)2 [(Y, )2 + (Z. 2] ý

A.7



Also,
ax' = y, _+ _2 [(a') 2 + 1 - (x')2 _ (y ') - (z') • [- 2y'l - 4[-(a')2 2 y,]

and simplifying gives,

y . [(x') 2  + (__),2 + (z') 2  -i + (a')2] Y,
ý7 [(a)2 + i -(x' -2 y') 2

- (z,)12] - 4 (aý) 2
- (x')2- (a )2 [(y.)2 + (z )2

Finally,

a X , x, + (V )2  + (z )2-1 + (a')2 z'

a,2 + 1 - (x)2- (y,) 2  (z) 2 1
2

- 4(a)2- (x)2- [(y,)2  + (z, aI

2 Bx B aBx
Now the terms Tx"--, -B-yT, and TZ!, needed in equations (A.40), (A.41),

are obtained by differentiating equation (A.38) i.e.:

B -e2 e a' 111l-e ' 1[ +e' ae' a'•
(-2e' T%-)+ 2 -i_ ael-B~'i~e2 (-1 e'~ aex• / 7 Be' = TT Ji~I;e,-1 K ' j

co2ell [t- (er gives:

collecting terms gives:

(A.56)

(A.57)

(A.58)

and (A.43)

(A.59)

DB 1-e 2  _2(e')2 +

ýx' 2e 3 ,[i-(e')2 + -(e')

1 1 9e'
2(1+e') 2(1-e') ýx' (A.60)

and similarly:

2 x _ 1-e 2 12(e) 2
-Yl 2e 3  -[1_-(e')212

3Bx _le2 212(e')_ 2.
ZTz- 2e 3 )[1-(e') 212

1

+2

1-(e')

1
+ Z-(e'1)2

1 1 ae'
2(1-e') -2(1+e') T y'

1 1'
2(1-e') - (+'5az'

(A.61)

(A.62)

De' ae' De'The y" , z' terms needed in equations (A.60), (A.61), and (A.62)

are defined by equations (A.51), (A.52), and-(A.53), respectively. Further,th •' ax' ax'
the ax", -Vy and 3XI in equations (A.51, (A.52), and (A.53) are given by

equations (A.55), (A.57), and (A.58), respectively. We also note that the
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e and e' terms contained in equations (A.60), (A.61), and (A.62) are defined
by equations (A.17) and (A.39).

The velocity outside the prolate spheroid has the three components defined
by equations (A.22), (A.23), and (A.24) which when substituting equations
(A.40), (A.41), and (A.43) gives the three differential equations defining the
pathlines, i.e.:

dx') (E1 3A A ~ ~~~ (C-1) U sin e aB ý( .3
S dt- - I A U Cos e + 1A (E- U co e ' x -; + 1+Ba(E _l)

; d 1 c - I(-1) B) U sin e (c-1) y, aBx (E- 1) U COS 0 x'

y t 1+ U sine+ 0B(E_1) aT + I+Ao(• - x -•I (A. 64)
d0 16B

and

dz' I (C-I) U Cos aA _ (c-l)U sin 6 3B x
vZ' = t-Tr = - l+A o (E _l) x ' a z--- + 1+B o ( E-1) Y , ' -• -

(A. 65)

where

E iS

P is

AA is

A is

aA A

aBx

B0 is

BX is

aBAis

aA'

aA- is

ay'

3Aris

aBx
A-

in equati

defined as

the porosit

defined by

defined by

defined by

defined by

defined by

defined by

defined by

defined by

defined by

defined by

ons (A.

K'
K

63), (A.64), and (A.65):

y in the main aquifer of material having a hydraulic conductivity K.

equation (A.37) (see also equation A.39 for e')

equation (A.6) (see also equation A.17 for e)

;e' '

equation (A.45) and sequentially -- r JEq. (A.51); XIEq. (A. 34); J-rEq.

ae' aA'

equation (A.60) and sequentially jx-r JEq. (A.51); xjEq. (A.34); -x'-Eq.

equation (A.7) (see equation A.17 for e definition)

equation (A.38) (see also equation A.39 for e' and equation A.34 for V')

ae' V2 ' •, a

equation A.61 and sequentially B-•yEq. 52; a' IEq. 34; 2jTEq. 57.

equation A.47 and sequentially E q. 52; A' Eq. 34; aT Eq. 57.
ae'

equation A.48 and sequentially B-T JEq. 52; A'jEq. 34; e AEq. 58.

ae' x•
equation A.62 and sequentially J-Tr Eq. 53; A' Eq. 34; 7a-rlEq. 58.

equation A.62 and sequentially jz rEq. 53; A' Eq. 34; Tz-7r-I 8

(A. 55).

(A. 55).
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The three differential equations in dx-L, dt' ad-defined in equa-dt' dt' dt'
tions (A.63),(A.64), and (A.65) respectively are the pathline differential
equation or the characteristic equations (see equations 14, 15, and 16 in
the body of the report) for the convective transport analysis. More particular
they are the set of differential equations defining the paths or trajectories
of fluid particle in the region outside of the tailings-filled stope. We note,
however, that the potential due to the downgradient well is not included
in the above equation but will be added subsequently.

The three pathline differential equations are solved simultaneously by
numerical means with the boundary conditions:

x'(t, ) = Zoo (A.66)

z'(to ) = z"

Recalling that x'oo, yoo'0 and z'oo are dimensionless starting values using equa-
000

tions (A.9), (A.10), and (A.11) with t' defined by equation (A.13).

