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Preface 

As the number of nuclear power plants on order continues [0 grow 
(currently more than thirty per year in the United States alone). the demand 
for nuclear engineers should also increase, and a new text on reactor 
shielding is overdue. Shielding technology has matured considerably in the 
last decade, and shield physics must routinely be translated into shield 
design. Since the publication in 1959 of Fundamental Aspects of Reactor 
Shielding, by Herbert Goldstein, new generations of computers have become 
available to exploit techniques heretofore considered too costly. and new 
measurement techniques have been devised. The energy and angular 
distributions of neutrons and gamma rays can be followed. both in theory 
and in practice, throughout their transport histories. Such powerful rools 
have brought correspondingly large dividends to the shielding community. 

These advances and their underlying fundamentals are recorded in this 
volume. which is intended as a text for a two-semester course in reactor 
shielding directed at an advanced undergraduate or graduate level. The reader 
is assumed to have some familiarity with calculus through partial differential 
equations and with nuclear physics through particle interaction theory, 
although pertinent aspects of the latter are reviewed in Chap. 3. The material 
is arranged to cover fundamental transport considerations in the first 
semester; portions of Chap. 4 could be reserved for the second semester. The 
second semester could then consist of special copies, such as Monte Carlo 
techniques, albedos. ducts. shield-analysis projects, seminars on experime ntal 
shielding, and shield design. Instructors will doubtless follow plans of their 
own choosing. Chapters 2 through 6 have problems appended. with solutions 
given at the back of the book. Metric units have been used exclusively. 
Citations of classified literature have been avoided, and technical reports 
have been referenced only whe.re no journal articles could be given. 

Although tided Reactor Shielding. this text should be applicable in related 
areas where neutron and gamma-ray attenuation are important, as in nuclear 
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lV PREFACE 

weapons shielding and in isotope source applications. The study of space 
radiation and high-energy-accelerator shielding, although closely related to 
the present subject, has been considered outside the scope of this book. 

Dr. Samuel Glasstone originally conceived the idea for this text; he 
concluded that the book was needed and originally proposed to prepare it. 
In the preliminary planning of the project. the U. S. Atomic Energy 
Commission asked me to collaborate with Dr. Glasstone. Notwithstanding 
many plans and discussions for this collaboration, Dr. Glasstone had to 
relinquish his role in order to carry out a number of other projects. It is a 
pleasure to acknowledge his efforts in the planning of this book and his 
useful critiques of early drafts. I sincerely regret' that our proposed 
association could not be continued. 

For their assistance in the preparation of this manuscript, I am greatly 
indebted to many people in a number of ways. First. no book on shielding 
could be readied for publication at this time without acknowledgment of the 
pervasive influence of one man, the late E. P. Blizard. Not the least of his 
many contributions to the development of the technology was his 
encouragement of the efforts of others. including my own effort in preparing 
this manuscript. 

The many services and suggestions provided by the staff of the Radiation 
Shielding Information Center, Oak Ridge National Laboratory. were 
extremely helpful, particularly in scanning the current literature. It is a 
distinct pleasure to acknowledge many useful discussions with others at 
ORNL: Lorraine Abbott, Clyde Claiborne, Charles Clifford. Paul Stevens. 
and Dave Trubey, each of whom supplied references and data in addition to 

contributions cited elsewhere. My colleagues Mike Wells and Bob French 
have also contributed in this way and in their forbearance. 

lowe thanks for reviews and comments on various portions of the 
manuscript to Arthur Chilton and his students at the University of Illinois. 
Don Dudziak of Los Alamos Scientific Laboratory, Charles Eisenhauer of 
National Bureau of Standards, Cliff Horton - of Rolls Royce, Ltd .. 
Richard Faw of Kansas State University, Norman Francis. David Mesh, and 
their associates of General Electric Knolls Atomic Power Laboratory. 
Gene Hungerford of Purdue University, John Lamarsh of New York Uni
versity, Fred Maienschein of Oak Ridge National Laboratory. Ed Profio of 
University of California at Santa Barbara, and Leigh Secrest of Texas 
Christian University. I am particularly indebted to Lew Spencer of National 
Bureau of Standards for his detailed review of the complete manuscript and 
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for his many useful suggestions. Most of these reviewers provided recommen
dations based on teaching experience in shielding. 

The guidance and counsel of J oh n Inglima during the planning stages and 
of Robert Pigeon during the manuscript drafting, both of th~ u. S. Atomic 
Energy Commission, is gratefully acknowledged. For technical editing I am 
grateful to Jean Smith and Marian Fox, also of the U. S. Atomic Energy 
Commission, and, for typing a difficult manuscript, to Monsita Quave of 
Radiation Research Associates. Inc. I am especially grateful to Ceil Schaeffer 
for relieving me of many burdensome proofing tasks and. most of all, for her 
understanding and encouragement. 

N. M. Schaeffer 
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Historical Background 

N. M. SCHAEFFER I 
Early reactor shields were largely a matter of educated guesses. The complex 
of phenomena that had to be considered for an accurate shield analysis was 
an imposing obstacle. Microscopic-particle interaction p'rocesses were reason
ably well understood, but their relative importance depended on largely 
unknown physical parameters called cross sections. Bulk attenuation 
properties of materials for two principal radiations of interest, neutrons and 
gamma rays, were also unknown. Even for an empirical approach, there was 
no opportunity under the wartime pressures of the Manhattan Project to 
launch a systematic investigation of the attenuation properties of materials. 
It was obvious that hydrogenous materials were needed for neutrons and 
dense materials for gamma rays. It was also evident that simple exponential 
attenuation based on the total cross section was a thoroughly inadequate 
concept for determining layer thicknesses. The shield of concrete and 
paraffinized wood for the Argonne National Laboratory graphite pile in 
1943 was adequate for gamma rays and was overdesigned for neutrons. The 
X-10 reactor at Oak Ridge National Laboratory (ORNL) included a 2.1-m 
concrete shield, of which the central 1.5 m contained a special mixture 
incorporating the mineral haydite. The large water-of-crystallization content 
of haydite made it appear especially useful for neutron attenuation. This 
shield was also overdesigned for neutrons and about adequate for gamma 
rays, although streaming problems were evident for both radiations around 
access holes in the shield. t 

The special requirement for a thin shield for the Hanford reactor was 
dictated in 1944 by the maximum length of aluminum tubing that could be 

t Historical material for this chapter has been drawn from H. Goldstein, Everitt Pinnel Blizard, 
1916-1966, Nuclear Science and Engineering, 27: 145 (1967), the dedication of a special issue 
prepared as a memorial to E. P. Blizard. Additional information was graciously provided by Mrs. L. S. 
Abbott from the archives of the Neutron Physics Division. Oak Ridge National Laboratory. Mr. C. C. 
Horton of Rolls Royce, Ltd., has kindly provided reminiscences of British developments. 
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2 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

drawn. E. Fermi and W. Zinn had made some provisional attenuation 
measurements in Chicago in 1943. H. Newson and L. Slotin made some 
gold-foil measurements for masonite and iron slabs in the core hole at the 
re~r of the X-10 pile in 1944. A young engineer, C. E. Clifford. was assigned 
to help them. The Hanford reactor shield was built of iron slabs sandwiched 
between masonite layers. Although initially a good neutron attenuator, the 
masonite suffered severe radiation damage and decomposed. The CP-3 
(Chicago Pile-3, 1944) shield was composed of ordinary concrete; although 
thicker than necessary, it performed satisfactorily. 

The early reactor projects clearly demonstrated that the design of a 
shield for neutrons and gamma rays that was ~ptimal, efficient, or 
economical required answers to a great many questions. In 1946 the Navy 
initiated an intensive study program for a nuclear-powered submarine, and 
the Air Force, a similar study for a nuclear-powered aircraft. Space and 
weight limitations for these nuclear applications added more impetus to the 
open questions in shielding. In the spring of 1947, E. P. Blizard, then a Navy 
physicist assigned by Capt. H. Rickover to ORNL. was directed to start a 
program of shielding measurements. He proposed a program of neutron and 
gamma-ray attenuation measurements through several types of concrete 

placed in the rear core hole (a 60-cm square aperture) of the X-10 reactor. 
C. E. Clifford of the laboratory staff was assigned to work with him because 
of his experience with measurements for the Hanford shield in 1944. Slabs 
of material were placed in the aperture, and detectors were positioned within 
and beyond the slabs. This effort marked the first organized research 
program in reactor shielding. A spiral-duct mock-up placed in the hole 
demonstrated that properly designed passages could penetrate the shield 
without transmitting excessive radiation. These studies also led to the 
recognition that the production of secondary gamma rays by neutron 
interactions in the shield was clearly a significant design consideration. 

By 1948 shielding studies supporting various reactor projects were in 
progress at Hanford, Knolls Atomic Power Laboratory, Bettis Atomic Power 
Laboratory, and Massachusetts Institute of Technology (MIT). As additional 
results of measurements in the X-IO core hole were made, Blizard became 
convinced that too much radiation streamed around the test samples for 
accurate measurements and a better facility was needed. He concluded that a 
fission plate-a thin disk of enriched uranium covering the core hole
would provide a local source of fission neutrons and would be more 
accessible for attenuation measurements. Clifford suggested that a tank of 
water be placed adjacent to the fission plate 50 that materials and 
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HISTORICAL BACKGROUND 3 

instruments could be submerged, which would greatly reduce the radiation 
background. These two ideas culminated in the Lid Tank Shielding Facility, 
which began operating in 1949. 

In the United Kingdom shielding research efforts were started in 1948 
and were geared to the British philosophy of reactor development: large 
gas-cooled reactors for plutonium production to be followed by develop
ment of these systems for electricity generation. The research reactor BEPO 
had just been completed: it had a IS·cm iron thermal shield followed by a 
bulk shield of barytes concrete and had a layout similar to the Oak Ridge 
X-lO reactor. The Windscale reactors were under construction in 1948 and 
included a thermal shield similar to BEPO but Portland concrete was used 
rather than barytes. Early design calculations were made by B. T. Price, D. J. 
Littler, and F. W. Fenning. 

A shielding group was set up under C. C. Horton as part of Fenning's 
reactor physics group at Harwell to investigate shielding problems connected 
with large concrete shields, heating effects, and radiation streaming in the 
large ducts that are integral to gas-cooled systems. In these systems heat 
generation in the first 30 em or so of the shields was recognized to be an 
important problem, and Horton, later with K. Spinney. developed some 
models to predict the distribution of heat generation by neutrons and 
garuma rays. Horton, J. R. Harrison, and D. Halliday of the Harwell group 
also initiated a program of duct-streaming measurements in 1952 at the 
BEPO facility. 

During an intensive working session at ORNL in shielding in the summer 
of 1949 with interested participants from a number of ins'tallations (one of 
many organized by Blizard), T. A. Welton of MIT developed the concept of 
the removal cross section for treating neutron attenuation in heavy materials 
mixed with hydrogenous materials. Recognizing the importance of the 
removal concept, Blizard initiated a new series of measurements in the Lid 
Tank to verify applicability and to obtain removal cross sections for many 
materials. The removal-cross-section concept quickly came into widespread 
use and became the principal method of treating neutron attenuation. Two 
decades later it is still regarded as a useful, valid technique for many 
applications. So great were the demands on the Lid Tank that a second 
fission-plate facility was constructed on the reactor at Brookhaven National 
Laboratory, and a program of additional removal-cross-section measurements 
was carried out under the direction of R. Shamberger (Chap. 4). 

Blizard proposed an additional test apparatus for complete 417' shields 
since they could not be tested in the Lid Tank. Tests for the mock-up for the 
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4 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

Materials Testing Reactor (MTR) indicated that this type of reactor would 
make a useful source for shield tests. Construction was authorized, and the 
Bulk Shielding Reactor (BSR) was completed in 1950. The facility was so 
versatile that it became the pattern for swimming-pool research reactors 
around the world. The BSR group included L. Meem, F. Maienschein, and 
R. Peelle. Numerous basic and applied results were forthcoming on materials, 
shield mock-ups, and a definitive measurement of the fission gamma-ray 
spectrum (Chap. 2). 

The British workers also realized the need for a special facility j they 
required data to support the design of large shields for power reactors. A 
group under the direction of Fenning was set up to ,design and build this 
reactor. Horton was responsible for the physics arid general layout of the 
facility. The reactor (LIDO) was completed in 1956. Unlike the Oak Ridge 
facility, the entire pool was constructed above the ground to allow access to 

three caves in the shield wall, in which substantial dry mock-ups could be 
placed. The reactor could be traversed through the pool to provide a source 
for these mock-ups, and an important design criterion for the pool layout 
was that construction of a mock-up in one cave could be carried out while 
experimt:nts were continuing in another. 

Aircraft shielding required measurements away from the ground; thus 
Blizard and Clifford conceived the idea in 1952 of a facility in which a 
reactor might be suspended at a sufficient height to eliminate the effects of 
ground scattering. They planned an arrangement of four towers in a 
rectangle with cable hoists for elevating a BSR-type reactor and crew 
compartment 60 m above ground. The Oak Ridge Tower Shielding Facility 
began operation under Clifford's direction in 1954, and it proved versatile in 
applications far beyond the ill-fated nuclear aircraft program (Chap. 9). 

Although destined for cancellation in 1961, the aircraft nuclear 
propulsion (ANP) program produced a number of other useful shielding 
efforts. The Nuclear Aerospace Research Facility at Convair, Fort Worth, 
Tex., included two reactors: the Ground Test Reactor (GTR), a copy of the 
BSR, and the Aircraft Shield Test Reactor (ASTR). In 1954 B. Leonard and 
N. Schaeffer proposed a program of ground and flight studies with these 
reactors to resolve the major shielding uncertainties affecting airframe 
design. The GTR was operated in a small water tank suspended from a crane 
at a height of 30 m to obtain an early measurement of ground scattering. It 
was also placed in a mock-up consisting of the empty fuselage of a retired 

aircraft (the XB-36) with a shielded cylinder representing a crew compart
ment. From these measurements and concurrent air-transport results at the 
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Oak Ridge towers, the large contribution of secondary gamma rays produced 
by neutron radiative capture in air was first observed in 1955. The 
importance of these secondary gamma rays was a surprise to both groups; 
previous estimates of the probability for gamma-ray production by neutron 
capture in nitrogen had been too low, and these measurements were the first 
to reveal the discrepancy. The ASTR was carried in the aft bomb bay of a 
specially modified B-36 in a series of test flights from 1955 to 1957 at 
altitudes from sea level to 11 km. The program provided data on radiation 
transfer by air and aircraft structure from reactor to shielded crew 
compartment. The program culminated with a joint effort at ORNL in which 
the ASTR and the crew comp·artment were suspended at the towers in the 
same relative positions as when installed in the B-36 (Chap. 8). 

The decade from 1951 to 1961 is the period when shield technology 
came into its own. The major facilities were all in operation from 1954 
onward, and large shielding groups at General Electric in Cincinnati, Ohio, 
Pratt and Whitney in Hartford, Conn., Convair in Fort Worth, Tex., and 
Lockheed in Marietta, Ga., were participating in the ANP program. The 
submarine effort was concentrated at the Westinghouse Bettis Laboratory 
near Pittsburgh, Pa., and the General Electric Knolls Atomic Power 
Laboratory in Schenectady, N. Y. The Oak Ridge group was extremely busy 
supporting both efforts. These groups contributed to the technology by 
developing design methods, by measuring attenuation through shield 
materials (including mock-ups of various shield designs), and by devising new 
experimental and analytical approaches. The demise of the ANP program 
and the successes of the nuclear submarine are well known. The U.S.S. 
Nautilus sailed on nuclear power for the first time in January 1955. This 
date is to be compared with 1954, 1956, and 1957, the years in which 
nuclear-fueled electric plants first went on line in Russia, Great Britain, and 
the United States, respectively. 

The nuclear-applications programs gave impetus to the development of 
shield-analysis methods as well as to large-scale experimental programs. By 
the early 1950s an intensive program in radiation physics was under way at 
the National Bureau of Standards (NBS) under the direction of U. Fano. 
G. W. Grodstein published a definitive set of X-ray attenuation coefficients, 
and 1. V. Spencer's method-of-moments solution of the Boltzmann trans
port equation was first described. Shortly afterward a group at Nuclear 
Development Associates, lnc., under the direction of H. Goldstein joined 
with Spencer and Fano in an intensive program of moments-method 
calculations, which culminated in 1954 with publication of the Goldstein 
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and Wilkins report on gamma-ray buildup factors. R. Aronson, J. Certaine, 
M. Kalos, and P. Mittelman, with Goldstein, applied the method to neutrons. 
Fano, Spencer, and M. J. Berger published a definitive exposition of 
gamma-ray penetration in 1959, which included a summary of the moments 
method as well as other techniques (Chap. 4). 

Work on neutron attenuation in the United Kingdom followed a 
somewhat different path from the efforts in the United States. Horton and 
J. D. Jones devised the removal-diffusion method, the first results of which 
were reported at the second Atoms for Peace conference at Geneva in 1958. 
Since 1956, A. Avery and J. Butler have further developed these techniques 
at Harwell (Chap. 4). 

Although H. Kahn of Rand Corporation published two papers on the 
application of Monte Carlo techniques to shielding in 1950, in which he 
identified virtually all the principal concepts, widespread use of the 
technique and its subsequent development had to await the improvement of 
the digital computer. Prominent among early contributors in delineating the 
techniques and concepts were E. Cashwell and C. Everett of Los Alamos 
Scientific Laboratory (LASL) and G. Goertzel and M. Kalos of Nuclear 
Development Associates, Inc. KaloS and F. Clark of ORNL reported on the 
theory of importance sampling and finite variance estimators. At NBS, 
E. Hayward and J. Hubbell reported photon albedo calculations in 1953; 
M. Berger and J. Doggett extended their results in 1955. The first successful 
Monte Carlo applications in air scattering were reported in 1957 -1958 by 
Berger, C. Zerby of ORNL, and M. Wells of Convair. The completion of the 
OSR system of Monte Carlo programs by R. Coveyou at ORNL in 1958 
must be regarded as a significant advance in shield technology. The OSR 
system required a great deal of its users, but it was extremely flexible and 
widely used. At the Geneva (Atoms for Peace) conference in 1964, Blizard 
and Mittelman reported on eight major Monte Carlo programs in use in the 
United States. The MORSE Monte Carlo code of E. Straker, P. Stevens, 
D. Irving, and V. Cain was completed in 1969; it has produced results in 
excellent agreement with analytic solutions (Chap. 5). 

Monte Carlo has been regarded as one of the sophisticated techniques, 
but the workhorse method of shield design has been the point-kernel 
approach. Blizard, J. Miller, D. Trubey, and G. Chapman of ORNL and 
J. MacDonald, W. Edwards, and J. Moteff of General Electric (GE) made 
notable contributions to the use of removal cross sections. K. Shure of 
Westinghouse Electric Corporation developed an analysis technique for 
metal-hydrogenous shields based on a combination of point kernel and a 
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numerical method using spherical harmonics called a PI multigroup (later a 
P3 ) solution of the one-dimensional transport equation. In the development 
and application of gamma-ray buildup factors to kernel techniques, the work 
of J. Taylor of Westinghouse. M. Capo of GE, M. Berger and J. Hubbell of 
NBS, R. French of Convair, M. Grotenhuis of Argonne, F. Clark and 
D. Trubey of ORNL, and A. Chilton of the University of Illinois should be 
listed as principals in devising empirical representations of the data and 
simplified schemes for its application (Chaps. 4, 6, and 8). 

From the outset many investigators in shield analysis sought manageable 
numerical techniques for achieving analytical solutions of the Boltzmann 
equation. Of all the efforts in this direction, such as the' method of moments, 
spherical harmonics, numerical integration, and invariant imbedding, perhaps 
the most significant in terms of present usage is the discrete-ordinates 
method. B. Carlson of LASL had developed a discrete-ordinate method 
for reactivity calculations in 1955 which became known as Sn and which has 
been successfully applied to a variety of transport problems. F. Mynatt and 
W. Engle of ORNL developed ANISN in 1965, which incorporated improved 
differencing and convergence techniques and made the method more suitable 
for shielding applications. A two-dimensional version of ANISN called DOT 
was described a year later by F. Mynatt, F. Muckenthaler, and P. Stevens 
(Chap. 4). 

The Sri programs, although not without problems in some geometries, 
have been used with a great deal of success in obtaining detailed radiation 
distributions in complicated two-dimensional geometries. Several labora
tories have recently studied the utility and applicability of coupling Monte 
Carlo and discrete-ordinate calculational links. Thus the latter is used for 
those portions of a geometry reducible to two dimensions and the former 
where the description requires three dimensions. 

A more complete historical survey would include the developments and 
researchers in nuclear instrumentation for shielding. As shield analysis has 
been paced by the development of the digital computer, so shielding 
experimentation has been gaited to innovations in particle detectors and fast 
electronics. A survey of neutron and gamma-ray detectors is given In 

Chap. 9. 
In the foregoing chronology we have been limited to an outline of 

United States shielding research with only brief insertions of corresponding 
British activities. Significant and occasionally large shielding efforts have also 
been maintained elsewhere, notably, Belgium, Canada, France, Italy, Japan, 
the Netherlands, Norway, Russia, Sweden, and West Germany. These 
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programs principally support national power reactor developments, although 
the literature also contains many reports of maritime and space reactor 
shielding studies from Europe and Asia. 

We have used some terms that will be meaningless to the uninitiated. 
However, the chapter references will aid the curious in locating the 
appropriate explanations; the objective here has been to trace the early 
developments and to introduce some of the literature. 

The newcomer will find the following earlier books on this subject to be 
useful references: The first handbook in reactor shielding was published in 
1956 and was edited by T. Rockwell, I who had been in the original shielding 
group at Oak Ridge. B. Price, C. Horton, and K. Sp'inney2 of the British 
group active in reactor shielding wrote the first text to appear (in 1957) on 
the subject. The text by Goldstein3 was published in report form in 1957 
and appeared in hard cover in 1959. The Shielding volume of the Reactor 
Handbook, edited by Blizard and Abbott,4 was published in 1962. 
T. JaegerS wrote a text on Principles of Radiation Protection Engineering, 
which was published in 1960 in German and translated by L. Dresner of 
ORNL for publication in English in 1965. From the standpoint of 
dissemination of shielding information, probably the most important event 
was not a publication date but the founding in 1962 of the Radiation 
Shielding Information Center (RSIC) at Oak Ridge. Originally organized by 
K. Penny. D. Trubey, and B. Maskewitz, RSIC has performed a remarkable 
job of serving the needs of the shielding community. The specialized needs 
of civil defense have lead to a separate technology of fallout shielding, which 
is available in a 1962 monograph by Spencer6 and a 1966 collection edited 
by Kimel. 7 

From 1966 to 1970, ORNL published Chaps. 2, 3, 4, and 5 of the 
Weapons Radiation Shielding Handbook, edited by Abbott, Claiborne, and 
Clifford.8 Authors for this handbook contributed revised material from the 
earlier publication to the present text. Recently the Engineering Compen
dium on Radiation Shielding,9 R. G. Jaeger, editor-in-chief, was published, 
Vol. I in 1968, Vol. III in 1970, and Vol. 11 in press. This compendium is 
sponsored by the International Atomic Energy Agency, Vienna, and is an 
excellent source for the international shielding literature. 

The extensive Russian shielding literature deserves further mention here 
since it is referenced in only a few instances elsewhere in this work. A 

guide to the Soviet literature was published by J. Lewin, J. Gurney, and 
D. Trubey! 0 for RSIC in 1968. A recent computer scan of Russian 
entries in the RSIC bibliography produced over 200 entries. Most of these 

8 REACI'OR SHIELDING FOR NUCLEAR ENGINEERS 

programs principally support national power reactor developments, although 
the literature also contains many reports of maritime and space reactor 
shielding studies from Europe and Asia. 

We have used some terms that will be meaningless to the uninitiated. 
However, the chapter references will aid the curious in locating the 
appropriate explanations; the objective here has been to trace the early 
developments and to introduce some of the literature. 

The newcomer will find the following earlier books on this subject to be 
useful references: The first handbook in reactor shielding was published in 
1956 and was edited by T. Rockwell, I who had been in the original shielding 
group at Oak Ridge. B. Price, C. Horton, and K. Sp'inney2 of the British 
group active in reactor shielding wrote the first text to appear (in 1957) on 
the subject. The text by Goldstein3 was published in report form in 1957 
and appeared in hard cover in 1959. The Shielding volume of the Reactor 
Handbook, edited by Blizard and Abbott,4 was published in 1962. 
T. JaegerS wrote a text on Principles of Radiation Protection Engineering, 
which was published in 1960 in German and translated by L. Dresner of 
ORNL for publication in English in 1965. From the standpoint of 
dissemination of shielding information, probably the most important event 
was not a publication date but the founding in 1962 of the Radiation 
Shielding Information Center (RSIC) at Oak Ridge. Originally organized by 
K. Penny. D. Trubey, and B. Maskewitz, RSIC has performed a remarkable 
job of serving the needs of the shielding community. The specialized needs 
of civil defense have lead to a separate technology of fallout shielding, which 
is available in a 1962 monograph by Spencer6 and a 1966 collection edited 
by Kimel. 7 

From 1966 to 1970, ORNL published Chaps. 2, 3, 4, and 5 of the 
Weapons Radiation Shielding Handbook, edited by Abbott, Claiborne, and 
Clifford.8 Authors for this handbook contributed revised material from the 
earlier publication to the present text. Recently the Engineering Compen
dium on Radiation Shielding,9 R. G. Jaeger, editor-in-chief, was published, 
Vol. I in 1968, Vol. III in 1970, and Vol. 11 in press. This compendium is 
sponsored by the International Atomic Energy Agency, Vienna, and is an 
excellent source for the international shielding literature. 

The extensive Russian shielding literature deserves further mention here 
since it is referenced in only a few instances elsewhere in this work. A 

guide to the Soviet literature was published by J. Lewin, J. Gurney, and 
D. Trubey! 0 for RSIC in 1968. A recent computer scan of Russian 
entries in the RSIC bibliography produced over 200 entries. Most of these 



HISTORICAL BACKGROUND 9 

articles are available in English translation 1 to 2 years after their original 
Russian publication. Current reports will be found in Soviet Atomic Energy 
(Atomnaya Erzergiya).ll Collections that are useful reports of current 
progress are found in a series entitled Problems il'l the Physics of Reactor 
Shielding; Vol. 4 is the most recent volume available in English. 1 
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Sources of Radiation 

W. E. SELPH and C. W. GARRETT 2 
Shield analysis is usually subdivided into three or four phases: separate 
calculations are performed for the radiation components chat are significant 
at each phase. Occasionally two or more of the phases may be combined, but 
each represents a distinct consideration in a shield analysis. The first phase 
involves defining the source in sufficient detail to provide the parameters for 
input to the succeeding phases. The second phase involves calculating the 
intensity and distribution of the radiation that penetrates the shield about 
the source; it is the principal phase in the analysis of a reactor shield. The 
third phase consists in determining the intensity and distribution of radiation 
traveling from the shield to the receiver. "Receiver" describes the points or 
region for which the radiation intensity is desired, e.g., a radiation detector 
(real or hypotheticaf), a human for whom biological exposure is desired, or 
equipment for which the exposure is desired to assess possible radiation 
damage. This third phase typically involves a calculation of radiation 
interactions in air. A fourth phase may be defined if the receiver has a 
separate shield, e.g., for some applications of nuclear propulsion it is 
advantageous to divide the shielding and use separate shields at the reactor 
(the source) and the crew (the receiver). 

Thus the first task in a shield analysis or a shield design is to define and 
characterize the radiation sources. This chapter contains a classification of 
the various types of sources encountered in reactor shielding and a brief 
description of each in a form convenient for shield analyses; the character
istics important to the shield designer are emphasized. 

Discussions of the nuclear and atomic processes thac give rise to the 

emission of radiation are given in any nuclear physics text. Also, the 
shield designer is primarily concerned with the charac!p.ristics of the emitted 
radiation, so only a cursory description of the physics of radiation 
production is given here. In addition, some mathematical and fundamental 
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radiation physics concepts are reviewed which are necessary for the 
development of the material in this and succeeding chapters. 

Subsequent chapters are devoted to the other phases of shield analysis 
and to topics relevant to their application. 

2.1 GAMMA-RA Y AND NEUTRON SOURCES 

The primary concern in reactor shield design is the specification of 
suitable barriers around sources of neutrons and gamma rays to limit the 
radiation exposure to biological systems or equipment that must function in 
proximity to these sources. Both types of radi~tion are sufficiently 
penetrating to be difficult to attenuate; yet they are sufficiently interacting 
to be damaging to tissue and other materials. 

Several other types of radiation arise from the fission event or from the 
interaction of fission neutrons with nuclei. These include charged particles 
and neutrinos. 

Neutrinos, which possess no charge, mass, or magnetic moment, cannot 
interact with matter except through the very weak, purely nuclear forces. 
Thus, despite the fact that they carry away 5% of the power of a reactor, 
they do not pose a shielding problem because they are incapable of causing 
damage. 

Conversely, charged particles are of little concern because they are so 
highly interacting that relatively small amounts of material provide an 
adequate barrier. The absorption of energy associated with charged particles 
may, however, be an important consideration in the thermal design of a 
system. 

The sources of radiations of primary interest in a reactor, neutrons and 
gamma rays, are discussed in the following sections. 
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A variety of sources contribuce to the gamma radiation produced by a 
fission reactor. The relative importance of these sources to the total 
gamma-ray intensity depends primarily on the reactor design; within a given 
reactor the importance of the components may vary with position in the 
reactor and with reactor operating history. For example, at a point near the 
reactor core, the prompt fission gamma rays may be most important during 
reactor operation, the fission-product gamma rays may predominate for the 
first few hours after shutdown, and subsequently the gamma rays from 
activated materials in the vicinity may be more important. 
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In power reactors the most intense gamma-ray componen t penetrating 
the shield is frequently that from neutron interactions in the thermal shield, 
pressure vessel, or biological shield. However, in special situations any.of the 
sources discussed in the following paragraphs may be of importance, and 
each must be considered as a potentially significant source by the shield 
designer. 

(a) Fission Gamma Rays. The discussion on gamma rays from fission 
and fission products is limited to those from 23 S U. Spectral distributions 
and energy partitions are not known as well for other fissionable materials; 
similarity to 235 U is frequently assumed, but some differences have been 
observed. Strictly speaking, gamma-ray energy released in fission is divided 
into four time ranges, the first and last contributing more than 90% of the 
total energy released as gamma rays. These time (t) ranges are: 

Prompt, t ~ 0.05/J.sec (7.25 MeV). 
Short-life, 0.05 < t ~ 1.0 /J.sec (0.43 MeV). 
Intermediate-life, 1.0 /J.sec < t ~ 1.0 sec (0.55 MeV). 
Delayed, t> 1.0 sec (6.65 MeV). 

The values in parentheses are for the gamma energy released per 235 U fission 
and were taken from an evaluation by Holden, Mendelson, and Dudleyl 

except the value for prompt fission, which is quoted from a recent note by 
Peelle and Maienschein. 2 Prompt fission gamma rays have energies from 
10 keY to 10 MeV. An average of 8.1 ± 0.3 photons are released per fission, 
and these photons carry off 7.25 ± 0.26 MeV per fission event. Prompt 
fission gamma rays can contribute a significant amount to the total 
gamma-ray field at points near the reactor core during reactor operation and 
should be included in the core-shield analysis. The energy- distribution of 
prompt gamma rays is discussed in Sec. 2.4.1. 

The short-life interval is similar to the prompt in energy distribution and 
accounts for 5.9% (0.43 MeV) of the prompt gamma-ray energy release. 

The intermediate-life interval is also usually assumed to have the same 
energy distribution as the prompt interval with an energy release of about 
0.55 MeV. 

(b) Fission-Product-Decay Gamma Rays. The two middleweight nuclei 
resulting from a fission event are called fission fragments or fission products. 
Because of an excess of neutrons, most of approximately 80 possible initial 
fission-product isotopes are radioactive, initially decaying by beta emission. 
The beta decay is followed by gamma emission whenever the beta decay 
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results in an excited state of the daughter nucleus. In a few special cases, 
only gamma radiation is emitted. 

The vast majority of daughter products of the initial fission fragments 
are also radioactive, decaying with the emission of beta particles and gamma 
rays. Having, on the average, about three stages of radioactive decay before 
they become stable, fission products form a complex mixture of gamma-ray 
emitters with half-liyes ranging from less than a second to millions of years. 
Of the approximately 21.5 MeV per fission emitted by fission products, the 
greatest fraction is carried by beta particles and neutrinos. About 6.65 MeV 
per 235 U fission is emitted by the fission product as delayed gamma rays: 
over three-quarters of this energy is released with 103 ,sec following fission. 

Fission-product activity will not dictate the thickness of the shield 
surrounding an operating reactor. There are a few shield-design situations. 
however, where protection from fission-product activity is the primary 
criterion. Included in this category are primary loops in circulating-fuel 
reactors and enclosures for the shipment or dismantling of used fuel rods or 
assemblies. Knowledge of the dose rates from fission products is essential (Q 

the formulation of procedures to be followed in any maintenance involving 
compromise of the primary shield. 

Delayed gamma rays can be classified into two groups, depending on the 
time of their emission following fission. Early fission-product gamma rays 
are those emitted within a few minutes after fission; they contribute to the . 
total core source during the operation of a reactor. They can also be of 
prime importance in regions external to the core during the operation of a 
circulating-fuel reactor. Late fission-product gamma rays (those which are 
emitted several minutes or longer after fission) are not of much importance 
during reactor operation, but they can be a very significant source following 
reactor shutdown. 

Because most of the fission-product energy is contained in the early 
fission products, fission-product intensity reaches a state of quasi
equilibrium in a reactor core that has operated at steady state for only a few 
hours. Thus the early decay gammas are sometimes lumped with the prompt 
fission gamma rays and are considered a part of the prompt source. Energy 
spectra for both the early and late fission products are discussed In 

Sec. 2.4.1. 

(c) Capture Gamma Rays. Radiative capmre of neutrons by nuclei at 
thermal and epithermal energies produces secondary gamma rays, commonly 
called capture gamma rays. They are emitted promptly after neutron capture 
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to relieve an unstable energy situation generated within the compound 
nucleus. 

The total energy available for gamma rays from capture is the sum of the 
kinetic energy of the incident neutron and its binding energy in the 
compound nucleus. Since the probability of capture decreases rapidly with 
increasing kinetic energy, capture reactions generally are of importance only 
for neutrons with kinetic energies below 25 keV. Typically, neutron binding 
energies are in the region of 6 to 8 MeV, although they can range from 2.2 to 
about 11 MeV. Thus binding energy is the greatest component of the total 
gamma energy emitted. 

Although this energy may be carried off by only one photon, it most 
often is shared by two or more photons as the compound nucleus decays 
through several excited states. The energy distribution of capture gamma 
rays can range from sharp discrete line spectra to almost continuous spectra 
produced by cascading decay; the capture interaction process is further 
discussed in Chap. 3. 

Since investigators studying capture spectra are primarily interested in 
nuclear processes, many times only discrete spectral lines with significant 
intensities are reported. In using such data, we must be careful to ascertain 
whether or not the entire neutron binding energy is contained in the 
reported gamma spectrum. Where it is not (differences can be as much as 
30%), adjustments should be made by increasing the number of photons 
emitted to account for [he total amount since this energy is usually an 
important contributor to the radiation that penetrates the shield. 

Capture gamma rays are a significant source and occasionally constitute 
the most important consideration in shield design because of their high 
energy and the fact that they are generated throughout the shield. 

(d) Inelastic-Scattering Gamma Rays. In neutron ine~astic scattering, 
part of the energy of the incident neutron is carried off by the scattered 
neu tron and part is absorbed by the target nucleus. The latter is left in an 
excited state and subsequently decays by gamma-ra-y emission. An alterna
tive process that may be involved is the formation of a neutron-heavy 
compound nucleus by union of the target nucleus and the incident neutron. 
The extra neutron is then emitted, and the target nucleus is left in an excited 
state. The time between neutron interaction and gamma-ray emission is 
negligible (10-14 sec). 

As with capture gamma rays, the excess energy may be carried off by 
one or more photons. However, gamma rays from this source are generally 
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less penetrating than those from neutron capture: their energies range from a 
fraction of 1 MeV to several MeV. Since the energy of the incident neutron 
must exceed the energy of the first excited level of the target nucleus. 
inelastic scattering becomes more important as the neutron energy increases. 
In general. neutrons must be in the MeV region to generate significant 
gamma rays by chis process. 

(e) Reaction-Product Gamma Rays. The reaction-product source results 
from a process resembling that of inelastic scattering except that some 
particle other than a neutron is ejected from the nucleus. The nucleus is left 
unstable and emits a gamma ray. An example is the IOB(n,o:)7Li interaction. 
which is accompanied by the emission of a gamma~ ray of approximately 
0.5 MeV. Sources of this type are significant only in materials containing 
isotopes which have a reasonable probability of undergoing a particular 
reaction and which are located in strong neutron fields. In reactors 
boron-containing materials generally are the only materials that fit these 
criteria. 

(f) Activation-Product Gamma Rays. Capture and inelastic·scattering 
gamma rays are emitted simultaneously with the neutron-target nucleus 
interaction. However. the nucleus formed by a neutron interaction may be 
radioactive and decay with a half-life that can range from seconds to years. 
emitting photons and ocher radiations in the process. These activation
product gamma rays may be of importance to the shield analysis and are of 
particular concern after reactor shutdown. They may also be emitted in 
significant quantities from materials which have been exposed to the high 
neutron flux of the core and which are subsequently circulated in regions 
external to the reactor shield. Irradiated samples and reactor coolants both 
fit this description. 

For example, the 160(n,p)16N reaction produced by fast·neutron 
activation of water emits gamma rays with energies of 6.1 and 7.1 MeV. The 
half-life of 16N is 7.13 sec, short enough to produce high activities in 
irradiated-water-coolant streams. Liquid-metal fuels and coolants must also 
be considered as a source of activation-product gamma rays. In sodium 
mixtures, 23Na(n,")')24Na produces 1.38- and 2.76-MeV photons with a 
half-life of 14.8 hr. 

(g) Annihilation Radiation. A few activated materials decay by the 
emission of positrons. which are annihilated by subsequent combination 
with electrons. Because of the relatively short distance that positrons travel 
before annihilation, the process can be considered to occur at the time of 
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decay and at the site of the activated nucleus. Two O.511-MeV photons are 
emitted from each positron-electron reaction. High-energy gamma rays also 
can react in a converse process called pair production (discussed in Chap. 3) 
to produce electron-positron pairs. These positrons also are annihilated near 
their source in an identical manner and contribute further to the source of 
O.51l-MeV gamma rays. 

(h) Bremsstrahlung. The acceleration and deceleration of electrons in 
the atomic electric field produces electromagnetic radiation called brems
strahlung. The process is identical to that occurring in the X-ray tube and is 
an important consideration only where high-energy. beta particles (or 
accelerated electrons) interact with materials of high atomic number. An 
example is found in the use of lithium as a coolant. Neutron absorption in 
7 Li produces 8 Li. The latter undergoes decay to 8 Be by emission of beta 
particles with energies as high as 13 MeV. Bremsstrahlung produced by these 
high-energy electrons as they slow down in piping or containment materials 
requires evaluation as a gamma-ray source. 

2.1.2 Neutron Sources 

By far the greatest neutron source in an operating reactor is that created 
by the fission process itself. in which, along with the prompt gamma rays. 
free neutrons are released as part of the fission event. However. other 
reactions can also produce neutron sources of importance to the shield 
designer, and all sources discussed in this section should be considered in a 
shield analysis. 

(a) Fission Neutrons. Approximately 2.5 neutrons are emitted per 
fission event in 235 U by thermal neutrons (more in other cases), and they 
carry away a total energy of approximately 5 MeV. Although energies can 
range from the e V region to beyond 18 Me V, the average energy of a 2 3 5 U 
fission neutron is about 2 Me V, and an upper limit is often taken to be 
14 Me V. In fact, less than 1% of the total energy of fission neutrons is shared 
by neutrons whose energies exceed 10 MeV. However, these high-energy 
neutrons are very penetrating. and in some cases they can be of overriding 
importance. Prompt fission-neutron spectra are discussed more fully in 
Sec. 2.4.2. 

For shielding purposes, fission nel,ltrons may be assumed to be evolved 
simultaneously with the fission event. The very small fraction « 1 %) with 
delayed emissions requires consideration as a separate source only in the case 
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of a circulating-fuel reactor where the fuel loop extends beyond the core 
shietd. 

(b) Activation Neutrons. Under certain circumstances the decay of a 
radioactive nucleus can be followed by the emission of a neutron. This 
occurs when the energy of excitation of the daughter nucleus is in excess of 
the binding energy of the last neutron in the nucleus. In fact, when such an 
energy imbalance exists, neutron emission is the preferred mode of release. 
An example is the beta decay of 17 N with a 4.14-sec half-life, which leaves 
an 17 0 nucleus with more than enough excitation energy to eject a neutron. 
Neutrons from this source have a most probable energy around 1.0 MeV. 
Nitrogen-17 is formed by the 16 O(rz,p) 17 N reaction ~nd can be important in 
fast-neutron bombardment of water. 

(c) Photoneutrons. A photon whose energy is greater than the neutron 
binding energy of a nucleus can impart enough energy to the nucleus to 
cause neutron emission. The photon energy required to make such a reaction 
possible exceeds 7 MeV for all but a few nuclei. and the probability for the 

photoneutron reaction is quite low until photon energies above 10 MeV are 
reached. Thus photoneutrons do not contribute a significant source 
component in the vast majority of reactor shielding problems. The few 
nuclei whose neutron binding energies are low enough to create a possible 
problem in reactor shielding include 20, 9 Be, 13 C, and 6 Li. The threshold 
photon energies for these isotopes are 2.23, 1.67, 4.9, and 5.3 MeV, 
respectively. Since all four occur 10 moderator materials, these exceptions 
are occasionally important. 

(d) Particle-Reaction Neutrons. The interaction of alpha particles with 
nuclei of lithium, beryllium, oxygen, boron. and fluorine produces neutrons. 
Thus these elements are often combined with alpha-active isotopes, such as 
polonium or plutonium. to form neutron sources for use in experimentation 
or reactor start-up. Neutrons from this source may be important to shielding 
and safety during assembly or in the pre-start-up environment of reactors 
containing beryllium in the fuel-element material. Similarly. neutrons from 
(a,n) reactions in oxygen may be dominant in oxide fuel elements. 

The energy distribution of these neu trons is broad since the neu tron 
kinetic energy depends on its angle of emission relative to the direction of 
the incident alpha particle as well as on the kinetic energy of the alpha 
particle. In polonium-beryllium and plutonium-beryllium sources, for 
example, emergent-neutron energies range from <1 to >10 MeV. 
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Neutrons may be generated by other charged-particle interactions, but 
they have not been important in reactor designs to date. Incident neutrons 
with energies above 10 MeV can excite a compound nucleus sufficiently to 
emit two or more neutrons. Such reactions are rarely of importance in 
reactor shield design. 

2.2 BASIC MATHEMATICAL AND PHYSICAL CONCEPTS 

The physical properties of radiation sources and fields are discussed in 
the remaining sections of this chapter and in subs~quent chapters. The 
manner in which these properties are characterized requires an understanding 
of certain basic concepts, including differential and integral distributions, 
normalization and averaging techniques, solid-angle concepts, and definitions 
of flux density and current density. This section contains a review of these 
necessary basic considerations. 

2.2.1 Differential Distributions 

Most properties that characterize radiation fields and sources are 
functions of one or, more often, several independent variables. Mathematical 
functions may be used to describe the dependence of such a property on its 
variables; functions of this type are called differential distributions. Errors in 
the treatment of these distribution functions are among the more common 
mistakes in shielding practice. Because of the need for precision in these 
concepts, a careful explanation of the methods of treating such distributions 
is in order. 

Consider, for example, a radiation source nonuniformly distributed in a 
three-dimensional slab whose emission rate varies with both time and one 
spatial dimension. Such a source can be described by a function of four 
variables, P(x,t;.6, V,.1t). Its values give the number of source particles 
emitted in rime interval tlt centered about time t from a spatial volume 
element of size ~ V centered at point x in the slab. The dependent variables 
~ V and ll.t are functions of the independent variables x and t, respectively. 
Such a function is sufficient to characterize completely the spatial and 
temporal properties of the source. 

The concept can be generalized to any number of variables. The general 
form can be Written as 

P(x,y,z, ... ; ~x,~y,~, ... ) = D(x,y,z, ... ) ll.x ~y ll.z. .. (2.2-1) 
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The function D(x,y,z, ... ) is called a differential distribution function. t and 
its values give the number of events per unit measure of each of the 
independent variables, x,y,z, ... , involved. 

In the radiation-source example. the differential distribution 

D( ) 
= P(x,t;tl V,tlt) 

x,t tl V tlt (2.2-2) 

gives the number of source emissions that occur per unit volume and per unit 
time in volume element tl V about x and in time interval tlt about t. It has 
units of r 3 t- l , for example, particles per cubic centimeter per second. 

Differential distributions are often used to desciibe energy spectra of 
sources and fields. For example, if D(E) is a differential distribution 
describing the continuous energy spectrum of a photon field, the values of 
D(E) give the number of photons per unit energy interval about E, and 
D(E) tlE is the number of photons whose energies are in the energy interval 
t:.E containing energy E. 

Although differential distributions are useful in conjunction with finite 
intervals (i.e., tl V,tlt,tlE) , which need not be infinitesimals, they are 
frequently applied to differentials. Thus D(x,y,z, ... ) dx dy d= ... specifies, 
for a distribution of events, the amount that lies in the differential volume 
element dx dy dz ... containing the point (x,y,z, .. . ). The integral of a 
differential distribution function over the entire domain of all variables gives 
N, the total number of events or quantity contained in the distribution, 

N = Ix fy . .. D(x,y, ... ) dx dy ... (2.2-3) 

In our two examples, Ix It D(x,t) dt dx is the total number of particles 
emitted from the radiation source and f E D(E) dE is the total number of 
photons of all energies contained in the energy distribution. Differential 
distributions may be displayed in graphical form, as shown in Fig. 2.1. 

It is important to recognize that the value of P(x)+ at a selected value of 
x, say Xl, does rzot give the number of events occurring at point Xl . Rather, 
D(Xl) is the number of events occurring in a unit interval of x that contains 
the point Xl' Thus, although the unit selected to measure the independent 

t Mathern" ticians reserve the term distrib14tion function for integral distributions (i.e., F I (x) and 
F1 (xl. Eqs. 2.2-4 and 2.2-5 J ; however. our use of the term here is consistent with common usage in 
the radiation shielding field. 

:j:Th~ discussion that follows is easily extended to many independent variables. 
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~------------------~------------------~x 

Fig. 2.1-Differential distribution. 

variable x is arbitrary (i.e., if x is a length, centimeters, feet, yards, etc., can 
be used), it is essential that this unit be specified in order for the distribution 
function and its plot to have meaning. 

Distributions are sometimes expressed in other forms. The cun1ll1atil'e 
distribution function for a differential distribution of one variable is defined 

by 

f x , d ' F](x)= _eD(x) x (2.2-4) 

where F] (x) gives the amount of the distribution that lies below x. t 
Alternatively, the function 

F2 (x) = J; D(x') dx' (2.2-5) 

gIves the amount of the distribution above x. It IS sometimes called the 
survivorship function. 

Often, distributions are normalized to the total distribution, an 
operation that is valuable in comparing different distributions of the same 
variables: 

_ D(x) _ D(x) 
f(x) - N - f_:D(x) dx (2.2-6) 

f ( ) = F] (x) = f:' D(x') dx' 
I X N _ 

f- D(x) dx 
(2.2-7) 

tin Eqs. 2.2·4 and 2.2·5, -"" and"" can be replaced by any a,b such that a < JC < b; this merely 
alters the range of the distribution. 
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f ( ) - F2 (x) _ f; D(x') dx' 
2 X ---;;;- - • 

f_D(x) dx 
(2.2-8) 

where the function /(x) is the fraction of the distribution per unit in terval 
about x, II (x) is the fraction of the distribution lying below x, and/2 (x) is 
the fraction lying above x. Note that f(X),fl (x), and 12 (x) are constrained to 
the interval ! 0, 1], and 11 (x) + 12 (x) = 1. If Xb and Xu denote the lower and 
upper bounds of the distribution, 

f1 (xb) = 12(Xu) = ° (2.2-9) 

f1 (xu) = 12 (Xb) = 1 (2.2-10) 

and 

ru 
Xb /(x) dx = 1 (2.2-11 ) 

Differential distribution functions can be used to obtain the portion of 
the distribution or the number of events that occur over a specified region. 
In the photon-field energy-spectrum example, 

f E2 

E, D(E) dE 

gives the number of photons with energies between El and E2 • Such integral 
distributions may be plotted in histogram form (Fig. 2.2). The ordinate 
D(Axj) is given by 

D(AXj) = L~i+l D(x) dx 
I 

(2.2-12) 

and gives the total number of events within AXj, where AXj = Xj+l - Xi' 

Observe that the shape of a histogram depends on the selection of the 
increments, AXj. The distribution function that is plotted in Fig. 2.2 with 
equal increments could give a histogram of the form shown in Fig. 2.3 if 
different increment sizes were chosen. However, if a differential histogram is 
constructed in which 

(2.2-13) 
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Fig. 2.2-Histogram for constant intervals. 
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Fig. 2.3-Histogram for variable intervals. 

the shape of the histogram always approximates the distribution function 
D(x), and the approximation improves as the number of intervals is 
increased. Note that 

N = ~ D(..1xj) = 1; D'(.1xj) ..1Xj 
I I 

(2.2-14) 

If a differential distribution function has more than one independent 
variable, new differential distributions are obtained when an integration is 
performed over some, but not all, of the variables. Consider the following 
differential distribution function, which can be derived for the radiation
source example: 

D'(t) = fall space D(x,t) dV (2.2-15) 
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Most of the time, differemial data presented in shielding analyses have been 

integrated (either mathematically or through the inherent characteristics of 
an experimental device) over one or more of the variables involved. Such 
data are commonly denoted Shlgly differel1tiated, dOl/bly differel1til.lted, etc .. 
depending on the number of independent variables that remain after 
integration of the fundamental multidimensional distribution. 

2.2.2 Average and Most-Probable Values 

Several parameters derived from differential distributions are of value in 
characterizing the distribution. One is the integral value N (Eq. 2.2-3), which 
gives the total number of events in the distributiori and is often used for 
normalizing purposes. 

The average value of an independent variable within a distribution is 
obtained by computing the integral 

x = L~ f..: fv ... x • D(x,y, ... ) dx dy ... 

= J" fv . . . x . f( x, y, . . .) dx d y . . . 

which is called the first moment of the differential distribution. 

(2.2-16) 

The most-probable value of an independent variable of a differential 
distribution is its value where the distribution function has its maximum 
value. Note that the most-probable value may not be unique: for example, if 
D(x) is constant over all x, every value of x is a most-probable value. 

At times, higher moments of differential distributions are useful (e.g., in 
the computation of standard deviations and variances). The nth moment 
about the variable x is defined by 

( 2.2-17) 

Examples of calculations of average and most-probable values are given in 
the exercises. 

2.2.3 Solid Angle 

Directional characteristics are essential to a complete description of 
radiation fields and sources. Since the concept of solid angle is used in 
specifying directional properties, some elementary definitions are reviewed. 
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The solid angle subtended at a point by a surface is the projection of the 
surface on a sphere of unit radius surrounding the point. Consider the solid 

,angle subtended at the point D by K 1 in Fig. 2.4. (We could consider K2 or a 
surface of any other shape.) The area of the projection of K 1 on the sphere 
of unit radius is a solid angle. A unit of solid angle is called a steradian. Since 
the area of a sphere is 41Tr2 and that of a unit sphere is 41T, there are 41T 

Fig. 2.4-Solid angle. 

sreradians about a point. If the unit vector normal to surface K 1 is n and the 

unit vector along r through K 1 is fl, then the solid angle is the scalar product 
n • n (K 1/r2 ), t when, is the length of the radius vector to K 1 • 

Radiation-source and -field angle distributions are defined by differential 
functions of the form D(fl), where D(fl) gives the distribution per unit solid 
angle along the direction of vector n. In polar coordinates, where e measures 

polar and ¢ measures azimuthal angles,:j: the differential area on a unit 

sphere is given by 

dA = sin e dO d¢ (2.2-18) 

and is numerically equal to the differential solid angle, dn, subtended by 
dA. Thus, if D(fl) is the differential angle distribution of a point radiation 

tStrictiy sp~akillg, this formula is accurate only when K, 0(,2. 

tPolar and aZlmuchal angles are defined in Sec. 2.3.2., where directional characteristics of 
radiation sources are discussed. 
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source located at the center of the sphere, D(n) sin e de d¢ particles are 
emitted which pass through dA, and 

gives the number of source particles having directions bounded by polar 
angles eland e2 and by azimuthal angles CPl and CP2' Note that in the 
preceding discussion, the angles e and cP define the directional vector, n, 
which has a unit magnitude. 

2.2.4 Measures of Radiation Intensity 

Essential to a discussion of intensity is the concept of a receiver, or a 
detector, a mathematical concept used in defining the necessary units and 
describing the fields. As will be seen, theoretical detectors take the form of 
points, surfaces, and volumes, depending on the quantity being measured. 
Measures of radiation intensity commonly used in shield analysis include 
particle density, flux density, current density, absorbed dose rate, kerma 
rate, and exposure rate. The first three are used to characterize a radiation 
field and are defined in this section. The last three are used to characterize 
radiation interactions with matter and are discussed in Chap. 3. The time 
integral of the last three quantities over an operating cycle or exposure 
duration provides a basis for estimating the damaging effect of the radiation 
involved. 

The quantities discussed in this section are obtained by taking a limit of 
measured radiation-particle densities t in a finite volume or passing through a 
finite area as the volume or area approaches zero in size. This is a very special 
limiting process that requires careful definition to avoid a contradiction 
between the mathematical concept of a differential and the physical reality 
of the random nature of particle tracks. In moving to such a conceptual 
limit, we can reach a point where the detector size is so small that for further 
reductions in volume the probability of finding a particle within it also 
approaches zero, and thus the limit of the particle density is zero. In the 
special limiting process implied in the definitions that follow, this is not 

tThe terms particle and density are used in a general sense. Particle refers both to particles having 
rest mass and to photons. Density refers to a differential function of one or more variables. i.e .• 
particles/em2, particles/em' , MeV em-3 see-' • etc. 
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allowed to occur. Rather, in setting the limit. we stop shrinking the detector 
volume or area as soon as a further reduction in size would not change the 
value of the density quantity being measured. At the same time. we must 
keep the detecting volume large enough to contain a statistically significant 
number of particles or particle interactions. In radiation fields with very 
steep gradients, this special limiting process raises difficulties because the 
two conflicting requirements on detector size may be mutually exclusive. In 
such cases we introduce an averaging process to overcome the conceptual 
problem. 

A complete description of a radiation field includes the number of 
I 

particles of a given type and energy which at a given time exist at a given 
position and travel in a given direction, all particle types, energies. positions, 
and directions being considered at all times. Such complete descriptions are 
seldom required, however, except in the most sophisticated particle
transport calculations, and a radiation field cannot be measured in such 
detail. Therefore particle populations are usually described in terms of a 
lesser number of parameters. 

Instead of the indefinite number of variables used in the previous 
discussion on distributions in general (x,y,.!, .. . ), we now limit the 
discussion to the seven dimensions needed to define the kinematics of a 
particle. These are the three spatial coordinates: the particle kinetic energy 
(velocity is used alternatively), two angles defining direction. and time. The 
three spatial coordinates can be specified as the radius vector, r, and the two 
direction angles reduced to a unit direction vector, n. These variables define 
phase space, which is indicated functionally as /(r,E,n,t). 

The following discussion of particle, flux, and current densities is 
adapted from a recent report by Stevens and Claiborne. 3 They have followed 
the recommendations of the International Commission on Radiation Units 
and Measurements,4.5 which this text has also attempted to follow. 

(a) Particle Densities. Knowledge of the particle density over all phase 
space is equivalent to a complete solution of a particle-transport problem 
and comprises more information than is available from most calculational 
schemes now in use. When given in seven-dimensional phase space, particle 
density is defined by 

n(r,E,n,t) dE dn 
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the number of particles per unit volume at space point r and time t having 
energies in dE about energy E and directions in dn about the unit direction 
vector n. 

The particle density so defined is doubly differential, in energy and in 
direction, and less detailed forms will often suffice. For example. we may 
use the steady-state t particle-density differential in energy only. commonly 
called the differential particle del1sity and defined by 

n(r,E) dE 

the number of particles per unit volume at space poi1nt r having energies in 
dE about E. 

n(r,E) dE = i411 n(r,E,n) dn dE (2.2-19) 

Or one may use the steady-state total particle density, defined as the number 
of particles per unit volume at space point r and given by 

n(r) = 1411 10- n(r,E,n) dE dn = f; n(r,E) dE (2.2-20) 

(b) Flux Densities. Even though the concept of particle density is 
basically simple and has a unique interpretation, experience has shown that 
the flux density,4 or, as it is commonly called, the flux,t serves better as the 
dependent variable in solutions of the transport equation (discussed in 
Chap. 4). The flux density is related to the particle density through the 
particle's speed, and, when described in terms of seven-dimensional phase 
space, the flux density is given by 

4>(r,E,n, t) = v n(r,E,n, t) (2.2-21) 

where v is the particle's speed and corresponds to the energy E. (The speed is 
the scalar magnitude of the particle's velocity vector, vo) 

tThe steady-state, or time-independent, condition is denoted in phase-space notation by dropping 
the time symbol t; seven-dimensional phase space becomes six dimensional and in phase-space notation 
is given by (r,E,n). 

:j:Although this quantity is truly a density and the International Commission on Radiation Units 
and Measurements· recommends the use of the term flux density, the simpler term flux is ingrained in 
shielding terminology and is used extensively elsewhere. We have used flux dellsity exclusively in this 
text. 
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The flux density defined in the preceding paragraph is doubly differen
tial and is usually referred to as the angular flux density. Greater insight into 
the use of the angular flux density as the dependent variable in mathematical 
descriptions of particle transport is provided by its interpretation either as 
the track lengths traversed per unit volume and time or as the flow of 
particles per unit area and time. 

Flux density is a measure of a radiation field in terms of its potential for 
in teraction with the material through which it is passing and is measured 
with volume detectors. In the theory of radiation interactions, nuclear forces 
(or coulomb forces) are additive; i.e., no shadowing of nuclei or electrons by 
others occurs. This implies that the probability of- a radiation particle 
interacting with matter is directly proportional to the number of nuclei (or 
electrons) in whose vicinity it passes. This number, in turn, is proportional to 
the distance traveled by the radiation particle. Thus the total interaction 
probability of a radiation field with matter is proportional to the sum of the 
distances, or total track length, traveled by all the radiation particles 
traversing the medium, and the interaction rate is proportional to the total 
track length generated per unit of time. 

The track length interpretation of angular flux density follows from the 
observation that the speed of an individual particle can be considered as its 
scalar track length per unit time. The product of particle density and speed is 
then the sum of the track lengths traced by all the particles within a unit 
volume per unit time, t in which case the definition of the angular flux 
density would be 

<I>(r,E,n,t) dE dn 

the total track lengths traversed per unit volume and time at space point r 
and time t by particles having energies in dE about energy E and directions 
in dn about n. 

The interpretation of the angular flux density a~ a flow of particles per 
unit area and time is closely related to the concept of angular current (to be 
discussed in the next section). It will be shown in the discussion on current 
that the angular flux density is identical to the magnitude of the current 
vector J and thus can be interpreted as 

tNote that the per-unit-time units of the flux density are associated with the particle's speed, 
which is a function only of the energy. However, the' time dependence of the flux density is a 
consequence of the time behavior of the particle density, which does not have time units even though 
the time symbol, t, is included in the phase-space notation to denote a dependence on time, 

SOURCES OF RADIATION 29 

The flux density defined in the preceding paragraph is doubly differen
tial and is usually referred to as the angular flux density. Greater insight into 
the use of the angular flux density as the dependent variable in mathematical 
descriptions of particle transport is provided by its interpretation either as 
the track lengths traversed per unit volume and time or as the flow of 
particles per unit area and time. 

Flux density is a measure of a radiation field in terms of its potential for 
in teraction with the material through which it is passing and is measured 
with volume detectors. In the theory of radiation interactions, nuclear forces 
(or coulomb forces) are additive; i.e., no shadowing of nuclei or electrons by 
others occurs. This implies that the probability of- a radiation particle 
interacting with matter is directly proportional to the number of nuclei (or 
electrons) in whose vicinity it passes. This number, in turn, is proportional to 
the distance traveled by the radiation particle. Thus the total interaction 
probability of a radiation field with matter is proportional to the sum of the 
distances, or total track length, traveled by all the radiation particles 
traversing the medium, and the interaction rate is proportional to the total 
track length generated per unit of time. 

The track length interpretation of angular flux density follows from the 
observation that the speed of an individual particle can be considered as its 
scalar track length per unit time. The product of particle density and speed is 
then the sum of the track lengths traced by all the particles within a unit 
volume per unit time, t in which case the definition of the angular flux 
density would be 

<I>(r,E,n,t) dE dn 

the total track lengths traversed per unit volume and time at space point r 
and time t by particles having energies in dE about energy E and directions 
in dn about n. 

The interpretation of the angular flux density a~ a flow of particles per 
unit area and time is closely related to the concept of angular current (to be 
discussed in the next section). It will be shown in the discussion on current 
that the angular flux density is identical to the magnitude of the current 
vector J and thus can be interpreted as 

tNote that the per-unit-time units of the flux density are associated with the particle's speed, 
which is a function only of the energy. However, the' time dependence of the flux density is a 
consequence of the time behavior of the particle density, which does not have time units even though 
the time symbol, t, is included in the phase-space notation to denote a dependence on time, 



30 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

<I>(r,E,n,t) dE dn 

the flow per unit area and time at space point r and time t of particles having 
energies in dE about E and directions in dn about n. 

When the transport and the deposition of the particle kinetic energy are 
of interest, the energy-flux-density differential in energy and angle is often 
used. This quantity, called the angular energy-flux density, is defined by 

I(r,E,n,t) dE dn 

the energy flow per unit area and time at space point r and time t due to 
particles having energies in dE about E and direction~ in dn about n, and is 
related to the angular flux density by 

I(r,E,n,t) = E ct>(r,E,n,t) (2.2-22) 

Many calculational models employ less detailed descriptions of the flux 
density; for example, they may use a description in which steady state is 
assumed and the angular dependencies are removed by the appropriate 
solid-angle integration. This reduces the description to four-dimensional 
phase space and results in a dependent variable representing the particle
flux-density differential in energy. Commonly known as the differential flux 
density, this quantity is given by 

cI>(r,E) = 14fT <I>(r,E,n) dn (2.2-23) 

Like the angular flux density, the differential flux density can be 
interpreted in terms of track length per unit volume and time or in terms of 
the number of particles that enter a unit sphere per unit time. In the latter 
case, the solid-angle integration can be regarded as a summing of particles 
that enter a sphere of unit cross section regardless of their directions of 
rna tion. The sphere is, in effect, generated by the rotation of a circular unit 
area during the integration over a 41T solid angle (see Fig. 2.5). In this 
context the definition for the differential flux denSity can be restated as 

<I>(r,E) dE 

number of particles having energies in dE about E which enter a sphere of 
unit cross section per unit time at space point r. 
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Fig. 2.5-lncremental sphere concept of flux density. 

Although this definition of the differential flux density is descriptive, it 
is not exact. The mathematically rigorous definition is 

4>(r,£) dE == lim N(E) dE 
~A -+ 0 ~A 

(2.2-24) 

which implies the limit process aA -+ 0, with N(E) dE denoting the number 

of particles having energies in dE about E which enter an incremental sphere 
of cross section ~A per unit time. 

The concept of the incremental sphere is the best way to visualize the 

energy-flux-density differential in energy. Referred to as the differential 
energy-flux density, this quantity may be defined by 

I(r,E) dE 

the energy flow per unit time into a sphere of unit cross section at space 
point r due to particles having energies in dE about E. The differential 

energy-flux density is given by 

I(r,E) dE = 14lT I(r,E,n) dn dE = E 4>(r,E) dE (2.2-25 ) 

Other quantities used are the total flux density, the total energy-flux 
density, the group flux density, and the group angular flux density. The total 

flux density, defined alternatively as the total particle track length per unit 
volume and time at space point r or as the number of particles that enter a 
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sphere of unit cross section per unit time at space point r, is obtained by 
integrating the differential flux over all energies: 

cIJ(r) = fo~ ~(r,E) dE (2.2-26 ) 

Similarly, the total energy-flux density, defined as the total energy flow 
per unit time into a sphere of unit cross section at space point r, is obtained 
by an in tegration of the differential energy-flux density over all energies: 

I(r) = fo'" J(r,E) dE (2.2-27) 

The total flux density has only limited applicatio'n to practical shielding 

problems because of the strongly energy-dependent nature of the particle 
behavior. A more useful approach is to divide the total energy range into L 

energy intervals, called energy groups, t 

G = 1, 2, ... , L 

and to define the group flux density as the integral of the differential flux 

density over the corresponding energy group. 

with the constraint that 

- fEg 
~e (r) = l: ~(r,E) dE 

g+1 

<fI(r) = E <fie (r) 
L 

(2.2-28) 

(2.2-29) 

The group angular flux density (group flux density differential in angle) 

has a similar definition and is obtained by integrating the angular flux 
density over a specific energy group: 

(2.2-30) 

tThe subscripts g and g + 1 refer to the upper and lower limits, respectively, of the Cth energy 
group, and C = 1 corresponds to the highest energy group. An alternate convention would associate 
C = 1 with the lowest energy group; the subscripts g + 1 and g would then correspond to the upper 
and low,er energy limits. L is the number of groups. . 
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For problems that involve directional symmetry, the group angular flux 
density can be rewritten in terms of a new angular variable J.l = n . r/lrl. the 
direction cosine: 

(2.2-31 ) 

The group angular flux density can then be defined as the total particle track 
length per unit volume and time at space point r of particles with energies 
within energy group ~EG and directions defined by direction cosines that lie 

in dJ.l about J.L. 

In neutron physics, another variable used to characterize a neutron speed 

is lethargy. The lethargy, u, of a particle with energy E is given by 

Eo 
u = In

E 
(2.2-32) 

where Eo is an upper limit of E, often taken to be 10 MeV In fission 
reactors. Appropriately, lethargy increases as energy decreases and 

<I>(r,u) = E <I>(r,E) (2.2-33) 

where <I>(r,u) is the differential flux density per unit lethargy at point r. 
A useful measure of total exposure to a flux density for applications 

involving energy deposition is the integral quantity calledj7uence. Fluence is 
defined bv the International Commission on Radiation Units and Measure-

J 

ments4
•
5 as the quotient of ~N divided by ~A, where ~lV is the number of 

particles that enter a sphere of cross-sectional area ~A and the ~'s imply the 
special limiting process described at the beginning of Sec. 2.2.4. This 
definicion is equivalent to regarding flue nee as a time-integrated flux density 
over some specified time interval. As such, the fluence can be written 

(2.2-34 ) 

where ~t corresponds to some specified time interval and <l>(t) can be any 
one of the several kinds of flux density described in the preceding text. For 
example, the energy j7uence is 

(2.2-35) 
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(c) Current Densities. The characteristic property of the current vari
able is its close relation to the convective (leakage) effects in the theoretical 
description of particle transport. The most general form of the current 
variable is differential both in energy (or speed) and in angle. Called the 
angular current density, or. more frequently, the angular current, this 
quantity is symbolized by J(r,v,n,t) and is defined as the directed flow per 
unit area (normal to the n direction) and time at the space point r and time 
t of particles having speeds in dv about u and directions in dn about n. 

The relation between current and particle density can be established by 
considering that (1) the product of v and the particle density can be regarded 
as a vector sum of the individual codircctional velocity vectors (v), yielding 
the resultant vector J = n v or (2) that the (v x dt x dA x N) particles 
contained within the volume element shown in Fig. 2.6 will all exit through 

Fig.2.6-Particle flow concept of current. The particles contained within the volume 
element will all exit through the differential area dA within dt if v = n. 

the differential area dA within differential time dt if v = vn. These models 
can be expressed mathematically in terms of the angular current as 

J(r,v,n,t) dv dn = nu n(r,v,n,t) du dn (2.2-36) 

and, since the particle's kinetic energy is a function of its speed, Eq. 2.2-36 
can be rewritten 

J(r,E.n,t) dE dn = nu n(r,E,n,t) dE dn (2.2-37) 

where J(r,E,n,t) dE = J(r,v,n,t) dv and n(r,E,n,t) dE = n(r,v,n,t) dv. Then, 
when v n(r,E,n, t) is identified as the angular flux density, the relation 
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and, since the particle's kinetic energy is a function of its speed, Eq. 2.2-36 
can be rewritten 

J(r,E.n,t) dE dn = nu n(r,E,n,t) dE dn (2.2-37) 

where J(r,E,n,t) dE = J(r,v,n,t) dv and n(r,E,n,t) dE = n(r,v,n,t) dv. Then, 
when v n(r,E,n, t) is identified as the angular flux density, the relation 
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between the angular flux density and the angular current noted in Sec. (b), 
above, is obtained: 

J(r,E,!2,t) dE d!2 = n cfl(r,E,n,t) dE d!2 (2.2-38) 

Other less detailed forms of the angular current are the group angular 
current, Jc(rJ2), and the total angular current, J(r,n), which are obtained 
by in tegrations over an energy group and all energies, respectively: 

Jc(r,n) == JEg J(r,E,n) dE = n<l>C(r,n) 
Eg+l ; 

(2.2-39) 

J(r,n) == 10- J(r,E,!2) dE = !2cfl(r,S1) (2.2-40) 

It is apparent that the angular current variables all have essentially the same 
simple relation with the corresponding angular flux density because the 
energy integrations are performed directly on the flux density. For example, 
in the case of the group angular current, 

= n ~~g 4>(r,E,n) dE = n4>c(rJ2) 
.tg+l 

(2.2-41 ) 

The integral of the angular current over all directions (41T solid angle) 
constitutes a vector summation, and the resultant vector is regarded as the 
net current, often called simply current. 

The net current differential in energy only, referred to as the differential 
net current, is defined as the net flow per unit area and time at space point r 
and time t of particles having energies in dE about E, where the unit area is 
normal to the direction of the resultant vector J(r,E,t), or J(r,E,t) dE, 

J(r,£,t) dE = J4rr J(r,E,n,t) d!2 dE 

= J
4rr 

!2<1>(r,E,n,t) dn dE (2.2-42) 

which is the angular flux-weighted vector summation of the unit vectors n 
over a 41T' solid angle. The group net current, Jc(r), and total net current, 
J(r), are 41T solid-angle integrations of the group angular current and total 
angular current, respectively: 
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(2.2-43) 

(2.2-44) 

The flow of n-directed particles across an arbitrarily oriented differential 
area is a necessary concept in the description of the directed flow of particles 
in terms of a specific coordinate system and can be related to the angular 
current, l(n), t by consideration of Fig. 2.7, where the direction vector. n, is 

r---dA (Differential area 
normal to " I 

J(n) 

Fig. 2.7-Schematic diagram of particle flow across an arbitrarily oriented surface. 

normal to the differential area. The number of n-directed particles crossing 
the differential area dA per unit time is equal to len) • (n dA). A scalar 
current, 1 n (n), that describes the flow of the n-directed particles per unit 
area normal to the direction n is defined as 

(2.2-45) 

I t follows that 

In(n) = n • len) = n . n <p(n) = cos () <p(n) (2.2-46) 

where n = the unit vector corresponding to an arbitrary direction 
n = a coordinate-identifying subscript, for example, n == x when n == i 

In(n) = the flow of n-directed particles per unit area (normal to the 
direction n) and time 

tin this furrht!r discussion of current, the notation J(n) will be used to denote any of the angular 
currents and J tre corresponding net current: for example. J(n) may represent J(r,E,n,t), Je(r.n,t), 
or J(r.n), and J may represenr j(r,J:,r). Je(r), or J(r). 
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cI>(n) = the angular flux variable corresponding to the angular current 

J(n) 

Note that I n (n) is a scalar quantity but is uniquely related to the 
coordinate system through the direction unit vector n. The corresponding 
vector current is given by 

(2.2-47) 

where the veccor In{n) is the component of the vector J(n) with respect co 
the n direction and In(n) is the projection of the vect~r ](n) on the n axis 
and also the magnitude of the component In (n). 

The three components of J(n) in cartesian coordinates are given by 

J (n) = i Jx(n) = i <t>(n) (i • n) 
x 

Jy(n) = j Jy(n) = j <t>(n) U . n) (2.2-48) 

Jz{n) = kJz(n) = k <t>(n) (k· n) 

and J(il) is equal to the vector sum of the three components: 

J{il) = Jx(n) + Jy(il) + Jz(il) 

= iJx(il) + jJy(il) + kJz{il) (2.2-49) 

It is important to recognize that, although they have the same units, the 
scalar quantity flux density is not equivalent to the vector quantity current 
density. The latter includes directional properties of the radiation field but 
the former does not. Current density should be considered as a measure of 
the passage of particles through a surface (a density per unit area), and flux 
density should be considered as a measure of track length in a volume (a 
density per unit volume). Only in rare instances are the two numerically 
equal at a point in a radiation field. The following "examples illustrate this 
point. 

A plane source S I (Fig. 2.8) emits monodirectional and monoenergetic 
particles at the rate of 10 10 particles cm-2 sec- I in a direction normal to the 
surface. Let us compute the current density and flux density: 

(a) 'At a point in a plane A whose normal nA is parallel to that of S I' 

(b) At a point in a plane B whose normal 0B is at an angle B with respect 

to 0A' 
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-~-- ------- -----------------
s, 

Fig. 2.8-Plane sources. 

We proceed as follows: 
(a) The flow of particles per unit time and area in the positive direction 

through plane A is 10 10 particles cm-2 sec-I. The flow rate in the 

opposite direction is zero. Therefore the net current density, J, is in 
the direction nA and is 10 10 particles cm-2 sec-I. To obtain the flux 
density, 4>, consider a unit cube (J by 1 by 1 cm) whose center lies in 
A with two faces parallel to A; 10 10 particles/sec enter the cube, and 
each generates a track length of 1 cm in crossing the cube. Thus the 
total track length generated in the cube per unit time is 10 10 em/sec, 
and, since the cube volume is ] cm 3, the flux density is 10 10 

cm/sec -:- 1 cm 3 = 10 10 particles cm- 2 sec-I. 
(b) The net flow rate through a unit area of plane B is cos e times that 

through a unit area of plane A; i.e., the component of J in the 
direction nB is J . nB, and the current density in the direction of nB 
is cos e x 1010 particles cm-2 sec-I. The flux density is not a 

function of the direction nB and is 10 10 particles cm-2 sec-I. 

Suppose now that we add a second plane suurce, 52, also shown in 
Fig. 2.8, which emits monodirectional particles with the same energy but in 
a direction opposite to that of 51 at a rate of 6· x 109 particles cm- 2 sec-I. 
We compute the currenr density in the direction nA and the flux density at a 
point in plane A when both sources are emitting particles simultaneously. 
The particle flow rate is 6 x 109 particles cm-2 sec-I in the negHive 
direction and 1010 particles cm-2 sec-I in the positive direction. Thus the 
net current density is 4 x 109 particles cm-2 sec-I. The track length 
contribution from 52 is 6 X 109 em sec-I cm-3 . The flux density is thus 
1.6 x 1010 particles cm-2 sec-I. 
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2.3 SPATIAL AND DIRECTIONAL CHARACTERISTICS 

A number of parameters are needed to characterize a source. It may be 
distributed in space and emit a variety of radiation types, its intensity may 
vary with time, and the radiation it emits may be distributed in both energy 
and direction of emission. Spatial and directional properties of typical 
radiation sources are discussed in this section; important energy and time 
distributions are considered in the following section. 

2.3.1 Spatial Distributions 

Radiation sources are classified into four spatial categories, point, line. 
surface, and volume, depending on the number of dimensions they 
encompass. Often, however, a source of two or more dimensions is 
considered as a configuration of sources of lower dimension. For example, a 
volume source may be viewed as an aggregate of point sources distributed 
throughout the volume. 

The spatial variables describing sources are independent of each other 
and of other source parameters. Thus sources of any number of dimensions 
and any spatial distribution within those dimensions can have independent 
distributions in radiation type, direction of emission, energy. and time. 
Direction, energy, and time distributions may vary from point to point in 
the spatial distribution. 

(a) Point Source. A source emItting radiation from a single point in 
space maybe considered the fundamental source configuration since all 
other sources can be constructed from numbers of such point sources. Total 
point-source strengths are measured in units of particles or MeV'per second. 
When point sources have distributions in direction, energy, and time, 
differential distributions characterizing such dependencies have typical units 
of particles sec- 1 Me\,1 steradian-I. Differential point sources are of great 
value in developing analytic functions of radiation-source and -field 
properties. For example, at point r let S(r) be the emissions cm-3 sec- 1 of a 
volume·distributed source. A differential point source is then given by S(r) 
dV particles/sec. If f(r; r') is a function relating a radiation-field property at 

r' to a point source of unit strength at r, the field property generated at r' by 
the entire volume source is given by 

F(r') = J J J f(rj r') S(r) dV 
source 

volume 

(2.3-1) 

-' 
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In fact, functions relating two spatial positions. such as f above, play an 
important role in shield analysis. They are called point kernels and are 
discussed more fully in Chap. 6. 

. A source need not be infinitesimal in size to be classified as a poin t 
source. When a radiation field at a detector point is being evaluated, a 
point-source approximation may be used to represent a volume or area 
source if the source dimensions are small compared to the source-detector 
distance. In making such an approximation for volume-distributed source 
configurations. we must be careful to consider radiation interactions that 
occur within the source volume (self-shielding). and adjustments should be 
made if required. 

(b) Line Source. A source with emiSSion confined to a line is a line 
source: total line-source strengths have typical units of particles or Me V per 
second per unit length of the source. Like all sources. line sources can have 
differential energy. angle. and time distributions that may vary along their 
length. Typical units of differential distribution describing such line sources 
are particles sec- 1 MeV- 1 steradian-I cm- I or MeV sec-I MeV- 1 steradian-I 
em-I. Examples of approximate line sources encountered in reactor shielding 
problems include pipes carrying radioactive material and long, thin fuel pins. 

(c) Surface Source. A surface source is one in which radiation emanates 
from a plane or other two-dimensional surface. The units of source strength 
are particles or MeV per unit time per unit source area (i.e., particles sec-I 
cm-2 ). Since surface source strengths have the same units as flux and current 
density, care must be taken not to confuse the three quantities. 
Surface-source strength is a scalar, specified in terms of a particle emission 
rate per unit area of source surface. The need for such care is illustrated in 
Sec. 2.3.2, where it is shown that a differential surface-source strength 
function, although sharing the same units, may not be the same as the 
differential function defining the flux density generated by that surface 
source. 

Surfaces that can be described mathematically are of high value in 
specifying surface sources since many times functions describing such 
surfaces admit to analytic integration and are convenient in hand and 
computer numerical computations. Also, volume sources are often 

characterized by the radiation passing through their exterior surfaces. Such a 
representation often allows the shielding analysis to be divided into two 
phases: (1) determination of the radiation transport within the source, 
resulting in the definition of an equivalent surface source, and (2) analysis of 
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the radiation transport external to the source. In such an approach the 
calculations involved in phase (1) need not be repeated for shield-design 
parameter studies, which are a part of phase (2). Reactor-core and 
pressure-vessel surfaces are examples of often-used equivalent surface 
sources. 

(d) Volume Source. A radiation source distributed throughout a closed 
surface constitutes a volume source. Typical volume sources encountered 
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Fig. 2.9-Cylindrical volume source. 
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include cylinders, cubes, slabs, spheres, and other regular geometries in 
which total source strengths are expressed in particles or energy per unit 
volume per second. 

As an example of a common volume source, consider a cylindrical 
reactor core whose power distribution is symmetrical about its axis and 
whose radial and axial power distributions are separablet (see Fig. 2.9). Let 
p(r,O) and p(O,z) be the differential power distributions (watts/cm 3 ) along 
the radius at z = ° and along the reactor-core axis, respectively. If K 
particles/watt-sec are emitted in the fission process, the differential particle 
source density, 5(r,z), at (r,z) is given by 

5(r,z) = ~ ° p(r,O) p(O,z) particles cm-3 sec- i 
p( , ) 

tIr a function p(r,z) can be written PI (r) Pl (z). the variables are separable. 

(2.3-2) 
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and the total reactor source is 

(2.3-3) 

In more complex systems, power-distribution tunctlons describing 
volume sources may not be separable. In such cases, if analytic expressions 
are unavailable or unwieldy. a power map can be constructed, and 
integrations can be performed numerically. 

2.3.2 Directional Distributions 

The directions of travel of radiation particles :are another important 
characteristic of radiation fields and sources. As suggested in Sec. 2.2.3 on 
solid angle, particle directions are usually defined relative to the origin of a 
conveniently chosen coordinate system. Once such a coordinate system is 
established, a direction is specified by a vector, n, parallel to the direction of 
travel and having unit magnitude. 

Frequently, a radiation field or source is symmetrical in direction about 
one or more lines or planes in space, and it is usually convenient to choose 
the coordinate system such that one or more axes lie in the plane or line of 
symmetry. In such cases directions can then be specified by a single angle. 
For example, Fig. 2.10 shows that two angles, 8 and ~, are required to 
specify direction without symmetry. The angle 8 is called the polar angle and 
the angle ~ the azimuthal angle in such a system. If a field is symmetrical 
about a line. aligning the z-axis with that line enables one to specify 
direction by use of the polar angle alone, and the field is said to have 
azimuthal symmetry. 

Although the direction of n is always taken to be parallel with the 
direction of travel of the radiation particles, there is no universal convention 
that specifies whether n points toward or opposite to that direction of 
travel. Thus care must be taken to specify accurately which is the case when 
direction distributions are defined. For example. when the directional 
properties of a point source are given. the coordinate system is usually 
chosen to have its origin at the point. and n points in the direction of travel 
of the emitted particles. However. when directional properties of a field at a 
point detector are given, the origin is again situated at the point, and thus 
the direction of .n is opposite to the direction of travel of the particles 
arriving at the detector point. 

As with the other properties of fields and sources, directional properties 
are specified by differential distribution functions. Direction functions are 
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and the total reactor source is 

(2.3-3) 
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sometimes separable from other distribution functions describing the source 
or field, in which case, for example, the differential flux density, cfl, may be 
written 

4>(r,11,E,t) = F. (r,E,t) F2 (11) (2.3-4) 

and direction attributes can be examined independently of other parameters. 
In cases where the directional dependence is not separable and analytic 
manipulation of the total differen tial function IS not possible, 
multidimensional maps may be constructed and numerical manipulations 
p~rformed to obtain directional characteristics. 
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Fig. 2.10-Direction vector O. 

The following sections discuss some of the more common direction 
distributions encountered in shielding problems. The exercises at the end of 
this chapter provide additional insights into the definition and manipulation 
of direction distribution functions. 

(a) Isotropic Distributions. An isotropic direction distribution is one in 
which all directions of travel are eq ually likely. Since there are 411' steradians 
of solid angle surrounding a point, the normalized isotropic differential 
distribution function is a constant function, 1/41T per steradian, independent 
of angle or direction. 

Many nuclear reactions that cause the emission of radiations are 
considered to be isotropic in nature. Thus the neutrons and gamma rays 
emitted from a fissioning nucleus, fission products, activated nuclei, and 
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electron-positron annihilations may be assumed to be isotropic. However, 
certain reactions, most notably those which involve a scattering process, are 
not isotropic, and assuming so can lead to significant errors (see Chap. 3). 

Point, surface, and volume-distributed sources can be isotropic. When 

analyzing isotropic surface sources, we must be careful to ascertain if the 
quoted source strength applies to one or to both sides of its surface. Suppose 

r- . 
L __ _ 

Fig. 2.11-Point isotropic sources in a plane. 

we are given a plane source that isotropically emits Sa particles sec-I cm-2
• 

In some texts, Sa applies only to the 27T space above the plane; in others, Sa 
applies to 47r space. The two interpretations of Sa differ by a factor of 2. We 
will choose the latter alternative and assume, unless stated otherwise, that 47T 
emission is intended. 

Isotropic point sources distributed in a finite volume do not necessarily 

generate equivalent isotropic surface sources on the boundaries of the 
volume since particle interactions within the source medium may change the 

direct'ional distribution of the emerging particles. Also, isotropic surface 
sources do not generate isotropic flux densities at detectors removed from 
the source plane, as shown by the following example. 

Consider a plane isotropic surface source approximated by equally 
spaced isotropic point sources spaced c centimeters apart, as shown in 
Fig. 2.11. 

As the polar angle () is increased, tracks of particles from the surface 
move closer together and consequently have a flux density that is higher by a 
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factor of l/cos (J than the particles emitted normal to the surface. The 
angular distribution of the flux density above such an isotropic surface 
source is given by t 

4>(8) = 4
1 

2 S (J particles sec- 1 steradian- 1 cm-2 

7r c cos 
(2.3-5 ) 

where SIc 2 is the total surface source strength (in particles sec-I cm-2
). 

(b) Cosine Distribution. Radiation emerging from the surface of a 
volume-distributed source often depends on the cosine ~f the angle between 
the normal to the surface and the direction of emergence. In many cases the 
dependence closely approximates or is exactly a cosine distribution of that 

dS 
~--

Fig. 2.12-Cosine distribution. 

angle. For such a source, if Sa particles sec- 1 cm-2 is the source strength, the 
differential source angle distribution function [demonstrated in Sec. 
2.3.2(d)] is (1/2rr)Sa cos (J particles sec-1 steradian- 1 cm-2 emitted along a 
direction inclined at an angle (} to the normal (Fig. 2.12). As before, the 
tracks in direction 8 are closer together than those which are normal to the 
surface (8 = 0), and we must divide by cos (J to obtain the flux density. The 
flux density at r is then 

(c) Other Distributions. Various other analytical expressions have been 
derived to fit observed or expected angular emittance patterns. Surface·angle 
functions of higher powers of cos () have been used to approximate the 

tProof is given in Problem 2.6. 
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leakage characteristics of a volume-distributed self-absorbing source whose 
aCtiVity per unit volume increases with depth into the source. If the 
differential angle surface-source function of such a source is proportional to 
cosn 8 I the differential flux density above the surface is proportional to 

cosn- I 8. However I in some cases the complexity of the leakage pattern may 
prohibit use of an analytical approximation, and numerical techniques must 
be employed. 

In the treatment of radiation reflection from a medium. the intensity 
varies with the azimuthal angle ¢ between the incident and reflected 
directions as well as with the polar angle ¢. In such cases the angular 
distribution will be a function of the variables 8 and ~, as shown in Fig. 2.13. 

i 

n 

Incident panicle 
Reflected panicle 

Fig. 2.13-Reflection angles. 

The intensity in a given direction is still reported per steradian (or other 
designated increment), but both angles are required to designate the 
directional properties of the scattered radiation from a beam incident at a 
specified angle. 

(d) Normalization and Monodirectional Approximation. When an 
analytic expression has been used to represent the variation of emittance rate 
with angle, the expression may be normalized to the total source strength, 
So, by the relation 

So = In KG (n) dn (2.3.-6) 

in which G(n) is the functional variation of the source with angle and K is a 
normalization constant. Thus, for a cosine distribution from a plane surface 
source, G(n) = cos 8, and 
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(2.3-7) 

50 = 21TK particles per unit time per unit area, and K = So/21T. The source 
differential angular distribution function is then given by 

5(6) = K G(!2) 

5 cos 8 . I ( . . )-1 d' -I (. ) 1 = 0 ~ partlc es umt tIme stera Ian umt area - (2.3-8) 

Occasionally other powers of the cosine are useful in describing an angular 
variation. For G(n) :: cos" 8 (where n is an integer), the normalization is 

and 

K = (n + 1)5 0 

41T 

5(8) :: (n + 1)50 cos" (j 
41T 

(2.3-9) 

(2.3-10) 

In a like manner we can show for an isotropic distribution from a plane 
surface source emitting 50 particles per unit time and area that G( n) :: 1, 
K:: 50 /41T, and 

5(8) = ~; particles (unit timerl steradian- 1 (unit arear 1 (2.3-11) 

For a calculation of the transport of radiation with variable angular 
distribution, it is sometimes convenient to assume monodirectional sources 
with representative directions. The results are combined and normalized to 
the incident distribution. Such an approximation assumes that the 
differential distribution shown in Fig. 2.14(a) may be approximated by the 
monodirectional beams shown in Fig. 2.14(b). In normalizing these two 
sources, we must assign representative solid-angle increments (~niJ to each 
of the discrete sources and weight the monodirectional intensity by use of 
the relation 

N(ni) = Jtl.n. K G(n) dn 
I 

( 2.3-12) 
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(a) (b) 

Fig. 2.14-Angular distribution represented by array of monodirectional sources. 

where N(nj) is the monodirectional source strength of the ith source 
pointing in direction nj • The total source strength is given by 

" S = ~l N(n;) = fall n K G(n) dn (2.3-13) 

where n is the number of representative monodirectional sources used. 

2.4 ENERGY DISTRIBUTIONS 

Monoenergetic radiation fields are rarely encountered. A few 
monoenergetic gamma-ray sources are available in the form of separated 
isotopes with no daughter products, and monoenergetic neutrons are 
obtained from charged-particle reactions in accelerators. Even though only 
one radiation energy is emitted by these sources, interaction with 
environmental materials or within the source itself win lead to the presence 
of radiation of various degraded energies in the radiation field. 

Some isotope sources emit two or three discrete energies; other sources, 
such as fission, provide a continuum of evolved radiation energies within 
certain energy ranges. In analytic treatments an energy-distributed radiation 

field is often approximated as a series of monoenergetic sources. All the 

radiation within an energy increment is assumed- to have the same energy, 
which may be chosen as the midpoint of the increment, the average energy 
within the increment, or some weighted average based on a particular 
interaction probability. This is analogous to approximations used in the 
other distributions, such as the use of a fixed direction to represent an 
angular increment, a point source to approximate a source-volume 
increment, etc. Methods that are used to select the representative energy of 
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an energy increment are discussed in Sec. 2.2.2. In particular, the average 
energy is often used, in which case the integral of Eq. 2.2-16 is carried oue 

'over the range of the energy increment. 
For many purposes an average energy will not suffice, and the actual 

energy distribution must be carried through the analysis from source to 
detector. The term spectrum is used interchangeably with energy 
distribution, following the practice of the spectroscopist. 

2.4.1 Energy Distributions of Gamma-Ray Sources 

A few relevant characteristics of the spectra of gamma-ray sources 
encountered in reactors were included in the discussion of the various source 
types (Sec. 2.1.1). The two most important sources are the prompt fission 
reactions and fission products; their energy spectra are discussed in the 
following two sections. Capture and inelastic neutron-scattering gamma-ray 
spectral data are given in Appendix A. 

(a) Prompt Fission Gamma-Ray Spectra. The spectrum of gamma rays 
given off simultaneously with the fission of 2 3 5 U has been rather extensively 
studied. The measurements of PeelIe and Maienschein 2 are the most accurate 
published data; they contain uncertainties of at most 15%, and, in most 
energy regions, the uncertainty is less. Figure 2.15 presents the differential 
energy distribution (photons fission-I MeV-I) measured by Peelle and 
Maienschein.6 Kirkbride 7 found that the spectra for 233 U and 234 Pu were 
not significantly different from that for 235 U. Even 252 Cf, which fissions 

spontaneously, exhibits a prompt gamma-ray spectrum very similar to that 
of 235 U (Ref. 8). The spectrum of Fig. 2.15 may be approximated by the 
segmented fit: 

{

6.6 

f(E) = 20.2 exp (-1.78E) 

7.2 exp (-1.09E) 

0.1 < E< 0.6 MeV 

0.6 < E < 1.5 MeV 

1.5 < E < 10.5 MeV 

(2.4-1) 

The equation agrees with the experimental spectrum plus uncertainty to 
within 10% from 0.6 to 7.5 MeV except at 1.2 and -5.0 MeV, where it 
deviates -16%. The constant yield agrees with experiment from 0.1 to 
0.6 MeV to within -20% except at 0.26 MeV. An approximation for the 
energy region from 0.01 to 0.6 MeV, which may be adequate for shielding 
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Fig. 2.1S-The energy spectrum of gamma rays emitted within 69 nsec after fission of 
l3S U by thermal neutrons. The two lines, which represent the random (largely 
propagated from counting statistics) 2/3 confidence limits on the spectrum. are drawn as 
straight lines between adjacent mean window energies. The nearly Gaussian shapes shown 
at the lower left and upper right indicate the energy resolution (From Peelle and 
Maienschein.6 

) 

calculations, is the emISSIon of 3.75 photons/fission of average energy 
0.324 MeV. 

Although the approximation of Eq. 2.4-1 is useful, for most applications 
accuracy demands the use of a numerical representation of the spectrum 
rv.ther than these less-precise analytical functions. Photon yields per fission 
in fine and broad energy groups are given in Appendix A. 
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Fig. 2.16-Gamma-ray energy release from fission of '235 U as a klnction of time after 

fission. The so-called prompt fission gamma rays are emitted at times much shorter than 
those shown on the graph_ (From F. C. Maienschein, Engineering Compendium 011 

Radiation Shielding, Vol. 1, p. 76, Springer. Verlag, New York, 1968.) 

(b) Fission-Product Gamma Rays. Analysis of fission-product decay is 
often complicated by the time history of fission-product generation. Data on 
the decay of products of simultaneous fissions are of interest in the analysis 
of nuclear-weapon fallout or of a short reactor power burst; of more general 
interest in reactor shielding is the decay of fission products built up during 
sustained operation or over complex operating cycles. 

Two types of events contribute gamma rays to fission-product decay. 
Between 10-8 and 10-3 sec after fission of 235 U, decay of isomers in excited 
states to the ground states contributes most of the decay gamma rays. After 
about 10-1 sec, beta decays of the unstable nuclei contribute most of the 
decay gammas. Figure 2.16 illustrates the relationship of these processes. 

In an operating reactor the primary importance of the gamma rays from 
early decays is their contribution to the steady-state environment. Decay 
gamma rays reach saturation very soon after start-up. Gamma rays from 
these short-lived isotopes constitu te the rna jori ty of all fission-product 
gamma rays; about 75% are released within 103 sec after fission. If the 
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Fig. 2.16-Gamma-ray energy release from fission of '235 U as a klnction of time after 

fission. The so-called prompt fission gamma rays are emitted at times much shorter than 
those shown on the graph_ (From F. C. Maienschein, Engineering Compendium 011 

Radiation Shielding, Vol. 1, p. 76, Springer. Verlag, New York, 1968.) 
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fission-product gammas are integrated over time, the magnitude and shape of 
the energy distribution is close to that for prompt fission gammas. 
Maienschein 9 gives 

N(E) = 7.4 e- I.J oE photons fission-I MeV-I (2.4-2) 

as a simple, though approximate, expression for the fission-product 
spectrum. Equation 2.4-2 corresponds to an estimated total fission-product 
gamma-ray energy release of 6.8 ± 1.0 MeV/fission, which is composed of 
5.9 ± 0.7 MeV/fission for 1 sec < t < 108 sec and E > 0.28 MeV; 
0.6 ± 0.6 MeV/fission, E <0.28 MeV; and 0.3 ± 0.2 MeV/fission for t < 1 sec. 
As noted in Sec. 2.1.1, this component is often conibined with the prompt 
fission gamma rays. 

Measurements of the gamma ra"diation evolved by decay of the fission 
products between 0.2 and 45 sec after fission were made by Engle and 
Fisher. I 0 Listed in Table 2.1 are the values of the total radiation integrated 
over energy and over the time period from 0.2 to 45 sec for four fissionable 
isotopes. Comparison of these values with the totals from the long-lived 
fission products shows that a significant fraction of the fission-product 
energy is evolved within the first 45 sec following fission. 

Table 2.1-RESULTS OF DELAYED GAMMA SPECfRA 
INTEGRATED OVER ENERGY AND TIME FROM 

0.20 TO 45.0 SEC AFTER FISSION 10 

Isotope Photons/fission MeV/fission MeV/photon 

233 U 2.02 1.97 0.975 
235U 3.31 3.18 0.961 
238 U 5.50 5.08 0.924 
239pu 3.26 2.86 0.877 

The energy spectra for five time intervals are shown in Fig. 2.17 for 
fission of 235 U. Engle and Fisher lo give similar data for other fissionable 
isotopes, 238 U, 233 U, 232 U, and 239 Pu. It is worth noting that the spectra 
for these isotopes vary considerably from that of 235 U (Y2 to 2 times) in this 
early time interval. 

The long-lived (late) fission products are unimportant during operation 
of the reactor, but they represent a significant source of radiation after 
shutdown, particularly for a reactor core with many hours of operating 
history. From a knowledge of the direct yield and half-life of each fission 
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Fig. 2.17-Photon spectra of gammas for different time intervals following 235 U fission. 
(From Engle and Fisher. 1 

0) 

fragment and the intensity and energy of each emitted gamma ray, along 
with similar data for each daughter isotope in each decay chain, it is possible 
to calculate the energy and time distributions of fission-product gamma rays 
as a.function of reactor operating time. In this manner the important gamma 
emitters in each time and energy interval can be identified, and more 
importantly a source term for the shutdown reactor core may be obtained 
for any operating history. Although the task is onerous and exacting, a 
number of investigators have tackled it with results that compare increas· 
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ingly better with measurements as the number of identified decay chains 
increases. Perhaps the most authoritative work was published by Perkins and 
Kingl I and later updated by Perkins. I 2 The results of the later work are 
given in Appendi..x A. For instantaneous fission and 1, 10, 100, and 1000 hr 
of reactor operation, these data give disintegration rate, beta-ray energy 
release, and total gamma-ray energy release and further subdivide the gamma 
rays into seven energy intervals. Unfortunately, the uppermost energy 
interval contains everything above 2.6 MeV. Results calculated by Scoles. 3 

avoid this shortcoming since his energy intervals are 1 MeV wide, except the 
topmost, which contains only one line at 5.4 MeV. These results were used 
considerably .for some years since they were uniquely suited to shielding 
pro blems for times to 106 hr of reactor operation and to 104 hr after 
shutdown. Perhaps a reader of this text will update this work. 

For approximate calculations the total fission-product decay rate is given 
within 20% from 10 min to 30 days after fission by Goldstein l4 

(2.4-3) 

where t is the time (in seconds) after fission. 

2.4.2 Neutron Spectra from Fission 

The energy distribution of neutrons from fission is obviously one of the 
principal inputs in the preparation of the source term for a reactor. The 
energy range of importance in shielding for thermal fission in 235 U, 3 to 
17 MeV, was measured by Watt, 1 

5 who also reviewed measurements by 
others in lower ranges and proposed an empirical expression- to fit the data 
from 0.075 to 17 MeV: 

N(E) = 0.484e -E sinh (2E)~ neutrons MeV"l fission- 1 (2.4-4 ) 

where N(E) is the fraction of neutrons per unit energy interval emitted per 
fission and E is neutron energy in MeV. The Watt fission spectrum was 
widely used until Cranberg, Frye, Nereson, and Rosen 16 reported new 
measurements from 0.18 to 12 MeV. 

These results were based on time-of-flight measurements to about 8 MeV 
and photographic emulsion exposures to 12 MeV. Cranberg et a1. reported 
that 
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N(E) = 0.453e-E/o.96S sinh (2.29E)~ neutrons MeV-l fission- 1 (2.4-5) 

was a more accurate fit over the entire range. 
Note, however, that uncertainties in the measure men ts, 15% or less to 

8 MeV, were 30% or more at 12 MeV and above. Equation 2.4-5 is plotted in 
Fig. 2.18 and tabulated for numerical use in Ref. 14. The tabulation 
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Fig. 2.18-Fraction of neutrons per MeV interval emitted at energy E from the thermal 
fission of 235U. (From Herbert Goldstein. Reactor Handbook. Second Edition. Vol. III, 
Part B. Shielding. E. P. Blizard (Ed.). p. 19. Interscience Publishers, a division of John 
Wiley & Sons. Inc .• New York. 1962.) 

also gives the fraction of neutrons above E and the energy per fission carried 
by neutrons above E. 

An even simpler expression that is within 15% of Eq. 2.4-5 over its range 
of validity (and within 7%, 5 < E < 13 MeV) is due to Goldstein: 14 

N(E) = 1.7 Se-O•7 6 6E neutrons MeV- 1 fission- 1 

(4 < E < 14 Me V) (2.4-6 ) 

This form is very convenient in analytical manipulations and adequately 
covers the energy range of greatest interest in many reactor shielding 
problems. 

Both the spectrum and the total number of neutrons evolved in fission 
vary with the energy of the inc idem neutron and with the species of 
fissionable material. In experiments at Los Alamos, Grundl and Neuer l 

7 and 
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Leachman 18 compared the spectra from the fission of 23SU, 233U, and 

239 Pu. Using the average energy, E, as a parameter, they represented the 
spectra from all three isotopes by the formula 

( 2.4-7) 

From correlations of these and other data, Terrell l 8 found that E may be 

expressed in terms of v, the average number of neutrons given off per fission, 

by 

E:l>< 0.78 + 0.621 (V+ 1)~ MeV (2.4-8) 

Values of 11 for fissions resulting from thermal-neutron absorption in various 
isotopes are listed in Table 2.2. 

Table 2.2-NUMBER OF NEUTRONS PRODUCED BY FISSION 

Fissionable isotope 

2.54 ± 0.04 
2.46 ± 0.03 
2.88 ± 0.04 

The value for v increases almost linearly with energy as the incident
neu tron energy rises above thermal. For 23 S U 

V(E) ~ VT + 0.15(E - ET ) (2.4-9) 

where vT is the value at thermal energy, ET , and E is the energy of the 
neutron-producing fission. From Eqs. 2.4-8 and 2.4-9, it is seen that the 

average emi tted neutron energy, E, increases at a rate of abou t 4% of the 
increase in incident-neutron energy. For most practical shielding problems, 
thi$ effect may be safely ignored. Variations between fissionable isotopes are 
more significant. however, and should be considered. The values ofilgiven in 
Table 2.2 indicate that a breeder reactor whose power is. evolved primarily 
from 23 9pU fissions will be a 20% stronger neutron source than an 
equivalent power reactor employing 235 U. 
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2.4.3 Effect of Medium on Spectra 

It is evident that the shape of the neutron or gamma·ray energy 
distribution depends on the type of source. However, it is not so obvious 
that the attenuation properties of the medium through which the radiation is 
transmitted also have a strong influence on the spectrum. In fact. the 
spectrum of the neutrons or gamma rays emerging from a reactor shield is 
determined by the shield moderator and structure layers and not by the type 
of fission. The detailed reasons for this will become apparent from the 
discussion on interactions in Chap. 3 and on transport in Chap. 4. For the 
present it will suffice to illustrate the importance of the medium for two 
familiar media, water and lead. . 

Figure 2.19 shows the measured and calculated spectra from a 
fission-neutron source after the neutrons have penetrated various thicknesses 
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Fig. 2.19-Neutron spectrum vs. penetration through water measured in a direction 
normal to the slab with a collimated detector. [From V. V. Verbinski, M. S. Bokhari, J. C. 
Courtney, and G. E. Whitesides, Nuclear Science and Engineering, 27: 283 (1967).] 
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Fig. 2.20-Differential energy spectrum for a to-MeV plane monodirectional gamma-ray 
source vs. penetration depth through a lead slab. (From Goldstein and WUkins.lO ) 

of a water shield. As the thickness increases. the lower energy neutrons 
become less important, and the higher energy neutrons become more 
important; i.e., the higher energy neutrons comprise a higher percentage of 
the total neutron-flux density. 
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Both the measurements and the calculations demonstrate the effect of 
the water medium. In this case the calculation is performed by direct 
integration of the Boltzmann equation, a technique discussed in Chap. 4. 

The effect of attenuation on photons from a plane monoenergetic source 
through various thicknesses of lead is shown in Fig. 2.20. In this illustration 
the initial source spectrum is a vertical bar at 10 MeV. Despite this the 
distribution is almost horizontal at 1.76 cm. Note that a pronounced peak 
develops between 2 and 3 Me V as the depth increases. 

REFERENCES 

1. N. E. Holden, M. R. Mendelson, and T. E. Dudley, Total Gamma Energy Release Due 
to Thermal-Neutron Fission in 235U, Nucl. Sci. Eng., 30: 461 (1967). 

2. R. W. Peelle and F. C. Maienschein, Prompt Gamma Rays from Thermal Neutron 
Fission of Uranium-235, Nucl. Sci. Eng., 40:..485 (1970). 

3. P. N. Stevens and H. C. Claiborne, Basic Concepts of Radiation Shielding Analysis, in 
Weapons Radiation Shielding Handbook, Chap. 2, USAEC Report DASA-1892-S, Oak 
Ridge National Laboratory, June 1970. 

4. International Commission on Radiation Units and Measurements, Radiation Quanti
ties and Units, Report ICRU-11, 1968. 

5. International Commission on Radiation Units and Measurements, Neutron Fiuence, 
Neutron Spectra and Kerma, Report ICRU-13, 1969. 

6;~ R. W. Peelle and F. C. Maienschein, The Absolute Spectrum of Photons Emitted in 
'~ Coincidence with Thermal-Neutron Fission of Uranium-235, USAEC Report ORNL-
4457, Oak Ridge National Laboratory, 1970. 

7. J. Kirkbride, The Prompt Gamma Photons from 235 U, 2 B U, and 23 9 Pu Due to the 
Absorption of a GLEEP Neutron Beam, British Report NRDC-58, Feb. 13, 1955. 

8. A. B. Smith, P. R. Fields, and A. M. Friedman, Prompt Gamma Rays Accompanying 
the Spontaneous Fissionof 2S2 Cf,Phys. Rev., 104: 699 (1956). 

9. F. C. Maienschein, Engineering Compendium on Radiation Shielding, Vol. 1, p.76, 
Springer-Verlag, New York, 1968. 

10. L. B. Engle and P. C. Fisher, Energy and Time Dependence of Delayed Gammas from 
Fission, USAEC Report LAMS-2642, Los Alamos Scientific Laboratory, July 1962. 

11. J. F. Perkins and R. W: King, Energy Release from the Decay of Fission Products, 
Nucl. Sci. Eng., 3: 726 (1958). 

12. J. F. Perkins, Decay of 235 U Fission Products. Report RR-TR-63-11, U. S. Army 

Missile Command, Redstone Arsenal, July 1963. 
13. J. F. Scoles, Calculated Gamma-Ray Spectra from 13 5 U Fission Products, Report 

NARF-58-37T (FZK-9-132), Convair, Aug. 29, 1958. 
14. Herbert Goldstein, Sources of Neutrons and Gamma Rays, in Reactor Handbook, 

2nd ed., Vol. III, Part B, Shielding, E. P. Blizard (Ed.), Chap. 8, Interscience 
Publishers, a division of John Wiley & Sons, Inc., New York, 1962. 

SOURCES OF RADIATION 59 

Both the measurements and the calculations demonstrate the effect of 
the water medium. In this case the calculation is performed by direct 
integration of the Boltzmann equation, a technique discussed in Chap. 4. 

The effect of attenuation on photons from a plane monoenergetic source 
through various thicknesses of lead is shown in Fig. 2.20. In this illustration 
the initial source spectrum is a vertical bar at 10 MeV. Despite this the 
distribution is almost horizontal at 1.76 cm. Note that a pronounced peak 
develops between 2 and 3 Me V as the depth increases. 
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EXERCISES 

2.1 The survivorship function for the time dependence of radioactive decay is given by 

where N(t) is the number of radioactive atoms existing at time t, No = N(O), and A is 
a constant for a given isotope. (a) Find the differential time distribution function 
p(t), where pet) dt gives the number of atoms disintegrating in interval dt. (b) Using 
the definitions given in Sec. 2.2.1, obtain the cumulative distribution FI (t) 
(Eq. 2.2-4) and the fractional distributions fl (t) (Eq. 2.2-7) and 1-2 (t) (Eq. 2.2-8). 
(e) Sketch these distributions. (d) Compute the number of atoms disintegrating 
between times TI and T2 . 

2.2 (a) Compute the solid angle n subtended by a circular disk of radius a at a poine P 
that is located a distance R from the disk. where P lies on the normal n passing 
through the center of the disk. (b) As R -+ 0 or a -+ 00, n -+ ? 

2.3 An isotropic surface source of Sa particles sec -I em -2 is located on the surface of a 
sphere of radius R. Assuming a nonabsorbing medium within the sphere: 
(a) compute the flux density at the center of the sphere; (b) compute the net 
current density at the center of the sphere through a midplane. 

2.4 Compute (a) the flux density and (b) the current density for the geometry of 
Problem 2.3 when the surface source is located only on the hemisphere above the 
midplane. 

2.5 In the geometry shown by the following sketch, the plane P is parallel to the 
isotropic disk source S I. which emits Sa particles sec -I cm -1. Point source 
S2 is isotropic and emits S particles/sec. Compute (a) the flux density and (b) the 
net current density through plane P at point D. 
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Exercise 2.5 -Disk plus point source. 

2.6 Derive Eq. 2.3·5 given in Sec. 2.3.2 for the flux density above a surface array of 

isotropic point Sources; i.e., show 

¢(8) = 4 2 S 8 particles cm -2 sec-I steradian-I 
7rC cos 

2.7 A slab of thickness X that is infinite in the other two dimensions (see sketch for this 
exercise) is nonabsorbing and contains a uniformly distributed volume source of Sv 
particles cm-3 sec-I. At a point P on the surface of the slab, compute the following: 
(a) Compute the surface source differential distribution G(8), where G(O) dn is the 
flux density emerging in solid-angle element dn about n. (n is inclined at an angle (J 

to the normal of the slab.) Compare the result with that of Problem 2.6 
(b) Compute the differential flux-density distribution 4>(0). where 4>(8) dS is 
particles sec- 1 steradian-1 emitted into dn about n from the slab surface element 
dS. (c) Compute the total surface flux (particles sec-1 cm-2

) emerging from the slab. 
(d) What is an equivalent isotropic flux? (e) Compute the differential angle flux 
density H(8), where H(9) dB is the flux density of particles whose directions lie in 
angle element d8 about n. integrated over all 21T azimuthal angles. (f) Compute the 
relative total flux density in the following angle intervals of 0: 0° to 10°, 40° to 50°, 
75° to 85°,80° to 90°. 

t---X 

Exercise 2.7-Nonabsorbing slab source. 
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2.8 A differential energy distribution for the fission spectrum is often chosen to be 

N(E) = O.77£'1ae-O•776E 

because it is simpler than Eq. 2.4-7 and accurate within 12% for E <9 MeV. For this 
distribution, compute: (a) the most probable energy, E; (b) the average energy, E, 
and its associated speed, vf; and (c) the average speed, ii, and its associated energy 

Eji. Recall that for E in MeV and v in cm2 /sec, 

62 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

2.8 A differential energy distribution for the fission spectrum is often chosen to be 

N(E) = O.77£'1ae-O•776E 

because it is simpler than Eq. 2.4-7 and accurate within 12% for E <9 MeV. For this 
distribution, compute: (a) the most probable energy, E; (b) the average energy, E, 
and its associated speed, vf; and (c) the average speed, ii, and its associated energy 

Eji. Recall that for E in MeV and v in cm2 /sec, 



Interactions of Radiation 
with lVlatter 

c. W. GARRETT. W. E. SELPH, P. N. STEVENS, and H. C. CLAIBORNE 3 
Once the source of radiation has been properly defined for a particular shield 
analysis, the second phase of the analysis can be performed. This phase 
involves the calculation of the intensity and distribution' of the radiation that 
penetrates the shield or. alternatively, the attenuation afforded by the shield. 

Although radiation attenuation is simply the macroscopic ramification of 
the microscopic interaction processes between the particle and the atoms of 
the medium, the transition from the individual processes to the gross 
behavior of the radiation field is a complex one. Not only must some 
consideration be given to the statistical nature of these processes but also the 
relative importance of the various interactions must be considered for the 
type of radiation and the appropriate range of energy. Thus an understand
ing of the energy-transfer mechanisms involved in the various interactions 
and of the relative probabilities among the several possible interactions is 
fundamental to shield analysis. 

To begin a discussion of interactions, we will review the concept of cross 
section, the basic measure of a radiation interaction. Then we will review the 
atomic and nuclear processes important to photon and neutron transport and 
to attenuation calculations. We conclude the chapter with a discussion 
of some important interaction rates, namely, absorbed dose rate, kerma 
rate, and exposure rate, which are often used to characterize radiation 
fields. As in Chap. 2, for convenience we use the word particle to include 
photons as well as particles with mass. 

3.1 CROSS SECTIONS 

Consider a particle traversing a medium; numerous factors influence the 
probability of interaction with the nuclei and electrons of the medium. 
Some of the more important (but not necessarily independent) factors 
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include (1) nuclides in the medium, (2) partial densities of each nuclide. 
(3) electron density within the medium, and (4) energy and direction 
distributions of the incident radiation . 

. Other factors must sometimes be considered as well. For low-energy 
particles, particularly thermal neutrons, the physical state of the medium 
may be important; for example, a nucleus bound in a crystal lattice may 
have a different interaction probability associated with it than an identical 
but unbound nucleus. Further, although we usually assume in shield analyses 
that target nuclei are at rest, thermal motion of the nuclei can sometimes be 
significant. For example, when the shield design involves the analysis of 
thermal-neutron transport through high-temperature ~egions of a reactor, the 
shift in value of the thermal-neutron energy must be considered. 

3.1.1 Microscopic Cross Section 

The basic measure of the probability that a neutron or photon will 
interact with a nucleus, an electron, or an atom is a quantity called the 
microscopic cross section_ Microscupic cross sections are functions of all the 
variables listed above and traditionally are denoted by the symbol a. 
Subscripts are used to denote specific interactions to which a cross section 
refers; e.g., aa refers to an absorption cross section, ain to an inelastic
scattering cross section, as to scattering, and at to a total cross section. 
Functional dependencies are often shown; e.g., aa(E) represents the value of 
an absorption microscopic cross section as a function of the energy, E, of the 
incident radiation. 

A microscopic cross section has units of area. hence the term cross 
section. It may be visualized as the effective projected cross-sectional area of 
a sphere centered about the target particle through which an incident 
radiation particle must pass if an interaction is to occur. In general, this 
effective area represents the range of the interaction force between incident 
particle and target nuclei and is not directly related to the size of the 
nucleus. The effective area for absorption (aa) may be very different from 
the effective area for scattering (as) for the' same target and incident 
radiation. 

Calculation and measurement of microscopic cross sections have been 
active fields of endeavor for many years, and extensive files of evaluated data 
on computer tape serve as a primary source for input to radiation shielding 
analysis. For a given target, radiation type, and interaction process, 
microscopic cross sections are usually tabulated as functions of incident 
radiation energy. Sometimes, however, cross sections are reported as average 
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values, the average being taken over a distribution in energy of the incident 
particle. For example, thermal-neutron cross sections are reported in this 
manner where the energy distribution of the neutrons is assumed to 
approximate a Maxwell-Boltzmann distribution. 

The body of information on neutron cross sections has grown so rapidly 
in the past 10 years that it is no longer feasible to revise and update 
compilations; they have become so large as to be practicable only through 
the use of a computer. The National Neutron Cross Section Cen ter at 
Brookhaven National Laboratory has concentrated more on developing 
cross-section data files on computer tape than on updating publications (for 
example, those cited in the section on neutron interaction later in this 
chapter). Evaluated nuclear data flies, abbreviated ENDF IB, are available 
from National Neutron Cross Section Center, Brookhaven National Labora
tory, Upton, New York 11973. 

If very current data are not needed, the compilations of neutron cross 
sections cited in the following sections should be helpful. Sources of 
gamma-ray cross-section data are also cited. 

Microscopic cross sections are usually measured in units of barns (b), 
millibarns (mb), and microbarns (Ilb). A barn is 10-24 cm2

; a millibarn, 
10-27 cm2 ;andamicrobarn, 10-30 cm 2 • 

3.1.2 Macroscopic Cross Section 

Although microscopic cross sections deal with probabilities of the 
interaction of radiation with individual targets (nuclei and electrons), 
macroscopic cross sections are related to probabilities for interaction with 
the aggregate of targets that compose the medium through which the 
radiation is passing. Almost invariably shield analysis requires macroscopic 
cross sections that, as shown in the following text, are computed from a 
knowledge of microscopic cross sections and the constituents of the 
medium. Two symbols universally used to denote macroscopic cross sections 
are Il and l:; the former is most often applied to photon cross sections and 
the latter to neutron cross sections. As with microscopic cross sections, 
subscripts and functional dependencies are often used in conjunction with 
these symbols. 

If N is the target particle density (nuclei/cm3
), the relation between the 

macroscopic cross section, ~, and the microscopic cross section, 0, for a 
specified interaction as a function of incident-radiation energy, E, is 

~(E) = N a(E) (3.1-1) 
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Macroscopic cross sections as defined by Eq. 3.1-1 thus have units of 
reciprocal length (usually cm- 1 ) and are often called linear cross sections or 
coefficients. (The term macroscopic cross section is used principally for 
neutrons; following historical precedent in attenuation of light, the term 
coefficient, with various modifiers to distinguish types, is used for gamma 
rays.) In fact, such a macroscopic cross section is the total apparent 
cross-sectional area of interaction presented to a radiation field per unit 
volume of material (i.e., cm2 fcm 3

). 

For mixtures of target nuclides, the macroscopic cross section for a 
specified interaction process is given by 

~(E) = EN· a·(E) • I I (3.1-2) 
I 

where N j is the volumetric density of the ith nuclide and aj(E) is the 
microscopic cross section for the ith nuclide. It is easily shown that 

(3.1-3) 

where Av is Avogadro'S number (6.023 x 1023 ), Ai is the atomic weight of 
the ith nuclide, and Pj is the partial density (gJ cm 3) of the ith nuclide in the 
mixture. 

Macroscopic cross sections can be added. Thus, if ~s(E) and La(E) are 
scattering and absorption macroscopic cross sections, respectively, the cross 
section for both processes taken together is Ls(E) + La(E). 

If Eq. 3.1-1, 3.1-2, or 3.1-3 is divided by the density, p, of the medium, 
the apparent cross-sectional area of interaction per unit mass of material 
(cm 2/g) is obtained. Such mass attenuation coefficients are most often 
encountered in photon shielding calculations and are usually denoted by III p, 

Il being the linear macroscopic cross section. 

3.1.3 Radiation Reaction Rates 

It was noted in the discussion of measures of radiation intensity 
(Sec. 2.2.4, Chap. 2) that interaction rates of a radiation field with its 
environment are important and often-used characterizations of radiation 
intensity. However, further discussion of the concept was deferred to this 
chapter so that the various microscopic processes of interaction could first 
be reviewed. 
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intensity. However, further discussion of the concept was deferred to this 
chapter so that the various microscopic processes of interaction could first 
be reviewed. 
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Many interaction processes can be used to measure a radiation field. With 
a photon field, for example, the total photon collision rate (number of 
photons interacting by all processes per unit volume per unit time) can be 
used. The rate of energy removal (MeV cm-3 sec-l ) from the primary photon 
beam can also be used. A third example might be the rate of local energy 
deposition (MeV cm-3 sec-l ), which has the same dimensions but may not 
equal the energy removal in the local region being considered because of the 
energy carried away from and/or delivered to the local site by secondary 
processes. Rates of these types are regularly used in the calculation and 
evaluation of reactor shields; they are discussed later in this chapter. First, 
however, some fundamental considerations are in order.! 

The macroscopic cross section may be viewed as the reaction rate per 
unit number flux density of a radiation field. Thus, for a linear macroscopic 
cross section, the reaction-rate density is given by 

RR = pIP reactions cm -3 sec-I (3.1-4) 

if the cross section, fJ., is in units of cm- I and the flux density, <1>, is in units 
of cm -2 sec -I . of course, the reaction or reactions whose rates are calculated 
by Eq. 3.3-1 are those associated with the particular macroscopic cross 
section used. 

In a similar manner, the reaction rate per unit mass density is given by 

RR = ~ ell reactions g-l sec-I 
p 

(3.1-5) 

where <I> is again the flux density and pip is the mass macroscopic cross 
section. The total reaction rate over energy flux spectrum and volume, V, is 
given by the integral 

RR = Iv IE J.L(E) <I> (r,E) dE dV reactions/sec (3.1-6) 

in which the differential flux density, 4>(r,E), is defined by Eq. 2.2-23 of 
Sec. 2.2.4 and dV is the differential volume element. 

3.2 RADIATION INTERACTIONS 

The physics of important neutron. and photon interaction processes for 
radiations having energies found in fission reactors is well known, and 

INTERACTIONS OF RADIATION WITH MATTER 67 

Many interaction processes can be used to measure a radiation field. With 
a photon field, for example, the total photon collision rate (number of 
photons interacting by all processes per unit volume per unit time) can be 
used. The rate of energy removal (MeV cm-3 sec-l ) from the primary photon 
beam can also be used. A third example might be the rate of local energy 
deposition (MeV cm-3 sec-l ), which has the same dimensions but may not 
equal the energy removal in the local region being considered because of the 
energy carried away from and/or delivered to the local site by secondary 
processes. Rates of these types are regularly used in the calculation and 
evaluation of reactor shields; they are discussed later in this chapter. First, 
however, some fundamental considerations are in order.! 

The macroscopic cross section may be viewed as the reaction rate per 
unit number flux density of a radiation field. Thus, for a linear macroscopic 
cross section, the reaction-rate density is given by 

RR = pIP reactions cm -3 sec-I (3.1-4) 

if the cross section, fJ., is in units of cm- I and the flux density, <1>, is in units 
of cm -2 sec -I . of course, the reaction or reactions whose rates are calculated 
by Eq. 3.3-1 are those associated with the particular macroscopic cross 
section used. 

In a similar manner, the reaction rate per unit mass density is given by 

RR = ~ ell reactions g-l sec-I 
p 

(3.1-5) 

where <I> is again the flux density and pip is the mass macroscopic cross 
section. The total reaction rate over energy flux spectrum and volume, V, is 
given by the integral 

RR = Iv IE J.L(E) <I> (r,E) dE dV reactions/sec (3.1-6) 

in which the differential flux density, 4>(r,E), is defined by Eq. 2.2-23 of 
Sec. 2.2.4 and dV is the differential volume element. 

3.2 RADIATION INTERACTIONS 

The physics of important neutron. and photon interaction processes for 
radiations having energies found in fission reactors is well known, and 



68 REACI'OR SHIELDING FOR NUCLEAR ENGINEERS 

thorough discussions can be found in nuclear science texts as well as in 
specialized treatments such as those of Foderaro, I Blizard,2 and Goldstein.3 

We will summarize the basic interactions here and make reference to sources 
of cross-section data for them. 

3.2.1 Photon Interactions 

The energy range of interest for gamma rays associated with fission or 
from fission-neutron interactions extends from the low keV range to about 
10 MeV. There are many possible mechanisms for the interaction of gamma 
rays in this energy range, but only three interactions contribute in a 
significant way to photon attenuation. These are the photoelectric effect, 
pair production. and Compton scattering. Of the numerous possible 
references to photon-interaction data, we will mention only two: Hubbell,4 
a recent tabulation with summary discussions of the processes of interest, 
and Hubbell and Berger,S an article prepared a year earlier and appearing in 
the Engineen·ng Compendium on Radiation Shielding. 

(a) Photoelectric Effect. In the photoelectric process, a photon is 
absorbed and an orbital electron is emitted. The entire energy of the photon 
is transferred to the electron, which is ejected from its shell and emerges 
from the atom as a photoelectron. Momentum is conserved by recoil of the 
whole atom, and the more tightly bound electrons have the greatest 
probability of being ejected. The photoelectron is ejected from the atom 
with kinetic energy T = E.., - Be' where Be is the binding energy of the 
orbital electron. The orbital vacancy is then filled by transition of an outer 
electron; this transition is accompanied by emission of characteristic X rays 
called fluorescent radiation. Neither the photoelectron nor its fluorescent 
radiation is sufficiently energetic to be of further interest in shield analysis. 

Extensive tabulations of photoelectric cross sections are given by 
Hubbe1l4 and Hubbell and Berger. 5 Qualitatively the photoelectric cross 
section depends on atomic number, Z, and incident gamma-ray energy, E.." 

(3.2-1) 

where n varies from 3 to 5. We see that the probability of interaction is 
proportional to the -3 power of the photon energy and to the third to fifth 
power of the atomic number of the target atom. Thus the importance of the 
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photoelectric effect is greater for the higher Z elements and diminishes 
rapidly with increasing photon energy for any element. 

Since the K-shell electrons are the most tightly bound, they have the 
highest probability of a photoelectric absorption. For incident-photon 
energy below the K-shell ionization energy, only L-shell or higher electrons 
are available (with a lower probability for interaction). Thus discontinuities 
in the cross sections for the photoelectric effect are found at the ionization 
energies of the various electron shells. Figure 3.1 illustrates this phenomenon 
for lead; both the K-edge and the L-edge are shown. 
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Fig. 3.1-Photoelectric effect in lead. 

The ionization energy for a given electron shell increases with increasing 
atomic number; the energy of the K-edge as a function of Z is shown in 
Table 3.1. Also shown in Table 3.1 is the photon energy at which the 
photoelectric effect accounts for half the total photon interaction probabil
ity. At energies above the E% value, the photoelectric effect diminishes in 
importance. At energies below E~, it becomes incre-asingly more important 
(see discussion on total attenuation coefficients at the end of this se~tion). 

As shown in Table 3.1, the energies at which the photoelectric effect 
predominates lie well below the region of 0.5 to 10 MeV, which is of greatest 
concern in reactor shielding. Although not predominant, the effect is still 
significant within that range. However, the greatest significance of the 
photoelectric effect is that it establishes a lower limit to the photon energy 
requiring consideration in a shield analysis. Because of the rapid increase in 
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Table 3.t-ENERGY AT WHICH THE PHOTO· 
ELECTRIC EFFECT PROVIDES ONE·HALF 
THE TOTAL ABSORPTION COEFFICIENT 

(E~ ) AND ENERGY OF K·SHELL 
IONIZATION (EK)t 

z Element EK.MeV E~. MeV 

1 Hydrogen 1.4 X 10-s 10"4 

4 Beryllium 2.2 X 10-4 0.011 
6 Carbon 2.8 X 10-4 0.016 
8 Oxygen 5.2 X 10-4 0.025 

13 Aluminum 1.5 X 10-3 0.046 

20 Calcium 4.0 X 10-3 .0.079 
26 Iron 6.9 X 10-3 0.11 
42 Molybdenum 2.0 X 10-2 0.195 
50 Tin 2.9 X 10-2 0.25 
74 Tungsten 6.06 X 10-2 0.42 

82 Lead 8.8 X 10-2 0.50 
92 Uranium 11.6 X 10-2 0.62 

t From Goldstein. 3 

the photoelectric absorption cross section with decreasing photon energy, a 
point in energy is reached below which, for all practical purposes, no 
photons exist. 

(b) Compton Effect. The Compton effect is the scattering of a photon 
by a free electron. The photon imparts energy to the electron and is altered 
in direction and energy. A very important feature of this effect is the fact 
that, except when the scattering angle is large, the photon emerges from the 
interaction with a significant fraction of the incident-photon energy. This 
fact accounts for much of the complexity associated with gamma-ray 
transport analysis. 

In the analysis of the Compton effect, the electrons are assumed to be 
free, neither interacting among themselves nor bound within the atom. The 
Compton effect for an atom is therefore the additive effect of all its 
electrons, and the macroscopic cross section for Compton scattering is 
determined by the electron density. Thus the dependence of this process on 
atomic number is merely a linear dependence on the number of electrons per 
atom. Figure 3.2 illustrates the process. The photon is scattered through an 

angle (} and carries a portion of its incident energy. The remainder of the 
energy is taken up as kinetic energy by the recoiling electron, which scatters 
through an angle 1/1. 
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Fig. 3.2-Compton scattering. 
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The equations describing the angle and energy relations of the Compton 
process are most easily expressed when photon energies are measured either 
in units of the rest mass energy of an electron (mec2 ) or in units of Compton 
wavelengths. lit these units, if E* is energy in units of MeV, the energy E in 
units of mec2 is given by 

E* 
E = 0.511 

and the Compton wavelength is given by the reciprocal: 

i\ =.!.= 0.511 
E E* 

(3.2-2) 

(3.2-3) 

One unit of Compton wavelength is equal to h/mec, or 0.02426 A, where h 
is Planck's constant (6.625 x 10-27 erg-sec). Subsequent equations in this 
section on Compton scattering are written in terms of these units of energy 
and wavelength. 

From the conservation. of energy and momentum, it may be shown that 
the relation between the incident-photon energy, E, scattered-photon 
energy, E', and scattering angle, e, for a Compton collision is 

E'= E 
1 + E (1 - cos e ) (3.2-4 ) 

In terms of Compton wavelengths, the relation seems even simpler 

i\' - i\ = 1 - cos (J (3.2-5) 

where i\' refers to the scattered photon. 
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From these equations it is seen that straight-ahead scattering (8=0) 
results in no energy loss for the photon; the electron recoil angle, 1jJ, is 90° in 
this case. A lower limit to the scattered photon energy occurs in backward 
scattering (6 - 1BOO). where 

, E 
E min = 1 + 2 E (3.2-6) 

and 

A~ax = A + 2 (3.2-7) 

The electron recoil angle. 1jJ, is zero in this case. Thus the photon can scatter 
in any direction, but electron recoil is limited to forward (relative to the 
initial photon's track) directions. 

The energy of the scattered photon varies from the initial energy down 
to the lower limit. For initial energies much greater than 1 rest mass 
(~0.511 MeV), the lower limit is approximately E/2. 

The essence of the process is contained in the Klein-Nishina formula, 
which describes, to a very good approximation, the probability per electron 
that a photon will Compton scatter into a unit solid angle about a scattering 
angle, 8. This differential function takes on a convenient form when the 
microscopic electron cross section is measured in Thomson units (T.U.). One 
T.U. = Brr/3(e2 /mec2)2 = 0.665 b. In these units the Klein-Nishina rela
tion, expressed in terms of energy or Compton wavelength, is 

3 (E')2 (E E' ) a(8) = 161T E E' + E - sin2 fJ T.U. electron-1 sceradian-1 (3.2-8) 

or 

3 (A)2("A1 A ) 0(8) = 161f 'i! 'i +~ - sin2 8 T. U. electron-1 steradian- 1 (3.2-9) 

[Since 0(6) is a differential microscopic cross section (unit area per unit solid 
angle), some authors prefer to denote these functions by da/dU to 
emphasize the differential.] It should be noted that the variables E', E, and 
sin 8 (or X', X, and sin 8) are not independent in the preceding equations 
but are related through Eq. 3.2-4 (or 3.2-5). Thus 0(8) is actually a function 
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only of initial and scattered photon energy or initial photon energy and 
scattering angle. This is explored in the exercises. 

The total cross section for Compton scattering by an electron may be 
obtained by integration of Eq. 3.2-8 over all scattering angles. 

3 {1 + E [2E (1 + E) ] 
oc(E) = 4" £3' 1 + 2E - In(1 + 2E) 

1 1 + 3E } 
+ 2E In (1 + 2E) - (1 + 2E)2 T.U./electron (3.2-10) 

I 

where oc(E) is the microscopic cross section for Compton scattering per 
electron for a photon of energy E. For very low energies (E ~ 1), oc(E) 
approaches 1 T.U. In the other extreme (E ~ 1), 

0e(E) ~ ~: (In 2E +~) T.U./electron (3.2-11) 

As noted in the preceding text, the energy of the incident photon is 
divided into two parts in a Compton collision: that contained in the kinetic 
energy of the recoiling electron and thus deposited very close to the site of 
the collision, and that. carried away from the collision site by the scattered 
photon. The fraction, f(8). of energy deposited locally (i.e., transferred to 
the electron) as a function of scattering angle is given by 

f(8) = E - E'(8) 
E 

(3.2-12) 

The average fractional energy loss per Compton collision, fe' is given by 

-...I ,,: .!, 
/-f.·=-ff(8) 0(8) dn 
'.' o'c 

(3.2-13) 

where the integration is carrled out over all solid angle. The quantity 

(3.2-14) 

is a cross section reflecting the probability of local energy deposition in a 
Compton collision and is called the Compton energy absorption cross 
section. 
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The relations between initial- and scattered-photon energies, scattering 
angle, Compton cross section, and energy transferred to the electron are 
sufficiently complex that they are not intuitively obvious. Figure 3.3 
illustrates the relation between initial and scattered photon energies as a 
function of scattering angle. For initial photon energies of 0.1 MeV or less, 
there is little energy degradation. For larger initial energies, degradation is 
large for large scattering angles. Figure 3.4 shows the dependence of electron 
recoil energy on initial photon energy and scattering angle. Figure 3.5 shows 
the differential Compton cross section, a(e), for several representative initial 
photon energies. This graph shows that in the 1- to IO-MeV range the cross 
section is peaked in the forward direction and demonstrates that Compton 
scattering is highly forward. Figure 3.4 is taken from Nelms,6 who presents 
over 80 graphs showing the interrelations of these parameters with scales 
sufficiently expanded to allow reasonable accuracy. Finally, Table 3.2 lists 
the total Compton cross section per electron, ac ' as a function of initial 
photon energy. Also given in this table are values of aca and 0c - 0ca; the 
former cross section relates to the energy deposited by the incident photon, 
and the latter is a cross section related to the energy carried off by the 
scattered photon. 

Some gamma-ray analysis methods require that the differential cross
section data be put into some format other than that just given. For 
example, in many Monte Carlo calculations the integral probability 
distribution for scattering at an angle a <; e is expressed as a function of 8. 
Such- a function has the limits of 0 probability at e = 0° and 1 at e = 180°. 
All the more sophisticated methods require differential angle cross-section 
data in some form. 

(c) Pair Production. In the process of pair production, a photon 
interacts with the electric field of atomic electrons or the nucleus. The 
incident photon is completely annihilated, and its energy is converted into 
the mass of an electron-positron pair. Clearly, the incident photon must 
have at least enough energy to create the mass of the electron-positron pair. 
Thus a threshold for the pair-production process is 2mec2, or 1.022 MeV. 
Any excess energy of the incident photon is given to the kinetic energies of 
the two charged particles produced in the process and to the recoiling 
nucleus. As in the photoelectric effect, the nucleus plays an essential part in 
pair production since its recoil is necessary to conserve momentum in the 
process. 

For a given nuclide the nuclear pair-production cross section increases 
rapidly from the threshold of 1.022 MeV to 10 MeV. This is illustrated in 
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Fig. 3.6, which shows the dependence of the cross section on incident
photon energy in lead. As a function of atomic number, pair production for 
interactions with atomic electrons is proportional to Z, and that for nuclear 
pair production, to Z2. This latter effect increases the dominance of nuclear 
pair production in reactor shield materials. In fact, below 10 Me V the 
probability of pair production with atomic electrons ranges from 10 to 30% 
of that for nuclear pair production in hydrogen and is negligible in high-Z 
materials such as lead. 
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Table 3.2-TOTAL AND ENERGY-ABSORPTION CROSS 
SECTIONS FOR THE COMPTON EFFECTt 

E.MeV 0c. b/electron 0ca' b/electron Oc - 0ca. b/electron 

0.0 0.665 0 0.665 
0.01 0.637 0.0077 0.629 
0.015 0.627 0.0138 0.613 
0.020 0.616 0.0196 0.596 
0.030 0.596 0.0295 0.566 

0.040 0.578 0.0380 0.540 
0.050 0.561 0.0451 0.516 
0.060 0.546 0.0509 0.459 
0.080 0.517 0.061 0.456 
0.10 0.4929 0.0685 0.4244 

0.150 0.4436 0.0812 0.3624 
0.200 0.4066 0.0886 0.3180 
0.300 0.3535 0.0958 0.2577 
0.4 0.3167 0.0982 0.2185 
0.5 0.2892 0.0984 0.2866 

0.6 0.2675 0.0984 0.1691 
0.8 0.2350 0.0959 0.1391 
1.0 0.2112 0.0929 0.1183 
1.5 0.1716 0.0849 0.0867 
2.0 0.1464 0.0777 0.0687 

3.0 0.1151 0.0664 0.0487 
4.0 0.0960 0.0582 0.0378 
5.0 0.0828 0.0519 0.0309 
6.0 0.0732 0.0471 0.0261 
8.0 0.0599 0.0399 0.0200 

10.0 0.0510 0.0349 0.0161 
15.0 0.0377 0.0268 0.0109 

t From Goldstein. 3 

As discussed in the next section. the photoelectric process. the Compton 
process, and pair production all compete for the absorption of the energy of 
a photon field. However, rarely are photoelectriC effect and pair production 
simultaneously of importance. In low-z materials. the photoelectric and 
Compton processes are dominant. Only in iron and higher Z elements does 
pair production account for over one-half the energy absorption for photons 
with an energy less than 10 MeV. Table 3.3 lists the photon energy above 
which pair production accounts for one-half or more of the total energy 
absorption. 
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Fig. 3.6-Pair.production cross section in lead. (From Hubbell,4 ) 

Hubbe1l4 and Hubbell and BergerS give discussions of the models used to 
calculate pair-production cross sections and tabulations of both nuclear and 
electron pair-production cross-section data for a wide range of photon 
energies in many elements and several compounds and mixtures. 

Although pair production results in the annihilation of the incident 
photon and plays' an important part in the attenuation of high-energy 
photons, it also results in a secondary photon source that should be 
considered in some shield analyses. The positron created in the process 
combines with an electron very close to the site of the pair production, and 
both the positron and electron are. in turn. annihilated. This gives rise to two 
Q,51l-MeV photons that emerge in opposite directions. For most purposes 
this secondary source may be considered to originate at the site of the initial 
pair-production event. This secondary source can account for as much as 5% 
of the total energy deposited. 
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Table 3.3-ENERGY AT WHICH PAIR PRODUCTION 
PROVIDES ONE·HALF THE TOTAL ABSORPTION 

COEFFICIENTt 

Element E,MeV Z Element E.MeV 

Hydrogen 78 26 Iron 9.5 
Beryllium 35 42 Molybdenum 7.5 
Carbon 28 50 Tin 6.5 
Oxygen 20 74 Tungsten 5.2 
Aluminum 15 82 Lead 5.0 
Calcium 12 92 Uranium 4.8 

t From Goldstein.3 

(d) Other Processes. Several other photon interactions, such as coherent 
electron scattering, Thomson nuclear scattering, and Delbruck scattering, 
exist; however, coherent scattering, also called Rayleigh scattering, is the 
only one that has any possible significance in reactor shielding situations. 
These other interactions are summarized in Refs. 4 and 5. 

Coherent scattering is similar to Compton scattering in that the incident 
photon is scattered from an electron. However, in contrast to the Compton 
process, the binding forces of the orbital electrons are significant in coherent 
photon scattering. In this process the recoil momentum is assumed by the 
whole atom with the result that the scattered photon emerges with an energy 

that is, for all practical purposes, equal to that of the incident photon. 
Further, in the photon energy range of interest for fission sources, the 
photon scattering angles, 0, are small, for example, less than 15° at 0.1 MeV 
and 20 at 1.0 MeV in aluminum. The practical effect of coherent scattering is 
to scatter a photon in the forward direction with no reduction in energy, and 
thus it may be treated as though no interaction took place. 

However, if coherent scattering is ignored, care must be taken with the 
cross sections used in photon-attenuation calculations. Often the cross 
section for coherent scattering is included in tabulations of total photon
attenuation coefficients. Since such use would treat the coherent scatter as 
an attenuating event when, in fact, it has essentially no effect on photon 
attenuation, the coherent portion should be subtracted from the total cross 
section. The tabulations in Refs. 4 and 5 list such data both with and 
without the coherent portion. 

(e) Total Photon-Attenuation Coefficients. The three processes that 
contribute to photon attenuation in reactor shields are the photoelectric 
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effect, Compton scattering, and pair production. Each process causes some 
or all of the energy of the incident photon to be deposited at the site of the 
interaction, and the last two cause photons of reduced energy to be emitted 
in new directions. Thus the total microscopic cross section per atom of 
atomic number Z for photon attenuation is given by 

(3.2-15 ) 

where ape is the cross section per atom for the photoelectric effect, 
0zc = Zoc' and 0pp is the cross section per atom for pair production. If we 
include coherent scattering as well as Compton scattering, we replace 0zc by 
0coh' The term 0zc is sometimes written 0i71coh to; explicitly show that 
coherent scattering is not included. As functions of photon energy, ope and 
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Fig. 3.7-Total gamma-ray cross sections for oxygen. (From Goldstein.3 ) 

0zc decrease with increasing energy; op , however, increases as the 
incident-photon energy increases. Thus for all elem~nts a minimum occurs in 
the total cross section at some energy. This behavior is illustrated in Figs. 3.7 
and 3.8, where all three components and the total cross section are plotted 
for oxygen and lead, respectively. The Compton effect is predominant for 
intermediate energies, 1 to 5 MeV for lead and other high-Z materials and a 
wider range for low-Z materials. In hydrogen the Compton effect accounts 
for the total cross section over the entire energy range of interest. As 
suggested by these two ftgures, the point in energy where the minimum in 
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total cross section occurs decreases with increasing atomic number. 
Figure 3.9 is a plot of the location of the minimum as a function of z. 

It should be noted that a macroscopic cross section computed from the 
total microscopic cross section of Eg. 3.2-15 is a total interaction coefficient 
and includes more than energy deposition by virtue of the fact that the 
entire Compton cross section is included. Thus these macroscopic cross 
sections are sometimes called narrow-beam absorption coefficients since all 
processes, inCluding Compton events, effectively remove photons from a 
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total cross section occurs decreases with increasing atomic number. 
Figure 3.9 is a plot of the location of the minimum as a function of z. 

It should be noted that a macroscopic cross section computed from the 
total microscopic cross section of Eg. 3.2-15 is a total interaction coefficient 
and includes more than energy deposition by virtue of the fact that the 
entire Compton cross section is included. Thus these macroscopic cross 
sections are sometimes called narrow-beam absorption coefficients since all 
processes, inCluding Compton events, effectively remove photons from a 
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collimated beam. However. they are more commonly called attenuation 
coefficients. Thus Ilt(= Nat) is called a linear attenuation coefficient, and 
p.dp, a mass attenuation coefficient. The total interaction rate is sometimes 
called the reaction rate. The reaction rate per unit volume is simply the· 
product <l>p.t. 

Another macroscopic cross section, which actually reflects the local 
energy removed from a photon field by an element of atomic number Z, is 
given by 

(3.2-16) 

I 

where N is the atomic density (atoms/cm 3 ) of the element and 0ca' the 
Compton energy absorption cross section per electron, is defined by 
Eq.3.2-14. The quantities Ila and /Jalp are known as linear and mass 
energy-deposition coefficients. respectively. 

The fact that electrons are reaction products of each of the three 
gamma-ray interactions important to transport through shields deserves one 
further comment. Bremsstrahlung (Sec. 2.1.1) is produced by the decelerat
ing electrons and represents an additional form of the initial gamma-ray 
energy. In this book we will usually assume that this radiation is absorbed at 
the point of formation. with one important exception, which is discussed in 
Sec. 3.3, Responses to Radiation. 

3.2.2 Neutron Reactions 

In several respects the processes associated with neutron attenuation 
contrast sharply with those associated with photons. For example, only 
three photon processes are significant at photon energies found in fission 
reactors, but many neutron reactions must be considered. Also, although all 
photon reactions of interest involve electrons, no neutron reactions are with 
electrons; they are all with nuclei. Most cross-section data for photons are 
accurately obtained by calculation (well verified by experiment); exactly the 
opposite is true for neutrons. The processes as"sociated with nuclear 
interactions are far more complicated and, in many cases, are not well 
understood. Thus most neutron cross sections must be measured experimen
tally. Active experimental programs have been under way for many years; 
however, important gaps in certain data still exist. With the exception of the 
K-edge, L-edge, etc., in the photoelectric cross section, photon-interaction 
probabilities are smooth functions of both energy and atomic number. In 
many neutron cross sections, however, resonance and threshold phenomena 
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I 
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cause abrupt excursions. Further, neutron cross sections are the ramification 
of complex interactions of nuclear forces, which depend on several factors in 
addition to simple atomic number and weight. Thus interpolations are in 
many instances impossible, and neutron cross sections must be determined 
nucleus by nucleus. It should be noted, however, that for certain neutron 
reactions theoretical considerations are effectively used in making interpola
tions. Foderaro 1 discusses in detail the application of nuclear models to 
calculate neutron cross sections. 

The neutron has a mass of 1.00898 atomic mass units, slightly greater 
than the proton mass of 1.00759 amu. Since it does not possess electrical 
charge, a neutron is not affected by the atomic electr~c field. Consequently it 
travels through matter unhindered until it passes close enough to a nucleus 
to interact with the. short-range nuclear forces. A nuclear interaction may 
alter the energy and direction of the neutron or may result in its absorption 
into the nucleus. Scattering may be either elastic, in which the kinetic energy 
of the system is conserved, or inelastic, in which some of the kinetic energy 
is transformed into excitation energy of the nucleus. As discussed in Chap. 2, 
a neutron absorption can result in the emission of one or more gamma rays, 
charged particles, and, at times, one or more neutrons. Inelastic scattering 
also produces secondary emissions, and, of course, neutron absorption can 
cause fission in certain isotopes. Thus all neutron interactions, except elastic 
scattering, produce a secondary source of radiation. 

As with photons, the total neutron cross section for an interaction with a 
specified nucleus is the sum of the absorption and scattering cross sections 

(3.2-17) 

Most often the scattering probabilities are subdivided into elastic and 
inelastic portions, as are the various types of absorption reactions. Care must 
be used in the interpretation of the term absorption. In the present context 
absorption implies the disappearance of the incident neutron as a separate 
entity, the neutron becoming a part of the n·ew nucleus created by the 
interaction. However, as mentioned in the section on inelastic reactions, 
certain scattering processes are also assumed to involve the absorption of a 
neutron by a nucleus followed by the emission of one or more secondary 
neutrons. 

Many nuclear processes have certain characteristics that are relatively 
invariant over broad bands of neutron energy. It is thus convenient to divide 
the energy spectrum of fission-produced neutrons into four energy groups. 
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Neutrons in the lowest group, ranging from 0 to about 0.4 eV, are called 
thermal. or slow, neutrons. Their energy distribution approximates the 
Maxwell-Boltzmann distribution given by 

J" (E) = 2'lT E~ -E /k T 
In (7rkT)~ e (3.2-18) 

where fn(E) is the fraction of neutrons per unit energy about energy E. k is 
the Boltzmann constant (8.6 x 10-5 eVrK). and T is the absolute 
temperature of the medium. t In the thermal range neutrons are assumed to 
be in equilibrium with the thermal agitation of the nlfclei of the medium. 
Because neutron absorption often varies with the reciprocal of neutron speed 
in the thermal region, this region is also known as the ltv region. 

The next higher energy region ranges from 0.4 eV to about 1 keY and is 
called the resonance, or epithermal, region because many cross sections 
exhibit one, a few. or many resonance peaks in this region. The cross 
sections at these peaks can have values several orders of magnitude above the 
base level; their effect on the average cross section across the resonance 
region depends on both their number and their widths. These latter 
quantities vary greatly among nuclei. 

Depending on the nucleus, the resonance region stops somewhere from 1 
to 50 keV. For convenience we call neutrons in the range from a few keY to 
500 keV intermediate neutrons. 

The highest energy region ranges from 0.5 MeV to the upper limit of 
energy of fission neutrons, about 18 MeV. In this fast-neutron region, some 
resonances are found, most often in the low-energy portion, but, for the 
most part, cross sections are relatively smooth and, in general, have lower 
values than those of the lower energy regions. 

Consistent with our treatment of photon interaction, we will briefly 
describe neutron reactions in this section and refer the reader to detailed 
discussions elsewhere. In particular, a recent text on neutron interactions by 
Foderaro l should be noted here since it is well-suited to the needs of 
shielding specialists. 

(a) Elastic Neutron Scattering. In elastic neutron scattering both kinetic 
energy and momentum are conserved. Thus the simple billiard-ball collision 

tSttictly speaking, the average neutron temperature equals the temperature of the medium only 
for nonabsorbing media. For absorbing media the average neutron temperature will be somewhat 
higher, and the distribution will depart from that of Maxwell-Bolttmann. 
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model can be used to obtain the direction of motion and the speed of the 
scattered neutron and recoiling nucleus relative to the direction and speed 
(or energy) of the incident neutron. 

Actually two processes are assumed to produce elastic scattering of 
neutrons. The first is known as resonance, or capture, scattering. In this 
process the neutron is assumed to .be absorbed by the target nucleus and 
reemitted in (possibly) another direction. The second process is called 
potential, or diffraction, scattering. In this process the neutron is assumed 
not to enter the target nucleus but rather to be elastically scattered by 
interaction with the potential well created around the nucleus by the 
short-range nuclear forces. The probability for elastic scatter is the sum of 
the probabilities for both processes; the cross section for elastic scattering is 
based on this sum and is often denoted by Ges' In adding these probabilities. 
we must take account of the spin states of the particles since coherent 
effects are involved. 

Resonance elastic scattering is most important at low or intermediate 
neutron energies, where it causes an oscillating behavior of the elastic-
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scattering cross section. At higher energies (i.e., the fast region), almost all 
resonance scattering is inelastic since the compound nucleus formed by 
resonance scattering results in an excited nucleus following neutron 
reemission. Kinetic energy is therefore not conserved, and some of the 
kinetic energy reappears as a photon. Potential scattering, which is generally 
a smooth function of neutron energy, is the predominant component of 
elastic scattering in the fast region. 

The scattering angle-energy relations for elastic interactions are given 
most simply in the center-of-mass coordinate system in which the total 
momentum is constant zero, and particle speeds after collision are equal to 
those before collision. Figure 3.10 illustrates the colIisiqn geometry in both 
the laboratory and the center-of-mass systems. 

The energy, E, of the elastically scattered neutron is related to the 
energy, Eo, of the incident neutron, the atomic mass, A, of the target 
nucleus, and the scattering angle, q, (in the center-of-mass system), by the 
equation 

E A l + 2A cos r/> + 1 
Eo - (A + 1)2 

(3.2-19) 

The scattering angle, 8, in the laboratory system is related to ¢J by the 
equation 

II A cos ¢J + 1 
cos 17 = --=----........;--~"":":' 

(Al + 2A cos q, + 1)~ 
(3.2-20) 

It is seen that for hydrogen scattering (A = 1) the neutron can lose all its 
energy in just one coilision. Maximum energy loss occurs where ¢J = 1r, and 
Eq. 3.2-19 becomes 

2 
Emin = (A - 1 \ 
Eo A + 11 (3.2-21) 

For low-energy neutrons elastic scattering is approximately isotropic in 
the center-of-mass system, and the average scattering angle in the laboratory 
system is given by 

- 2 
cos e =-

3A 
(3.2-22) 
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Equation 3.2-22 illustrates the point that scattering (in the laboratory 
system) is peaked in the forward direction (1 > cos e> 0) and that, as A 
increases, 8 approaches rr/2. Thus, for low energies and heavy nuclei, 
scattering approaches isotropy in the laboratory system as well. 

However, the approximation of isotropic scattering in the center-of-mass 
system deteriorates as the incident-neutron energy increases, and above 
about 0.1 MeV scattering is anisotropic for all except the lightest nuclei. In 
this energy region Goldstein3 quotes an approximate equation for "9 (where 
Eo is in units of Me V) 

- 200 
f) = (EoY~A \; degrees (3.2-23 ) 

which indicates that for incident energies in the fast region anisotropy 
increases with increasing A. 

As with photon scattering, differential angle scattering probabilities for 
elastic neutron scattering play an important role in neutron-transport 
calculations. The compilation of experimentally determined angle-distribu
tion data by Goldberg, May, and Stehn7 is widely used. 

(b) [nelastic Neutron Scattering. In inelastic neutron scattering the 
inelastic collision differs from an elastic event primarily in that a portion of 
the incident-neutron energy appears as excitation of the target nucleus. The 
excited nucleus subsequently decays by photon emission: thus inelastic 
neutron scattering was fIrst introduced in Chap. 2 as a secondary gamma-ray 
source. The inelastically scattered neutron leaves the collision site usually 
altered in direction and generally with much-reduced energy as well. In fact, 
inelastic scattering is an important means of reducing fast (>1 MeV) neutron 
energies in reactor shields not only because a large amount of energy can be 
transferred to the nucleus in one inelastic collision but also because of the 
increasing importance of inelastic scattering with energy in the 1- to 14-MeV 
range. For most elements of interest, elastic~scattering cross sections are 
slowly oscillating, generally decreasing in the fast-energy region. Since 
inelastic scattering is a threshold reaction, the corresponding cross section 
usually increases with increasing energy. (An exception occurs if particle 
reactions are present; the inelastic cross section will decrease with energy if 
there are competing particle reactions.) 

Inelastic scattering cannot occur unless the incident neutron has a kinetic 
energy somewhat greater than the first excited state of the target nucleus. 
Depending on the nucleus, this threshold varies from 0.1 to 4 or 5 MeV. As 
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the neutron kinetic energy exceeds energy states of the r.lucleus above the 
first. these higher states may also become excited, and thus the neutron may 
excite the nucle).ls to any level up to the limit of the incident-neutron 
energy. As the excitation energy is increased, spacing between levels 
decreases until a continuum is reached. For a given nuclear species and 
neutron energy, there is a fixed probability for exciting each. energy level. 
For all but the first level, there are alternate routes by which the nucleus 

Table lA-TYPICAL CROSS SECTIONS FOR NEUTRON 
INELASTIC SCATTERING AT FOUR ENERGIESt 

Approximate 
threshold Cross section, b 
energy, 

Element MeV 14 MeV 5.16 MeV 2.0 MeV 1.0 MeV 

Tungsten 
ann' (L) 0.0115 0 0.095 1.23 2.34 
ann' (C) 0.99 2.49 2.47 1.35 0.005 

Lead 
ann' (L) 0.57 0 0 7.7 0.34 
Unn' (C) 3.13 2.52 2.06 0 0 

Nickel 
Unn' (L) 1.4 0 0 0.6 0 
Unn' (C) 4.02 1.13 1.17 0 0 

Carbon 
ann' (L) 4.91 0.268 0.0436 0 0 
ann' (C) 9.4 0.216 0 0 0 

t From Troubetzkoy et al. 8 

may release the excitation energy: one photon may be given off, dropping 
the nucleus to the ground state; or a cascade of photons may be emitted as a 
result of the presence of the intermediate levels. There is, therefore, one set 
of probabilities for exciting the various levels and another set of probabilities 
for alternate decay routes from each of the levels. Cross-section data that 
account for all these alternatives are necessarily somewhat complex. 

The total cross section for all inelastic events is often split into two 
components: 0nn'(L), which is the probability of excitation to any level 
from which discrete gamma rays are emitted, and 0nn'(C), which is the 
probability for excitation to the region in which levels are so closely spaced 
that the emission is essentially continuous. Table 3.4 shows for four 
elements the neutron-energy threshold and the values of 0n"'(C) and o""'(L) 
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for four energIes. The general trend 15 for the inelastic cross section to 
increase as either the atomic weight of the target nucleus or the energy of 

the neutron Increases. The threshold for inelastic scattering decreases with 
increasing Z. 

Inelastic-scattering cross sections useful for detailed radiation-transport 
calculations are often expressed in terms of the gamma-ray spectrum emitted 

T.ble l.s-NUMBER OF GAMMA RAYS EMITTED PER NEUTRON·PRODUCING REACTION IN LEADt 

E,. M.V 

tll,MeV 0.25 0.75 1.25 1.75 2.25 2.75 3.25 3.75 4.25 4.75 5.25 6.50 

1.802 x 10' 0.539 0.2730 0.168 0.119 0.095 0.069 0.059 0.047 0.035 0.031 0.023 0.062 
1.700 0.567 0.293 0.182 0.130 0.099 0.Q75 0.057 0.043 0.03l 0.023 0.015 0.029 
1.600 0.579 0.301 0.188 0.134 0.099 0.071 0.053 0.035 0.025 0.015 0.009 0.009 
1.500 0.587 0.305 0.188 0.132 0.095 0.063 0.047 0.031 0.Q17 0.009 0.005 0.0026 
1.450 0.587 0.305 0.186 0.123 0.087 0.057 0.Ol9 0.023 0.011 0.005 0.003 0.0019 

1.400 0.587 0.292 0.180 0.123 0.079 0.047 0.027 0.015 0.007 0.003 0.001 0.0015 
1.350 0.583 0.269 0.174 0.119 0.069 0.035 0.019 O.DII 0.005 0.003 0.001 0.0019 
1.300 0.571 0.277 0.164 0.103 0.059 0.027 0.011 0.009 0.003 0.001 0.001 0.0036 
1.250 0.559 0.261 0.15-17 0.087 0.045 0.023 0.009 0.007 0.003 0.003 0.001 0.0047 
l.200 0.540 0.252 0.142 0.072 0.032 0.020 0.008 0.010 0.006 0.004 0.004 0.DI38 

1.150 0.522 0.248 D.I34 0.056 0.020 0.020 0.010 O.OU O.DI 0 0.008 0.006 0.021 
1.100 0.463 0.254 0.125 0.044 0.014 0.032 0.014 0.022 0.Q18 0.012 0.012 0.Q38 
1.050 0.404 0.259 D.117 0.040 0.012 0.052 0.020 0.034 0.028 0.020 O.Q1S 0.05S 
1.000 0.285 0.277 0.112 0.053 0.DI8 0.081 0.032 0.048 0.040 0.032 0.026 0.080 
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3.000 0.870 0.092 0.104 0.185 
2.750 1.060 0.080 0.100 0.080 

2.500 1.126 0.057 0.G68 
2.250 1.125 0.043 0.037 
2.000 1.095 0.027 0.013 
1.750 1.062 0.015 
1.500 1.0)7 
1.250 1.000 

t From Troub<nl.oy rr ,,/" 

by the nucleus for specific incident-neutron energies. These data may include 
gamma rays from other nonelastic events, i.e., reactions other than elastic 
scattering including inelastic scattering, (n,2n), (n,p), etc. Data of this type 
are shown in Table 3.5, which gives the number of gamma rays given off at 
various gamma·ray energies per neutron-producing reaction in lead, (n,n') 

and (n,2n). These values are not interaction cross sections but rather give the 
distribution of gamma rays resulting from an interaction. The data were 
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are shown in Table 3.5, which gives the number of gamma rays given off at 
various gamma·ray energies per neutron-producing reaction in lead, (n,n') 

and (n,2n). These values are not interaction cross sections but rather give the 
distribution of gamma rays resulting from an interaction. The data were 
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obtained from the report of Troubetzkoy et al.,8 which is an evaluation of 
calculations, measurements, and extrapolation. Multiplication of these values 
by the total cross section for neutron-producing events would give the 
gamma rays produced per unit neutron-flux density. 

In most stationary power reactors with concrete shields, gamma rays 
from inelastic scattering are usually not a determining factor in the shield 
design. In cases such as mobile reactors with lead or tungsten as gamma-ray 
shields, however, a careful analysis of inelastic scattering is required. Also, in 
fast reactors with high-Z materials in their structure, it may be necessary to 
include inelastic gamma rays from the core as a part of the source definition. 

As with elastic scattering, theoretical concepts lhave been used to 
describe the nature of inelastic neutron cross sections. For the most part, 
however, such treatments rely on parameters that must be determined by 
measurement. Reference 7 contains a compilation of measured neutron 
inelastic-scattering angle distributions. A summary of gamma rays from 
inelastic neutron scattering based on both calculation and measurement is 
given in Appendix A. 

I 

'(c) Neutron Radiative Capture. For neutron energies in the lower 
ranges, radiative capture competes in importance with the elastic-scattering 
process. In radiative capture the incident neutron is absorbed by the target 
nucleus; the compound nucleus is almost invariably left in an excited state 
and decays in a variety of ways, emitting one or more gamma rays. The total 
excitation energy is equal to the energy of the incident neutron plus the 
neutron binding energy. 

The binding energy of neutrons varies from 3.2 Me V in hydrogen to 11 
MeV in nitrogen, averaging about 7 MeV. Thus energetic gamma rays can be 
emittJd. The probability for the emission of such a photon is highest in light 
and magict nuclei. If, however, the compound nucleus formed by the 
absorption has energy levels lower than the combined binding and kinetic 
energies of the incident neutron, a gamma-ray cascade can result. Recent 
theoretical work in the prediction of the gamma-ray spectra from capture 
reactions is discussed by Foderaro,l Troubetzkoy et ai.,8 Yost,9 and 
Howerton and Plechaty.l 0 

Experimental work on gamma-ray yields from neutron capture is a 
continuing effort of a number of laboratories (notably in Canada and the 
USSR). A compilation of data to 1960 is given in the Shielding volume of 

tThese are relatively more stable nuclei that contain 2, 8,20,52,82, or 126 neutrons or protons. 
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the Reactor Handbook. 2 More recent data can be found in the journal 
Nuclear Data. 1 lOne to five gamma rays, ranging in energy from less than 1 

to 12 MeV, are emitted per capture. Typical emittance spectra taken from a 
compilation in the Reactor HandbooP are shown in Fig. 3.11. 

The thermal-neutron cross sections for radiative capture in most 
elements and isotopes are given in the famous "barn book."12 Very few 
measurements have been made on the a(n,"}') cross sections at neutron 
energies other than thermal. Generally, the capture cross section becomes 
quite small for neutron energies above 10 to 20 keV. Therefore the total 
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Fig. 3.ll-Typical gamma-ray spectra from neutron capture, II (E) (photons per MeV per 
capture) vs. gamma-ray energy, E. [From E. P. Blizard (Ed.), ReactoT Handbook, 2nd ed., 
Vol. III, Part B, Shielding, pp.50-51, Interscience Publishers, a division of John 
Wiley & Sons, Inc., New York, 1962.] 
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energy emitted as gamma rays is almost equal to the neutron binding energy 
because the energy of the incident neutron is generally quite small by 
comparison. The gamma-ray spectra resulting from neutrons captured at 
epithermal energies may differ significantly from the thermal capture 
spectra. However, since the data are frequently lacking, gamma-ray yield 

data for thermal neutrons are often used for all capture energies. Yost and 
Solomito l3 show that this assumption leads to considerable error in 
gamma-ray transport for many designs. Yost 9 has developed a method for 
calculating the capture gamma-ray spectrum as a function of neutron energy. 

(d) Other Nonelastic Reactions. There are reactions other than inelastic 
scattering in which the kinetic energy of the system is hot conserved. These 
include (n,2n), (n,fission), and (n,charged particle) reactions. The nonelastic 

neutron cross section, one' is defined by 

(3.2-24) 

in which at is the total neutron cross section and 0es is the cross section for 
elastic scatter. Since one is easier to measure than the inelastic-scattering 
cross section, Ojn' it is often quoted. It should be recognized that Ojn ~ one' 

Charged-particle reactions generally are produced by neutrons with 
energies greater than 1 MeV. At lower energy these reactions are generally 
inhibited either by the energetics of the process or by the Coulomb barrier, 
which must be penetrated by the charged reaction products. However, some 
light-particle thermal-neutron reactions do occur. One of these of impor
tance to shielding because of its high thermal-neutron absorption cross 
section is the 10 B(n,a::)7 Li reaction, which is accompanied by the emission of 
a relatively soft D.S-MeV gamma ray. Borated materials are widely used in 
reactor shields because lOB competes for the absorption of th"ermal neutrons 
and thus inhibits the production of more-energetic secondary gamma rays by 
reducing radiative capture in other isotopes .. 

(e) Activation Cross Sections. Many neutron interactions result in the 
production of excited nuclei, which decay by a variety of means. Cross 
sections that describe the probability of the formation of a specific 
radioactive nucleus are often called activation cross sections and are specified 
in units of barns per nucleus. Thus the total radiative capture cross section of 
a nucleus rna y be the sum of several activation cross sections. On the other 
hand, the total activation cross section may include processes other than 
radiative capture. 
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Activation cross sections are useful in making estimates of secondary 
sources in reactor shields and materials. in radioisotope-production calcula
tions, and in the relatively new and rapidly growing field of activation 
analysis. The details of decay schemes. emitted-particle energies, branching 
ratios, etc., can be found in several sources. Perhaps the best current source 
for such data is Nuclear Data Sheets. 1 

4 Activation cross sections are also 
found in the barn book. 1 2 

3.3 RESPONSES TO RADIATION 

It was noted in the discussion of measures' of radiation intensity , 
(Sec. 2.2.4) that interaction rates of a radiation field with its environment 
are important and are often-used characterizations of radiation intensity. 
However, further discussion of the concept was deferred to this chapter so 
that the various microscopic processes of interaction could first be reviewed. 

Calculations of radiation transport are fundamentally in terms of flux 
densities and currents (described in Chap. 2). However, the quantity most 
often measured and the quantity by which the shield design criteria are 
specified is a property of the radiation field called dose. Wt;; use the term in a 
generic sense to include any quantity that relates the energy deposited by 
the radiation field to biological damage. Therein lies the rub. Biological 
damage is intrinsically difficult to measure and even more difficult to 
predict. Fortunately we limit our shielding interest in biological effects to 
defining a proper interface between the shield designer and the radio
biologist. 

In an ideal situation a given dose would always produce the same 
biological effect irrespective of the nature and energy of the radiation or of 
the body organ being irradiated. However, studies by radiobiologists in 
which doses and biological damage to specific organs have been correlated 
for known radiation fields have established that nature is not that simple. In 
addition to being a function of absorbed energy, biological responses are 
functions of the irradiated organ and of the type, rate, and energy of the 
radiation. From these studies the concept of relative biological effectiveness 
(RBE) has evolved. The RBE is a weighting factor that is used to compare 
the biological effects produced by the same physical dose (same amount of 
energy deposited) of a standard radiation with radiation of a different type 
andlor energy. When the physical dose is multiplied by the RBE, it becomes 
a biological dose. 
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The foregoing gives some indication of the problems associated with 
establishing doses for shield design that are related to biological hazards. The 
shield designer's task is further complicated by the perturbation of the 
radiation field by, the human body, an effect not usually included in a 
typical shielding calculation. Obviously the dose received at a particular 
location within the body is not the same as the dose in a small detector at 
the same location in space with the body absent. It is apparent that shielding 
studies should include anthropomorphic phantoms as part of the shield 
configuration, a theoretically possible but usually impractical consideration. 

As an alternative, slab or cylindrical phantoms of a composition 
resembling that of the human body have been used, anq the doses have been 
calculated or measured as a function of depth in the 'phantom for a given 
incident radiation field. The results are then used as response functions to 
relate an unperturbed radiation field (usually called a free field) to the dose 
in a human body had it been present. 