This completes the results (excluding for the present the well) needed
in the outer aquifer region of hydraulic conductivity, K and of effective
porosity P. We now turn attention to the region inside the prolate spheroid
i.e.:

2 2
(sr) + (y') + (z') < 1 (A.67)

where the hydraulic conductivity is now K' and the effective porosity is P'.
Specifically the pore velocities in dimensional form are:

dx u K' ý4Oidxt = U = ax(A.68)dt -u - P' Bx

dy = - K' (A.69)
dt P' ay

dz K' a~i
dt = w = - P' az (A.70)

The use of equations (A.9) through (A.13) in (A.68) gives the dimensionless
form for u, i.e.:

d(bx') _ K' a(boi')

or reducing,

dx' I (A.72)
dt' - pxT

A. 1O



Similarly,

dt Ery (A.73)

and

dz'E=
PT -ýTF

where as before:

K'
E K•

Recalling equation (A.16), performing the partial differentiations and
substituting into equations (A.72), (A.73), and (A.74) yields:

dx' E U cos Odt' =P'[I+A o(E-I)

ddt- e U sin ý
d~t' -P'L[+B 0 (E-I)]

dz' 0
dt'

(A.74)

(A.75)

(A.76)

(A.77)

(A.78)

Now suppose that the pathline enters the embedded prolate spheroid of permea-
bility K' at the point:

(xe' y' Y' ze ) (A.79)

and suppose further that the pathline leaves the prolate speriod at the point

(Xý , Yý , Zj ) - (A.80)

Further since the flow is steady, then the streamline and
tical, hence, we may combine equations (A.76) and (A.77),

pathlines
i.e.:

are iden-

dx'
dtd

c U cos e
P'I[I+Ao0( -I1 ]

c U sin e
P'LI+B0 (E-1)j

,for 0<6< -
- 2 (A.81)

and reducing,

dx' cos 0 [1+Bo ( -1)]
sin 0 L1+A o(-1)] ,for 0_< a <I (A.82)
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Equation (A.78) shows that there is no verticle velocity component inside the
stope. Further, the right hand side of equation (A.82) is a constant since
0, B0, A and c are all parameters that have only one set of values in any

particular problem. Accordingly, by equation (A.82) the pathlines are always
straight lines through the stope.

Then, integrating equation (A.82) from the entrance point of ground water
to the stope, i.e., equation (A.79) to any point in or on the boundary of the
stope x', y', z' gives:

[1+B (C-1)] y'Sdx' = cot 6 [ fdy' for 0=< e_< -1 (A.83)
Xe L1+A o(E-1) Ye -

so,

x= cot 0 (y'-Y') + x' for 0 < e < (A.84)co (6T1+A0 o(-1)] e e - 2 (.

Similarly forming the ratio of equations (A.78) to (A.76) and/or (A.78) to
(A.77) gives upon integrating and using equation (A.79):

z' = z' for O.<e< n (A.85)e = 2

Though equation (A.85) is valid for all e of interest, equation (A.84) is not.
However, when e = 7/2 the right hand side of equation (A.76) is zero and equa-
tion (A.77) is finite and constant so that ratio of the two equations since
flow is steady is:

dx'
d 0 for e-,(A.86)

So integrating using Equation (A.79), then

x' =x I when e = 7 (A.87)e 2'he) =•

and, one observes from equations (A.85) and (A.87) that when 0 Tr/2, then the
flow across the tailings-filled stope is only in the y' coordinate direction.
Equations (A.84) and. (A.85) supplemented by (A.87) enable very simple calcula-
tion of the pathlines, hence, the location of fluid particles traversing the
uranium tailings given the point where the groundwater enters the tailing
stope. Often it is convenient to determine where the fluid particle entering
leaves, i.e. the exit coordinates of leachate from the tailings, or in other
words , the coordinates ' z' from equation (A.80). Those three exit
coordinates can be found directly through simultaneously satisfying equations
(A.84), (A.85), and the equation for the prolate spheroid, i.e., equation
(A.15). Specifically, if one substitutes (A.84) and (A.85) into (A.15) then:
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(Dye+E) 2 + (y•)2 + (z) 2= 1

(a')2

where from equation (A.84) the constants D and E are:

[I+Bo(s-i)]

D = cot e [+A0 (s-i]

(A. 88)

(A.89)

(A.90)

and

[1+Bo (s-i)]
E = xe cot e [1+A0 (_I)]Ye

or rearranging equation (A.88):

[D2 + (a') 2 ](y') 2 + 2DE yý + E2 + (a')2[(z ) 2 -1] = 0

and solving for y. gives

(A.91)

- DE ± DD2E2 _ [D2 +(a') 2] E2+(a ) 2[(z) 2-1_]
e (A.92)

Iý =

[D'+(a' ) 2 1]

Accordingly, the coordinates of the pathline exit point from the prolate
spheroid is given by equations (A.92), (A.84), and (A.85) or (A.86) for x.', y
zý, respectively where D and E are defined by equations (A.89) and (A.90).

The travel time across the stope along the pathline,
line, is upon rearranging and integrating equation (A.76)

which is a straight
for example:

tf P'[l+A (E:1)]

Idt' E U cos e
eit

fxf
e

for 0< e < I= 2

-t' for 0 < e < a
e 2

(A.93)

(A.94)

or

P'[I+Ao(s-i)]
E ucos e [xý - X;

where:
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tý is the time when the fluid particle is at (x•., y', z.).

te' is the time when the ground water enters the prolate spheroid at theeI

point (x•, Ye" ze).