The following discussion on the various quantities used to define 
physical and biological doses reveals the confusion that has developed in the 
terminology and in the definition of units, both because of the burgeoning 
nuclear science and technology and because radiobiologists and shield 
designers basically differ in their viewpoints. The International Commission 
on Radiation Units and Measurements (ICRU) has as its principal objective 
the development of internationally acceptable recommendations regarding 
quantities and units of radiation and radioactivity, procedures suitable for 
the measurement and application of these quantities, and physical data 
needed in the application of these procedures. The ICRU recognized the 
confusion that existed, and in an effort to mitigate it recommended a 
consistent set of definitions and units. l5 Although shield designers have 

accepted most of the ICRU recommendations, they have continued to use 
terms not included in the recommendations because these terms are so 
ingrained in the shielding field and because the ICRU did not include all the 
concepts needed in shield design. In the following descriptions the ICRU 
recommendations and the traditional viewpoints are contrasted. 

Trubey l6 describes the impact of the ICRU recommendations on the 
shielding community. 

3.3.1 Absorbed Dose 

Absorbed dose is the energy imparted by radiation to a unit mass of 
matter and as such is a physical quantity as opposed to a biological effect. A 
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terms not included in the recommendations because these terms are so 
ingrained in the shielding field and because the ICRU did not include all the 
concepts needed in shield design. In the following descriptions the ICRU 
recommendations and the traditional viewpoints are contrasted. 

Trubey l6 describes the impact of the ICRU recommendations on the 
shielding community. 

3.3.1 Absorbed Dose 

Absorbed dose is the energy imparted by radiation to a unit mass of 
matter and as such is a physical quantity as opposed to a biological effect. A 
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formal defrnition for the energy imparted, ED, is: The energy imparted by 
ionizing radiationt to the matter in a volume is the difference between the 
sum of the energies of all the directly and indirectly ionizing particles which 
have entered the volume and the sum of the energies of all those which have 
left it plus the energy equivalent (Q) of any decrease in rest mass that took 
place in nuclear or elementary-particle reactions with the volume. For all 
practical purposes the energy imparted is usually equal to the heating effect, 
but in some cases part of the energy deposited may result in changes in 
interatomic-bond energies. 

As proposed by the ICRU, 1 S the energy imparted can be expressed as 

(3.3-1 ) 

where EEin = sum of the energies (excluding rest energies) of all those 
directly and indirectly ionizing particles which have entered 
the volume 

tEe" = sum of the energies (excluding rest energies) of all those 
directly and indirectly ionizing particles which have left the 
volume 

t Q = sum of all the energies released minus the sum of all the 
energies expended in any nuclear reactions, transformations, 
and elementary-particle processes that have occurred within 
the volume 

The absorbed dose (D) is 

(3.3-2) 

where aE D + is the energy imparted by ionizing radiation to the matter in a 
volume element and t:..\J is the mass of the matter in that volume element. 

tIonizing radiation is a radiation consisting of directly or indirectly ionizing particles or a mixture 
of both. Directly ionizing particles are charged particles (electrons. protons. alpha particles, etc.) 
having sufficient kinetic energy to produce ionization by collision. Indirectly ionizing particles are 
uncharged particles (neutrons. gamma rays, etc.) which can liberate directly ionizing particles or can 
initiate a nuclear transformation. 

:j:The notation toED implies that the volume element to V associated with the element of mass flU 
be of an appropriare size such that the limiting process D = toED/toM yields a meaningful estimate of 
the absorbed dose, and we invoke the special limiting process of Sec. 2.2.4. 
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The special unit of absorbed dose is the rad: 

1 rad = 100 ergs/g 

The absorbed dose rate is 

AD 
Absorbed dose rate = 6.t 

97 

(3.3-3) 

(3.3-4) 

where AD is the increment in absorbed dose in time, 6.t. A special unit of 
absorbed dose rate is any quotient of the rad or its m~ltiple or submultiple 
divided by a suitable unit of time (rads/sec, mrads/hr, etc.). 

Energy can be imparted to a volume of matter by many different particle 
reactions. Particles having the same initial energy do riot necessarily deposit 
the same amount of energy because, of course, energy deposition depends 
not only on the initial energy but also on the type of radiation and the kinds 
of interactions that occur. Schematic representations of energy imparted to 
the matter contained within a volume element ~ V for two particles having 
initial energies E~ and E~ are shown in Fig. 3.12 (superscripts 1 and 2 
identify the reactions produced by particles 1 and 2, respectively). The 
corresponding equations for the energy imparted are 

AE I - El El El Ql n- 0- (3- 1- (3.3-5) 

(3.3-6) 

where Mn is the energy imparted to the matter within the volume element 
6. V, Q is the energy equivalent of any change in the rest mass due to nuclear 
or elementary-particle reactions within the volume, and subscripts {3 and 'Y 

refer to the type of particle leaving the volume. In reaction 1 an incident 
gamma ray undergoes Compton scattering within volume element 6. V. The 
term Ql indicates the binding energy of the Compton electron, which is 
usually of negligible magnitude. The Compton electron loses some of its 
energy through ionization within the volume and then departs with the 
energy Eh. The scattered (degraded) gamma ray also leaves the volume. In 
the second reaction a neutron undergoes radiative capture and a gamma ray 
is produced which leaves the volume. The term Q2 indicates the binding 
energy associated with neutron capture, which appears as excitation energy. 
Secondary collisions within the volume element were purposely omitted in 
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f"ig.3.12-Schematic representation of relation between absorbed dose (energy deposi
tion) and kerma. 

this schematic representation to illustrate that the volume element ~ V 

should be large enough for many primary interactions to occur but 
sufficiently small so that a primary particle and/or secondary neutrons or 
gamma rays usually would not suffer collisions subsequent to the initial 
collision by the incident particle within the volume element ~ V. 

The average energy imparted to the matter within the volume element 
~ V by all reactions of particles of a particular type and energy can be 
written as 

~ Rj(E) E/E) 
- I 

ED (E) = ----::t=-R--,-.( E--)- (3.3-7) 

i 

where ED (E) = average energy imparted in ergs or MeV 
Ri(E) = rate of the ith type of reaction for particles of energy E 

within the volume element ~ V 
Ej(E) = energy imparted, in ergs or MeV, associated with a particle of 

energy E undergoing reaction i within the volume element 
~V 
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3.3.2 First-Collision Dose and Kerma 

The quantity absorbed dose discussed in the previous section is a 
, physical variable that is closely related to the biological effect of a radiation 
field but for a real situation is sometimes very difficult to calculate 
accurately or to relate to the response in a human being. Consequently other 
concepts have been devised and used. 

One of these concepts is the jiTst-collision dose (also called the 
single-collision dose). This quantity has been subject to several interpreta
tions that differ from one another in subtle ways. We will discuss the two 
that are pertinent to the present discussion: 

1. The first-collision dose is the absorbed dose: contributed by all 
particles incident on an isolated small mass (unless the term is explicitly 
modified to include only one .component, e.g., neutrons) in which 
charged-particle equilibriumt exists. 

2. The first-collision dose is the energy transferred from unchaTged 
incident radiation, regardless of origin, to the charged particles formed in a 
limitingly small probe that may be located anywhere. Charged-particle 
equilibrium in the probe is not a requirement. 

The small mass specified in the first interpretation means that the probe 
is small enough to leave the radiation field unperturbed and the probability 
is negligible that the incident particles will interact with the probe more than 
once or that secondary gamma rays~ produced within the mass will be 
absorbed within it. The small probe specified in the second interpretation 
has the same requirements, but it can be smaller than that required for the 
first interpretation because charged-particle equilibrium is not necessary. 

The first interpretation is widely used, particularly by experimentalists, 
and is often called the free-field dose, the air dose, or the free-air dose. 
However, in an attempt to alleviate confusion, the ICRU chose the second 
interpretation to use as a basis for an exact definition and called the quantity 
so defined the kerma (kinetic energy released in mateTial). In fact, the 
ICRU 1 5 encourages the exclusive use of the term kerma with the implication 
that the term first-collision dose and its other interpretations be avoided. 

tCharged-particle equilibrium may be viewed as that condition when, on the average, as many 
charged particles, such as electrons, enter the volume element AV as leak out, thereby resulting in an 
essentially uro net transfer of energy by the flow of electrons. 

tAs used here secondary gamma rays refer to those gamma rays produced by interaction of the 
incident neutrons with the medium (e.g., capture gamma rays and inelastic-scattering gamma rays). 
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The definition of kerma, K, as recommended by the ICR U ISis 

(3.3-8) 

where MK is the sum of the initial kinetic energies (ergs) of all the charged 
particles liberated by indirectly ionizing particles in a volume element of 
material ~ V and t::uH is the mass (grams) of the material contained in the 
volume element ~ V. 

The kenna rate is 

aK 
Kenna rate = At 

where ~K is the increment in kerma in time At. 

(3.3-9) 

Since MK is the sum of the initial kinetic energies of all charged 
particles liberated by indirectly ionizing particles, it includes not only the 
kinetic energy these charged particles expend in collisions but also the 
bremsstrahlung they radiate and the energy of any charged particles that are 
produced in secondary processes. Note also that no restriction is placed on 
the volume into which these secondary radiations penetrate. 

The kerma or kerrna rate for a specified material in free space or at a 
point inside a different material will be that which would be obtained if a 
small quantity of the specified material were placed at the paine of interest. 

With the definition of kerma in mind, we have interpreted the reactions 
shown in Fig. 3.12 in terms of the initial kinetic energy imparted to charged 
particles 

1\ 1:'1 _ £1 £1 Ql 
~K - 0 - 'Y- (3.3-10a) 

(3.3-10b) 

We can see that the expression for aEk and the expression given in Eq. 3.3-6 
for aEb are the same. However, the expression for AEk differs from that 
given in Eq.3.3-5 for Mb because the Compton electron produced by 
reaction 1 did not deposit all its energy in the volume element and there was 
no compensating inleakage of an electron; i.e., charged-particle equilibrium 
did not exist, and M,k > AEb. If charged-particle equilibrium did exist, we 

100 REACI'OR SHIELDING FOR NUCLEAR ENGINEERS 

The definition of kerma, K, as recommended by the ICR U ISis 

(3.3-8) 

where MK is the sum of the initial kinetic energies (ergs) of all the charged 
particles liberated by indirectly ionizing particles in a volume element of 
material ~ V and t::uH is the mass (grams) of the material contained in the 
volume element ~ V. 

The kenna rate is 

aK 
Kenna rate = At 

where ~K is the increment in kerma in time At. 

(3.3-9) 

Since MK is the sum of the initial kinetic energies of all charged 
particles liberated by indirectly ionizing particles, it includes not only the 
kinetic energy these charged particles expend in collisions but also the 
bremsstrahlung they radiate and the energy of any charged particles that are 
produced in secondary processes. Note also that no restriction is placed on 
the volume into which these secondary radiations penetrate. 

The kerma or kerrna rate for a specified material in free space or at a 
point inside a different material will be that which would be obtained if a 
small quantity of the specified material were placed at the paine of interest. 

With the definition of kerma in mind, we have interpreted the reactions 
shown in Fig. 3.12 in terms of the initial kinetic energy imparted to charged 
particles 

1\ 1:'1 _ £1 £1 Ql 
~K - 0 - 'Y- (3.3-10a) 

(3.3-10b) 

We can see that the expression for aEk and the expression given in Eq. 3.3-6 
for aEb are the same. However, the expression for AEk differs from that 
given in Eq.3.3-5 for Mb because the Compton electron produced by 
reaction 1 did not deposit all its energy in the volume element and there was 
no compensating inleakage of an electron; i.e., charged-particle equilibrium 
did not exist, and M,k > AEb. If charged-particle equilibrium did exist, we 



INTERACTIONS OF RADIATION WITH MA ITER 101 

could assume that, on the average, a recoil electron with energy Eh would 
enter ~ V of Fig. 3.12 from an adjacent region. This would then increase 
Mb and make it equal AE,k (latter is unaltered). 

The choice of the second interpretation was not a popular one for 
experimentalists. Auxier l7 expressed the issue clearly. He argues that the 
first interpretation should be formally recognized as first-collision dose, 
principally because the quantity measured with ionization chambers, 
proportional counters, and other devices is absorbed energy and not 
transferred kinetic energy. 

Therefore, since measured doses cannot be interpreted as kerma, except 
by deduction, some dosimetrists are insisting on retaining the term 
first-collision dose. On the other hand, if charged-particie equilibrium exists, 
which it mayor may not, and if bremsstrahlung radiation is ignored, then 
first-collision dose and kerma are equivalent. In bulk shields or large tissue 
masses, first-collision dose and kerma have nearly the same magnitude, but in 
thin layers, such as clothing or skin, they can be quite different. It is possible 
to find the factors by which fluence must be modified to convert to kerma. 
Such calculations have been made and are indispensable for comparing 
analytical results with measurement. 

The early calculations of first-collision dose per unit fluence were 
performed by Snyder l8 for monoenergetic neutrons incident on a four
element tissue model. Although the term kerma had not yet been 
introduced, the doses obtained by Snyder are those described by the second 
interpretation and thus are kerma per unit fluence. His calculations 
considered only neutron captures and elastic scatterings; the latter was 
assumed to take place isotropically in the center-of-mass system. Later, 
Henderson 1 9 made similar calculations for neutrons for a four-element tissue 
model and for ethylene. He reported his results as absorbed- dose (in rads per 
hour per unit flux), but they are actually kerma rate per unit flux. 

The most recent and most comprehensive calculations of neutron kerma 
factors (kerma per unit fluence) were made by Ritts, Solomito, and 
Stevens. 20 They included essentially all reactions,. considered anisotropic 
scattering in those reactions for which angular cross-section data were 
available, and in all cases used the most recent cross-section data. One of the 
models they used was an 1 I-element standard-man model in which all tissue 
organs and bone were homogenized; other models were for specific body 
organs. The elemental compositions used in the calculations, the reactions 
considered, and the neutron-fluence-to-kerma conversion factors for stan
dard man are given in Appendix B. The kerma factor for a particular 
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C, Carbon kerma factor 
Other, sum for 7 elements 

10-'2~~~~ __ ~~~~~~~~~~~~~~~~~~ __ ~~~~ 
10-2 102 103 104 

NEUTRON ENERGY, eV 

Fig. 3.13-Neutron-£1uence-to-kerma factors for standard-man model and for elements 
contributing to standard-man model. (From Ritts et ai. 2 0) 

irradiated material can be found by summing the averages of the kinetic 
energies imparted to the struck nuclei and the energies associated with 
charged particles that are emitted. 

The kerma per unit flue nee can be expressed as 

RK = EE C N.(E) a··(E) E·· 
i j 1 ') I) 

(3.3-11 ) 

where N j = number density of element i (atoms/g) 
aij = microscopic cross section of reaction j for element j (cm2 /atom) 
E jj = average energy deposited by reaction j for element i (Me V) 

C = 1.602 X 10-6 (ergs/MeV) 

Since the kerma values are given per unit fluence, they are £1uence-to
kerma conversion factors (usually referred to simply as kerma factors), Such 
kerma factors for the standard-man model are plotted in Fig. 3.13 and 
tabulated in Appendix B along with kerma factors for the individual 
elements making the greatest contributions to the tocal factor. 

Kerma-rate factors for monoenergetic gamma rays incident on carbon, 
air. and a four-element tissue model were calculated by Henderson 1 9 and are 

--
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where N j = number density of element i (atoms/g) 
Gij = microscopic cross section of reaction j for element j (cm2 /atom) 
E jj = average energy deposited by reaction j for element i (Me V) 

C = 1.602 X 10-6 (ergs/MeV) 
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Fig. 3.14-Gamma-ray kenna-rate factors for air, carbon, and tissue. (From Hender-
50n.

19 
) 

plotted in Fig. 3.14. (Henderson's gamma-ray results, like his neutron results, 
were actually reported as absorbed dose, the term kerma not having been 
introduced yet.) 

3.3.3 Exposure 

Exposure is a term that should be used only for gamma rays. Formerly 
called exposure dose, it came into common use after the problem of 
specifying biological dose associated with X rays was first encountered. As 
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where dQ is the sum of the electrical charges of all the ions of one sign 
produced in air when all electrons liberated by photons in a volume of air 
~ V are completely stopped t and aAI is the mass of the material contained in 
t he volume element d V. Exposure rate is given by dX/ dt. where dX is the 
increment of exposure during the increment of time dt. 

The unit of exposure is the roentgen (R). It is the quantity of X or 
gamma radiation that produces. in air, ions carrying 1 electrostatic unit (esu) 
of charge per 0.001293 g of dry air (or 2.58 x 10-4 coulomb/kg). In terms 
of ergs, the roentgen is equal to 87.7 ergs per gram of air or 96 ergs per gram 
of tissue. For gamma rays above 3 MeV in energy, the range of secondary 
electrons in low-atomic-number materials becomes comparable with the 
relaxation length of the gamma rays. Consequently the ionization produced 
in a small volume is no longer a sole measure of the intensity of the radiation 
at that point. The ICRU does not recommend the use of the roentgen above 
3 MeV; in practice, however, it is still used above 3 MeV with instruments 
calibrated in terms of energy absorption in air. 

Since 1 rad is equal to 100 ergs per gram of irradiated material, the 
roentgen and the rad are frequently interchanged when tissue exposure is 
referred to, the difference of 4% being no real consequence in shielding 
calculations. Stricti)· speaking, however, the rad sholtld be reserved for 
describing an absorbed dose. 

Away from boundaries the distinction between kerma and exposure loses 
relevance if only the three principal processes (Compton scattering. 
photoelectric effect, and pair production) are considered and if the 
photoelectric effect and pair production are assumed co be absorptions. For 
this simple and widely used model,t the fluence-to-exposure conversion 
factor is proportional to the product of the photon energy and the 
energy-deposition coefficient, in which case exposure, - absorbed dose, 
first-collision dose, and kerma in air are all equal in magnitude. 

In some calculations, however, a slightly more complex model is used in 
which pair production contributes to scattering as well as absorption. As in 
the preceding model the total kinetic energy of the electron pair created in 
the pair-production process is assumed to be absorbed at the point of its 
emission. However, the two O.Sl-MeV gamma rays produced by the 

tThe ionization that would be produced by the bremsstrahlung associated with secondary 
electrons is not included in .Q.Q. Except for this small difference, which is insignificant for photon 
energies less than 15 MeV. exposure is equivalent to kerma. 

:l:For this and the subsequent model, the bremsstrahlung radiation that would be produced by the 
secondary electrons (and positrons) is assumed to be immediately absorbed. 
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annihilation of the positron are treated as scattered gamma rays, and pair 
production is also viewed as a scattering process. Absorption from pair 
production is described in terms of a modified cross senion, which is given 

by 

( 
1.022) 

J.lPPm = J.lpp 1 - -E- (for E > 1.022 MeV) (3.3-13 ) 

where E is the energy of the incident photon (MeV). 

3.3.4 RBE Dose; Dose Equivalent 

Whenever the biological response of a human organ to radiation exposure 
is of concern, merely knowing the absorbed dose (energy deposited) is not 
sufficient to predict the biological consequence. Biological responses vary 
both with the nature and energy of the radiation and with the composition 
and function of the irradiated organs. Thus, when an organ is exposed to a 
mixed radiation field or to a field of radiation comprised of one type of 
particle with various energies, the energy deposited by each 'type of particle 
of a given energy must be weighted by some factor before the total 
biological dose received by the organ can be determined by a summing of the 
individual contributions. 

For a specific biological effect in a particular mass, the weighting factor 
is mainly a function of the linear rate of energy transfer (LET) to the system 
by charged particles set in motion by the interactions of incident radiation. 
The LET of a material is related to the linear stopping power, but the 
concepts are somewhat different. The linear stopping power is the average 
energy loss per unit path length by a charged particle in traversing a medium 
regardless of where the energy is absorbed. The LET, however, refers to 
energy imparted within a limited volume. These two quantities are equal 
only in the special case when the LET includes the absorption of all 

secondary particles, in which case it is called LET CO" These quantities are 
described more completely by Trubey.l 6 

The LET-dependent weighting factor is called· the relative biological 

effectiveness (RBE) and is defined as 

RBE = (rads of standard radiation producing a given 

biological effect)/(rads of another type of radiation 
producing the same effect) (3.3-14) 

The standard radiation referred to is X rays of 2S0 keV energy, and thus by 
definition the RBE for 2S0-keV X rays is 1. 
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When a dose given in rads is weighted by an RBE value, the resulting 
dose, sometimes referred to as the RBE dose, is given in rems, a unit derived 
from the term roemgel1 equivalent mall: 

RBE dose in rems == dose in rads x RBE (3.3-15 ) 

It follows that for 2S0-keV X rays the rad dose and the rem dose are 
numericaUy equal. 

Table 3.6-QUALITY FACTOR AS A FUNCTION 
OF U]\;EAR ENERGY TRANSFER AND 

ION-P.o\IR FORMATION2 1.22 

Average specific 
ionization, Average LET, 

QF ion pairs/J.L of water keV/J.L of water 

1 <100 <3.5 
2 200 7.0 
5 650 23 

10 1500 53 
20 2000 175 

The rem is quantitatively defined as the absorbed dose due to (lilY 

ionizing radiation that has the same biological effectiveness as 1 rad of X 
rays with all average specific ioni=atio1'l of 1 00 iOIl pairs per micron of water 

ill terms of its air equivalent. It turns out that X rays and gamma rays 
generally do not exceed this specific ionization (LET < 3.5 keV/Jl). which is 
considered to be the boundary between low-LET and high-LET radiation 
and thus to be the limiting condition for RBE = 1. 

In the past RBE has been used in the fields of radiobiology and radiation 
protection, but this generated concern because of the differences in 
application and, to some extent, in concept. Consequently ICRU recom
mends that RBE be used only for correlating radiobiological experiments 
and that a new term, the quality factor (QF), be used in the field of 
radiation protection. Quality factors are actually those values of RBE which 
are intended to embrace all effects that are hazardous to human beings. In 
other words, QF values are not related to specific organs of the body as are 
some of the RBE values. When a QF value is used to weight absorbed dose, 
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the resulting dose, in rems, is identified as the dose equivalent (DE). Dose 
equivalents, like RBE doses, are assumed to be additive. 

Although the QF is defined in purely physical terms (that is, as a 
function of LET only, which, in turn, is a function of the number of ion 
pairs produced per centimeter of travel by charged particles), the basis of the 
legislated value is biological. Table 3.6 shows the recommendations of the 
International Commission on Radiological Protection (ICRP? 1 ,22 for the 
relation between QF and both LET and ion-pair formation. 

The ICRP recommends a QF of 1 for X rays, gamma rays, electrons. and 
positrons of any specific ionization;2 1 QF values for neutrons, protons, and 
heavy recoil nuclei vary with energy. The ICRP recommendations for QF 
values for neutrons between 0.01 and 1000 MeV are plotted in Fig. 3.15. 
Tabulated values for lower energy neutrons are also shown. These values are 
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based on the calculated results of Snyder and Neufeld. 2 3 As a rough and 
conservative approximation, a QF of lOis applicable to protons and a QF of 
20 can be used for heavy recoil nuclei. 

The preceding QF values are assumed to be applicable for whole-body 
irradiation. When specific organs are being considered, additional modifying 
factors may be needed. For example, ICRP specifies that, when the lens of 
the eye is being irradiated, a modifying factor of 3 should be used if the 
QF ~ 10 and a modifying factor of 1 should be used when the QF "" l. 

Strangely enough, no recommendations are given for 1 < QF < 10. Pre
sumably, linear interpolation is to be used between these limits. 

When the dose in an organ is nonuniform, a dose distribution factor (OF) 
should also be applied. These factors cannot be established with certainty, 
and only one, the relative damage factor applied in calculating the dose 
equivalent in bone from internal radiation. is in current use. 

In general, the shielding community has accepted the use of QF and DE, 
as is reflected by the latest shielding literature. From a practical viewpoint 

the change merely amounts to replacing RBE by QF and calling the product 
of the quality factor and absorbed dose the dose equivalent (DE) instead of 
the RBE dose. Consequently no confusion should exist when the older 
literature is consulted. It should be kept in mind, however, that QF values 

are chosen by such groups as the ICRP and thus are more subject to change 
than would be an RBE value based on experimental data. 

All quality factors and other modifying factors are intended solely for 
chronic exposure tc low-level radiation fields, with genetic damage being the 
hazard considered. High accidental exposures must be assessed on the basis 
of particular circumstances. The ICRP has no recommendations for such 
exposures, but in many cases the absorbed dose will give a better indication 
of the biological risks than will the dose equivalent. In other words, for acute 
effects due to massive exposures, the QF should be taken as unity, which 
partially results because energy may be wasted from the standpoint of the 
production of biological effects. Conseq uendy. for military applications 
during war. when early death or incapacitation is the effect to be considered. 
the dose, in rems. may be taken as numerically equal to the absorbed or 
physical dose until better information becomes available. 

3.3.5 Maximum Absorbed Dose; Maximum Dose Equivalent 

As was pointed out in the introduction to this section, the usual 
shielding calculation provides a detailed description of the unperturbed 
radiation field (free field): that is, perturbations of the field by a human 
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body are not considered. This greatly simplifies the analysis without 
seriously compromising the overall accuracy. However, the results must 
somehow be related to the hazards to a human being if he were exposed to 
such a radiation field. 

A correlation between the unperturbed radiation field and the dose in a 
human body has been accomplished through the use of slab and cylindrical 
phantoms, which have dimensions and compositions resembling those of the 
human body. Calculations (or measurements) of t he absorbed dose or the 
biological dose were made as a function of depth in the phantom for given 
monoenergetic neutrons or gamma rays incident on the phantom. The 
incident angular distribution was a monodirectional beam or an isotropic 
flux. (Calculations for neutrons include the contribution to the dose by 
secondary gamma rays.) The maximum values in the depth-dose distribu
tions were identified as the maximum absorbed dose and maximum dose 
equivalent for the absorbed (physical) and biological doses, respectively. 
Since these values were obtained and reported on the basis of a unit particle 
entering the phantom, they can be used as response functions to relate an 
unperturbed field of mixed radiation to the maximum dose that would be 
received by some part of the body. Use of these maximum values is dictated 
by a conservative design philosophy that does not allow the permissible dose 
to be exceeded at any point in the body. 

(a) Neutron Doses in Phantoms. The first dose calculations in a 
phantom were performed by Snyder and Neufeld23 for a beam of 
monoenergetic neutrons normally incident on a phantom represented by a 
slab of tissue. The slab, infinite in the transverse directions, was assumed ro 
be 30 cm thick. Snyder and Neufeld determined the distribution of the 
absorbed dose through the slab and found that the maximum dose occurred 
at nearly the surface or within a few centimeters of the surface. In these 
calculations only neutron captures and elastic scatterings were considered, 
which limited the contribution by secondary gamma rays to capture gamma 
rays. The resulting maximum absorbed doses and biological doses as a 
function of the incident-neutron energy are shown i~ Table 3.7. These values 
have been used widely in reactor-shield design to convert neutron fluences to 
doses and have become virtual standards since these dose equivalents have 
been stipulated for use by the Federal Register. 2 4 

In similar calculations, performed later by Auxier, Snyder, and Jones, 25 

the infinite slab was replaced by a finite cylindrical phantom that more 
nearly represented a human body. The phantom was 60 em high and 30 em 
in diameter. It was divided into annular shells cut into 60° angular sectors 
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and five layers 15 cm high. This division yielded 150 volume elements. The 
maximum doses (averaged for a volume element) occurred in the outermost 
volume element at the midplane on the side facing the beam. These 
maximum doses are given in Appendix C, Table c.l. 

Table 3.7-MAXIMUM ABSORBED DOSE AND MAXIMUM DOSE 
EQUIVALENT FOR MONOENERGETIC NEUTRONS 

INCIDENT ON A SLAB TISSUE PHANTOMt 

Maximum absorbed Maximum' dose 
Neutron energy, dose,t e'luivalent.§ Effective 

MeV mrad neutron 
-) -~ -I -2 QF cm • mrem neutron cm 

Thermal 3.2 (-7)§ 1.04(-6) 3.25 
0.0001 6.9 (-7) 1.39(-6) 2.01 
0.005 5.7 (-7) 1.22(-6) 2.14 
0.02 5.7 (-7) 2.35( -6) 4.12 
0.1 1.10(-6) 8.3 ~-6) 7.55 

0.5 2.4 (-6) 2.30(-5) 9.61 
1.0 3.8 (-6) 3.80( -5) 10.0 
2.5 4.3 (-6) 3.41(-5) 7.93 
5.0 5.8 (-6) 3.80(-5) 6.55 
7.5 7.1 (-6) 4.16(-5) 5.85 

10 7.0 (-6) 4.16(-5) 5.94 

tFrom Snyder and Neufeld. 23 

tMultiply by 3600 to convert to (mrad/hr)J(neutron cm-:! sec-I) or to 
(mrem/hr)J(neutron/cm-1 sec-I). 

§ Read: 3.2 X 10-7
, etc. 

The effective quality factors shown in Tables 3.7 and C.1 are the ratios 
of the maximum dose equivalent to the maximum absorbed dose for a given 
incident-neutron energy and phantom configuration. The magnitude of the 
effective quality factor is very close to but usually slightly less than that 
recommended by the ICRP (see Fig. 3.15). The differences in the values 
would be expected since the values recommended by the ICRP consider only 
the initial collision of the neutron whereas the values of the effective quality 
factors represent an average of all 'collisions experienced by the neutron 
within the phantom. 
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INCIDENT ON A SLAB TISSUE PHANTOMt 

Maximum absorbed Maximum' dose 
Neutron energy, dose,t e'luivalent.§ Effective 

MeV mrad neutron 
-) -~ -I -2 QF cm • mrem neutron cm 

Thermal 3.2 (-7)§ 1.04(-6) 3.25 
0.0001 6.9 (-7) 1.39(-6) 2.01 
0.005 5.7 (-7) 1.22(-6) 2.14 
0.02 5.7 (-7) 2.35( -6) 4.12 
0.1 1.10(-6) 8.3 ~-6) 7.55 

0.5 2.4 (-6) 2.30(-5) 9.61 
1.0 3.8 (-6) 3.80( -5) 10.0 
2.5 4.3 (-6) 3.41(-5) 7.93 
5.0 5.8 (-6) 3.80(-5) 6.55 
7.5 7.1 (-6) 4.16(-5) 5.85 

10 7.0 (-6) 4.16(-5) 5.94 

tFrom Snyder and Neufeld. 23 

tMultiply by 3600 to convert to (mrad/hr)J(neutron cm-:! sec-I) or to 
(mrem/hr)J(neutron/cm-1 sec-I). 

§ Read: 3.2 X 10-7
, etc. 

The effective quality factors shown in Tables 3.7 and C.1 are the ratios 
of the maximum dose equivalent to the maximum absorbed dose for a given 
incident-neutron energy and phantom configuration. The magnitude of the 
effective quality factor is very close to but usually slightly less than that 
recommended by the ICRP (see Fig. 3.15). The differences in the values 
would be expected since the values recommended by the ICRP consider only 
the initial collision of the neutron whereas the values of the effective quality 
factors represent an average of all 'collisions experienced by the neutron 
within the phantom. 
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(b) Gamma-Ray Doses in Phantoms. Claiborne and Trubey2 6 recently 
calculated the dose delivered to a phantom by monoenergetic gamma rays. 
Using the discrete-ordinates method, with some checks by the Monte Carlo 
method (both of these transport methods are described in the next chapter), 
they calculated the dose distributed in a 30-cm-thick infinite-slab phantom 

having the standard-man composition shown in Appendix B, Table B.2. Their 
maximum dose rates, which occurred at nearly the surface or within the first 
2 em of the surface, are compared in Fig. 3.16 with the experimental results 
of Jones. 2 7 
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Fig.3.16-Maximum gamma-ray dose rate in slab phantom of standard-man composi
tion. Comparison with kerrna calculations and with phantom measurements. (From 
Claiborne and Trubey.26) 
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3.3.6 Multicollision Dose 

The term multicollision dose, which until recently has been used solely 
for neutron exposure, is not recognized by the ICRU. The multicollision
dose concept was developed by health physicists in an effort to relate the 
neutron nux or fluence incident upon a configuration of tissue representing 
the human body to the absorbed dose or to the dose equivalent. The 
multicollision dose could, in turn, be related to a maximum permissible dose 
(MPD) established by shield-design criteria. The term has tacitly been 
defined by common usage in shield design as the sum of the maximum dose 
equivalents (or maximum absorbed doses) delivered "by each neutron-energy 
group to a slab of tissue as defined by Snyder and Neufeld23 This includes 
the dose due to secondary gamma rays produced by the neutrons in the slab. 
This dose is calculated by 

Multicollision dose = 1: !JJg Dmax (Eg) 
g 

(3.3-16) 

where W g is the group fluence and Dma x (E ) is the maximum dose 
equivalent (or maximum absorbed dose) in the sfab for an incident neutron 
of the energy corresponding to the gth neutron group. 

Gamma-ray multicollision doses are similarly calculated with Eq. 3.3-16, 
with, of course, Wg and Dmax.(Eg) being the appropriate values for gamma 
rays. 

The total dose for a mixed-radiation field incident on a tissue slab is 
determined by adding the neutron and gamma-ray multicollision doses 
obtained separately for the slab. 

Although the concept of multicollision doses, or dose rate, is not 
recognized by the ICRU, it seems clear that, to fully implement the trend to 
preciseness in the fields of radiobiology and radiation protection, the dose 
calculated in shield design should be given recognition by some official body. 
Perhaps the term multicollision dose can be retained for the neutron-induced 
contribution, and the term total multicollision dose can be used when the 
incident gamma-ray contribution is also included. Or perhaps an entirely new 
term could be introduced; several have been suggested but none have been 
accepted as yet. 
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EXERCISES 

3.1 Assume that air has the following composition by volume: nitrogen, 78.5%; oxygen, 
20.99%; and argon, 0.96%. Calculate, at standard temperature and pressure (273°K. 
76 cm Hg): (a) The partial density in air of each constituent. (h) The weight percent 
of each constituent. (c) The atomic density in air of each constituent. (d) The 
electron density of air. (e) The average atomic number of air. (Densities at STP are as 
follows: nitrogen, 0.00125 g/cm 3

; oxygen, 0.00143 g/cm J ; argon. 0.00178 gicmJ; 
and air, 0.00129 g/cm 3. Atomic numbers and weights, respectively, are nitrogen, 7 
and 14.0; oxygen, 8 and 16.0; and argon, 18 and 39.9.) 

3.2 It is often convenient to treat mixtures such as air and compouncis such as water as 
homogeneous media made up of one pseudoelement. For water, compute the 
following properties of the pseudoelement: (a) Atomic density. (h) Electron density. 
(c) Atomic number. (Assume the density of water to be 1.0 g/cm J

.) 
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3.3 At 0.10 and 3.0 Me V, Hubbell4 lists the photon microscopic cross sections shown in 
the table for Exercise 3.3. 

E = 0.1 MeV 
Nitrogen 
Oxygen 
Argon 
Hydrogen 

E = 3.0 MeV 
Nitrogen 
Oxygen 
Argon 
Hydrogen 

TABLE FOR EXERCISE 3.3, 
PHOTON CROSS SECTIONS 

as. bfatom 

With 
coherent 

3.54 
4.06 
9.85 
0.493 

Without 
coherent 

3.45 
3.94 
8.87 
0.493 

0.806 
0.921 
2.07 
0.1151 

ape. 
b/atom 

0.041 
0.071 
3.6 

(a) Explain the blanks in the table. 

0.025 
0.032 
0.17 
0.00052 

(b) For nitrogen at STP, compute the total mass attenuation coefficient (cm2/g) and 
the linear attenuation coe fficient (c~ -11 without coherent scattering at 0.1 Me V. 

(c) Using the results of Problem 3.1, ,compute the total mass and linear attenuation 
coefficients for air at 3.0 Me V. 

(d) What is the mean free path in air for 3.0 MeV photons? Express your answer in 

meters. 
(e) Compute the two scattering. the photoelectric, and the pair.production micro

scopic cross sections at 0.1 and 3.0 MeV for the water pseudoelement. Express the 
results in terms of barns per molecule. 

3.4 A thin (0.04 glcm1 ) aluminum disk 2 cm in radius is subjected on one side to a 
monodirectional photon flux density of 10 1 

0 photons cm -2 sec -I, normal to the disk. 
The photon energy is 0.10 MeV. Hubbell4 lists the following microscopic cross 
sections for aluminum whose density is 2.7 g/cmJ

: 

acon = 6.79 b/atom 

aiMCoh = 6.41 b/atom 

ape =0.78b/atom 

Compute: (a) The total reaction rate (photons per second) in the disk. (b) The rate at 
which photons are absorbed on their first collision in the disk. (c) The first-collision 
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scattering rate in the disk. Cd) The exit flux density of O.l-MeV photons. 
(e) Approximately what fraction of the disk's atoms are reacting with the photon 
beam per unit time? 

3.5 For scattering angle () (0 ~ () ~ 1T/4). the differential scattering cross section for 
Compton scattering of 1. 25·Me V photons is closely approximated by 

DC (}) = (29.5 - 78.3 cos (} + 56.6 cos'2 ()) X 10"'26 cm'2 electron -I steradian-I 

For the disk of Problem 3.4, compute the flux density of singly scattered photons at 
a point P located 2 em from the center and on the opposite side of the disk from a 
normally incident 1.25-MeV photon flux density of 1010 photons cm"'2 sec-I. 

3.6 The differential speed distribution of thermal neutrons is given by 

d 2 _m\Jl /2kT d / 3 h d' . d b n(lI) II = All e II neutrons em w ose spee 15 In II a out II 

where A and k are constants. T is the neutron temperature. and m is the neutron 
mass. Show that, for a material whose cross section varies as l/v [o(v):: Clv], the 
average cross section for the reaction rate of neutrons with this speed distribution is 
given by 

a = C (mrr)1!. 
8kT 

(C is a constant) 

and thus the energy for which o(v) :: a is 4kT/1T. 

3.7 The accompanying table gives the densities and mass energy transfer coefficients J.J.klP 
for four materials. Compute the kerma rate (ergs g-I sec-I) in a small volume of each 

material (a, b, c, d) located in a vacuum 100 cm from a l-Ci isotropic 60 Co point 
source. 

TABLE FOR EXERCISE 3.7 

(a) Air 
(b) Water 
(c) [ron 

(d) Lead 

0.0268 
0.0300 
0.0253 
0.0350 

0.00129 
1.00 
7.90 

11.35 

(e) Compute the absorbed dose rate in tissue. where J.l,./p :: 0.029 cmllg. Assume that 
charged-particle equilibrium exists and bremsstrahlung is negligible. Give the answer 
in rads per hour. 
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(e) Approximately what fraction of the disk's atoms are reacting with the photon 
beam per unit time? 
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d 2 _m\Jl /2kT d / 3 h d' . d b n(lI) II = All e II neutrons em w ose spee 15 In II a out II 
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8kT 
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TABLE FOR EXERCISE 3.7 

(a) Air 
(b) Water 
(c) [ron 

(d) Lead 

0.0268 
0.0300 
0.0253 
0.0350 

0.00129 
1.00 
7.90 

11.35 

(e) Compute the absorbed dose rate in tissue. where J.l,./p :: 0.029 cmllg. Assume that 
charged-particle equilibrium exists and bremsstrahlung is negligible. Give the answer 
in rads per hour. 
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3.B In Sec. 3.2.1, the energy-angle relation, expressed in units of Compton wavelength, 
was noted to be 

A' - A = 1 - cos 8 

and the differential angle scattering cross section was given as 

steradian -I 

Show that, when reduced to its one independent variable, A', the differential angle 

scattering distribution of photons of initial wavelength A is given by 

3 (A)2'['}..1 A , ,] -I 
(a) 0(8) = 1611' P T + r + 2(A -A) + (A - 11.)2 T,V. dectron steradian -I 

and thus that 

, do 3 (A)2 
(b) 0(11. ) = dA' = '8 A' 

x [~ + ~, + 2(A - A') + (A - A?] T.U. electron- I unit wavelength- 1 

where utA') dA'loc gives the probability that a photon of energy A which undergoes a 
Compton scatter has a scattered energy in wavelength interval dA' about A', 
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Radiation Transport 

P. N. STEVENS, D. K. TRUBEY, C. W. GARRETT, and W. E. SELPH 4 
Radiation transport is to neutron or photon interactions what dynamics of 
rigid bodies is to particle kinematics. In each case the former represents the 
macroscopic manifestation of the laner. The principal task in shield analysis 

is to solve the transport equation. In the following sections we will discuss 
some simple concepts and then develop the Boltzmann transport equation, 
which is not so simple. Subsequent sections are devoted to descriptions of 

several techniques for solving this equation by direct analysis and by 
alternate approaches. The Monte Carlo method of solution has been so 
successful in reactor shielding that we have devoted Chap. 5 exclusively to it. 

In many instances solutions are tabulated. Thus a shield designer must. at 
most, choose one method from severa] methods of solving the transport 

problem or, frequenc1y, apply a predecessor's result. The selection of one of 
these techniques for application to a particular problem depends on the 
nature of the problem, the accuracy required, and, mundanely, the time and 
funds available. Of course, the most economical technique for handling the 
problem and obtaining the necessary accuracy is the optimum choice. 
However, there is no simple way in which to make this choice. We have 

attempted to describe the theory involved in the various methods in a 

manner that will allow the shield designer to utilize his best judgment in 
making a good selection. Subsequent chapters discuss the application of 
these me thods in various practical situations. 

The radiation field at a point in space removed from the source can be 
divided into two components. The first is the uncollided, or, as it is 

sometimes called, the unscattered radiation (particles that arrive at the point 

without having undergone any interactions with the transporting medium). 
The second component is composed of the collided, or scattered, particles 
(particles that have undergone one or more interactions that have caused a 

change in direction or energy or both). Primary radiation particles and chose 
generated in secondary reactions both may be so classified, although 
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secondary particles are sometimes treated as a portIon of the collided 
component of the primary beam. 

Solution of the generalized Boltzmann equation can result in the 
determination of both components simultaneously; however, the calculation 
is often divided into two parts, which are performed separately. The first is a 
computation of the uncollided component, and the second, a calculation of 
the scattered component. Analysis of the uncollided component is rather 
straightforward even though complexities of energy spectra and geometry 
sometimes require use of numerical techniques. Analysis of the scattered 

component, on the other hand. may become quite complicated. and it is 
toward this task that most of the efforts in shield analysis are devoted. 
Following scatter, a particle or photon will have alcered interaction 

probabilities owing to a shift in energy, and subsequent scatters will further 

alter these probabillties. The distribution of absorptions withm the shield is 
also complicated by scattering since absorptions can occur following 

scattering. 
As the radiation penetrates deeper into the shield, a higher percentage of 

the total flux densitv will be scattered radiation. The ratio of scanered to 

uncollided radiation may increase to some maximum value, which is a 

complex function of the incident spectrum and material cross sections, or (as 
is usually the case) the ratio may continue [0 increase indefinitely. Thus the 

thicker the shield, the more important the scattered radiation becomes. 

As will be seen in subsequent sections, most practical situations involve 
complicated geometries and source characteristics, and calculation of the 
scattered component requires the use of simplifying assumptions. 

There has been an active effort to develop and refme methods for 
predicting scattered radiation. It is important to remain in close touch with 
the technical literature because new developments appear frequently. 

4.1 FUNDAMENTAL CONSIDERATIONS 

The flux density at a detector point is influenced by two factors: the 
geometric relation between the source and the detector (including the source 
angular distribution; and the character of the material between the source 
and the detectOr. These two factors combine in a multiplicative fashion in 

simple geometries and are illustrated in the following example. 
Consider the uncollided flux density at the detector point in Fig. 4.l. 

Even if the two slaos of rna terials are identical and the source strengths 
(particles crn-~ sec- l incident on the surface of the slab) are equal, the 
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radiation intensity will be different at the two detectors owing to the 
different source angular distributions. i.e., different geometries. On the other 

hand, if the material in one slab were altered, the detector response behind 

that slab would change with no change in source-detector geometry. This 

illustrates the attenuation (sometimes called barrier) factor. 
In the absence of external forces, particles travel in straight lines. From 

this elementary statement it follows that the flux density in the beam of a 

plane monodirectional source does not vary with distance from the source 
unless. of course, it is attenuated by some material. This fact is useful in the 

analysis of individual components of a radiation field, and we apply it here 
to develop another elementary result. 

Consider the slab geometry of Fig. 4.2, in which a monodirectional 
source of <Po particles cm-2 sec-1 is normally incident on a slab. Every 
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interaction within the slab removes a particle from the uncollided beam. We 
shall compute the flux density, ~(x), of uncollided particles that emerge 
from the slab. [ncident on t he differential slab volume d V of cross-sectional 
area d.; and thickness dx' (dV = dA dx') are ~(x') particles cm-2 sec- l , and 

emerging from d V are <II(x' + dx') particles cm -2 sec- l . As shown in Chap. 3, 

the interaction rate per unit volume occurring in dV is given by Lt ¢(x'), 
where ~ t is the cotal linear attenua:ion coefficient (or total macroscopic 

cross section). Thus particle conservation in volume dV demands that 

<I>(x' + dx') d.-:l - ~(x') d.-:l = - Lt ~(x') dV (4.1-1) 

where the minus sign on the right side is introduced because collisions 

remove particles from the uncollided beam. After both sides have been 

divided by do;, Eq. 4.1-1 may be written 

d<p(x') = -~t <II(x') dx' (-t 1-2) 

or 

(4.1-3 ) , , 

This familiar differential equation has the solution 

(4.1-4) 

where c is a constant. By applying the condition that ~(O; = <Po, we obtain 

(4.1-5) 

Thus the exit flux density of the uncollided component is given by 

(4.1-6) 

This exponential attenuation law is basic to the calculation of radiation 
transport through matter. 

ConSIder a point isotropic source at the center of a spherical shell of 

material, as shown in Fig. 4.3. With no shell material present, the flux 

density of uncollided particles at the detector would be given by 
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~(R) =S/4rrR 2
, where 5 is the source strength. However, the flux density 

passing through the shell is reduced by a factor of e-:E tX. Thus 

(4.1-7) 

the product of a geome tric factor, 1/41l'-R 2, and an attenuation factor, e-:E tX. 

Fig. 4.3-Spherical shell attenuation. 

Successively complex radiation-transport calculations occur if (1) the 
radiation is allowed to scatter with no change in energy, (2) scattering with 
energy degradation is allowed, and (3) secondary radiations are taken into 

account. An accurate analysis of neutrons and gamma rays from a reactor 
source requires that energy degradation and secondaries be considered. 

Consider a material in which only scattering and absorption occur. The 

total. macroscopic cross section, It. consists of two components: Ls. the 
scattering cross section, and La. the absorption cross section. Fora parallel 
monoenergetic beam incident to a slab, one component of the penetrating 
radiation will be that which has not interacted with the shield, given by 
~oe-:E tX. The other penetrating component will be the radiation that has 
scattered one or more times within the shield. This scattered component will 
exit the shield in all directions and over a continuous energy distribution 
even though the incident radiation is of only one energy and one direction. 

4.2 THE BOLTZMANN TRANSPORT EQUATION 

The complex form of radiation transport in which scattering and energy 
degradation occur was originally described by the differential equation due 
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to Boltzmann. In a book on transport theory. Kuscer l notes that Boltzmann 
formulated chis equation in 1872 to calculate the coefficient of self·diffusion 
for a gas in which the molecules were assumed to scatter as elastic spheres. 
The gas problem is equivalent to the radiation problem of interest here. 
KU5cer states that a solution of the equation was not achieved until early this 
century and contrasts the ease with which transport problems are formulated 
with the difficulties encountered in obtaining solutions. Basically this 
equation is a "bookkeeping" statement that accounts for additions to and 
subtractions from the radiation in a given increment of space, energy. and 
direction. P<lrticles may be interpreted as either neutrons or gamma rays in 
the derivation. 

The differential flux density is a function of seven independent variables: 
three that define the spatial position of the detector point, twO that define 
direction of particle motion, one that measures particle energy. and one that 
measures time. In vector notation these can be reduced to three quantities: a 
vector defining spatial position. a vector defining momentum (specifying 
both direction and energy). and one scalar time variable. A radiation field is 
completely defined (i.e .. the radiation-transpon problem of interest is 
solved) when the particle or energy-flux density at every spatial point within 
the region of interest is known. 

For shield analysis a steady state is ordinarily assumed. and the time 
variable is not required. It is also customary to use a unit vector for direction 
and an independent scalar variable for energy (or its equivalents, speed or 
wavelength). Thus we define 

<t>(r,n,E) dn dE 

as the flux density (or track length per unit volume per second) of particles 
at spatial point r whose directions of travel lie in the solid angle dn about n 
and whose energies lie in the increment dE about E. We derive the 

Boltzmann equation using particle conservation in a differential volume 
d V dn dE of six scalar dimensions. in which d V is a differential spatial 
volume eleme nt. as illustrated in Fig. 4.4. The sLx-dimensional system. of 
which d V dn dE is a differential element, is sometimes called a six-dimen

sional phase space, and the differential element. a differential phase-space 
cell. Care must be taken when using spherical coordinates for the spatial 
coordinate system; the polar (e r ) and azimuthal (IjIr) angles defining the 
direction of r must not be confused with the polar (8) and azimuthal (~) 
angles defining unit Vector n, which meas.'Ires particle direction. 
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Fig. 4.4-Volume element in phase space. 

Particles of the appropriate energy (dE about E) and direction (dn about 
n) can be introduced into dV dD. dE by the following processes: 

1. They can be born in d V at the appropriate energy and direction by a 
source located there. 

2. They can flow into dV with the proper energy and direction from 
adjacent spatial regions. 

3. Particles bearing other directions or energies or both can undergo an 
interaction within d V such that the scattered particle is in dV dn dE (the 
inscatter source). 

In a similar fashion, particles within dV dn dE can be removed from that 
differential element by the following processes: 

1. They can undergo an interaction that causes them to be absorbed or 

changed in direction or energy or both. 
2. They can flow out of d V into adiacent spatial regions. 

In a steady state the losses from dV dn dE must equal the gains. Further, 
the leakage gains and losses into and out of d V can be combined into one 
term: net leakage. Thus 

Net leakage + interactions = inscattering + source 

where, by convention, net leakage is defined as being positive in the outward 
direction (a loss). 

The net leakage term, NL, is equal co V·n¢(r,n,E) dV dD. dE particles/ 
sec, a fact that we will demonstrate. Consider a small spatial volume element 
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~ V enclosed by surface ~S (Fig. 4.5): dS is a surface differential area on ~ V 
with outward normal n, and dA is the projection of dS normal to n. The 
particle flow through dS and d_--l. 10 direction n is gwen by 
<II ( r . n , E) d n ,d Ed_ -! par t i cl e sis e c , w h i c h may be w r itt en 

" 

Fig. 4.5-Differencial surface element. 

4>(r.n,E) dn dE (dA/dS) dS. However. since dAldS = (n·n), the net leakage, 
d(NL), through dS is 

d(NL) = 4>(r ,n,E) dn dE (n' n) dS (4.2-1) 

[Proof that Eq. 4.2-1 gives net rather than outward leakage through dS is 
given as one of the problems in the exercises.] The vector property 
(u'v) = v'U enables us to write 

d(NL) = [n<l>(r,O,E) dn dE] • n dS (4.2-2) 

The total net leakage from ~ V is then given by 
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But A V. ~S, and n4>(r ,n ,E) dn dE meet the conditions for application of 
the divergence theorem (stated in Appendix D). and the net leakage from 
AV is thus 

ASL = IllV V'n4>(r,n,E) dn dE dV 

Now consider the limit as AV approaches d ~'. The function V' 1"24>(r,O,£; 
dn dE becomes a constant with respect to r, and 

lim ASL = [V ·n4>(r.O,E) dn dE] lim J
llV 

dV 
AV-dV llV-dV 
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The limit of the integral is simply dV. Thus the net leakage, NL, from dV is 
given by 

NL = v·n4>(r,.o,E) dV dn dE particles/sec (4.2-4) 

Every interaction within dV (except for coherent scattering without a 
change in direction) removes particles initially in dV dn dE from that 
differential element. Thus the interaction loss term, IL, is given by 

IL = ~t(r,E) <I>(r,.o,E) dV dn dE particles/sec (4.2-5) 

The macroscopic loss coefficient is taken to be the total attenuation 
coefficient, ~t. 

The source term is handled formally. If S(r,n,E) is defined to be the 
differential source distribution (particles per second per unit volume, solid 
angle, and energy), the total source in d V dn dE is 

5 ::::; S(r,n,E) dv dn dE particles/sec (4.2-6) 

The remaining term expresses the inscattering. Let p(E'-+"E, n'-+,Q) 
dn dE be the probability that a particle of energy E' and direction 0' 
scatters into dE about E and dn about n. The rate at which scattering 
events in dV dn' dE' occur is given by ~s(r,E') <I>(r,.o'E') dV dn' dE' 

particles/sec, in which ~s(r ,E') is the macroscopic scattering coefficient. 
Inscattering from d V dn' dE' into dV dn dE is then 

~s(r,E') p(E'-+E,n'~n) dn dE 4>(r,n',E')dV dn' dE' 

The total inscattering rate, IS, is given by 

IS =~. In' ~s(r,E') p(E'-:,E,n'~n) dn dE 4>(r,n',E') 

X dV dn' dE' particles/sec (4.2-7) 

Conservation requires that losses equal gains: NL + [L = IS +5 or 

V·n4>(r,n,E) + Lt(r,E) <I>(r,n,E) 
J' 

::::; fE' In' ~s(r,E') p(E'-+E,.o'-+.o)4>(r,n' ,E') drl.' dE' + 5(r,.o,E) (4.2-8) 
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in which the commo n factor dV dfl dE has been cancelled from each term. 

Equation 4.2-8 is the integro-differential form of the Boltzmann equation 
and is that most often used as a starting point in the solution of the radiation 
transport problem, although other forms (i.e., purely integral) are sometimes 
encountered. Equation 4.2-8 is applicable to both neutron and photon 
transport. Simple transformations (some are given in the exercises) allow the 
Boltzmann equation to be expressed in terms of wavelength A. (A. ~ hv/E) 
rather than energy and differential energy-flux densities I(r,n,E) and 
I(r ,n,A) rather than number-flux densities. In photon transport, because of 
the relatively simple expressions that result, the form involving J(r,n,A) = 

A.q,(r,n,A.) (A. in units of Compton wavelength) is convenient. 

The appearance of the Boltzmann equation varies considerably with the 
coordinates involved, the type of radiation being considered, and whether 
energy degradation is allowed. For this discussion the vector notation is 
used, and various symbols representing interaction parameters are defined. 
Appendix D lists the transformation between the three common coordinate 
systems and defines various vector operators. functions, and theorems 
helpful in deriving and manipulating the Boltzmann equation. 

A direct, analytic solution of the Boltzmann equation can be found only 
in a few very simple and highly idealized cases. For the most part, 
approxima te solutions are all that are possible in practical situations. 

Approximate solutions can be obtained in two ways: simplifying assump
tions can be made which alter the Boltzmann equation so that an analytic 
solution is obtainable or numerical methods can be used. An example of the 
first type is the elementary one-speed diffusion equation of reactor physics 
which, although usually derived differently, can be shown to be a form of 
Eq. 4.2-8 .... i.th the proper assumptions invoked. 

Successful numerical solutions to the Boltzmann equation have been 
obtained with difference methods and iterative procedures. These methods 
evolved in parallel with, and were influenced by, the development of 
high-speed computing machines, which are a necessary tool in their 
application. 

The approach generally used involves the derivation of a difference 
approximation to the Boltzmann equation for each point of a mesh filling 
the shield volume. Steps in such a calculation include: 

1. Choosing the division points between energy groups. 

2. Choosing a method of representing the differential scattering cross 
section and the angular dependence of the flux density. 
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3. Integrating the Boltzmann equation over each energy grou p (cross 
sections must be suitably averaged over each group). 

4. Approximating the equations relating the spatial derivatives of the 
differential (angle and energy) flux density as functions of r by a finite 
difference system at each mesh point. 

S. Solving the resulting system of equations by an iterative method. 

The various difference methods used in solving the Boltzmann equation 
differ primarily in their method of representing the angular dependence, 
although they may also differ in the iteration scheme indicated in step S. 

Before proceeding to a review of various solution methods, we should 
point OUt that Eq. 4.2-8 includes some undefined functions. in particular 
those contained in the functions S(r,n,E) and p(E' .... E,n' .... S'l). To solve 
the Boltzmann equation, we must replace these expressions with functions 
that describe the processes involved in the problem being considered. 

4.3 SPHERICAL HARMONICS METHOD 

Although the method of spherical harmonics is not currently in 
widespread use, it was one of the first developed and embodies concepts 

used in other techniques in this chapter. The method as applied to the 
solution of the Boltzmann transport equation consists in representing the 
various angle-dependent terms as expansions in the spherical harmonics 
polynomials. These polynomials, commonly cp.lled associated spherical 
harmonics, t vary in definition from one reference to another. We use the 
polynomials described by Weinberg and Wign~r. 2 

Applying the spherical harmonics technique to the. general transport 
problem is inherently complex. However, a ~impFfied and lucid illustration 
of the method can be shown for a steady-state (no time dependence), 
one-speed (no energy dependence), one-dimensipnal (slab geometry with 
azimuthal symmetry), homogeneous (constant system parameters) neutron 
transport problem. Consistent with these si~plifications, the general 
Boltzmann transport equation can be written:!: 

a4>(x,J..l) f+ 1 " d ' 
fJ ax + I: t 4>(x,fJ) = S(x,J..l) +.1 I:s~J..l,fJ) <I>(x,fJ) I-l (4.3-1) 

tDefinitions and theorems of associated spherical harmonics and the related Legendre functions 
are given in Appendix D. 

tThe derivation of Eq. 4.3-1 is given as a problem in the exercises. 
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where cI>(x,J.L) = angular flux density (neutron-flux density per unit J.L) 
x = spatial variable in slab geometry, the direction of which IS 

specified by the unit vector i 
J.L = direction cosine with respect to the x-axis 

= n·i = cos e 
~t = total macroscopic cross section 

~s(J.L,J.L') dJ.L = a scattering cross section that describes the probability chat a 

neutron with an inci6enc direction cosine J.L' will be scattered 

so that its emergent direction has a direction cosine in dJ.L 
about J.L 

LS(JJ"JJ,') = J~" Ls(n,n/) d!J; 
~s(n,n') = the macroscopic differential scattering cross section 

S(x,J.L) = source particles per unit (J.. volume, and time 

The angle-dependent terms of Eq. 4.3-1 can be represented as a series of 

spherical harmonics of the first kind. the Legendre polynomials Pj(Y')' 

Expanding the angular flux density and source term in terms of these 
polynomials yields 

(4.3-2) 

(4.3-3) 

where rt>j(x) = position-dependent Legendre coefficients corresponding to 
the flux density: 

u = 0,1,2, ... ) (4.3-4 ) 

and Sj(x) = position-dependent Legendre coefficients corresponding to the 

source term: 

(j = 0,1,2, ... ) (4.3-5) 

Since for most practical situations the differential scattering cross section 

depends only on the change in direction given by (J.o = n· n', the series 

expanSlOn for Ls(n,n') is made in terms of the Legendre polynomials 

Pi(JJ,o ): 
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(4.3-6) 

where the values of fli are the Legendre coefficients (i = 0,1,2, ... ,00) 
corresponding to the differential scattering cross section 

(4.3-7) 

The spherical harmonics form of the Boltzmann equation is obtained by 
introducing the preceding series representations for lfl(x,J.l), S(x,J.l), and 
~s(n,n') into Eq. 4.3-1, multiplying each term by the J;.egendre polynomial 
Pn(J.l), and integrating over all J.l (-1 to +1). When Eqs.4.3-2, 4.3-3, and 
4.3-6 are substituted into Eq. 4.3-1 and the orthogonality property of 
Legendre polynomials is used along with the addition theorem and a 
recurSlOn relation, t the following set of coupled differential equations is 
obtained: 

n + 1 d n d 471' 
211 + 3 dx Ifln+! (x) + 2n _ 1 dx Ifln-l(x) = 2n + 1 'l7n <l>n(x) 

(for n = 0,1,2, ... ,00) (4.3-8) 

This set of equations, which no longer involves the directional variables and 
therefore is more amenable to solution than Eq. 4.3-1, is called the second 
(or spherical-harmonics component) form of the Boltzmann equation by 
Weinberg and Wigner2 and others. 

Practical methods of solution require that the series representations of 
<I>(x,J.l) be limited to a finite number of terms, say (n + 1) terms; n is 
commonly called the truncation number, and the corresponding calculation 
is called the Pn approximation. The PI approximation is equivalent to 
diffusion theory (see Sec. 4.6) and involves only a linear representation of 
the flux density, which restricts its application to situations wherein the 
neutron-flux density is nearly isotropic, a severe limi·tation for deep-penetra
tion problems. 

The accuracy of the spherical-harmonics calculation is also influenced by 
the number of terms used to represent the differential scattering cross 
section. Only a few terms are necessary for nearly isotropic scattering, but a 

tThese properties are given in Appendix D. The use of the addition theorem makes possible the 
evaluation of the inscattering-integral term containing r:s(ll,ll'), which is necessarily expanded in 

terms of Pj(~o) rather than Pj(~)' 
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large number of terms are required for adequate treatment of anisotropic 
scattering; in the past this has limited the use of the spherical harmonics 
treatment. However, recent advances in cross-section technology and 
increased computer capacity have for all practical considerations removed 

this limitation. 
Shure3 found that a multigroup P3 approach in one dimension for 

calculating spatial and spectral neutron distributions in metal hydrogenous 

reactor shields yielded satisfactory estimates of neutron attenuation for 
reasonable amounts of computer time. Further, Lanning4 recognized that 
for some design problems the low-order approximations were suffiCiently 
accurate. He successfully calculated the spatial distribution of the gamma-ray 
energy-flux density in one-dimensional slab geometry. 

4.4 DISCRETE-ORDINATES S~ METHODt 

The discrete-ordinates S~ method is a means of effecting a numerical 
solution of the Boltzmann transport equation. The most recent versions of 
the method permit anisotropic scattering to be included and thus make it 
suitable for both neutron and gamma-ray deep-penetration calculations in a 
wide variety of shielding problems. Since the method is fundamentally 
formulated as a finite-difference equation, a minimum number of limiting 

assumptions are required. and the solutions apparently approach the exact 
solution of the Boltzmann equation as the space, angle, and energy mesh 
approach differential size. The method can be applied without significant 
restrictions to the problem of calculating criticality, and it can be used for 
both homogeneous and laminated shields with a variety of source configura
tions, including surface- and volume-distributed sources. 

We should note that a finite-difference equation is defined as an algebraic 

statement relating values of the variable (in this instance. the discrete 

ordinate flux density) from point to point in phase space. To obtain the 
difference equations. we section phase space into a finite number of discrete 

points and relate the flux density at each point to [he flux densities at 
adjacent points. As will be shown. this is accomplished by integrating the 
conservative form of the Boltzmann equation over a fillite-difference cell in 
phase space. This procedure replaces the Boltzmann integra-differential 
equation with a system of simultaneous difference equations. The latter may 
then be solved numerically by an iterative technique. 

tThis section is primarily the work of F. R. Mynatt. 
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Early applications of discrete ordinates, such as the Wicks -Chan
drasekhar6 method, were limited to simple problems, such as the transport 
of monoenergetic neutrons isotropically scattered in one-dimensional slabs. 
The fundamental assumption in the Wick-Chandrasekhar method was that 
the integral in the Boltzmann equation could be approximated by a Gaussian 
quadrature formula; consequently functions involved in the integral had to 
be evaluated only at the angles corresponding to the Gaussian zeros. 
Although this original discrete-ordinates method could be extended to 
anisotropic scattering, it was limited to slab geometry. 

A discrete-ordinates technique that could be extended to spherical and 
cylindrical geometries was introduced by Carlson;' this method is commonly 
called the discrete-ordinates Sn method. 

Other approaches that can be classified as discrete-ordinates methods are 
the direct numerical integration techniques employed by the NIOBE 8 and 
other codes, but these techniques have not been so widely used for shielding 
problems. 

Early versions of the Sn method assumed that the angular flux density 
varies with angle as connected line segments in an even number of equally 
spaced angular increments. This representation, although reasonably accurate 
for homogeneous one-dimensional systems. was found to be unsuitable for 
the general problem. Recursions involving many terms are required, and an 
extension of the method to two-dimensional geometries is most difficult. 
These shortcomings are largely alleviated by the use of the diamond 
difference technique described by Carlson, Lee, and Worlton,9 which relates 
the angular flux density within each particular angular increment in a general 
way to the end-point values of the increment. With the diamond difference 
method, the Boltzmann equation can be integrated over an angular 
increment. yielding, for the derivative terms, a two-point difference equation 
involving the angular flux density evaluated at the increment end points. 

The linear Boltzmann equation is a flow balance for a differential 
phase-space cell, treating the events causing an increase or a decrease in the 
number of particles contained in the cell. The discn!te-ordinates difference 
equations can be formulated in an equivalent manner considering a 
finite-difference cell (it is presented this way in most references). For some 
time it was not clear that the difference equations would. in general, 
approach the analytic form of the Boltzmann equation as the finite-dif
ference phase-space cell approached differential size. Lathrop 1 0 showed that 

they would for the one-dimensional geometries. and this is established 
implicitly in the following paragraphs in which the difference equations for 
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spherical geometry are derived directly from the analytic Boltzmann 
equation. Spherical geometry, although simple, serves to illustrate all the 
characteristics of the discrete-ordinates equations except for discrete ray 
streaming, which occurs only in two- or three-dimensional geometry. 

4.4.1 Transport Equation and Phase-Space Geometry 

The derivation of the discrete-ordinates equations is given for the special 
case of spherical symmetry in spherical (position) coordinates. With only 
slight modifications these results can be made to apply to slab and 
infinite-cylinder geometries. This discussion also embodies the central 
features of two-dimensional derivations while· avoiding much of the 

complexity. The differential phase-space cell is defined by three variables: 
the scalar value of the radius, r (Fig. 4.4), the cosine of the angle of the 
particle direction relative to the radius. iJ. = (1/r)r',n, and the energy of the 
particle. E; that is, 

Differential phase-space cell = dV dp dE 

= 47Tr2 dr d}J. dE (4.4-1 ) 

The finite-difference cell is obtained by integrating Eq. 4.4-1 over 
selected finite intervals of radius, angle, and energy: it is given by 

Finite-difference cell.= VI tl.}J.D tl.EC 

(4.4-2 ) 

The following subscript notation is used throughout this section: 
subscripts I, D, and G denote functions whose values are associated with the 
Ith space interval, Dth angular interval, and Gth energy group, respectively; i 
and i + 1 refer to a function evaluated at the lower and upper limits of the 
lth space interval, d and d + 1 refer to a function evaluated at the lower and 
upper limits of the Dth angular interval, and g and g + 1 refer to a function 
evaluated at the lower and upper limits of the Gth energy group.· 

For this problem (one-dimensional spherical geometry), the following 
two analytic forms t of the Boltzmann transport equation can be considered: 

t Derivation of these equations is given as a problem in the exercises. 
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a (1_p2) 3 
~ -3 4>(r,~,E) + -3 4>(r,~,E) +!:t4>(r,p,E) 

r r ~ 

and 

p a 2", 1 a 2 
2 -a [r 'l'(r,p,E) I + - -3 [(1 -p )<I>(r,~,E)] + !:t(r,E)CP(r,p,E) 
T T r p 

where 

(4.4-4 ) 

<I>(r,p,E) = particle track length per unit volume (flux density) 

about r, per unit time, per unit energy about E, and 

per unit direction cosine about p 

~t(r,E) = position- and energy-dependent macroscopic total 

cross section 

!:s(r,E' ...,. E,po) dE' dp' = differential scattering cross section describing the 

probability that a particle with an initial energy E' 
and direction cosine .~' undergoe.s a collision at r, 

resulting in a change of flight direction described 

by the cosine of the scattering angle ~o, which 

places it in a new direction that lies in dp about ~ 

with a new energy in dE about E 
Po = cosine of the scattering angle = n· n' 

n, n' = final and initial flight direction unit vec tors, 

res pectively 

S(r,~,E) = source particles per unit volume about r, per unit 

time, per unit energy about E, and per unit 

direction cosine about p 

Equation 4.4-4 is called the COl1seTvative form of the transport equation, 

and its integration over any phase-space volume results in interface terms, 

which ma y be identified as leakage terms, that satisfy the divergence 

theorem exactly. As a consequence the conservative equation is the preferred 

formal basis for numerical analyses. 

For convenience we number the terms in Eq. 4.4-4 consecutively so that 

it becomes 

(4.4-4a) 
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4.-k2 Derivation of Finite-Difference Equation 

The discrete-ordinates difference equation is obtained by applying the 
following integral operator to the transport equation (Eq. 4.4-4) in a manner 
consistent Vv'ith the classical technique for obtaining difference equadons: 

(4.4-5 ) 

This operator integrates each term of the transport equation over the 
difference cell. [The integration limits are expressed symbolically by XEX, 

which implies a definite integral with respect to the variable x over the 
interval X.] Application of the operator to the first term of Eq. 4.4-4 gives 

(4.4-6 l 

which when rearranged becomes 

(4.4-7 ) 
, I 

The integral of the flux density over the energy group G may be identified as 
the group angular flux 

<Pc (r,,u) == fEE~EG ct>(r,,u,E) dE (4.4-8 ) 

in which case Eq. 4.4- 7 becomes 

(4.4-9) 

The volume integral in Eq. 4.4-9 can be modified and evaluated in the 
following rna nner: 

f V ad [r2 <Pc(r,,u)] dr=J. . d[r2 <Pc(r.,ul] 
rE [ r rt: V [ 

- r2 - i+ 1 (4.4-10) 

where ct>C,i+l (,u) = <Pc(ri+l ,,u) and <PC,i(,u) = ct>c(ri,,u). 
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Substitution of Eq. 4.4-10 into Eq. 4.4-9 yields the following expression for 
the first term: 

(4.4-11 ) 

It follows from the mean-value theorem that any integral can be approxi
mated by 

f %1 

x, X f(x) dx == x f(x) ~x (for Xl < X < x 2 , and ~x = X2 - xl) (4.4-12) 

The parame rer. x may be adjusted to give the equality; for well-behaved 
functions, the closer x is to the true mean, the better the approximation. 
Applying the mean-value theorem to Eq. 4.4-11 to evaluate the solid-angle 
intervals results in 

Tl = 41T(;UD rr+l 4>C,i+1,D ~{JD -liD rr ct>C,i,D ~IJ.D) (4.4-13) 

where cPG ,i,D == 4>G ,iOiD) and liD is a mean-value approximation for the 
direction cosine over the direction increment ~IJ.D' Identifying the surface 
areas of the volume increment by 

A· = 41TT~ I I 

(4.4-14 ) 

yields the final form for the first term: 

(4.4-15) 

The integral operator (Eq. 4.4-5) is next applied to the second term in 
Eq. 4.4-4, and the result is rearranged: 

If we introduce the group angular flux as before, Eq. 4.4-16 becomes 

(4.4-17) 
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The integration over p. is accomplished according to the procedure suggested 
by Eq. 4.4-10 with the following result 

T2 = 4iT [Jrevr (1 - p.a+ 1) <l>C,d+ 1 (r) r dr 

- frfVr (1 - p.~ )<I>c,d(r) r dr J (4.4-18) 

The remammg integration over the radius variable is performed using the 
mean-value approximation (Eq. 4.4-12) 

( 4.4-19) 

Equation 4.4-19 reduces to a two-point difference in the angle index 

( 4.4-20) 

if a curvature coefficient, Br,d, is defined by the expression 

(4.4-21) 

C~msistent with the conservation property of the technique, Eq. 4.4-19 
or Eq. 4.4-20 gives an overall neutron balance_ This is apparent since a 
summation of Eq_ 4.4-19 over A1 direction increments tlP.D yields 

[(1 - P}1+1) <pr,G,M+l - (1 - p.r) ct>I,C, 1 1 , which is identically zero since 
P,tl+1 = -1 and PI = +1 (1\1 is the total number of angle increments). 
Equation 4.4-21, which defines the curvature coefficients, can be recast in 
the form of a recursion relation that involves the coefficients B[ d+ I and , 
BI,d. First, BI,d is subtracted from BI,d+1 (where BI,d and BI,d+1 are given 
bv Eq. 4.4-21): 

, I 

( 4.4-22) 

We assume that rJ in Eq. 4.4-22 is the arithmetic mean: that is, 

(4.4-23 ) 

Then it follows that 

(4.4-24) 
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Following similar arguments, the factor (J,La+l - J..I.a) can be expressed as 

(4.4-25 ) 

Introducing Egs. 4.4-24 and 4.4-25 into Eq. 4.4-22 yields the following 
recursion relation: 

(4.4·26) 

The final form for the recursion relation is obtained by introducing the cell 
areas Aj+l andAj (from Eg. 4.4-14) and rearranging: 

( 4.4-27) 

where B I,M + I = O. Equation 4.4-27 is the form of the curvature coefficient 
found in the literature. The only approximation made in the preceding 
derivation is in the application of mean values. 

When the integral operator, Eq. 4.4-5, is applied to the fifth term of 
Eq. 4.4-4 (the inscattering integral), the result is 

x <I>(r,E',J,L') dE' dJ..l.' 41Tr2 dr dJ,L dE (4.4-28) 

The differential scattering cross s.ection can be approximated by a truncated 
Legendre polynomial expansion in the cosine of the scattering angle: 

( 4.4-29~ 

where the :l:n values are Legendre coefficients of the expansion. The 
Legendre polynomial, Pn(J..I.o), of the scattering angle cosine, J..I.o, is related to 
the initial and final angle direction cosines, J,J.,J,J.', by the addition theorem for 
Legendre polynomials, t which for spherically symmetric geometry is simply 

( 4.4-30) 

tThe addition theorem is quoted in Appendix D. 
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In adapting Eq. 4.4-28 to a multigroup calculation, the integrals over all 
incident energies and all incident angles are replaced by sums of integrals 
over the primed phase-space cell. Symbolically this is denoted by 

L ' 

I; /(E') dE' :: Ctl IE'etl.Ec' I(E') dE' 

1+1 . I I ~ r (. I , 

-1 j(J.J.) dJ.J. :: D~=l J/J.'Et.-/J'D J(J.J. ) dJ.J. (4.4-31) 

where L and AI signify the number of energy groups and the number of 

angular increme nes, respectively. 

Combining Eqs. 4.4-29 and 4.4-30 with Eq. 4.4-28, expressing the 

incident energy and angle integrals by Eq.4.4-31, and evaluating all 
remaining integrals by the mean-value theorem yields (after considerable 

rearrangement 0 f terms) the following forms for the inscattering integral: 

T = 
VI Ap. D i- N 1 M - ~ I: P (ii \ ),n., 1:: <PI C' D' Pn,i}J.-D')' A}J.D' 

5 2 G'=1 '1=0 n r-DI -C ~C D'=1 ' , 

( 4.4-32) 

where "i."li' .... c is the nth Legendre moment of the multigroup scattering 
cross section (muItigroup macroscopic transfer coefficient), defined by 

LC/-+C == [471 ~€VI fEft.-EG IE'ft.-EG' "E,n(r,E' ~ E) 

X f71 <P(r,E',p.') P n (~') d~' dE' dE r2 dr] 

(4.4-33) 

and j'l,c' is the nth Legendre coefficient of the angular dependence of the 
group flux density, calculated from 

(4.4-34 ) 

Application of the integral operator (Eq.4.4-5) to the removal term 
(third term) of Eq. 4.4-4 gives 

(4.4-35) 
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The evaluation of Eq. 4.4-35 requires some effort to avoid the 
assumption of angle-energy separability in the weighting of the multigroup 
cross sections. As the first step in evaluating Eq. 4.4-35 in terms of a cross 
section that is independent of angle, the energy integral of Eq. 4.4-35 is 
written as 

~ = fEf~EG r.t(r,E) ¢(r,Il,E) dE 

= r.b(r) ¢G(r,J.L) - R (4.4-36 ) 

where R is the correction factor that is to be determined and r.b (r) is the 
flux-density weighted group-C total cross section defined by 

(4.4-37) 

in which l (T,E) is the zeroth Legendre coefficient of the angular dependence 
of the flux density; jO (r,E) is identical to the differential flux density, 
4>(r,E). 

Rearrangement of Eg. 4.4-36 provides an explicit expression for R: 

(4.4-38 ) 

The correction factor, R, is determined by expressing the angular flux 
densities as truncated Legendre series and then combining the two terms that 
comprise Eq.4.4-38. The truncated Legendre series representation of the 
flux density is 

( 4.4-39) 

When Eq. 4.4-39 is substituted into Eq. 4.4-38, the result is 

( 4.4-40) 
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which can be written as 

( 4.4-41) 

where 

jc(r) = JEf~EG j"(r,E) dE 

and the energy moments of the cross section are defined by 

t _ JEf~G ~ t(r,E) J71(r,E) dE 
~G (r) = ----·n-. -(-)---

JG \r 
(4.4-42) 

Substitution of Eq. 4.4-41 into Eq. 4.4-36 yields the final form for the 
energy integral: 

N -L 2n
2
+ 1 [~b(r) - ~~n(r)] j2;(r) Pn(J.l) (4.4-43) 

,.,=0 

With this form for the energy integral in Eq. 4.4-35, the remaInIng 
integrals are evaluated by the mean-value approximation; the result is 

N 

" 2n + 1 (""t ..... tn ) '" P ,- \] (4444) - ~ 2 -'-G,I - """e,I Je,l n\J.l.DI . -

The series in Eq. 4.4-44 is verv similar in form to the inscattering integral 
term (Ts) and may be included there by replacing ~(/~e in Eq. 4.4-32 with 

~n,'(mod) == r,n" + (2n + 1) (~t _ r,tn)o , 
G ~G G ~G G,I G,I G,G (4.4-45 ) 

where 0e,G' == 1 if c' == C and 0 if C' =/:: G. The modified removal term then 
has the desired form 

(4.4-46 ) 
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Application of the integral operator to the source term of Eq. 4.4-4 is 
straightforward since. with the exception of multigroup constants. the 
mean-value approximation is used for all variables. The final result for a 
general fixed source' is 

(4.4-47) 

If multiplication (fission) is present. the source term is represented by 

which gives 

S(r,J,I.,E) = i-x(E) fo'" IJLf,r,E') jO (r,E') dE' 
eff ; 

Xc ~ ...,{ '0 
T4 = VI ~/J.D -k - W v~,G' h,G' 

eff G'=l 

(4.4-48 ) 

(4.4-49) 

where kef! = effective multiplication constant of the system 
r.f G = macroscopic fission cross section at energy G' 

, v = number of neutrons per fission by neutrons of energy G' 
Xc ::: fission spectrum defined by 

Xc == fE£Ll.EG X(E) dE 

r Lit E') '0 I _ JE'et:.Ed lJ l' J1(E') 
IJL 1 C' - ·0 

, h,c' 

The discrete-ordinates difference equation is obtained by substituting the 
derived expressions for each of the five terms into Eq.4.4-4 and then 
dividing through by ~JlD' The result is 

1 
'~D(Ai+l<I>G i+1D -Aicl>CiD)+~(Bd+l cl>G1D+l -Bd4>C1d) 

J' , '6J.J.J.D ' , , , 

M 

X ~ 4>1 C' D' PnUiD ') ~IlD' (4.4-50) 
D'=l ' , 
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Although derived for spherical geometry, that is, for Ai = 47Trr and VI = 
(47T/3)(rt+ I - r[), Eq.4.4-50 is the general discrete-ordinates difference 
equation for one-dimensional geometries. The equations for the other 
geometries can be obtained from Eq. 4.4-50, with Ai = 1.0 and VI = ~rI for 
a slab and Ai = 21Trj and VI = 1T(rt+ 1 - r[) for a cylinder. 

4.4.3 Numerical Solution of the Discrete-Ordinates Eguation 

Equation 4.4-50 contains discrete flux-density variables having both 
centered and end-point subscripts. This in effect increases the number of 
unknowns such that an insufficient numher of determining relations are 
available for their solution. This difficulty can be resolved by relating the 
centered and end-point flux densities in some consistent fashion. The 
diamond difference technique is the most widely used method for this 
purpose and includes two relations for the spatial variable, 

<PC,I,D = A<PC,i+1 ,D + (1 - A) <PC,i.D (for Jl > 0) (4.4-51 ) 

and 

<Pc I D = (1 - A) cP C j + 1 D + i-i <P C i D , , ", , (for Jl < 0) (4.4-32) 

and a single ex pression for the angular variable 

CPC,I,D = B<PC,I,d+l + (1 - B) <PC,I,d (4.4-33) 

where A and B are constants that can be assigned values of the interval 
(1/2,1). When A :: B = 1/2, Eqs. 4.4-51 and 4.4-52 are the -same for all values 
of J.l and, together with Eq. 4.4-53, are known as the ordinary diamond 
difference equations, which we rewrite: 

<PC"+ D = 2<PC I D - <PC "D ,1 1, , , ,z, (forPD > 0) (4.4-54) 

or 

<Pc j D = 2<PC I D - <PC i+ 1 D 
, , I , " 

(for JiD < 0) (4.4-55 ) 

and 

ct>C,I,d+l = 2<PC ,I,D - cf>C,I,d (4.4-56 ) 
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These equations form the basis for most current computer solutions. For a 
spatial sweep when J.l.n > 0, Eqs. 4.4-54 through 4.4-56 are combined to 
provide the following explicit expression for the centered discrete-ordinate 
flux, CPc I D : , , 

cf>c,I,n = [1in(Ai+1 + Ai) cf>C,i,D + (lIAJ.l.D)(BI ,d+l + BI,d) cf>C,I,d 

+ VISe,I,D] [iin(2A i+1 ) + (2BI ,d+I/A J.l.n) + VI !:t;,I]-1 (4.4-57) 

where the source term Se,I,n includes the fixed source and all inscattering 
sources. For a typical spatial mesh sweep C~D > 0), Eq. 4.4-57 is used to 
solve for the centered flux ¢C,I,D' Then the end-point fluxes ¢C,i+l,D and 
cf>C,I,d+l are calculated by Eqs.4.4-54 and 4.4-55, respectively. The next 
centered flux cf>C,l+l ,D is then calculated again with Eq. 4.4-57 and so on. If 
the flux is decreasing so rapidly that the centered flux <f>c ,I,D is less than 
one-half of either previous end-point flux, cf.>C,i,D or cf.>C,I,d' then the newly 
calculated end-point flux, <l>G,i+l,D or cl>C,I,d+l' will be negative. This 
phenomenon is called diamond difference breakdown and will result in a 
meaningless positive-negative oscillation of the calculated fluxes. The 
calculation rna y be modified by refining the space or angle mesh or both to 
remedy this, but this would necessarily increase the computational time. 
However, most problems are reasonably well behaved except possibly for a 
few points. A technique called negative flux fix-up has been used where 
negative values occur. The troublesome fluxes are immediately recal::ulated 
with the step difference equations, which always yield positive fluxes. 

If A = B = 1 in Eqs. 4.4-51 through 4.4-53, the step-function relation is 
obtained which equates the centered fluxes to the appropriate end-point 
fluxes. The step difference equations are: 

cf.>C,i+I,D = cf>C,l,D (for iiD > 0) (4.4-58 ) 

or 

¢C,i,D = ipC,I,D (for liD < 0) (4.4-59) 

and 

¢ -¢ C,I,d+ 1 - C,I,D ( 4.4-60) 
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An explicit expression for the centered flux CPG,[,D is obtained for the 
/lD > 0 spatial mesh sweep by substituting Eqs. 4.4-58 and 4.4-60 inca 
Eq. 4.4-50. The result is 

These difference equations are solved by the same calculational sequence 
described earlier for the ordinary diamond difference equations. The 
step-function relation is less accurate than the ordinary diamond difference 
scheme for the same mesh: however. it has the advantage of always giving 
positive flux densities for positive sources. 