Also when e = 2 then from integrating equation (A.77) gives:
2

P' [1+B o(E-1)] ore
t- (y' ') + t' forf •U e2 (A.95)

where the term t. and te are as defined previously. This completes those

results for the model associated with the three-dimensional flow into the
tailing-filled stope, through the stope and then the subsequent downgradient
leachate movement. There remains to provide the equations for the down-
gradient pumping well potential and to provide the additional terms necessary
for the pathline differential equations when the well is in place.

POTENTIAL AND PATHLINE EQUATION THAT INCLUDE THE PUMPED WELL

The down-gradient pumped well is represented by a line sink of infinite
length in the z coordinate direction. The well is pumped at a steady rate. We
also will use an appropriate doublet term to maintain the potential inside the
circular well of radius, r0 . Rather than consider an expression for only the

well and later combine that result with p, it will be convenient
entire expression for the dimensional potential, %o, outside the
equation for Po is:

to write the
stope. The

- Uy sin e - Ux cos e +

(E-1)UA x cos e (E-

1+A0 (•+1) [1+,

(c-l)UBAy sin e (E-
+ 1+B (•+1) [1+

22

U[(y-yo) sin e + (X-Xo) cos e] ro2

1)UAX(x-x 0 ) cos 2 r 0

A (6+1)] [(x-x ) + (y-y) 2]
o 0 0

1)UB X(y-yo ) sin e ro2

B o(6+)] [(X-xo)2 + (y-yo) ]

- -q ln (Y-Y ) + (x-x )2

2rrK ( )ly-•o2 (x )2

(A. 96)
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And in dimensionless form using equations (A.9) through (A.13) gives one
reducing slightly:

(D' = - Uy' sin e - Ux' cos 6 + U[(Y'-Yo' ) sin e + (x'-xo' ) cos e] (rý) 2

0(x'-Xo)2 + (y,_y ) 2

(C-1)UAX cos e
1 + Ao(E+1)

(E-1)UB sin e
1 + Bo(r-+l)

F
LI'

(r')2  (x'-x'o)

(x,-xo)2 + (y -Y )

(rý ) 2 (Y' -Y"') 1
, + (y ,-yI)2

0x -X )0('Y I
J (Y'-Y 2 + (x'-xý')
S) + (x)2

(A.97)

where:

q is the volume pumping rate per unit length of well
r

r'b= is the dimensionless well radius, and the other terms are as already

defined. It is instructive to consider how the expression reduces when q = 0

and (ro)2 (x) + (y0) or, in other words, what is the potential at the well

casing when q = 0. Specifically equation (A.97) reduces to:

(E-I)UA cos e x°
'o Y' U sin e -x' U Cose+1A0 E)

+ (e-I)UBX sin e

I+B0 (6-1)
(A.98)

But upon comparing equation (A.98) with equation (A.36) shows that the
potential at the well casing is precisely the static or eouilibrium water level
that would occur at (x', yo') namely at the center of the well. Hence, the well

is handled appropriately and the doublet terms i.e., the third, fifth, and
seventh terms in equation (A.96) do indeed assure that the well radius is an
equipotential surface.

Equation (A.97) is the total potential outside the stope and it will be
convenient to obtain the expression for only the well potential, w

A. 15



Specifically if equation (A.36) is substracted from equation (A.97) then the
resulting expression for 0w will be shorter to differentiate and those

expressions removed are already considered in equations (A.63), (A.64), and
(A.65).

Accordingly:

_X )2 + (y, -YB x _x (y,_-y )

'-y' + (x-x') (A.99)
-- I--n 0. . . o

2mKb ( Pyo)? + P
-Y) Nx)

Differentiating with respect to x' gives upon substituting into
equation (A.22):

- ~ ax A(c-l)A ( 2 2(' y )2x -x [2'x )
(dx' 1 ' i(c-l)A1 (r°) 2 U cos 0 2(r') 2 U cos 0(x'-X) 2
Hd•t'• "P X "r -F - I+Ao -(E:-l) (X, _X;2 +('_y2 - (X X,_Xo2 + (y'Y,_y)2]

+ (r) 2 Ucos e(x'-xo (1) AX

+ x' -X)+( +- (y , _o)2 +A0 (y-yo)2

(r) sne(y'-yý) ci

q [( (x'-'o2

2KbP (y-yo )2 + (x' X)o (A. 100)

0T

Equation (A.100) is then added to equation (A.63) to provide one of the three
final differential equations that are to be solved simultaneously outside the
stope to generate streamlines. Note also that the definitions following,-
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equation (A.65) are also used in equation (A.100). Similarly, the added terms
for the well in the pathline differential equation in y' and t' are:

(ro U Cos O(x'-Xo A AX

kdt w P ay, P l(xxo,) 2(+ V 4) 2 - 1+Ao0 (Z-1)y

S (-1) A ro)2 U cos a (x'-xo)(' - ]'
- 1+A°x'-x')2o + (Y[,) 2+2

i -I)Bx °(r) _U sin y 2(ro')2 U sin e (y'-yo)2

+ -

S (ro) 2 U sin (Y(-l) ýB

[ " 21
_+ _q __ Y ' -Y o

27rKbP yyo2 +(,Xo2

(A.101)

which is then added to equation (A.64) where again all the definitions
following equation (A.65) apply. The added terms for the well in the z'
pathlines differential equation is:

rdz'' a ' _ 
F(ro) 2  U (x'-xO) cos el Ai

\dt'/ -- -Pwz' P[L+A ( -I)] Ljx'x )2 + (y'_-y) 2 jz

+ (1) [(r)2 U (x'-x,') sin I B

P1+B0 + (Y' (A. 102)

which is then added to equation (A.65) to provide the complete set of three
ordinary differential equations describing the pathlines in the region outside
of the stope. The set of three ordinary differential equations are solved
numerically using IMSL Runga-Kutta routine, DVERK, in the PATHLIN.FOR program
discussed in Appendix C and listed in Appendix E.