The choice of the discrete directions plays an important role in the 
discrete-ordinates Sn method. It does not appear that a most accurate (or 
best) quadrature scheme for a specific problem can be selected in advance. 
The efficiency of a given set of discrete directions (quadrature set) depends 
on problem parameters, such as geometry, optical thickness, energy-group 
structure, spatial mesh size, etc., and a generalization of these dependencies 
is not possible. 

The discrete directions and associated weights (which represent solid 
angle) define the quadrature used in the inscattering integral: the directions 
also define the mean values for the angles, such as i1D' and thus affect the 
approximations in the convection term. 

In all Sn codes the discrete directions are represented as points on the 
surface of a unit sphere located at the point in space for which the flux 
density is to be defined and oriented in a fixed manner with respect to the 
coordinate system. The points or directions are located on the sphere 
symmetrically with respect to the three planes defining an octant such that 
the point description of one octant defines the whole sphere. This is not an 
absolute necessity but is usually required because of reflecting boundaries. 

The more recent Sn codes allow specification of direction weights as well 
as the directions themselves. Lee 9 developed an elegant method of areas 
which computes directions and direction weights that are symmetric with 
respect to rotational interchange of the axes of the unit sphere. Although the 
directions and weights in this method are somewhat adjustable. the best 
results occur with the recommended values. which satisfy various approxi
mate moment conditions and asymptotic theories. The area method has the 
advantage of rotation symmetry and the important advantage of all positive 
weights for any order of Sn-
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Although rotation-reflection symmetry has desirable qualities, onlv 

three-dime nsional calculations would benefit from full symmetrv: two-, , 
dimensional problems thus require twofold symmetry, and one-dimensional 

problems require no symmetry conditions within the octant. Thus for one

and two-dimensional geometries, and especially for problems where other 

conditions ou tweigh the symmetry considerations, some liberty in choosing 

directions rna v be exercised. 

The selection of a set of directions and the weights (biasing scheme) is 
particularly important and is geometry dependent. The recommendation of 
the programmer should be followed when his machine program is used. A 

bad direction set will lead to implausible flux densities in particular 

directions. 

A typical computer solution of the discrete-ordinates problem is a 
procedure for iterating the solution to some prescribed degree of conver

gence. The sweep of the mesh points (i.e .. the sequence for moving through 
the discrete points) is carefully ordered to follow the neutrons (or gamma 

rays). For shielding problems all particles undergoing scattering will always 
be degraded in energy. Therefore the calculation will begin with the highest 

energy group (G = 1) and progress sequentially through the lower energy 

groups. The angular sweep is performed in the direction of increasing D 
(decreasing i1D) beginning with D = 1, which for most penetration problems 

corresponds to the most important direction. The spatial sweep begins at a 

boundary along which the inwardly directed flux values are specified, and 

the sweep is made to the other boundary and then repeated for the next 

angle. The spatial sweep for negative JiD begins at the other boundary, at 

which point the reentrant fluxes are usually specified as zero, and proceeds 

to the source boundary. After the spatial sweep has progressed through all 

angles at one energy, the next lower energy group is treated in a similar 
manner and so on. 

In the solution of Eq. 4.4-57 or Eq. 4.4-61 for the centered flux ¢>C ,I,D' 

some of the required discrete-ordinate fluxes have not yet been calculated; 

e.g., the within group scattering involves some as yet undetermined fluxes. 

those which correspond to angles i1D" where D' ~ D. Therefore the solution 

is obtained through the process of inner iteration, whereby values for the 

unknown fluxes are taken as their previous iterate estimates. Details of the 
various itera~ion schemes and of the related convergence problem are 
omi tted here. Several iteration schemes are described by Mynatt I I as part of 

a detailed development and experimental evaluation of the two-dimensional 
equation in his dissertation. An iterative technique called the synthetic 
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method was developed by KOppI2 to calculate neutron transport and has 
been adapted by Gelbard and Hageman 1 J to accelerate convergence of Sn 

calculations. 

4.4.4 Advantages and Disadvantages 

From the results of calculations made with Sn codes. the discrete
ordinates methods appear to have the following advantages for shielding 
ap plications: 

1. Depending somewhat on the sophistication desired, the Sn calcula
tions are easy to prepare. 

2. The method is not stochastic. and flux-density errors at deep 
penetration are systematic rather than statistical. 

3. A series of problems having similar characteristics benefit from 
knowledge of flux densities calculated in a similar case. 

4. Secondary gamma rays can be calculated by the same method. either 
as a second calculation or simultaneously with neutrons. The e:amma-rav 

I ~. 

yield distribution may also be made a function of the energy of the captured 
neutron. 

5. The range of neutron energies from highest fission energies to thermal, 
including upscattering in energy, can be calculated by the same method. 

6. The one-dimensional calculations are much faster (in computer time) 
than similar Monte Carlo calculations (see Chap. 5). In two dimensions the 
type of problem and the desired answers determine whether 5n or Monte 
Carlo is better. 

The following disadvantages are evident. but proponents believe that 
additional development can alleviate or eliminate them: 

1. Convergence of an iteration method is not always uniform and 
well-defined. The best method currently used is to determine from each 
iterate the maximum deviation in the scalar flux density at any point in 
space relative to the previous iterate value. Iterations proceed until the 
maximum deviation falls below a specified limit. 

2. Flux-density aberrations are frequently observed in two dimensions 
owing to localized sources and the propagation of neutrons in discrete 
directions (this is sometimes called the ray effect). 

3. No basic ground rules exist to define for a particular problem the best 
direction set, space mesh, multigrol:lp structure, and polynomial expansion 
limit. 
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5. The range of neutron energies from highest fission energies to thermal, 
including upscattering in energy, can be calculated by the same method. 

6. The one-dimensional calculations are much faster (in computer time) 
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4.5 MOMENTS METHOD 

The method of moments was formulated by Spencer and Fano 14 and 
was the first technique to be successfully applied to the Boltzmann equation 
for solutions useful to reactor shielding. In addition to its historical 
prominence, this technique has some important advantages not shared by 
ocher methods, one being that foreknowledge about the behavior of the 
solution can be incorporated analytically in a very natural way. thereby 
often reducing the effort required to achieve a specific result or a desired 
accuracy or both. Another is that the type of recursion relation developed 
precludes a truncation at a crucial part of the calculation; that is. a finite 
number of moments can be calculated exactly (ignoring errors due to the 
numerical s'olution) without considering the influence of higher moments. 

In the moments method one considers first the formal definition for the 
moments and the manner in which they relate to some system parameter of 
interest. say f(x). If f(x) is defined for all x within the interval A. ::;::;: x ~ B, 

then the nth moment of f(x) is 

lvIn = J~ xn f(x) dx (4.5-1) 

provided the integral exists. Only nonnegative integer values of n are 
considered in practical applications. 

Definite interpretations may be associated with the various moments. 
For example, the zeroth moment is a normalizing number, and the first. 
second, third, and fourth moments are closely related to the mean value. 
variance. skewness, and kurtosis, respectively. In the physics of statics and 
dynamics. the first moment of the mass is the center of gravity and the 
second is the moment of inertia. 

No such particular meanings are given to the moments as they are used in 
the solution of radiation-transport problems (although the second moment 
of the flux density is proportional to the Fermi age). Rather, they are 
regarded as a transform, much the same as Laplace. Fourier, or finite 
trigonometric transforms. The major portion of the calculation is performed 
in terms of the transform (moments) space; then, by an appropriate 
inversion, the desired answer is reconstructed. 

The application of the moments method to the solution of the 
Boltzmann transport equation is limited with respect to the source-shield 
configuration. It is usually applied only to infinite homogeneous media with 
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plane, line, or point sources. The method as applied to gamma rays has been 
described by Fano, Spencer, and Berger! 5 and by Goldstein and Wilkins. 1 

6 

and, as applied to neutrons, by Goldstein.! 7 The technique is basically the 
same for both neutrons and gamma rays, and a description for one should 
suffice for the other. The most significant differences lie in the treatment of 
the scattering integral and in the more complex nature of the neutron cross 
sections. The following description is for slab geometry in terms of the 
simpler gamma-ray problem in which the dependent variable is the angular 
energy-flux density, I(x,X,IJ,) and the Compton wavelength is taken as the 
energy variable. 

Consider the following specialized form of the Boltzmann equation: t 

IJ, aa
I 

+ r(X) J(X,A.IJ.) = fA r I(x,A',IJ.')€k(A',X) 
x Jo J4n 

x 5(1 + A' ~; - n·n') dn' cfA' + S(A.IJ.) o(x) (4.5-2) 

where I(x,X,IJ,) dE dJ.l. = energy-flux density (MeV per unit area and time) 
due to gamma rays with energies in dE about E. and 
direction cosines that lie in dlJ, about IJ. 

x = spatial coordinate in slab geometry 
X = gamma-ray energy after scattering expressed in terms 

of its Compton wavelength 
X' = gamma-ray wavelength prior to scattering 
IJ. = direction cosine with respect to the x-a...xis 

L(X) = total macroscopic cross section evaluated at the 
energy corresponding to the gamma-ray wavelength, 
X 

n· n' = cos e = cosine of the scattering angle between initial 
and final gamma-ray directions, where n' and n are 
the initial and final unit direction vectors, respec
tively 

€ = electron density 
k(X',X) = 27T (X/X') a(X',8) 
a(A',e) = microscopic cross section per electron for Compton 

scattering given by the Klein-Nishina formula 

tThe derivation is given as a problem in the exercises. 
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5 (x) = Dirac delta function t that locates the plane at x = 0 
5(1 + A' - A - n· 0 /

) = Dirac delta function t that prescribes that the 
angular change (n· 0 ' ) be consistent with the change 
in wavelength (A - X') as given by the Compton 
scattering equation, A - A' = 1 - n· 0 ' 

S(A,IJ) dE df,J. = plane source of gamma rays (energy emission per 
unit area and time of gamma rays with energies in 
dE about E and direction cosines that lie in df,J. about 
f,J.) . 

Solving Eq. 4.5-2 by the moments method is similar to using the 
spherical-harmonics treatment (see Sec. 4.3) in that the angular energy-flux 
density is first expanded as a Legendre polynomial series: 

_ ... 2j + 1 
I(x,A,f,J.) - ~ -2- Ij(x,A) Pj(/l) (4.5-3) 

j=o 

where the Legendre coefficients are given by 

(4.5-4) 

It can be shown that Io(x,A) is the energy-flux density and that 1\ (x,A) is the 

energy-current density. 

With this series representation for the angular energy-flux density, the 
integro-differential equation (Eq. 4.5-2) with the dependent variable I(x,A,p,) 
and three continuous independent variables can be transformed into a 
sequence of integro-differential equations for the variables Ij(x,A), which are 
dependent on only two independent variables. This desired result is obtained 
by multiplying Eq. 4.5-2 by the Legendre polynomial Pj(/l) and integrating 
over all solid angle. The result (after some manipulation) is the following 

sequence of equations: 

(j = O,1,2, ... ,(X») (4.5·5) 

tProperties of the Dirac delta function are given in Appendix D. 
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The spacial variable in this sequence of equations is eliminated by 
applying the moments of the Legendre coefficients of the angular energy
flux density, wh ich are defined as 

~n+l 
_ 0 1.+00 

bnJ'{A} = -- .00 [)'(x,A) xn dx 
n! 

(4.5-6 ) 

where ~o is the total macroscopIC cross section evaluated at the source 
energy. The equations satisfied by bnj{A} are obtained by multiplying 
Eq. 4.5-6 by I'~+l (xn/n!) and integrating with respect to x from _00 to +00. 

Because of this integration over all space, the application of the moments 
method to the transport problem becomes restricted to the infinite-medium 
geometry. With the use of Eq. 4.5-6, the original Boltzmann eguation can be 
reduced to the following doubly indexed sequence of linear integral 
equations (the variable upper limit in the integral classifies it as the Volterra 

type) : 

(?o.. / , , / 1:0 
r(A) bn/X) = Jo k(X ,X) Pj(l+X -A) bnj{X) dX + 2j + 1 [(j + 1) bn-1 ,j+1 

where j = 0, I, 2, ... , 00, and n = 0, 1, 2, ... ,00. The Kronecker delta function 
011 0 = 1 if n = 0, Ono = 0 if n '* 0, 

The moments for a given problem can be evaluated by a straightforward 
numerical solution of Eq. 4.5-7. The ease of numerical calculation depends 
on the form of the source function SlA). Many problems involve 
monoenergetic sources, and the Sj{X) are given by XoS/)(X - Xo), where Xo is 
the Compton wavelength of the source energy. Since the presence of the 
delta function is undesirable for machine calculation, the following trans
formation is made: 

(4.5-8) 

Introducing the transformation defined by Eq. 4.5-8 into Eq. 4.5-7 yields 
the defining equations for Brrj and Cnj: 
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(
j+l j ) 

~Cnj = ~o 2j + 1 Cn-l ,j+] + 2} + 1 Cn-l ,j-] (4.5-10) 

The equations that define Cnj are similar in form to the equations that 

define bnj and Bnj except that the inscattering integral does not appear. [t 
follows that Ao cS(A-Xo) Cnj are the moments for the unscattered-energy-flux 

density. Therefore the transformation given by Eq.4.5-8 separates the 

unscattered-energy-flux density (energy-flux density corresponding to Cnjl 
from the total energy-flux density (energy-flux density corresponding to 

brlj). The solution to Eq.4.5-9 requires values of Cnj as input, and the 
calculated moments Bnj are associated only with the scattered-energy-flux 

density. This is convenient since the uncollided angular energy-flux density. 

I O (x,X,J.l). is easily calculated, and values of Cnj are then uniquely 
determined. 

For a typical calculation, the quantity of greatest interest is usually the 

total, or scalar, energy-flux density, Io (x,X). Therefore only the moments 

BriO (n = 0,1,2, ... ,N) are required. However, the calculation of a given Bnj 
requires the prior calculation of Bn - l ,j+] and Bn - l ,j-l ; therefore moments 
other than the Bno moments must be calculated. [n general, the moments 

Boj (j = 0,1,2, ... ']) can be calculated directly, but a Bnj moment cannot be 

calculated until calculations have been made of all the Bn'j"s for which 

(n + j) - (n' + j') is a nonnegative even integer (including zero) and tJ' < tJ. 

Table 4.1 illustrates a typical calculation sequence (for n = 5). As noted, all 

Table 4.1-SEQUENCE OF MOMENTS CALCULATION FOR n = 5 

j = 0 j = 1 j = 2 j = J j = 4 j=5 

o 

1 

2 

3 

4 

5 
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the moments shown in the table must be calculated to determine Bno for 
n:S;; 5. 

We rewrite the Eq. 4.5-9 integral in the following form: 

where An = 1..0 + n~A 
~A = arbitrary increment of wavelength 

v(An) = Bnj(An) 
H()..n,A') = ek(A',An )Pj(l+A' -An) 

(4.5-11) 

T(An ) = P:o/(2j+ 1)] [(j + l)Bn_1 ,j+1 + jBn.1,j+l] + AoH(I\n,Ao) Cnj 

This type of integral equation (Volterra type) is characterized by (1) the 
limit of integration being the independent variable An; (2) the value of the 
dependent variable v(An) depending on the values of v(A') if A' < An but not 
if A' > An; and (3) T(A I1 ) involving only known or previously calculated 
quantities. A numerical evaluation of the integral is required. and several 
schemes are available. Regardless of which scheme is used, there are 
coefficients Mnk such that Eq. 4.5-11 can be rewritten as 

where 

(4.5-13 ) 

Trapezoidal rule is used for the (n = 1) interval for which A1nn = ~A/2, and 
the following explicit expression for V(AI ) is obtained: 

(4.5-14) 

For n > 1, AInn = ~A/3, and Eg. 4.5-12 is rewritten 

(4.5-15 ) 
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The coefficients A1nk for Il even are determined by Simpson's rule. For 
n = 3, the following coefficients are used: M30 = 5/16, M3 1= 1, and 
AI32 = 5/4; for n odd but greater than 3, the integral from Ao to A3 is 
evaluated using the special (ll = 3) coefficients, and the integral from A3 to 
An is evaluated by Simpson's rule. The gamma-ray scattering process is such 
that 

(4,5-16) 

Therefore the sums on the index k involve only a fixed number of terms. 
Also 

H(An ,Ao) = 0 (when ~ > Ao + 2) (4.5-17) 

and the second term in T(A n > Ao + 2) also vanishes: H(An,Ak) can be 
calculated directly since only the Klein-Nishina formula and the Legendre 
polynomials are involved. 

At this point we assume that the moments for a given problem can be 
calculated and consider the problem of reconstructing the nux densities. It 
should be emp hasized that the calculation to this point can be performed 
with very few approximations. t excluding the approximations involved in 
the numerical procedures. The major source of error will lie in the 
subsequent reconstruction process since only a finite number of moments 
are available. In fact, for a finite number of moments. there is an infinite 
number of allowable functions. The problem is basically one of choice: the 
selection of a functional form that will come as close as possible to 
describing the spatial dependence of Ij(x,A). 

Two me thods have been used to reconstruct the f1ux densities: the 
polynomial expansion method and the method of undetermined parameters. 
Both were developed by Spencer and F ano. l 

4 A more recent description is 
given by Spencer.! 8 The polynomial expansion method assumes that Ij(p.A) 

behaves roughly as some trial function j~p), where p is measured in mean 
free paths at the initial energy; i.e., p == Lox. Then 

(4.5-18) . . 

tThese few assumptions can be very limiting. however, since they include the assumptions of 
homogeneity and infinite extent of the transporting medium. 
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where gj(p,'A) contains the X dependence of the jth coefficient and provides a 
correction for the p dependence. If a reasonable choice of f(p) can be made, 
then g{p,XL need be only a gently varying smooth function of p; for 
example, a polynomial of degree N in p when (N + 1) moments are available. 
The gjCp,X) could be represented as an infinite series with respect to a set of 
orthogonal polynomials of degree n: 

(4.5-19 ) 

The orthogonality relation is given by 

( 4.5-20) 

where f(x) is a weighting function as well as the trial function fCp). In 
practice this representation of gj(p,"A.) is limited to a finite number of terms 
since, given (N + 1) moments, only (N + 1) values of Anj can be obtained. 

The approximation for IJ(P,A) can then be written 

IV 

IJ(p,"A.) = fCp} n;o Anj("A.) Pn(P) (4.5-21) 

where IJ(p,X) is the jth Legendre coefficient of the scattered component of 
the angular flux density. This assumes that values of (N + 1) moments Bnj 
are available for the reconstruction of IJ(P,'A), which is accomplished by 
evaluating the (N + 1; coefficient A nj in terms of the known (N + 1) 
moments Bnj for a given value of j. To this end IJ(p,"A.) is multiplied by 
Pm(P) dp, and the product is integrated from _00 to +00: 

( 4.5-22) 

The polynomial Pn(P) can be written 

n 

Pn(P) = l: api 
i=O I 

(4.5-23) 

where the a/s are known parameters for a given type of polynomial. The 
expression for .-inj('A) then becomes 

(4.5-24) 

tThe polynomial set (Pnl is any orthogonal set, one of which is the Legendre polynomial set. 
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( 4.5-20) 
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The moments Bij are defined as 

(4.5-25) 

Elimination of the integrals between the preceding expressions for Anj(X) 

and Bij(n) provides the desired relation 

n 

A n)'()"') = 1: U!) a·B .. 
i=O 1 IJ 

(4.5-26 ) 

Practical considerations will usually restrict accurate calculation to the 
differential energy-flux density n(p,X), and then only the AnoC\)'s are 
required; that is, 

N 

n(p,X) = f(p) 1: Ano(X) Pn(p) 
n=O 

( 4.5-27) 

where 

In principle, Anj()...) for j > 0 can be calculated. However, since the angular 
flux density 1(x, )...,p.) is usually highly peaked in the forward direction, the 
senes 

(4.5-28) 

converges slowly, thereby requmng a large number of values of 1j(x,X), 

which, in turn, would require a large number of moments. Finally, 
unscattered-energy-flux densities are easily obtained for most simple 
geometries and combined with the scattered energy-flux densities: 

10 (x, X) = 18 (x,)...) + n (x, X) ( 4.5-29) 

The polynomial expansion method described in the preceding text is 
most often used for reconstructing the energy-flux density of the gamma-ray 
problem. This is partly for historica~ reasons and partly due to the ability of 
the method to make full use of large numbers of moments within the same 
systematic framework of analysis. For the neutron problem the selection of 
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a suitable weighting (or test) function is not obvious, and the method loses 
much of its flexibility. , 

When the method of undetermined parameters is used to reconstruct the 
flux densities, Ij(p,r...) is represented as 

(4.5-30 ) 

where hij(p) is a function having the general expected behavior of IjCp,r...) but 
containing one or more undetermined parameters, and the aij are undeter
mined parame ters that include the r... dependence. In particular, let j = 0 and 
assume that (N + 1) values of the Bn 0 (r...) moments are known; then 

(4.5-31) 

The moments corresponding to j = 0 can be written as 

1 f+'" 
BnoO.) ="1 ."" ncp,r...) p" dp 

n. 
(n = O,1,2, ... ,N) (4.5-32) 

Substituting Eq. 4.5-31 into 4.5-32 yields the following set of (N + 1) 
equatlOns: 

(n = 0,1,2 ..... N) (4.5-33) 

Values of hio(P) should be selected so that the above integration can be 
evaluated either analytically or numerically, and, if (N + 1) moments are 
available. then a total of (N + 1) undetermined parameters are allowed. 

Problems not amenable to other methods can sometimes be solved by 
the me thod of undetermined parameters because of the much greater choice 
that can be made in the hij(P) values. As a result this method has been more 
widely applied to the neutron-penetration problem. A characteristic of the 
me thod is when it fails, it fails catastrophically,' leaving no doubt about its 
applicability. Usually not all the moments available are needed to obtain a 
satisfactory solution. The surplus moments can be used to check the 
accuracy by constructing moments corresponding to the unused moments, a 
fe~ture not so easily accomplished by the other methods. 

The application of the moments method to neutron-transport problems 

is similar in many respects to the gamma-ray formulation. The primary 
differences are the use of differential neutron-scattering cross sections rather 
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than Compton scattering cross sections. panicle-flux density. ct>(r,E,!l). 
rather than energy-flux density. and the use of neutron lethargy in 
performing integrals over energy. 

The spatial moments in the neutron case are defined as 

1 f-1111(u) = ---; ."" 1Z(u,x) x" dx 
n. 

and the set of interlocked integral equations has the form 

1 
+ -l- [(l + 1)ln _1 1+1 + lIn-I,I-1 1 + Snl(u) 

2 + 1 ' 

(4.5-34) 

(4.5-35) 

where u is a variable based on the neutron energy, u = In (E/Eo); J..L is the 
cosine of the scattering angle in the center·of-mass system: and 0: is the 
cosine of the scattering angle in the laboratory system. 

Differences also appear in the means of reconstructing the flux density 
from the moments. For neutrons the results are more sensitive to the choice 
of j(p). 

Cross sections change more rapidly with energy for neutrons, and the 
scattering integral limits vary from element to element. For hydrogen the 

scattering integral may be integrated directly by numerical means as was 
done for gamma rays. For all other elements, three optional approaches are 
available, depending on whether energy degradation in scattering is treated 

exactly or approximately or ignored entirely. 

For sufficiently large nuclei. the energy degradation may be ignored. The 
minimum mass for which this approximation can be made will depend on 
the other constituents of the material. For example, energy degradation by 
oxygen may be ignored in the presence of hydrogen but not in a thick shield 
consisting primaril y of heavy elemen ts. 

The approximate treatment consists in ignoring degradation for heavy 
eleme nts but ac"counting for it with hydrogen scattering. This treatment has 
been found to give results within 20% of the exact treatment for a mass of 6 
or 7 amu where hydrogen accounts for most of the slowing down. Similar 

accuracy is obtained at 10 to 20 mean free paths for atomic masses above 20 
in the absence of lower weight elements. A method for a more exact 
treatment of degradation was developed by Certaine. 1 

9 
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4.6 APPLICATION OF DIFFUSION THEORY 

An approach to the particle-transport problem which neglects the 
detailed directional aspects of particle motion comes from diffusion theory. 
If we consider the neutron balance in a medium. the equation of continuity 
is a statement that the neutron gains are equal to the losses in a given volume 
element. We assume no energy degradation and that all neutrons have one 
velocity. 

[
rate of gain J - [ source per 1 

per unit volume - unit volume 

[
absorption ] [ leakage ] 

- per unit volume - per unit volume 

In four-dimensional phase space, (r,t), this statement becomes 

an(r,t) at = S(r,t) - La 4>(r,t) - V 0 ](r,t) 

where n(r,t) = neutron density (neutrons/cm3 ) 

La = macroscopic absorption cross section ( em-I) 
S(r,t) = general source term (neutrons cm-3 sec-I) 
ct>(r,t) = total neutron-flux density (neutrons crll-2 sec-I) 
](r,t) = net neutron-current density (neutrons cm-2 sec-I) 

(4.6-1) 

an/at = time rate of change of the neutron density (neutrons cm-3 

sec -) ) 

La ct>(r,t) = loss of neutrons due to absorption (neutrons cm-3 sec-I) 
V o](r,t) = loss of neutrons due to convection (neutrons em -3 sec-I) 

Equation 4.6-1 can be regarded as a precise relation that can be applied 
without restriction to the general problem of particle transport. However, a 
basic limitation in its use is that, except for certain very restricted situations, 
a tractable form for the net neutron current, ](r,t), does not exist. If we 
assume that absorption is small compared with scattering and confine 
ourselves to steady-state (time-independent) conditions, the ne t current 
density depends on the change in neutron flux with position 

](r) = - D V<P(r) (4.6-2) 

where D is the position-independent diffusion coefficient (em) and V<P(r) is 
the gradient of the total neutron flux. It is noted that with the steady-state 
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assump Clon, phase space has been reduced to three position variables 
denoted by the vector (r). Equation 4.6-2 is known as Fick's law, which 
simply states that the net diffusion of particles (or molecules) in liquids and 
gases will be from regions of high particle density to regions of low particle 
density, with the gradient of the particle-flux density as the driving 
potential. 

Substitution of Eq. 4.6-2 into the steady-state form of Eq. 4.6-1 leads to 
the diffusion equation 

D V2 cI>(r) - ~a <I>(r) + S(r) = 0 ( 4.6-3) 

Equation 4.6-3 has the same form as the steady-state form of the PI 
approximation to the spherical-harmonics treatment of the Boltzmann 
equation (see Sec. 4.3). 

Certain limitations are inherent to diffusion theory: (1) the scattering 
process is assumed to be isotropic in the laboratory frame of reference (the 
use of a "transport-corrected" diffusion coefficient, D = 1/3Ltr, removes 
this limitation); (2) the directional distribution of the particle-flux density is 
nearly isotropic; (3) the diffusing medium must be a poor absorber, i.e., 
~a ~ ~s; and (4) the results are invalid for regions within two to three mean 
free paths of boundaries, strong sources, and strong sinks. The existence of 
these limitations is a clear indication of the approximate nature of diffusion 
theory insofar as the physical situation is concerned. In reality, the preceding 
conditions of applicability for diffusion theory are seldom satisfied. 
However, with the judicious selection of system parameters, the diffusion
theory solutions of certain problemsT compare favorably with solutions 
obtained with more exact theories or with the physical situation itself. 

A neutron shielding problem would involve a continuous energy 
spectrum over a wide energy range (typically from a low ke V region to 
10 MeV); thus a group approach is required to adequately describe the 
diffusion process. The energy range is divided into G energy groups with the 
gth group corresponding to the energy width Eg+ I - Eg . 

The group-diffusion equation for the gth group is given by 

(4.6-4 ) 

t For example, diffusion theory is used in fast reactor shielding design since the leakage spectrum 
peaks below 0.5 MeV and the materials involved are nonhydrogenous (sodium and graphite). Also, the 
small source (reactor core) requires two·dimensional calculations. which are much simpler with 
diffusion theory. 

-~.- -
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where Dg = grou p-averaged diffusion coefficient 

fE,g+, D(E) «P(r,E) dE 
Eg 

=-~-------

cI>g{r) = total flux density corresponding to the gth energy group (g = 
1.2, ... ,G) 

= i
E

Eg
+

, 
cI>(r.E) dE 

g 

~~ = group-averaged macroscopic absorption cross section 

=-----------<I>g(r) 

Sg(r) = general source termt for the gth group 

= f Eg
+

, 
S(r,E) dE 

Eg 

However, the typical neutron shielding problem is not amenable to solution 
by the straightforward application of diffusion theory, because the neutrons 
are on the average very energetic and possess a strong forward directional 
bias. The limitations of diffusion theory under these conditions are clearly 
violated. and results thus obtained would be meaningless. However, when 
applied to certain special problems in combination with other methods, 
diffusion theory has proved useful. Applications of diffusion theory to the 
neutron shielding problem are discussed further in Sec. 4.8. 

The use of diffusion theory to predict gamma-ray energy-flux densities 
seems to be unjustified on superficial examination of the gamma-ray-trans
port phenomenon. Certainly deep penetration by gamma radiation cannot be 
described by diffusion theory. because the resultant gamma-ray-flux density 
is due to photons that have maintained a strong directional correlation. 
However, diffusion theory seems to be adequate for small-to-moderate 
penetrations relatively near the source under conditions ~here the low
energy end of the spectrum predominates and the scattering is more nearly 
isotropic. These restricted conditions exist, for example, for most gamma-ray 
heating calculations. 

tObserve that the source term includes both particles born in energy group (EgE;+ll and particles 
that have scattered into that energy interval from other groups. Thus the set of equations 4.6-4 
(g = 1.2 •.... G) is coupled through the source term. 
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4.7 INVARIANT IMBEDDING METHOD 

The method of invariant imbedding is not another method for solving 
the Boltzmann transport equation; rather, it is a different fundamental 
approach to the mathematical description of particle transport. The method 
has for its historical basis the early works of a Russian astrophysicist, 
Ambarzumian,20 whose interest was in the transport problems of astro
physics. Recent investigations of Bellman, Kalaba, and Wing21 and Wing22 

have shown that the invariant imbedding approach can be applied with 
high-speed computers to a much broader class of problems. including the 
neutron- and gamma-ray-transport problems encountered in radiation shield
mg. 

The dependent variables of the invariant imbedding formulation are the 
reflection and transmission functions, with the region dimensions (shield 
thickness) and the energy and direction Qf the particle comprising a 
sLx-dimensional phase space. In this context a particular shielding problem is 

viewed as being imbedded in a more general class of shields having different 
dime nsions. Characteristicallv, and in contrast with solutions of the 

J 

Boltzmann transport equation, the invariant imbedding method provides 
transmission and reflection information for a large variety of shields as well 

as for the specific problem of interest. However. the detailed behavior of the 
radiation during transport through the shield is not explicit during the 

analysis and for that reason is unavailable, a not too serious shortcoming, if 
not a real advantage, for the typical shielding problem. The pertinent 
equations can be derived by applying the usual conservation principles of 

radiation transport to a shield system, the dimensions of which are allowed 
to vary by differential amounts. For simplicity and greater clarity. the 
derivations are performed in slab geometry with azimuthal symmetry. Phase 

space becomes three dimensional: th~ shield thickness, X, the energy 
variable, E, and the direction variable, IJ. (= cos e). A schematic representa
tion of this configuration is shown in Fig. 4.6. 

The reflection function R(X:JJ.,E:lJ.o,Eo) dlJ. dE is defined as the number of 
particles reflected from a slab of thickness X with energies in dE about E and 
directions that lie in dlJ. about J.l per incident particle with energy Eo and 
direction J.lo; the function can be regarded as an angular flux density within 
the differential slab thickness dX. The reflection equation describes the 
change in the reflection function due to changes in the shield thickness and 
is formu lated without involving the transmission function. The derivation is 
accomplished by equating the difference in the reflection functions for slabs 

_-:t-. _ 
~-
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high-speed computers to a much broader class of problems. including the 
neutron- and gamma-ray-transport problems encountered in radiation shield
mg. 

The dependent variables of the invariant imbedding formulation are the 
reflection and transmission functions, with the region dimensions (shield 
thickness) and the energy and direction Qf the particle comprising a 
sLx-dimensional phase space. In this context a particular shielding problem is 

viewed as being imbedded in a more general class of shields having different 
dime nsions. Characteristicallv, and in contrast with solutions of the 

J 

Boltzmann transport equation, the invariant imbedding method provides 
transmission and reflection information for a large variety of shields as well 

as for the specific problem of interest. However. the detailed behavior of the 
radiation during transport through the shield is not explicit during the 

analysis and for that reason is unavailable, a not too serious shortcoming, if 
not a real advantage, for the typical shielding problem. The pertinent 
equations can be derived by applying the usual conservation principles of 

radiation transport to a shield system, the dimensions of which are allowed 
to vary by differential amounts. For simplicity and greater clarity. the 
derivations are performed in slab geometry with azimuthal symmetry. Phase 

space becomes three dimensional: th~ shield thickness, X, the energy 
variable, E, and the direction variable, IJ. (= cos e). A schematic representa
tion of this configuration is shown in Fig. 4.6. 

The reflection function R(X:JJ.,E:lJ.o,Eo) dlJ. dE is defined as the number of 
particles reflected from a slab of thickness X with energies in dE about E and 
directions that lie in dlJ. about J.l per incident particle with energy Eo and 
direction J.lo; the function can be regarded as an angular flux density within 
the differential slab thickness dX. The reflection equation describes the 
change in the reflection function due to changes in the shield thickness and 
is formu lated without involving the transmission function. The derivation is 
accomplished by equating the difference in the reflection functions for slabs 
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x=o x X + dX Reflected 
particles 

Fig. 4.6-Geometry for invariant imbedding technique. 

of thicknesses X + dX and X with the net change in the reflection function 
which results from collisions suffered by the particles within the differential 
slab dX: 

f o d ' L- d ,~ " , , dX d d + P. E 6.ls(X;p.,E ;JJ.o,Eo) R(X;}.L, E;p. ,E) - 1.1. E 
-1 0 1.1.0 

+ r1 
dll' fO d " roo dE' roo dE" R(X' ',E'. E) Jo 1.1.' -1 P. Jo Jo ,p. ;JJ.o, 0 

X ~s(Xip.",E";p.',E') R(X;p.,Ejp.",E") dX dp. dE (4.7-1) 

where L t(X,Eo) is the position-dependent total macroscopic cross section 
evaluated at the particle energy Eo and Ls(Xip',E';tJ.o,Eo) dp' dE' represents 
the position-dependent differential scattering cross section which describes 
the probabili~y that a particle with an initial energy Eo and an initial 
direction P.o undergoes a scattering collision that places it into a direction 
which lies in dp' about IJ.' with a new energy in dE' about E'. 
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The first and second terms on the right-hand side of Eq. 4.7-1 represent 
the particle losses due to collisions within dXt (any collision is presumed to 
alter the particle's energy and direction). The first term is the loss of incident 
particles scattered within dX such that they do not enter the slab of 
thickness X, and the second term is the loss of particles that are scattered 
within dX such that they are prevented from emerging from the slab of 
thickness X + dx. The third, fourth, fifth, and si.xth terms represent the 
inscattering gains due to scattering collisions within dX. The fourth term is 
the gain from particles that scatter from dX into the slab of thickness X with 
energies in dE' about E' and directions dp' about p/ and then are reflected 
from the slab of thickness X with the proper emergent angle and direction. 
The fifth term is the gain from particles that scatter from the slab of 
thickness X into dX with energies in dE' about E' and directions dJ.l.' about fl' 
and then are scattered within dX with the proper emergent energy and 
direction. The sixth term is the gain from particles that scatter from the slab 
of thickness X into dX with energies in dE' about E' and direction dJ.l.' about 
J.I./, are scattered back into the slab of thickness X with energies in dE" about 
E" and direction dJ.l." about J.I.", and are finally reflected from the slab of 
thickness X with the proper emergent energy and direction. A rearrangement 
of terms leads to the usual form of the reflection equation 

~ R(X' E' E) = J.. L (X' E' E) _ [Lt(X,Eo) + rt(X,EJ] 
dX 

,fl, ,flo, 0 s ,J.I., ,flo, 0 
flo Po J.I. 

, / 1 fa! dfl'fn""d ' " -X R(X;p"E;J.I. ,E J - + -, E R(X;Jl ,E ;Jlo.Eo) 
J.l.o 0 J.I. 0 

(4.7-2) 

with the initial condition that 

(4.7-3) 

tThe flight paths within the volume element dX are dX/iJ o and dX liJ for the first and second 
terms, respectively. 
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The transmission function T(X;J..I.,E;J..I.o,E o ) d/J. dE is defined as the 
number of particles that are transmitted through a slab of thickness X and 
emerge with energies in dE about E and directions in dll about J..I. per incident 
particle with energy Eo and direction J..I.o· 

The transmission equation is derived in a manner similar to that used to 
derive the reflection equation, making use of the fact that the difference in 
the transmission functions for slabs of thickness X + dX and S is due to 
collisions suffered by the particles within the differential slab dX. A familiar 
form of the transmission equation is 

d "£t(X,Eo) 
dX T(X;/l,E;/J.o,Eo) = - J..I.o T(X;/J.,E;J..I.o,Eo) 

+ fO dJ..l.' roo dE' ~s(X;J..I.',E' ;/lo,Eo) 
-1 Jo 

x T(X;/J.,E;Il',E') 2 + r1 d~' (0 dll" roo dE' r"" dE" 
Ilo Jo /l J-1 Jo Jo 

, , ~ "E" 'E') x R(Xj/l ,E ;J..I.o,Eo) "-s(X;/l, ;J..I. , 

" E") x T(X;/l,E;1l , 

with the initial condition that 

(4_7-4) 

(4.7-5) 

The first term on the right-hand side of Eq. 4.7-4 represents the loss of 
incident particles due to collisions suffered within dX (any collision is 
assumed to alter particle energy and direction). The second and third terms 
represent the mscattering gains due to scattering collisions within dX. The 
second term is the gain from particles that scatter from dX into the slab of 
thickness X with energies in dE' about E' and directions in dil' about J..I.' and 
finally emerge with energies in dE about E and directions in d/l abou t J..I.. The 
third term is the gain from particlt;'s that are reflected from the slab of 
thickness X into dX and are then scattered back into the slab of thickness X, 
finally emerging with energies in dE about E and directions in dlJ. about /l. 

The reflection equation (Eq. 4.7-2) and the transmission equation 
(Eq.4.7-4) are both nonlinear integra-differential equations that for the 
radiation-transport problems of nuclear engineering form problems of the 
initial-value type. The reflection equation involves only the reflection 
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function as the dependent variable; thus it can be solved without 
consideration of the transmission equation. The transmission equation 
appears simpler in form (fewer terms) but contains the reflection function, 
which must be known before a solution can be effected. Therefore a typical 
shielding transmission problem (initial value) would involve the solution of a 
coupled pair of nonlinear integro-differential equations. This is in contrast to 
the Boltzmann equation, which is a linear integro-differential equation and 
for the same application forms a boundary-value-type problem. 

Analytical solutions of the reflection and transmission equations for 
practical problems are not possible because of their complexity. Conse
quently all useful solutions are numerical in nature and are accomplished 
with digital computers. The numerical techniques are similar to those used to 
solve the Boltzmann equation by the discrete-ordinates technique, in which a 
specific combination of the independent variables defines discrete values of 
the neutron flux tPC,I,D (see Sec. 4.4 for a more complete description). 

In invariant imbedding specific combinations of the energy and direction 
of the particle define the ith particle state. In this context the discrete 
reflection variable R,"j(X) is the number of particles in state j reflected by a 
slab of thickness X due to a unit source of particles in state j that are 
incident on the slab. The discrete transmission variable Tij(X) is the number 
of particles in state j that penetrate a slab of thickness X due to a unit source 
of particles in state j that are incident on the slab. The reflection and 
transmission equations in discrete-variable notation, along with a general 
description of the numerical techniques used in thei~ solution. are given by 
Mathews, Hansen, and Mason. 2 3 

The paper of Mathews et al. also describes the application of invariant 
imbedding to practical energy-dependent neutron shielding problems, such as 
for a thick water shield and a thinner heterogeneous iron-polyethylene
iron shield. A very detailed set of reflection and transmission equations in 
particle-state notation for the monoenergetic-neutron-transport problem in 
slab geometry is given by Mingle,24 who includes applications of the method 
of escape probabilities, blackness coefficients. and critical-size determina
tions. Solutions for the gamma-ray-transport problem in slab geometry, 
including results for slabs of iron, water, lead, and concrete, are given by 
Shimizu and Mizuta. 2 5 

The advantages and disadvantages of the invariant imbedding method 
relative to other techniques should strongly influence the extent and 
direction of future applications. The advantages of the method are that it 
yields very detailed solutions (gives energy and angular distributions), is 
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efficient for deep penetrations with reasonably short computer times. is well 
suited for heterogeneous shield configurations. the effects of boundaries are 
implicitly and exactly included in the solution, and it has the computational 
advan tages of being an initial-value problem. The disadvantages of the 
method are that it is inefficient for thin shields (the method is very slow 

during initial phases of solution), difficult to apply to other than slab 
geometries, and does noc generate detailed particle-state information within 
the shield (actually an advantage from a computational point of view). 
Furthermo re, the basic equations are nonlinear (not too serious if the 

solution is obtained numerically), and the calculational techniques and 
comp uter programs are not as advanced as those for the solutions of the 

Boltzmann equation. 

4.8 KERNEL TECHNIQUE 

The kernel technique. which in the language of mathematical physics is 
known as the method of Green's functions. is one of the more widely used . , 
methods for the solution of both gamma-ray and neutron shielding 
problems. The point kernel used in shielding, K(lr - r'I). is formally the 
solution to the unit point-source problem and is defined as the desired 

response of a detector (particle- flux density, energy- flux density. dose, or 
energy absorption) at the space point r due to a unit point source of 
radiation at the space point r'. This kernel provides the means for solving a 
variety of problems that involve distributed sources. As an illustration of the 
procedure, consider the surface-source problem. In terms of the point kernel. 
the detector response at a distance Ir - r'l = R away from a differential 
source area dA (R) of intensity SA (R) (particles cm -2 sec -_1 ) is 

d<P = [SA(R) dA(R)] K(R) (4.8-1) 

The differential area dA(R) is selected so that the term [S:dR) dA(R)] can 
be considered as a point source located at a distance R from the detector. 
The total detector response (the desired answer to the surface-source 

problem) is obtained by integrating over the entire source surface: 

<P = f d<P = 1,-1 SA (R) K(R) dA (R) (4.8-2) 

The utility of the method is considerably enhanced if the integral can be 

evaluated analytically. 
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Kernels that are used in practical shielding calculations almost invariably 
result from solutions (either analytical or numerical) for infinite homoge
neous media. Consequently applications of these kernels to finite-geometry 
configurations require corrections for boundary effects. 

Kernel techniques for gamma-ray-penetration analysis have evolved 
somewhat differently than those for neutron-penetration analysis. For 
photon transport the parameters within the kernels have been developed 
primarily by numerical methods (predominantly Monte Carlo and moments 
calculations) and were validated by experimental measurement. On the other 
hand, most parameters used in neutron-attenuation kernels historically have 
been empirical quantities obtained by measurement .. For certain cases. 
calculations have been made to verify the experimental results. and more 
recentlv Monte Carlo and moments calculations have also been effectivelv , , 

applied to the neutron problem. 
I t is convenient to divide the discussion of kernel techniques into two 

parts. The following two sections discuss the basic concepts of kernel 
me thods for photons and neutrons, respectively. Applications of these 
techniques are further discussed in Chaps. 6 and 8. 

4.8.1 Gamma-Ray 'Calculationst 

In the analysis of gamma-ray-transport problems, the uncollided-flux 
density (i.e .. the flux density due to source gamma rays that arrive at the 
point of interest without suffering an interaction) is usually easily calculated. 
For a monoenergetic point isotropic source in an infinite medium. the 
uncollided-flux density (gamma rays cm -2 sec -I ) is given by 

(4.8-3) 

where 5 = source strength (gamma rays/sec) 
Il(E) = macroscopic total cross sectlon evaluated at the initial 

gamma-ray energy, E (cm- I
) 

e-J.J.(E)R = material attenuation factor, which is the probability that a 
gamma ray of energy E travels a distance R (cm) without 
suffering a collision 

(41T R 2 r 1 = geome tric atten uation for a poin t source (em -2 ) 

tin this section we ",:ill not need direction cosines. and we will return co the usual notation !J. for 
gamma-ray macroscopic cross section. 
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Calculation of the scattered-flux density is, in general, much more 
complex. The scattered component can be handled by introducing a buildup 
factor. which accounts for the increase (i.e .• buildup) in the flux density at 
some point r that is due to the scattered gamma rays. This buildup factor, 

defined as 

B= (some desired property (particle-flux density, energy-flux densicy, 
dose, etc.) of the total gamma-ray-flux density at R 1/ [same property 

due to the uncollided-flux density at R 1 

serves as the basis for formulating the point kernels required for gamma-ray 
shield analysis. For the calculation of dose, the kernel is given by 

lJ.at (E) E <1>0 (R) B 
K,(R) = S r 

Pt 

= lJ.at (E)Ee-JJ(E )R B, 
47iR 2 Pt 

(4.8-4 ) 

where lJ.at(E) is the macroscopic energy-absorption cross section for tissue 
evaluated at the initial gamma-ray energy E: Pt is the density of tissue 
(usually taken as 1.0 g/cm 3): and B, is the exposure buildup factor. t which 
is the ratio of the actual dose at R to the uncollided dose at R. Similarly, if 
the desired property is the energy absorbed per unit mass, the kernel is given 
by 

= J.La(E) Ee-JJ(E)R B 

4rrR2p a 
(4.8-5) 

where lJ.a(E) is the macroscopic energy-absorption cross section evaluated at 
the initial gamma-ray energy E for the material in which the energy is 
absorbed, and Ba is the energy-absorption (or energy-deposition) buildup 
factor, which is the ratio of the actual energy absorbed at R to the 
uncollided energy absorbed at R. 

t Formed y called dose buildup factor. Away from bou ndaries for energies pertinent to reactor 
shields. gamma-ray absorbed dose, kerrna, and exposure are numerically equal (see Chap. 2). 
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lJ.at (E) E <1>0 (R) B 
K,(R) = S r 

Pt 

= lJ.at (E)Ee-JJ(E )R B, 
47iR 2 Pt 

(4.8-4 ) 
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4rrR2p a 
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The results of many accurate gamma-ray-attenuation calculations are 
reported in terms of buildup factors, which in combination with the kernel 
technique provide a relatively simple and, in many cases, accurate calcula
tional method. The primary source of buildup data is the collection of 
moments-method data reported by Goldstein and Wilkins] 6 for point 

isotropic and plane monodirectional sources. The point-source data are 

perhaps the most widely used because of their application to point-kernel 
solutions. The infinite-plane data also find use in approximations such as 
predicting the gamma-ray penetration through the side of a large cylindrical 
or rectangular shield surrounding a large, diffuse source. 

Tables of the exposure buildup factor vs. atomic number for various 
penetration depths and initial energies are shown in Appendix E for a point 

isotropic source and infinite-medium geometry. 
A variety of functions have been derived to fit the buildup data. Some of 

the more commonly used functions are: 

1. The linear form 

B(E,J1.R) = 1 + il] (E) J.l.R (4.8-6) 

with only one constant, AI' to be evaluated as a function of energy. This 
form has the advantage of simplicity but does not provide a consistently 

accurate fit. 
2. The quadratic form 

B(E,I1R) = 1 + A2 (E) J1.R + b(E) (.I1R)2 

should be applied to deep-penetration calculations. 
3. The form due to Taylor2 

6 is 

4. The polynomial form is 

3 
B(E,f.J.R) = t {3n (E) (f.J.R)n 

n=Q 

(4.8-7) 

(4.8-8) 

(4.8-9) 

Capo 27 published a set of the coefficient Pn (E) for a wide range of 

rna terials and gamma-ray energies. 
5. The form due to Berger28 is 

B(E,f.J.R ) = 1 + C(E) J1.ReD (E )p.R (4.8-10) 
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This two-parameter formula is only slightly more complicated than the linear 
form but provides better accuracy. 

Trubey29 published a review and evaluation of these and other empirical 
equations which contains values of the fitted parameters and comparisons of 
the expressions with the data of Goldstein and Wilkins. 16 Some of the 
conclusions of his study are: 

i 

1. The linear form is generally not adequate. 

2. The best fit is provided by the four-term polynomial fit by Capo. 

3. For most purposes the function proposed by Berger is recommended 
because it is simpler to apply and provides accuracy approaching that of the 
more comp lieated forms. 

Values of the coefficients for all these forms of the buildup factor are 
given for a variety of materials, photon energies, and source-detector 
distances in Appendi..x F. Data in all these tables are for a point isotropic 
source geometry. Applications of buildup factors to gamma-ray transport 
problems are discussed in Sec. 6.4.1 and to gamma-ray heating in Sec. 8.1.1. 

There are many other possible forms of buildup factors, such as those 
cited by HubbelI,3 0 but they are generally more complicated than the forms 
given here. Hubbell's power-series form, for example, converges adequately 
at short distances only and thus usually requires many terms, but it has the 
advantage of allowing separation of the variables dependent on the medium 
properties, geometry, and thickness. 

Sometimes solutions to photon shielding problems can be reasonably 
approximated from attenuation data for a disk or rectangular source and a 
slab shield. These simple plane-source problems are amenable to analytic or 
numerical solution by integrating a point kernel of the form of Eg. 4.8-3 
over the source area. The results when tabulated or plotted are directly 
usable in practical applications. 

Consider, for example, a detector shielded from a plane disk source that 
is uniformly emitting S monoenergetic photons cm-2 sec- l isotropically in 
411" steradians (see Fig. 4.7). When the point kernel as given by Eq. 4.8-3 is 
applied, the unscattered dose rate along the disk axis is 

(4.8-11 ) 

in which G(£) is a particle-flux-density to dose-rate conversion function. Its 
units will determine the units of the dose calculated. 
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Fig. 4.7-Schematic diagram of disk source. 

Since R2 = ,2 + Z2, Eq. 4.8-11 can be transformed to 

where y == j.J.t sec 8. When integrated, Eq. 4.8-12 becomes 

173 

(4.8-12) 

(4.8-13) 

wh ere E 1 is the exponential integral function t of the first order and IS 

defined by 

E) (x) == - dv Ix 
... e-Y 

x y -' (4.8-14a) 

In general, 

(4.8-14h) 

[Equation 4.8-13, as well as the following equations for computing 

uncollided doses, can be used to determine the total dose (uncollided plus 
scattered) by using the Taylor form of the buildup factor.] 

For an isotropic flux density <1>(0) at the source plane, which is 

equivalent to a current density w"ith a cos 8 angular distribution (as shown in 
Chap. 2), the unscattered dose rate is 

tGraphs of this function (as well as e-x , E:, and E3 ) are given in Appendix G. 

-~~ -
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which integtates to 

e-IJ. t se c () cos e (21TT) dT 
41TR2 

f(P.t,Z/TO) = 4>(0) ~(E) {E2 (p.t) 

(4.8-15 ) 

- VI + I(Tolz)2 E2 [p.ty'1 + (ro/z)2 J} (4.8-16) 

where E2 is the exponential function of the second order. 
The angular current density J(e) equivalent to cf>(0) in the forward 

hemisphere is [cf>(0)/41T] cos e, defined as the number of photons per unit 
solid angle crossing a unit area on the source plane in the directions within 
the interval -1 ~ cos e ~ 1 as measured normal to the source plane. 
Therefore 

J(O) = r cf>(0) cos e dfl = r1 
4>(0) cos 8 21T 

Jn/2 41T Jo 41T 

x d(cDs tJ) = 4>~0) (4.8-17) 

If the current density in the forward direction is used, 4J(0) must be 
substituted for <P(O) in Eq. 4.8-16. 

In general, for the cosn tJ angular distribution in the forward direction, 

4>(8) = (n + 1) 4>'(0) cosn e 
271" 

( 4.8-18) 

where 4>'(0) is the total or scalar flux density in the forward direction only, 
and 

r(lLt,z/ro) = (n + 1) <1>2(0) G(E) {En+' (ILt) 

_ En+2 [P.t.Jl + (ro/2)2 1} 
[Jl + (ro/z)2] n+l 

~. '. ", •• -~ --- ._! " 

(4.8-19) 
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For the off-axis position at a distance p measured perpendicularly to the 
disk axis (see Fig. 4.7), integrations must be done numerically. Hubbell, 
Bach, and Herbold 3 I integrated an expression similar to Eq. 4.8-11, [he 
isotropic source case, for off-axis positions and tabulated the results in terms 
of the parameters p.t, zlro, and p/ro. These results are shown in Appendix H. 
The quantity tabulated is 41T r(p.t,z/ro ,p/ro)1 [S G(E) J, which is the 'same as 
411" cpo(p/ro)IS, where ¢Jo(p/ro) is the uncollided-flux density at p/ro. 

Similarly, Trubey 3 2 determined the data for an isotropic flux density. 
The results are given in Appendix H as 2r(p.t,ziro ,p/ro)/ [4>( 0) G(E) J. which 
is the same as 24>0/4>(0). 

Certain circular aperture and disk-source configurations to which these 
results might be applied are shown in Fig. 4.8. 

Semi-infinite medium 

Plane isotropic extended source 

Plane isotropic 
circular disk source 

Plane 
isotropic 

Detector 
Circular 
aperture 

e)(tended ; ........ .I.l /"" 
source ~ :.t:::::. ;:' 

........ : rO: /" /> I 
I . • ' /. ------L. 

yi-' r~~: i 
Circular' I I- I Slab 
aperture f--- ~ ~ barrier 

Plane isotropic 
circular disk 
source 

_-----1 
p 

Fig. 4.8-Some circular aperture or disk-source shield configurations to which point 
kernels are applicable (From Hubbell et al. 31 ) 
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A solution was developed by Hubbell, Bach, and Lamkin 33 for the 
uncollided-flux density at a distance z from a plane isotropic rectangular 
source. Expressed as the product of separable source and geometry 
functions, the uncollided-flux density is given by 

~ 2n+ 1 
cl»°(a,b) = LJ -2- gn Pn(a,b) ( 4.8-20) 

n=O 

where gn and Pn(a,b) are Legendre coefficients of the source and geometry 
functions, respectively. 

If a = H/z and b == W/z, where Hand W are the height and width, 
respectively, of the source plane (see Fig. 4.9), then Eg. 4.8-20 gives the flux 
density at the corner position, that is, the flux density at a distance = along 
the normal to the corner of the rectangular source. It follows that the use of 
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Fig.4.9-Schematic diagram demonstrating the use of the corner posItIOn of a 
rectangular source to calculate dose at an arbitrary position by point-kernel techniques. 

176 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

A solution was developed by Hubbell, Bach, and Lamkin 33 for the 
uncollided-flux density at a distance z from a plane isotropic rectangular 
source. Expressed as the product of separable source and geometry 
functions, the uncollided-flux density is given by 

~ 2n+ 1 
cl»°(a,b) = LJ -2- gn Pn(a,b) ( 4.8-20) 

n=O 

where gn and Pn(a,b) are Legendre coefficients of the source and geometry 
functions, respectively. 

If a = H/z and b == W/z, where Hand W are the height and width, 
respectively, of the source plane (see Fig. 4.9), then Eg. 4.8-20 gives the flux 
density at the corner position, that is, the flux density at a distance = along 
the normal to the corner of the rectangular source. It follows that the use of 

H 
/ 

,/ 
/' 

3 

,/ 
/' 

,/ 

2 

/' 
/' 

aH 

z 

Detector 

Fig.4.9-Schematic diagram demonstrating the use of the corner posItIOn of a 
rectangular source to calculate dose at an arbitrary position by point-kernel techniques. 



RADIATION TRANSPORT 177 

the half-height and half-width gives one-fourth of the flux density at z along 
a normal to the center of the source plane. The source function is 

gn = f~ g(cos 0) Pn (cos e) d(cos 0) (4.8-21) 

where g( cos e) represents the angular flux density at the source plane for the 
case of a slab shield of thickness t (z ~ t) located between the source and the 
detector at a distance z from the source; that is, 

S e-Ilt/cos() 
g(pt,cos e) = 4 () 

1r cos 
(4.8-22) 

Substituting Eq. 4.8-22 into Eq. 4.8-21, Hubbell et al.? 3 evaluated gn and Pn 
numerically and solved Eq.4.8-20. The results for a corner position 
(a = H/z, b = W/z) are given in Appendix H as 4rrr/[S G(£)], or 4<1>°/S, in 
terms ~f the parameters pt, a, and b. 

Similarly, Trubey32 numerically evaluated the equivalent of Eq. 4.8-20 
for an isotropic flux density (cosine distribution of the angular current 
density), that is, for 

4>(0) e-fJt/cos8 
g(pt, cos 0) = 41r (4.8-23) 

These results for a corner position are given in Appendix H as 2r / [<1>( 0) G(E)] , 
or 24>° /<1>(0), which is the same quantity tabulated for the disk source in 
Appendix H. For a square, the dose will be slightly greater than that for a 
disk of radius W. 

Although these results relate directly to the response of a detector in a 
corner position, they are also applicable to any arbitrary position lying 
within the projection of the source plane. It is obvious from Fig. 4.9 that the 
dose rate at the detector is 

(
CiH i3W) [(1 -zO'.)H,(l -zi3)W] 

+ r 2 ---;-' 7 + r 3 

_"<r. _ 
. ~--

(4.8-24 ) 
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4.8.2 Neutron Techniques 

As noted previously., the use of buildup factors in the attenuation 
function, or kernel, for neutrons has not developed to a large extent, 
primarily because neutron interactions are more complex than gamma-ray 
interactions. However, a simple kernel developed by Albert and Welton,3 4 

which uses an energy-dependent hydrogen cross section, has been widely 
applied to hydrogenous shields. This section contains a description of the 
Albert-Welton kernel and a discussion of removal cross sections that are 
required in the kernel when other shield materials are used in conjunction 
with the hydrogenous medium. 

Other kernels that can be used to calculate differential energy spectra of 
neutrons in hydrogenous media can be developed from the moments method 
or Monte Carlo calculations. For example, the moments-method code 
RENUPAK was used 32 to calculate the differential energy-flux density as a 
function of distance from a poinr fission source in an infinite medium of 
lithium hydride, and an empirical attenuation function based on the results 
was then incorporated in the point-kernel code QAD by Solomito and 
Stockton3S for use in space-reactor shield designs. Since these kernels are for 
an infinite medium, some caution should be exercised in their use. However, 
simple neutron-dose attenuation functions determined from such calcula
tions can be used for preliminary shield-design applications, and some of 
these functions for concrete and several other materials are included in this 
section. 

(a) Removal Cross Sections. Measurements in the Oak Ridge National 
Laboratory (ORNL) Lid Tank Shielding Facility 36 showed that the insertion 
of relatively thin slabs of material between a fission source and a thick water 
shield gives an effect that can be correlated by a simple exponential 
attenuation factor that is characteristic of absorption processes alone. This 
behavior might not be expected since nonabsorption effects predominate in 
fast-neutron attenuation. However, the large thickness of water (at least 
6 g/cm2 ) filters out the neutrons deflected by the sample and thereby effects 
their complete removal. Therefore the effect of slabs of shield materials 
when followed by large thicknesses of hydrogenous material can be 
described by an equivalent absorption cross section averaged over energy, 
called the removal cross section. 

An ideal way to experimentally determine the validity of the concept 
would be to use a plane monodirectional source of fission neutrons incident 
on a tank of water. For such a configuration the removal-cross-section 
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concept would be valid if the doses measured at the source distance z in 
water could be correlated by 

(4.8-25) 

where Dl (z) is the observed neutron dose attenuated through a distance z of 
water, D2 (z) is the observed neutron dose attenuated through a slab of 
material of thickness t (inserted between source and water) plus water of 
thickness z, and I R is the macroscopic removal cross section. 

In the experimental shielding facility where this concept was originally 
tested, the source was a finite isotropic disk rather than a plane 
monodirectional source. However, with a few simple assumptions about the 
behavior of neutron penetration, an analog to Eq. 4.8-25 was derived and 
used in obtaining removal cross sections from experimental data. 3 7 

Values of microscopic removal cross sections (OR) determined from 
measurements at the Lid Tank Shielding Facility for several elements and 
comp ounds are shown in Table 4.2. Empirical functions useful for in terpola
tion in the experimental data have been derived by Zoller:311 

~R - 0 19Z- 0 743 2; - -. . cm g 
p 

(for Z ~ 8) 

(for Z > 8) (4.8-26) 

~R = 0.206A-~ Z-0.294 ~ 0.206 (AZr~ (4.8-27 ) 

where Z is the atomic number. Most of the macroscopic removal cross 
sections given in Table 4.3 were obtained with Eq. 4.8-26. 

I t should be emphasized that most of the removal cross sections 
determined by experiment were obtained for a slab-type configuration with 
water follOwing the shield material and may not be applicable to other 
configurations. Trubey and Chapman 39 reported that in a homogeneous 
medium the removal cross section for oxygen is 0.75 ± 0.05 b rather than 
0.99 ± 0.10 b as shovm in Table 4.2. They also note that the removal cross 
section rna y vary ~rjth sample thickness (the value for oxygen obtained from 
the homogeneous-medium measurements increased from 0.72 b at a distance 
90 cm from the source to 0.79 b at a distance 140 cm from the source). 
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Table 4.2-MICROSCOPIC REMOVAL CROSS SECTIONS OF VARIOUS 
ELEMENTS AND COMPOUNDS MEASURED AT THE ORNL 

LID TANK SHIELDING F ACILITYt 

Material oR' b/atom Material OR' b/atom 

Aluminum 1.31 ± 0.05 Tungsten 3.36 
Beryllium 1.07 ± 0.06 Zirconium 2.36 ± 0.12 
Bismuth 3.49 ± 0.35 Uranium 3.6 ± 0,4 
Boron 0.97 ± 0.10 Boric oxide, B2 O) 4.30 ± 0,41 
Carbon 0.81 ± 0.05 Boron carbide, B4 C 4.7 ± 0.3 

Chlorine 1.2 ± 0.8 Fluorothene, CzF 3 Cl 6.66 ± 0.8 
Copper 2.04 ± 0.11 Heavy water, 0 2 0 2.76 ± 0.11 
Fluorine 1.29 ± 0.06 Hevimet (90 wt.% W, 
Iron 1.98 ± 0.08 6 wt.% Ni, 4 wt.% Cu) 3.22 ± 0.18 
Lead 3.53 ± 0.30 Lithium fluoride, LiF 2,43 ± 0.34 

Lithium 1.01 ± 0.05 Oil, CHz 2.84 ± 0.11 
Nickel 1.89 ± 0.10 Paraffin, C30 H6Z 80.5 ± 5.2 
Oxygen 0.99 ± 0.10 Perfluoroheptane, C7 F16 26.3 ± 0.8 

tFrom E. P. Blizard (Ed.), Reactor Handbook, 2nd ed., Vol. III, 
Part B, Shielding, p. 83, lnterscience Publishers, a division of John 
Wiley & Sons, Inc., New York, 1962. 

There is really no reason to expect the removal cross section to remam 
constant with sample thickness since the removal concept is the result of a 
crude application of theoretical principles; however, the variation should not 
be very great up to about five relaxation lengths. 

Another point to be emphasized is that the removal cross section for a 
material can be applied only when that material is used in conjunction with a 
hydrogenous shield since hydrogen is required to moderate and absorb the 
scattered neutrons, as occurred in the experiments for determining the 
removal cross sections. Thus a minimum thickness of hydrogenous material 
following the sample is required to validate the use of removal theory. When 
the hydrogenous material is water, moments-method calculations have 
shown that about 60 cm is required, whereas experimental results indicate 
that about 45 cm is adequate. If the hydrogen thickness is less than that 
provided by this amount of water, the neutrons interacting with the heavier 
eleme nts will not be adequately "removed", and the effective removal cross 
section will be decreased. 

It follows from the removal-cross-section concept that the removal cross 
sections of eleme nts in a series of slabs or mixed together should be additive; 
i.e., the number of relaxation lengths becomes 

". -=.:..:-.-
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where the index i refers co the various elements. This additive property has 
been generally accepted, even though some discrepancies have been noted, 
particularly in regard to compounds. 

Removal cross sections can be predicted theoretically. Phenomenologi
cally, the removal process can be considered equivalent to the total reaction 
rate minus the forward component of the scattering process. This suggests 
that an estimate of the removal cross section could be obtained from the 
transport cross section. As it turns out, ~R == ~tr for neutrons between 6 
and 8 MeV; therefore 

L R = L tr == L t - L s COs () ( 4.8-28) 

where C'Os () is the average cosine of the neutron scattering angle per collision 
in the laboratory system. 

Removal cross sections can also be estimated from 

( 4.8-29) 

where ~t is the average total macroscopIC cross section between 6 and 
8 MeV, and from 

~R == 0.21A-o.58 

P 
(4.8-30 ) 

where p is the density and A is the atomic weight. Figure 4.10 compares 
graphs of measured values of ~Rlp and ~tlp at 8 MeV as a function of 
atomic weight. A reasonably good fit to the curve for A > lOis obtained by 
Eq.4.8-30. 

(b) Removal Cross Sections for Hydrogen-Deficient Shields. The tradi
tional removal cross section as discussed in the preceding section is limited in 
application to a shield configuration that has a hydrogen density of at least 
6 g/cm2 in its outer layer. Recognizing the usefulness of a removal cross 
section that could be applied for shields that contain less hydrogen. Dudziak 
and Schmucker40 performed a series of calculations to investigate the effect 
on the removal cross section of varying the surface density of the hydrogen. 
Using a simplified P3 approximation to the transport equation, they 

-~- -. -z-
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Table 4.3-F AST,NEUTRON REMOVAL CROSS SECTIONS 
AND MASS ATIENUATION COEFFICIENTSt 

'tRIp 'tR Ip 
Atomic P. (calc.) • !R. (exf')' 

Element number gicm3 em 2 /g '. cm em Ig 

Aluminum 13 2.699 0.0293 0.0792 0.0292 ± 0.0012 
Antimony 51 6.691 0.0136 0.0907 
Argon 18 0.0244 
Arsenic 33 5.730 0.0173 0.0993 
Barium 56 3.500 0,0129 0.0450 

Beryllium 4 9.013 0.0678 0.1248 0.0717 ± 0.0043 
Bismuth 83 9.747 0.0103 0.1003 0.010:!: 0.0010 
Boron 5 3.330 0.0575 0.1914 0.0540 :!: 0.0054 
Bromine 35 3.120 0.0168 0.0523 
Cadmium 48 8.648 0.0140 0.1213 

Calcium 20 1.540 0.0230 0.0354 
Carbon 6 1.670 0.0502 0.0838 0.0407 ± 0.0024 
Cerium 58 6.900 0.0126 0.0870 
Cesium 55 1.873 0.0130 0.0243 
Chlorine 17 0.0252 0.020 ± 0.014 

Chromium 24 6.920 0.0208 0.1436 
Cobalt 27 8.900 0.0194 0.1728 
Copper 29 8.940 0.0186 0.1667 0.0194 ± 0.0011 
Dysprosium 66 8.562 0.0117 0.1003 
Erbium 68 4.770 0.0115 0.0550 

Europium 63 5.166 0.0120 0.0621 
Fluorine 9 0.0361 0.0409 ± 0.0020 
Gadolinium 64 7.868 0.0119 0.0938 
Gallium 31 5.903 0.0180 0.1060 
Germanium 32 5.460 0.0176 0.0963 

Gold 79 19.320 0.0106 0.2045 
Hafnium 72 13.300 0.0112 0.1484 
Helium 2 0.1135 
Holmium 67 0.0116 
Indium 49 7.280 0.0139 0.1009 

Iodine 53 4.930 0,0133 0.0654 
Iridium 77 22.420 0.0107 0.2408 
Iron 26 7.865 0.0198 0.1560 0.0214 ± 0.0009 
Krypton 36 0.0165 
~nthanum 57 6.150 0.0127 0.0783 

Lead 82 11.347 0.0104 0.1176 0.0103 ± 0.0009 
Lithium 3 0.534 0.0840 0.0449 0.094 :!: 0.007 
Lutecium 71 0.0112 
Magnesium 12 1.741 0.0307 0.0535 
Manganese 25 7.420 0.0203 0.1505 
Mercury 80 13.546 0.0105 0.1424 
Molybdenum 42 10.200 0.0151 0.1543 

t From L. K. Zoller. Nucleonics, 22(8): 129 (1964) 
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Table 4.3-(Continued) 

"iR /p r. R /p 
Atomic P. (calc.) . "i R• (exr')' 

Element number glcm 3 cml/g -I em cm Ig 

Neodymium 60 6.960 0.0124 0.0861 
Neon 10 0.0340 
Nickel 28 8.900 0.0190 0.1693 0.0190 ± 0.0010 
Niobium 41 8.400 0.0153 0.1288 
Nitrogen 7 0.0448 

Osmium 76 22.480 0.0108 0.2432 
Oxygen 8 0.0405 0.031 ± 0.002 
Palladium 46 12.160 0.0144 0.1747 
Phosphorus 15 1.820 0.0271 0.0493 
Platinum 78 21.370 0.0107 0.2279 

Potassium 19 6.475 0.0237 0.1533 
Praseodymium 59 6.500 0.01 25 0.0812 
Radium 88 5.000 0.0100 0.0498 
Rhenium 75 20.530 0.0109 0.2238 
Rhodium 45 12.440 0.0145 0.1810 

Rubidium 37 1.532 0.0163 0.0249 
Ruthenium 44 12.060 0.0147 0.1777 
Samarium 62 7.750 0.0121 0.0941 
Scandium 21 3.020 0.0224 0.0676 
Selenium 34 4.800 0.0170 0.0818 

Silicon 14 2.420 0.0281 0.0681 
Silver 47 10.503 0.0142 0.1491 
Sodium 11 0.971 0.0322 0.0313 
Strontium 38 2.540 0.0160 0.0407 
Sulfur 16 2.070 0.0261 0.0540 

Tantalum 73 16.600 0.Q111 0.1838 
Tellurium 52 6.240 0.0134 0.0837 
Terbium 65 0.0118 
Thallium 81 11.860 0.0104 0.1238 
Thorium 90 11.300 0.0098 0.1111 

Thulium 69 0.0114 
Tin 50 6.550 0.0137 0.0898 
Titanium 22 4.500 0.0218 0.0981 
Tungsten 74 19.300 0.0110 0.2120 0.0082 ± 0.0018 
Uranium 92 18.700 0.0097 0.1816 0.0091 ± 0.0010 

Vanadium 23 5.960 0.0213 0.1267 
Xenon 54 0.0131 
Ytterbium 70 0,0113 
Yttrium 39 3.800 0.0158 0.0599 
Zinc 30 7.140 0.0183 0.1306 
Zirconium 40 6.440 0.0156 0.1001 
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Fig. 4.10-Removal cross sections per unit mass for fission neutrons as a function of 
atomic weight. (From Chapman and Storrs.36

) 

calculated the transport of neutrons from a Po-Be source through lead 
followed by varying amounts of polyethylene in spherical geometry. They 
showed that removal cross sections for large thicknesses of polyethylene 
approached the asymptotic value of 0.116 ± 0.01 cm- I (3.53 ± 0.30 b) 
reported from the Lid Tank Shielding Facility measurements with a fission 
source. They also found that by extrapolating the cross-section curve back to 
a zero thickness of polyethylene they obtained a value that was very close to 
the value of 0.128 cm-1 for lead alone reported by Price and Dunn4 

1 on the 
basis of experiments with Po-Be neutrons. 

Dudziak42 later performed calculations with better cross sections, more 
neutron-energy groups, and an Ss P3 approximation and reached essentially 
the same conclusions. The results of the calculations by Dudziak and 
Schmucker40 are shown in Table. 4.4. The macroscopic removal cross 
sections given in the table were fit to within 1.4% by a least-squares 
procedure to an analytical expression given by 
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!:R(t) = 0.1106 (1 - 0.9836 e-O.lo9t) ( 4.8-31) 

where t is the polyethylene thickness in centimeters. 

In calculations similar to those of Dudziak and Schmucker, but for a 
fission source, Shure, O'Brien, and Rothberg43 determined removal cross 
sections for both iron and lead followed by polyethylene thicknesses up to 
50 cm. They used two cutoff energies. Ee , 302 keY and 0.625 eV, in their 
dose calculations. The resulting microscopic removal cross sections. shown in 
Table 4.5, indicate that, at least for small thicknesses of polyethylene, the 
removal cross sections are relatively insensitive to the cutoff energy chosen. 
Shure et cll. also found that the asymptotic values for iron and lead are in 
very good agreement with the experimental values of 1.98 ± 0.08 band 
3.53 ± 0.30 b, respectively, obtained from Lid Tank measurements. 3 7 When 
no polyethylene was present. the value for lead of 0.74 b (0.0243 em-I) 
obtained for the fission source is nearly twice that for the Po-Be source, 
which could be expected since the Po-Be spectrum is harder. The fact that 
the asymptotic removal cross sections are in agreement for the two different 
sources shows that the inelastic scattering in lead apparently degrades the 
high-energy part of the spectra suffiCiently to produce spectra that 
equilibrate about equally after traversing approximately 10 cm of polyeth
ylene. 

Table 4.4-EFFECTIVE MACROSCOPIC REMOVAL CROSS 
SECTIONS FOR LEAD FOLLOWED BY V ARlOUS 

THICKNESSES OF POLYETHYLENE (Po-Be SOURCE)t 

Polyethylene 
thickness, 

cm 

3 
5 
7 
9 

15 

21 
25 
31 
35 
41 

Lead 
removal cross 
section, cm-! 

0.0328 
0.0473 
0.0597 
0.0701 
0.0901 

0.0999 
0.1036 
0.1069 
0.1081 
0.1093 

t From Dudziak and Schmucker.4 0 
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Table 4.S-EFFECTIVE MICROSCOPIC REMOVAL CROSS SECTIONS 
FOR IRON AND LEAD FOLLOWED BY VARIOUS 

POLYETHYLENE THICKNESSES (FISSION SOURCE)t 

Polyethy lene 
Removal cross section, b 

Iron Lead thickness, 
cm Ec = 302 keY E, = 0.625 eV E, = 302 keY Ec = 0.625 eV 

0 0.76 0.61 0.88 0.74 
1 0.94 0.78 1.17 1.00 
2 1.08 0.91 1.41 1.22 
5 1.37 1.24 1.92 1.74 

10 1.66 1.60 2.47 2.36 
15 1.84 1.79 2:83 2.77 
20 1.91 1.89 3.06 3.03 
25 1.95 1.95 3.20 3.19 
30 1.97 1.97 3.29 3.28 
40 1.99 1.99 3.37 3.37 
50 1.99 1.99 3.41 3.41 

tFrom K. Shure, J. A. O'Brien, and D. M. Rothberg. Nuclear Science and Engi
neering, 35: 373 (1969). 

Shure et al. also investigated the use of these removal cross sections for 
hydrogen-deficient shields with the technique that is normally used when 
removal cross sections are applied to large thicknesses of hydrogenous 
shielding following the laminations of nonhydrogenous material. The normal 
expression used to estimate the neutron dose transmitted through t cm of 
hydrogenous material and several slabs of nonhydrogenous materials is 

where Deale = calculated dose for the hydrogenous material alone 
Xi = density 
OJ = removal cross section 
tj = thickness of the ith nonhydrogenous material 

(4.8-32) 

Equation 4.8-32 was applied to three different shield configurations using 
lead and iron followed by various thicknesses of polyethylene. Values of 
Deale were obtained, and values of OJ from Table 4.5 were used. A 
comparison of the resulting dose rates with dose rates obtained with a 
separate, complete transport calculation showed that the freguently used 
design technique exemplified by Eq. 4.8-32 does provide good estimates 
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(within 10%) of the dose rates when the removal cross sections for 
hydrogen-deficient shields are used. 

(c) Albert-Welton Kernel. The experimentally determined removal 

cross section provides a simple method for determining the attenuation 
through nonh ydrogenous portions of shield rna ceria I if there is a hydrog
enous portion of the shield. Albert and Welton 34 developed a semiempirical 
theory of neutron attenuation which provides a simple method for 

calculating neutron attenuation through the complete shield: this theory is 
based on the removal-cross-section concept. Basic to the Albert-Welton 
model is the assumption that any collision with hydrogen has the effect of 
an absorption. This. in effect. neglects the buildup of scattered neutrons that 
have undergone only small-angle scatterings by hydrogen. Inelastic scatter

ings with heavier nuclei are also regarded as absorptions because of the 
characteristically large energy loss. Other collisions are mainly small-angle 

elastic scatterings within the forward peak of the angular distribution. which 
amount to virtually no collisions. Attenuation through the materials in the 
shield is described in terms of removal cross sections. For hydrogen the 
removal cross section is taken to be its ene~gy-dependent total cross section. 
and for the heavier nuclides it is taken to be an empirical energy-independent 
removal ·cross section. such as the removal cross sections described in the 
preceding paragraphs. Thus the Albert-Welton model provides a theoretical 
basis for the removal-crass-section concept. 

The Albert-Welton formulation for fission neutrons from a plane 

monodirectional source which penetrate through a mixture of water and 
heavv materials is given bv 

I ~ I 

(4.8-33 ) 

where <I>(r) = number flux density at a distance r from the source 

LRi = macroscopic removal cross section of ith element (other than 
hydrogen) 

Ii = volume fraction of ith nonhydrogenous material 
S(E) dE = fraction of fission neutrons at E in interval dE for a total 

source of 1 fission cm-2 sec- 1 

LH = total macroscopic cross section for hydrogen 

The proportionality conStant included in the original Albert-Welton 
derivation has been removed from Eq. 4.8-33 to avoid the implication that 
the actual number f1ux density can be computed from this relation. 

RADIATION TRANSPORT 187 

(within 10%) of the dose rates when the removal cross sections for 
hydrogen-deficient shields are used. 

(c) Albert-Welton Kernel. The experimentally determined removal 

cross section provides a simple method for determining the attenuation 
through nonh ydrogenous portions of shield rna ceria I if there is a hydrog
enous portion of the shield. Albert and Welton 34 developed a semiempirical 
theory of neutron attenuation which provides a simple method for 

calculating neutron attenuation through the complete shield: this theory is 
based on the removal-cross-section concept. Basic to the Albert-Welton 
model is the assumption that any collision with hydrogen has the effect of 
an absorption. This. in effect. neglects the buildup of scattered neutrons that 
have undergone only small-angle scatterings by hydrogen. Inelastic scatter

ings with heavier nuclei are also regarded as absorptions because of the 
characteristically large energy loss. Other collisions are mainly small-angle 

elastic scatterings within the forward peak of the angular distribution. which 
amount to virtually no collisions. Attenuation through the materials in the 
shield is described in terms of removal cross sections. For hydrogen the 
removal cross section is taken to be its ene~gy-dependent total cross section. 
and for the heavier nuclides it is taken to be an empirical energy-independent 
removal ·cross section. such as the removal cross sections described in the 
preceding paragraphs. Thus the Albert-Welton model provides a theoretical 
basis for the removal-crass-section concept. 

The Albert-Welton formulation for fission neutrons from a plane 

monodirectional source which penetrate through a mixture of water and 
heavv materials is given bv 

I ~ I 

(4.8-33 ) 

where <I>(r) = number flux density at a distance r from the source 

LRi = macroscopic removal cross section of ith element (other than 
hydrogen) 

Ii = volume fraction of ith nonhydrogenous material 
S(E) dE = fraction of fission neutrons at E in interval dE for a total 

source of 1 fission cm-2 sec- 1 

LH = total macroscopic cross section for hydrogen 

The proportionality conStant included in the original Albert-Welton 
derivation has been removed from Eq. 4.8-33 to avoid the implication that 
the actual number f1ux density can be computed from this relation. 



188 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

Integration of Eg. 4.8-33 yields the original Albert-Welton kernel for 
the hydrogenous portion of the shield, which is included in the first set of 
braces in the following relation: 

<I>(r) 0: {lfwr)0.2 9 exp[ -O.928lfw r)0'5 8l} 

X exp [- fwrLRo - (1 - fw)r 1; Ii LRi] 
I 

(4.8-34) 

where f w = volume fraction of water 
~R 0 = removal cross section of oxygen 

r. R i = removal cross section of nonhydrogenous materials other than 
the oxygen in the water 

r = distance (in cm) from source 

Although the derivation was for a plane source, Eg. 4.8-34 holds for a 
point source when multiplied by the geometric factor 1/411'r2, and the 
integral of S(E) is normalized to 1 fission/sec. The relation is also valid when 
slabs of heavy material are laminated with the water. A minimum of about 
50 or 60 cm of water is reguired between the dose point and the last of the 
heavy materials (whether as slabs or in a mixture) to comply with the 
limi tations of the removal-crass-section concept. 

On the basis of more recent experimental results, Casper44 evaluated 
new constants for the Albert-Welton kernel. The result for a point 
fission-spectrum source is 

(4.8-35) 

where D(r) is the neutron dose rate r centimeters from the source [in 
(rads hr- I )/(neutrons sec-I)] . When shield materials are inserted between the 
water and the fission source, Eq. 4.8-35 is multiplied by 

to obtain the dose rate at the shield surface. 

4.9 COMBINATION REMOVAL-DIFFCSION METHODS 

The removal-cross-section concept described in Sec. 4.8.2 provides a 
method for calculating the dose rate due to high-energy neutrons that 

.~-
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penetrate a hydrogenous shield; however, the technique cannot be used to 
predict the dose rate due to neutrons that have been moderated to 

, epithermal and thermal energies or to predict the thermal-neutron-flux 
density, which is used to obtain the capture gamma-ray source distribution 
within the shield. t . 

The energy and spatial distributions of the moderated neutrons 
throughout a shield have sometimes been calculated by using the elementary 
theories of neutron diffusion and moderation (see Sec. 4.6). However, these 
methods of reactor physics are normally used to predict the average behavior 
of neutrons involved in reactor criticality problems, and, in the typical 
shielding problem, the neutron of significance is the unusual fission neutron 
that is born v.,rith an energy much greater than the average and contributes 
very little to reactor criticality. This unusual neutron penetrates into regions 
deep within the shield. 

The inadequacy of both the removal concept and the elementary 
methods of reactor-core physics in calculations of the whole shielding 
problem has resulted in neutron transport's being regarded as a two-step 
process: a step in which a high-energy neutron penetrates to a position deep 
within the shield, where it suffers a collision that degrades its energy 
significantly, and a step in which the resulting low-energy neutron enters a 
diffusion process. Characteristically, the distance traveled by the neutron 
during the diffusion process is very much shorter than the distance it 
traveled as a fast neutron, and, once it has entered this second phase. the 
methods of elementary reactor physics conceivably could apply. Such 
reasoning prompted the first-flight correction to the age in Fermi age 
theory.2 This correction was necessary because a neutron cannot enter a 
process described as continuous slowing down (as required by Fermi age 
theory) until it has had at least one collision. 

The development of high-speed computers and the resulting extensive 
use of multigroup diffusion theory for reactor criticality problems made the 
developme nt of a technique that utilized diffusion theory even more 
attractive, In one of the first attempts to develop such a technique. 
Haffner4s in 1958 used diffusion theory to calculate thermal-neutron-flux 
densities within a reactor shield and then normalized the results at each 
space point according to the fast-neutron dose rate obtained with the 
Albert-Welton kernel (see Sec. 4.8.2). Anderson and Shure4 

6 used a similar 
technique when they applied a known pure-water kernel to normalize 

tCalculations of capture gamma·ray doses are discussed in Chap. 6. 

-~~.-
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diffusion (actually P 1 multigroup) results for a metal-water mixture. In 
general, they obtained good results for laminated iron-water shields. 
(Shure 3 ,47 later showed that a straightforward PJ calculation without the 
use of a kernel also gave good results.) The main assumption in the 
Anderson-Shure technique is 'that the multigroup procedure correctly 
calculates the ratio between the flux densities in water and those in a 
metal-water mixture. 

After several attempts had been made to develop a technique by 
correcting diffusion-theory results, a different approach to the problem 
evolved: a first-flight correction was made before the diffusion-theory 
calculation was performed. In the early calculations this was done by 
computing the singly scattered neutron-flux density from the uncollided-flux 
density and then using it as a source for the diffusion-theory calculation. A 
difficulty inherent in this procedure, especially for hydrogenous media. is 
that the penetrating component does not consist of uncollided neutrons 
alone but rather is composed largely of neutrons that have had one or more 
collisions and have suffered only small angular deflections. When these , '-' 

neutrons were accounted for, the first successful two-step model for 
neutron-penetration calculations became available. The method, in which the 
fast-neutron removal concept and age-diffusion theory are combined, is 
commonly referred to as the Spinney method, after its chief developer. The 
remainder of this section is devoted to a description of the original version of 
this removal-age-diffusion method and subsequent variations of it. 

4.9.1 The Spinney Method 

The Spinney method as first described by Avery, Bendall, Bu tIer, and 
Spinney48 is characterized by the following basic physical assumptions: 

1. The penetrating component of the source neutrons consists of the 
high-energy neutrons that suffer only small energy loss through small-angle 
elastic collisions and the uncollided neutrons. 

2. Neutrons that su ffer large energy loss through either wide-angle elastic 
or inelastic scattering are regarded as being removed from the fast beam. 

3. The removed neutrons are degraded in energy in accordance with age 
theory and do not travel significantly from the point of removal. 

4. The removed neutrons have a spectral and spatial distribution closely 
described by the conventional age-diffusion theory near the source. 

5. Neutrons removed after they have penetrated deep into a homoge
neous medium develop an equilibrium spectrum and are attenuated at the 
same rate as the penetrating component. 

-' 
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6. The equilibrium spectrum of the degraded neutrons is disturbed near 

tile boundaries between dissimilar media. [Note: Assumptions 4, 5, and 6 

are not req uired in recent versions of the Spinney method.] 

The neutron-flux density (removal flux) that corresponds to the 
penetrating component of the source neutrons is given by the kernel 

5 '~Rr 
<l>0(r) = ° e (4.9-1) 

41Tr2 

where So is the source strength of high-energy neutrons of energy E, ~R is 
the removal cross section evaluated at the source energy E (determined 
experimentally or approximated by the transport. cross section (see 

Sec. 4.8.2), and r is the distance traveled by the neutron to its first collision. 

The removed neutrons are regarded as a local source of degraded 
neutrons, the behavior of which can be adequately described by diffusion 

theory. The intensity of this source is given by 

5 ~ -~ R r 
S ' ) - ~o ( ) ~ - oRe 
~r - 'i' r ""R - 4 2 

1Tr 
(4.9-2) 

These neutrons (i.e., the removed neutrons) are then introduced into the 
highest energy group of an appropriate set of multigroup diffusion equations 

to calculate the distribution of the low-energy neutron-flux density. The 

equations comprising the multigroup set are given by 

~a 1 S(r) 
V'2 <1>1 (r) - ki <l>dr) - - <P1 (r) + - = 0 

Dj D j 
(i = 1) 

raj D j - 1 kr-l <Il j _1 (r) 
V'2 <Pj(r) - k~ <Pj(r) - D. <I>j(r) + = 0 

I I Dj 

where <Pi = group flux density for the ith group 

rai = group-averaged macroscopic absorption cross section 

Dj = group-averaged diffusion coefficient 

ki 1 = slowing-down length for the ith group 

(4.9-3) 

The slowing-down length is calculated according to age theory and for 

the ith group is given by 

(k
1
,.)

2 
rEi dE 

- JEi-l 3~(E) r5(E) r tr (E) E 

_-<r. _ .-=-

(4.9-4) 
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V'2 <Pj(r) - k~ <Pj(r) - D. <I>j(r) + = 0 

I I Dj 

where <Pi = group flux density for the ith group 

rai = group-averaged macroscopic absorption cross section 

Dj = group-averaged diffusion coefficient 

ki 1 = slowing-down length for the ith group 

(4.9-3) 

The slowing-down length is calculated according to age theory and for 

the ith group is given by 

(k
1
,.)

2 
rEi dE 

- JEi-l 3~(E) r5(E) r tr (E) E 

_-<r. _ .-=-

(4.9-4) 
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where ~(E) is the average change in lethargy per collision for neutrons of 
energy E, ~stE) is the macroscopic scattering cross section for neutrons of 
energy E, and r.tr(E) is the macroscopic transport cross section for neutrons 
of energy E. 

In the original formulation of the Spinney method, five energy groups 
were taken for the multigroup diffusion calculation. The bottom group. 
which was a thermal group, had an upper energy of 2.81 kT 
(k = 8.61 X 10-5 eV/oK), and the highest group (i = 1) had an upper energy 
of 2 MeV. All removed source neutrons were assumed to be placed directly 
into the highest group. Solution of the group-diffusion equations, of course. 
required that boundary conditions be specified. at the inner and outer 
surfaces of the shield. A zero reentrant condition was imposed at the outer 
boundary: this was stated in terms of the extrapolated boundary condition, 
which requires that the flux densities vanish at a distance 3.13Dj beyond the 
physical boundary. The boundary conditions at the inner surface of the 
shield were established by requiring that the flux densities and current 
densities be equal to those cetermined from reactor-core calculations. 

The original formulation was used with some success in predic ting the 
distribution of low-energy neutrons in concrete shields for existing graphite
moderated reactors, but it was not suited for general application. Some of its 
inadequacies were that (1) all the removed neutrons were placed in one 
group, which neglected any additional diffusion-type transport that could 
have been accomplished at energies greater than 2 Me V; (2) not enough 
groups were used to adequately represent the continuous slowing-down 
process: and (3) the transfer of neutrons from one energy group to the next 
lower group did not describe the large energy losses experienced by neutrons 
that had suffered an inelastic scattering or a collision with hydrogen. 

4.9.2 Variations of the Spinney Method 

Many modifications and variations of the Spinney method have been 
developed, such as the RASH E, MAC, NRN, SABINE, and ATTOW codes. t 
In the RASH E formulation of Benda114 

9 and Butler,S 0 the modifications in

clude an increase in the number of groups to 16 and a broader energy range 
(0 to 10 MeV). Also, the multigroup equations have been modified to include 

tRASH E is the latest member of the RASH family of codes utilizing the Spinney method. 
RASH E is included in a FORTRAN code package known as COMPRASH and can be obtained from 

the Radiation Shielding Information Cent~r, Oak Ridge National Laboratory, Oak Ridg~. Tenn. Code 
packages for MAC, NRN, SABI1\E, and ATTOW ar~ also available frolll this center . 
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a direct source of removed neutrons into the nine highest energy groups. The 

equations so modified are as follows: 

(i = 1) 

Dj.1 kr'1 'J;j(r) 
+ <I>j.\ (r) + -D' = 0 

Dj 1 
(i = 2. 3, ... , 9) 

raj 
V2 qHr) - k7 1>I'(r) - -1>I'ir) 

I,! I D. \ 
I 

(i= 10, 11, ... ,15) 

(i= 16) (4.9·5) 

where T corresponds to i = 16 and designates the thermal·group flux density. 

The source term for the ith grou p resulting from removed neu trons is 

designated as 1#j(r) and is determined in the following manner. The fission 

spectrum is divided into 18 energy bands of I-MeV width. Neutrons remove~ 

from the jth energy band are given by 

(j = 1, 2, ... , 18) (4.9-6) 

where So is a magnitude factor determined by the power level of the reactor 

and F(E) is the normalized fission spectrum. 

The neutrons from each of the removal bands in the energy range 0 to 

8 MeV (j= 18,17,16, .. ,,11) are introduced into the energy group whose 

upper energy limit corresponds to the mid-energy of the band. Neutrons 

from all the bands above 8 MeV (j = 10, 4, 8, . , ., 1) have a mean energy of 

about 10 MeV and are all introduced into the highest energy group 

(group 1), which has an upper energy of 10.5 MeV. This transfer scheme. 

along with the removal-band and energy-group structures for RASH E. is 

given in Table 4.6. 
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Table 4.6-REMOV AL-BAND AND ENERGY -GROUP STRUCTURES 
USED IN RASH Et 

Removal bands Diffusion groups Band-to-

Energy limits, MeV Energy limits, MeV group 
Band Group transfer 
No. Upper Lower No. Upper Lower scheme 

1 18 17 1 1.05 X 10 1 7.5 X 10° 1 ~ 1 
2 17 16 2 7.5 X 10° 6.5 X 10° 2~1 

3 16 15 3 6-5 X 10° 5.5 X 10° 3~1 

4 15 14 4 5.5 X 10° 4.5 X 10° 4~1 

5 14 13 5 4.5 X 10° ,3.5 X 10° 5~1 

6 13 12 6 3.5 X 10° 2.5 X 10° 6~1 

7 12 11 7 2.5 X 10° 1.5 X 10° 7~1 

8 11 10 8 1.5 X 10° 5.0 X 10- 1 8-+1 
9 10 9 9 5.0 X 10-1 5.0 X 10-2 9 ...... 1 

10 9 8 10 5.0 X 10-2 5.0 X 10-3 10 ~ 1 

11 8 7 11 5.0 X 10-3 5.0 X 10-4 11 ~ 2 
12 7 6 12 5.0 X 10-4 5.0 X 10-5 12 ...... 3 
13 ~ 5 13 5.0 X 10-s 5.0 X 10-6 13 ...... 4 
14 5 4 14 5.0 X 10-6 5.5 X 10-; 14 ~ 5 
15 4 3 15 5.5 X 10-7 7.0 X 10-s 15 -+ 6 

16 3 2 16 Thermal 16 ~ 7 
17 2 1 17 ...... 8 
18 1 0 18 ...... 9 

t From Bendall. 49 

In the MAC formulation of Peterson 5 
I and Canali, I1semann. and 

Preusch,52 the number of energy groups for the group-diffusion calculation 

is increased co 31 over an energy range from 0 to 10 Me V. Again the fission 

spectrum is divided into 18 removal bands of I-MeV width. The f1ux density 

for the source of the removed neutrons (usually called removal flux) 

corresponding to the gth removal band, which is introduced in to the ith 

energy group, is given by 

rEg+ 1 F(E) e-~ R (E)r 
CP~j = So JEg 47Tr2 dE (4.9-7) 

The removed neutrons are introduced inco the five highest energy groups 

only. The transfer scheme, along with the removal-band and energy-group 

structures, is given in Table 4.7. 
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Table 4.7-REMOVAL·BAND AND ENERGY-GROUP STRUCTURES USED IN MACt 

Band 
No. 

1 
2 
3 
4 
5 

6 
7 
8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 

Removal bands 

Energy limits, MeV 

Upper 

18 
17 
16 
15 
14 

13 
12 
11 
10 

9 

8 
7 
6 
5 
4 

3 
2 
1 

Lower 

17 
16 
15 
14 
13 

12 
11 
10 

9 
8 

7 
6 
5 
4 

3 

2 
1 
o 

t From Peterson. 5 I 

Group 
No. 

1 
2 
3 
4 

5 

6 
7 
8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 
31 

Diffusion groups 

Energy limits. MeV 

Lower 

6.065 X 10° 
3.679 X 10° 
2.231 X 10° 
1.353 X 10° 
8.208 X 10- 1 

3.876 X 10- 1 

1.830 X 10- 1 

6.733 X 10-2 

2.600 X 10-2 

2.000 X 10-2 

9.118 X 10-3 

3.355 X 10-3 

1.234 X 10-3 

4.540 X 10-4 

3.199 X 10-4 

2.255 X 10-4 

1.120 X 10-4 

6.147 X 10-5 

3.374 X 10-5 

1.515 X 10-5 

1.016 X 10-5 

4.565 X 10-6 

1.375 X 10-6 

9.214 X 10-7 

6.716 X 10-7 

4.140 X 10-7 

2.775 X 10- 7 

1.860 X 10-7 

1.247 X 10-7 

7.595Xl0-8 

o 

Upper • 

1.000 X 10- 1 

6.065 X 10° 
3.679 X 10° 
2.231 X 10° 
1.353 X 10° 

8.208 X 10-1 
3.876 X to-I 
1.830 X 10- 1 

6.733 X 10-2 

2.600 X 10-2 

2.000 X 10-2 

9.118XI0- J 

3.355 X 10-3 

1.234 X 10-3 

4.540 X W- 4 

3.199 X 10-4 

2.255 X 10-4 

1.120 X 10-4 

6.147 X 10-5 

3.374 X 10-5 

1.515 X 10-5 

1.016 X 10-5 

4.565 X 10-6 

1.375 X 10-6 

9.214 X 10-7 

6.716 X 10-7 

4.140 X 10-7 

2.775 X 10-7 

1.860 X 10-7 

1.247 X 10-7 

7.595 X 10-8 

Band·to· 
group 

transfer 
scheme 

1 ->- 1 
2->-1 
3->-1 
4->-1 
5~1 

6->-1 
7->-1 
8->-1 
9 ~ 1 

10 ...... 1 

11 ...... 1 
12 ...... 1 
13 ...... 2 
14 ...... 2 
15 ...... 2 

The MAC formulation differs from the original Spinney method in two 

major respects: (1) the removal flux density IS added directly to the 

group-diffusion flux density after the diffusion calculation has been 

performed, and the combined flux density is then used to calculate source 
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1 
o 
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transfer 
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The MAC formulation differs from the original Spinney method in two 

major respects: (1) the removal flux density IS added directly to the 

group-diffusion flux density after the diffusion calculation has been 

performed, and the combined flux density is then used to calculate source 
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neutrons for the lower energy groups: and (2) the general treatment of the 
down scatter transfer of neutrons allows for a more accurate representation 
of inelastic scattering and collisions with hydrogen. 

The highest energy group (i = 1) in the diffusion part'of the calculation is 
not actually treated as a diffusion group. The collision density, 

~ 1 k [F 1 <I>~ d r )] 

which is based on the removal flux densities (corresponding to the energy 
bands 1 to 12), provides neutrons by downscattering from the first group 
into the kth grou p, k = 2, 3, .. . ,K. The kinds of -possible interactio ns. as 
described by their respective group-to-group removal cross section. ~ 1 k, will 
determine the extent of the downscatter. A diffusion calculation is then 
performed on the second group, the neutrons removed from group 1 being 
used as the source. Solution of the group 2 diffusion equation 

(4.9-8) 

yields the group-diffusion flux density ct>2 (r). The group 2 removal flux 
densities are then added to the diffusion flux density so that the downscatter 
source of neutrons from group 2 into the lower energy groups can be 
calculated. The downscatter source into group k (k = 3, 4, .. .• K) is given by 

~2k [ct>2(r) + 1: ct>g02(r)] 
g=13 

The calculation proceeds in a similar fashion from one group to the next 
lower group and so on. In general, for i> 2 the group-diffusion equations are 

given by 

(i = 3, 4, ... ) (4.9-9) 

and the downscatter source term from the ith group into the kth group is 

In the NRN formulation of Hjarne S 3 and Hjarne and Leimdorfer,s4 the 
energy structure for the removal bands and energy groups differs signifi-
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candy from that used in the RASH and MAC formulations. The group 
structure for the group-diffusion calculation consists of 24 groups over an 
energy range 0 to 18 Me V. and the fission spectrum is divided into 30 bands 
of varying vvidths. The removal-band and energy-group structures are given in 
Table 4.8. 

Table 4.8-REMOVAL-BAND AND ENERGY·GROUP STRUCTURES USED IN NRN7 

Removal bands Diffusion group 

Band Energy limits. MeV 
Group 

Energy limits. MeV 

No. Upper Lower No. Upper Lower 

1 1.8 X 10 1 1.43 X 10 1 1 1.8 X 10 1 1.35 X 10 I 
2 1.43 X 10 1 1.136 X 10 1 2 1.35 X 10 1 1.0 X 10 1 

3 1.136 X 10 1 9.021 X 10° 3 1.0 X 10 1 7.8 X 10° 
4 9.021 X 10° 7.166 X 100 4 7.8 X 100 5.9 X 10° 
5 7.166 X 10° 5.692 X 10° 5 5.9 X 10° 4.4 X 10° 

6 5.692 X 10° 4.521 X 10° 6 4.4 X 100 3.4 X 10° 
7 4.521 X 10° 3.591 X 10° 7 3.4 X 10° 2.6 X 10° 
8 3.591 X 10° 2.853 X 10° 8 2.6 X 10° 2.0 X 10° 
9 2.853 X 10° 2.267 X 10° 9 2.0 X 10° 1.5 X 10° 

10 2.267 X 10° 1.800 X 10° 10 1.5 X 10° 1.2 X 10° 

11 1.800 X 10° 1.430 X 10° 11 1.2 X 10° 9.0 X 10- 1 

12 1.430 X 10° 1.136 X 10° 12 9.0 X 10- 1 7.0 X 10- 1 

13 1.136 X 100 9.021 X 10- 1 13 7.0 X 10- 1 5.1 X 10-1 

14 9.021 X 10- 1 7.166 X 10- 1 14 5.1 X 10-1 3.8 X 10- 1 

15 7.166 X 10- 1 5.692 X 10- 1 15 3.8 X 10-1 3.0 X 10- 1 

16 5.692 X 10- 1 4.521 X 10- 1 16 3.0 X 10- 1 1.0 X 10- 1 

17 4.521 X 10- 1 3.591 X 10- 1 17 1.0 X 10- 1 3.10 X 10"'2 
18 3.591 X 10-1 2.853 X 10- 1 18 3.10 X 10-2 1.10 X 10-2 

19 2.853 X 10-1 2.267 X 10- 1 19 1.10 X 10-2 1.10 X 10-3 

20 2.267 X 10-1 1.800 X 10- 1 20 1.10 X 10-3 1.10 X 10-4 

21 1.800 X 10- 1 1.430 X 10- 1 21 1.10 X 10-4 1.10 X 10-s 

22 1.430 X 10- 1 1.136 X 10- 1 22 1.10 X 10-s 1.10 X 10-6 

23 1.136 X 10- 1 9.021 X 10-2 23 1.10 X 10-6 1.05 X 10-7 

24 9.021 X 10-2 7.166 X 10-2 24 Thermal 
25 7.166 X 10-2 5.692 X 10-2 

26 5.692 X 10-2 4.521 X 10-2 

27 4.521 X 10-2 3.591 X 10-2 

28 3.591 X 10-2 2.853 X 10-2 

29 2.853 X 10-2 2.267 X 10-2 

30 2.267 X 10-2 1.80 X 10-'2 

t From Hjarne. 5 
3 
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Table 4.8. 

Table 4.8-REMOVAL-BAND AND ENERGY·GROUP STRUCTURES USED IN NRN7 

Removal bands Diffusion group 

Band Energy limits. MeV 
Group 

Energy limits. MeV 

No. Upper Lower No. Upper Lower 
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9 2.853 X 10° 2.267 X 10° 9 2.0 X 10° 1.5 X 10° 
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The NRN method allows for the transfer of removed neutrons from each 
removal band to many diffusion groups. The source for the ith diffusion 

group arising from all removal collisions is 

where ¢i is the removal flux density in the gth energy band and ~ii is the 
energy-averaged removal cross section for the transfer of neutrons from the 

gch removal band into the ith energy grOll p. 
The calculation also allows transfer from each diffusion group to all 

lower energy diffusion groups. The group-diffusi~n equation for the ith 

group is given by 

K 

Dj V'2 4>j(r) - 1: ~jk 4>j(r) - ~ai ¢j(r) 
k=i+l 

1 
+ ~ ~··¢·(r)+~o.¢o=O ·~1 JI J gr g 

}-I-
(4.9-10) 

where the various diffusion-theory parameters have conventional definitions. 

The SABINE code, described bv Ponci, Preusch. and Schubart5 sand bv , . ~. 

Nicks. Perline, and Ponti. 5 6 represents later European technology than 
RASH and NRN. SABINE uses 19 removal groups and 26 diffusion groups. 

The code is also one dimensional and can solve problems in slab, cylindrical, 
and spherical geometries. Particular attention has been paid to the coupling 
of the removal flux with the diffusion equations. The assumed model in 
SABINE makes use of the' same transfer matrix for band-co-grau p and 

group-to-group transfers, i.e., 

where the removal band g and diffusion group i correspond co the same 
energy and j =1= i. Within-group transfer of removal neutrons to the diffusion 
group of the same energy range is also included. 

Gamma-ray transport is accomplished by using seven energ;l graups and 
empirical region-depenc.ent buildup factors based on transport calculations. 
Both primary sources (fission gamma rays) in the reactor core and secondary 
sources (capture and inelastic-scattering gamma rays) generated within the 
shield can be included. 

The ATTOW code is a recent British development described by Collier 
and CurtisS 7 and by Averv and Curtis. 5 

8 I t is a two-dimensional (finite 

--
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cy linder or 20 rectangular) diffusion code that can accept removal sources 

prepared by a built-in subroutine_ The removal-source subroutine calculates 

sources at poims determined by the routine and fits two-dimensional 

polynomials, of order chosen by the user, to the results. These data a~e put 

on tape in a form that can be used by A TTOW. The spatial in tegration over 

the reactor core is performed by a Gaussian scheme using a stored table of 
zeros and weights. 

Removal cross sections r.gi are input to the program, allowing the user 

control of the removal assumptions. The full group-to-group transfer matri...~ 

'iji is also assumed for the diffusion treatment. 

The ATTOW code has been used extensively in the United Kingdom for 

solving problems associated with fast breeder reactors. It was found that the 
results were somewhat sensitive to the energy-group structure chosen. s 8 A 

23-group structure was judged best. This sensitivity is most pronounced 
when materials such as graphite are present and is artribmed to the 
continuous slowing-down (age theory) assumption, although even a full

scatter matrix cannot preserve the energy-angle correlation in diffusion 

theory. These difficulties should not be apparem in hydrogenous materials. 

which generally have shorr diffusion lengths. 

4.9.3 Differences in Current Methods 

A comparison of the preceding formulations shows that, with respect to 

the removal-band and energy-group schemes, RASH E and MAC are similar 

in concept and identical in many respects. The NRN, SABINE, or ATTOW 

approach is more general and should provide the most accurate model if the 

required removal and transfer cross sections are known. 
With regard to removal cross sections, RASH E and MAC use the cross 

sections suggested by the original Spinney formulation, which has the 

general form 

where 'i R = removal cross section 

'i. t = total macroscopic cross section 

'i.el = elastic-scattering cross section 

(4.9-11) 

f = fraction of elastic collisions that can be regarded as glancing 

If f is taken to be the average cosine of scattering in the laboratory system. 
iio. the removal cross section becomes the transport cross section originally 

used by Spinney. In general. the parameter f cannot be determined 
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intrinsically. and thus a value must be assumed or determined empirically. 
This has been done for a large variety of typical shield configurations. and 
the removal cross sections thus determined are used with a high degree of 
confidence. 

The NRN removal cross sections are obtained by experimentally 
determining the angles of scatter above which elastic collisions can be 
considered as removals. The removal cross section is given hy 

(4.9-12) 

where a(e) is the differential elastic-scattering cross section per unit solid 
angle about the scattering angle e in the center-of-mass system and e R is the 
scattering angle above which the collision is considered to be a removal. The 
value of e R is determined by comparing predicted neutron reaction rates 
with experimental values. AaltoS 9 obtained a best value of cos e R = 0.45 for 
hydrogen. and cos e R = 0.60 was obtained for other nuclides. With these 
values of e R , a full set of removal cross sections can be derived. 

The NRN removal cross sections may not have any advantage over the 
Spinney cross sections since each scheme involves only a single adjustable 
parameter. eR and!, respectively. . 

The MAC scheme for transferring removed neutrons into energy groups 
differs significantly from that used by either RASH E or NRN. The 
procedure in MAC is to add the removal flux density to the newly calculated 
group-diffusion flux density to establish the group-co-group downscatter 
source. In contrast. RASH E and NRN introduce the removed neutrons into 
given groups as source neutrons to that group. a more natural procedure for 
the group-diffusion calculation. The RASH E has a very restricted transfer 
scheme wherein the removed neutrons from a given removal band are 
introduced into a prescribed energy group and into no other. The NRN 
provides for a much more general scheme. using a removal matrix to describe 
the transfer of removed neutrons from a given removal band into any of the 
lower energy grou ps. 

Of the methods mentioned, the slowing-down model embodied in 
NRN, and especially in SABINE, gives the most accurate description of the 
slowing-down process. It involves a general-group to any lower energy-group 
transfer matrix using detailed elastic and. inelastic scattering cross sections 
for all nuclides. A similar scheme is employed by MAC; however, some 

maccuracy is allowed in the description of the nonhydrogen elastic 
scattering. 
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The RASH E uses a group-to-group transfer cross section based on the 
continuous slowing-down (age) model, which allows transfer to the nex t 
lower energy group only. This could lead to serious inaccuracies, particularly 
with respect to inelastic scatterings and collisions with hydrogen. 

In conclusion, we should note that the Spinney method, used much 

more in Europe than in the United States, provides reliable results. As with 
any empirical method, it should be applied with some caution. Before being 
used extensively for design. removal-diffusion results should be compared 
with rigorous calculational methods or experiments for similar configura
tions. The simplicity and speed of computarion give the Spinney method a 
significant advantage over more-sophisticated methods in design work. 
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EXERCISES 

4.1 Explain why the expression 

¢(r,n,E) df2 dE (n·n) dS 

in Eq. 4.2-1 gives the net (outward minus inward) leakage through the differential 
surface dS. 

4.2 Transform the particle-flu x-density form of the Boltzmann equation with energy as 
an independent variable (Eq.4.2-8) into its equivalent form with the energy-flux 
density, 1 = E¢, as the dependent variable and the. wavelength, /\, as an independent 
variable. [Hint: 1(A):;: 1(E).J 

4.3 Starting with the Boltzmann equation (Eq.4.2-8), show that for a one-speed 
one-dimensional slab geometry with azimuthal symmetry the equation reduces to 

i3¢l(x p) 1 (2fT r2fT f1 , ", 
~ a' + tr ¢(x,~\ :;: S(x,p) + - Jio JO ·1 ts(n.n ) ¢(X,n ) d~ d¢ dr/J 

x "21T ' 

in which p :0 cos 8, where e is the polar angle of n with respect to the x-axis, thus 
verifying Eq. 4.3-1. 
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4.4 Show that for the one-dimensional spherical geometry the Boltzmann equation can 
be reduced to 

3ct>(r,/-I,E) (1 - /1
2

) 3<P(r,/-I,E) + ~ "'( E) 
/J. a + a ""r 'i' r,/-I, 

r r /J. 

+ S(r,/J.,E) + 1~ f; ~s(T,E'''''E,/1o) <I>(r,E',/-I') dE' d/-l' 

thus proving Eq. 4.4-3. 
4.5 Using the form of the Boltzmann equation obtained as a result in problem 4.2. show 

that for a one-dime nsional slab geome try photon transport is described by 

(~ f "\ ' n' n X I n' n I I + Jo 411 1(X,Ix./J.) ~s(A ,~" 'uJ~O(l - Ix + Ix - '~"J dr2 cJJ... 

in which /-I = n'i (i is the unit vector along the x-axis), ~t(X.) is the total attenuation 
coefficient, and ~s(A' ,o'·n) is the differential macroscopic Compton cross section 
for scattering from wavelength A' through an angle whose cosine is n'· O. This 
proves Eq. 4.5-2. 

--~~-
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l\lonte Carlo l"lethods 
for Radiation Transport 

W. E. SELPH and C. W. GARREIT 5 
Monte Carlo techniques have been so important in shield analysis in the past 

decade that a separate chapter on this subject is warranted. For a more 

formal and detailed development of general Monte Carlo techniques. the 
reader is referre-d to one of the texts devoted to the subjecr. 1 -3 We will be 

concerned primarily with the step-by-step development of radiation

transport applications of the method based on a knowledge of microscopic 

cross sections and elementary probability theory. A brief discussion on use 

of the method to solve integral equations is given as an aid to understanding 

the equivalence of this method with other means of solving the Boltzmann 

transport eq uation. 

We assume that the reader has some grasp of the elementary concepts of 

probability, namely, that the probability of one of several possible events 

occurring will be approximately equal to the ratio of the number of 
times the desired event occurs to the total number of events observed in an 

unbiased manner. As the number of observations increases, this ratio should 

more closedy approximate the true probability. Beyond this simple concept. 

more specific definitions will be developed as they are required. 

Much of the information available on the physics of individual nuclear 

interactions is obtained experimentally by observing the fate of large 

numbers of particles. [n like manner. Monte Carlo may be considered as a 

means of repeatedly applying interaction probability data to individual 

particles selected randomly uncil a sufficient number of particles have been 

ob~erved to allow conclusions to be drawn concerning the macroscopic 

multicollision behavior of the total population of panicles within a material 

region. Dependence on such a nzarllematicdl e,"'peril1lf'l1t for the macroscopic 

pro babilities (shield leakage. particle absorption density. etc.) is in many 

ways analogous to the laboratory determination of microscopic interaction 

cross sections. To be sure. the laboratory experiment may be based on the 

observation of a much larger sample than can be processed economically in 
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the mathematical game, but the principles are the same. Research on the 
problem of increasing the sample size or employing other methods to reduce 
the uncertainty associated with Monte Carlo data has led to the development 
of special techniques combining analytical estimates with random particle 
tracking. 

It is possible to show how the various steps involved in a Monte Carlo 
solution correspond to terms of the Boltzmann transport equation. Although 

Monte Carlo may be considered a means of solving the Bolczmann equation, 
it is more properly a modeling of the principles from which the 
Boltzmann equation was developed; that is, the method may be developed 
and properly applied to radiation-transport problems without reference to a 
differential transport equation. The general course followed in this chapter is 

to develop individually, and in a logical sequence, the steps required to solve 

a radiation-transport problem by the Monte Carlo method. 

Before getting into the detailed operations involved in generating a 
particle track, we will first discuss the general organization of the casks. 
Approaches to accomplishing these tasks then will be developed through the 

chapter. Since our objective is to explain the logical processes involved in 
applying the Monte Carlo method, little space is devoted to explaining how 
these operations are programmed for the computer. Programming is a strong 

function of the nature of the computer, its auxiliary equipment, and the 
language used. Further, a large number of general-purpose computer codes 
using the Monte Carlo method for shielding applications are readily available, 
and the probability is rather high that developing a new code for a particular 
application will not be required. 

Simply stated, the Monte Carlo approach requires that we construct case 
histories of the travel of individual particles through the geometry and then 
analyze these histories to derive relevant data, such as flux density and dose 

rate. One particle history includes the birth of a particle at its source, its 
random walk through the transporting medium as it undergoes various 
scattering interactions, and its death, which terminates the history. A death 
can occur when the particle becomes absorbed; leaves the geometric region 
of interest, or loses significance owing to other factors (e.g., low energy). 

If we assume for the moment that the source-shield geometry has been 
mathematically modeled, the major steps involved in generating a particle
track history are shown in Fig. 5.1. 

The loop 2 through 4 is continued until the particle parameters fall 
outside some predetermined limit of values, such ac; geometrical bounds, 

minimum energy, or minimum statistical weight (a concept to be developed 

-' 

208 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

the mathematical game, but the principles are the same. Research on the 
problem of increasing the sample size or employing other methods to reduce 
the uncertainty associated with Monte Carlo data has led to the development 
of special techniques combining analytical estimates with random particle 
tracking. 

It is possible to show how the various steps involved in a Monte Carlo 
solution correspond to terms of the Boltzmann transport equation. Although 

Monte Carlo may be considered a means of solving the Bolczmann equation, 
it is more properly a modeling of the principles from which the 
Boltzmann equation was developed; that is, the method may be developed 
and properly applied to radiation-transport problems without reference to a 
differential transport equation. The general course followed in this chapter is 

to develop individually, and in a logical sequence, the steps required to solve 

a radiation-transport problem by the Monte Carlo method. 

Before getting into the detailed operations involved in generating a 
particle track, we will first discuss the general organization of the casks. 
Approaches to accomplishing these tasks then will be developed through the 

chapter. Since our objective is to explain the logical processes involved in 
applying the Monte Carlo method, little space is devoted to explaining how 
these operations are programmed for the computer. Programming is a strong 

function of the nature of the computer, its auxiliary equipment, and the 
language used. Further, a large number of general-purpose computer codes 
using the Monte Carlo method for shielding applications are readily available, 
and the probability is rather high that developing a new code for a particular 
application will not be required. 

Simply stated, the Monte Carlo approach requires that we construct case 
histories of the travel of individual particles through the geometry and then 
analyze these histories to derive relevant data, such as flux density and dose 

rate. One particle history includes the birth of a particle at its source, its 
random walk through the transporting medium as it undergoes various 
scattering interactions, and its death, which terminates the history. A death 
can occur when the particle becomes absorbed; leaves the geometric region 
of interest, or loses significance owing to other factors (e.g., low energy). 

If we assume for the moment that the source-shield geometry has been 
mathematically modeled, the major steps involved in generating a particle
track history are shown in Fig. 5.1. 

The loop 2 through 4 is continued until the particle parameters fall 
outside some predetermined limit of values, such ac; geometrical bounds, 

minimum energy, or minimum statistical weight (a concept to be developed 

-' 



MONTE CARLO METHODS FOR RADIATION TRANSPORT 209 

later). This process only generates particle histories. Separate provision must 

be made for estimating desirable output quantities. such as flux density, 

current density, or interaction densities. The first three operations in Fig. 5.1 

involve the selection of parameters at random from a probability distribution 

of all possible values of these parameters. Thus a sufficiently large number of 

• I 
Choose Select Compute 

particle source - Select 
~ 

collision r-- parameters parameters path length parameters after collision (1) (2) (3) (4) 

Fig. S.l-His[Qry generator. 

selections of a given parameter would be distributed in the same manner as 
the corresponding probabilities. The steps in making a random selection 

from such probability distributions are based on the use of numbers 
randoml y distributed between the limits of 0 and 1. 

5.1 SAMPLING FROM PROBABILITY DISTRIBUTION FUNCTIONS 

As suggested earlier, all physical processes, including the emission of 
radiations from sources and their subsequent transport through material, are 
probabilistic: that is. one cannot predict, with certainty, exactly what will 

occur for every individual particle in the process. Nevertheless, such 

stochilStic, or random. processes can be effectively characterized and 

predictions can be made by describing the average behavior of many 

elements or by estimating with a known degree of confidence (but never 

with certainty) the behavior of one element. Mathematically this charac
terization is accomplished through the use of various probability functions. 

Processes dependent on one or many independent variables may be so 
handled. 

An event is a physical occurrence. for example, a coin toss resulting in a 

head or a photon assuming a specific energy Eo. An event space is the set of 

all possible (mutually exclusive) events within the process under considera

tion. Event spaces, sometimes called sample spaces. may be finite and 

discrete (the coin-toss problem where it contains only two points. heads and 

tails), continuous (the visible electromagnetic spectrum), andlor infinire in 
extent. 

--~~ -
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Clearly, events such as heads and tails require numerical representation 
to be handled effectively from a mathematical standpoint. Thus events are 
mapped onto real numbers by a function called a random variable. For 
example, a coin-toss random variable might be a function that assigns 0 to 

tails and 1 to heads. To be precise, one must define the random-variable 
functions used. For the subject matter of this text, however, the event and 
the value assigned it by the random variable (e.g., a photon produced at 
energy E is assigned the value E) will be quite clear, and we will not 
explicicly define the mapping function. 

Inherent in the Monte Carlo procedure is the concept of the probability 
density function (PDF) (also called frequency fu.nctions and probability 
distributions). This concept is an extension of differential distribution 
functions introduced in Sec. 2.2.1. The probability density function. f(x), 
describes the relative frequency of occurrence of its random variable, x. Its 
domain (all possible values of x) constitutes the event space. 

Let P(x<xo<x+~.'\") be the probability that a random variable Xo lies 
within the interval (x.x + ~x) of its event space. The PDF f(x)t is related to 
this probability by the equality 

P(x<Xo<X+~X) = f(x) 6x (5.1-1 ; 

as 6x becomes vanishingly small. Thus the PDF is central to the prediction 
problem, and knowledge of the PDF enables one to obtain the probability of 
occurrence of a specific event. Equation 5.1-1 shows that the PDF f(x) gives 
the probability of occurrence per unit interval of the random variable x. 

Over larger intervals PDF's are used with differentials. Thus 

P(a<x<b) = f~ f(x) dx (5.1·2) 

Since PDF's describe relative frequencies of occurrences of events within an 
event space, two properties of PDF's emerge; namely, 

o ~f(x) (5.1·3) 

and 

r: f(x) dx = 1 (5.1-4 ) 

t As with differential distributions, the contept is easily extended to two or more variables and 
may be changed to phase·space nCtation by substituting P for x. where P represents (r .n,E) . 
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Equation 5.1-4 states that the probability of finding a chosen event 
somewhere within its event space must be unity, and Eq. 5.1-3 accrues from 
the fact that relative frequencies (i.e., probability values) must be positive. 

The cumulative distriblltio11 junction (CDF) gives the probability that 
the random variable x has a value less than or equal to some fixed value. It is 
given by 

( ~ 1 ~\ 
J. -J) 

Two restrictions placed on F(x) that follow from Eqs. 5.1-3 and 5.1-4 are 

lim F(x) = 1 
x-go 

(5.1-6 ) 

and 

lim F(x) = 0 
X-·gQ 

(5.1-7) 

The probability P(a<x<b) of x lying within an interval (<l.b) is thus given 
bv 

f
b . 

P(a<'I:<b) = ((x) dx = Flb\ - FI<l) u J', \ I \, (5.1-8) 

Clearly, if the variable x can only take on values within some finite range, 

then one may substitute the lower bound of that range for _00 and the upper 
bound for +00 in the preceding expressions. 

Various distribution functions may be encountered which are not 

probability density functions. For example, a variable may be limited to the 
region 2 ~ x ~ 4 and be distributed proportional to x 2 in that region. The 

function x 2 violates both of the preceding restrictions on probability values 

but may, with proper normalization. be converted to a PDF. In this case the 
PDF f(x) is given by 

x 2 

f(x) = 4 2 
f2 X dx 

(5.1-9) 

and 

(S.1-10) 
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Or, stated more generally, where q(x) is any function of x that is positive for 
all values of x, 

and 

q(x) 
f(x) ::; r:q(x) dx 

F - .r..: q(x) dx 
(xo) - f.: q(x) dx 

(5.1-11) 

(5.1-12) 

Where the event space is discrete, the random variable can only take on 
selected values, and the PDF f(xj) is defined by 

(i::; 1,2, ... ) (5.1-13) 

where 

The CDF becomes 

n 

P(Xj<xn) ::; F(x,z) = E f(xj) (5.1-14 ) 
i=l 

The mean value of a distribution is given by 

" x::; Ilx ::; L Xi f(Xj) (5.1-15) 
i= 1 

in the discrete case, or by 

x= Ilx = f: x f(x) dx (5.1-16) 

in the continuous case. Since the average of a large sample of values of x 

tends to this point. Il is sometimes called the expected value of x. 

The expected value of g(x) is then 

n 

i = L g(xd !(Xj) (5.1-17) 
i= 1 
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and in the continuous case 

i = t: g(x) f(x) dx (5.1-18) 

Note that 

" X2 = 1: xt [(Xi) (5.1-19) 
;=1 

The variance of a distribution function is a measure of how closelv the 
J 

distribution is grouped about the mean. The variance, denoted 0 2 , is defined 
as 

(5.1-20 ) 

in the discrete case or as 

2 Joe 2 f Ox = . .,., (x - Jl) (x) dx (5.1-21 ) 

in the continuous case. A little manipulation will show that 

(5.1·22) 

in either of the preceding expressions. The sta/1dard deviation is often used 
instead of the variance as a measure of the dispersion about the mean. The 
standard deviation, a x, is given, logicall y enough, by 

(5.1-23) 

In analyzing and solving problems involving random processes, one must 
randomly select events from distributions for which the PDF's are known, 
exactly or approximately. Thus the problem is first to choose a value of f(x) 
[or its equivalent, F(x)] by some random process. Then, having obtained 
f(x), find x, which, of course, defines the desired event. Comprehending this 
inverse process is often difficult for the beginner, who is accustomed to 

calculating values of f(x), given x. It is common practice to use random 
numbers equally distributed between 0 and 1 to obtain random samples of a 
variable that will be distributed in the same manner as f(x). If a random 

_"'<r. _ -=-
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number n (0 < n < 1) is chosen, the value of the associated random variable 

x may be obtained by solving the inverse of the equation 

n = F(x) (5.1-24) 

for x, where F(x) is a cumulative distribution function. We emphasize that 
the random number n is a value chosen from the range of the function F(x), 
whereas the desired random variable x is a value within the domain of F(x). 

K 

((x) 

I 
---1-------------1 

I I 
I I 
I I 

x 

Fig. 5.2-Rcjecrion rechnique. 
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It is also possible to select randomly from a continuous probability 

distribution by a powerful method known as a rejectiol1 technique. Consider 
the function f(x) as plotted in Fig. 5.2. The objective is to generate a 
sequence of values of x such that [(x) is approximated by the relative 

frequency of occurrence of values of x within the collection formed by the 

sequence. 
We first choose a value K that exceeds all values of f(x) within the 

region. Then, using appropriate techniques, we obtain a random number n, 

which is used to select a value Xj (x 1 < Xi < X2) by the relation 

(5.1-25) 
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The value of f(xiJ is evaluated at the selected value of Xi. Taking another 

random number /1', we next select a number N from a random distribution 

between 0 and K by setting 

(5.1-26) 

If IV > j(Xj), the value of Xj is rejected. The process is repeated by generating 

new values of Xi and N until N;:;;;; !(Xi)' When this occurs the value of Xi is 

accepted and used as the random sample. The probability of a particular Xi 

being accepted is given by !(xj)/K and the probability of rejection is [K -

j(Xj) J / K. Thus, after a large number of determinations for various values of 
x, the distribution in x of the values accepted would approximate the 

function /(x). 

The efficiency of this technigue for selecting from fIx; IS gIVen bv the 

ratio of the area under the curve to the total area, or 

(5.1-27) 

For highest efficiency, the value K should be the smallest possible value that 

always exceeds f(x) in the region. 

Within a computer program, random numbers may be taken from tables 

called into the machine memory or they may be generated by a subroutine 

as needed. Random-number-gencrator routines are available as standard 

software with most general-purpose computers. N umbers obtained in either 

way are more properly termed pseudoT(lIldom because they are svstemati

cally obtained. 

Despite their availability and short length, the codes that generate 

pseudorandom numbers arc not trivial. In fact, a precise test to verify the 

randomlles~' of a generator has yet to be defined. Various criteria can be 

applied which test for necessary conditions: the test for sufficiency awaits 

further research. It is sound practice when selecting a random-number

generator code to examine the tests to which it has been put. In fact, some 

generators that had been used for years were found to be not so random 

after all when sophisticated tests were applied. Appendix I is an introduction 

to random-number generators, including descriptions of some in general use 

and a discussion of tests for randomness. 

'~'--
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5.2 THE EVALUATION OF INTEGRALS 

A theorem of statistics called the law of large numbers provides the basis 
'for evaluating integrals with the Monte Carlo method. To illustrate this 
theorem, we will consider the integral 

z = 1.: Z(x) f(x) dx (5.2-1) 

where f(x) is a probability distribution. The term Z is called the expected 
value of the function Z(x). The law of large numbers states that this integral 
may be approximated by 

(5.2-2) 

and that ZN vvill approach Z as a limit as N approaches 00. The Xl, x:::! , •• • ,Xi\! 

are randomly selected from the PDF /(x) (the rejection technique could be 
used), and iN is called an estimate of Z. 

Biasing may be defined as any means of distorting the sampling 
technique to advantage and may be introduced into the evaluation of the 
preceding integral by means of a biasing function, h(x) 

z = f~ Z(x) f(x) h(x) d..", 
-- h(x) 

(5.2-3) 

This equation is then evaluated by sampling from a PDF given by the 
product If(x) h(x) 1, and each sample is adjusted by 1/h(x). A reasonable 
choice of the function h(x) is one that will encourage choices of x most 
likely to give values of Z lying at or near the expected value; that is, the 
variance of the distribution [J(x) h(x)) should be less than that of f(x). A 
goal is that the product [J(x) h(x) 1 approach a constant such that there is 
zero variance and 

Z = ~((;? for any choice of x (5.2-4 ) 

The integral Boltzmann transport equation may be expressed in a form 
similar to the preceding equation for Z. To evaluate the density ¢(P) of 

.-~-
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particles emerging from collision in a unit of phase space dP, (e.g .. dP = dE 
dn dry, we can write the Boltzmann equation 

<I>(P) = J K(P' ~ P) <I>(pI
) dP' + S(P) (5.2-5) 

The term K(P/~P) dP is the transfer kernel giving the probability of a 
particle emerging from a collision in increment dP about P given chat one 
particle emerged from a collision at p'; S(PJ is the density of the source 
generating panicles in dP directly. In generating random-particle tracks 
through a medium, we are essentially generating a <1>( pi) by straigh tforward 
sampling. Performing a statistical estimation of the contribution to dP from 
each collision point is a means of evaluating the kernel K(P/~P). Evaluation 
of the estimates from each collision point then is equivalent to performing 
the integral over volume, energy, and angle. The cransfer kernel may be 
decomposed into the form 

(5.2-6) 

That is, the transfer kernel K is expressed as a product of T, a transport 
kernel. and C, a collision kernel. The vertical line in the arguments of the 
two functions indicates quantities that are held constant; in T, r' ~ r for a 
given E', n'; in C, both E' ~ E and n' ~ n for a given r. The function T 

would contain a delta function that vanishes everywhere except where r lies 
along the ray fl.'; otherwise it is essentially the probability of interaction per 
unit length along the ray. 

Functions that are introduced into this equation to provide biasing of 
parameters are often called importance functions because they provide 
sampling in those areas most important to the answer. For example, an 
importance function depending on position alone may be introduced into 
the function T by defining 

, lE' ,I(r) T* = T(r ~r n )-' 
, I( r') (5.2-7) 

The J(r) function often assumes an exponential form in penetration 
problems. This function can then be combined in whole or in part with the 
exponential in the transport kernel. A Monte Carlo application of position 
biasing is discussed in the section on selection of path lengths. 
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Other importance functions of energy, angle, or position may be 
introduced into the equation in a comparable manner. Goertzel and Kalos4 

developed the Monte Carlo application to radiation transport in phase-space 
notation. 

A more systematic and generally successful approach to importance 
sampling is to use the value fitnction, a solution to the equation adjoint to 
the Boltzmann equation. The value function has been shown by Coveyou, 

Cain, and Yost S to be a very good, sometimes optimum, importance 
function for biasing the Monte Carlo procedure. Cain 6 has shown that the 

value function can be readily obtained by S!1 methods and applied to the 
Monte Carlo problem. 

5.3 SOURCE PARAMETERS 

With this background in selecting from distributions, we are now ready 
to consider the first block in the history-generator routine: choose source 

parameters. The source parameters will be assumed to include the energy, 
spatial point of origin, and direction of motion of the source particle, as well 

as biasing parameters. 

These parameters may be independent, or they may be interrelated in 
various ways. For example, where the energy distribution is dependent on 

the direction of motion, the order of selection would call first for selection 
of the initial angle and then for selection from the energy distribution 
applicable to that angle. When biasing parameters are used, they are tied to 
one or more of the other parameters. 

5.3.1 Selection from an Energy Distribution 

The most convenient form for expressing an energy distribution depends 

on the nature of the distribution. Some of the forms of distribution that 
may be available for input to the problem are discussed in Chap. 2. Where 
possible, a cumulative energy distribution should be input at frequent energy 
points such that interpolation may be used with reasonable accuracy. Most 
distributions can be input in this form without an undue amount of data 
handling. The source-energy selection process proceeds as shown in Fig. 5.3. 

For some types of problems. energy groups may be defined by using 

boundary values: E I' .... E" + I for 11 groups. The particles may then be 
classified both by their energies and by the 'I groups to which they belong. 

This procedure adds one parameter which must be specified at the source 

.~" -
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but which does not necessarily alter the procedure for selecting the source 
energy. 

5.3.2 Selection of Spatial Point of the Source Particle 

The problem of locating and tracking particles from point to point in 
material regions is primarily one of geometry. Physics becomes involved only 

Generate a Set Evaluate E from 
random number stored values of 

n n = F(E) E vs. F(E) 

Fig. 5.3-Selection of initial energy. 

ill the determination of track lengths or in the fate of the particle at the 
interaction poin t. 

The means of expressing geometric parameters depends on the choice 
of the coordinate system: for example, infinite-medium calculations lend 
themselves to spherical geometry. but many reactor shielding problems are 
best handled in cylindrical or rectangular geometry. Some examples of the 
selection of source spatial position are discussed in the following paragraphs. 

For sources uniformly distributed on a disk, the probability density 
function describing the distribution of ~ource points as a function of radius 
is 27rr/1T R I. where R I 1S the radius of the disk, and the cumulative 
probability distribution is 

2 

f 
r , , r 

P(r) = 0 f(r) dr = Rr ( .s. 3-1 ) 

Here a random number n used to select a value P(r) can be used to select 
a random value of r directly. Since 

r2 
n = P(r) = R i 

it follows that 

( 5.3-2) 
\ , 
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At a given, the source positions are equally distributed in azimuthal angle ¢; 

thus 

and 

¢ 
n = P(¢) = -

211' 

¢ = 27Tn 

If ¢ is to be measured only to ±1T, then 

¢ = 1I'(2n - 1) 

and 

¢+1T 
n=--

27T 

(5.3-3) 

(5.3-4) 

(5.3-5) 

(5.3-6) 

This may be extended to the case of a uniform cylindrical volume 
distribution by next selecting a Z coordinate equally distributed between the 
limits on Z. 

For a nonuniform spherical-shell distribution, consider a spherical shell 
bounded by radius limits 'I and '2 in which the volume density of source 
particles is given by 

p = kr (5.3-7 ; 

The distribution function in r is given by 

(5.3-8) 

The cumulative distribution is given by 

If' 1',(,') dr' J I = r 4 _ r41 
P(,~ = _1 ___ _ 

I J,'l[(r') dr' r1 - r1 
1 

(5.3-9) 

And the randomly selected radius is given by 

, ::: [,1 + n (ri - r1) ~ (5.3-10) 

--
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The corresponding 8 and ¢ coordinates would be selected for uniform 
distribution over the shell at radius r (Sec. 5.3.3). 

A variety of other distributions may be expressed analytically so that 

coordinates may be selected from a continuous distribution. In practical 
application it may not be possible to express the distribution analytically. [n 

such cases the distribution may be numerically integrated to provide a 

Fig. SA-Integral for isotropic distribution. 

cumulative distribution in each dimension. Where the dimensional probabili

ties cannot be separated, i.e., where P(r,e ,¢) cannot be expressed in terms of 

P(r) P(8) P(¢), it may be necessary to specify p(e) and P(¢) or p(e,¢) for 
each interval in r. Two approximations are then possible in making a random 
selection: either a value of r is classified as being within a given .6.r increment 

and the P~8) and P(¢) values for that increment are selected or the P(8) and 

P(¢) values are interpolated between the two adjacent values of r for which 

they are in put. 

5.3.3 Selection of Initial Direction of Source Particle 

We turn next to the problem of assigning a direction to a source particle. 

Consider first sources that are emitting isotropically. Picking a uniformly 
distributed direction is tantamount to selecting unit vectors terminating 

uniformly on the surface of a unit sphere. The cumulative probability 

function is therefore given by the integral over the spherical surface area 

shown schematically in Fig. 5.4. 
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The distribution in e is given by 

t. 211' sin (J' de' 1 
n = P( e);:;; 0 ;:;; - (1 - cos (J) r: 211' sin (J' de' 2 

(5.3-11) 

and 

(J=cos-) (1-2n) (5.3-12) 

The angle ¢ will be uniformly distributed between 0 and =rr, or 

¢ = 11'( 2n - 1) ( 5.3-13) 

Note that the direction cosines are functions of these two angles and can 
be computed once the angles are known. 

For a surface source emitting isotropically, the direction would be 
selected randomly from a 211' half-space, or 

t 21T sin f)' d(J' 
n = g = 1 - cos e r: 12 27T sin e' de' 

(5.3-14 ) 

and 

f) = coso) (1 - n) (5.3-15 ) 

or, since (1 - n) is distributed in the same manner as n, 

( 5.3-16) 

In like manner, for a surface source emitting a cosine distribution, the PDF is 
given by sin f)' cos f)' and the angles f) would be selected from 

cos2 e = tZ (5.3-17 ) 

or 

( 5.3-18) 

Any arbitrary distribution in dire~tion may be puc in terms of tabulated 
values of P( e) and P( ¢). When various source distributions are to be 

.. ~=---
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considered incident on the same shield configuration, it may be advan
tageous to run individual unit source problems. The results obtained from 
the unic source problems can chen be combined with various weightings to 
stimulate a varietv of source distributions. , , 

5.3.4 Source-Biasing Parameters 

In certain calculations it may be desirable ro prejudice the selection of 

one or more source parameters to favor those most likely to contribute to 

---.8 
Fig. 5.5-Source direction biasing. 

the guantity of interest, such as shield leakage or detecror response. This can 

be done by selecting a larger number of the important source particles and 
assigning to each particle a number, called its weight, to adjust for the bias 

that was introduced. Figure 5.5 illustrates this concept. 

Consider an isotro pic source located at .4 and a detector at B. Clearly, 

source particles leaving .-1 in the direction of B will contribute more to the 

flux density at B chan chose leaving in opposite directions. (We assume, of 

course, that scattering is permitted in the transporting medium.) Suppose. in 
following 10,000 source particles, we estimate that 2000 would lie in 6.n in 

the unbiased isotropic case. However, because of their greater importance, 

we desire to force 6000 of the 10,000 to lie in 6.r2. The weight aSSigned to 

them is Y3 to remove this bias. Further, the weight of che remaining 4000 
outside of 6.n must be increased to 2 since each history in the biased case 

represents two particles in the unbiased case. Table 5.1 summarizes these 
facts. As each particle history is generated. its contribution, cPj, to the total 
flux density at B can be determined. This total f1ux density is given by 

10,000 

<P = K l: f\;'j<Pi (5.3-19) 
i=l 

where r~!j is the weight (Y3 or 2) of the particle contributing <Pi and K is a 
source-normalization constant. (For a unit source strength, K = 1/10,000.) 
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When biasing is used, the summation of particle weights equals that of 
the unbiased case where the weights are identically 1. However, because of 
the altered statistical sample, a more representative answer is usually 
obtained for a fixed total number of source particles. 

Table S.l-WEIGHTS FOR BIASING ILLUSTRATION 

Unbiased case Biased case 

No. of Particle No. of Particle 
histories weight histories weight 

Histories in ~n 2,000 1 .6,000 % 
Histories outside ~n 8,000 1 4,000 2 
Total No. of histories 10,000 10,000 

To amplify the example, suppose the 180° range of 8 is divided into 18 
intervals of 10° each and the cumulative probability emission of a source 
particle in the jth increment is given by ilPj (8), j ;;;; 1, 2, ... , 18: 

18 

L APj(8) = 1 =P1s (8) 
}=1 

(5.3-20) 

This distribution may be adjusted in any arbitrary manner by assigning 
probability values APjW) and weights Wj to each angular group such that 

w· AP~(8) = ilP.(8) 
J J J' 

(5.3-21) 

provided one does not violate the rule of probability that ilPj(8) < 1 and 
that 

18 
L ~pl.(8) ;;;; 1 
j= 1 ] 

(5.3-22 ) 

As a second example, consider the case of a plane isotropic source where 
it is desired to bias the histories toward directions near the normal to the 
plane. The unbiased cumulative angular distribution at e = 10° (measured 
from the normal) as computed by Eq. 5.3-14 is 0.015. This value is to be 
increased bv a factor of 5 such that 

J 

F'. (8) ;;;; 0.075 (5.3-23 ) 

.~-
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Particles generated within this interval will have a weight 0.2, and particles 
generated in all other categories will have probability increments 

(5.3-24) 

and will have weights given by 

Pj 1 -PI 
Wj = rJ = , :: 1.065 

Y: 1 - PI ] 

(5.3-25) 

Thus the total particle weight generated by selecting N particles will be 

0.2(O.075)N + 1.06S(1 - 0.07S)N = 1'1 (S.3-26) 

Situations where biasing might be used include: 
1. Selecting more source points near the periphery of a reactor. 
2. Selecting more particles with an initial direction toward the shield or 

detector. 
3. Selecting more particles with a high energy or with an energy 

corresponding to a low total cross section. 

Probability and weight adjustments can be developed for biasing the 
starting position or energy for a particular situation. It is important to 
remember that an adjustment in one category (e.g., angle interval or energy 
group) affects not only that group but the entire distribution. 

In summary, if the number of particles within a particular category is 
increased by a factor k, then their weight is decreased by a factor 11k. The 
weigh t of particles in other categories is increased such that the summation 
of particle weights is equivalent to the number of particles generated. 

5.4 PATH LENGTH 

Thus far the geometry has been defined and a set of source-particle 
parameters has been selected. Next we determine the particle path length 
from the source to the point of interaction. The path length along with the 
parameters of initial direction defines the point at which an interaction 
occurs. 

-~- -
-~--
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Assume initially a single infinite region through which particles are being 
tracked. If the total macroscopic cross section of the region is ~ t(E), then 
the number of particles of energy E penetrating to depth L out of No trials is 

and the probability of penetration to depth L is 

P L = number penetrating to L = e-!: t (E) L 
( ) number of trials 

(5.4-1) 

The probability of particle interaction at some path length ~L is thus given 

by 

(5.4-2) 

If path lengths L to first collision are to be sampled at random, the random 

number, 11, is set egual to P'(L), or 

(5.4-3 ) 

from which 

1 1 
L = ~t(f) In (1 - 11) = ~t(E) In 11 (5.4-4) 

since 1 - n is distributed in the same manner as n. 

Suppose now that a single region is bounded such that the boundary is 
encountered at path length L = A. If the randomly selected path length 
exceeds the value A, then the particle will be assumed to have escaped the 
system. Thus values of L may be selected as shown above for an infinite 
medium and tested to determine whether they exceed A. I f they do the 
particle has escaped and the history is terminated: if they do not, a collision 

is assumed to have occurred at the selected point, and collision parameters 
are calculated. The value of A will be a function of the initial direction of 
the particle and the geometry of the region boundary, and it should be 

calculated after the source direction has been selected so that it will be 
available for the test against L. 

Consider next a multiregion geometry with each region homogeneous. A 

ray extending in the direction of particle motion encounters region 
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thicknesses in the various regions given by A I, A 2, •.• , Ax with associated 

total cross sections given by Ln, Lt2, ... , ~ tx' 

The effect of successive probabilities is such that the escape probability 

from the entire system is equal to the product of the individual 

b>!r,A, 
YES 

(b - r "A,) > !'2A2 
YES Ib - (!"A, + !'2 A 2)1 ~ 

> !'JA 3 

1 NO INO ! 
ETC. 

L = bit., b-r" A, 
L =A, + '<' 

.... ,2 

Fig. 5.6-Selection of path length. 

zone-penetration probabilities. Thus the fate of the particle along the track 
could be determined in the following wa y: 

Select a path length at random assuming an infinite medium with cross 

section Lt!. 
If L 1 exceeds A I, move the particle to the point where its track 

intersects the boundary between region 1 and region 2. 

Select a path length at random, in the original direction, assuming an 

infinite medium with cross section L t1 . 

If L2 exceeds A 2 , translate the particle to the region:2 - region 3 
boundary. This procedure is repeated until one of the Lj < Ai or until the 

particle escapes. 

The total escape probability will be given by 

(5.4-5) 

Instead of selecting path lengths in each of the materials successively, as 

described above, it would perhaps be simpler to decide the fate of the 

particle by selecting only one random number. For this purpose we will 

define b = r Lti Ai. where Ai is the thickness of material i lying along the 
, 

particle path between the source point and the first collision. The value of b 
is selected at random from 

b = In n (5.4-6) 

The process of finding the path length corresponding to the selected value of 
b is symbolized in Fig. 5.6. This search is continued until L is defined. Flow 

--~. -
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Fig. 5.6-Selection of path length. 
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charts for calculating boundary-intercept distances for several types of 
geometry are given by Cashwell and Everett. 3 

Biasing may be introduced into the path-length selection in a manner 
similar to that in source-particle selection; i.e., the true distribution is 
distorted in some arbitrary fashion, and the particle weight is adjusted to 
account for this distortion. The mechanics of track-length biasing depend on 

the motive for biasing. Where it is desired to improve the statistics on 
collisions internal to a region, particles may be prevented from escaping by 
picking collision points from a cumulative distribution which becomes 1.0 at 
the boundary; the weight of the colliding particle is then reduced by 
subtracting the fraction that would ordinarily escape the region. Where it is 
desired to improve the statistical data on particles penetrating a thick shield, 
particle track lengths may be stretched in a direction favoring penetration 
and reduced to the opposite direction with a commensurate adjustment in 
particle weight. In some cases the approximation is made to replace 
transport in an adjacent region by a surface effect or albedo, and one forces 
collisions to occur only at the boundary. 

To illustrate the first type of biasing in its simplest form, we rerum to 

the case of a single limited region. If the initial weight of a source particle is 
Wo and -the path length to escape is AI, then a particle of weight We = Wo 
e -11. 1 I t is allowed to escape, and a particle of weigh ( 

(5.4-7) 

is forced to have a collision prior to escape. The cum ulative probability of 
collision P(L) is given by 

(5.4-8) 

where P(L) is given by P(L) = 1 - e-~ t L . Solving for L, 

(5.4-9) 

In a multiregion problem, this procedure could obviously be repeated for 
paths beyond the first, forcing the particle to remain within the region of 
interest until the history is terminated by minimum-weight or minimum
energy criteria. 

- ---=-!'.: -
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Biasing of track length to affect deeper penetration can be done by 
sampling from a linear rather than an exponential distribution with track 

length. For example, for a thick-slab shield with the incident radiation 

normal to the shield, the first-collision depth could be sampled from 

L = nA 1, where L is the depth to first collision, n is a random number, and 

A 1 is the total shield thickness. For the linear distribution the probability of 

collision between some arbitrary path length L 1 and Ll + dL is given by 
dLIA 1. whereas the probability in the true distribution is ~t e-:E t L I dL. A 

weighting function must be assigned to the particles such that the product of 

the number colliding times their weight is equivalent in the two systems, or 

dL tJ "'" -,. L dL r ) - r = ~ e - t 1 ~t- 0 
A I t 

(5.4-10) 

From this equality the weighting function 

(5.4-11 ; 

is given, where W is the weight assigned to particles at depth L land Wo is 

the initial particle weight in the unbiased system_ Although the particle 
weight is less, a larger fraction of source particles penetrates to great depths, 

which increases the accuracy of the averaging there. 

Similarly. any other arbitrary distribution of collision densities may be 

used with the appropriate weighting schemes_ One of these. the exponential 
transform, is designed to maintain approximately the same population of 

particles at any point within the shield. Since the particle population and 

flux density decrease approximately exponentially with travel through the 

shield, these quantities are weighted by a function that increases exponen

tially with shield penetration. In this scheme a solution is sought for the 

quantity 

<I>(r,w,E) = l\;(r,w,E) eg(r.w,E) 

where N = unbiased flux density 

r = spatial position 
w = direction of particle motion 

E = particle energy 

_~ a -

. ~-

(5.4-12) 
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In a source-free region chis amounts to biasing of track lengths only, but in a 
distributed source the same importance function is applied both to source 
starting positions and to track length. 

We will consider only the implications to initial track-length selection 
and particle weight in this section. 

For an exponential adjustment we may define a pseudo cross section ~; 
given by 

* ~t = }:t (E) - g(r,w,E) (5.4-13) 

and select from a distribution of first collisions give,n by 

(5.4-14) 

The weight applicable to a particle suffering a first collision at depth L can 
be obtained by equating the products of first-collision density times the 
weight in the biased and unbiased systems 

(5.4-15 ) 

from which 

W(L) ~ E _ r e-g(r,w, )L 
w;;-- - L t - g(r ,w.E) (5.4-16 ) 

Thus, for POSItIve values of g, the following observations may be made 
concern ing the collisions occurring at a large value of L: 

1. A larger number of particles are available for intera:ction. 
2. The number of interactions occurring per unit flux density is smaller. 
3. The weight of interacting particles is smaller unless 'L{ ~ 1. 

One form of the transform. first proposed by Kahn,7 is given by 

g(r,w,E) :: E • wC (5.4-17) 

where € is a unit vector in the direction for which penetration is to be 
studied, w is the direction of particle motion, and C is a constant governing 
the magnitude of the transforming factor. In this form the magnitude of the 
transform is proportional to the cosine of the angle between € and W [i.e., 
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g(r,w.£) = C when the particle motion LS Ln the direction e and 

g(r,w.£) = -C in the opposite direction]. 
Eriksson 8 has proposed a form 

( 5.4-18) 

which would gLve spherically inward or outward biasing (depending on the 
selection of sign) about the point (xo,yo,':o). Perkins and BurreIl9 have 
proposed the form 

* It =I t [1-M(w· E)] (5.4-19) 

and have made efficiency comparisons between this and the form 

IX = I - C (w • E) 
t t ' (5.4-20) 

No clear preference was indicated for either of these two methods from their 
studv. 

One of the most persistent difficulties in applying the exponential 
transform is the possibility that the effective cross section I * may become 
negative. Some usersS - 1 0 have prevented this by restricting the choice of g so 

that It is positive for the minimum value of It encountered in the 
problem. However, such a restriction in the choice of g may result in a severe 
limitation on the efficiency of application of the transform. 

Leimdorfer11 proposes two alternatives. The first is to set 

I* = I' > 0 (5.4-21 ) 

whenever I * becomes less than zero, where the value I' is arbitrarily chosen 
by the user. The second method is simply to accept the negative value and 
select from the resulting distribution. This method is generally restricted to 
problems that have finite external boundaries at distance Tl in the direction 
of transport. Negative values are then allowed only for penetration ~Tl; 
beyond the boundary they are replaced by an arbitrary positive value as 
above. Th us, along a particular track crossing the boundary, two weighting 
functions might be applied, one for each of the segments lying on either side 
of the boundary. 

-~- -
--~-
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Extending these concepts to a track along which ~ * varies with the track 
length and negative values are permissible, the track-length distribution is 
given by 

(5.4-22) 

where ~r(S) is the total cross section as a function of track length, or, if 

colIision is to be forced between some limits 0< L < T, then 

As in previous cases, the weighting function is given by 

l,v = Fo(L) Wo 
F(L) 

where the subscript zero refers to the unbiased values, 

(5.4-23) 

(5.4-24) 

ClarkI 2 has prepared an excellent review of the exponential transform in 

which he discusses the efficiency of the method as a function of the form 

and magnitude of g(r,w,E). For high-energy (7 MeV) gamma-ray sources 
uniformly distributed through a 100-cm slab of ordinary concrete and for 

the transform given by 

g=w'ee (5.4-25) 

he found that the estimated relative errort reached a minimum near elL = 1. 
Where the sources were distributed with slab thickness, Z, in accord with the 

function e-kZ and Leimdorfer's first scheme for treating negative values of L 
was used, the minimum relative error was obtained at values of err. lying on 

either side of 1.0 (e.g., 0.6 and 1.6) over a wide range of values of the 
parameter k (0,5 ~ k ~ 00). As slab thickness is increased, the minimum error 

again occurs near err. = 1.0, although this minimum is a larger value owing 

to the increased penetration. When negative cross sections were dealt with 

and Leimdorfer's second scheme was used, increased efficiency was noted, 

and the minimum relative error in all cases was elL = 1. 

tEstimated relative error = deviation of the mean/estimate of the mean = a/~ . 

. --;~-
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With various panicle-weighting techniques, it occasionally happens thar a 

particle arrives deep within the shield with a weight far in excess of the 

average weight of particles at that depth. The presence of these high-weight 
particles adversely affects the convergence of the value of flux density per 

unit source particle for the region. This can be prevented by use of the 
technique of splitting, which decreases the particle weight and increases the 

number of particles by the same factor. Splitting may be instituted at the 
point of collision or where previously defined boundaries are crossed. A 

parallel problem is that of particles scattering back into a region where thcir 

weight is so far below the average weight that further tracking would have 
little effect on the average flux density. This is adjusted by a game of 

Russian roulette. Whether or not the particle survives is determined by the 

ratio of particle weight to some arbitrary weight typical of tilc region. As 
discussed in the following text, a random number is used to determine rhe 

future of such particles. 

One may define certain minimum and maximum permissible particle

weight values for a given region. When a particle appears with r~' < rl'm in, a 

random number is obtained and compared with rvn~!m in. If 11 < II 'Jr IJ'm in. 

the particle is saved and its weight is increased by the ratio II/min nli so that 

it has weight Wmin' If n > f1,!JH'min', the particle perishes; i.e., its history is 
terminated. Any arbitrary value W between Wmin and l'\lm ax (e.g., an 

average of the two limits) could be set as the weight of particles surviving 

Russian roulette provided the corresponding ratio (/v'/TV) is permitted to 

survive. When W> Vi'min, a further test is made co determine whether 

w> rvmax . If it is, the particle is split inco a number of particles given by 

the integer value of the ratio 1l'/f1Jmax . denoted as [rV;rVmax ]. Each particle 

resulting from the split is assigned a lower weight, Jvo , given by 

(5.4-26) 

and then each is tracked separately to its death. 
The boundaries at which splitting and Russian roulette occur may be 

arbitrarily defined without regard to region boundaries. The values of rt)m ax 

and Wmin assigned to regions should be based on the expected behavior of 

the flux density. Where strong biasing is used in a parcicuIar direction, the 

flow of particles in the opposite direction may be adequately controlled by 

the biased track lengths so that Russian roulette is not necessary. Splitting 

may still be required, however, to cover cases where the weight-adjustment 

_-........ -
- -"7'"-
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quantity C'EtI"i:) e-g L becomes very large owing to approximately equal 
values of "it and g. 

An alternative to the splitting and Russian roulette techniques is a 
technique that also performs the biasing function. In this method boundaries 
are defined at which particles crossing in one direction are automatically 
split into an arbitrary multiple, AI, and those passing in the opposite 
direction suffer a fractional mortality 'equivalent to 1 - (II/H). 

For example, such boundaries could be defined at surfaces where the 
flux density would be expected to decrease by a factor of 2, and the 
particles crossing the boundary toward the reduced-flux-density region 
would be doubled. In this manner the particle population would remain 
approximately at the same level through the shield', and the average particle 
weight would reflect the degree of attenuation. The efficiency of this 
method would depend in part on how well the flux-density behavior is 
predicted at the outset. 

5.5 COLLISION PARAMETERS 

When it has been determined on the basis of the total material cross 
section that a collision has occurred, it is then necessary to determine which 
of the possible nuclear species was involved and which of the possible 
interactions of that species took place. For this determination both the total 
and the individual interaction cross sections must be available to the 
computer for each nuclide over the energy range of interest. 

In a material containing several elements of atomic density Pi (nucleil 
cm 3

), and total cross section Otj(cm 2 /nucleus), the total material macro
scopic cross section is given by 

(5.5-1) 

and the probability of a particular species' being involved is given by the 
fraction of the total cross section represented by that species PWtdLt. The 
nucleus involved in a collision can be obtained by selecting a random number 
T and comparing it to a cumulative distribution, 

k 
1:: PiOti 

P(k) = i-= 1 = r (5.5-2) 
"it 

and solving for k, where k can be any integer between 1 and n, inclusive. 
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In a like manner, the type of interaction can be determined bv 

comparing another random number to 

(5.5-3) 

where the aji are the various components of the different interactions 

making up th~ total cross section of element i. 
F or neutrons the aij would ordinarily be the cross sections for elastic 

scatter, absorption, fission, (n,Il') , (1I,211), and (11,311:, Other identifiable 

reaction types can ordinarily be classed into one of these categories: e.g" 

(n,p), (11,0::), (Il,d), etc., are absorptions, and (I'l,n',o::") could be classed as 

(n,I1') since the resulting charged particles are of no interest except as they 

may affect the energy of the neutron given off. " 
Secondary neutrons and gamma rays are associated with mos! of these 

interactions. Ordinarily the secondary neucrons would be included by 

tracking them in turn after the history of the incident neutron is terminated. 

The secondary gamma-ray source data would be stored for later processing 

by a gamma-ray transport program. 
For gamma rays only three cross-section components, photoelectric 

effect, compton scattering. and pair production, would be involved. Two of 
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of the simpler tasks in tracking a particle. This is deceptive, however, because 
the task of amassing the required cross-section data in the proper format can 

dwarf that of coding the problem. A distinguishing feature of the better 

Monte Carlo codes is the degree to which the cross-section preparation task 
has been automated (or the availability of an auxiliary code for that 

purpose). In addition to data at individual energy points, provision must be 

made (through interpolation or analytic fit) to cover all possible energies of 
interest. Schemes often used in this task include linear or logarithmic 

interpolations or polynomial fits to the data within certain energy bounds. 

An additional complicating factor is the use of biasing in the selection of 

the interaction eype. For example, incident neutrons may be assumed to 
scatter at every interaction point, and the weight of each after scactering will 
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cross section. In this manner the average scattering kernel will be the same as 
though the proper number of neutrons were allowed to scatter with no 
weight degradation, but the computing efficiency will generally be greater 
because histories will not be terminated by capture events. 

In practice the entire transport problem can be run with only scattering 
interactions being allowed to occur (making the proper weight reductions) 
and with the collision parameters at each interaction being stored for future 
processing. The collision parameters are then analyzed to determine 
absorption density, to make flux-density estimates (as discussed later in this 
chapter), or to calculate energy-absorption density. . 

5.6 PARTICLE PARAMETERS AFTER COLLISION 

The next task is the determination of the parameters of the particle(s) 
that survive an interaction. These parameters include the type, number, 
energy, and direction of the surviving incident particle and of any 
secondaries created in the interaction. Depending on the purpose of the 
calculation, one may also wish to determine the energy deposited in the 
system. The determination of these parameters involves the application of 
differential cross-section data in even greater detail in the selection of the 
interaction type. The details of the method will necessarily depend on the 
format used in specifying cross sections. 

Rather than catalog the large number of possible nuclear interactions 
involving neutrons and gamma rays and the optional methods that may be 
employed in treating th~se in a Monte Carlo code, we will give examples 
illustrating the principles involved. 

Reference should be made to Chap. 3 for a discussion of the types of 
interactions and of some of the expressions for particle energy following 
collision. 

5.6.1 Neutron Elastic Scattering 

We recall that the angular distribution of elastically scattered neutrons is 
approximately isotropic in the center-of-mass system for the lighter elements 
and becomes more complicated for the heavier elements in which forward 
(and occasionally backward) s<:arcering is usually favored. The anisotropic 
behavior generally intensifies with increasing energy of the incident neutron. 
Most Monte Carlo programs use scattering angles measured in the center-of
mass system for selecting the scattering angle and computing energy after 

-" 
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scattering. The angle of the scattered neutron is then converted to the 
laboratory system for tracking. 

The scattering angle 1/1 in the center-of-mass system, measured from the 
direction of travel of the neutron, will be selected randomly from an 
isotropic distribution by the formula 

cos ¥t = JJ. = 2n - 1 (5.6-1) 

where n is a random number. This is identical to choosing the polar angle of 
emission from an isotropically emitting source. 

Where the isotropic scattering approximation cannot be used, the 
differential angular scattering cross sections, a( I/I,E) , must be used to 
determine the probability distribution of scattering angle. A customary 

procedure is to tabulate values of the cumulative scattering probability 

PI 1/1 E) = It a( I/I,E) dl/l 
\' I~ a( I/I,E) dl/l 

(5.6-2) 

at discrete values of ¥t and E and use interpolation in both dimensions. There 
are disadvantages to this method, however, from the standpoint of 
interpolation inaccuracies and machine-storage requirements. As an alterna
tive, the differential cross section a( I/I,E) may be fit by a function such as 

( 5.6-3) 

and the selection may be performed using the differential probabilities in 

conjunction with a rejection technique. t Values of the coefficients AE, BE, 

and CE may be input for various values of energy where the function 
provides an adequate fit. Where the function cannot provide an adequate fit, 

the differential form may still be used by selecting values at fixed values of 1/1 
and E and using interpolation in conjunction with a rejection technique. This 

latter method would be inferior to using the cumulative distribution where 
computing time is cOilcerned, although input requirements for the differen

tial form are simpler. 
Once the scattering angle 1/1 has been obtained in the center-of-mass 

system, the energy loss can be computed from the energy and momentum 

tWe should note that a(IJ!,E) is often given by Legendre polynomial coefficients, providing an 
alternative to Eq. 5.6-3. 

_1iC. _ 
- ~-
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Select 1/1 r--- Calculate E' - Calculate e r-- Select r:> 
based on OIl/l,£J (Eq.5.6-4) IEq.5.6-5) cf>=n 27T 

Fig. 5.7-Elastic sc~ttering. 

balance equations and the laboratory scattering angle can be calculated. The 
equations involved in these two operations are given in Sec. 3.2.2. I f. as 
before, we assume that the mass ratio of the target nucleus to the neutron is 
/:1, 

and 

e - 1 + Ai cos lj; 
cos - ~ I 

(1 + AT + 2Aj cos 1/1)'" 

where E' = energy after scatter 
E = energy before scatter 

A j = mass of a nucleus of type i (neutron mass = 1) 

e = scattering angle in the laboratory system 
1/1 = scattering angle in the center-of-mass coordinates 

(5.6-4\ . , 

(5.6-5) 

With E' and (J known, the only parameter needed to resume tracking the 
neutron is the azimuthal angle C/>, which is, in all cases (except where 
polarization is considered), selected from a distribution equally probable in 
the region 0 ~ (j> ~ 21T, or ¢ = n21T. 

In summary, the basic operations in the neutron elastic-scattering routine 
are illustrated by Fig. 5.7. The directions of the neutron may then be 
translated into direction cosines taken relative to the geometry axes based on 
the known dire ction of the incident neutron and the deflection (e ,r/J) from 
that direction. 

5.6.2 Neutron Inelastic Scattering 

An added parameter is included for neutron inelastic scattering, i.e., the 
amount of energy deposited in the target nucleus. The loss of energy by this 
means prevents the energy of the neutron after collision from being a unique 
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function of the scattering angle. The equations derived from energy and 
momentum conservation T corresponding to the elastic-scattering equations 

(Eqs. 5.6-4 and 5.6-5) then become 

_E' _ 1 [1 + Al (1 - E€) + 2Ai cos lj; (1 - E~)I!t] 
E (.4;.+ 1)2 

(5.6-6) 

(5.6-7) 

where € is the excitation energy of the target nucleus. These equations 
reduce to the elastic-scattering relations when € = O. For € > 0 and for Ai 

large, they become approximately E' = E - E and cos e = cos l/J. As with 
elastic scattering, the distribution in lj; must be an input quantity. 

A particular nucleus may have various excited states, each with its own 
excitation energy, E. The neucron energy required for excitation of a 
particular level is E> [(.--:1. + 1)/.--:1.] E. When the energy of the neutron is 
sufficiently high that anyone of several levels may become excited, the 
interaction probabilities may be expressed in a total inelastic-scattering cross 
section, onn'(E), with an associated probability distribution P(E) among the 

levels, or in terms of separate cross sections onn'(E,E) associated with the 
levels. In light nuclei the levels may be dealt with individually. This may 

also be possible for some levels in heavy nuclei, but in many cases (notably 
at higher excitation energies) a large number of closely spaced levels may 
appear which require an alternate treatment. One procedure is to split the 
possible values of incident and deflected neutron energy into bands and use 
experimentally determined probabilities for group-to-group transfer. These 
are expressed as cumulative probabilities over the possible E' (energy after 

scatter) groups for a given incident group. Then E' is selected by search 
and interpolation as discussed previously. An alternative approach that can 
be used in some cases is to assume a distribution in the continuum region of 
E' 

E' -E'IT f(E') = T2 e . 

tEquations 5.6-4 co 5_6-7 are developed in detail by Cashwell and Evcrett. 3 

~L __ 
- "'7'"-

(5.6-8) 
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where T is a constant (or a function of E). This is a result of the statistical 
model of the nucleus developed by Blatt and WeisskopP 3 and frequently 
used in neutron-cross-section estimates. This function could be integrated to 
obtain P(E'), but it would be more appropriate to select E' from the f(E') 
distribution function using a rejection technique. 

More than one secondary energy law may be used for particles of a given 
incident energy. For example, the probability of exciting anyone of several 
widely spaced levels may be 0.3, and the corresponding probability of falling 
into the continuous range may be 0.7. By generating a random number, the 
code could choose the technique to be used in calculating E'. 

5.6.3 Compton Scattering 

The treatment of Compton scattering collisions is similar to that for 
neutron elastic scattering in that the scattering angle is ordinarily picked 
from stored distributions and the photon energy is computed as a function 
of incident energy and scattering angle. Center-of-mass coordinates are no 
simpler in this case; thus laboratory coordinates are used. 

The photon energy after collision (discussed in Sec. 3.2.1) is give n by 

E'= E 
1 + E( 1 - cos f)) 

( 5.6-9) 

where both E and E' are expressed in terms of the electron rest-mass energy 
(mc 2 = 0.511 MeV). Extensive graphs and tables of the angular distribution 
are available 14,15 for input to the program. Some investigators have elected 
to select scattering angles exactly by a rejection technique, using the 
Klein-Nishina formula (see Chap. 3) as the probability density function. 
Methods of making such an exact selection are given by Kahn 16 and by 
Cashwell and Everett. 3 

5.6.4 Particle Absorptions 

There are no particle parameters to be calculated following an absorption 
interaction. This event simply terminates the particle history. However, a 
record of the particle parameters at the time of collision may be desired for 
collision analysis. 

As with neutrons, it may be desirable to increase the average number of 
photon scatterings per particle by forcing a scattering at each interaction 

~~ --
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point and making the appropriate weight adjustment to account for the 
portion of phocons that, in reality, are absorbed. 

In an absorption event secondary particles of the same type radiation as 
the incident particle may be tracked from the absorption point in the same 
calculation. If the secondary particle is of another type (e.g., gamma rays 
from neutron capture), the capture parameters will be used in form~lating a 
source discribu tion fOil" a se parate calculation of the transport of the 
secondary particles. 

Fission of heavy nuclei is a special case of absorption in which secondary 
neutrons and gamma rays will be generated with a known yield, 110, per 
interaction and a known energy distribution. With secondary neutrons. 
account must be taken of the weight, W, of the neutron initiating the fission. 
For example, one neutron could be generated with a weight 110 rt'. 
Alternately, a number of neutrons could be selected from a distribution of 
integral values whose average is 110 and each of these assigned a weight W. In 
both cases the neutron energy would be determined by selection from a 
cumulative energy distribution, and the direction would be chosen from an 
isotropic distribution. 