With the gradient expressions due to the well available as in equations
(A.100), (A.101), and (A.102) we are able to investigate the effect of the
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small superposition error that occurs along the boundary of the stope. In
particular, we will consider the gradient at the point when e = 7/2 and:

X' =0
y= 1
z= 0 , (A.103)

to indicate something about the magnitude of this error as a function of the
distance to the well. This point is in the plane of symmetry when 6 = W/2 and
the closest point to the well so maximum gradient should be introduced. Plac-
ing these conditions into equation (A.100) and (A.102) verifies as expected
that

Cw w 0w
x' z 0 (A. 104)

So the gradient is all in the y' component. Substituting these same conditions
into equation (A.101) gives for:

[ (c-l)B 1 [(ro) 2U 2( ro)2 U
,0

a i+B-B (E-1 )_ (1-y)2 - 2j

(r')2 U (E-1) BBX
(1-Yo')[Z+Bo(E-I)] •-6y 2TrKb (II-Yi(.15

DBB

But to evaluate Dy- at the point in equation (A.103) requires some additional

steps. Specifically differentiating equation (A.33) and substituting (A.103)

gives upon reducing:

ax, = 2 (A. 106)

Then using that result in equation (A.52) gives:

-e' - .2-•1 (2) -[(a) 2 (A. 107)

ýY~ [2(a') 2+0]3/ (a')3

But equation (A.107) is also using equation (A.17) or (A.39) for e' = e since
= 0, i.e.:

W 1 2 e' (A. 108)
y' (a,) 2
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Substituting (A.108) into equation (A.61) and reducing using equation (A.17)
finally gives:

x- (A. 109)
by(

Substitution of equation (A.1I09) into (A.1I05) yields on rearranging:

a~1 = -

~~~~1~

(ro') 2 U

(1-Yo)[I+B o(-1)] 1_yo) 2TrKb( -yo) (A. 110)

Now if we evaluate the - using equations (A.41) and (A.103) then:

o U U (C-1) U (C)
= _ 1+B (c -) 1+Bo(s-1) 1+Bo(s-1)

Forming the ratio of equations (A.110) and (A.111) yields:

(A. II1)

ay
aoo-
TYr'

(ro)2= (lY) 2€
+ I I

q[l+Bo(e-l)]

27rKb(1-yo) U (E)
(A. 112)

Now the left-hand term is the gradient error due to the
the gradient that otherwise is there. Accordingly, let
in the gradient then:

well as a fraction of
E' be the percent error

27rKb 100
U(E) +
1+Bo0 (-i) 0

10(r' )2

(Yo -1) (E)
yo- -2

0_1)
(A. 113)

or if

E'(%) -1 + E2

where

1 T___ 1
1+Ba(n-)d

and

(A.114)

(A. 115)
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100(r / y'-2\

E2 E (A. 116)

Rearranging and taking the limit as E-* then
100(r,) 2 F 1 y;-2 100(r,])2

6rn E2= y )-- T1o- (A. 117)

Equations (A.116) and (A.117) have been evaluated in Figure A.2 for a 6-inch

diameter well and a stope radius of 1.52 meters (5 feet), which gives the

smallest value of r' that is expected.0

In Figure A.3 the percent error E1 in equation (A.115) is evaluated as a

function of the distance to the well and the ratio of well strength to the

potential variation introduced by the stope. Upon comparing the percent errors

one notes that E2 is one to two orders of magnitude smaller. Accordingly,

since the algebraic signs of the two terms are different let us as again assume

a worst case by ignoring E2 and attribute the entire error E' just to E1. In

Figure A.3 we note that a maximum error of one-quarter to one-half a percent

occurs when yo-' is around 20 to 50.

Again taking the lesser value and choosing

y'-1 = 49 (A. 118)
0!

and solving for yo yields using equation (A.10)

y 0 50b (A. 119)

in which case the expected percent error is less than 0.25%. Accordingly, we
suggest that the well should be greater than 50 times the stope radius away
from the tailings. Such distance should assure that the velocity field
resulting from the well superpostion is indeed negligible.
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APPENDIX B

DEFINITIONS OF TERMS

Units
A0 is the parameter defined by equation A.6 and is the

reduced case of A.37 when X = 0, i.e., when the
point lies on the surface of the prolate spheroid. None

A• is the functional that is dependent upon X and is
defined in equation A.37. None

a is half the length of the ellipsoid in the
x coordinate direction (see Figure A.1). L

a' = a is the dimensionless half-length of the
b ellipsoid in the x' coordinate direction. None

B0 is the parameter defined by equation A.7 and is the
reduced case of equation A.38 when X = 0 or the
point of concern lies on the surface of the
prolate spheroid. None

B• is the functional that is dependent upon X and is
defined in equation A.38. None

b is the radius of the tunnel or stope at
x = 0. L

C is the contaminant concentration as in 3
equation 17. M/L

D is a convenient parameter expression defined by
equation A.89. None

D is the mathematical "convective derivative"
operator. I/T

E is a convenient parameter expression defined by
equation A.90. None

Ef is the small superposition error introduced into
the potential gradient at the edge of the stope
due to the pumped well (see equation A.113 and
preceding analysis). Percent

E1 is the larger part of the percent error E' (see
equations A.114, A.116, and Figure A.3). Percent
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Unit
E 2 is the smaller part of the percent error E' (see

equations A.114, A.115, and Figure A.2). Percent

e is a parameter defined by equation A.8 or
A.17 and is related to the excentricity
of the prolate spheroid. None

e' is the function defined by equation A.39 that
is dependent upon X, hence, upon x', y', and
z. None

F is the pathline function defined before and in
equation 10. T

GAMMA is the angle within the well between the short-
est, most direct and straight pathline entering
the well and any other particular pathline
entering the well at the point (X, Y, Z). radians

K is the hydraulic conductivity of the aquifer
material. L/T

K' is the hydraulic conductivity of the tailings
material in the mine tunnel or stope. L/T

L is the length of the pumped well that will
intercept the entire depth of the leachate plume. L

L(e) is the length of flow path through the tailings
when the uniform gradient U is at an angle, e,
with the x coordinate axis (see Figure 9).

ln is the natural logarithm to the base e.

M is the mass flux of contaminant as in equation 17. M/T

NCV is the number of column volumes (see equation 21). None

P is the porosity of the aquifer material. None

P' is the porosity of the tailings inside the mine
stope or tunnel. None

q is the volumetric pumping rate per unit length 2
of well. L /T

q' is the Darcian volumetric flow rate of fluid
across the analysis plane (equation 17) or at
the pumped well (equation 22). L/T
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Unit
R = R(x,y) is the horizontal coordinate that depends both on

x and y which lies in the analysis plane, for
example, the concentration of contaminants
carried across the analysis plane is C[R(x,y),z]
as in equation 17. L

R 0is the lowest horizontal R coordinate on the analysis
plane for which leachate is captured by the pumped
well (see equation 17). L

Rm is the maximum horizontal R coordinate on the
analysis plane for which leachate is captured by
the pumped well (see equation 17). L

r is the radius of the pumped well. L

ro

r' b is the dimensionless radius of the pumped well. None

SCI is the relative cumulative flux entering the
pumped well for use in the two-dimensional geo-
hydrologic response function (see Appendix D,
page D.10). None

T is an arrival time. T

T2(i) is the travel time along the i-pathline from the
edge of the tailings to the analysis plane T

TF is the time when the leachate leaves the tailings
and enters the downgradient aquifer on a par-
ticular pathline (see Appendix D, page D.5). T

TIME is the arrival time along a particular pathline
at the well casing at the point (x,y,z) for use
in the two-dimensional geohydrologic response
function (see Appendix D). T

TO is the arrival time at the analysis plane along
a particular pathline (see Appendix D output). T

TS is the time when the ground water first enters
the tailings from the aquifer (see Appendix D) T

t is time. T

ti is the travel time across the stope along the