5.6.5 Calculation of Emergent-Direction Cosines 

Usually particle directions are defined by recording the direction cosines 
of the particle-track vector. As discussed previously, scattering angles at a 
collision point are characterized by calculating the polar angle () (determined 
by the differential scattering cross section) and the azimut:hal angle 1> (picked 
at random between 0 and 27T) of the scattered track relative to the incident 
track. If (et,~,"() are the direction cosines of the incident particle, the 
direction cosines of the scatcered particle (et',{3';y') are given by the set of 
equations: 

, II sin e cos ¢ {3 sin e sin 1> 
et = et cos II + '['et - . 

(1 - '['2 ) ~ (1 - )'2 )~ 

{3 ' {3 e {J sin e cos ¢ sin 8 sin ¢ = cos + I': + ex -----:-....!.. 
(1 - '['2 ) Iij (1 _ "(2 ) !-; 

'[" = '[' cos e - (1 - '['2)!>2 sin e cos ¢ 

~<. -- ~-

(5.6-10) 
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except in the case where 1 - "(2 approaches zero, in which case the 
degenerate form 

is used. 

5.7 PARTICLE SCORING 

0/ = sin (} cos cf> 

{3' = sin (} sin ¢J 

-y' = -y cos ¢ (5.6-11) 

The discussions to this point have concerned the generation of source 
particles, tracking to the first collision, and the determination of the new 
particle direction and energy following collision. The process of picking 
track lengths and analyzing collisions may be continued until the particle 
history is terminated. The termination may, as previously mentioned, be the 

result of exceeding predetermined bounds placed upon energy, spatial 
position. and/or particle weighL 

We next consider the output of the Monte Carlo calculation. Specifically, 
answers are required for the following questions: What is the desired form of 
the output data? How do particle histories contribute to obtaining these 
answers' 

Consider the case of a point source and an infinite-slab shield of 
thickness T. Typical of the results that might be desired are the following: 

1. Flux density as a function of posicion, direction, and/or energy inside 
the shielding material. 

2. The penetrating dose or flux density. 
3. The energy and angular distribution of the penetrating particles. 
4. The distribution of penetrating particles relative to the number of 

collisions encountered before penetrating. 
5. The distribution in time of arriving particles. 

There are obviously many other possibilities. 
The flux density per unit source particle incident per unit area inside the 

infinite slab can be obtained by the sum 

(5.7-1) 

---~~-
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history is terminated. The termination may, as previously mentioned, be the 

result of exceeding predetermined bounds placed upon energy, spatial 
position. and/or particle weighL 

We next consider the output of the Monte Carlo calculation. Specifically, 
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the output data? How do particle histories contribute to obtaining these 
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the shielding material. 
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4. The distribution of penetrating particles relative to the number of 

collisions encountered before penetrating. 
5. The distribution in time of arriving particles. 

There are obviously many other possibilities. 
The flux density per unit source particle incident per unit area inside the 

infinite slab can be obtained by the sum 

(5.7-1) 

---~~-
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of particles crossing a plane surface parallel to the sides of the slab, where e 
is the angle between the particle direction and the normal to the plane. The 
result is normalized to a unit source by dividing by the number of case 

histories, n. 
The flux density at a particular location can be estimated by describing a 

volume region about that location and calculating the weight times the track 
length per unit volume of particles passing through the region. The flux 

D 

Fig. 5.8-Statistical estimation. 

density at a point can be obtained by a method known as statistical 
estimation. This technique is used to estimate the scattered-radiation 
contribution to point detectors from scattering events within the shield and 
is often used with the forced-scattering technique discussed in Sec. 5.4. 
Consider, for example, a track within the shield in Fig. 5.8. The flux density 

at point D is estimated by determining the particle weight with which the 
particle would arrive at D (within a unit spherical detector) if it were forced 
to scatter in that direction from each point of interaction, 5. I f the angle 

between the incident-particle direction and the line of sight (5 to D) is 8 s 

and the particle is incident on S with energy E, then the weight Wi of the 
particle forced to scatter to D is 

w· = w os(EJ f(e E) (5.7-?) 
I 0 ot(E) J\ 5, -

where Wo = weight of the incident particle (at 5) 
os(E) = total scattering cross section of the element involved 10 the 

collision 
ot(E) = total cross section of that element 

f(8 s ,E) = probability density per steradian of scattering through angle 8s 

Note that J f(8 s E) dD = 1 and that the product as f(8,E) is equivalent to the 
differential angular scattering cross section o(8,E). 
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The contribution <Pi of the scattered particle to the flux density at Dis 
given by 

(5.7-3) 

where ~ t(E') is the total macroscopic cross section of the scattered particle. 
The flux density at point D is estimated by summing the contributions from 
all scattering interactions: 

(5.7 -4) 

This estimate is independent of the particle-tracking procedure and does 
not terminate the history. Ordinarily the only calculation common to bnth 
the estimator and the tracking routine is the determination of which nuclear 
species in the material was involved in the collision. In the estimating 
process, every collision is assumed to be a scatter in the direction of the 
detector, but, for tracking purposes, completely independent determinations 
are made of interaction type and particle parameters after collision. A better 
justification for this technique is given in Sec. 5.2. 

The problems of convergence using statistical estimation of this type 
have been examined by Kalos. 1 7 He shows that an infinite variance and a 
preferential tendency to converge from below (as the number of histories is 
increased) result. Nevertheless the process does converge, and it has been a 
very useful technique in many situations. 

Where surface detectors are of primary interest, a different form of 
estimator may be used. In this form flight-path length- and direction are 
selected normally JUSt as in statistical estimation, but estimates are made by 
extending flight paths in a straight line until a surface intersection is 
obtained. In one form, known as the last-flight estimate, this estimator 
consists in stretching every flight path that will provide an intersection. In 
another form, known as the first-flight estimate, the first-flight path length is 
adjusted, where possible, such that all collisions lie on the surface. Of course, 
appropriate weight adjustments must be made. 

To illustrate the last-flight estimator, let us consider a point source in an 
infinite medium with a spherical surface detector at radius R. Collision 
points in Fig. 5.9 are assumed at points A to D, and estimates are made by 
stretching each track until an intersection with the sphere is obtained. Note 

~.;--
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that intersection is always possible for tracks inside the sphere. Projection of 
tracks from collision points outside the sphere may not intersect. but, when 
they do, there will be a double score since the particle penetrates the sphere 

I 
I 

-.J 

I 

~, 
/ 5 

Fig. 5.9-Lasc-flight escimator. 

twice. The estimate of flux density, <I>j(R), at the sphere for one particle 
flight will be given by 

(5.7-5) 

where rVi = particle weight on the ith flight 
di = total distance along the selected flight direction to the point of 

in tersection 
{3i = angle between the normal to the surface and the track at the 

poin t of crossing 
~i = total cross section of the medium for particles on the ith flight 

Thus the weight of the particle is adjusted by the attrition probability of the 
total flight to the surface. For the path originating at point D (the 5th 
flight), the estimator will be 

(5.7-6) 

to account for the double encounter with the surface. Here again the 
tracking continues independently of the estimates, but particle parameters 
after collision are used as a basis for making the estimates. 

The first-flight estimator is similar to the last-flight estimator except that 
adjustments are made in the first flight so that, where possible, each collision 
point lies on the surface of the sphere. In Fig. 5.10, the simulated tracks 
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involved in the estimate for each collision in the history shown m (a) are 
shown in (b) through (d). In (b) the first flight is adjusted to make the first 
collision point lie on the surface. In (c) the first flight is extended so that the 
randomly determined end point of the second flight is shifted (parallel to the 
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Fig. S.lO-first-flight estimator. (a) True particle track. (b) Adjustment for first flight. 
(cl Adjustment for second flight. (d) Adjustment for third flight. 

first flight path) until it coincides with the surface. In (d) the first-flight 
length is reduced so that the third collision lies on the sphere. These tracks 
have been confined to a plane for case of illustration, but adjustment of 
collision points lying outside the plane must still be in a direction parallel to 
the first flight. 

_--r-. _ 
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Numerically, the flux value of the particle scored in each case is 

(5.7-7) 

where df = first-flight length after adjustment 
a = angle between the first-flight path and the normal at the point of 

intersection 
~o = total cross section at the source particle energy 
~i = total cross section on the ith flight 

This expression is similar to the last-flight estimator in that the path-length 
weighting factor is e-r.d. Primary differences are that the angle of 
intersection with the sphere is determined by the first flight rather than the 
last flight and that the weight is adjusted by LO/~i to account for the fact 
that interaction occurs at energy during the ith flight rather than the source 
energy. In Fig. 5.10(d) the interaction point is outside the sphere: thus the 
first flight must be adjusted backward to provide intersection. The estimate 
cannot be made for points external to the sphere if projection in line with 
the first flight does not intersect the sphere or if [he adjustment requires a 
negative first flight. The estimator on the first leg [Fig. 5.10(b)] will be 
numerically equivalent whether the first- or last-flight estimators are used. 

Trubey l8 performed a series of calculations for point sources of fission 
neutrons and 14-Me V neutrons in water to compare the results of these two 
estimators. He concluded that either of the two forms may be applied with 
equal ease, but the first-flight estimator appeared to give better results, 
particularly in the low-energy (0.01 to 4 MeV) fission-neutron range. 

5.8 STATISTICAL VAR1ANCE 

The number of histories that must be followed to yield acceptable results 
in a given problem depends to a large extent on the nature of the answer 
desired. For example, a calculation could yield a value of total dose per 
source particle accurate to 1% and at the same time have a very large 
uncertainty associated with the current of neutrons in the range 
3 MeV < E < 4 MeV and 10° < (J < 30°. 

A theorem of mathematical statistics that may be invoked as a means of , 
estimating statistical uncertainty is the central limit theorem. Consider an 
experiment that can result in K different ways, designated as ~\;\ .. . h'K with 
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associated probabilities P J ••• PK, where E Pi = 1. In this case the average 
i=l 

(or mean) result may be defined as Jl = E PK WK and the dispersion (variance 
about the expected value) as 

(5.8-1) 

Suppose now that in a Monte Carlo penetration calculation N source 
particles are started and that the total penetrating weight (summed over j'i 
trials) of particles in a certain category is M. The central limit theorem states 

that 

(5.8-2) 

This relates the probability that our answer will fall within some variation E 

about the true average to the number of trials and the desired maximum 
value of E 

2 IX 2 
erf(x) = Vi 0 e"U du (5.8-3) 

(5.8-4) 

PN ~ 0 as N~ 00 

The value of PN would be given in terms of the third moment of the W 

distribution and for large N would not be a significant contribution. Thus, 
for a given level of probability (given value of ti, the size of € is directly 
proportional to va;TFr. Thus doubling the number of histories decreases the 
value of € only by a factor of 2-~ This is a very general result; i.e., Eq. 5.8-2 
is true provided only that J..l and ae exist. Spanier and Gelbard I discuss this 
and other aspects of statistical variance in some detail. 

[n cases involving direct analog calculations with no particle weighting, it 
may be prohibitively expensive to increase N sufficiently to bring € within 
acceptable limits. Then an alternate means of decreasing E would be to 
decrease the dispersion, Oe, by introducing biasing and weighting schemes 
that increase the number of samples for a pClrticular output category per 
source particle, or give contributions that on the average lie closer to the 
average value, or that do both. 

--~~-
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To illustrate how Oe might be estimated in a particular problem, let us 
suppose N source particles are generated and their contributions to 
penetrating particles of a certain category are Xl ,X2 , •• • ,XiV. The average of 
this sample is defined as 

1 
U=-1: Xi N. 

I 

and the sample variance is given by 

= ~ 1:: X~ - (~1: X .)2 
IV i I IV i I 

(5.8-5) 

(5.8-6) 

It should be noted that U is not the true expected value; it is a computed 
average for the sample, which should approach the expected value for 
large N if the problem has been formulated properly. Thus Eg. 5.8-6 is only 
an estimate of the variance. 

The variance o~ about the expected value -a is related to the variance 0 2 

about the average U of a series of observations by 

(5.8-7) 

Thus an estimate of o~ is given by 

(5.8-8) 

I n some Monte Carlo programs, the Xi and Xl are tabulated for use in 
calculating the variance of the answers obtained in one or more categories. In 
others qualitative judgments of the output are made on the basis of 
convergence and stability of the average as N increases. 

Some investigators have shown apparent reductions in the estimated 
variance by grouping the data, although this is not a real improvement in the 
certainty of the answer. Suppose, for example, a penetration calculation is to 
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be made with 4000 particle histories. The data may be subdivided in to 40 
groups of 100 histories each and averages, Jli. computed. The variance of 
these Jli about an overall average, II, would ordinarily be much smaller than 
the variance of the individual data. 

The question frequently arises concerning the effect on variance of some 
biasing scheme. This question is not easily answered. As noted in Sec. 5.2, 
the optimum imporrance function gives zero variance, but we do not know it 
is optimum unless we have prior knowledge of the result we seek to 
calculate. Obviously. the importance function must reduce the variance of 
the result below that obtained from an unbiased calculation or it is useless. 
Furthermore, there are cases where the apparent (computed) variance is 
reduced. but the answer is clearly erroneous. Consequently the task of 
proving or demonstrating the adequacy of the importance function rescs 
heavily on the shoulders of its advocate. Numerous schemes are used, e.g .. 
comparisons with nonstochastic calculations. with measurement, and with 
unbiased, straight analog Monte Carlo. 

Systematic sampling is a technique used to obtain more representative 
answers when only a few histories are to be run-such as mav be done in 

, .I 

the check-out of a code. In this system the cumulative probability dis-
tribution of an occurrence (e.g., source angle, track length, or scattering 
angle) may be divided into increments, and. instead of the random selection 
of variable values, selections are made by systematically rotating through the 
increments. Instead of 

F(X) == r: f(X) dX == n (5.8-9) 

one may use 

F(X) = i - ~/2) (5.8-10) 

where i ==.1, 2, ... , ~\j and i'J is the number of probability increments defined 
between 0 and 1.0. To relieve any bias that may be introduced by sampling 
from the midpoint of the increment, one may select from 

i - n 
F(X) =N (5.8·11) 

where i :;;;: 1.2, ... , Nand n is a random number. In this system the increments 
are rotated but the position within an increment is selected at random. 
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5.9 DEMONSTRATION MONTE CARLO PROGRAM 

The previous sections of this chapter introduce a number of concepts 
used in a Monte Carlo calculation. A simple and obvious way to interrelate 
various segments of the problem is to formulate a Monte Carlo program. 
Following standard practice in devising a computer program, we will define 
the problem and list the major divisions of the program; in Appendix J we 
give a logic flow chart and a FORTRAN listing of the program. Appendix J 
also lists the input-data requirements and presents a test problem, including 
input and output, which an interested reader can use to verify that his copy 
of this program is running properly. Although this program does not include 
all the techniques discussed in earlier sections, its use should provide a 
first-hand appreciation of Monte Carlo methods. We have compiled and run 
this program on a small (SK core of 16-bit words) computer with only the 
card reader and printer and its FOR TRAl"J" compiler. 

The program listing contains a number of comments that describe what 
each set of statements accomplishes. Although the computer will ignore 
these comments (and they need not be included in working copies), they will 
be useful to the inexperienced programmer as explanatory notes to relate to 
the text. 

Neutron source: 

Shield: 

Assumptions: 

PROBLEM DEFINITION 

Point, monoenergetic, cosine current located on 
the face of the shield. 

Homogeneous semi-infinite slab of thickness t 

composed of a light element of atomic weight 
A. 

(1) Only capture and isotro pic (center of mass) 
scattering are allowed. 

(2) No biasing. 
(3) No energy or geometry cutoff. 
( 4) Cross-secti on handling will provide L t (E) 

and Ls on request. 
(5) A random-number-generating routine will 

provide random numbers on request. 
(6) Appropriate values of constants, such as 

source energy, shield thickness, maximum 
number of histories, flux-density-to-dose-rate 
conversion factors, and energy-dependent 
macroscopic cross sections, are input data. 
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5.9 DEMONSTRATION MONTE CARLO PROGRAM 
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252 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

Output requirements: 

Geometry: 
Symbols used: 

Leakage energy and angle-dependent current, 
fluence, and dose for both shield surface and 
neutrons absorbed as a function of energy and 
z position within the shield. Neutrons leaving 
the shield at z = t are called transmitted 
neutrons, and those leaving at z = 0 are called 
reflected neutrons. 

Fig. S.ll. 
n random number 
e incident polar angle 
¢ incident azimuthal angle 
k cutoff angle below which e is as-

Eo 
E' 
IJ. 

Hmax 
L 

N(E,8) 
F(E,8) 
D(E,8) 
j'\la(E,8) 

a,(3,"Y 
z 

K(E) 

sumed to be zero 
source energy 
energy after scattering 

cosine of scattering angle m cente:--
of-mass system 

laboratory 'scattering angle 
azimuth of scattered direction 
history number 
number of histories to be run 
path length 
number of leakage neutrons 
flux density of leakage neutrons 
dose transmitted by leakage neutrons 
number of absorbed neutrons 
direction cosines of particle 

coordinate of particle in direction 

normal to shield (= = 0 is the 
shield surface on which particles 
are incident) 

FI ux-de nsitv-to-dose-rate conversion 
i 

factors 

No attempt is made to account for particle positions in the x-y plane. The 
only information desired from the leakage particles is their energy and the 
angle at which they penetrate either shield surface. Calculation of the .\..,y 
coordinates could easily be added to the diagram, if desired, since the 
direction cosines and track length are known for each particle flight. 

_-:roo -
-r-

252 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

Output requirements: 

Geometry: 
Symbols used: 

Leakage energy and angle-dependent current, 
fluence, and dose for both shield surface and 
neutrons absorbed as a function of energy and 
z position within the shield. Neutrons leaving 
the shield at z = t are called transmitted 
neutrons, and those leaving at z = 0 are called 
reflected neutrons. 

Fig. S.ll. 
n random number 
e incident polar angle 
¢ incident azimuthal angle 
k cutoff angle below which e is as-

Eo 
E' 
IJ. 

Hmax 
L 

N(E,8) 
F(E,8) 
D(E,8) 
j'\la(E,8) 

a,(3,"Y 
z 

K(E) 

sumed to be zero 
source energy 
energy after scattering 

cosine of scattering angle m cente:--
of-mass system 

laboratory 'scattering angle 
azimuth of scattered direction 
history number 
number of histories to be run 
path length 
number of leakage neutrons 
flux density of leakage neutrons 
dose transmitted by leakage neutrons 
number of absorbed neutrons 
direction cosines of particle 

coordinate of particle in direction 

normal to shield (= = 0 is the 
shield surface on which particles 
are incident) 

FI ux-de nsitv-to-dose-rate conversion 
i 

factors 

No attempt is made to account for particle positions in the x-y plane. The 
only information desired from the leakage particles is their energy and the 
angle at which they penetrate either shield surface. Calculation of the .\..,y 
coordinates could easily be added to the diagram, if desired, since the 
direction cosines and track length are known for each particle flight. 

_-:roo -
-r-



MONTE CARLO METHODS FOR RADIATION TRANSPORT 253 

The cross-section handling subroutine, XSEC, and the random-number
generating routine, RAND, which are included, are intended only for 
illustrative purposes and to allow the reader to duplicate results obtained in 
the text. The subroutine XSEC reads a set of cross-section data the first time 

Incident particle 

Fig.S.II-Geometry for demonstration Monte Carlo program. 

it IS called. Then a linear interpolation is performed to determine the total 
and scattering cross sections as the energy transferred to XSEC through its 
argument list. After the first call of XSEC, no data are read, and only the 
interpolation is performed. The subroutine RAND is actually not a 
random-number generator but a table of 23 numbers and a stepping 
procedure to alter the sequence of using them. For a reali_stic computation, 
XSEC could be used provided the cross-sectlOn variation is approximately 
linear with energy; however, RAND should be replaced with an actual 
random-number generator. 

Major divisions of the program logic are numbered below in the same 
way as the flow chart (shaded connector symbols) in Appendix J and may be 
categorized as follows: 

1. Source-particle generation 
A. Select direction angles e and r/J. 
B. Calculate direction cosines 0:, {3, and 'Y. 

C. Step history counter. 

D. Test for history completion. 
E. If all histories are complete, branch to print area. 
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2. Path-length determination 
A. Calculate path length L. 
B. Calculate:: coordinate. 
c. Test for penetration through either slab surface. 
D. If penetration occurs, store results and terminate history. 

3. Collision-parameter calculations 
A. Select scatter or absorption. 
B. If absorption, store absorption parameters and terminate history. 
C. If scattering, calculate scattering angle f,l. 

D. Calculate neutron energy £' after collision. 
E. Calculate direction angles f) sand ¢>s of scattered neutron. 

4. New-particle-direction calculation 
A. Determine new direction cosines 0/, {3', and {' using coordinate 

rotation equations (see second chart in Appendix J). 
B .. Return to (2) for next flight calculations. 

5. Analysis of leakage radiation 
A. Calculate dose rate per bin. 
B. Print out flux densitv and dose rate. , 
C. Print out absorptions per increment. 

A listing of the FORTRAN coding of this problem is shown in 
Appendix J. Designation of input variables has been changed in some cases 
from those previously given for ease of coding. A table has been included to 
define input variables, limits, and input format req uiremenrs. Finally, the 
test problem is defined with specimen input and output. 

5.10 PROGRAMMING SUGGESTIONS 

A few additional remarks are in order concerning use of the Monte Carlo 
method for solving shielding problems. 

Monce Carlo codes tend to become quite large and complex as the 
various options on geometry, biasing, and analysis are incorporated. The 
programs are more manageable if they are broken inco subroutines which are 
called into the computer fast memory only when needed (unless the fast 
memory is large enough to contain the whole program and working data). 
They have also been coded as completely separate routines linked by data 
tapes. For example, one code generates source-particle parameters and stores 
these on tape. Another code reads the source parameters and generates 

. -~-- -
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collision histories. A third code analyzes the tape output of the collision

history processor and calculates the desired output data, such as flux 
density, dose, and current. Each of those programs must have compatible 

features and use overlapping input data for geometry description, cross 

sections, etc. 

Checking or debugging Monte Carlo codes is a tedious and difficult task 

since the nondeterministic nature of the calculation may mask errors large 

enough to influence the answer but not large enough to make the answer 

appear unreasonable. Debugging is the step that separates the men from the 

boys. It has been found useful to debug each subroutine separately and in 

various aggregates prior to assembling the entire program. Simple problems 

can be devised to check individual calculations by allowing only one 

interaction or by inputting an extreme in geometry or energy. Additional 

output features can be inserted into the program for use during debugging 

and complete particle histories can be printed oue. If the sequence of path 

lengths, particle weights, and parameters after collision is available, errors are 
easier to detect. 

The energy cutoff specified in a fast-neutron calculation to a large extent 

will determine the average computing time required per history and thus 
should not be set lower than required by the accuracy of the problem. In 

problems designed to calculate fast-neutron dose, an energy cutoff near 0.1 
Me V is ordinarily used. , 

A reasonably economical calculation can be made of thermal-neutron 

transport and diffusion from a source of thermal neutrons, but the 
epithermal region between fast and thermal is much more difficult to creat. 

The application of Monte Carlo to reactor criticality studies has been quite 

limited. The Monte Carlo method cannot compete with analytical and 

semiempirical methods because of the large number of collisions required to 
thermalize fast neutrons. It has found limited application, 1 9.20 however, 

because of the ability to treat complex three-dimensional geometries. Monte 

Carlo has been successfully used to determine the thermal slowing-down 

density for the in puc to a thermal-neutron diffusion or transport code. The 

choice of a low-energy cutoff point is less important for gamma rays because 

of the rapid rise in the photoelectric cross section with decreasing energy. 

There is usually little or no incentive to track photons with energies below 

0.01 MeV. 

Monte Carlo techniques may be designed to reproduce a physical model 

in as much detail as is necessary and so provide a powerful tool for solving 
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problems with very few compromises with the physics. The Monte Carlo 
method can incorporate any geometry. To use Monte Carlo successfully, 
however, one generally must invest a considerable amount in analysis, 
programming, and computer machine time. The importance of machine time 
is often overemphasized. and analysis and programming are underempha
sized. The user should keep in mind that a well-developed theory exists 
which specifies, in principle, a near-optimum procedure for solving a given 
problem. This procedure consists in obtaining the best possible approxima
tion to the value function for the problem and then using this function to 
obtain parameters for importance-sampling techniques or to guide develop
ment of new sampling techniques. 

As an aid to the programmer, the concept of a Monce Carlo programming 
system was developed. For example, the OSR system2 I and its updated 
version 06R can, in principle, be used to solve any neutron-transport 
problem. The framework is there (cross-section handling, geometry-solving 
routines, random-walk procedures, etc.), but the programmer must incorpo
rate the special features he desires by adding subroutines to the framework. 

More recently a highly versatile and easy to use multipurpose neutron
and gamma-ray-transport code, the !v10RSE code,2 ~ has been developed at 
the Oak Ridge National Laboratory. Some of its features include the ability 
to treat the transport of either neutrons or gamma rays or to simultaneously 
treat the transport of neutrons and secondary gamma rays; the incorporation 
of multigroup . cross sections: an option for solving either the forward or 
adjoint problem: modular input-output: cross section, analysis, and geome
try modules; debugging routines; time dependence for both shielding and 
criticality problems, and albedo opcion at any material boundary: one-, two-, 
and three-dimensional geometry packages; and several types of optional 
importance sampling. 

Traditionally, Monce Carlo codes for solving neutron- and gamma-ray
transport problems have frequently been separate codes because of the 
physics of the interaction processes and the corresponding cross-section 
information required. However, when multigroup cross sections are used, :he 
energy group-to-group transfers contain the cross sections for all processes. 
Also, for anisotropic scattering each group-to-group transfer has an associ
ated angular distribution that is a weighted average over the various cross 
sections involved in the energy-transfer process. Thus these multigroup cross 
sections have the same format for both neutrons and gamma rays. In 
addition, the generation of secondary gamma rays may be considered as just 
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another group-to-group transfer. Therefore, when multigroup cross sections 
are used, the logic of the random-walk process (the process of being 
transported from one collision to another) is identical for both neutrons and 
gamma rays. 

In general, the Monte Carlo method is not the best method for 
one-dimensional problems since discrete-ordinates codes are likely to be 
much faster than Monte Carlo codes. For two-dimensional problems, Monte 
Carlo and discrete-ordinates methods are somewhat comparable, but for 
three-dimensional or two-dimensional time-dependent problems, there is no 
competitor to Monte Carlo for accurate solutions to transport problems. 
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EXERCISES 

5.1 Define the event (sample) space and specify a typical event for the following: (a) One 
die randomly tossed once. (b) Two dice randomly tossed together. (c) One die 
randomly tossed twice in sequence. (d) The fission-neutron spectrum. (e) A photon 
undergoing a Compton scatter. 

5.2 For 5.1(a), 5.1(b), and 5.1(c), describe and plot: (a) The probability density function 
(PDF). (b) The cumulative distribution function (CDF). (c) Were you forced to use a 
random-variable function? (Hint: Suppose the six sides of a die were labeled 
a.b ,c,d,e.f rather than with spots). 

5.3 Figures 2.1 and 2.4 in Chap. 2 present spectral data. (a) Is either function a PDF? 
(b) Can the other functions be converted to a PDF? How? 

5,4 Using I-MeV intervals, compute and plot the CDF for your answer to 5.3(a). 
5.5 A PDF is known to have the form f(x) = C sin x over the integral (0 < x < 1T). where 

C is a constant. (a) Comput~ C. Does the PDF satisfy Eqs.5.1-3 and 5.1-4? 
(b) Compute the CDF. Does it satisfy Eqs. 5.1-6 and S.1-7? (c) On one set of axes, 
plot the PDF and CDF. (d) Rather than generate random numbers, select an evenly 
distributed set of numbers in the interval (0.1) (e.g .. at 0.1 intervals). Using the CDF 
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plotted in 5.5(c), obtain the values of x for each selected number. Use 11 = F(x) 

(Eq. 5.1-24). (e) Is the distribution of events obtained in 5.5(d) consistent with the 
PDF? (f) Would it have been so if the numbers had been selected randomly? (g) Note: 
5.5(d), 5.5(e), and 5.5(f) illustrate the principle of biasing as well as random sampling. 
Why? 

5.6 The following experiment illustrates the rejection technique. As with any random 
process, no two experimenters should obtain exactly the same answer. One side of a 
die is labeled A, two sides B, and the remaining three sides C. The accompanying 
graph is a proper distribution function for one toss of such a die, as the student 
should verify. 
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Graph for Exercise 5.6(a). Distribution function for one toss of a die. 

(a) Is this a graph of a PDF? Why? (b) Use a normal die to randomly select with equal 
probabiliry a letter from A, B, or C. For example. let 1 or 2 = .1, 3 or 4 = B, and 5 
or 6 = C. From the graph find N associated with the selected letter. Then roll the 
normal die again to obtain N' , a number from 1 to 6. If N' ~ IV, accept the letter 
choice. If .V > IV, reject it. Repeat the process until a sequence of accepted letters 
has been established. Tabulate the distribution within the se'luence. If both you 
and your die were honest, the ratio of A 's to B's to C's should approach 2 :4: 6. 
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Shield Attenuation 
Calculations 

6 
Now we can turn to some of the practical considerations for applying data 
and empirical formulas to attenuation problems. Two previously mentioned 
observations are worth repeating. There are several levels of attenuation 
calculations, ranging from elegant and precise to improvised and approxi
mate. Since no one method satisfies all applications. the reader should 
become familiar with a number of techniques so that he can select the one 
most appropriate for a particular application. The second observation is that 
for most of these techniques a good bit of the calculation has already been 
done: a particular application usually reduces to assembling the appropriate 
data rna trix from the existing literature and in tegrating over the particular 
shield geometry and composition of interest. 

6.1 ANALYSIS OF THE SOURCE 

Although th is to pic was discussed in an earlier chapter, some additional 
remarks are pertinent. There are, in general, two approaches to the analysis 
of the radiation source depending on the methods to be used in analyzing 
the shield. The direct approach is [0 treat the source and shield as an entity 
and to obtain as a single calculation the distributions of radiations leaving 
the shield which originated within the source, thus solving the source
description and shield-penetration problems simultaneously. The direct 
approach is used for a "one-shot" calculation where the system can be 
precisely defined and only one set of answers is required. An example would 
be a final, detailed analysis of a reactor shield "as built." 

The alternate approach is to split the source description and shield 
penetration into two distinct phases. The first phase involves calculating the 
radiation leakage from the source region to obtain an energy and angular 
distribution incident to the shield. This distribution can then be applied to 
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shield-attenuation calculations. This me thad provides a useful means for 
comparing several designs based on parametric data and is more economical 
than the direct method where a number of designs are to be analyzed or 
where the effect of small variations in shield design is to be studied. 

The task of analyzing the radiation emitted by a reactor source is often 
as complex as the shield-auenuation calculation because of a plurality of 
sources. The source density must be determined for fission neutrons and 
gamma rays, fission-product gamma rays, secondary gamma rays from 
non fission neutron interactions, and, in some instances, secondary neurrons 
from photoneutron interactions. This analysis requires a detailed knowledge 
of the density of fission events, the material compositions, and the neutron 
spectrum as a function of position within the reactor. 

For example, the local source strength of gamma rays (except for the 
fission-product source) in an energy group LlEk will be given by 

where F = local fission density 
Gk = yield of gamma rays per fission within LlEk 

<P; = local flux density of neutrons in energy group LlEi 

J.\j = atomic density of element j 
aij = local microscopic cross section for radiative interaction of 

neutrons of energy i with element j 
Yijk = yield of gamma rays per interaction 

To this sum the fission-product sources should be added. 
The method used in evaluating fission-product sources will vary with 

their relative importance and with the operating history of the reactor. Their 
intensity will increase with time of operation of the reactor at a given power 
level until some maximum or "saturation" level is attained. It is common 
practice to combine the saturation fission-product activity with the fission 
gamma-ray source and consider only this maximum condition. A source 
spectrum for this condition is given in Chap. 2. 

The fission density and low-energy neutron spectrum, as a function of 
position within the reactor core and reflector, are usually derived in an 
iterative process using transport and diffusion theory. These data, 0 brained 
in the process of reactor design, are ordinarily available to the shield 
designer. If only the fission density is available, the low-energy neutron-flux
density spectrum may be calculated using a combination of transport and 
diffusion calculations, or an Sn (or Pn ) calculation. [n general, the methods 
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used in shield analysis are not adequate for the task of determining the 
distribution of fissions within the reactor core or for determining criticality . 

. The reverse is also true, most reactor analy~i~ codes do not do an adequate 
job of predicting the radiaticm l@l\jtage from the reactor. Although the theory 
is analogous i11 ~;~€i~ and shielding codes, the emphasis is different and the 
~~fqHH~ whh whif;h a particular reaction type is analyzed varies signifi
€ii.mly. Two methods that do provide adequate results in both reactor and 
shield analysis are the Monte Carlo and the discrete ordinate Sn. 

Once the position, energy, and intensity of all sources within the reactor 
have been evaluated~ n~a'tor leakage can be analyzed. The form used in 
~~~r~s§in~ {h~ ~nergy and spatial distribution of the sources will vary with 
thtl im~nded method of performing the leakage calculation. The methods 
used in performing the leakage calculation are the same as those used for the 
analysis of shield penetration as discussed below. 

For a direct Monte Carlo solution, a separate source generator routine is 
used to generate particles with the appropriate distribution in energy, angle, 
and position. Biasing can be used to generate more of the particles expected 
to be importan~ {O ,-hield penetration, such as those born at high energy, 
~r~y~hn~ in a radial direction, and/or originating near the periphery. In a 
d.l~uete.ordinate Sn calculation, the spatial variation of source strength can 
be expressed analytically. If existing data sets, either experimental or 
analytical, are used, then it is sometimes desirable to express the source as an 
equivalem ~imple source, such as a disk, an infinite plane, or a series of point 

~QlJr<;I~S. 

6.2 DIRECT SOLUTIONS 

One means of obtaining shield-attenuation data is the direct application 
of Monte Carlo, moments method. Sn' or other similar methods that directly 
use the material cross sections. Chapters 4 and 5 are devoted to the general 
theory of the methods involved in direct solutions. Applications of these 
m~{hQds invariably involve the use of rather sophisticated computer 
programs and an expenditure that some problems may not justify. 
Consequently direct solutiQns are not widely used in shield design and 
evalua~ion ~Ndies. They are mentioned here only to call attention to the fact 
tha~ they may be applied directly to a shield-attenuation problem. 

To some extent a judgment based on analogy with similar designs or with 
the available basic data will assist in the selection of a method by 
determining which penetrating components are likely to be most important. 
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For example, where low-energy neutrons are not expected to be significant 
in heating or in the penetrating-radiation component, a Monte Carlo 
approach may provide the most accurate analysis. If gamma rays from 
thermal-neutron capture are expected to be the primary factor, then a 
moments method, S"p or a combination of transport and diffusion methods 
may be selected. , 

6.3 APPLICATION OF PARAMETRIC DATA 

A variety of data is available from calculations and experiments that have 
been performed to determine the penetration of radiation from basic. typical 
sources of neutrons and gamma rays through materials of general interest. 
These data may be scaled to approximate the solution to a variety of 
attenuation problems. 

The concept of the unit source, introduced in Chap. 2, is integral to the 
understanding and application of parametric data. The term unit SOIITce 

generally refers to a source of unit strength, i.e., 1 particle/sec, 1 watt cm-3 , 

1 MeV sec-I cm-2 , etc. All the radiation evolved from such a source need not 
necessarily come from the same point, be traveling in the same direction, or 
be of the same energy. Distributions in each of the independent variables 
(position, angle of emission, and energy) commonly chosen for unit-source 
characterization are listed below. Various combinations of the listed spatial, 
angular, and energy distributions have been used. 

The most frequently used spatial distributions are point, plane, disk, and 
line; angular distributions are usually isotropic, monodirectional, cosine, and 
(cosine)11; energy distributions are usually monoenergetic, uniformly distrib
uted. and fission spectra. 

For a given shield material, the number of dimensions involved in the 
parametric data is determined by the calculational method used to obtain 
the data, the shield geometry, and the type of detector assumed. For 
example, in the geometries represented by a point source in a spherical shield 
or an infinite-plane source and shield, the data can be applied to any point at 
a given radius or thickness. On the other hand, for a point source and slab 
geometry, the position on the exit face also becomes a parameter. Source 
energy and angle and exit energy and angle may also be parameters. Thus 
parametric data available for application to shield analysis vary from 
one-dimensional sets of dose vs. thickness to nine-dimensional sets involving 
aU the parameters mentioned (two source angles, source energy, material 

thickness, two exit coordinates, two exit angles, and exit energy). In 

• 
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specialized studies one might include additional parameters, such as the 
number of collisions suffered by the particle before exiting the shield or the 
time of flight from source to detector. 

I n addition to direct applications of parametric-data matrices, interpola
tion (linear, logarithmic, or other) is often required between particular values 
of one or more of the parameters to improve accuracy. Graphical 
interpolation is one of the most widely practiced methods because together 
with simplicity it provides a more direct view of the behavior of the data 
with respect to a particular parameter. Computer programs have been 
written for complex interpolations between two or more variables where 
nonautomated methods would become quite tedious. In addition, some of 
the data sets have been fit with analytical functions. With these functions 
analytical representations of the parameters can be used for calculating 
transmission or reflection probabilities at any desired point. 

Occasionally the shape of an energy or angular distribution does not 
change with distance within some range. Such a distribution is said to be in 
equilibrium for that range. It is always desirable to observe such equilibrium 
conditions because of the resulting simplifications in representing the data. 
The existence of equilibrium with distance is an indication that the distance 
variable can be separated in the distribution function. 

The three types of data most likely to be available for application co a 
shielding problem include data resulting from moments-method calculations, 
Monte Carlo analyses, and experiments. These three categories are reviewed 
in the following sections. Other types of analytical data, particularly from Sn 

calculations, may be available and just as applicable to a particular shielding 
problem. In such cases the methods of application are analogous to those 
discussed in the following sections but have to be adjusted to the number 
and form of the variables considered. 

6.3.1 Moments-Method Differential Energy Spectra 

(a) Neutrons. The moments method has been applied to neutron 
penetration through a variety of materials. Data from these calculations have 
been summarized by Goldstein 1 and more recently by Krumbein and 
O'Reilly.2 Studies have included penetration of point isotropic fission 
sources through water, hydrogen, lithium, lithium hydride, lithium hydrox
ide, bery ilium, carbon, and various combinations of carbon and hydrogen. In 
addition, data were obtained for penetration from monoenergetic sources 
through water and hydrogen. 
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Fig. 6.1-Differential number spectrum of neutrons in water from a point isotropic 
fission source emitting 1 neutron sec -I. (From Goldstein. I) 

A sample of the data from these calculations is given in Fig. 6.1, which is 
a graph of the differential neutron spectrum for various penetration depths 

in water resulting from a point isotropic fission source of 1 neutron sec-I. 

The slope of the curves in Fig. 6.1 decreases with increasing penetration, 

indicating a hardening of the spectrum (increasing fraction of higher energy 

particles). This trend is followed in all materials containing significant 

concentrations of hydrogen and is a consequence of the dependence of the 

hydrogen C:'oss section on neutron energy. As the neutron energy :ncreases, 

the hydrogen cross section decreases. and higher energy neutrons then suffer 

fewer collisions in crossing a given thickness of hydrogenous material than 

lower energy neutrons. The energy loss in hydrogen is so great that neutrons 

will usuallv be thermalized verv near their point of initial interaction. For , / 
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this reason the initial flight is quite important to the distribution deep within 
the shield. A larger fraction of the higher energy will be transmitted and will 
thus contribute to a reduction in slope (or hardening) of the energy 
distribution. 

Figure 6.2 shows similar graphs for carbon except that the parameters 
have been switched so that the flux density, as a function of depth, is 
ploceed for various energies. Here the slopes are essentially equal beyond 
30 g cm-2 , which indicates that an equilibrium spectrum is established. 
Moments-method neutron-penetration data for several materials are given in 
Appendix K in tabular form. 

In all these calculations the point source is assumed to be surrounded by 
an infinite medium. Thus particle spectra calculated at a given depth include 
radiation that has been scattered back to that depth from more distant 
points. For a shield whose outer surfa.ce corresponds to that depth, the flux 
density at the surface is overpredicted by the infinite-medium data 
(particularly at lower energy where a large percentage of the flux density is 
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due to backscattering); thus corrections are necessary for applications of 
infinite-medium data to shield layers. A severe limitation of the moments
method data is that angular-distribution information on the flux density is 
not given. 

This type of data can be applied to surface sources by breaking the 
surface into small increments and treating each increment as an equivalent 
point source. In like manner leakage from a volume-distributed source is 
usually represented by volume-distributed point sources or by points on the 
surface of the volume source. As an application of these data, consider the 
following problem: 

Find the flux density of neutrons lying above 2 MeV at a penetration 
depth of 60 cm in water from a small (assumed point) fission source 
generating 1 watt of power. The solution is obtained by multiplying the 
60-em differential spectrum curve (Fig. 6.1) by the source strength (con
verted to neutrons sec-I) and then integrating over energies above 2 MeV: 

S (source strength, neutrons sec-I) = (3.1 X 10 10 fissions sec-I watt-\) 

X (2.47 neutrons fission-I) 

= 7.56 X 10 10 neutrons sec-I 

<I> = 7.56 x 10
10 

fErna 41Tr2 No (r,E) dE 
60 41T(60)2 2 ( 6.3-1) 

wnere the integral is carried out over the 60-cm curve given in Fig. 6.1. 

(b) Gamma Rays. The gamma-ray data generated by infinite-medium 
moments-method calculations have found wide application in shielding 
calculations. These data are quite extensive both in the number of materials 

and the variety of source types that have been considered. Extensive 
discussions of these calculations, their results, and their application are 
given by Goldstein. I

•
3 The gamma-ray penetration data are more ex

tensive and also more precise than the neutron data. Goldstein has esti
mated the overall accuracy of the data at ±20%. Since backscattering for 
gamma rays is much less than for neutrons, interface effects are less 
important for gamma rays, and infinite-medium data can be applied to finite 
layers to a good approximation. 

Examples of the differential spectra are shown in Appendix L for the 
penetration of gamma rays of various energies through water and lead. One 
significant difference between these data and the neutron data discussed in 
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the preceding section is that the photon data at a given range have been 
multiplied by 41Tr2eJJo', where Ilo is the linear absorption coefficient of the 
material at the source energy. Since the exponential factor accounts only for 
the attenuation of the unscattered component, the flux density at a given 
energy falls off less rapidly than e-JJo '. Thus these data, which have been 
multiplied by 41Tr2 eJJo', increase with increased penetration. 

These data have also been integrated over a flux-density-to-dose-rate 
response function and expressed as a ratio of total dose rate to the dose rate 
due to unscattered photons alone. These ratios, called dose buildup factors, 
are a more compact representation of the data that are useful for 
applications where biological dose is of primary importance and the 
spectrum is of only secondary interest. Buildup factors were discussed in 
Sec. 4.8.1 and values are found in Appendixes E and F. Applications of dose 
buildup factors are discussed in Sec. 6.4.1. 

The data for water indicate that an equilibrium spectrum is established at 
very shallow penetrations and does not vary greatly, even at penetration 
depths approaching 20 mean free paths. The spectra for lead exhibit a wider 
variation in distribution with penetration depth. Differences in the shape of 
the Ilo vs. E curves for water and lead are instructive in understanding the 
relative spectral shifts (see Chap. 3). 

Differential spectra for gamma rays are applied to shield attenuation 
calculations in much the same manner as the neutron data. An added benefit 
in the case of gamma rays is the broader range of materials for which data 
are available and the apparent smooth variation of the data with atomic 
number, which allows interpolation between elements for which data are 
available. A variety of computer programs have been written to perform this 
interpolation, also to interpolate between source energies and penetra
tion depths. One method of performing this interpolation is discussed in 
Sec. 6.3.4. These programs also integrate over a complex source geometry 
and estimate the combined effect of a mixture of elements in a shield. 
Integrations over a complex source are performed numerically by breaking 
the source into individual point sources representing volume increments and 
by breaking the source spectrum into individual monoenergetic sources 
representing energy increments. The programs are limited in that they 
consider only the materials lying in the straight-line path from a source point 
to the detector and also in that they must apply infinite-medium data and 
cannot account for the effects of interfaces along the path. The limitations 
are not severe in that interface eff~cts are small (-10%) and may be 
compensated with appropriate corrections. 
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6.3.2 Monre Carlo 

The Monte Carlo method has an advantage over the moments method in 

that Monte Carlo techniques can accept a wider range of source types and 
can predict the angular distribution of the neutrons and gamma rays at the 

exterior surface or at any arbitrary internal point in the material. This 
feature, however, spreads the existing calculations through a wider range of 
possible parameter variations and thus decreases the probability of finding an 

existing set of data to fit a particular need. 
With few exceptions, Monre Carlo has been used more for obtaining 

precise answers to individual problems than for the generation of parametric 
data. This is probably the most economical approach since, as mentioned 
previously, it would be difficult and expensive to obtain data for all 
foreseeable parameter combinations. Data have been generated. however, for 
the penetration of unit sources through finite slabs and through infinite 
media of some materials. 

Monte Carlo neutron data have probably found wider application than 
gamma-ray data. This is due partially to the fact that the moments
method gamma-ray data have proven to be widely adaptable and have 
compared favorably with experiments and other analyses, thus obviating 
the need .for Monte Carlo photon data. 

With Monte Carlo techniques very complex penetration and reflection 

probabilities can be obtained. For example, consider a monoenergetic 

monodirectional beam incident on a laterally infinite slab at polar angle e i 
and azimuthal angle ct>j (Fig. 6.3). Penetration probability values, 
P( (] i,t,Ek ,¢j;R,{3,e ,¢,E), and reflection probability values, a( (] i,Ek ,rf>j; 

R',{3',e',cp' ,E'j, are needed. In general practice, however, data of this nature 

are more expensive to obtain and more complex than most applications 
warrant. Furthermore, in any Monte Carlo study, as the number of variables 
increases, the accuracy of the differential data degenerates for a given total 
number of histories. Consequently the reflected energy E' can be 

eliminated by tabulating only the exit dose rate or the distance R' can be 
eliminated by integrating over the surface, or, indeed, all the exit parameters 
can be eliminated and only the total exit dose rate calculated. 

If the calculational model described in the preceding text is being used to 
simulate a collimated narrow beam of radiation incident on a shield, the 

variation of intensity with the position of exit is sometimes an important 
parameter to the design of the shield. The same model can be used for 
broad-beam incidence with the principle of reciprocity. The reciprocal 

relation of adjacent entrance and exit points indicates that the integral of the 

.-~ .. -
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current density from a l-cm 2 beam is equivalent to the leakage per square 

centimeter from a broad beam of the same intensity per square centimeter as 

the collimated beam. Thus the integral 

J 
over exit 
surface 

where the transmISSIon probabilities in the integral are for a collimated 

source of 1 particle/sec, yields the probability of leakage per square 
centimeter due to a broad-beam source of 1 particle sec-I cm-2 • 

The parameter E can be eliminated by integrating the leakage radiation 

to obtain a total particle current density, energy current density, or dose 
current. All these quantities are assumed to be dependent on the exit angle. 

There is little or no advantage to performing a parametric study by Monte 

Carlo unless the angular dependence is retained. The term dose current is 

used for the quantity that is given by the product of the differential angular 
current density (particles cm-2 sec-I steradian-I) and the flux-density-to

dose-rate conversion factor. This quantity is a convenient way of expressing 

the radiation intensity in terms of a dose response while maintaining the 

angular dependence. Dose current,D(8',<p'), is given by 
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D(8' ,¢') = J ](8' ,¢',E) R(E) dE (6.3-2) 

where ](6',r/J',E) is the current density per steradian about the direction 
(8',¢') and R(E) is the flux-density-to-dose-rate conversion factor. An 
application of the data reported in this form is illustrated by the fact that 
the dose rate at a point outside the shield from a differential area, dA, of the 
surface is 

D = 1... ](8' ,¢',E) R(E) dE dA = D(8' ,r/J') dA 
~ ~ 

(6.3-3) 

where the detector is at distance r in the direction (6',¢'). This quantity is 
integrated over the surface of the shield to obtain a total dose rate at the 
external point. The variation of the direction of the detector with position 
on the shield surface usually necessitates a numerical integration. The 
directional energy-current density or particle-current density can be applied 
in the same manner as discussed for the dose current. However. the total 
energy or particle-flux density at a detector is not generally as important as 
the biological dose rate. 

Sample results of a typical Monte Carlo study are shown in Fig. 6.4 from 
a report by Allen, Futterer, and Wright. 4 These investigators calculate the 
total neutron-energy distribution (integrated over angle) and a total angular 
distribution (integrated over energy) but not doubly differential data. i.e., 
energy distribution within a particular angular interval. The data result from 
a calculation for 2-MeV neutrons incident on a 60-cm-thick laterally infinite 
slab of water at an angle of 45° from the slab normal. In this analysis the 
calculation is performed for a thick slab, and the neutrons are tagged on 
their first and subsequent penetrations through a given thickness plane. In 
this manner both initial and multiple penetrations are tallied, and flux 
density vs. thickness and flux density vs. depth are calculated simulta
neously. The initial penetrations correspond co the flux density vs. thickness 
as though the slab had nothing beyond the plane; thus there is zero 
probability of scattering back into the material once the neutrons penetrate. 
Of course. the multiple-penetration calculations do contain the effects of 
backscattering. Figure 6.4 shows the curves of total flux density vs. thickness 
and flux density vs. depth resulting from these calculations. The data for 
flux density vs. thickness remain 30 to 50% below the data for flux density 
vs. depth over a wide range of material thickness, illustrating the effect at 
each depth into the slab of backscattering from deeper regions. 

-..,.-. -
. ~-
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Fig.6.4-Energy-<iependent and total flux density vs. depth and total flux density vs. 
thickness. Slab, 60 cm water; incident energy, 2 MeV; angle of incidence, 0°. Flux density 
VS. depth: 0, 2 MeV; v, 10 eV to 2 MeV. Flux density vs. thickness: 0,10 eV to 
2 MeV. Hollow symbols, run 1; solid symbols, run 2. (From Allen, Futterer, and 
Wright. 4 
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6.3.3 M~asllred Data 

Experimental data can be applied directly to some shielding problems by 
properly scaling source intensities and by adjusting for geometry differences. 
Experiments are essenti~l for the verification of an analysis or design and for 
obtaining cross-section information. [n the early days of nuclear technology, 
empirical data were widely used either directly in design work or as the basis 
of semiempirical analysis methods (see, for example, Sec. 6.4.2). 

The source energies available naturally limit the parameter range of 
experimental results. Other parameters of the experiment, ~uch as ip.ci9.ern 
angle, exit angle, and energy at the detector, can be cont~~lled"or measured 
fairly accurately. Reactor-shield experiments are generally performed with 
either reactor sources or the cleaner source of fission neutrons and gamma 
rays from a fission-source plate. Other neutron sources include various 
pseudo-fission spectra (obtained in accelerators from boil-off in heavy
element bombardment) and a few monoenergetic sources obtained from 
low-energy charged-particle interactions. Notable among the more useful 
panicle interactions are the d-t interaction, obtained by accelerating 
deuterons into a tritium target, and the d-d interaction, obtained by 
accelerating deuterons into a deuterium target. The Q values (kinetic energy 
release) of these interactions are 17.58 and 3.26 Me V, respectively, and the 
neutrons evolved are approximately 14 and 2.5 MeV, respectively. Rel~tiv~~y 
low intensity neutron sources formed by combining 0::- or 1'-emitting isotope"s 
with light elements, such as deuterium, beryllium, lithium. boron, and 
fluorine, have been used for shield experimentation on a limited basis. 
Neutrons from these interactions are generally of little interest for shield 
measurements because they comprise mixed energies that do not approx;i, 
mate any spectrum to which the shield will be subjected. 

Gamma-ray sources available for shielding experiments inch.ld~ fission. 
gamma rays, fission-product gamma rays, and individual gamma-ray-emiHing 
isotopes. Difficulties are encountered with fission gamma-ray sources 
because of the interference of secondary gamma rays from neutron 

interactions. The spectrum from fission products gives a lower average energy 
but is useful in testing containers for spent fuel elemems and in 
weapons-fallout shielding analyses. Individual isotopes can provide useful 
monoenergetic photon sources for obtaining penetration data in the range 
below 1.5 MeV; however, most of the sources emitting gamma rays of energy 
above 1 MeV emit undesirable background energies. Three of i:he isotop'e"s 
freg uendy used for shield measurements are 60Co, which emits one 
1.17-MeV and one 1.33-MeV gamma ray per disintegration; 137CS, whose 
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daughter, 137 Ba, emits one 0.662-MeV gamma ray per disintegration; and 
144Ce, which emits 17 gamma rays of energy 0.134 MeV per 100 
disintegrations accompanied by 2 at 0.1 MeV, 2 at 0.08 MeV, and 17 at 
0.04 MeV. 

Some of the experimental data quoted here were originally reported 
before the adoption of the terms kerma and absorbed dose (as defined in 
Chap. 2). We have converted the opsolete unit rep to the kerma unit on the 
basis that 1 re p = 100 ergs/g. EfCamples of data obtained with fission sources, 
either in fission plates' or reactors, are shown in Figs. 6.5 through 6.7. 
Figure 6.5 shows the neutron dose rate vs. distance through water as 
measured along the center line of the Lid Tan~ Shielding facility. 5 This 
curve has been widely used as a check on the validity of m~thoqs fOf 
calculating neutron penetration through hydrogenous media. Figure 6.6 
shows typical results from an experiment using the Aerospace Shield Test 
Reactor6 housed in an aboveground tank. The angular distribution of 
neutrons exiting slabs of borated polyethylene was measured as a function of 
slab thickness. A narrowly collimated detector was rotated on a circle of 
4.9-m radius centered at a point on the exit face. The reactor neutrons 
incident on the shield were precollimated into a 15.2·cm beam. Figure 6.7 
shows the variation in thermal-neutron-flux density as a function of range in 
air from the Tower Shielding Reactor. 7 The influence of the ground is seen 
as an increase in the thermal-neutron-flux density as the detector height was 
decreased from 46 to 1,0 m. 

Figure 6.8 is an exampleS of time-of-flight neutron ~~~s~rern~nt~ i~ 
which a boil-off spectrum from a lead target in a linear accelerator was used. 
Spectra are shown for the source and for the neutrons penetrating slabs of 
zirconium hydride of various thicknesses. With this method a v~ry fine 
angular resolution of the penetrating neutrons can be obtained. The spectra 
shown are for penetrations normal to the slab along the source-shield
detector axis. 

Data from experiments to determine the transport of 60Co gamma rays 
through air from an isotropic source are shown in Fig. 6.9, taken from 
Burton.9 A collimated detector was used for measuring the relative 
gamma-ray spectra for a variety of detector polar angles about the 
sour<:~-det!!ctor axis. The data are therefore on a per-unit-solid-angle basis, 
which means [hilt the ~otal ~ounts per angular increment were obtained by 
dividing by the solid allgl~ intercepted by the increment. Figure 6.10 
shows the geometry and results obtained from measurements by Serduke 
and Smith 10 of 6 °Co gamma-ray penetration through iron, Here the angular 
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6.3.4 Fitted-Parameter Data 

The data from a parametric shield analysis or experiment may comprise a 
bewildering collection of numbers chat can be laborious to apply in design 
situations. It is, therefore, desirable to find some means of reducing the bulk 
of information without losing detail or accuracy. One solution is to fit 
analytical functions to the data. An advantage offered by this approach, in 
addition to the reduction of data, is that it may provide a means of 
analytically integrating over one or more parameters. As an example, 
consider the variation of exit current density with slab penetration thickness, 

1.1.1 
~ 
<C 
a: 
1.1.1 
Vl o o 
z 
o 10-6 
a: 
~ 
::> 
1.1.1 

"T 
~ 
Vl 
<C 
u. 

SHIELD A TrENU ATION CALCULATIONS 

Thickness, em 

15.2 

1~8 ~ __ ~ __ ~ ____ ~ __ ~ __ ~ ____ ~ __ ~ ____ ~ __ ~ __ ~ __ --J 

-5 o 5 10 15 20 25 
B, deg 

30 35 40 45 50 

277 

Fig. 6.6-Angular distribution of fast-neutron dose rate from particular thicknesses of 
3% borated polyethylene slabs. (From Western. 6

) 

6.3.4 Fitted-Parameter Data 

The data from a parametric shield analysis or experiment may comprise a 
bewildering collection of numbers chat can be laborious to apply in design 
situations. It is, therefore, desirable to find some means of reducing the bulk 
of information without losing detail or accuracy. One solution is to fit 
analytical functions to the data. An advantage offered by this approach, in 
addition to the reduction of data, is that it may provide a means of 
analytically integrating over one or more parameters. As an example, 
consider the variation of exit current density with slab penetration thickness. 



278 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

10' ~------------~------------~------------~------~ 

I 

~ 
I .., .. 
." 

'" I 

i: 
u 
." 
C e 

5 

; 2 .. 
c 

'" E 

• 

DH = 35.5 m 

DH=45.Bm~ 

5x 105~------------~------------~------------~------~ 
o 100 200 300 

R. m 

Fig. 6.7--CR 2 <l>th as a function of slant range (R) and detector height (DH)' Reactor 
height, approximately 53 m; C = 41T (0.093). (From Muckenthaler, Holland, and 
Maerker. 7 

) 

This often fits an exponential function of the form 

J- \ ] -at+b - 1 -., -I 
I, r!::: 0 e partlc es em ~ sec (6.3-4) 

or in rare cases by a simpler exponent (b = 0). The variation with exit angle 
often approximates a function of the form 

J(t.8)::: J(t) k[a + b (cos 8)C] particles sec- I steradian- I (6.3-5) 

where the constant k normalizes to unity the integral of the function over 
the 21T solid angle at the exit face, that is, 
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Sometimes the angular distribution has been observed to be a function of 
penetration. When this occurs, the constants in the angular-distribution 
equation must be evaluated at each depth. At other times the distribution 
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has reached an equilibrium after penetrating a depth of one relaxation length 

or less, which suffices for most requirements. 

The energy spectrum of the penetrating radiation is likely to require a 

more complex fitting function than the other distributions and consequently 

is usually left in numerical or graphical form. 

The problem of fitting a function to the energy spectrum is avoided if 

the calculation requires only the total particle-current density, energy-flux 
densitv, or dose rate of the exit radiation. Use of these units may also . , 

involve an angular distribution. For example, an angular distribution of the 
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dose rate can be obtained from that of the flux density or that of the current 
density. The dose rate due to flux density at angle e is given by 

( 6.3-7) 

where ¢>(8,E) is the flux density at energy E per unit solid angle about the 
polar angle () (azimuthal symmetry is assumed) and R(E) is the Dux-density
to-dose-rate conversion factor. 

In addition, the quantity called dose current (Sec. 6.3.2) is defined as 

Dc(8) = J:max ](8,E) R(E) dE 
min 

(6.3-8) 

where ](8.E) is the current density per steradian per MeV exiting at polar 
angle 8. 

A set of data giving dose rate vs. depth and dose rate vs. angle is much 
more compact than triple differential data in depth, energy, and angle. 
particularly if one angular distribution can be used at most depths. 

The variations of dose rate with thickness and angle can be combined 
into a single eq uation. In rare cases a function can be found that fits dose 
rate vs. angle, thickness, and energy of the incident particle. 

In an attempt to fit all the parameters adequately, the empirical 
equations can become so complex and so difficult to apply that the 
advantage over raw tabular or graphical data is lost for hand calculations. 
Such complex equations may still have an advantage for computer 
applications in that the computer memory required for storing constants and 
evaluating the equations generally is less than that required for storing the 
original data and interpolating between data points. 

An example of such a fitted function is one developed by Peterson to 
represent the moments-method differential gamma-ray-energy spectra for use 
in the C-17 point-kernel computer program. I I The probability, f, of gamma 
rays' of source energy Eo being degraded to penetration energy E in 
penetrating a thickness III t relaxation lengths was fitted by a quadratic in 
the variables PI t and the effective atomic number, Zeff' of the shield 
material. The form of the equation is 

I [
/(Eo ,E)] 2 

n PIt =A\(Pl t ) +ii 2 (P 1 t)+A 3 (p\t)Zeff 

+ .4 4 Z e ff + A 5 (Z e ff) 2 + A. 6 ( 6. 3-9 ) 
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where a set of coefficients, A j , is given for each combination of source and 
final energy. For particular initial and final energies, this equation provides a 
continuous probability distribution over penetration thickness and material 

composition. The effective atomic number, Ze£f, is found by computing the 
quantity 

1: 1.1.-2. . I I 
I 71=--
1: Zj 
i 

(6.3-10) 

summing over the constituents of the material. This value can be used to 
select a Zeff from a plot of P-j vs. Z. For most cases the Zeff so determined 
will be very close to the average atomic number of the material. 

Although this form of curve fit results in a rather extensive library of 
coefficients. it is more efficient in application than attempting to store all 
the moments-method data. It can be compared to the use of the equation of 
a surface as opposed to a numerical listing of points on the surface. 

Equations can also be derived to fit parameters appearing in equations 
for dose rate vs. material thickness. Discussions in Sec. 4.8.1 and the 
following section on the buildup-factor approach to the moments-method 
gamma-ray data present examples of such equations. 

6.4 SIMPLIFIED SOLUfIONS 

It is natural that attempts should be made to simplify the solution to 
problems as complex as those associated with radiation transport. It is also 

inevitable that most simplifications result in some sacrifice in the number of 
parameters or in the precision associated with the solution. 

Simplifications of radiation-transport analyses can generally be classified 
as those resulting from (1) analysis of detailed analytical or experimental 
data which reveals a simpler means of obtaining some gross quantity, such as 
dose rate or total flux density, or (2) attempts to simplify the mathematical 
models of radiation-transport physics and thereby obtain (in an easier 
manner) data which are a little less precise but which are possibly as detailed 
as the more complex solutions. The use of gamma-ray-dose buildup factors 
and removal theory fall into the first category; the other methods are 
broadly classed in the second category. 
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6.4.1 Applications of Gamma-Ray Buildup Factors 

The definitions and theory of exposure and energy-deposition buildup 
factors were presented in Sec. 4.8.1. In this section we describe some typical 
applications. 

For a thin shield and narrow beam (Fig. 6.11), the buildup factor is 
unity, B = 1, because scattering events deflect the gamma rays our of the 

Source 
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I 
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Fig. 6 .11--N arrow-beam geome try. 

beam and thus away from the detector. Where t is small and the detector size 
can be neglected, the gamma-ray-flux density at the detector is given by 

.t. S -J.l.iE'lt '!'=--e \, 
41TR2 (6.4-1 ) 

where s is the source strength, IJ.(E) is the linear attenuation coefficient 
(cm- 1 

), and t is the shield thickness (cm). 
For the geometry of Fig. 6.12, as the thickness of the shield is increased 

so that multiple scatters become more prevalent or as the width of the beam 
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o 

Fig. 6.12-Wide-beam geometry. 
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is increased so that single scatters may reach the detector, the buildup factor 
increases to values greater than 1. The value of B continues to increase with 
increasing beam width or shield thickness. A saturation point is reached 
when the size of the beam forms a 21T solid-angle intercept at the detector. 

The gamma-ray-flux density at the detector in this case is 

cp=-S-B(E t' -p.(Eo)t 
41T R 2 0 ,/-L ) e ( 6.4-2) 

Note that the value of B is dependent on the angular distribution of the 
source incident on the shield, the shield thickness, and the energy of the 
gamma rays. We should also recognize that this buildup factor applies only 
to the photon-flux density. As mentioned previously, the concept of buildup 
can be applied to any detector response, bur, for a given set of conditions, 
the dose buildup factor, flux-density buildup factor, or energy-flux-density 
buildup factor are not necessarily numerically equal. To be generally useful 
therefore, buildup factors must be identified as to source-shield geometry, 
source energy, shield thickness, shield material. and detector response. An 
example is the dose buildup factor for an infinite-plane collimated source of 
2-MeV gamma rays shielded by an infinite-plane slab of lead four mean free 
paths thick. 

As an example of the application of buildup factors. consider the 
penetration of gamma rays from an infinite-plane source (Fig. 6.13). The 
source is assumed to emit monoenergetic gamma rays isotropically with a 
source strength of So photons cm-2 sec-I. 

The dose rate at the detector is given by 

roc -p.R 

Dz = So F(E) J 0 4:R 2 B(£,j.l.R) 2m dr (6.4-3) 

z 

Fig. 6.13-Buildup from infinite-plane source. 
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where T is the radius along the source plane to the source element, z is the 
distance of the detector from the source plane, and F(E) is the flux-density
to-dose-rate conversion function. By changing the variable from T to Rand 
replacing B(E,J.lR) with the Berger formula, B(E,J.lR) = 1 + C(E) /J.ReD(£)f.J. R 

(see Sec. 4.8.1), the expression becomes 

(6.4-4 ) 

Introducing the exponential integral 

f -En (x) = x n-1 x (6.4-5 ) 

the expression becomes 

D = SoF(E) [E ("_\ + ~ e-(l-D)f.J. Z ] 
z 2 1"'-1 1 _ D 

(6.4-6 ) 

Graphs of the function En(x) for n = 1. 2, and 3 are available in 
Appendix G. 

6.4.2 Applications of Neutron-Removal-Theory Kernels 

In the discussion of neutron-removal-theory kernels (Sec. 4.8.2), the 
Albert-Welton kerneP 2 was discussed as one method of handling neutron 

'"attenuation in hydrogenous shields. The Albert-Welton kernel is especially 
useful in the following two applications: 

1. This kernel can be used to correct measured or calculated data when 
small changes are made in the heavy elements of a shield. For example, 
suppose that a lead layer and a water layer surround a point source. If the 
lead layer is increased and the water thickness remains the same, the new 
dose rate is given by 

where L R = removal cross section for lead 
t = change in lead thickness = Tl + t 

'2 = new distance from source 
D(T2) = new dose rate 

TI = original distance 
D 1 (T 1 ) = original dose rate 

(6.4-7) 

"-~-,--
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Notice that the assumption is made that the water thickness (and its 
effect) remains unchanged. Consequently the dose rates are evaluated at 
different positions. 

2. The kernel can be used to correct results obtained for one hydroge
nous medium so that they apply for another hydrogenous medium. The 
assumption is that the hydrogen effect remains constant for a given 
hydrogen length, with the effects of other elements accounted on the basis 
of removal cross sections. Thus the hydrogen attenuation kernel in one 
medium is set eq ual to the hydrogen attenuation in the other, which gives 

(6.4-8 ) 

with the constraint, to ensure the equivalence of the hydrogen effect. of 

( 6.4-9) 

where P2 = hydrogen density in medium for which D(r2) is unknown 
P 1 = hydrogen density in reference medium for which Dl ~rl) IS 

known 

k R 2 = removal cross section for all elements except hydrogen In the 
medium being analyzed 

k R 1 = removal cross section for all elements except hydrogen In the 
reference medium 

Combining the preceding equations yields 

(6.4-10) 

A word of caution is appropriate here. The preceding equations represent a 
simple model of rather complex phenomena, and rather large errors are 

possible. 
Although the differences are not great, values of the removal cross 

section measured in homogeneous-hydrogenous mixtures are slightly lower 
than those measured in slabs preceding hydrogenous materials. The value 
would be expected to vary slightly with the ratio of atomic densities of 
hydrogen to the material being measured. Table 6.1 shows the extem of 
these variations in some particular measurements given in the shielding 
volume of the Reactor Handbook. ' 3 
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Table 6.1-COMPARISONS OF kR AND l:.DR 

Element 

Carbon 

Lithium 
Oxygen 

k R measured in slab 
preceding H2 0 

0.81 ± 0.05 

1.01 ± 0.05 
0.99 ± 0.01 

Measured in homogeneous mixture 

0.72 ± 0.05 
C.7 - 0.8 

0.9 
0.92 ± 0.05 

Mixture 

CI2 H22 0 1 1 - H2 0 
CH and CH2 (moments· 

method calculation) 
LiH 
Oil and water 

In both neutron and gamma-ray calculations in all types of media. 
estimates of the approximate change in detector response with material 
thickness can occasionally be made with an effective relaxation length. "eff. 
for the material. The effective relaxation length is defined as the material 
thickness required to reduce the response by a factor of e- 1 • or 

(6.4-11; 

neglecting any differences in geometric attenuation. The value of "eff is 
determined from an examination of basic experimental or analytical data. 
The selection of a value for "eff is fraught with hazards because it may be a 
function of many variables, such as distribution in energy, angle. and 
position of the source and the total thickness of the shielding material. Also, 
slight differences may be observed in the response as a function of thickness 
or in the response as a function of depth due to spectral shift with increasing 
penetration. Provided that data can be obtained under analogous circum
stances, use of an effective relaxation length can provide a quick and 
. . . 
mexpensive estlmate. 

6.4.3 Other Point-Kernel Applications 

The point-kernel method has been discussed in preceding sections. but 
not all applications of the method have been covered. I t should be 
emphasized that this method is not a means of obtaining basic penetration 
data but is rather a widely used means of applying these data. This method 
can be used in combination with appropriate point-source. infinite-medium 
data to determine either dose rate or spectrum at a point due to a disrribured 
source. It can also be used in combination with total-crass-section data to 
obtain the un collided component at a point due to a distributed source. 

-~~ -
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Fig. 6.14-Cylindrical point-kernel model. 

Other applications are distinguished by the nature of the source being 
analyzed. In the last-collision method (to be discussed at the end of this 
section). the source is proportional to the local scattering density. In the 
analysis of secondary radiation, the source is proportional to the local 
density of radiative interactions. , 

(a) Numerical Techniques. The major steps in performing a numerical 
integration over the source volume are: (1) divide the source into increments 
that may be considered as paine sources, (2) determine the source strength 
to be associated with each increment, (3) determine the attenuation along 
each source-detector ray, and (4) sum the contributions from individual 
sources to obtain a total detector response. 

These tasks are considered in order in the following discussion. As with 
all forms of numerical integra~ion, the number and size of the increments 
selected and the means of averaging within an incremene are critical to the 
accuracy that can be obtained. Consider the three detector positions near the 
cylindrical source shown in Fig. 6.14. Assuming uniform distribution of the 
source strength throughout the cy [inder. the nearest region will account for 
most of the response at detector D 1 . Consequently nearby increments 
should be smaller in size than those at a greater distance so that the averaging 
in this region is at least as precise as that for more distant points. The 
increment size selected should be such that the distance from any point in 
the increment to the detector would be a very weak function of position in 
the increment. In addition, the material attenuation across the increment 
should be small. Under these conditions the midpoint of the volume element 
can be used as a representative average of all source points within the 
increment. The maximum acceptable increment size is therefore influenced 
both by the distance to the detector and by the relaxation length of the 
source region. For detectors at great distances from the source, the 
increment size is determined primarily by material relaxation length. For 
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nearby or internal detectors, particular caution should be exercised in laying 
out local increments lest a source point be so nearly coincident with the 
detector that its effect overshadows all others. t Other factors that will 
influence increment layout include source-density variations and shield 
inhomogeneities. The estimated relative importance of a given source region 
to total detector response should determine the precision in layout of the 
reglOn. 

The source strength to be associated with each of the assumed central 
point sources is given by the integral of source density over the increment or, 
if the source density is fairly uniform, by the product of source density 
times volume associated with the increment: 

n = f p dv = l5 Av 
~v 

( 6.4-12) 

The attenuation along each source-detector ray is generally determined 
from a set of basic penetration information. The material thickness along the 
ray (g cm-2 ) is the criterion used in normalizing to the basic data. The effect 
of a material mixture or laminate along the ray is assumed to be the same as 
that of each of the component materials taken individually and in sequence 
with no perturbation due to interface effects. 

Any of the various types of attenuation data that have been discussed in 
Sees. 4.8 and 6.3 may be used in this manner. The choice depends on 
whether spectrum or dose response is required at the detector and also on 
the availability of data for the elements involved. Depending on the type of 
attenuation data used, the summation of the contributions from the 
individual source points may be as simple as adding dose-rate values or as 
complicated as adding contributions to individual energy and angular 
increments. 

(b) Attenuation Kernels from Monte Carlo Calculations. Results from 
Monte Carlo calculations (or from other transport methods) for dose-rate 
transmission through slab shields with an incident beam of neutrons can be 
quite useful when expressed in terms of attenuation kernels, i.e., as plots of 
transmission factors or dose-rate attenuation as a function of slab thickness. 
With such graphs it is a simple matter to estimate the fraction of the dose 
rate that is transmitted for each incident-energy group of neutrons, the total 
dose rate being the sum of the dose rates from all energy groups. 

t 1! 41'r' gets very large as r gets very small. 

-~-
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Clark, Betz, and Brown 14 performed Monte Carlo calculations for 
monoenergetic beams of neutrons normally incident on slabs of ordinary 
concrete and also on a semi-infinite medium (half-space) of concrete. The 
neutron energies were 0.7, 1.3, 2, 3, 4, 6, 8, 10, 12, and 14 MeV. The 
density of the concrete was assumed to be 2.43 g cm-3 , and its composition, 
other than its water content, was representative of that given for ordinary 
concrete 01 in Report ANL-5800 (Ref. 15). The resulting curves for dose 
attenuation are shown in Appendix M (Figs. M-1 through M-10). In addition 
to being useful directly, these results can be helpful in adjusting the large 
body of infinite-medium neutron-attenuation data for concrete (for ex
ample, Trubey and Emmett 16) to finite layers. After one or two rela.xation 
.lengths, the penetrating characteristics of neutrons in an infinite medium of 

concrete should differ very little from those of neutrons in a semi-infinite 
medium. Therefore data such as is shown in Figs. M-l to M-lO, which in all 
other respects appear to be appropriate for application to a particular 
situation, can be adapted to a finite system by correcting the data in 

proportion to the ratio of the curve for the semi-infinite medium (dashed 
curve) to the curve for the slab configuration (solid curve) at the proper 

penetration distance and energy. 
Other useful results were obtained by Allen and Futterer, 17 who 

determined the attenuation of the multicollision dose rate in the materials 
listed in Table M-l due to monoenergetic neutron beams incident at various 
angles. The neutron energies used were 5, 3, 2, I, and 0.5 MeV, and the 
results are plotted in Figs. M-ll through M-15. In order to use these curves, 
we must know the multicollision dose rate at the inner surface of a slab of 
one of these materials due to neutrons incident in a broad beam at an angle 
(or angle band) and energy (or energy band) close to the angle and energy 
for which the attenuation data are given. The attenuation factor appropriate 
to the material, thickness, energy, and angle is read from the curve, and the 
incident dose rate multiplied by that factor should approximate the dose 
rate that has penetrated the slab. 

(c) Formulas Derived from Kernel Integrations. Transformations of 
source geometries with kernel integrations are elucidated by Blizard, 
Foderaro, Goussev, and Kovalev. '8 They have derived equations to relate 
dose rate (or other nondirectional radiation quantities) from one type of 
source geometry to that of another. For example, the dose rate from a finite 
disk source may be related to either that from a point source or that from an 
infinite-plane source. A cylindrical source may be shown equivalent to a line 
source buried within the cylinder. Additionally, the anenuarion of various 
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sources in passing through slab shields can often be expressed in terms of 

standard integral equations whose values are well known as a function of the 
parameters involved. The formulas derived in this manner are useful in the 
evaluation of the recurring regular geometry problems that may require only 
a preliminary estimate of shield effectiveness. The exponential integral 
functions (Eq. 6.4-5) are involved in the formulas and are given for reference 

in Appendix G. The function 

F(B,llt) = foB e-J.J.t sec 8' de' (6.4-13) 

is known as Sievert's integral and is occasionally involved. Numerical values 
(detailed plots) are given by Blizard et al.I 3.18 We will summarize some 

useful cases using the following symbols for source intensities: 
Volume sources (Sv)' particles cm-3 sec-I 
Surface sources (Sa), particles cm-2 sec-I 
Line sources (Sz), particles em-I sec-I 

Point sources (So). particles sec-1 

Shield penetration depth is denoted by (Ilt) as though only one material 
were involved. Where there is more than one shield material. the symbol 

should be interpreted as r Iliti' 

Basic point-source kernels are 

(6.4-14 ) 

for the direct-beam (uncollided) component of an unshielded source, 

(6.4-15 ) 

for the direct-beam component with an intervening absorbing shield. and 

-J.J. t 
'" \ e 
'¥ = So B(J..Lt) 4rrR 2 (6.4-16) 

for the total (direct and scattered) component with an intervening absorbing 

and scattering shield where B(J..Lt) is the buildup factor for shield thickness 

(J..Lt) at the source energy. 
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An element dl in an unshielded line source (Fig. 6.15) gives 

but, since 

L 

I 
I 
I 
1 __ -

d¢ = 51 dl 
411'(a sec 0) 2 

dl = a sec 2 0 dO 

Fig. 6.15-Line source. 
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(6.4-17) 

( 6.4-18) 

( 6.4-19) 

If a shield is placed between the line source and the detector, che uncollided 

flux densicy is given by 

5 dl e-JJ.t sec 8 
d¢=_Z ___ ~ 

411'(aSeCe)2 

= 5Z 4 de 
1I'a 

-J1t sec 8 
e 

5Z . 
¢ = _ (1 9 , e-J1t sec de + foe, e-J1t sec 8 de) 

411'a 0 

51 
= -4 [ F ( f) 1 ,p t) + F ( fJ 2 ,p t) 1 

1I'a 

( 6.4-20) 

(6.4-21 ) 

( 6.4-22) 

(6.4-23) 

In like manner the integral over a disk source (Fig. 6.16) can be 
evaluated in terms of the exponential fu~ctions, En (x). 

SHIELD ATTENUATION CALCULATIONS 

An element dl in an unshielded line source (Fig. 6.15) gives 

but, since 

L 

I 
I 
I 
1 __ -

d¢ = 51 dl 
411'(a sec 0) 2 

dl = a sec 2 0 dO 

Fig. 6.15-Line source. 

293 

(6.4-17) 

( 6.4-18) 

( 6.4-19) 

If a shield is placed between the line source and the detector, che uncollided 

flux densicy is given by 

5 dl e-JJ.t sec 8 
d¢=_Z ___ ~ 

411'(aSeCe)2 

= 5Z 4 de 
1I'a 

-J1t sec 8 
e 

5Z . 
¢ = _ (1 9 , e-J1t sec de + foe, e-J1t sec 8 de) 

411'a 0 

51 
= -4 [ F ( f) 1 ,p t) + F ( fJ 2 ,p t) 1 

1I'a 

( 6.4-20) 

(6.4-21 ) 

( 6.4-22) 

(6.4-23) 

In like manner the integral over a disk source (Fig. 6.16) can be 
evaluated in terms of the exponential fu~ctions, En (x). 



294 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

--+&-_....J..._-'-__ .....;:=- p 

Fig. 6.16-Disk source. 

At point P on the axis of the disk, the uncollided flux-density 
contribution of the source increment in a differential ring at radius r from 

the center is given by 

Sa(271"rdr) -ptsecO' 
d<f> = 4 2 e Trp 

(6.4-24) 

SLlbstituting p2 = r2 + a2 , p dp = r dr, and sec 8' = pia 

S dp 
del> = ~ _ e- pt pia 

2 p 
(6.4-25 ) 

or, if J.Ltp/a == t, 

<I> = ~dt 
Sa f JJtsec8 -t 

2 III t 
(6.4-26 ) 

( 6.4-27) 

Similar although more complex expressions can be derived for volume
distributed sources, such as a cylinder or an infinite slab. l 

8 

(d) Special Applications. A first estimate of the scattered radiation can 

be obtained by performing a kernel integration over the density of first 

collisions within a medium. Consider Fig. 6.17 for a point source and slab 
shield. 
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SO'---~-----------+------~----------------~--~ D 

Fig. 6.17-Single.scattering geometry. 

The uncollided flux density at d V is 

- ~ ttl se eel 
<I> - S _e __ ---::-__ 

1 - 0 41T"R i ( 6.4-28) 

where L t is the total cross section. 
The density of first collisions within dv is 

( 6.4-29) 

and the flux density at D due to single scatters within d V is 

(6.4-30) 

where Ls(8) is the value of the angular-distribution function (macroscopic 
differential-scattering cross section) for scattering at angle 8, 
~s(8) = IV 0s(8). Integrating Eq.6.4-30 over the entire scattering volume 
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yields the singly scattered flux density at point D. This method gives a 
reasonable estimate of the total scattered flux density in cases where the 
scattering medium is thin with respect to the relaxation length of the 
radiation, i.e., where there is a small probability of multiple scattering within 
the medium. In such cases, especially for problems of air scattering, it is 
common practice to neglect the attenuation within the scattering medium of 
both the unscaccered and the singly scattered radiation, which approximately 
corrects for the buildup of the multiply scattered component. 

The last-collision method 19 can be used in estimating the angular 
distribution of the radiation penetrating a shield. Prior knowledge of the 
approximate flux density vs. shield thickness must be available from other 
sources, however. The approach is similar to thac for the single-scattering 
model except that a total flux density (rather than an uncollided flux 
density) is used in determining the density of scatters. The total-flux
density-vs.-penetration data are taken from any of the basic sources 
discussed in Sec. 6.3. In this method we assume that the total flux density 
within the slab is collimated in the direction of the incident beam and is of 
the same energy as the source. For a broad-beam flux density <Po normally 
incident on a slab (Fig. 6.18). where the flux density vs. penetration depth 

--
CPo --- Fig. 6.18-Last·collision geometry for a slab. 

can be expressed in terms of an exponential function utilizing the removal 
cross section, exp [-~ R (Eo) t 1 , the local scattering density is given by 

( 6.4-31) 

If we assume that the energy after scatter, E, is given by an elastic scatter of 
particles at the initial energy and that the cross section for scattering into a 
unit solid angle about the direction of the detector is Is(Eo ,e), then the flux 
density at the detector due to scattering in d V is given by 

.-~;...-
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( 6.4-32) 

The term L s(Eo ,8) is the differential scattering cross section. Eq ua
tion 6.4-32 can be integrated over that portion of the shield lying within 
solid-angle increments as seen by the detector. A differential angular 
distribution at the detector can be obtained by expressing dcJ> on a per-unit 
solid-angle basis. This is· done by dividing by the differential solid angle 
(21T sin 8 de) and integrating along T. 

The last-collision method can be applied to any geometry using 
numerical techniques, and in certain simple geometries the integration can be 
carried out analytically. In the slab-geometry broad-beam normal-incidence 
case, the flux density per steradian incident at angle 8 per unit incident flux 
de nsity at energy Eo is 

x (1 - exp {- sec e [Lt{E) - LR(Eo) cos e] tm }) (6.4-33) 

where tm is the slab thickness. Evaluation of this equation at representative 
angles provides an estimate of the differential angular distribution at the 
detector. Where a spectrum of radiation is incident, an evaluation can be 
made at each angle for each incident-energy group. The energy spectrum at 
the detector is estimated by logging the contributions from the particular 
incident-energy-scattering-angle combinations into appropriate energy bins 
at the detector. This approach ignores the spectral shift likely to be 
encountered as the radiation penetrates the shield. However, energy loss due 
to the last collision is included. 

Consider another geometry: a detector on the axis of a cylindrical shield 
as shown in Fig. 6.19. Broad-beam incidence is assumed with all particles 
incident at angle ~ with respect to a plane through the axis of the cylinder. 
In this case the scattering angle is 8 and the reference angle at the detector is 
CY. The integral equation for scattered flux density per steradian per incident 
neutron at energy Eo and direction {3 is 
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INCIDENT 
NEUTRONS, 

" 

Fig. 6.19-Last collision for cylindrical geometry. 

where tj = [(r~ - r2 sin 2 ¢)~ - r cos ¢] csc ~ 
t 2 = (r - r 1 ) csc 0:: 

1T -I / ) ¢max = "2 + cos (r! T2 

+ I:t(E) t2 ]}d¢ dr (6.4-34) 

In stating Eqs. 6.4-33 and 6.4-34, the flux density vs. penetration depth 
was given in terms of an exponential function. The method can also be 
applied with a basic set of spectrum-vs.-depth data, although the integrations 
could no longer be carried out analytically but would require a numerical 
solution. French! 9 demonstrates that the simplified approach (ignoring 
spectral shift) gives results in reasonable agreement with experiment and 
Monte Carlo analyses for LiH shields of about 10- and 20-cm thickness. 

6.4.4 Methods for Estimating Low-Energy Neutron-Flux Density 

Estimating the thermal-neutron-flux density as a function of position 
inside the shield presents a dilemma. The diffusion methods for analyzing 
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neutrons are generally inadequate for predicting the transport of higher 
energy components, which are the source of thermal neutrons deep within 
the shield. Likewise, some of the transport methods are extremely inefficient 
for obtaining thermal-flux density because of the many decades of energy 
degradation that must be considered. Various combinations of transport and 
diffusion methods have been used to resolve this dilemma. The assumption is 
made that at some energy around 1 keY the neutron angular distribution 
changes from forward-peaked, which is best treated by transport theory, to 
nearly isotropic, which is characteristic of diffusion. One of the earliest 
corrections to diffusion theory was the first-flight correction to the age in 
Fermi age theory.2 0 The correction is applied because the neutron cannot 
enter a process described by continuous slowing down (as Fermi age theory 
requires) until it has collided at least the first time. 

A calculational model formulated by Blizard21 equates the slowing
down source to the rate of removal from the fast beam. The resulting 
equation for the equilibrium thermal-neurron-flux density (ignoring diffu
sion at thermal) is 

where <Pth (=) = thermal-neutron-flux density 
](z) = fast-neutron current density 

A. = relaxation length of J(z) 
~ a = thermal-neutron-absorption cross section 

l' = average age of neutrons from removal to thermal 

(6.4-35) 

Obvious limitations of this model are the need for empirically determined 
values of ](z), X, and T. These values are dependent on penetration depth, 
material, and geometry: thus values from one measurement do not 
necessarily apply to another set of conditions. 

The development of more sophisticated multigroup diffusion models 
made it possible to obtain reasonably good estimates of the thermal-to-fast
neutron ratio in a material, even though the penetration of the fast 
component could not be treated in this way. Haffner22 used such an 
approach and normalized the results to the fast-neutron distribution given by 
the Albert-Welton kernel. In this approach the corrected thermal-neutron 
flux is given by 
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J K, rE) ¢(E,R)' dE 
¢ = DiR) \." 

th \, )- K (E' ¢(E R) dE 2! " 
(6.4-36 ) 

where K, (E) :: response of detector used to measure thermal-neutron-flux 

densitv 
K: (E) :: response of a fast-neutron dosimeter 
D(R; :: Albert-Welton kernel dose rate at position R 

¢(E,R) :: flux density computed by the multigroup diffusion code 

Good results were obtained with this method, but it is limited to cases where 
a reliable D(Rj kernel is available. 

A refinement of the preceding method is to perform a multigroup 
diffusion calculation using as a source the neutrons recoiling from first 
collisions within the shield. Although this method has been used with some 
success by Schreiber and Kodras 23 in predicting thermal-neutron distribu

tions in bery llium oxide, difficulties are encountered in hvdrogenous media 
owing to neutrons which have suffered one or more small-angle collisions but 
which have retained their directional character. Spinney24 used a removal 
kernel rather than an uncollided kernel for the diffusion source to solve this 
difficulty. The removal concept was applied to individual source energies in 
order to approximate a transport kernel for individual e"nergy groups which 
accounted for both the uncollided and the small-angle scattered components. 
Spinney first used age theory to predict slowing down of a removed neutron 
and later used the concept in multigroup diffusion calculations.25 This 
combination of removal and diffusion theorv has come to be known as the , 
Spinney method, the theory of which is discussed in Sec. 4.9. 

Trubey 26 proposed a direct coupling of a multigroup diffusion code to 

the results of a transport code such as RENUPAK (moments method), 
NIOBE (numerical integration of the Boltzmann equation), or Monte Carlo 
codes. In a trial calculation of the transjz.tsion (transport ditJt!sion) method. 
Trubey chose the RENUPAK transport code for fast-neutron calculations 
and the MODRIC diffusion code for the analysis of neutrons below 1 ke V. 

MOD RIC is a one-dimensional multigroup diffusion code written for the 
IBM 7090 computer. With RENUPAK, an energy spectrum of neutrons was 
calculated at various spatial points between 0 and 160 cm. These values were 

then interpolated to provide spectra at 226 spatial points. Two separate 
determinations were made with lower energy limits of 1 and 10 keY to test 
sensitivity. The spectral values were written on magnetic tape and used as a 

source distribution for the low-energy portion of the transfusion calculation. 
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J K, rE) ¢(E,R)' dE 
¢ = DiR) \." 

th \, )- K (E' ¢(E R) dE 2! " 
(6.4-36 ) 
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Variation of the cutoff energy from 1 to 10 keY affected the thermal-flux 
density by only 1 to 5%. Figure 6.20 compares the thermal-neutron-flux 
density calculated by Trubey using the transfusion method with measure
ments in water at 'the Lid Tank Shielding Facility. The experimental data 
have been converted to an equivalent point source, and all data have been 
normalized to unit-source strength. The transfusion method provides a much 
closer fit to the measurements chan does the application of diffusion theory 
alone. 

6.5 APPLICATION OF KERNEL TECHNIQUE TO CALCULATIONS 
OF SECONDARY GAMMA-RAY DOSEt 

Often a large fraction of the radiation dose rate behind reactOr and 
shelter shields is the gamma-ray dose rate due to neutron capture and, in 
some instances, to inelastic scattering within the shield. If the spatial 
distribution of the neutron-flux density is known, the gamma-ray dose rate 
can be calculated for a large number of configurations by integrating the 
dose kernel over the source volume. With the kernel technique as 
exemplified by Eq. 4.8-4 and the slab geometry shown in Fig. 6,21. the dose 
rate, r(t,a,b), on the shield surface due to a distributed monoenergetic 
isotropic gamma-ray source, SIx), bounded by planes at a and b is given by 

f
b ('.. _pR 

r(t,a,b) = C(E) .J S(x) dx Jo BrU.LR) :17'R2 217'p dp (6.5-1) 

where x = one-dimensional spatial coordinate measured from the reference 
plane 

t = shield thickness 
p = radial distance to source point measured from the detector axis 
R = distance from the source point to the detector 
P = cotal macroscopic cross section for gamma rays of source energy E 

C(E) = flux density to dose rate in tissue conversion factor, which 
for conversion to rads/hr is 5.767 x 10-5 [Pa(E)fpjE, where Pa/p 
is the mass energy absorption coefficie nt for tissue 

Br(pR) = dose buildup factor for gamma rays of energy E 

tThis section by p, A, Stevens and D, K. Trubey is adapted from Methods for Calculating Neutron 
and Gamma Ray Attenuation, in Weapons Radiation Shielding Handbook, Chap. 3, USAEC Report 
DASA-1892-3, Oak Ridge National Laboratory, 1968, 
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Fig. 6.20-Comparison of measured and calculated thermal-neutron-flux densities as a 

function of distance from the source. (From Trubey.26) 
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Fig. 6.21-Geometry for integration over exponential source distribution. 

C(E) Jb f"" -IlR rU,a,b) = -2- S(x) dx . Br(pR) _e - dR 
a .-lC R 

(6 - ?' .:J-_/ 

The gamma-ray source term usually can be represented quite well either 
by fitting with several terms or by piecewise fitting of the thermal-neutron
flux density distribution t (or of the fast-flux density distribution if inelastic 
scattering is being considered) with a function of the form 

(6.5-3) 

tThe production of secondary gamma rays by the caprure of nonthermal neutrons is usually 
insignificant for thermal reactors. It can be important in fast reactors and in thermal reactors where 
absorbing layers deplete the thermal flux. 
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where Sa is the gamma-ray source at x = 0, which gives S(x) in the interval 
(a, b), and k is the re ciprocal of the effective neutron relaxation length . 

. Usually Sa can be calculated by 

(6.5-4 ) 

where y is the number of photons of energy E released per neutron capture 
(or per inelastic scattering), <I> (a ) is the neutron-flux density (usually 
thermal-flux density for capture and fast-flux density for inelastic scatter
ing), and 1: is the macroscopic neutron cross section for thermal-neutron 
capture (or for inelastic scattering). 

When exponential or polynomial forms of the buildup factor are used 
(see Sec. 4.8.1) together with the source description given by Eq. 6.5-3. then 
Eq. 6.5-2 can be integrated analytically. and very useful results can be 
obtained. In the following paragraphs examples of such integrations are given 
for two cases of interest: a slab shield of finite thickness t and a semi-infinite 
shield (t = 00), the latter corresponding to a real problem in which the shield 
is very thick. 

6.5.1 Calculation for Slab Shield 

Trubey 27 calculated the secondary gamma-ray dose rate for a slab shield 
using the Berger form of the buildup factor 

(6.5-5) 

used in Eq. 6.5-2. The equation then becomes 

+ f~. ,ClE) eiJ. \D-l)R d(J.LR)] 
iJ .. ' -X) 

~6.5-6) 

where the uncollided dose rate, r o(tAbL is represented by the first term 
and the scarrered.dose rate, rs(t.Ll,b). is given by the second term. 

Letting J.L(t - x) = y and integrating the first term of Eq. 6.5-6 by pans, 
we find the dose rate from the un collided gamma-ray dose race is given by 
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+ E" (1 - ")Il(t - b) J - ea" (I-b) E "1l(1 - b) I} (6.5-7) 

where Q' = k( p. and E) is an exponential function of the first order and is 

defined by 

f
"" -y 

E) (x) = ~ dy 
x y (6.5-8) 

Appendix G conrains graphs and other details of the exponential functions. 

If Q' = 1 or ° (case of uniform source distribution) or if b = r, 
indeterminate forms result which may be resolved by I'Hospital's rule, by 

series expansions, or by integrating Eg.6.5-6 for k = p., k = 0, and b = t, 
respectively. These cases are as follows: 

Forb<tanda=O 

G(E) Sa { 
ro(t,u,b)= 2p. p.(b-a) E) [1J(t-b)] 

+ III E 1 [Il( I-a) I - Ilt E 1 [Il(t-b) J} (6.5-9) 

For b < t and Q' = 1 

\ C(E) Sa { -pa ,. 
ro(t,a,b) = 2p e E) [,u,t-a;] 

-J1b -J1t t-a} - e E) [j.l(t-b)] + e In t-b (6.5-10) 

For b = t and a * ° or 1 

- e-O:J1t {E) [p.(I-a)(t-a)] + In 11 - al}) (6.5-11) 

:. 
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For b = t and 0: = 0 

G(E) Sa { Ilet a)} 
ro(t,a,t) = 2fJ. I+Jl(t-a)E 1 [Jl(t-a)]-e- - (6.5-12) 

For b = t and 0: = 1 

. G(£) Sa { -/Ja ,Ilt } 
ro(t,a,t) = 2Jl e £1 [J..L(t-a)] - e- in "YJ..L(t-a) (6.5-13) 

where 'Y = 0.577215665 ... , Euler's constant. 
For the special case of b = t and a = 0, Eq. 6.5-11 can be represented by 

~6.5-14) 

where 

Equation 6.5-15 is plotted in Fig. N.l as a function of the number of 
mean-free-paths }J.t with 0: as a parameter. [Equations 6.5-9 through 6.5-15 
can be used to calculate the total gamma-ray dose (uncollided + scattered; 
when the Taylor form of the buildup factor is used (see Se_c. 4.8.1)_] 

Since z = t - x, the scattered dose rate behind a slab shield can be 
determined by expressing the second term of Eq. 6.5-6 (i.e., the Berger term) 
as 

G(E'ICEiS e-tl:lltft_a J-
rs(t,a, b) = ,\) a dz." etl:/Jze-(l-D)/JRd(/JR) 

2 t-b 
(6.5-16) 

Integrating Eq. 6.5-16 gives 

r (t a b = G(£) C(£) Sa e-
Qllt 

[e-(l-D.tl:)Il(t-b) _e-(l-D-tl:)/-LU-a)] (6.S-17) 
S J' 2( 1 - D)( 1 - D - O:)/J 

.-~~ -
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Fig. 6.22-The coefficien t D for the Berger form of the gamma-ray-dose buildup factor. 
(Based on data from Chilton. 28 ) 

Equations 6.5-16 and 6.5-17 reveal that, unless D is less than 1, negative dose 
rates are obtained. However, D is always significantly less than 1, as is shown 
in Fig. 6.22 from the work ofChilton.28 

When a:: + D = 1, Eq. 6.5-17 gives an indeterminate form, which, when 
resolved, becomes 

G(E) C(E) Sa e-CXJlt (b - a) 

rs(t,a,b) = 2(1-D) (6.5-18 ) 

For the special case when b = t and a = 0, Eq. 6.5-18 can be expressed as 

G(E) C(E) Sa eDp.t , , 
rs(t,O,t) = p.(1 _ D) 1111 (p.t,a:: ) (6.5-19) 

, I 

where 

(6.5-20) 

and a' = a:: + D. The function given by Eq. 6.5-20 is shown in Fig. N.2. 
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6.5.2 Calculation for Semi-Infinite Shield 

Solutions of Eq. 6.5-2 for a semi-infinite shield, i.e., for b = 00, give useful 
results that are generally applicable for the special caSe in which a = 0, 
particularly if one is interested in a gamma-ray heating rate within a shield. 
Using the polynomial form of the buildup factor 

3 
Br(/lR) = 1: Art(/..LR)rt (6.5-21) 

n=O 

Claiborne29 determined solutions to Eq. 6.5-2 for this case which were all in 
the form 

( 6.5-22) 

The dose rate from the uncollided-flux densitv LS represented by the first 
term and is given by 

(6.5-23) 

and the sum of the next three terms represents the scattered contribution. 

The terms are 

e-Ot(.J.t [1 _ e- (l-O:)lJt 1] 
l/J 1 (Jlt) = -2- --1-_-"'-- + -.... 1+0: 

(6.5-24) 

(6.5-26 ) 

When 0: = 0, an indeterminate form occurs in Eq. 6.5-23, and, \vhen 

0: = 1, indeterminate forms occur in Eqs. 6.5-23 through 6.5-26. The 
fOllowing equations result when the indeterminate forms are evaluated: 
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For 0: = 0 (6.5-27) 

For a: = 1 
E (t' e-l1t 

1/1 0 (J.lt) = 1,J.L I +--In (2'YfJ t ) 
2 2 

( 6.5-28) 

( 6.5-29) 

( 6.5-30) 

2W~ [(J.lt\3 1] e-I
.
H 

,11 (lit) = -- + -'- + - --
""3 fA I 3 3 4 12 ( 6.5-31) 

The functions given by Egs. 6.5-28 through 6.5-31 for the semi-infinite 
medium are plotted in Figs. N.3 and N.4 for various values of 0:. These 
figures can be compared with Figs. N.1 and N.2, which are the corresponding 
functions evaluated for a slab shield. 

These solutions contain the contribution from the gamma-ray sources 
between the detector position at t and infinity since integration of Eg. 6.5-2 
from x = 0 to x = 00 produces two integrals: one gives the contribution from 
the interval 0 ~ x ~ t and the other gives the contribution from the interval 
t ~ x ~ 00. In the usual shield, however, the contribution from the second 
interval at deep penetrations is small, and the gamma-ray dose rate outside a 
shield of thickness J,Jt will be only slightly less than that calculated for a 

distance fJt within a semi-infinite shield. 
If Eg. 6.5-22 is used for gamma-ray heating calculations within a shield, 

the coefficients An must correspond to the polynomial fit of the 
energy-absorption buildup factor, and the conversion factor for expressing 
the heating rate (in watts g-l ) becomes 

J.L 
C(E) = 1.6 x 10-1 3 ~ E 

p 
( 6.5-32) 

where pulp is the mass energy absorption coefficient of the material in which 
heat is generated. 
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EXERCISES 

These exercises can be done with data given In this and previous chapters and the 
appendixes. 

6.1 Two isotropic fission point sources. A and B. are contained in a tank of water. as 
shown by the plan view in the accompanying sketch. Sources A and B both emit 1010 

neutrons/sec. (a) Estimate the spectra at points 1 and 2 at the edge of the tank. (b;, 
Estimate the total energy-flu x density (Me V cm -'2 sec -1 ) at points 1 and 2. (c) Make a 
rough estimate of the thermal-flux density at points 1 and 2. 

6.2 An ordinary concrete slab is to be used to shield a 15.25-cm-diameter beam rube from 

a fission reactor. The fast-neutron-flux density at the face of the core is known to be 
isotropic with a value of 10 12 neutrons cm -2 sec -I at the core face. Estimate the 
thickness x required to reduce the neutron dose rate at point A to 1 mrad/hr. Neglect 
scattering in the walls of the beam tube. 
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T 
85 em 

j 
1---42.5--~+1""--42.5~ 

Geometry of Exercise 6.1. 

~1"~---------152em,------------~~ 
Beam-tube geometry, Exercise 6.2 

6.3 In the beam-tube slab shield of Problem 6.2, estimate the thermal-flux density 
emerging at point A. 

6.4 A thin 60Co disk source 10 em in radius with a strength of 5000 Ci is shielded in a 
large pool of water. Using the Berger form of the buildup factor: (a) Compute the 
dose rate (DR) at a point 75 cm from the disk along its axis. (b) Compute the buildup 
factor for this situation. Note: At 1.25 MeV, (IJ t /p)H 2 0=0.064 cm2 /g and 
pulp = 0.03 cm 2 (g. 

6.5 It was decided to add 5 cm of lead to the inside face of the concrete slab covering the 
beam tube of Problem 6.2 to lower the gamma dose rate. How does this addition 
affect the fast-neutron dose rate calculated in Problem 2? Use removal theory. 

6.6 Approximately what was the prompt fission gamma-ray dose-rate reduction that 
resulted from adding the 5 em of lead in Problem 6.5? 

.-~:- -
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Albedos~ 
and 

Ducts~ 
Voids 

7 
We turn now co a number of subjects we might euphemistically call special 
topics. They are special only in the sense that they are necessities. In 
contrast to previous chapters that deal fundamentally with one copic, 
transport in dense media, this chapter and Chap. 8 deal with a number of 

copics equally important to shield design. We might call them engineering 

considerations, perhaps another euphemism. At any rate some of the 
following considerations will arise in any reactor-shield design. 

b this chapter we arc concerned exclusively with an interface between 
two media, usually air and a shield material. The geometrical shape of the 

interface may be an infinite plane, a wall of a room, a cylindrical tu be with 
several bends, or a spherical cavity. 

Because the most successful methods for analysis of these interfaces use 
an albedo concept, the first half of the chapter is devoted to the definition 
and description of albedos. The most important application of an albedo for 
a reactor-shield designer is the analysis of ducts that penetrate the shield. 
Accordingly, duct analysis occupies most of the last half of the chapter. A 
brief final section covers a closely related topic. voids. 

On the assumption that these topics are considered to be advanced in 
shielding and on our opinion that they are still in a state of development, we 
present this material in review form with a discussion of approaches taken by 
several laboratories. Experimental results play an important role here and are 
included in greater number than in earlier subjects for comparison with 
analysis and to illustrate trends. 

7.1 INTRODUCTION TO ALBEDOS 

Backscattering of radiation incident to a dense medium has been treated 

with some success as a reflection phenomenon. Borrowing the optical 
concept of albedo, we represent the scattering from interfaces. such as dC!ns 
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and walls, strictly as a surface effect. So long as the surface dimensions are 
large compared with the relaxation length of radiation in the medium, the 
approximation is valid and useful. 

When applied to nuclear radiation, the definition of albedo is much 
broader than the traditional one used in optics. Nuclear-radiation albedos 
include radiation thac is scattered at depths of the order of a relaxation 
length rather than just from the surface of the medium since particles 
scattering from these depths contribute significantly to the toral radiation 
emerging from the surface. The tacit assumption made in most applications 
of albedo theory is that particles emerge from the medium at the same 

points on the surface at which they were incident. Some nuclear-radiation 
albedos refer to mixed radiations; i.e., emergent particles are sometimes of a 
type different from the incident particles. Such albedos more properly carry 
the modifier effecrive, the emergent radiation being identified as a particular 
type of secondary radiation. For example, effective capture gamma-ray 
albedos are albedos specifying the gamma-ray dose emerging from a medium 
which is caused by incident neutrons being captured within the medium. 
This type of albedo is especially important since for some duct configura
tions the capture gamma-ray doses can exceed the scattered-neutron doses. 

Theoreticallv, calculations of nuclear-radiation albedos should be . 
straightforward since a large body of informacion is available on interaction 
probabilities, the angular distribution of scattered radiation, and the 
emergent energy vs. scattering angle for a variety of incident energies and 
materials. However. even though the single-event probabilities are well 
known, the solution of the macroscopic multicoUision albedo problem 
becomes complex. Consequently the value of the single-event probabilities 
lies primarily in their usefulness in predicting trends. For example, if the 
ratio of the scattering cross section to the absorption cross section is high, as 

it is for neutrons diffusing in concrete, the resulting albedo will tend to be 
high. If, however, the scattering is predominantly in the forward direction. as 
it is for high-energv gamma rays, the albedo will be low. The albedo 
properties of concre,e have been thoroughly investigated since this material 
is used in virtually every type of fixed shield. Other materials have been 
studied, such as warer, iron, lead. borated polyethylene, aluminum. and 
various soils. bur the albedo data for each are generally more limited. 
Investigations have consisted primarily of calculations wirh the Monte Carlo 
machine programs. In addition, a number of measurements have been made 

to esrablish the validity of the calculated data. In nearly all cases the 
calculated results ha\-e been fitted co empirical expressions. 
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7.2 DEFINITIONS 

Traditionally, albedo refers to the ratio of the radiation current reflected 
from a surface to the current incident on that surface. Consider a 
monodirectional source of radiation of energy Eo incident on a surface at 
polar angle 8 0 (see Fig. 7.1). The reflected current of energy E per unit 
energy per unit solid angle at polar angle a and azimuthal angle rt> is given by 

(7.2-1) 

where J(Eo ,8 0 ) is the incident current and 0l.(Eo ,8 o,E,8,rt» is the albedo. 

RECEIVER 

Fig. 7 .I-Geometry for calculating neutron and gamma-ray reflection from a surface. 

When applied to nuclear radiation, albedo is not always expressed as the 
ratio of the reflected current per incident current but instead may be given 
as the ratio of reflected current per unit incident flux density, of reflected 
dose per unit incident current, of reflected dose per incident dose, etc. 
Neutron and gamma-ray albedos are available in several forms. The form 
used in Eg. 7.2-1 is doubly differential; i.e., it is differential with respect to 
both the reflected energy, E, and the reflected direction (as determined by e 
and 1/». A singly differential albedo is integrated over either energy or 
direction. Dose albedos obtained experimentally as a function of exit 
directions are also examples of singly differential albedos since dose is an 
integral quantity with respect to energy. The term total albedo always 
implies that integration has been performed over both energy and direction. 
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7.2 DEFINITIONS 
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(7.2-1) 

where J(Eo ,8 0 ) is the incident current and 0l.(Eo ,8 o,E,8,rt» is the albedo. 

RECEIVER 

Fig. 7 .I-Geometry for calculating neutron and gamma-ray reflection from a surface. 
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In this text differential albedos are denoted by the symbol a, as in Eq. 7.2-1, 
and total albedos by the symbol ,1.. 

'Three different types of differential and total albedos have been used by 
various investigators in reporting their results on material reflectivity. The 
fIrst type. denoted here by the subscript 1, is an albedo that represents an 
incident flux density of particles and an emergent current. The second and 
third types, denoted by subscripts 2 and 3, are albedos for which the 
incident and emergent particles are considered to be the same, current for 
the type 2 albedo and flux density for the type 3 albedo. Flux densities and 
currents are related functionally by the cosine of the entrance or exit angles. 
For example. if «I>(£,8,(,6) .. is the reflected differential flux density per unit 
energy per steradian, then the reflected current per unit energy per steradian. 
J(£,8.4». is equal to cf>(E,e,4» cos e. 

If the albedo being considered represents some weighting of the 
particle-flux density, such as dose or energy-flux density, then the 
subscripted letter D or E will precede the numerical subscript. In the 
following albedo definitions. the term dose or dose rate is used in the generic 
sense, The albedo definitions are not affected by the various types or names 
of doses that are used. The choice of the dose definition and the flux-to-d.ose 
conversion ratio govern whether the quantity is exposure·, absorbed dose, 
kerma. or dose equivalent, A functional notation is used in conjunction with 
the albedo symbols to designate the independent variables for the particular 
albedo being considered. 

7.2.1 Differential-Dose Albedos 

The three types of differential albedos for which the partide-flux density 
has been weighted by a dose response function are defined as follows: 

The form CXD dEo,8 0,8 ,et» represents differential current out (in dose 
units) per incident flux density (in dose units). If the dose due to particles of 
energy Eo incident at angle 8 0 is Do. then the particle current (in dose units) 
per steradian reflected in the direction e,cf; is given by Do aD l' The 
reflected-particle current in dose units (or dose current) has no physical 
meaning but is merely a computational convenience. It is expressed 
mathematically by 

D(8,¢) = f K(Ej ](E,8,cf;) dE (7.2-2) 

where ](E,8,cf;) = 4>(E,8,(,6) cos e and K(E) is the flux-to-dose converSlOn 

. -+---
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fac[Qr for particles of energy E. The current measuring plane in these 
definitions is the material-interface plane. 

The form aD2(Eo ,(J o ,e,rP) is used for differential current out (in dose 
units) per incident current (in dose units). If the dose due to particles of 
energy Eo incident at angle 8 0 is Do (flux density in dose units), then the 
particle current (in dose units) per steradian reflected in the direction 8,rP is 

given by Do cos (8 0 laD 1, where Do cos 8 ° is the incident-particle current in 
dose units. This type differs from the traditional current albedo only in that 
the current is weighted by a dose response function. 

The form aD 3 (Eo,{J 0,8 ,rP) is used for differential flux density out (in 
dose units) per incident flux density (in dose units). If the dose due to 
particles of energy Eo incident at angle 8 0 is Do, then the dose per steradian 
due to particles reflected in the direction 8,cp is DoaD3' If the incident
particle current per unit surface area is J~Eo), then Do = K(Eo) J(Eo) sec 80 , 

If the reflected-particle current per unit surface area is J(E,8,rP), then the 
reflected differential dose is 

D(e ,¢) = J K(E) ](E,e ,¢) sec e dE (7.2-3) 

where D(e ,rP) is the dose per steradian due to particles reflected in the 
direction e ,rP. 

These three types of albedos are related by 

aD! = aD '2 cose o =aD3 cose (7.2-4) 

7.2.2 Total-Dose Albedos 

Total-dose albedos are obtained by integrating differential-dose albedos 

over the solid angle re presented by the exit hemisphere. Thus the three types 
of total-dose albedos corresponding to the differential albedos described in 

the preceding section are defined by 

(7.2-5) 

(7.2-6) 
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(7.2-7) 

where dn = sin e de dcf> and the limits of integration are from e = 0 to rr/2 
and from cf> = 0 to 2rr. 

Differential data must be available when data for AD 3 are being 
compared with the other two types of total albedos, whereas AD 1 and :-1.D 2 

are directly related; i.e .. AD 1 = cos eoAD2' 

7.2.3 Other Albedos 

Particle flux density or current- and energy-flux density or current 
albedos. which refer either to particle or energy flow, have also been used. In 
keeping with the previous nomenclature. these are 

A 1 or a 1 = par~icle current out per unit particle flux density in 
A2 or a 2 = particle current our per unit particle current in 
1'13 or a3 = particle flux density out per unit particle flux density in 

For the case in which energy flow is considered, [hese particle-flow 
quantities are weighted by the energy and AE 1 or aE 1 = energy current out 
per unit energy-flux density in, etc. 

All the parameters involved in these albedo definitions are the same as in 
the dose albedo definitions except that neither the incide~t nor the reflected 
flux density (or current) is converted to dose units. 

An effective albedo may be defined for the emergence of secondary 
gamma rays from a material due to incident neutrons. Examples are capture 
gamma-ray albedo, inelastic gamma-ray albedo, or activation gamma-ray 
albedo. 

7.3 NEUTRON ALBEDOS 

The fundamental mechanisms that result in neutron back scattering are 
elastic and inelastic scattering, the two processes being distinguished by the 
condition of the target nucleus following its collision with the neutron. 
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Owing to the .relatively weak variation of the dose response function 
with energy. neutron-dose albedos are more nearly proportional to the 
particle-flux-density albedo than to the total-energy albedo. Calculations of 
neutron albedos have been successfully performed and experimentally 
verified in a number of cases. Investigations fall into three major categories. 
distinguished by the energies of the reflected neutrons: fast neutrons, 
intermediate-energy neutrons. and thermal neutrons. Studies of thermal
neutron albedos have been further categorized as relating to those resulting 
from incident thermal neutrons and those resulting from neutrons incident 
at energies higher than thermal energy. Since neutrons incident at thermal 
energy scatter in a more orderly process than do higher energy neutrons, this 
category has yielded to direct analytical approach more readily than the 
other categories. 

7.3.1 Fast-Neutron Albedos 

Major contributions to the data on fast-neutron albedos have resulted 
from studies made at Oak Ridge National Laboratory (ORNL) by Maerker 
and Muckenthalerl and at the U. S. Army Ballistic Research Laboratories 
(BRL) by Allen, Futterer, and Wright. 2 Both groups performed detailed 
Monce Carlo calculations codetermine the reflection of fast neutrons as a 
function of incident energy and angle. The results of Maerker and 
Muckenthaler are more detailed than those of Allen et ai. in that the 
reflection data are differential with respect to both the reflected direction 
(see Fig. 7.1) and to the reflected energy. The data of Allen et al. are 
differential with respect to the direction only. The ORNL results are limited 
to concrete; the BRL studies include several additional materials. 

The calculations by Maerker and Muckenthaler were performed as part 
of an extensive analytical and experimental program that covered a wide 
range of neutron energies (see Sees. 7.3.2 and 7.3.3) and included an 
investigation of secondary gamma-ray albedos (see Sec. 7.5). In the 
measurements a 23-cm-thick concrete slab that was reinforced with steel bars 
at a depth of 3.8 em from either side was used. For the fast-neutron 
calculations the steel was not considered, and the concrete composition was 
assumed to be a typical concrete of the composition shown in Table 7.1. 

Calculations were performed for six incident-energy bands covering the 
energy range between 0.2 and 8 MeV. In a given problem neutrons incident 
to the concrete were sampled unifo'rmly from each incident-energy band. 
and a statistical estimation technique was used to obtain estimates of the 
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Table 7.1-COMPOSITION OF CONCRETE USED 
IN MONTE CARLO CALCULATIONS 

Element 
Hydrogen 
Oxygen 
Silicon 
Calcium 

Density. g cm-3 

Composition, 
102 I atoms em-3 

Maerker and 
Muekenthaler l Allen et ai. 2 

9.43 
47.6 
11.85 

7.8 
2.35 

13.75 
45.87 
20.15 

2.26 

current emerging from the surface at vanous angles from a normal to the 
surface. 

Emergent angles were determined by the intersection points of a grid 
formed by nine space-fixed polar angles and six azimuthal angles. The 
results, obtained for distinct values of 8 0 ,e, and 11. were grouped into energy 
bands AEo and AE. There were 10 reflected-energy bands, which, like the 
incident-energy bands. covered the range between 0.2 and 8 MeV. (Albedos 
that include neutrons reflected at energies less than 0.2 MeV were 
determined separately and are discussed in Secs. 7.3.2 and 7.3.3.) 

The differential albedo CXD2 (Eo .8 0 .E,8 ,cp) calculated by Maerker and 
Muckenthaler is in units of reflected current (in single-collision dose units) 
per Me V per steradian per incident current (in single-collision dose units) of 
a "gun-barrel" beam source. The average statistical uncertainty associated 
with the Maerker-Muckenthaler data is about 10% for the doubly 
differential albedos and about 3% for singly differential albedos. 

Results from these calculations are shown in Figs. 7.2 through 7.5. 
F'~gure 7.2 shows the variation of the total albedo (integrated over borh the 
reflected energy and the reflected angle) as a function of the incident angle 
and incident-energy band. Figures 7.3 and 7.4 show the dependence of the 
d' fferential-dose albedo on the reflection angles e and ¢: Fig. 7.4 clearly 
illustrates that an assumption of no dependence on the reflected azimuthal 
angle ¢ can lead to considerable error in the differential albedo for some 
conditions. The dependence on the azimuthal angle is strongest for 
high-energy neutrons at grazing angles of incidence and emergence; it 
becomes very weak for low-energy neutrons or for values of ¢ greater than 
45°. This trend is consistent with what would be expected since the first 
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Fig. 7.2--Total single-collision dose albedo as a function of cos 8 0 and tlE 0 for fast 
neutrons (>0.2 MeV) reflected from concrete. [From R. E. Maerker and F.]. Mucken
thaler, Nuclear Science and Engineeril1g, 22: 458 (1965). J 

scatterings of high-energy neutrons are in the forward direction and since 
neutrons that have scattered more than once tend to have "forgotten" their 
initial direction and thus emerge from the material in a random manner. 
Figure 7.5 shows how the ratio of the total-dose albedo for singly scattered 
neutrons to the total-dose albedo for singly plus multiply scattered neutrons 
increases with increasing values of the polar angle of incidence. 

Maerker and Muckenthaler developed an expression to fit their aIlgular 
differential-dose-albedo data which reproduces their Monte Carlo results 
within 10%. The expression involves two terms: the first accounts only for 
singly scattered neutrons and the second includes all multiply scattered 
neutrons; it is assumed that the configuration IS effectively a semi-infinite 
body of concrete. The expression is 

, _ cos fJ 
CXD2 (~Eo ,8 0 ,8,<PJ - a + K r~E) a cos I , 0 cos 0 

.\f cos fJ 
x .E Gm(~Eo) Pm (cos 8s) + 

m"'O cos8+K2(~Eo,eo,8) 

K 

x !: Bk(~Eo) Pk(cOS as) 
k=O 

(7.3-1 ) 
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where cos e s = sin eosin e cos ct> - cos eo cos e ; Pm and Pk are Legendre 
polynomials of orders m and k; 

I . ] . 
K z (6Eo,e o .8) = 1: (cos e,)' 1: aij(6Eo) cos1 eo 

i=O j=O 
(7.3-2) 

and the constants Cm , Bk, Kl , and ajj are given in Appendix 0, Table 0.1. 
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Fig. 7.3-Differential single-collision dose albedo per steradian as a function of cos 8 and 
¢ for 1.5- to 3-MeV neutrons incident on concrete at 8 0 = 60°, [From R. E. Maerker and 
F. J. Muckenthaler, Nuclear Science and Engineering, 22: 458 (1965 ).1 

To provide experimental verification of these data, Maerker and 
Muckenthaler used their differential albedos to predict reflected fast-neutron 
doses from a collimated beam of reactor neutrons incident at various angles 
to a 1.8-m-square, 23-cm-thick concrete slab and compared calculations with 
corresponding measurements at the ORNL Tower Shielding Facility (TSF). 
The values of the incident angles eo covered in the calculations and the 
e:::;:perimenr were 0°, 45°. 60°, and 75°. The calculations were weighted by 
an incident spectrum that had been previously measured at the TSF, and the 
incident dose rate used was the dose rate determined by integrating the 
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and the constants Cm , Bk, Kl , and ajj are given in Appendix 0, Table 0.1. 
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measured dose rates over the effective cross-sectional area of the incident 
beam. 

Agreement was considered good in that the root-mean-square deviation 
between the predicted and measured values was 3.1 % and the largest single 
deviation was 9%. Maerker and Muckenthaler subsequently incorporated 
these results in a duct calculation for comparison with a series of 
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measurements in a three-legged duct. Their results are described later in this 
chapter. 

The Monte Carlo calculations performed by Allen et al. 3 were used to 

determine the fraction of neutrons from monoenergetic sources that was 
transmitted through and reflected from infinite slabs of various materials, 
including concrete. The source energies were 0_10, 0.25, 0.50, 1.0, 2.0, 3.0, 
5.0, and 14 MeV, and the angles of incidence were 0°,30°.45°, and 70° 

- from the normal to the slab. The low-energy cutoff was 10 e V. Transmitted 
and reflected neutrons were accumulated in energy and angle intervals, the 

reflected data yielding the multicollision-dose albedos cxD 3. (Eo,f) 0,8) and 
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AD 3 (Eo ,e 0)' Energy spectra of the reflected flux were also determined for 
each incident energy-angle combination, but the albedo was not calculated 
as a function of the energy of reflected particles. 

In addition to concrete, the materials included in the calculations were 
water, iron, borated polyethylene (8% B4 C by weight), and three Nevada 
Test Site (NTS) soils that differed only in moisture content. The densities 

.I 

and elemental content of the materials are given in Appendix 0, Table 0.2. 
In all cases the slabs were assumed to be sufficiently thick to yield albedo 
data approximating those for a semi-infinite geometry. 

Some results from the calculations of Allen et ai. 3 are shown in Figs. 7.6 
through 7.9. Figures 7.6 through 7.8 are plots of the total-dose albedos for 
the various materials as a function of the hydrogen content for incident 
source energies of 0.1, 2.0, and 14.0 MeV. Figure 7.9 gives the angular 
distributions of reflected neutrons from a l.O-MeV source. 

French and Wells4 analyzed the differential data of Allen et ai. 3 and 
obtained a fit that is a function of the incident and reflected polar angles 

. . 

only. The lesser detail of the BRL results led to the conclusion that the 

.-~~ -

324 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

0.7 
AEo' MeV 

00.2 - 0.75 
0.6 v 0.75 - 1.5 

61.5 - 3 

0.5 o 3 - 4 

l! 4-6 

o 6 - 8 
.... 

0.4 Q 

~ 
In 
In 
N 
Q 0.3 

'<t 
x 

0.2 

0.1 

0 
1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0 

cos eo 

Fig.7.S-Ratio of total single-collision dose albedo for fast neutrons (>0.2 MeV) singly 
scattered from concrete to total albedo for singly plus multiply scattered neutrons as a 
function of cos () 0 and Eo. [From R. E. Maerker and F. J. Muckenthaler, Nuclear Science 
and Engineering, 22: 458 (1965j.] 

AD 3 (Eo ,e 0)' Energy spectra of the reflected flux were also determined for 
each incident energy-angle combination, but the albedo was not calculated 
as a function of the energy of reflected particles. 

In addition to concrete, the materials included in the calculations were 
water, iron, borated polyethylene (8% B4 C by weight), and three Nevada 
Test Site (NTS) soils that differed only in moisture content. The densities 

.I 

and elemental content of the materials are given in Appendix 0, Table 0.2. 
In all cases the slabs were assumed to be sufficiently thick to yield albedo 
data approximating those for a semi-infinite geometry. 

Some results from the calculations of Allen et ai. 3 are shown in Figs. 7.6 
through 7.9. Figures 7.6 through 7.8 are plots of the total-dose albedos for 
the various materials as a function of the hydrogen content for incident 
source energies of 0.1, 2.0, and 14.0 MeV. Figure 7.9 gives the angular 
distributions of reflected neutrons from a l.O-MeV source. 

French and Wells4 analyzed the differential data of Allen et ai. 3 and 
obtained a fit that is a function of the incident and reflected polar angles 

. . 

only. The lesser detail of the BRL results led to the conclusion that the 

.-~~ -



ALBEDOS. DUCTS. AND VOIDS 

1.4~----~-------'------~1----~-------r------~----~ 

Eo = 0.1 MeV 

r Iron 
1.2 ------+-----+- a 90 = 0° ----+------t------:---__t 

c • 90 = 30° 

Il 90 = 45° 

& 80 = 70° 
1.0't------!------~- -----+-----+------I~-----i 

r-

Joncrete I 
~ rl Soil (saturated I 

0.81-----+---- - [SOil (~O% saturat~' 
I-sail (dry) I 

0.61----+---O~d-~~--+1 ~-+------'---t---I---t 

~ I I -- ~I I I Water I 
I ~~ POlyetnYlenel L_ 

0.4 ~ r-

& I ..... _.. I 

I ~&-

0.2~-+----+---+-1 -4-----+------1 

! I i 
O~--~----L---~---~~--__ ~ _____ ~ ____ ~ 
o 1 0 20 30 40 50 60 70 

HYDROGEN. at. % 

325 

Fig. 7.6-Total multicollision dose albedo for O.1-Me V neutrons incident on vanous 
materials. (From Allen. Futterer, and Wright. 3

) 

dependence of the reflected azimuthal angle <P was weak and for the most 
part irregular; thus the dose reflection data were averaged over ¢. The 
dependence on the reflected polar angle was found to fit a cos e function, 
and the dependence on the incident angle was approximated by cos~ eo. 
which yielded an expression of the form t 

(7.3-3) 

where k (Eo) is a normalizing constant that includes the effect of incident 
energy and reflecting material. Values of k(EoJ are shown in Appendix 0, 
Table 0.3. for concrete, the three NTS soils, and iron for eight monoen-

t The original data of Allen et a/. 3 were converted by French and Wells to a type 1 albedo (see 
Sec. 7.2). 
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ergetic scurces and a fission source. Equation 7.3-3 is assumed to be valid for 
all materials of low to moderate hydrogen content (L H / L t < 0.5). (The 
water data of Allen et al. show a less pronounced dependence on () 0 and are 
not represented by Eq. 7.3-3.) 

French and Wells found that. except for incident energies near 
cross-section peaks of the elements in the material. the total-dose-albedo 
data of Allen et al. 3 could be correlated by a linear function of the ratio of 
the macroscopic hydrogen cross section of the material to its macroscopic 
total cross section. There is also an excellent correlation when the total 
albedo is averaged over the fission-neutron spectrum. as is shown in Fig. 7.10 
for normally incident and normally reflected fission neutrons. This should be 
a useful correlation in extrapolating to other materials for which calculations 
have not been performed. 

SongS used the Monce Carlo data of Allen er aI.3 to obtain values of an 
energy-dependent parameter that would give the best fit to a semiempirical 
formula he had derived for the fast-neutron differential-dose albedo for 
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concrete. The formula, analogous to that used by Chilton and Huddleston 6 

for gamma rays (given in Sec. 7.4), is 

F(Eo) cos e 
aD (Eo () 0) = -",-=---~ 

2 '0, cos eo + cos e (7.3-4) 

where F(Eo) is the energy-dependent parameter. Song obtained values of this 
parameter from a least-squares analysis of the Monte Carlo data for concrete 
which gave the best fit co the equation. The values were then empirically 
correlated as a function of energy by 

F(Eo) = Eo exp (0.9719 - 2.895 ~ + 0.3417Eo) (7.3-5 ) 

Another investigation of fast-neutron albedos was performed by Henry. 
Moonev, and Prevost,' who studied the reflection of fast neutrons normally 

/ , 
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incident on various thicknesses of steel and 6% borated polyethylene. Their 
work included both Monte Carlo calculations and experiments utilizing a 
well-collimated reactor beam. In the experiments total-dose albedos (AD 3) 
were evaluated from data obtained by traversing the beam area with a 
dosimeter in a plane adjacent to the slab and repeating the traverse in the 
same plane with the slab removed. Figure 7.11 shows experimental and 
calculated results. 

The data of Henry et al. are of partict.,]ar interest because they show the 
dependence of the albedo on material thickness. In addition. Fig. 7.12 shows 
the reduction of the steel albedo caused by facing the steel slab with various 
thicknesses of polyethylene. In Fig. 7.11 it appears that the albedo for steel 
is approaching a value of nearly 0.6, which is lower than the value of 0.84 
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and 

(7.3-7) 

where jJ. = cos e. jJ.o = cos eo. and the constants are given in Appendix O. 
Table 0.4. for each incident-energy group. When the expression for the 
differential albedo was determined. all exit neutrons were assumed to have a 
l/E energy distribution within each energy group. The expression for the 
cotal albedo was obtained by integrating Eq. 7.3-6 over all exit angles. 

7.3.3 Thermal-Neutron Albedos 

As mentioned previously. two types of thermal-neutron albedos can be 
considered: the purely thermal albedo. for which both the incident and the 
reflected neutrons are at thermal energy. and the albedo for emergent 
thermal neutrons that result from the moderation of neutrons that are 
incident at energles higher than thermal. These two categones are treated 
separately. 

(a) Neutrons Incident at Thermal Energy. Various ~pproximations to 
the purely thermal albedo have been derived analytically. with isotropic 
scattering and capture being the only interactions allowed. In some 
approximations only the cotal albedo is derived. and it is expressed as a 
function of the incident angle. assuming that the reflected neutrons will 
emerge with isotropic or cosine distributions. In other approximations 
differential albedos that are functions of both the incident angle and the exit 
angle are obtained. 

In analytical treatments of purely thermal scattering. the exit current is 
independent of the azimuthal angle by virtue of the assumption of isotropic 
scanering. Monte Carlo calculations made with this assumption have shown 
reasonable agreement with the other forms of analysis: however. Monte 
Carlo calculations in which anisotropic scattering was assumed for hydrogen 
contained in the material have shown that the albedo exhibits an azimethal 
dependence. although to a lesser extent than was shown for fast neutrons. 
Results from Monte Carlo calculations in which both types of scattering 
assumptions were used follow the discussion of various analvrical 
approaches. 

Probably the first investigation of thermal-neutron reflection was 
performed by Fermi. 9 who showed that for large values ofs (S = I:tlI: a . the 
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albedo for thermal neutrons incident on an infinitely thick isotropically 
scattering medium bounded by a plane is given approximately by 

v'N -1 
A (e ) - -----:..----=---

2 0 - V'J'l+y'3 cos eo 
(7.3-8) 

where .42 (eo) is the number of thermal neucrons reflected per incident 
thermal neutron and 8 0 is the angle of incidence. 

A rigorous calculation was carried out later by Halpern, Lueneburg, and 
Clark,lo who obtained the formula 

(7.3-9) 

where k = 2.91, 2.31, and 2.48 for normal. isotropic, and cosme angular 
distributions of incidence. respectively. 

Glasstone and Edlund 1 1 derived a formula by use of diffusion theory 
which is given by 

1- 2KD 
,4 2 = 1 + 2.KD (7.3-10) 

where K is the reciprocal of the thermal-neutron diffusion length and D is 
the diffusion coefficient. 

Chandrasekhar 12 treated radiation back scattering by a method that can, 
in general. be applied to any type of radiation that scatters isotropically with 
a relatively constant cross section, a condition that is approximately met by 

thermal-neutron scattering. The resulting backscattering angular distribution 
can be written in the form 

p cos e 
cx2 (8 0 ,e,p) ='- e e H(p, cos eo) H(p, cos 0) (7.3-11) 

2 cos + cos 0 

where p is the probability of nonabsorption in a single interaction 
(p = Ls/Lt, the ratio of the scattering cross section to the total cross section) 
and Chandrasekhar's H function is tabulated 12 for various values of p and 

cos eo. The total albedo as a function of eo and p is obtained by integrating 
Eq. 7 _3-11 over the exit angle e. This integration yields 

(7.3-12) 
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Spencer. Diaz, and Moses' 3 have applied Chandrasekhar's albedo to neutron 
duct penetration and compared it with the Monte Carlo data. 

Mocke}! 4 studied alternate approaches for determining the total 
thermal-neutron albedo for strongly absorbing media as a function of slab 
thickness. His objective was to develop a method that would be readily 
adaptable to computer usage and still provide good results with less 
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Fig. 7.13-Total albedos obtained by various methods fQr thermal neutrons isotropically 
incident on a strongly absorbing medium (Ls/Lr = 0.1). [From A. Mockel, Nuclear 
Science and Engineering, 22: 346 (1965).) 

computing time than is required for integration of the Boltzmann equation. 
A variational method with a constant trial function was found to give poor 
results except for thin slabs. In a search for better methods, three solutions 
were tried which were based on an approximation to the moments of the 
Chandrasekhar function, a variational solution with an exponential trial 
function, and a diffusion-like semiempirical formula. Figures 7.13 and 7.14 
compare the results from the three methods for isotropic incidence and two 
values of "Lsf'r,t. Also shown are results obtained with a constant trial 
function and with numerical integration cf the Boltzmann equation. 

The semiempirical formula provides a fit within 2% for an isotropically 
incident current (plane isotropic source) and within 1% for a current either 
normally incident or incident with a cosine distribution (isotropically 
incident flux). It has the form 
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1 - e- 2 
C'I.X [1 - f(p) ] 

A2 = l-Ae 2(3% 1 +f(p) +g(p) (7.3-13) 

where p = Lsl"f", as before, x is slab thickness in mean free paths. and values 
of the coefficients and functions are given in Appendix 0, Table 0.5, for 
three conditions of neutron incidence. 
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Science and Engineering, 22: 346 (1965).] 

Pomraning lS proposed a variational solution with an exponential trial 
function which yields for the total albedo the expression 

2 
A2 = [In(l + v) - II] 

(1+1I)ln(1-v2 ) . 
(7.3-14 ) 

for normally incident thermal neutrons and the expression 

4 
- - v2 In( 1 _ v2) [In( 1 + II) - v] 2 (7.3-15) 
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for isorropically incident thermal neutrons. Here v is a positive quanmy 

satisfying the transcendental equation 

2v = In (1 + v) 
c 1 - v 

(7.3-16) 

and c is the mean number of secondaries per collision. 
Values obtained with these relatively simple formulas compare very 

favorably with the results of exact solutions by Chandrasekhar, 12 the 

difference being generally less than 2%. 
Equations 7.3-14 and 7.3-15 are derived from the more general 

expreSSIOn 

where 

?r = I (- 2) [In(l + v) - v] 
n 1 - v 

(7.3-17) 

(7.3-18) 

in which f.J. is the cosine of the incident angle and B(J.l) is the general 

expression for the angular distribution of the incident flux. The success of 

Eqs. 7.3-14 and 7.3-15 for normal and isotropic incidence suggests that 

Eq. 7.3-17 could be applied to other angular distributions with equal success. 
Wells l6 determined total and differential thermal-neutron albedos for 

portland concrete by analyzing Monee Carlo results obtained in a calculation 

that he had originally performed to establish the distribution of capture 
gamma-ray sources in concrete and air due to thermal neutrons incident on 

the concrete. 1 7 Expressions that he derived to fit the Monte Carlo results are 

and 

0:: 1 = 0.21 cos~ 8 0 cos e 

which, when converted to type 2 albedos, are given by 

A 2 = 0.66 co s - ~ e 0 

-~-

(7.3-19 ) 

(7.3-20) 

(7.3-21) 
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and 

(7.3-22) 

A type 3 total albedo is obtained by integrating the differential albedo over 

the exit hemisphere as follows: 

A3 (portland) = f a 1 sec e dn 

f 1l
/ 2 J 211' 21' () de d = 0 0 0.21 conCl o sm cf> 

2! = 1.32 COS/3 eo (7.3-23 ) 

Expression 7.3-23 is to be compared with an expression obtained by 
Wells for a particular concrete used in structures built at the ORNL Tower 
Shielding Facility (TSF): 

A3(TSF) = 1.3 cos eo (7.3-24 ) 

In both the preceding calculations the thermal neutrons were assumed to 
scatter isotropically in the center-of-mass system with no energy loss, and 
histories were terminated after a fixed number of interactions. Statistical 
estimates were made for each interaction point. The concrete compositions 
used in these calculations are given in Table 7.2. 

F or their thermal-neutron albedos, Maerker and Muckenthaler18 per

formed single-velocity Monte Carlo calculations for a 23-cm-thick steel
reinforced concrete slab. Two different scattering laws were used for the 

Table 7 .2-ASSUMED CONCRETE COMPOSITIONS USED 
IN MONTE CARLO CALCULATION BY WELLS I6 

Portland co ncrete, TSF concrete, 
Element 1021 atoms cm-3 10 21 atoms cm-3 

Hydrogen 2.868 15.6 
Oxygen 43.260 39.6 
Carbon 6.507 5.42 
Magnesium 0.40 
Aluminum 1.32 
Silicon 9.899 10.00 
Calcium 8.736 7.40 
Iron 0.31 
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water contained in the concrete: (1) isotropic scattering in the laboratory 
system and (2) anisotropic scattering with an approximation based on 
experiments by Greenspan and Baksys l9 at 0.0358 eV. Scattering from all 
other constituents in the concrete was assumed to be isotropic in the 
laboratory system. 
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Fig. 7.IS-Differential albedos for thermal neutrons normally incident on steel
rein forced concrete. A comparison of single-velocity Monte Carlo calculations and ORNL 
TSF experiments. [From R. E. Maerker and F.]. Muckenthaler. Nuclear Science and 
Engineering, 26: 345 (1966).J 

Typical results from the calculations are shown in Figs. 7.15 and 7.16, 
both of which illustrate that the best fit to the experimental data is obtained 
when the scattering in water is assumed to be anisotropic. Figure 7.16 also 
shows that even for thermal neutrons there is some dependence of the 
albedo on the azimuthal angle. 

From an analysis of their data, Maerker and Muckenthaler fitted their 
results for the differential albedo as follows: 

0.087511 
0:2 = (1 + 1.2811)'(1 + 1.62,u.o - 0.42115) 

11 + 110' , 

x [1 + (1 -110)(1 -11)(-0.10 + 0.43 cos ¢ + 0.20 cos 2 ¢)] (7.3-25) 

_-r". _ 
. ~-
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where Jl = cos 8 and Jlo = cos 8 0 , A much simpler fit was obtained for the 
total thermal-neutron albedo (integrated over all exit angles): 

A2 = 0.86 - 0.19 cos eo 
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o M~asurement 

I - Monte Carlo. H20 anisotropic scatter 12 

0 - - Monte Carlo. H20 isotropic scaner ----I--. ,.. I -~ cos 8 = 0.278 
10 

--- ---
8 
~ r---. 0 

6 

4 

1-0----- ,.. - - -2 

o o 20 40 

~ ---I-- --1--;-Q...... 

0 I 
~ cos 8 = 0.167 -

-~ ,.. I 
I 

i I 
cos 8 = 0.056 -- !- -- I 

U I 

i 
60 80 100 120 140 160 180 

~. deg 

(7.3-26 ) 

Fig. i.16-Differential albedos of thermal neutrons incident at 75° on steel-reinforc..ed 
concrete. A comparison of single-velocity Monte Carlo calculations and ORNL TSF 
experiments. [From R. E. Maerker and F.J. Muckenthaler. Nuclear Science and 
Engineering, 26: 346 (1966).] 

Results obtained for concrete with the various equations for thermal
neutron albedos are compared in Table 7.3. Comparisons are made between 
the total-current albedo for various conditions of incidence. For all cases 
except eo = 75°, there would appear to be ±10% agreement between all the 
values. The formula due co Wells should be limited to angles of 8 0 < approxi
mately 60° because of its tendency to overpredict at grazing incidence. 

(b) Neutrons Incident at Nonthermal Energies. The only estimates 
available for albedos of reflected thermal neutrons resulting from incident 
neutrons of higher energy are those from the Monce Carlo calculations of 
Coleman et ai. 8 for O.S-eV to 200-keV neutrons incident on the same 

steel-reinforced concrete described previously (see especially Sec. 7.3.2). 
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Expressions that reproduce the Monte Carlo values to within ±15% for the 
differential albedos and to within ±10% for the total albedos are given in 
Appendix 0, Table 0.6. The reflected angular distributions (differential 
albedos) for the six. highest energy groups have a shape that is independent 
of Ilo (the cosine of the incident polar angle) and identical to the shape 

Table 7.3-COMPARISON Of VARIOUS VALUES OF THE TOTAL ALBEDO FOR 
THERMAL-NEUTRON REFLECTION FROM PORTLAND CONCRETEt 

Values of A2 obtained with the formulas of 

Maerker 
and Glasstone 

Mucken- Porn- Halpern and Chandra-
Source thaler! 8 Wells! 6 raning! 5 et ai. ! 0 Edlund!! Fermi9 sekhar!2 

Isotropic 
distrib u tion 0.78 0.792 0.8 0.719 0.74 0.79 

Cosine 
distribution 0.734 0.698 

Monodirec· 
tional 
source 

8 0 = 0° 0.67 0.66 0.698 0.645 0.745 0.691 
8 0 = 45° 0.72 0.74 0.78 0.730 
8 0 =75

0 
0.855 0.996 0.82 0.82 

t1:s/Lr = 0.9849 except for the Maerker-Muckenthaler results, which are based on the 
five.region concrete slab discussed in the text. 

derived by Fermi9 for the emergent angular distribution from a plane surface 
in the simplified case of thermal neutrons diffusing in a noncapturing and 
isotropically scattering semi-infinite medium. 

Some contribution is also made to the emergent thermal-neutron current 
from the moderation of incident neutrons with energies greater than 
200 keY. Coleman et al. accounted for these higher energy neutrons by 
extrapolating the results of Table 0.6 to obtain expressions for energies up 
to 9.57 MeV (see Appendix 0, Table 0.7). For the spectrum of neutrons 
from the ORNL Tower Shielding Reactor 11, which was the source used in 
verifying tbe calculations, it was estimated that a consistent error of 20% in 
the extrapolated results would lead to an error of only about 8% in the 
predicted values of the differential thermal-neutron albedos . 
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7.4 GAMMA-RAY ALBEDOS 

The primary interaction that contributes to the backscattering or albedo 
of gamma rays is Compton scattering from electrons. In this interaction the 
photon rebounds with an energy that is directly dependent on the scattering 
angle and the incident energy and is given by the Klein-Nishina formula 
(Sec. 3.2.1). The higher the incident energy, the more strongly will the 
forward direction be favored. Thus the gamma-ray albedo has an inverse 
relation with the incident-photon energy. Owing to the strongly peaked 
forward scattering, the gamma-ray albedo also has a strong dependence on 
the azimuthal angle 1>: i.e., the scattering angle Os (see Fig. 7.1) at ¢ = 0° is 
smaller than the scattering angle at 1> = 1800

, and hence the albedo decreases 
with increasing 1>. The magnitude of the difference increases with increasing 
values of the incident polar angle fJ 0: thus at grazing incidence the difference 
lies between forward scattering (1) = 0°) and backscatrering (¢ = 180°). 

Another interaction that contributes to the reflected energy for incident 
gamma rays of high energy is pair production (Sec. 3.2.1). The posieron 
created in this reaction is annihilated by combining with an atomic electron 
and releasing energy in the form of two new gamma rays. This reaction is 
possible only if the energy of the incoming gamma ray is greater than 
1.022 MeV, and it is predominant only at energies above about 5 MeV. Each 
of the photons created has an energy of 0.511 MeV, which is greater than 
the maximum energy possible for gamma rays scattered backward 