ith pathline (see equation 19). T

SKt is the dimensionless or scaled time. Nonet'
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Unit
q is the dimensionless starting time when a

fluid particle departs from the point (x' , None
Yoo' Zoo) along a particular pathline. 00

te. is the dimensionless time when the aquiferground water first enters the tailings along

a particular pathline. None

is the dimensionless time when the leachate
leaves the tailings along a particular path-
line and returns to the aquifer. See equa-
tion A.94. None

U is the uniform gradient in the aquifer which is
at an angle, e, with the positive x axis. L/L

u is the velocity component in the x coordinate
direction. L/T

V 1 is the component in the x coordinate directionof the uniform gradient in the aquifer (see

equations A.2 and A.3). L/L
V 2 is the component in the y coordinate direction

of the uniform gradient in the aquifer (see

equations A.2 and A.4). L/L

v is the velocity component in the y coordinate
direction. L/T

' =u is the dimensionless x' velocity component. Nonex K

vy = -1v is the dimensionless y' component of velocity. None

v' = 1w is the dimensionless z' component of velocity. Nonez K

WT is the mass flux of contaminant entering the
well at time, T (see equation 22). M/T

w is the velocity component in the z coordinate
direction. L

X is the x coordinate where a particular pathline
reaches the well casing (see Appendix D,
page D.1O). L

XF is the x coordinate of the point where the
leachate leaves the tailings along a particular
pathline (see Appendix D). L
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Unit
XO is the x coordinate of the point where the

particular pathline pierced the analysis plane. L

XS is the x coordinate of the point where the
ground water first entered the tailings at the
edge of the mine tunnel or stope on a par-
ticular pathline (see Appendix D). L

.x is the Cartesian horizontal space coordinate
oriented with the longest axis of the prolate
spheroid. L

x° is the x coordinate of the centerline of the
pumped well. L

x' = is the dimensionless Cartesian coordinate. None

, - is the dimensionless x' coordinate of theo b centerline of the pumped well. None

x' is the dimensionless x' coordinate of a00 pathline starting point as in equation A.66. None

Xe is the dimensionless x' coordinate on a path-
line where the aquifer ground water first enters
the tailings in the stope (see equation A.79
and the discussion thereafter). None

xi is the dimensionless x' coordinate on a pathline
where the aquifer ground water leave the tailings
in the stope and returns to the regional
aquifer. None

Y is the y coordinate where a particular path-
line intercepts the well casing. L

YF is the y coordinate of the point where the
leachate leaves the tailings and returns to
the downgradient aquifer along a particular
pathline. L

YO is the y coordinate of the point where the
particular pathline pierces the analysis
plane (see Appendix D). L

YS is the y coordinate of the point where ground
water first enters the tailings at the edge
of the mine tunnel or stope on a particular
pathline. L
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Unit
y is the other Cartesian horizontal coordinate. L

YO is the y coordinate of the centerline of the
pumped well. L

Y O is the dimensionless y' coordinate of the
O centerline of the pumped well. None.

Yoo is the dimensionless y' coordinate of a
pathline starting point as in equation A.66. None

Ye is the dimensionless y' coordinate where the
aquifer ground water first enters the tailings

in the stope (see equation A.79, etc.). None

yý is the dimensionless y' coordinate on a
particular pathline where the leachate leaves
the tailings and first enters the downgradient
aquifer material. See equations A.80 and A.94. None

Z is the z coordinate where the particular
pathline intercepts the well casings (see
Appendix D, page D.1O). L

ZF is the z coordinate of the point where the
leachate leaves the tailings and returns to
the downgradient aquifer along a particular
pathline. L

ZO is the z coordinate of the point where the
particular pathline pierces the analysis plane. L

ZS is the z coordinate of the point where the
ground water first enters the tailings at the
edge of the mine tunnel or stope along a
particular pathline (see Appendix D, page D.5). L

z is the vertical Cartesian space coordinate. L

zm is the upper limit, i.e., upper z coordinate,
on the analysis plane where leachate passes
through that plane as in equation 17. L

z= - is the dimensionless vertical coordinate. Noneb

zoo' is the dimensionless z' coordinate for a
pathline starting point as in equation A.66. None
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Unit

ze' is the dimensionless z' coordinate on some
e pathline where the regional ground water first

enters the tailings in the maine stope, (see
equation A.79 and thereafter). None

zf is the dimensionless z' coordinate on some
pathline where the leachate leaves the tailings
in the stope and enters the downgradient
aquifer (see equation A.80). None

is the angle of refraction from the normal as
a streamline goes from the aquifer of hydraulic
conductivity K to one of conductivity K' (see
Figure 5). Degrees

is the angle of refraction from the normal as
a streamline goes from a materal of conductivity
K' to one of K (see Figure 5). Degrees

K' is the ratio of the hydraulic conductivity of
K the tailings inside the prolate spheroid to

the hydraulic conductivity of the regional
aquifer. None

is the characteristic positive root in equa-
tion A.28 that conveniently enables describing
any location. L

A' = is the dimensionless characteristic positive
b root defined in equation A.31. None

is the angle between the regional gradient U
and the positive x axis. It may be in either
degrees or radians as specified in the particular
equation.

is the potential energy per unit weight of
fluid. L

Oi is the unit potential energy inside the stope
or tunnel as in equation A.5. L

00 is the unit potential energy outside of the
stope as in equation A.35. L

Ow is the unit potential energy induced by the
pumped well as in equation 8. L

0! b- is the dimensionless potential energy inside
b the tunnel or stope as in equation A.16. None
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Unit

bOW is
of
in

the dimensionless potential energy outside
the stope in the regional aquifer as
equation A.36. None

None

',0 Of +~

•'= '+ *1

o 0o

ro

v

is the dimensionless potential energy due to
the pumped well as in equation A.99.

is the combined unit potential energy, i.e.,
due to the well and the more permeable tailings
in the stope, for the region in the regional
aquifers outside the stope (see equations 9
or A.96).

is the dimensionless combined potential outside
the stope as in equation A.97.

is the potential energy at the well casing of
thI pumped weli when q ) and
ro = (x'-xo) + (y'-yo as in equation A.98.

is the mathematical "del" or gradient operator.

L

None

None

1/L
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APPENDIX C

USERS MANUAL FOR PROGRAMS

INTRODUCTION

Four FORTRAN-77 programs are used in the analysis:

1. HEADS.FOR
2. PATHLIN.FOR
3. GRFI.FOR
4. GRF2.FOR

The HEADS.FOR program is used to calculate the potential at discrete
points in the flow system. The output file can be used to draw potential
contours and/or potential surfaces.

The PATHLIN.FOR program is used to calculate the three-dimensional
pathlines and the associated travel times. The output files are used for
plotting and as input to the GRFI.FOR and GRF2.FOR programs.

The GRF1.FOR program is used to calculate fluid flux, contaminant mass
flux, and corresponding contaminant concentration as a function of time at the
vertical analysis plane between the stope and the well. The output files are
used for plotting and as input to the GRF2.FOR code.

The GRF2. FOR program is used to calculate the concentration of contaminant
in the fluid pumped from the well as a function of time. The output files are
used for plotting the concentration as it changes with time.

HEADS.FOR PROGRAM

Input Data

The HEADS.FOR program uses two input files named HEADS. INP, and
2DGRID.DAT. The HEADS.INP file contains the following information:

Card Record
Number Number Format Variable Description

1 free format
1 IX Number of x grid points.

2 IY Number of y grid points.

2 free format
1 ANGL Angle of the gradient with respect

to the X axis, 0 to 900, input in
degrees.
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Ca rd
Number

Record
Number

2

3

Format Variable

U

RK

Description

Regional gradient (L/L)

Hydraulic conductivity of aquifer
(L/T)

4

5

6

1.

2

3

4

RKPRIME Hydraulic conductivity of the
tailings material in the stope
(L/T)

A

B

Q
2 free format

One-half the longest axis of the
stope (L)

Radius of the stope at x = 0 (L)

Pumping rate per unit length of

the well (L**3/T/L)

x coordinate of the well (L)

y coordinate of the well (L)

Radius of the well (L)

XO

YO

RADIUS
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The 2DGRID.DAT file contains the x,y Cartesian coordinates in a selected z
plane at which the HEADS.FOR program evaluates the potential (the program
prompts the user to enter the z plane). The data in this file is in the
following form:

Card Record
Number Number Format Variable Description

1 free format

1 XN(i) x coordinate (L)

2 YN(i) y coordinate (L)

This card is repeated from 1 to (IX*IY) times

OUTPUT FROM PROGRAM HEADS.FOR

The output from this program is written to an unformatted file named
HEADS.OUT; this file can be used for drawing contours and surfaces of the
potential. The data is written to the unformatted file in the form X, Y, PHI,
with a single record for each data point.
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PATHLIN.FOR PROGRAM

Input Data

The PATHLIN.FOR Program uses one input file named PATHLIN.INP. The data
are in the following form:

Card Record
Number Number Format Variable Description

1 free format
1 ANGL Angle of the gradient with

respect to the x axis, 0 to 900

2 U Regional gradient (L/L)

3 RK Hydraulic conductivity of the
aquifer (L/T)

4 RKPRIME Hydraulic conductivity of the
mill tailings in the heterogen-
eous zone (L/T)

5 PORSl Porosity of the aquifer

6 PORS2 Porosity of the mill tailings

7 A One-half the length of the
ellipsoid used to model the
mine stope (L)

8 B Radius of the ellipsoid used
to model the mine stope (L)

9 CA Radius of the ellipsoid
(CA must be equal to B) (L)

10 NPATHS Number of additional pathlines
to be added to the starting
coordinates defined by sub-
routine GRID

11 STPCTL A stepping control parameter
to control the exponential
increase in time step size.
Used in the equation
STEP = C * exp (I/STPCTL),
where C is the initial step
size and I is the number of
steps taken (a value of 30 has
worked well in the examples)
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Card Record
Number Number Format Variable Description

2 free format
1 Q Pumping rate per unit length

of the well (L**3/T/L)

2 XO x coordinate of the well (L)

3 YO y coordinate of the well (L)

4 RADIUS Radius of the well casing (L)

3 free format

1 N Number of equations used in
the integration routine (must
be 3)

2 NW A parameter used in the IMSL
subroutine DVERK (must be 3)

3 TI Initial time (T) (usually
set equal to 0)

4 TOL Error tolerance for IMSL
integration routine (try 0.1)

5 IND An IMSL error indicator set
to 0 on input

6 MAXSTPS Maximum number of steps
(600 is used in the examples)

7 RSIZE Initial step size (T)
(1.5 years is used in the
examples; the program auto-
matically reduces the time
step in the regions near the
well and the mine stope)

4 free format
1 NR Number of columns at which path-

lines will be started by sub-
routine GRID

2 NZ Number of rows at which path-
lines will be started by sub-
routine GRID

3 NEWPTS Number of points at which path-
lines will be started by sub-
routine TWOD
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Card Record
Number Number Format Variable Description

5 free format
1 X x starting coordinate of

additional pathlines (L)

2 Y y starting coordinate of
additional pathlines (L)

3 Z z starting coordinate of
additional pathlines (L)

Card Number 5 is repeated NPATHS times (number of additional pathlines);
this card is not required if NPATHS is equal to 0.

OUTPUT FILES FROM PROGRAM PATHLIN.FOR

The output files from the program PATHLIN. FOR are: PLOTI.OUT, PLOT2.OUT,
PATHLIN.OUT, PLOT3.OUT, GRID.OUT, ARRIVAL.DAT, FLUX.DAT, NEWFLX.DAT, ACT2.INP.
The PLOTI.OUT, PLOT2.OUT, PLOT3.OUT, and PATHLINE.OUT are all unformatted data
files used for plotting. PLOT1.OUT contains the x,y coordinates of the stope
in the z = 0 plane followed by the time and x,y,z coordinates of the two
bounding pathlines in the z = 0 plane. These bounding pathlines define the
capture zone of the well in the x,y plane. PLOT2.OUT contains the time and
x,y,z coordinates of the two bounding pathlines in vertical plane. These
bounding pathlines define the capture zone of the well in the vertical plane.
PLOT3.OUT contains the time and x,y,z coordinates of the pathlines leaving the
analysis plane and arriving at the well. PATHLIN.OUT contains the time and the
x,y,z coordinates of the pathlines leaving the analysis plane and arriving at
the mine stope. GRID.OUT and ARRIVAL.DAT contain starting coordinates, ending
coordinates, and travel times for each pathline. The FLUX.DAT file is an input
file for the GRF1.FOR program described next. The NEWFLX.DAT file contains
arrival data for pathlines starting at the plane and ending at the well. The
ACT2.INP file is part of the data used in the GRF2.FOR program.
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GRF1.FOR PROGRAM

Input Data

Two data files are used by the GRF1.FOR program:

1.
2.

GRF. INP
FLUX.DAT

The GRF.INP file must be created by the user, and the FLUX.DAT file is
created as an output file by the PATHLIN.FOR program.

Data file GRF.INP: The data in this file are the
leaching curve (concentration versus column volumes).
body of the report for a typical leaching curve.

pairs of data from a
See Figure 10 in main

Description
Card

Number

1

Record
Number Format

free format

Variable

1 C(i)

CV(i)

Concentration (M/L**3)

2 Column volumes

Card 1 is repeated for as many data points as is necessary for the leaching
curve.

Data file FLUX.DAT: the data in this file are the r,z coordinate where
the pathline intersects the analysis plane, flux, travel time through the
stope, and travel time to the vertical analysis plane for each pathline. This
data file is created by the PATHLIN.FOR program.

Card
Number

Record
Number Format

free format

Variable

1

Description

r coordinate where pathline (i)
intersects the r,z plane (L)

1 XP(i)

XP(i)2

3

z coordinate where
intersects the r,z

pathline (i)
plane (L)

QFLX(i) Flux normal
coordinates
(L**3/T)

to the r,z plane at
(XP(i), YP(i))

2 free format

2

Cards 1 and 2 are repeated for
plane.

Tl(i) Travel time through the stope
for pathline (i) (T)

T2(i) Travel time to the analysis
plane for pathline (i) (T)

each pathline arriving at the r, z analysis
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OUTPUT FILES FROM PROGRAM GRF1.FOR

The GRF1.DAT program creates five output files, GRFI.OUT, MASSFLX.DAT,
FOROO3.DAT, FLUID.LIS, and MASS.LIS. The GRF1.OUT file is used as part of an
input file to the GRF2.FOR program described next. The MASSFLX.DAT file
contains the contaminant concentration, the mass flux and time of arrival at
the analysis or r, z plane. The FOROO3.DAT file contains the following
information: 1) concentration and time data points for each pathline at the
analysis plane, 2) r,z coordinates at the analysis plane, mass flux at that
point, and the time plane. This data is listed for each pathline at each time
plane.

The FLUID.LIS file is a line printer listing of the matrix of fluid fluxes
at the grid points on the analysis plane. The fluid crossing the analysis
plane is obtained by numerically integrating the fluid flux values over the
surface of the plane. The MASS.LIS file is a line printer listing of the
matrix of contaminant mass fluxes at the grid points on the analysis plane for
each time plane. The mass flux across the analysis plane for each time is
obtained by integrating each of these matrix of point values.

GRF2.FOR PROGRAM

Input Data

The GRF2.FOR program prompts the user for the name of the input file.
Part of the data required in the input file is calculated by the PATHLIN.FOR
and the GRFI.FOR programs. PATHLIN.FOR outputs a file named ACT2.INP, and
GRF1.FOR outputs a GRFI.OUT file. The user must create cards number 1, 2, and
3, attach the GRF2.OUT file, attach the ACT2.INP file, and add one last pair of
data points (time and relative cumulative flux).

Card Record
Number Number Format Variable Description

1 20A4 DUMMY A name used to identify the data
file

2 free format
1 STARTT Starting time to begin analysis;

this value should be equal to
the time the first contaminant
reaches the analysis plane.

2 ENDT Ending time for the analysis;
this value should be equal to
the last time in the time versus
relative cumulative flux data
points (i.e., X(NUM) from card
type #5).

3 FRACT Time step to be used in analysis;
this value should be approximately
equal to: FRACT=(ENDT-STARTT)/79
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Card Record
Number Number Format Variable Description

3 free format
2 NUM Number of relative cumulative

flux versus time data points
(number of data pairs in the
ACT2.INP file plus one added by
the user, the user must count
these).

2 NCURV Number of concentration versus
time data point (number of data
pairs in the GRFI.OUT file, the
user must count these).

4 free format
I TL(i) Time (T)

2 CCO(i) Concentration of fluid passing
through analysis plane at
time = TL(i) (M/L**3)

Card 4 is repeated from 1 to NCURV times. This data set is output from
the GRF1.FOR program in a file named GRF1.OUT.

5 free format
1 X(i) Time (T)

2 Y(i) Relative cumulative flux at the
well casing for time = X(i).
(L**3/L**3)

Card 5 is repeated from 1 to NUM times. The last data point in this set
should be greater than the longest time in the time versus concentration (i.e.,
TL(NCURV), from card 4) plus the time required for the maximum relative
cumulative flux to reach the well. The relative cumulative flux at the final.
time should be set to 1.0. All of the data points in this set of time versus
relative cumulative flux, with the exception of the final pair of data points,
are calculated by the PATHLIN.FOR program and are listed in the output file
ACT2.INP. The user must calculate the last time, then add the final time and
relative cumulative flux data points.

OUTPUT DATA FROM PROGRAM GRF2.FOR

Two data files are output by the GRF2.FOR program, CONCTRT.DAT and
FLOW.DAT. The CONCTRT.DAT file contains the concentration of contaminant
entering the well as a function of time. The FLOW.DAT file contains the
relative cumulative flux as a function of travel time from the analysis plane
to the well.

An example complete with all of the input files and some of the output
files (some are too long to include) is provided in Appendix D.
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