(fJ s = 180°) by Compton scattering. 

Leimdorfer20 investigated the relative contributions by positron anni
hilation and Compton scattering to the total gamma-ray albedo for concrete 
in a calculation that considered single scattering only. The results for 
normally incident gamma rays are shown in Fig. 7.17, in which the fraction 
of the albedo due to annihilation is plotted as a function of the incident 
gamma-ray energy. Also plotted is the same fraction from a calculation by 
Wells2 I in which multiple scattering was considered. 

As with neutrons, most of the studies of gamma-ray albedos have been 
carried out either by Monte Carlo analysis or by experiments and most of 
them have been for concrete. Where both experimental and calculated data 
are available, there is good agreement (within 10%); however, experiments 
have been limited to low gamma-ray energies «2 MeV) that can be obtained 
from isotope sources, and definitive Monte Carlo calculations have been 
performed for only a few materials. 
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One of the earliest Monte Carlo calculations was performed by Berger 
and Doggett, 2 2 who obtained the total-dose albedo, AD 3, for monoenergetic 
sources incident on iron, tin. lead, and water. From these calculations a 
quantitative measure of the dependence of the albedo on the thickness of 
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Fig. 7.17 - Ratio of pair-production annihilation albedo to total albedo for gamma rays 
normally incident on concrete. (From Leimdo rfer2 

0 and Wells.2 
I ) 

the scattering material was obtained. This dependence is illustrated for iron 
and water in Table 7.4. 

Berger and Raso 2 3.24 carried out an extensive series a f Monte Carlo 

calculations to determine the total-energy albedo for monoenergetic gamma 
rays incident on a variety of materials, and in some cases they obtained 
energy and angular distributions. An interesting result of their work is the 
analysis of the variation in the total albedo with the atomic number of the 
scattering material. plots of the albedo for normally incident gamma rays are 
shown in Fig. 7.18. These data may be fitted by smooth curves; however, 
data at intermediate Z values would greatly increase confidence in 

interpolation, particularly at the 2.0-Me V level. 
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Raso2 S performed additional calculations for concrete for source 
energies of 0.5, 1, 2, 4, 6, and 10 MeV and polar angles of incidence of 

cos eo = 0.10, 0.25. 0.50, 0.75, and 1.0. The emergent gamma rays were 
divided into 8 polar and 12 azimuthal angular increments, and differential
dose albedos, aD '2 (Eo,e o,e ,iP), were obtained for all exit-angle combinations. 
Total albedos. AD2(Eo ,e o ), were obtained for each incident energy and 

Table 7 A-DEPENDENCE OF GAMMA-RAY TOTAL-DOSE 
ALBEDO, AD3' ON MATERIAL THICKNESSt 

Eo. eo. 
Material MeV deg 

H 2 O 0.66 0 
0.66 60 

Iron 1.0 0 
1.0 60 

0.5 

Fraction of reflected 
photons reflected 
within depth of 

1.0 2.0 
mean free mean free mean free 

paths paths paths 

0.65 0.88 0.99 
0.61 0.96 1.0 
0.79 0.93 1.0 
0.89 0.98 1.0 

t Adapted from Berg~r and Doggett.l2 

angle. Values of the differential- and total-dose albedos for normal incidence 
are shown in Figs. 7.19 and 7.20, respectively. 

Figures 7.19 and 7.20 also show Monte Carlo results obtained by 
Wells,21 who calculated differential- and total-dose albedos for gamma-ray 
reflection from concrete by analysis of prior Monte Carlo data'26 on 
gamma-ray scattering in air and concrete. The results of Rasa and Wells are 
essentially in agreement on the total albedo for energies of 2 MeV and 
below; there are, however, some differences in the differential albedos at 
these energies. At energies above 2 Me V. there is a substantial disagreement 
between Raso and Wells on the magnitude of the total albedo, as shown in 
Fig. 7.20. The divergence of agreement with increasing energy could be 
attributed to the different manner in which pair production was treated in 
the two calculations. 

As is apparent from Fig. 7.19, the incident energies used in the 
calculations by Wells were 0.6, 1, 2,4, and 7 MeV. The incident polar angles 
were 0, 30, 45, 60, and 75°. The emergent angles varied with the individual 
problems, and no regularly spaced grid was used; however, by extrapolation 
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Fig. 7.1S-Total-energy albedo for normally incident monoenergetic gamma rays as a 
function of the atomic number of the material. (From Berger and Raso.~ 3 .24 ) 
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and interpolation, smooth curve fits were obtained for CXD 1 YS, e for 
azimuthal angles of 0 and 1800

• Complete data sets are given in Ref. 2l. 
Chilean and Huddleston 6 developed a semiempirical formula for the 

differemial-dose albedo for concrete of the form 

(7.4-1 ) 
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where K( f) s) is the Klein-Nishina differential-energy scattering coefficient 
for the scattering angle e s, and C and C' are adjustable parameters that are 
dependent on the initial energy. Values of K(Os) can be obtained from 
Eg.3.2-8 [K(8 s) = 0(8)]. Values of C and C' were obtained by Chilton, 
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Fig. 7.20-Toral-dose albedos for gamma rays normally incident on concrete. (From 
Wells. I and Rasa.2 5 ) 

Davisson, and Beach27 from an analysis of earlier Monte Carlo calculations 
performed by Davisson and Beach. 2 

8 Parameters were ubtained by normal
ization to the total calculated albedo rather than to the differential data. The 
resulting 'values of C and c' are given in Appendix 0, Table 0.8, for water. 
concrete, iron, and lead. Chilton 29 later revised Eg. 7.4-1 by altering the 
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denominator and multiplying by a fraction with five adjustable constants. 
The newer formula has been applied only to concrete but is accurate within 
10% for 137CS and 60Co. Chilton's formula is given in Table 0.9. 

In most of the experimental studies of gamma-ray albedos, the sources 
used were 60 Co and 137 Cs. Examples are the data obtained for concrete by 
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Fig. 7.21-Comparison between calculated and measured differential-dose albedos for 

60Co gamma rays (1.25 MeV) normally incident on concrete. (From Wells.21
) 

Clifford;30 Haggmark, Jones, Scofield, and Gurney;31. Barrett and Wald
man;32 and Berger and Morris. 3 

3 Comparisons of typical data from these 
investigations with results from some of the calculations discussed previously 
are shown in Figs. 7.21 through 7.23. For these figures all the values were 
converted to type 1 albedos, and, where necessary, the analytical data were 
interpolated to match the experimental energies. 
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Clifford;30 Haggmark, Jones, Scofield, and Gurney;31. Barrett and Wald
man;32 and Berger and Morris. 3 

3 Comparisons of typical data from these 
investigations with results from some of the calculations discussed previously 
are shown in Figs. 7.21 through 7.23. For these figures all the values were 
converted to type 1 albedos, and, where necessary, the analytical data were 
interpolated to match the experimental energies. 
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Except for small angles of reflection, the experimental and calcula.ted 
values generally are within 10%. For the single case shown in Fig. 7.22. the 
weighted values of Raso and the calculations by Wells are very similar. 
Figure 7.23 points up the strong dependence on cf> for obliquely incident 
radiation. 
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Fig. 7.22-Comparison between calculated and measured differential-dose albedos for 
137 Cs gamma rays (0.662 MeV) normally incident on concrete. (From Wells,21 ) 

Haggmark et al. 31 found that their experimental data on differencial
dose albedos for concrete, iron, and aluminum could all be represented by 
the expression 

(7.4-2) 

where e s is the effective scattering angle shown in Fig. 7.1; aD 3 is the 
differential-dose albedo described in Sec. 7.2 except that the exit direction is 
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expressed in terms of 8 s, which is a function of 8 and ¢; and b is a constant 
for a given eo I Eo', and material. Figure 7.24 shows a comparison of 
Eq. 7.4-2 with the experimental data for iron, concrete, and aluminum 
reduced by the appropriate b value given in Appendix 0, Table 0.10. 

0.024 r-------r-----""T""'----"""T'------,.-----, 
• ¢> = 180

0

} Haggmark et al. 

e ¢> = o· (measurementsl 

0.020 

6 ¢J = O· } Barrett and Waldman 

• ¢J = 180· (measurements) 

--Berger and Morris (Manle Carlol 

-Wells (Monte Carlo) 

0.016 ~----+_----+_---~A--+_--y-____I 

e 
~0.0'2~----+----~+---~~-+----~~----I 

0.008 I:=-.-.-==:........,,~+_----+------+------+---t 

0.004 f-----+_----+---~o;;:::_..,..~----+---1 

o~-----~~------~--------~~------~--~ o 20 40 60 80 
8. deg 

Fig. 7.23-Comparison between calculated and measured differential-dose albedos for 
60Co gamma rays (1.25 MeV) incident on concrete at 60°. (From Wells.21 ) 

Equation 7.4-2 is a useful tool for extrapolating albedo data, but it is not 
valid for grazing angles since the measurements do not include 8( < 300

• 

Leirndurfer used the Monte Carlo method for calculating the total 

gamma-ray-energy-flux albedo from concrete slabs2 0 and also from spherically 
concave concrete walls.34 An interesting result of the latter studies is shown 
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in Fig. 7.25, which gives the energy-flux albedo, AEJ' for I-MeV gamma rays 
from a concrete wall surrounding a spherical cavity as a function of the 
radius of curvature of the wall. The point isotropic source is located in the 
center of an evacuated cavity in an infinite concrete medium. The !i.E3 is 
defined as the ratio of the collided to the uncollided energy-flux density at 
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Fig. 7.24-Gamma-ray differential-dose albedo for aluminum. iron. and concrete as a 
function of the scattering angle Os. [From L. G. Haggmark. T. H. Jones. N. E. Scofield. 
and W. J. Gurney. Nuclear Science and Engineering, 23: 145 (1'::165).) 

the wall surface. The infinite-radius (flat-surface) albedo is calculated to be 
only about 2.5% higher than the albedo for a SOO-cm radius spherical cavity. 
Other interesting conclusions drawn by Leimdorfer from these calculations 
are that reflections beyond the third or fourth order do not contribute 
appreciably to the energy-flux albedo in the spherical geometry and that at 
least 90% of the reflections occur within the first 24 g cm-2 thickness for 
gamma-ray energies below 10 MeV. 

7.5 SECONDARY-GAMMA-RAY ALBEDOS 

Secondary gamma rays. i.e., gamma rays produced by the interactions of 
neutrons with nuclei, can appreciably increase the number of gamma rays 
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reflected from a material surface. The most important neutron interaction 
involved is radiative capture, described in Chap. 3, which results in capture 

, gamma rays. Since these gamma rays usually create the greatest problem for 
shield designers, the few studies of secondary-gamma-ray albedos that have 
been performed involve captures. Activation gamma rays and inelastic-
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Fig. 7.25-Gamma-ray-energy flux albedo as a function of the radius of the concrete 
reflecting wall (i-Me V source). (From Leimdorfer. 3 4 ) 

scattering gamma rays could be of concern in special situations. Albedo 
definitions given in Sec. 7.2 do not apply precisely to secondary-gamma-ray 
albedos. To emphasize that the incident particles are neutrons and the 
emergent particles are gamma rays, we have included the notation (n')') in the 
subscripts associated with the albedo symbols_ All albedos are based on an 
incident-particle current or flux density and an emergent gamma-ray dose 
current. 
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For capture gamma-ray albedos to be determined, the capture gamma
ray source density within a medium must be known. The density at a point 
is given by 

Sy(E') = l: f ocj(E) Yj{E') Ni <Il(E) dE 
i 

(7.5-1) 

where oci(E) = the capture cross section of element i for neutrons of energy 

E 
Nj = the atomic density of element i 

<I> (E) = the scalar neutron-flux density at energy E 
Yi(E') = the yield per capture in material i of gamma rays of energy £' 

Equation 7.5-1 displays the quantities that must be known as a function 

of position within the absorbing material for a calculation of the gamma-ray 
production in the medium It also illustrates that a number of parameters 
must be duplicated if secondary-gamma-ray data obtained for one situation 
is to be applicable to another situation. In many cases sufficient accuracy 

can be obtained by considering only the thermal-neutron-flux-density profile 
and the capture cross sections averaged over the thermal group. 

Data on capture gamma-ray albedos are quite limited. Wells I 6 performed 
a series of Monte Carlo calculations from which he obtained capture 
gamma-ray albedos for the portland and TSF concrete compositions· given in 
Table 7.2. Assuming that only thermal neutrons were incident, he arrived at 
the following expressions for the differential-dose albedo. which is given in 
rads hr- 1 steradian- 1 per unit thermal-neutron-flux density incident at angle 

eo: 

(7.5-2) 

for portland concrete and 

(7.5-3) 

for TSF concrete. In calculating the capture gamma-ray dose rate along the 

axis of a concrete-lined cylindrical hole, Wells found that the results 

obtained with the TSF albedo were higher by a factor of 40 to 50% than 
. those obtained with the albedo for portland concrete, which demonstrates 

that variations in local aggregates cause variations in the capture gamma-ray 
albedo because of changes in both capture density and gamma-ray yield per 
capture_ 
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Maerker and Muckenthaler l8 also obtained capture gamma-ray dose 
albedos from Monte Carlo calculations for thermal neutrons incident on 
concrete. In their case the concrete was the same five-region slab containing 
steel in two regions. The differential-albedo data were fitted to the 
expresslon 

D:D2 (n,,),) = ,u%(1.01 + 1.67,uo - 0.56,ua) x 10-7 (7.5-4) 

where D:D2 is given in rads hr- I steradian-I per incident unit thermal-neutron 
current and ,uo and ,u are the cosines of the incident and reflected polar 
angles. respectively. The corresponding expression for the total albedo is 

AD2(n,'Y) = 3.77 x 10-7 (1.01 + 1.67,uo - 0.56,ul» (7.5-5) 

given in rads hr- I per incident unit thermal-neutron current. These equations 
fit the Monte Carlo data to within 15%. 

Figure 7.26 compares the differential albedos obtained with the 
Maerker-Muckenthaler expression with those obtained with the Wells 
expression for TSF concrete, the latter being converted to type 2 albedos. 
The data differ by a facto~ of approximately 2, which may have resulted 
from several causes. In the calculations by Wells, neutron histories were 
terminated after 50 collisions, whereas 200 collisions were allowed in the 
calculations by Maerker and Muckenthaler. According to additional studies 
performed by Maerker and Muckenthaler l8 and later by Coleman et aI.,8 

this would account for no more than 20% of the difference. Other 
differences may appear in the gamma-ray yields, the minimum gamma-ray 
energy considered, and the concrete composition. In particular, the layered 
concrete slab used by Maerker and Muckenthaler had more iron nearer the 
surface than did the homogenized system used by Wells. The additional iron 
at this position probably resulted in more iron-capture gamma rays emerging 
from the surface. 

Coleman et al. 8 calculated, also by Monte Carlo methods, the capture 
gamma-ray albedos resulting from the slowing down and capture of neutrons 
incident on concrete at intermediate energies (0.5 eV to 200 keY). As was 
the case for the other calculations by Maerker and Muckenthaler, the 
concrete was the same five-region slab containing two regions with iron; 
however. at most the iron contributed only 20% of the capture gamma-ray 
dose. 

The empirical equations representing the results of Coleman et al. are 
shown in Appendix 0, Table 0.11. The departure from unity of the last 

ALBEDOS, DUCTS, AND VOIDS 353 

Maerker and Muckenthaler l8 also obtained capture gamma-ray dose 
albedos from Monte Carlo calculations for thermal neutrons incident on 
concrete. In their case the concrete was the same five-region slab containing 
steel in two regions. The differential-albedo data were fitted to the 
expresslon 

D:D2 (n,,),) = ,u%(1.01 + 1.67,uo - 0.56,ua) x 10-7 (7.5-4) 

where D:D2 is given in rads hr- I steradian-I per incident unit thermal-neutron 
current and ,uo and ,u are the cosines of the incident and reflected polar 
angles. respectively. The corresponding expression for the total albedo is 

AD2(n,'Y) = 3.77 x 10-7 (1.01 + 1.67,uo - 0.56,ul» (7.5-5) 

given in rads hr- I per incident unit thermal-neutron current. These equations 
fit the Monte Carlo data to within 15%. 

Figure 7.26 compares the differential albedos obtained with the 
Maerker-Muckenthaler expression with those obtained with the Wells 
expression for TSF concrete, the latter being converted to type 2 albedos. 
The data differ by a facto~ of approximately 2, which may have resulted 
from several causes. In the calculations by Wells, neutron histories were 
terminated after 50 collisions, whereas 200 collisions were allowed in the 
calculations by Maerker and Muckenthaler. According to additional studies 
performed by Maerker and Muckenthaler l8 and later by Coleman et aI.,8 

this would account for no more than 20% of the difference. Other 
differences may appear in the gamma-ray yields, the minimum gamma-ray 
energy considered, and the concrete composition. In particular, the layered 
concrete slab used by Maerker and Muckenthaler had more iron nearer the 
surface than did the homogenized system used by Wells. The additional iron 
at this position probably resulted in more iron-capture gamma rays emerging 
from the surface. 

Coleman et al. 8 calculated, also by Monte Carlo methods, the capture 
gamma-ray albedos resulting from the slowing down and capture of neutrons 
incident on concrete at intermediate energies (0.5 eV to 200 keY). As was 
the case for the other calculations by Maerker and Muckenthaler, the 
concrete was the same five-region slab containing two regions with iron; 
however. at most the iron contributed only 20% of the capture gamma-ray 
dose. 

The empirical equations representing the results of Coleman et al. are 
shown in Appendix 0, Table 0.11. The departure from unity of the last 



354 REAcrOR SHIELDING FOR NUCLEAR ENGINEERS 

term in 'parentheses in the expressions for the differential albedos reflects the 
contributions from captures occurring at nonthermal energies. These 
expressions reproduce the Monte Carlo values to within 15% for the 
differential albedos and to within 10% for the total albedos. 
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Fig. 7.26--Capture gamma-ray differential albedos for thermal neutrons incident on 
concrete. (From Wells l 6 and Maerker and Muckenthaler.1 8) 

Using thermal-neutron fluxes measured in TSF concrete, French, Wells, 
and Schaeffer 35 calculated the capture gamma source strength as a function 
of depth and obtained the resulting gamma-ray leakage from the concrete 
with a Monte Carlo code. The resulting angular dose races were found to fit 

D(8) = 6.14 x 10-8 cos e (7.5-6) 

where D(e) is the dose rate in rads hr- 1 steradian- 1 per unit thermal
neutron-flux density at the concrete surface. 
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To approximate the capture gamma dose rate from this concrete, we 
integrate over the solid angle that the surface subtends at the detector 

(7.5-7) 

where d(O) is given by Eq. 7.5-6 and <I> is the thermal-neutron-flux density. 

7.6 APPLICATIONS OF ALBEDOS 

Albedos are invaluable in estimating the streaming through ducts, as will 
be seen in the remainder of this chapter. They are also useful in dealing with 

DETECTOR 
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Fig. 7 .27-Wall scactering. 

other interfaces, such as scattering from the ground in an air-ground 
geometry or scattering from the inside surfaces within a shielded room. As 
an illustration, consider the scattering from a wall, as shown in Fig. 7.27, 
where the detector is shielded from the direct radiation but is exposed to a 
wall that is irradiated by the source. 

We assume a monoenergetic isotropic point source of N particles/sec. 
The dose rate incident to wall-area increment dS is 

(7.6-1) 

where K(Eo) is the flux-to-dose conversion factor. If we use type 1 dose 
albedo data, then the dose reflected to the detector from the area increment 
will be 

(7.6-2) 
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The dose due to scattering from the entire surface will be 

D = r Do aD 1 (Eo .8 0.8 ,r/J) dS 
J s r2 

2 
(7.6-3) 

The integration over surface area in these equations would ordinarily be 

carried out numerically. The dose at the wall surface has two components. 

the uncollided dose arriving from the source and the scattered dose from the 
wall: 

D=Do[1 +AD3(Eo.tl o )] 

= Do [1 + f02Tr f;12 Cl.D3(E o ,tl o .8,4» sin e de d4>] (7.6-4) 

The interface effect is then expressed by the integral. 

The albedo of radiation from the floor. ceiling. and walls is often 

significant to the total dose inside shielded compartments. For example. the 

neutron dose at the center of an underground shielded compartment due to 

neutrons penetrating the cover shield is almost a factor of 2 higher than 

would be predicted on neutrons traveling directly from the shield to the 

detector. Most of this factor can be predicted by performing an albedo 

calculation over the inside walls. 

7.7 DUerS 

Passages through the bulk attenuation layers of a re_actor shield are 

ubiquitous. The working fluid must enter and leave the core. Controls and 

instruments must have mechanical or electrical conduits leading outside. 

Maintenance implies access to every region, and access implies door, plug, or 

labyrinth. The shield designer is inevitably faced with the problem of 

maintaining the integrity of the shield while providing workable means for 

the necessary communicating pathways to the outside world. Each shield 

penetration may be considered a duct, whether it is a 3-m length of I-em 

tubing through the primary shield or a 1- by 2-m passageway with three 

turns into the control room. 

Design and analysis of a straight duct is relatively uncomplicated. The 

line-{}f-sight component is obviously the most important. Radiation entering 

the duct from surrounding shield materials, either un"collided or scattered, is 

356 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

The dose due to scattering from the entire surface will be 

D = r Do aD 1 (Eo .8 0.8 ,r/J) dS 
J s r2 

2 
(7.6-3) 

The integration over surface area in these equations would ordinarily be 

carried out numerically. The dose at the wall surface has two components. 

the uncollided dose arriving from the source and the scattered dose from the 
wall: 

D=Do[1 +AD3(Eo.tl o )] 

= Do [1 + f02Tr f;12 Cl.D3(E o ,tl o .8,4» sin e de d4>] (7.6-4) 

The interface effect is then expressed by the integral. 

The albedo of radiation from the floor. ceiling. and walls is often 

significant to the total dose inside shielded compartments. For example. the 

neutron dose at the center of an underground shielded compartment due to 

neutrons penetrating the cover shield is almost a factor of 2 higher than 

would be predicted on neutrons traveling directly from the shield to the 

detector. Most of this factor can be predicted by performing an albedo 

calculation over the inside walls. 

7.7 DUerS 

Passages through the bulk attenuation layers of a re_actor shield are 

ubiquitous. The working fluid must enter and leave the core. Controls and 

instruments must have mechanical or electrical conduits leading outside. 

Maintenance implies access to every region, and access implies door, plug, or 

labyrinth. The shield designer is inevitably faced with the problem of 

maintaining the integrity of the shield while providing workable means for 

the necessary communicating pathways to the outside world. Each shield 

penetration may be considered a duct, whether it is a 3-m length of I-em 

tubing through the primary shield or a 1- by 2-m passageway with three 

turns into the control room. 

Design and analysis of a straight duct is relatively uncomplicated. The 

line-{}f-sight component is obviously the most important. Radiation entering 

the duct from surrounding shield materials, either un"collided or scattered, is 



ALBEDOS, ouers, AND VOIDS 357 

another potentially significant component. Generally these components may 
be treated with a ray-analysis technique (described in Sec. 7.9). 

More-sophisticated approaches are needed for treating ducts with· two or 
more legs (one or more bends) where the scattered component predomi
nates. Because of the importance of duct analysis in a shield design, a 
number of techniques have been advanced which range from simpleminded 
(with limited success) to quasi-mystical (adjust enough parameters and it will 
fit) to thoroughgoing, detailed procedures. 

As with other facets of shielding, notably those involving three spatial 
dimensions, Monte Carlo seems the best method for accurate results. 
However, a complete analog Monte Carlo calculation for a multibend duct 
geometry is usually an expensive undertaking, especially if parameter 
variations are sought in an effort to optimize the design. Consequently 
modified Monte Carlo programs have been developed which follow particle 
paths only within the duct (not in the surrounding shield medium) and 
employ albedo theory to estimate reflectance from the duct walls. In fact. 
some simplified albedo methods that do not require Monee Carlo (or any 
computer programs) have been devised with useful results. 

We shall review the currene literature on each of these methods to 
provide some examples of the alternative approaches. The applicability and 
validity of each method is usually demonstrated by comparison with 
measurements. 

7.8 LINE-OF-SIGHT COMPONENT 

For a duct that penetrates straight through a thick shield and has 
dimensions that are large compared with the mean free path of the 
penetrating radiations, the line-oi-sight radiation (that which travels directly 
from the source to the detector through the duct) usually is the most 
significant portion of the total radiation reaching the detector. If one 
assumes a plane source at the duct opening and a ratio of the duct length to 
the diameter > 1, all line-of-sight points are approximately equidistant 
from the other end of the duct and may be treated collectively as an 
equivalent point source. If the plane source is treated as having isotropic 
current, the equivalent point intensity is the product SNo, where No is the 
particle emission rate per unit area and time and S is the area on the source 
plane that is viewed through the duct from the point of interest. For 
nonisotropic emitters each differential area element must be weighted by the 
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angular distribution when integration is performed over the source area. For 

many geometries and source angular distributions that can be expressed 
analytically 1 it is possible to derive formulas for the line-of-sight current 

through an opening. 

Several methods for computing the line-of-sight current in simple ducts 

of various geometries have been developed. The source is assumed to be a 

plane normal to the axis of the duct that covers the duct entrance. Two 

types of source angular current distributions are considered: an isotropic 

distribution and cosine distributions. Here isotropic distribution (as used in 

the previous paragraphs) refers to radiation that is given off in all directions 

in the forward hemisphere with equal probability but with no emission in 

the backward hemisphere. Thus. if a surface emission is No cm-2 sec-I. then 

the number emitted into any unit solid angle is N o/21T cm-2 steradian-I 
sec.- 1 

For cosine distributions the radiation leakage through a unit area on the 

surface of a self-absorbing volume-distributed source is most intense in the 

direction normal to the surface, and the variation with the angle f) from the 
normal is approximated by a cosine function, in which case the number 
emitted per unit solid angle is (No cos e )/7T cm-2 sceradian- 1 sec-I. 

Other functions have been used to describe sources that have more 
strongly peaked angular distributions than that given by cos 8. In general. 

most of these can be represented by cos" 8. where n may be as large as 20. 

The cosn 8 function has been useful in representing a current (or a flux) at a 

shield surface from an absorbing source region in which the activity per unit 

volume increases with depth. 

Two types of plane sources have been used in analytical expressions 

derived for the transmission of uncollided particles through ducts. In one 

type the source strength is defined by an emission rate, which we designate 
No (cm-2 sec-I). In the other type the source strength is defined by a flux 

density that will be designated here as <1>0 (cm-2 sec-I ). The latter source is 

the more natural one for use in shield design. 

When calculating the flux density in a duct, one must take care to ensure 

that the proper source angular distribution is used in a given situation since 
there are two basic source descriptions. A particle emission rate is a current 

and therefore is referenced to a unit of the source area, whereas a tlux 

density is always referenced to a unit of an:a normal to the particle 
direction. Thus, to correct for the different orientation of the flux-source 

reference area, one must multiply th~ flux density passing through that area 
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by cos e to project the reference area on the source plane; i.e., the relation 
between the angular current J( e) and the angular flux <1>(8) is 

J(8) = <I>(e) cos 8 (7.8-1) 

The effect of the difference in the two source descriptions can be shown 
by the following example. The uncollided flux density in a duct is to be 
calculated for a given angular distribution g(cos 8) cm-2 steradian- 1 sec- 1 

specified on the source plane. If g( cos 8) is the normalized angular current 
[the normalization condition on g( cos 8) is J J g( cos e) 21T d( cos e) = 1] , 

then the flux density at any point in the duct is 

1 dS 
No g(cos e) 2"" 

s r (7.8-2) 

where No is the total emission rate, dS is a differential area on the source 
plane,S, and r is the distance between dS and the detector. If, on the other 
hand. g( cos e) is the normalized angular flux density, then the flux density 
in the duct is 

1: . cos 8 
<Po g(cos e) -2- dS 

S r 
(7.8-3) 

where <Po is the total or scalar flux density at the source plane. 
A general relation between the emission rate and the flux density can be 

derived for the very useful case of the cosn e distribution by defining the 
angular emission rate (angular current) as 

n+l 
J(cos 8) =-z:;-No cosn e (7.8-4) 

That Eq. 7.8-4 1S properly normalized 1S shown by calculating the total 
emission rate: 

f 'l n + 1 
-- No cosn e 21T d(cos 8) = No 

o 21T 
(7.8-5) 

The corresponding expression for the total flux density, <1>0' at the source 
plane is then 
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f 1 rz + 1 cos 11 8 n + 1 , 
<Po = -- No 211' d(cos e) = -- "'\0 

o 211' cos e 11 

(7.8-6) 

It is evident that Eq. 7.8-6 does not hold when n = 0: in fact. the flux cannot 
be defined at the source plane when the emission rate is isotropic. 

For all the different duct geometries included in the following 
discussion. the flux density, 4>, or leakage current. J. at the exit plane of the 
duct is expressed in the same units as the source strength (particles cm-2 

sec-I). To obtain the total leakage flux density or current through the exit 

plane of the duct. one must integrate <P or J over the exit area. 

j.8.1 Rectangular Ducts 

The work of Hubbell. Bach. and Lamkin 36 on radiation from uniform 
rectangular sources with arbitrary angular distributions is directly applicable 

to the calculation of the uncollided flux density along the axis of a 
rectangular duct. Radiation crossing a plane 5 (cross-sectional area of duct 
normal to axis) is assumed to be known and is designated by an arbitrary 

function. g(cos 8). which is the angular flux density and represe:1ts the 
number of particles traveling in the direction e with respect to the duct axis 
per unit solid angle. unit time. and unit area normal to direction 8 (neutrons 
cm- 2 sec- 1 steradian-I). The flux density at any point along the axis is 

expressed by 

<P= fsg(cos8)dns(8) (7.8-7) 

where dn s{ e) is the differential solid angle subtended from an isotropic 
detector by the surface dS (see Fig. 7.28) and is cos e dSlr2. 

A solution to Eg. 7.8-7 was developed by Hubbell et al. in terms of 
completely separable source and geometry functions and is expressed as 

~ 21 + 1 . 
<II = L..J -?- gIPZ(a.b) 

i=O -

(7.8-8) 

where a is the ratio of the half height (H!2) to the length (Z) of the duct. b is 
the ratio of the half width (1v/2) to the length. and g[ and PI are coefficients 
of Legendre polynomial expansions of the source and geometry functions. 
respectively. With these definitions of a and b. Eq. 7.8-8 gives the flux at a 

corner for the quarter plane limned in Fig. 7.28. The Hux density at the 
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Fig. 7.28-Schematic drawing of source plane and detector position for a rectangular 

duct. 

center line for the full plane will be four times as great as that gIven by 
Eq_ 7.8-8. 

The coefficients are calculated by 

f
+l gz = g(cos8)PZ(cos8)d(cos8) 
-1 

(7_8-9) 

and 

Pl (a,b) = is PZ(cos 8) dD.s(8) (7.8-10) 

where the values of Pt( cos e) are the Legendre polynomials, 
Although the solution of Eq_ 7.8-10 is in terms of a finite series, the 

terms become progressively more complicated with increasing l, and only the 

first four PI values were evaluated analytically_ Hubbell et al. numerically 
evaluated P, values for 8 ~ I ~ 13 over a grid of a and b values of 
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0.1 ~ b ~ a ~ 20. With these tabulated values and the gl values determined 
for any arbitrary g( cos e). the flux density along the axis or at the corner of 
a duct can be calculated with Eq. 7.8-8. 

For the special and useful case of the cosn f) distribution, 

(n + 1) <1>0 
grcose) = cosne \ 211' (7.8-11 ) 

where <1>0 is the source strength rhat is represented by a scalar flux density 
obtained by integrating the angular flux density over all angles in the 

direction of the duct entrance. Equation 7.8-11 is properly normalized since 

r 1 r!+1 In -7- cosn 8 27T d(cos 8) = 1 o _1T' 
(7.8-12) 

For integral values of n. Eq. 7.8-11 can be expanded into a finite number 

of Legendre polynomials. and. in principle. an analytical solution co 
Eq. 7.8-8 can be obtained. However. the solution rapidly becomes unwieldy 

for progressively higher values of n. The flux densities along the axis of a 
rectangular duct for the isotropic source (n = 0) and for more forwardly 
peaked sources (n = 1 and 2) from Maerker. Claiborne, and Clifford 37 are 

given below. The flux density at a corner of a rectang'le with dimensions 

[VIZ x H/Z is one-fourth that calculated by Eqs. 7.8-13 through 7.8-15. 

For n = 0: 

n.. 2¢o -1 ab 
'i' = -- tan 

1T' .)1 + a2 + b2 
(7.8-13) 

For n = 1: 

For n = 2: 

't' = -- tan '" 3¢o [-I ab 
1T VI + (/2 + b2 J1 +:~ + b2 C : a2 + 1 } b2)] (7.8-15) 

As the distance between the source and detector becomes large with 

respect to cross-section dimensions. the inverse tangent in Eg. 7.8-13 
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approaches ab and the terms in the parentheses in Eq. 7.8-14 and in the 
brackets in Eq. 7.8-15 approach 2ab or WH/2Z2. In general, it can be shown 

. that for long thin ducts of rectangular cross section 35 

«P = (n + 1) WH«Po 
21TZ2 (7.8-16 ) 

Equation 7.8-16 represents a lower limit for a point source (emitting 
only into the forward hemisphere) and also for a plane source (for a detector 
far away from the duct entrance) since the flux scattered from the wall of 
the duct is not included. In many practical cases the contribution to the dose 
bv the scattered flux will be of the same order or smaller than the , 
contribution by the uncollided flux. (The dose is calculated by summing the 
product of the flux density and the appropriate dose response function for 
each energy group of neutrons.) 

7.8.2 Rectangular Slots 

The geometry used in the derivations of the approximate equations for a 
rectangular slot is shown in Fig. 7.29. The dimensions of the duct adjacent 
to the source plane are W by H, and the distance from the source plane to 
the exit end of the slot is Z. When H'?> W (say, H/W> 5). the exposed 
source can be approximated by a line source, and the line-of-sight flux 
density, «P, and the leakage current, J, at any point P along the horizontal 
axis on the exit end of the slot can be approximated by 

(7.8-17) 

(7.8-18) 

(7.8-19) 

] c = ~~; [sin 2e 1 + sin 2e 2 + 2 ( e 1 + e 2 ) ] (7.8-20) 

where No is source emission rate (or current) per unit area, e is in radians, 

and the subscripts i and c refer to isotropic and cosine sources, respectively. 
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contribution by the uncollided flux. (The dose is calculated by summing the 
product of the flux density and the appropriate dose response function for 
each energy group of neutrons.) 

7.8.2 Rectangular Slots 

The geometry used in the derivations of the approximate equations for a 
rectangular slot is shown in Fig. 7.29. The dimensions of the duct adjacent 
to the source plane are W by H, and the distance from the source plane to 
the exit end of the slot is Z. When H'?> W (say, H/W> 5). the exposed 
source can be approximated by a line source, and the line-of-sight flux 
density, «P, and the leakage current, J, at any point P along the horizontal 
axis on the exit end of the slot can be approximated by 

(7.8-17) 

(7.8-18) 

(7.8-19) 

] c = ~~; [sin 2e 1 + sin 2e 2 + 2 ( e 1 + e 2 ) ] (7.8-20) 

where No is source emission rate (or current) per unit area, e is in radians, 

and the subscripts i and c refer to isotropic and cosine sources, respectively. 
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Fig. 7.29-Rectangular slot geometry. Source plane and eXIt plane are normal to Z 
direction. 

If the slot dimensions are such that (Jl + 8 2 ~ rr, the preceding equations 
become 

<I>.=NoW 
I 2Z 

J . = No W 
I 1TZ 

<I> =2!VoW 
c 1TZ 

] =NoW 
c 2Z 

(7.8-21 ) 

(7.8-22) 

(7.8-23 ) 

(7.8-24) 

The rectangular slot can be considered a special case of the rectangular 
duct for the condition when W ~ 0, and Eq. 7.8-19 can be derived by taking 
the limit of Eq. 7.8-13 as W ~ O. In the limiting process an apparent anomaly 
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occurs; the answer is in terms of 4>0' the flux density at the source. However, 
the flux densities on a line source for both isotropic and cosine distributions 
are always infinite. Consequently, when the limit of Eq. 7.8-13 is taken as 
w~ 0, 4>0 should be converted to an emission rate (2No). 

7.8.3 Cylindrical Ducts 

Consider a cylindrical duct of radius a normal and adjacent to a plan~ 
source with the detector a distance Z from the source plane and on the duct 

SOURCEA/~~--~~-r~~~~~~~~ 
PLANE /v 

Fig. 7.30-Geometry for cylindrical duct adjacent to plane source. 

axis (Fig. 7.30). For an isotropic current or emlSSIOn rate on the source 
plane, the line-of-sight flux density at any point P is given by 

(7.8-25 ) 

and the current parallel to the axis of the cylinder is given by 

(7.8-26) 

For a cosine current source 

4> c = 2N 0 [1 _ 1 ] 
~h + (a/Z)2 

(7.8-27) 

ALBEDOS, Duers, AND VOIDS 365 

occurs; the answer is in terms of 4>0' the flux density at the source. However, 
the flux densities on a line source for both isotropic and cosine distributions 
are always infinite. Consequently, when the limit of Eq. 7.8-13 is taken as 
w~ 0, 4>0 should be converted to an emission rate (2No). 

7.8.3 Cylindrical Ducts 

Consider a cylindrical duct of radius a normal and adjacent to a plan~ 
source with the detector a distance Z from the source plane and on the duct 

SOURCEA/~~--~~-r~~~~~~~~ 
PLANE /v 

Fig. 7.30-Geometry for cylindrical duct adjacent to plane source. 

axis (Fig. 7.30). For an isotropic current or emlSSIOn rate on the source 
plane, the line-of-sight flux density at any point P is given by 

(7.8-25 ) 

and the current parallel to the axis of the cylinder is given by 

(7.8-26) 

For a cosine current source 

4> c = 2N 0 [1 _ 1 ] 
~h + (a/Z)2 

(7.8-27) 



366 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

and 

N a2 

Ie = Z2 [1 +O(a/Z)2] (7.8-28 ) 

Equations 7.8-27 and 7.8-28 can be expressed in terms of an isotropic flux 
density at the so urce plane by letting 2N 0 = <Po. 

For Z ~ a, say, Z/a > 5, these equations approach 

¢,::":J.::..:No('Tra
2

) ::..:Noa
2 

I - I - 21rZ:2 - 2Z2 (7.8-29) 

which is the same result for a point source of strength ;Vo ('rra
2 

). and 

(7.8-30) 

If the condition of a long duct of small cross-sectional area is met. 
Eqs. 7.8-29 and 7.8-30 will also hold for a straight duct of any cross
sectional geometry if rra 2 is replaced by the cross-sectional area of the duct. 

7.8.4 Cylindrical Annulus 

The geometry for a long cylindrical annular duct is shown in Fig. 7.31. 
The duct is bounded by two cylindrical surfaces having radii 1.11 and a~. For 
the conditions Z ~ az - ai' az ~ a~ - al , and an isotropic source No, the 
average line-of-sight flux density, ~, along the duct axis can be approximated 

by 

(7.8-31) 

The average leakage current, ], for the isotropic source No can also be 
obtained from Eq. 7.8-31 by setting AI -= 1. The equation given by Price. 
Horton, and Spinney38 for the flux density at any radius r(al ~ r ~ az) 

within the annulus is 

{I - C~)2 COS-I Crl) 

+ C05-,(::) - (:;)[1 -(:;) 't} (7.8-32 ) 
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where M = 1 for an isotropic source, M = 2 for a cosine source, and rand Z 
are the cylindrical coordinates of the point P at which the flux density is 
given. Equation 7.8-32 is equivalent to 

(7.8-33) 

where S is the area of the annulus on the source plane that is viewed from 

the point P(r,Z) (Ref. 38). 

Source plane 

Fig. 7 .31-Geometry for cylindrical annulus adjacent to plane source. 

7.9 WALL-PENETRATION COMPONENT 

In addition to the line-of-sight radiation, the flux reaching a detector 
located near the exit end of a simple duct includes radiation that enters the 
duct through its walls. t This contribution consists of two components: 

tRadiation that enters the mouth of the duct in a direction other than the direction of the 
detector but subsequently scatters in the duct wall toward the detector also contributes to the flux. 
For simple ducts where the solid angle 5ubtended by the walls at the detector is less than that 
subtended by the source, the contribution from the walls is usually small, but for ducts with bends it 
becomes the dominant component (see Sec. 7.10). 
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radiation that travels directly from the source to the detector through 
shielding material without an interaction (uncollided flux) and radiation that 
scatters in the direction of the detector as a result of interactions with the 
shield. Ray analysis is a useful method for calculating these components. 

The assumption of the ray-analysis technique (actually a point-kernel 
method) is that the radiation transmission is a function only of the path 

Fig. 7.32-Geometry for ray-analysis calculation of radiation component arnvmg 
through wall of duct. 

lengths through each material or void encountered along a straight line 
between the source point and the detector. This assumption is entirely 
correct for predicting the uncollided flux density; for geometries in which 
the scattered flux density becomes important, the collided flux densities can 
be estimated to a first approximation by using buildup factors for gamma 
rays and removal cross sections for neutrons. Although the accuracy of the 
method is highly dependent on the particular configuration being consid
ered, an approximation of limited accuracy for the scattered component can 
be applied to simple ducts since the radiation reaching the detector consists 
largely of the uncollided component. 

To illustrate the method. we will consider a point detector P removed a 
distance r from a point source at Q, where the straight-line path between the 
two points passes through both shielding material and void (see Fig. 7.32). 
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The flux density at the detector is given by 

(7.9-1) 

where N p is the point-source strength and K is the material attenuation 
kernel for all the materials located between the source and the detection 
point. 

If onl y the uncollided flux density at P is considered, 

(7.9-2) 

where Ii is the mean free path of a particle and t i is the straight-line path 
through the ith material. When the radiation being considered consists of 
neutrons. 1/1i is usually expressed in terms of the total macroscopic cross 
section, Lt (em-I). and ti is given in centimeters. When gamma rays are being 
treated, 1 Ili is expressed as Jli. 

Equation 7.9-2 can be modified to include an approximation of the 
scattered gamma radiation by multiplying the right-hand side by a buildup 
factor: 

(7.9-3) 

The equation can be modified similarly to include an approximation of 
scattered neutrons by substituting the neutron removal cross section t LR 
for Lt: 

K= exp - I: LRJi (7.9-4) 

In this discussion we assume that the flux density at the point P is the 
same as it would be if all the particles traveling from Q to P, including those 
that are scattered, encountered the amount of attenuating material that 
exists along the line from Q to P. If significantly less material is encountered 
by some particles, the total flux density at P determined by Eq. 7.9-1 may 

tRemoval cross sections are valid only when the shielding materials are followed by a thick layer 
of water or, to a lesser extent, when mixtures containing hydrogenous materials are used (see Chap. 6). 
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be underestimated. Conversely, if significantly more material is encountered, 
the flux density may be overestimated. Also, Eq. 7.9-1 neglects the effects of 
material-void interfaces or interfaces between dissimilar materials 
encountered along the ray and in the surrounding regions. 

When the ray-analysis method is used for integration over a source plane 
or source volume, any inaccuracy involved in the contribution of a source 
region may be masked by the contributions from other points. There are, of 
course, comple x geometries and material combinations for which the simple 
ray-analysis technique does not predict the radiation fluxes with a 
satisfactory degree of accuracy. However, ray analysis is adequate in many 
cases and is easily applied. 

There· are also cases in which the accuracy requirements and the 
complexity of the geometry may prohibit the use of the approximations 
given here except as first estimates. In such situations numerical integration 

can be used to obtain a ray-analysis solution either by hand or by machine 
calculations. 

7.9.1 Application to Cylindrical Ducts 

If the duct shown in Fig. 7.32 were a cylindrical duct of radius a 

penetrating an infinite-slab shield adjacent to an infinite-plane isotropic 
source, the uncollided flux density at P that would arrive through the duct 
walls would be 

(7.9-5) 

where No == surface emission rate or current 

l(r) == path length in the shield that lies along r 

IJ == linear attenuation coefficient 

The corresponding flux density for a cosine source is given by 

f .. Z 
<1>, == 2No e-lJi(r j "2 dr 

r r 
D 

(7.9-6) 
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Equations 7.9-5 and 7.9-6 are not amenable to straightforward analytical 
solutions, although values of the integrals can be found in tables of 
mathematical functions. Certain approximations, based on a Taylor 
expansion of l(r). have been given by Chase,39 but they are valid only for 
large values of a/Z. Trub ey40 evaluated the equations numerically for a 
unit-surface-source intensity (for No = 1). The results are shown in 
Appendix P, Tables P.1 and P.2, as a function of the ratio of the duct radius 
to the length (a/Z) and the shield thickness (pZ). where IlZ is measured in 
relaxation lengths (or mean free paths determined from material cross 
sections) . 

The data for the uncollided flux density given in Tables P.1 and P.2 can be 
used to estimate the total radiation arriving through th"e duct wall provided 
that the parameters al Z and IlZ are measured in terms of an effective 
relaxation length, A = IIp, which accounts for the radiation scattered in the 
direction of P by the shield. Relaxation lengths that include scattering can be 
obtained from experimental data or from basic calculations of penetration 
through the material. Relaxation lengths are necessarily a function of the 
radiation spectrum as well as of the material surrounding the duct. Neutron 
removal cross sections or gamma-ray buildup factors, both of which are 
derived from basic penetration data, can be used in obtaining values of A. In 
this use of the data, the approximation is made that the total attenuation is 
exponential; i.e., the relaxation length does not vary with penetration depth. 

Figures 7.33 and 7.34, which are based on data by Trubey,4 0 show the 
variation with shield thickness and duct size of the total flux density. 
including the line-of-sight component, reaching the center of the duct exit. 
All parameters are given in terms of the shield-material relaxation length. 
The flux density is given for an infinite-plane source of unit source strength 
(e.g., 1 particle cm- 2 sec-I). 

The relative importance of the line-of-sight radiation discussed in Sec. 7.8 
and of the uncollided radiation that leaks through a duct wall is illustrated 
by some additional calculations by Trubey in Appendix P, Table P.3. From 
these calculations it is apparent that the ratio of the line-of-sight component 
to the total uncollided flux density depends strongly on the ratio of the duct 
radius to the length (a/Z) and on the shield thickness (IlZ). These ratios 
represent an upper limit since the buildup of the flux due to scattering has 
not been considered. The ratios are applicable to either fast neutrons or 
gamma rays provided the shield thickness is defined in terms of the number 
of relaxation lengths. Data in Table P.3 show, as one would expect, that the 
radiation that penetrates the side wall dominates over that from the source 

ALBEDOS, Duers, AND VOIDS 371 

Equations 7.9-5 and 7.9-6 are not amenable to straightforward analytical 
solutions, although values of the integrals can be found in tables of 
mathematical functions. Certain approximations, based on a Taylor 
expansion of l(r). have been given by Chase,39 but they are valid only for 
large values of a/Z. Trub ey40 evaluated the equations numerically for a 
unit-surface-source intensity (for No = 1). The results are shown in 
Appendix P, Tables P.1 and P.2, as a function of the ratio of the duct radius 
to the length (a/Z) and the shield thickness (pZ). where IlZ is measured in 
relaxation lengths (or mean free paths determined from material cross 
sections) . 

The data for the uncollided flux density given in Tables P.1 and P.2 can be 
used to estimate the total radiation arriving through th"e duct wall provided 
that the parameters al Z and IlZ are measured in terms of an effective 
relaxation length, A = IIp, which accounts for the radiation scattered in the 
direction of P by the shield. Relaxation lengths that include scattering can be 
obtained from experimental data or from basic calculations of penetration 
through the material. Relaxation lengths are necessarily a function of the 
radiation spectrum as well as of the material surrounding the duct. Neutron 
removal cross sections or gamma-ray buildup factors, both of which are 
derived from basic penetration data, can be used in obtaining values of A. In 
this use of the data, the approximation is made that the total attenuation is 
exponential; i.e., the relaxation length does not vary with penetration depth. 

Figures 7.33 and 7.34, which are based on data by Trubey,4 0 show the 
variation with shield thickness and duct size of the total flux density. 
including the line-of-sight component, reaching the center of the duct exit. 
All parameters are given in terms of the shield-material relaxation length. 
The flux density is given for an infinite-plane source of unit source strength 
(e.g., 1 particle cm- 2 sec-I). 

The relative importance of the line-of-sight radiation discussed in Sec. 7.8 
and of the uncollided radiation that leaks through a duct wall is illustrated 
by some additional calculations by Trubey in Appendix P, Table P.3. From 
these calculations it is apparent that the ratio of the line-of-sight component 
to the total uncollided flux density depends strongly on the ratio of the duct 
radius to the length (a/Z) and on the shield thickness (IlZ). These ratios 
represent an upper limit since the buildup of the flux due to scattering has 
not been considered. The ratios are applicable to either fast neutrons or 
gamma rays provided the shield thickness is defined in terms of the number 
of relaxation lengths. Data in Table P.3 show, as one would expect, that the 
radiation that penetrates the side wall dominates over that from the source 



372 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

/
IJoZ = O.S Relaxation lengths 

6~~ ______________ ----

4 

2 

10" 

0 6 j.lZ= 2 
~ 

4 -e. 

2 

iJZ = 5 
, o·JL--L_c=:!::::::!::::I..-WLL_~-+-!---Ll:_+-~--1-lJ 

, O· 3 2 4 6 10.2 2 4 6 10' 

DUCT RADIUS, relaxation lengths 

Fig, 7.33-Effect of duct radius and shield thickness on total uncollided flux density 
reaching exit of cylindrical duct (isotropic source). 

in the mouth of the duct for small diameters penetrating thin shields. As the 

duct diameter increases or the shield thickness increases, or both. the 

line.of-sight component increases in importance. 

If the duct is filled with a lightly attenuating medium. formulas similar to 

those in the preceding sections could be derived which include exponential 

attenuation through the material filling the duct in the kernel integration. 

This condition would tend to decrease further the importance of the source 

at the mouth of the duct. 

7.9.2 Application to Partially Penetrating Cylindrical Ducts 

The radiation transmitted through the walls of a cylindrical duct that 
penetrates only part of the shield and is not adjacent to the source can be 

calculated by the ray-analysis technique in much the same manner as for a 

completely penetrating duct. Consider the duct shown in Fig. 7 .35(a). 
Equations 7.9-5 and 7.9-6 can be applied to this geometry merely by 

changing the lower limit of integration .from '0 to Z. As before, l(r) is that 

portion of r lying inside the shield. 
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Fig. 7.34-Effect of duct radius and shield thickness on total uncollided flux density 
reaching exit of cylindrical duct (cosine source). 
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Fig.7.35-Geometries for ray-analysis calculations of radiation component arriving 
through walls of ducts that partially penetrate shield. 
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An alternative co numerical integration of these eq uations for each case 
would be to determine the flux density penetrating an infinite slab of 
thickness t (see Sec. 7.11.1), use this as a source-strength input to the ducted 
shield of thickness Z - t. and evaluate using the data given in Figs. 7.33 and 
7.34. In the absence of more definitive data, a more forwardly peaked 
distribution, such as a cosine distribution, should be used at the artificial 
interface if t is greater than one relaxation length. Even when the original 
source is isotropic, the radiation will have taken on a more directional 

character after penetrating one relaxation length. 
Simpler equations may be given for the flux density through partially 

penetrating ducts if the assumption is made that only the radiacion 
penetrating the end of the particle duct need be considered. 3 9 In this case 
the flux density at P in Fig. 7.35(a) can be estimated by 

(7.9-7) 

where '!t :::: tan-I [<1/(Z - t)]. Similarly. the flux density at P due to radiation 

entering the mouth of a duct that penetrates only part of the shield but is 
adjacent to the source [see Fig. 7.35(b)] is given by 

<I> = :'10 [E I (ptJ - E 1 (fJ.t sec '!t') 1 (7.9-8) 

where '!t' = tan-I (a/Z). 

For the same shield and duct dimensions. the angle '!t' is smaller than '!t 
and the peak flux density increase at P due w the presence of the duct is 
greater in case b than in case a. For the approximation pta2 ~ 2Z2. the 
integrated emergent current can be approximated by 1Ta2 Noe-~t [a 2 /2(Z -
t)2] for either case a or b. Thus. although the peak current tends to be 
greater in case b, the integrated current increase due to the void is 

approximately the same in both cases. 

7.9.3 Comparison with Experiment 

The ray-analysis technique has been used successfully many times in 
predicting measured values for both gamma-ray and neutron transmission in 
solid unpenetrated shields. In complex geometries involving ducts. the 
technique should give better results for gamma rays than for neutrons since 

neutrons on the average undergo more scatterings before they are absorbed 
or escape. However. as is demonstrated by the following comparisons. the 
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technique yields good results for neutrons transmitted through straight ducts 
abutting a reactor. 

Benenson and Fasan04 
1 used the ray-analysis technique for analyzing 

experiments at the Brookhaven National Laboratory Shielding Facility on 
the transmission of fast neutrons through straight cylindrical ducts in a water 
shield. Neutrons from a fission source plate in the shielding facility entered 
the bottom of a water tank in which a duct had been vertically positioned. 
and neutrons that reached the detector at the opposite end of the duct 
arrived there either through the base of the duct or through its walls after 
passing through the surrounding water. The ducts were 5.1 to 40 em in 
diameter. The 3

2 S(n,p) 32 p reaction was used to measure the 
fast-neutron-flux density, and an experimentally determined relaxation 
length was used to analyze the penetration of neutrons above the 32 S 
threshold from the fission source. Figure 7.36, which is typical of the results 
of this work. shows that the ray-analysis method apparently yields good 
results when a pplied to streaming of very penetrating radiation from a 
diffuse source through simple ducts. 

Piercey and Benda1l42 also used the ray-analysis technique for 
calculating the flux density of fast neutrons transmitred through straight 
cylindrical ducts. Their calculations corresponded to measurements made for 
2.5-, S-. and 9.S-cm-diameter aluminum ducts positioned in the water of the 
LIDO Shielding Facility at Harwell. England. The duct lengths were up to 
200 duct radii. As in the Brookhaven experiment. the fast flux density was 
determined by the 32 S( n,p)3 2 P reaction. The calculations predicted the 
absolute sulfur reaction rate to within. a factor of 2 over the experimental 
values. The poorest agreement occurred in the region of the duct nearest the 
reactor. Piercey and Bendall concluded that most of the discrepancy resulted 
because of the inhomogeneity of the system and particularly because of the 
aluminum layer between the duct face and the reactor. Figure 7.37 shows a 
comparison of the calculated and experimental results as an example of this 
work. 

7.10 WALL-SCATTERED COMPONENT 

We have seen in the preceding sections that for straight ducts the most 
important components contributing to the flux density at the detector are 
line-of-sight radiation and radiation that enters the duct through its wall at 
the proper angle to reach the detector. For more complicated geometries 
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Fig. 7.36-Comparison of ray-analysis calculations with measurements of fast-neutron
flux density along axis of 20-em-diameter straight cylindrical duct in a water shield; 
fission source at duct mouth. (From Benenson and Fasano.4 I) 

involving ducts with bends. the line-of-sight component disappears, and the 

dominant component becomes radiation that is transmitted through the duct 
by successive scatterings from the surrounding shield. Calculations of this 
contribution require more involved techniques than those described 

previously since on the average many scatterings are involved and several 
boundaries are crossed. 

7.10.1 Analog Monte Carlo Calculations 

Two types of Monte Carlo methods can be applied to dUe! transmission 
problems: analog Monte Carlo methods, described here, and albedo Monte 
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Fig. 7.37-Comparison of ra y·analysis calculations with measurements of fast-neutron. 
flux density along axis of 9.S-cm-diameter straight cylindrical duct in a water shield: duct 
mouth adjacent to reactor core. (From Piercey and Bendall.42 

) 

Carlo methods, described in the next section. The term analog is used to 
designate calculations in which the model solved is an analog of the 

interactions occurring as the particles traverse the duct and confining walls as 
opposed to the albedo calculations in which the particles traversing a duct 
are followed by a random-walk process but wall interactions are represented 
by a reflection coefficient. 
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The analog Monte Carlo method is not always practical because of the 
machine computing time required; nevertheless. several machine programs 
that have been developed are applicable to this type of calculation. 

Collins and McCIeary43 used a Monte Carlo code (called L05) co 
calculate the transmission of neucrons from a Po-Be source (3.08 x 10; 
neutronsisec) through 30-cm long. 7.6- and 15.2-cm-diameter straight 
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Fig. 7.38-Comparison of LOS analog Monte Carlo calculations with measurements of 
fast·neutron dose rates along the axes of 30-cm·long, 7.6- and 15. 2-cm-diameter straigh t 
cylindrical ducts in water: Po-Be neutron source. (From Collins and McCleary.43) 

cylindrical ducts in water. The detector was positioned 7.6 cm from the duct 
mouth. The agreement they obtained between the measured and calculated 

data (Fig. 7.38) shows that the LOS procedure predicts correctly for this 

sim p Ie case. 
The LOS code was then used by Marsha1l44 for calculations 

corresponding to measurements made of radiation transmitted through 

one-bend cylindrical ducts in water. The ducts were reconstructed of 

7.6-cm-diameter aluminum tubing and had one bend midway along their 

378 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

The analog Monte Carlo method is not always practical because of the 
machine computing time required; nevertheless. several machine programs 
that have been developed are applicable to this type of calculation. 

Collins and McCIeary43 used a Monte Carlo code (called L05) co 
calculate the transmission of neucrons from a Po-Be source (3.08 x 10; 
neutronsisec) through 30-cm long. 7.6- and 15.2-cm-diameter straight 

w 
~ 
<t 
a:: 
UJ 
r.tl o 
o 
z 
o 
a:: 
I
::l 
UJ 
Z 
I
r.tl 
<t 
LL. 

'02~----~----~------~----~------~----~ 
8 

Experiment 
6 

• LOS calculation 

100~ ____ ~ ____ ~ ______ ~ ____ ~ ______ ~ ____ ~ 

o 5 10 15 20 25 30 

DISTANCE FROM DUCT AXIS. em 

Fig. 7.38-Comparison of LOS analog Monte Carlo calculations with measurements of 
fast·neutron dose rates along the axes of 30-cm·long, 7.6- and 15. 2-cm-diameter straigh t 
cylindrical ducts in water: Po-Be neutron source. (From Collins and McCleary.43) 

cylindrical ducts in water. The detector was positioned 7.6 cm from the duct 
mouth. The agreement they obtained between the measured and calculated 

data (Fig. 7.38) shows that the LOS procedure predicts correctly for this 

sim p Ie case. 
The LOS code was then used by Marsha1l44 for calculations 

corresponding to measurements made of radiation transmitted through 

one-bend cylindrical ducts in water. The ducts were reconstructed of 

7.6-cm-diameter aluminum tubing and had one bend midway along their 



ALBEDOS, DUCTS, AND VOIDS 379 

lengths; the bend angle varied between 30 and 60 0
• The sources were 

14-Me V neutrons and 60 Co gamma rays positioned on the duct axis 7.6 cm 
from the mouth. The detector at the opposite end of the duct was also 
7.6 cm from the duct mouth. 
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Fig. 7.39-Comparison of LOS analog Monte Carlo calculations with measurements of 
the fast-neutron dose rate transmitted through a bent (30°) duct (7.6 em in diameter by 
46 em long) in a water shield; 14-MeV neutron source. (From Marshal1.44

) 

Figures 7.39 and 7.40 compare some typical experimental data and 
calculated results for a duct bent 30° which penetrates a 46-cm water shield. 

In general. Marshall found that for shield thicknesses that exceeded 46 cm 

the calculated dose rates were in good agreement with the experimental data 
in shape but were too low in magnitude. 
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Fig. 7.40 -Comparison of LOS analog Monte Carlo calculations with measurements of 
the gamma-ray dose ra:e transmitted through a bent (30°) duct (7.6 em in diameter by 
46 em long) in a water shield: 60 CO gamma-ray source. (From Marshall. 44

) 

7.10.2 Albedo Methods 

Perhaps the simplest albedo application to a duct is the case where only 
one reflection need be considered between the source and the detector. The 

albedo is integrated over duct surfaces that have an unobstructed line of 
sight to both the source and the detector. Consider the point source and 

simple duct shown in Fig. 7.41. The dose at P due to first·order reflection 

from the wall is 

D= f 
wall 

surface 

Np R(EoJ aD: (Eo·eo·e.cfJ) cos eo dS 

41Trr r~ 
(7.10-1 ) 
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where Np = source strength 
Eo = source energy 

R (E 0) = flux-to-dose con version factor 

381 

CkD 2 (Eo ,e 0 ,e.</» = differential-dose albedo (reflected current per incident 
current) (see definitions in Sec. 7.2) 

</> = azimuth angle separating the incident and reflected rays 

and '1, r2 , eo. and () are defined in Fig. 7.41. The reflected dose must, of 
course, be added to the line-of-sight dose to obtain the total. 

S~" '2~p 

t-I 4_----- L ------t~_II 

Fig. 7.41-Geometry for albedo calculation of singly reflected radiation in a simple duct 

(point source). 

The Simon and Clifford45 equations for neutrons reflected through 
ducts having cylindrical geometry (discussed later in this section) resulted 
from an integration of Eq. 7.10-1 for an assumed functional form for a. For 
cases in which use of their expression for a is possible, the Simon-Clifford 
equations can be used. Other expressions can be derived which would allow 
the integration to be performed for simple geometries. 

[f either the nature of a or the geometry prohibits analytical integration. 
Eq. 7.10-1 can be integrated numerically by dividing the duct wall into small 
scattering areas and assuming that all points within an elemental scattering 
area are the same distance from the source or detector and that they have 
the same angles of incidence and reflection. A numerical evaluation 
performed by LeDoux and Chilton 46 led to a set of equations for calculating 
singly reflected gamma rays propagat'ed through bent rectangular ducts. (The 
LeDoux-Chilton technique is discussed later in this section.) 
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Fig. 7.42-Geometry for albedo calculation of doubly reflected radiation In a simple 
duct (broad-beam source). 

For a broad-beam source incident on the duct at an angle such as that 
shown in Fig. 7.42. no line-of-sight radiation reaches the detector and all 

reflected radiation must be evaluated. including that which has been 

reflected more than once. The singly reflected component at P is given by 

DP 1 = f over 
illuminated 

area 

Di O:D2 (E o,8 0 .e.¢» cos 80 dS 1 
,2 

(7.10-2) 

where Dj is the incident dose and, is the distance from the surface area 

element to the detector. The doubly reflected component is estimated by 

DP 2 = J over fall {[Djo:n2(Eo,t9o,t9,<t>dcost9o dS 1 
illuminated area 

area 

Complexities of the problem will almost always rt:q uire the use of a 

computer. program for numerical evaluation of these equations. Cain47 has 

shown that for low-energy neutrons numerical evaluation of these integrals 

becomes impractical because the number of reflection events that must be 
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considered to adequately calculate the penetrating radiation is so large. As an 
alternative, a method was developed that traces particles through successive 
reflection events by an albedo Monte Carlo technique (discussed later in this 
section). 

....1··-- w,--.... -41 

Fig. 7.43-Geometry for determining corner-lip transmission effect In two-legged 
rectangular duct. This geometry also illustrates the LeDoux-Chilron technique (discussed 
later in this section). 

In most albedo calculations of the transmIssIon of radiation through 
rectangular ducts with bends, the corner lip (the ·corner formed by the 
intersection of two legs) is assumed to be opaque to radiation in the main 
parts of the calculation, and a correction is made for its effect with a 

separate approximate calculation. This correction is usually broken down 
into two contributions: a transmission effect and an inscattering effect. 

Corner-lip transmission is illustrated in Fig. 7.43 by the dashed line that 

originates at the duct entrance and passes through the inside corner. The 
radiation p'enetrating the lip scatters from the opposite wall and contributes 
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to the dose at the detector. In accounting for this radiation. the albedo 
integrations of Eqs. 7.10-2 and 7.10-3 can be performed with the incident 
dose represented by a variable that depends on the path length in the 
duct-wall material of a ray that is parq.llel to the initial direction of the 
radiation and terminates at the scattering poine. An approximation can be 
made by assuming that all particles that penetrate the material with a path 
length less than about a relaxation length are unattenuated and that all 
particles that penetrate more than a relaxation length are completely 
absorbed. (LeDoux and Chilton used the energy-absorption coefficient for 
estimating this effective relaxation length for gamma rays.) On this basis. the· 
effect of the corner-lip penetration can be approximated by an increase in 
the number of scattering areas beyond the primary scattering areas. The 

areas designated as.i [, ,1 4 , As, .-1 6 , All' and .112 in Fig. 7.43 show some of 
these additional scattering surfaces. 

Corner-lip inscattering is the process by which radiation is redirected 
toward the detector by scattering in the corner. This component can be 
evaluated with the last-collision technique of French.48 for which the 
geometry is shown in Fig. 7.44. The flux density at a distance tl in the 
corner lip is given by 

(7.10-4) 

where I...(Eo) is the effective relaxation length for the incident radiation in 
the material. The radiation per unit solid angle scattered toward P by the itl! 
element in the material is given by <P Ki(E,e) Nj dv, where Kj(E.8) is the 
differential angular scattering cross section of material i for radiation 
incident at energy E and Nj is the Homic density of element i in the 
duct-wall material. The flux density at P due to radiation of energy E 
scattering in the lip is then 

where E 1 is the energy after scattering and V is the scattering vol ume. This 
technique is analogous to integrating a point kernel with the strength of the 
source point being used as the differential scattering density at that point. 
The scattering volume includes that portion of the corner for which t[ + t2 

is between one and two relaxation lengths. 

384 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

to the dose at the detector. In accounting for this radiation. the albedo 
integrations of Eqs. 7.10-2 and 7.10-3 can be performed with the incident 
dose represented by a variable that depends on the path length in the 
duct-wall material of a ray that is parq.llel to the initial direction of the 
radiation and terminates at the scattering poine. An approximation can be 
made by assuming that all particles that penetrate the material with a path 
length less than about a relaxation length are unattenuated and that all 
particles that penetrate more than a relaxation length are completely 
absorbed. (LeDoux and Chilton used the energy-absorption coefficient for 
estimating this effective relaxation length for gamma rays.) On this basis. the· 
effect of the corner-lip penetration can be approximated by an increase in 
the number of scattering areas beyond the primary scattering areas. The 

areas designated as.i [, ,1 4 , As, .-1 6 , All' and .112 in Fig. 7.43 show some of 
these additional scattering surfaces. 

Corner-lip inscattering is the process by which radiation is redirected 
toward the detector by scattering in the corner. This component can be 
evaluated with the last-collision technique of French.48 for which the 
geometry is shown in Fig. 7.44. The flux density at a distance tl in the 
corner lip is given by 

(7.10-4) 

where I...(Eo) is the effective relaxation length for the incident radiation in 
the material. The radiation per unit solid angle scattered toward P by the itl! 
element in the material is given by <P Ki(E,e) Nj dv, where Kj(E.8) is the 
differential angular scattering cross section of material i for radiation 
incident at energy E and Nj is the Homic density of element i in the 
duct-wall material. The flux density at P due to radiation of energy E 
scattering in the lip is then 

where E 1 is the energy after scattering and V is the scattering vol ume. This 
technique is analogous to integrating a point kernel with the strength of the 
source point being used as the differential scattering density at that point. 
The scattering volume includes that portion of the corner for which t[ + t2 

is between one and two relaxation lengths. 



ALBEDOS, Duers, AND VOIDS 385 

(a) Simon-Clifford Technique for Cylindrical Ducts. The albedo 
method of Simon and Clifford4s is one of the least complicated of the 

methods available for calculating the transmission of thermal- and intermedi

ate-energy neutrons through cylindrical ducts. One considers only the 

neutrons entering the open end of the duct, and transmission is assumed to 

~ 
~ ----------... / p 

Fig. 7.44-Geometry for last-collision calculation of corner-lip inscattering effect In 

two-legged rectangular duct. 

be either by line of sight or by scattering from the duct walls. The wall 

scattering IS calculated with a single-energy spectrum-averaged material 
albedo. 

For a straight cylindrical duct. the albedo, A 2' is defined as the fraction 
of incident neutrons that is scattered from the wall (see Sec. 7.2). In this 

form of the albedo, the reflected radiation has been integrated over all exit 

directions, the reflected angular distribution being expressed in the general 

form (~+ 2'Y cos O)/27r, where ~ is [he fraction scattered isotropically, 'Y is 

the fraction scattered with a cosine distribution, and ~ + 'Y = 1. The flux 

density at distance Z along a duct of radius a is then given by 
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(7.10-6) 

where ¢(Z) is in the same units as the surface source strength No. 

The first term in this equation is the line-of-sight component given in 
Sec. 7.8. The second term. which accounts for the wall-scattering com
ponent, is a strong function of the material albedo. Since.12 is of the order 
of 0.1 for fast neutrons and the second cerm is small for long thin ducts 
(a ~ Z). Eq.7.10-6 simplifies to that for the uncollided flux density. 
However. for thermal neutrons, which have an albedo of about 0.8. the 
second term becomes important. and the scattered flux can dominate. 

Fig.7.45-Geometry for calculating neutron transmission through cylindrical duct by 
Simon-Clifford method. 

Artigas and Hungerford49 improved the results of Simon and Clifford by 
develo ping a more accurate version of Eq. 7.10-6 in terms of integral 
functions of the parameter A. = a2 /Z2. The newer results are particularly 
better for values of A greater than about 0.1. 

Simon and Clifford4s also covered the case of a bent cylindrical duct 
(see Fig. 7.45) by assuming that the albedo (in the area of the bend) of the 
neutrons transmitted through the first leg of the duct is the source for 
calculating transmission through the second leg. When both legs are of equal 
diameter and their angular separation is 8. the total transmission at a 

distance Z2 along the second leg is given by 

(7.10-7) 

where .4~ is an empirically determined albedo parameter. 
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If a series of bends is involved, the flux density at a distance Z from the 
last bend may be expressed as 

... [A; (~)2 (f3 + 2.'1 sin 8n - I)] (7.10-8) 
Ln - 1 Sin 8n - 1 

where the duct segments are of lengths L I, L2 J •• 'J Ln and are separated by 
angles e 1,8 2 , ..• , 8n - 1 . 

Ducts that follow a smooth curve through the shield may be treated by 
chis method provided the radius of curvature is large with respect to the 
radius of the duct. 38 The curved path may be divided into a series of 
equivalent straight sections of length equal to the maximum chord that can 
be drawn internal to the duct. The angular separation between successive 
chords can then be used as the angle between the equivalent sections. 
HortonS 

0 treated helical ducts with an albedo approach similar to the 
Simon-Clifford method. For a helical path divided into n equivalent straight 
sections of radius a and length 1 deviating successively by constant angle Ij;, 
the flux density is approximated by 

(7.10-9) 

This can be compared with Eq. 7.10-8, which would be the equivalent 
Simon-Clifford expression provided all values of e equal Ij; and all values of 
L equal I. The usefulness of this and other semiempirical albedo techniques 
depends on the availability of suitable values of the albedos and angular 
distributions of the reflected ne utrons. 

Horton and Halliday 51 used the Simon-Clifford albedo method for 
calculating the transmission of neutrons through straight cylindrical ducts. 
The calculations corresponded to an experiment in which 5-, 10-, and 
20-cm-diameter steel-lined ducts penetrated a water shield that was adjacent 
to an extended plane source of thermal neutrons. A current albedo, {3, of 

0.55 was used, and a cosine distribution was assumed. The comparison 
shown in Fig. 7.46 demonstrates that the Simon-Clifford equation gives 
good agreement with experiments in which the transmission of thermal 
neutrons through cylindrical ducts is measured provided thac reasonable 
assumptions are made for the thermal-neutron albedos. 
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(13 = 0.55) 

o 20·cm·diameter duct 

• 15·cm·diameter duct 

tJ. 5·cm·diameter duct 

LENGTH·TO·DIAMETER RATIO (Zla) 

Fig. 7.46-Comparison of albedo calculations by Simon -Clifford technique with 
thermal-neutron-flux densities measured in straight cylindrical steel-wall ducts through a 
water shield: plane source of thermal ne utrons. (From HoTton and Halliday. 5 1 ) 

(b) LeDoux-Chilton Technique for Rectangular Ducts. A method of 

calculating gamma-ray transmission through two-legged rectangular ducts 
was formulated by LeDoux and Chi!ton,·H extended by Chapman, and the 

same general technique was used by SongS for neutron transmission. This 

group of investigators has applied a maximum of insight with a minimum of 
input parameters to obtain reasonable agreement between calculation and 
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measurement. A review of this work is instructive because the role of each 
component of the calculation is easy to follow, and the necessity for adding 
second- and third-order contributions becomes apparent. Equations were 
derived for calculating radiation streaming down two-legged concrete ducts 
based on (1) a single-reflection albedo for surfaces that are viewed by both 
the source and the detector and (2) scattering by material in the corner lip of 
the duct. 

In the absence of sufficient differential albedo data at the time of this 
work, a total albedo was used, and radiation was assumed to emerge 
isotropically. To simplify the equations, they assumed that all points on a 
major scattering area (numbered areas of Fig. 7.43) could be considered to 
have the same angle of incidence from the source and the same reflection 
angle to the detector. Formulas were then written for the detector response 
due to first-order scattering from each of the surfaces. Later work 25 ,52,53 

with more accurate differential albedo data showed that this method tends 
to underpredict because multiple reflections are neglected. That the method 
predicts measurements as well as it does is attributed to a compensating 
overprediction caused by the assumption of isotropic scattering. 

Chapman 54 extended the LeDoux-Chilton approach to include double 
reflections and second-order effects, such as a wall backscatter followed by a 
corner-lip inscatter. In piace of the total albedos with the assumption of 
isotropy of the reflected radiation used by LeDoux and Chilton, Chapman 
substituted the semiempirical formula for the differential-dose albedo that 
was derived by Chilton and Huddleston 6 (described earlier in this chapter). 
The two parameters in this formula were determined by a least-squares fit to 
the Monte Carlo data of Raso. 2 5 

The number of the interaction combinations was enlarged (e.g .. one 
backscatter, one inscatter, one backscatter plus one penetration, two 
backscatters, and one backscatter plus one inscatter). 

The singly reflected component was evaluated by integrating over each 
of the numbered areas in Fig. 7.43. When penetration through the corner lip 
was evaluated, the assumption was made that rays penetrating less than one 
relaxation length of material are unattenuated and that those encountering 
more than one relaxation length of material do not penetrate. Scattering in 
the corner lip was calculated with the singly reflected formula that LeDoux 
and Chilton derived on the basis of Klein-Nishina differential scattering 
probabilities. 

To perform the double-reflection calculations, Chapman divided the duct 
into a larger mesh consisting of 12 scattering areas as shown in Fig. 7.47, and 
combinations that would allow transport from the source to the detector 
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with two scatters were considered. Combinations whose fractional con· 
tribution to the total dose was considered to be small were deleted. 
~pecifically. these were reflection from surface 1 to surfaces 10 and 12 and 
reflection from surfaces 2 and 4 to surfaces 10, 11. and 12. The incidence of 
singly reflected radiation on the corner lip of the duct was combined with 

10.12 

• 
DETECTOR 

2.4 DUCT 
ENTRANCE 

Fig.7.47-Scattering areas for albedo calculation of doubly reflected gamma rays in 
two-legged rectangular duct. 

the lip in scatter calculation to determine the contribution due to one 
backscatter plus one in scatter. In all cases the energy degradation in a 
reflection was assumed to be that of a single Compton scattering. 

Comparisons with a number of measurements were made by 
Chapman,s 4 who used the extended LeDoux-Chilton technique for 
calculating gamma-ray dose rates at the exit end of two-legged L-shaped 
rectangular ducts, the source in each case being a gamma-ray-emitting 
isotope at the mouth of the duct. Chapman also calculated the gamma-ray 
dose rates along the axes of two- and three-legged rectangular ducts. and 
comparisons are shown in Figs. 7.48 through 7.50 with the dose rates 
measured at several points along the duct axes for three sources of different 
energy.5 5-5 7 
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Fig. 7.48-Comparison of albedo calculations with measurements of gamma·ray dose 
rates along the axis of a O.3·m-square U-shaped concrete duct; 80·Ci I ~ 7 Cs gamma·ray 

source. (Experimental data from Terrell et al. 5 
5; calculations from Chapman.54

) 

Figure 7.49 also includes results of an empirical formula developed by 
Ingold and Huddleston 58 from the experimental and analytical data of 
LeDoux, Chilton, and Chapman. By data fitting, the formula was found to 
be 

(7.10-10) 
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Fig. 7.49-Comparison of albedo calculations with measurements of gamma-ray dose 
rates along the axis of a 1.8-m-square L-shaped conCrete duct: 3.67-Ci 00 Co source. The 
results designated simplified formHUl correspond to the Ingold-Huddleston equation 
(Eq. 7 _10-10). (Experimental data from Terrell et al. S 

5; calculations from Chapman.s 4 j 

where D == do"se rate on axis of duct at point of interest 

Do == dose rate 0.30 m from the source 

H = height of duct (m; 
h-' == width of duct (m\ , I 

L 1 = length of first leg measured from the source to the center of the 

first corner (m) 

L2 == length of second leg measured from the center of the corner to 

the detector (m) 

Eo == gamma-ray source energy (MeV) 

Use of this formula is limited to problems that meet the following 
criteria: Point source at d~ct entrance, 0.662 MeV:::;; Eo :::;; 6.0 MeV, 
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the detector (m) 

Eo == gamma-ray source energy (MeV) 
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In calculating neutron transmission through rectangular ducts. SongS 
used Chapman's modification of the LeDoux-Chilton method. The reflected 
neutron spectrum was assumed to consist of two neutron energy groups, the 
number and energy in each group being based on the Monte Carlo data of 
Allen et aU In one analysis the duct was assumed to be 0.91 m square in 
cross section, and the sources considered were 14.7- and 2.5-MeV neutrons. 
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energy and angular dependence of the neutron-dose albedo. A comparison of 
the results with measurements made by DotyS 9 (Fig. 7.51) shows good 
agreement. (The solid line represents the calculations for both the 2.5- and 
the 14.7-MeV sources since there was very little difference between the two 
sets of results.) Song derived a semiempirical formula for use in the 
calculations in terms of a single-energy parameter for the differential 
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Fig. 7 .51-Comparison of albedo calculations with measurements of ne utron dose rates 
in the second leg of a O.91-m-sguare two-legged concrete duct: 2.5- and 14.7-MeV 
neutron sources. In the experiment the source w~s 30 cm outside the duct and 
LI = 4.6 m: in the calculation the source was assumed to be at the duct entrance and 

L 1 = 4.9 m. (From Song.s ) 

neutron~dose albedo in a manner analogous to that used by Chilton and 
Huddleston6 in their gamma-ray calculations. Values for the energy
dependent parameter were obtained by a least-squares analysis that gave the 
best fit to the data of Allen et al. 2 
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(c) Albedo Monte Carlo Methods. Experiments and calculations have 

shown that gamma rays produced by neutron absorptions in a concrete 
shield surrounding a rectangular duct make a significant contribution to the 
total dose in the duct, and analysis of this component requires a knowledge 
of the distribution of lew-energy neutrons throughout both the duct and the 

shield. These distributions can be determined with accuracy by analog Monte 
Carlo calculations, bur, as pointed out in Sec. 7.10.1, the machine time 

required to trace neutrons until they approach thermal equilibrium can 
become excessive. To circumvent this, Cain developed a technique 47 that 
uses a random-walk Monte Carlo approach in which particles are traced by 
selecting random paths inside the duct but prohibits particle penetration into 
the shielding material. Thus tracking through a large number of interactions 
prior to emergence from the wall material is averted, and no time is wasted 

. in tracking particles that never emerge. Each time a particle encounters the 

wall, it is assumed to reemerge with a reduced weight (given by the incident 
weight times the albedo of the wall). Flux densities at various points along 
the duct are then calculated either by making a statistical estimate for each 

encounter to various point detectors or by determining the track length per 
unit volume in a detector region. The most satisfactory detector was found 
to be a thin region extending across the duct and perpendicular to the duct 
aXIS, 

The method was modified by Mae~ker and Cain 60 to include doubly 
differential thermal-neutron current and fast-neutron-dose albedo data 
(differential in reflected solid angle and energy) previously determined l .8.18 

by Monte CarIo calculations for infinite slabs of concrete (described in 

Sec. 7.3). In addition, a provision was included for calculating the 
capcure-gamma-ray dose rate arising from neutron capture in the duct walls. 

In the modified code the incident neutrons are reflected with reduced 
weight into various energy groups and directions, the probabilities for which 
are predetermined from the doubly differential albedo data. The neutrons 

are followed in the random-walk procedure until they either escape out the 
front or the rear end of the duct or are killed by Russian roulette (Chap. 5) 
when their weight falls below a predetermined value. Statistical estimations 

of the fluxes to point detectors are made to obtain the results. 
Good accuracy is obtained when the calculations are done separately for 

three energy ranges: (1) Neutrons with energies from 200 keY to 8 MeV are 

divided into six energy groups and are sampled to obtain the fast flux 
contribution to the dose rate. (2) The dose rate from neutrons of 
intermediate energy (0.5 eV to 200 keY), including all neutrons that have 
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slowed down co intermediate and thermal energies from higher energy 

groups. is determined with a I3-group calculation that involves sampling the 
entire energy range from thermal to 8 MeV bur scoring only those neutrons 
with energies below 200 keY. (3) The dose rate from source thermal 
neutrons (subcadmium. <0.5 e V) is then determined in a separate calcula

tion using a single-velocity model. 
Monte Carlo albedo data of Maerker. Muckenthaler. Coleman. and 

Stevens! .8.18 are used in each energy range as described earlier in the 
chapter- To recapitulate, five sets of albedo data are used: one for each of 
the three neutron-energy ranges given in the preceding paragraph plus two 
for capture gamma rays (for incident thermal neutrons and for incident 
intermediate neutrons). In this method no neutron is allowed co penet:-ate a 
corner during the course of its random walk, although a statistical estimate 

of the flux that includes a corner-lip penetration in the last f1ight can be 
made. 

Maerker and Muckenthaler!8.61.62 carried out an extensive series of 

experiments and calculations co test the accuracy of the Monte Carlo albedo 
method as programmed in the AMC code. 60 Three configurations of a 
0.9I-m-square duct were used: a straight duct 1.3.7 m long; a two-legged duct 
with a right-angle bend located 4.6 m down the first leg. the second leg: being 
9.8 m in length; and a three.-Iegged duct with two right-angle bends. the twO 

bends being located 4.6 m down the first and second legs and the third leg 
being 6.1 m in length. In the experiments a collimated neutron beam from 

the Tower Shielding Reactor II entered each configuration through a 30- by 
30-cm area located at the geometric center of the duct mouth. The neutrons 
were incident at an angle 45° to one of the duct walls. This angle of 
incidence was chosen co serve as a rigorous test of the calculation since the 

fluxes and doses for detector locations greater than about a meter from the 
duct mouth would then be due entirely co wall-scattered radiation. The mea
sured absolute energy spectrum of the beam was used for the source spec
trum in the calculations. 

Figure 7.52 shows a comparison of the calculated anc measured results 
for fast neutrons. In general. the agreement averages better than 20% 

through five orders of fast-neutron dose attenuation. For subcadmium or 
thermal fluxes that result from an incident beam of subcadmium neutrons 
(Fig. 7.53). the agreement is within 20% in the second and third legs and 
within 5% for most of the straight ducts. 

Calculations were also made of the thermal-neutron-flux density re

sulting from all source neutrons with energies above cadmium cutoff to test 
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the accuracy of, the slowing-down model used in the code. The comparison 
between calculations and experiment shown in Fig. 7.54 indicates that the 
agreement is about the same as that obtained for incident subcadmium 
neutrons. The statistical errors, number of wall backscaccerings, and running 
times for the same number of source histories were comparable in the two 

5x 1~9~ __ ~ ____ ~ ____ ~ ____ ~ ____ ~ ____ ~~ 

o 4 6 B 10 12 
CENTER-LINE DISTANCE FROM MOUTH, m 

Fig. 7.52-Comparison of AMC albedo calculations with measurements of fast-neutron 
dose rates in one- and two-legged O.91-m-square concrete ducts. (From Maerker and 
Muckenthaler. 62 ) 

calculations. It should be noted that the calculations were normalized in 
each case to the measured number of neutrons incident on the wall of the 
duct from the source beam. 

Calculations were also made of the epicadmium or nonchermal spectra at 
several locations along the center line of the three-legged duct, and these 
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spectra, together with the flux-co-multicollision dose factors of Snyder and 
Neufeld,o 3 were used to calculate the epicadmium multicollision dose rates 

at the same locations. The results are compared in Table 7.5 with 

measurements made with a dosimeter designed to give a response propor

tional to the Snyder-Neufeld multicollision dose curve over the range of 

interest. The dosimeter was a spherical BF 3 counter placed inside a 25- or 
30-cm-diameter polyethylene ball covered with cadmium. 

The method of Cain and Maerker (AMC) may be extended to cover any 
other duct arrangements by providing an appropriate geometry analysis 
routine. Calculations 10 cylindrical geometry have been made by Selph. 
Newell. and Baver.64 

7.10.3 Additional Experimental Investigations 

A selection of experimental data has been presented in the preceding 

discussions for the purpose of validating analytical or empirical methods of 
duct analysis. Some additional experiments can be cited which help to 

illustrate principles involved in duct penetration. 
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Table 7.S-CALCULATED VS. MEASURED EPICADMIUM MULTICOLLISION 
DOSE RATES IN A THREE-LEGGED DUCT 

Distance 
from mouth 

Duct to detector, 
leg m 

2 
2 
2 
2 
3 

5.8 
7.0 
8.8 

10.0 
12.2 

Dose rate, ergs g-l hr- 1 watt- 1 

Measuredt 

25-cm ball 30-cm ball Calculated 

2.5 X 10-6 (2.1 X 10-6 ) 

5.5 X 10-6 (4.9 X 10-7
) 

1.28 X 10-7 (1.2 X 10-7
) 

1.45 X 10-8 (1.2 X 10-8 ) 

1.08 X 10-9 (9.0 X 10- 1 °) 

1.35 X 10-6 (1.1 X 10-6
) 1.9 X 10-6 

2.85 X 10-7 (2.45 X 10-7
) 4.5 X 10-1 

6.6 X 10-7 (6.1 X 10-8 ) 1.05 X 10-; 
6.4 X 10-9 (4.8 X 10-9 ) 9.2 X 10-9 

6.0 X 10- 1°(5.1 X 10- 1 °) 6.5 X 10- 10 

tThe dose rates in parentheses are those obtained when the center of detection was 
assumed to be at the center of the polyethylene ball rather than at its leading edge. 
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Terrell. Jerri. and LydayS 5 performed experiments to investigate the 
effect of geometry and source energy on the attenuation of gamma rays 
through rectangular concrete ducts with two right-angle bends. They found 
that for 1.8-m-square concrete ducts it made little difference whether the 
gamma-ray source was 60 Co or 137 Cs or whether the right-angle bends 

formed a V-shape (Fig. 7.55a) or a Z-shape (Fig. 7.55b). These data, plotted 
in Fig. 7.55c, show a maximum deviation of a factor of 1.5 when properly 

.... 1 .... -----2.4 m --.~I 

Fig. 7 .SSa-Geometry of U-shaped duct. 

normalized. The effect of geometry and energy becomes more noticeable for 

a 30-cm-sq uare duct. 
Chapman6s calculated the contribution of a given scattering area on the 

gamma-ray dose rate in an L-shaped 0.91-m-square concrete duct. The 
scattering area chosen was the one labeled S 1 in Fig. 7.56a. Gamma rays 
from a 60 Co source at the mouth of the duct were scattered from this area 

to the detector ac the exic end of the duct. The dose race due to gamma rays 
that were initiallv scattered from 51 was calculated to be 0.379 mr/hr, which 
compares favorably with a measured dose rate of 0.404 mr/hr. 

During the experiment Chapman measured the gamma-ray spectrum at 

the exit end of the duct both with and without the scattering area 51 
shadowed from the source. The results are shown in Fig. 7.S6b. Shielding of 
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S 1 had a more pronounced effect on the higher energy radiation than on the 
multiply reflected low-energy component. This effect would be expected 
since the percentage reduction in the single-reflected area that results from 
blocking S 1 is greater than the percentage reduction in possible combina
tions of multiple-reflection areas. 

1-\ ..... _- 2.4 m ---i 

Fig. 7 .55b-Geometry of Z-shaped duct. 

In a subsequent experiment Chapman and Grant 66 investigated the 
relative effectiveness of coplanar and noncoplanar three-legged rectangular 
ducts. For the cases investigated (28-cm-square duct, 60Co source, 
L, = 75 em, L2 = 80 em, L3 = 91 em). the attenuation provided by the 
noncoplanar configuration was found to be greater by a factor of 2 than that 
provided by the coplanar configuration. 

Clifford52 used differential albedos2 5 to calculate dose rates correspond
ing to those measured in experiments designed to determine the importance 
of multiple reflection on the transmission of I 37 Cs gamma rays through 20-, 
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Fig_ 7 _55c-Gamma-ray dose rates measured in 1.8-m-square U- and Z-shaped concrete 
ducts; 60Co and 137 Cs gamma-ray sources. (From Terrell et al. 5 5 ) 
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Fig_ 7.56a-Schematic drawing of a 0.91-m-square L-shaped concrete 
duct (L 1, L2 = 2.3 m). 51 is the area on the long side of L 1 which can be 
viewed from D; it is 0.91 by L15 m. 
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and without scattering area S) [see Fig.7.56(a)] being shadowed from 60Co source. 
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30-, and 91-cm-square concrete ducts. In the experiments collimated gamma 
rays were incident on the duct entrance at an angle to the duct axis such that 
the area in which the first reflection could occur was near the entrance of 
the duct (see Fig.7.57a). The dose rate along the duct center lines was 
measured first with the unmodified concrete (condition A). The second 
measurement (condition B) was with a lead lining over all inside surfaces 
except the first scatter area. The third measurement (condition C) was with a 
lead lining over the entire inside surface. Figure 7.S7b shows the results of 
the measurements for all three conditions in the 20-cm duct together with a 
single-reflection analysis based on the differential albedo for condition B. 

and Fig. 7.58 shows the fraction of the total dose which is due to reflection 
from surfaces not exposed to the primary radiation for all the ducts. It is 
apparent from the results of all three duct sizes that the multiply reflected 
component increases to become as much as 20 to 30% of the total dose as 
the duct length is increased. 

7.11 VOIDS 

An irregularity that increases the radiation penetration through a shield 
but does not extend to either surface is called a void. Under this definition 
we consider single voids in a shield. such as an air bubble in a concrete pour. 
or multiple small voids created by filling a container with lead shot. Interest 
in an accidental void is likely to be centered about repair or determining the 
patch size to restore shield integrity. 

7.11.1 Single Voids 

The technique most frequently applied to single voids is the ray-analysis 
technique. which is described in Sec. 7.8 in connection with duct transmis
sion problems. As is pointed out there, the assumption of the ray-analysis 
technique is that the radiation transmission is a function only of the path 
lengths through each material or void encountered along a straight line 
between the source point and the point of interest. When applied to voids 
the increase in the flux density at the shield surface is determined bv the 

, J 

difference in intensities calculated with and without the void. 
Consider a disk-shaped void in an infinite-slab shield adjacent to an 

infinite-plane gamma-ray source with the planes of the disk parallel to the 
slab planes as shown in Fig. 7.59. Let <I>(L) be the flux density of energy Eat 
a point on the surface of the shield with no void and <I>(L - t) be the flux 
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Fig. 7.59-Geometry for calculating the effect of a disk-shaped void on radiation 
transmission through a shield. 
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density with the void present. For the latter, the point of interest is the 

intersection of the center line of the void with the shield surface. The 

influence of the void is estimated by performing a point-kernel integration 

over the source plane to obtain <I>(L) and <I>(L - t). To calculate the flux 

density for the plane shield of thickness L, define b 1 = ~ J.Litj over L 
I 

normally through the shield. The contribution of a ring-shaped source with a 

particle-emission rate of No at an angle e from the detector would then be 

(7.11-1) 

Integrating over the plane source to an angle e gives 

(7.11-2) 

where t = b 1 sec e. Since by definition 

EI (x) = ~ dt J
ao -t 

x t 
(7.11-3) 

then 

(7.11-4) 

integrating over the entire source plane gives 

If the gamma-ray number buildup through b l IS B). then <I>(L) may be 

estimated by 

<I>(L) = N02BI Edhd (7.11-6) 

The buildup factor used here as a simple multiplier is only symbolic since 

the buildup factor is really part of the kernel that is integrated over all space. 
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As is pointed out in Chap. 4, when the Taylor form of the buildup factor is 
used, the form of these equations is unchanged. and the puildup effect is 
simply included by modifying the arguments of the exponential functions. 
Actually in these problems it is sufficiently accurate to use the equation as it 
stands and to determine B 1 only on the basis of the slant penetration (Q to 
P) that grazes the void. For B2 • an average of B) and of the buildup factor 
based on the minimum path length normal to the void is usually adequate. 
Use of the arithmetic mean will always produce a conservative result since 

this gives equal weight to the buildup factor from a region of lesser 
ImpOrtance. 

To calculate the flux density for a shield in which a disk.shaped void 

intercepts at an angle 8 from the point P, define b2 = ~ jJ.iti over (L - t). 

Then for angles less than e 

(7.11·7) 

and for angles greater than e 

(7.11-8) 

Thus the total flux density is 

NoB) 
<P(L - t) = <PI + <P2 ::: -2- E1 (b l sec 8) 

NoB2 
+-2- [Edb 2 ) - Edb 2 sec e) I (7.11-9) 

and the difference <p(L - t) - <p(L) is the increase in the flux density at 
point P due to the presence of the void. Since P is centered over the void, it 
will be the point of maximum increase. 

For points offset from the center. for example. for point p' in Fig. 7.59, 
Eq. 7.11-9 will not be valid. If the source is isotropic, the increase in the 
contribution at p' by a source surface increment dS caused by the void is 
criven bv ::> , 

(7.11-10) 
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where B3 and B4 are the buildup factors along the path dS ~ p' with and 
without the void, respectively. If the source is a cosine source, the increase is 
given by 

4>c = NodS cos (3 [e- J..LL sec 13 _ e-IJ.(L-t) sec P 1 
n(L sec (3)2 

(7.11-11) 

The integral of Eq. 7.11-10 or 7.11-11 over the appropriate source area will 
give the total increase at p' due to the presence of the void. The appropriate 
source area includes all points for which a ray p' passes through the void. In 
most practical situations this integral must be evaluated numerically. The 
value of the integral at representative points will serve to determine the 
shape and thickness of the shield patch required to negate the effect of the 
void. 

An approximate form of ray analysis given by Tonks 6 
7 can be applied to 

certain problems involving voids or depressions in a very thick shield. With 
this method we first calculate the flux density at a point on the surface of a 
uniform infinite-slab shield whose thickness is equal to the ray of minimum 
length through a void or depression in the shield. We then account for the 
reduction in flux density due to the longer material path of nearby rays 
terminating at the same point. The method is based on the fact that the 
formula for the flux density through an infinite slab 

can be approximated by 

No 
<I> = - E 1 (Jlt) 

2 

iV ",_·0 -flt 
~=-e 

2Jlt 

for JlC ~ 1, with an error that is approximately equal to l/flt. 

(7.11-12) 

(7.11-13) 

The application of Tonks' approximation is as follows: Consider a slab 
shield with a void such as chat shown in Fig. 7.60. Let the ray passing 
through Q and P be the path of minimum material penetration, to, and let it 
coincide with the z-axis. In many cases nearby rays rna y be expressed as 

..... l' 2 1 2 
t = to +-afJx +-bfJy 2 2 

(7.11-14) 
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Fig. 7.60-Geometry for calculating by Tonks' approximation the effect of a void in a 
shield. 

where ex and ey are the angles between the minimum ray and a nearby ray 

projected onto the x-y and y-z planes. respectively. and u and bare 

determined by the specific geometry. Substituting' Eq. 7.11-14 into an 

approximation analogous ro Eq. 7.11-13 yields for the flux density cp' at P 

-pt 0 
<1>' - V _e __ 

-, 0 J.lyab (7.11-15) 

if both a and b are greater chan zero. The ratio of the flux density estimated 

by Eq. 7.11-15 to that estimated by Eq. 7.11-13 (for a slab of minimum 
penetration) is 

(7.11-16) 

which, providedyab > 1. gives the increase in effectiveness at P of the shield 

with a void over that of a simple slab whose thickness is equivalent to the 

mlOlmum ray. 

The limit of ex and ey for which Tonks' approximation is valid is set by 

ex - ey < Ct. where Ct is given by Ct =Y1IJuo. As an example. for a spherical 

void of radius Rv \vhose center lies at a depth R from the outside surface of 

a slab shield of thickness T. it can be shown that the length of a ray near the 

minimum ray is given by 
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(
T R2) t 

t = to + - + - 0i +~ O} 
2 Rv 2 

(7.11-17) 

and the increased effectiveness at the minimum ray terminus is given by 

(7.11-18) 

Other expansions of t = to + f(8 x ,()y) may be derived which would lead 
to equations of similar form to Eq. 7.11-15. Kouts 68 treated the problem of 

p 

Fig. 7.61-Geometry for calculating by Kouts' technique the effect of a void in a shield. 

voids on the basis of one-velocity transport theory, Instead of using the 
boundary conditions of the differential transport equation to describe the 
void. he accounted for it by the way in which the kernel of the integral 
equation is defined. The effect of the void is then calculated as a 
perturbation of the flux density in a homogeneous medium (no-void case). 
The method is applicable to either gamma rays or neutrons. 

Using this approximation to the transport equation, Kouts investigated 
the effect of spherical voids in water and obtained good agreement with 
experiment when he chose certain constants in the solution by fitting to the 
experimental data at one point, The expression derived for a spherical void 

in the geometry shown in Fig. 7.61 has the form 

ALBEDOS, DUCTS, AND VOIDS 411 

(
T R2) t 

t = to + - + - 0i +~ O} 
2 Rv 2 

(7.11-17) 

and the increased effectiveness at the minimum ray terminus is given by 

(7.11-18) 

Other expansions of t = to + f(8 x ,()y) may be derived which would lead 
to equations of similar form to Eq. 7.11-15. Kouts 68 treated the problem of 

p 

Fig. 7.61-Geometry for calculating by Kouts' technique the effect of a void in a shield. 

voids on the basis of one-velocity transport theory, Instead of using the 
boundary conditions of the differential transport equation to describe the 
void. he accounted for it by the way in which the kernel of the integral 
equation is defined. The effect of the void is then calculated as a 
perturbation of the flux density in a homogeneous medium (no-void case). 
The method is applicable to either gamma rays or neutrons. 

Using this approximation to the transport equation, Kouts investigated 
the effect of spherical voids in water and obtained good agreement with 
experiment when he chose certain constants in the solution by fitting to the 
experimental data at one point, The expression derived for a spherical void 

in the geometry shown in Fig. 7.61 has the form 



412 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

BV t (2RJl
2

) <l>(P) = 2 Jo dJl Jlk exp --y- (7.11-19) 

where ct>(P) = flux density at point P 
B = constant in the approximation to the angular distribution of 

the scattered flux used by Kouts. i.e., 

dn <I>(n) Lt p(n' ~ n) = B cos e (0 < e ~ %) 
=o(~<e<7T) 

It = total macroscopic cross section 
p(r2'~n) = probability of scattering from direction n' to direction 

n 
V = parameter in the expression for flux distribution through the 

shield in the absence of voids given by ct>o = V<I>(n) e-3lb 

R = radius of void 

L = shield thickness 
b = number of relaxation lengths in the shield material 

Jl = cos e 
A best value of k = 4.5 was chosen by Kouts by fitting experimental data for 

gamma rays at 2RI L = 1. 
Results obtained with this equation for a water shield are compared in 

Fig. 7.62 with experimental data for gamma rays. 

7.11.2 Small Random Voids 

For a large shield containing small randomly spaced voids (small 

diameter relative to the relaxation length of the radiation, e.g., a gamma-ray 

shield consisting entirely of iron shot). the_ effect of the voids on the 

radiation transmission is obtained simply by increasi~g the relaxation length 

used in the calculation of the shield attenuation by the ratio of the average 

density of the shield to the density of the solid material used in the shield. 

When the voids are not negligibly smalL however, it can be shown by a 
statistical argument that the penetrating radiation will be greater than would 

be predicted by using an average density. Consider two normal rays through 

the shield, one that is the average penetration t plus an increment {, and one 

412 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

BV t (2RJl
2

) <l>(P) = 2 Jo dJl Jlk exp --y- (7.11-19) 

where ct>(P) = flux density at point P 
B = constant in the approximation to the angular distribution of 

the scattered flux used by Kouts. i.e., 

dn <I>(n) Lt p(n' ~ n) = B cos e (0 < e ~ %) 
=o(~<e<7T) 

It = total macroscopic cross section 
p(r2'~n) = probability of scattering from direction n' to direction 

n 
V = parameter in the expression for flux distribution through the 

shield in the absence of voids given by ct>o = V<I>(n) e-3lb 

R = radius of void 

L = shield thickness 
b = number of relaxation lengths in the shield material 

Jl = cos e 
A best value of k = 4.5 was chosen by Kouts by fitting experimental data for 

gamma rays at 2RI L = 1. 
Results obtained with this equation for a water shield are compared in 

Fig. 7.62 with experimental data for gamma rays. 

7.11.2 Small Random Voids 

For a large shield containing small randomly spaced voids (small 

diameter relative to the relaxation length of the radiation, e.g., a gamma-ray 

shield consisting entirely of iron shot). the_ effect of the voids on the 

radiation transmission is obtained simply by increasi~g the relaxation length 

used in the calculation of the shield attenuation by the ratio of the average 

density of the shield to the density of the solid material used in the shield. 

When the voids are not negligibly smalL however, it can be shown by a 
statistical argument that the penetrating radiation will be greater than would 

be predicted by using an average density. Consider two normal rays through 

the shield, one that is the average penetration t plus an increment {, and one 



ALBEDOS, DUCTS, AND VOIDS 413 

that is shorter than average by the same increment. Their average penetration 
1S 

Thus, although their average penetration distance 1S t, their average 
penetration is greater than e-Jl.t. 
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Fig. 7.62-Comparison of flux increase due to spherical void in a water shield calculated 
by Kouts' technique with that determined by experiment. (From Kouts.68 

) 

This problem has been treated statistically by Smith. 6 9 From his work 
an effective thickness, t e , can be derived: 

t( 1 - v) 
t e = -1-+-'--0-. S-S-S-'-v-=-2 (7.11-20) 

where t is the actual thickness, v is the fraction of the volume that is void, 
and s is the average distance between voids measured in relaxation lengths. 
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) 

This problem has been treated statistically by Smith. 6 9 From his work 
an effective thickness, t e , can be derived: 

t( 1 - v) 
te = -1-+-'--0-. 5-5-s..:....v~2 (7.11-20) 

where t is the actual thickness, v is the fraction of the volume that is void, 
and s is the average distance between voids measured in relaxation lengths. 
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An eguivalent expression for an effective attenuacion coefficient is 

J.l(l - v) 
J.l.e = 1 0 - - ( I ) 112 + .:J:J SIJ.I. 

(7.11-21 ) 

or. generalized to the case where the voids contain a material of attenuation 
coefficient j.J.'. 

, ') 
_ j.J. + (1 - 1')(j.J.- j.J. , 

j.J.e - 1 0 - - ( . ) I ')~ + .:JJ:;/j.J.,\,j.J.-j.J. v· 
~7.11-22) 
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Shield Heating., Air Transport., 
Shield ~laterials., 

and Shield Optimization 

L. G. MOONEY and N. M. SCHAEFFER 8 
Four additional design considerations-shield heating, air transport, shield 
materials. and shield optimization-should be added to the special topics 
needed to supplement the transport calculations in the design of a shield. 
The grouping of the four topics is a matter of convenience and has no special 
significance. 

8.1 SHIELD HEATING 

Heat transfer may be said to dictate the design of a reactor. Materials 
selection is based on a compromise between thermal and nuclear properties. 
Within the core the kinetic energy of the fission fragments is the principal 
heat source. However. the design of the reactor structure. core vessel, and 
thermal and biological shield is determined by the energy deposition of 
radiation emerging from the core. Although significant heating rates maybe 
generated by neutrons in the reflector, control rods, and inner shield regions. 
most of the heating in the shield results from energy degradarion and 
absorption of gamma rays. Generally speaking, neutrons are considered in 
shield heating only insofar as they produce gamma rays. Energy deposited by 
charged particles is a consideration only in a limited number of materials. 

Methods for calculating energy deposition are identical to those for 
obtaining attenuation. Thus all the techniques and data described in Chaps. 4 

through 6 are pertinent here. The principal difference between attenuation 
and heating-rate analyses is the quantity of interest. For an attenuation 
calculation, we are primarily interested in the quantity transmitted. In shield 
heating we are interested in the quantity absorbed. This distinction makes 
the shield-heating calculation less demanding. The first orders of attenuation 
are obviously most important to heating rates; thus approximate methods 
can be used to better advantage for shield heating than for radiation 
transmission. 
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We should not oversell the acceptability of approximate results, however. 
An underestimate of a biological dose rate by a factor of 2 is a nuisance: 
working times are more limited or exclusion areas must be enlarged. 
Consequences of a similar error in heating-rate estimates in the shield could 
be severe; excessive temperature rises could wreck the reactor structure at 

design power levels. A prudent design approach would therefore be to 
estimate the heating rates two ways: one that is known co overpredict and 
one that is known to under predict. 

It is evident that a calculation of heating rates is simply another response 

function of the flux density. If one preserves his flux-density data from the 
shield analysis. then the heating rate can be obtained simply by converting 
the flux density to energy deposition. 

8.1.1 Gamma-Ray Heatingt 

The principal interactions of a gamma ray are pair production. 
photoelectric absorption. and Compton scattering. In Chap. 3 the Compron 
energy absorption cross section. uca , was defined on the basis of the average 
energy loss per collision (Eq. 3.2-14). Since the other two processes involve 
complete absorption. Uca is used with them to define a macroscopic cross 
section (Eq. 3.2-16. J..La = N[ ope + ZOca + app 1) that represents local energy 
dep03ition: The photon-energy deposition gives rise to a heating rate 

H(r) = C J Emax E J..La(E,r) <I>(£,r) dE 
Emin 

where H(r; = heat generation rate at spatial position r (watts cm- 3
) 

E = gamma-ray energy (MeV) 

(8.1-1) 

<I>(E,r) = photon-flux density at energy E (photons cm-2 sec- I Mev l ) 

J..La = energy-absorption coefficient or macroscopic cross section for 
energy deposition (cm- l 

) 

C = conversion factor (1.60 x 10-13 watt-sec Mev· ) 

We should emphasize that <I>(E.r) includes the contributions from 
secondary as well as from primary gamma rays. 

Implicit in the use of the energy-absorption coefficient as defined here is 
the assumption that some other possible second-order processes are 

negligible and that the small amocnt of radiation that survives the 

photoelectric effect and pair production through fluorescence. brems
strahlung, or annihilation radiation is absorbed where it is produced. Such 

tThis section iollows a recent review by Claiborne,' 
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assumptions are justified for reactor design because of the low photon 
energies involved in these secondary processes. 

Calculation of the heating rate due to gamma rays is then reduced to 

obtaining the spectrum <I>(E,r) , the subject of Chaps. 4 through 6. We will 
discuss buildup factors and mention some other methods in general use for 
calculating heating rates. 

(a) Buildup Factors. Because they are manageable with hand calcula
tions as well as with machine application, buildup factors represent the most 

popular technique, and they have been validated by comparison with 
experiment. Perhaps the most valuable feature of the buildup-factor method 
is the relative certaimy with which the sign of the error in the calculated 
heating is kno~n. Even for extreme multilayered construction (assuming 

that other sources of error are reasonably small). it is possible to bracket the 
true answer by separate calculations using the largest and the smallest 
individual buildup factors for the effective buildup factor of the composite 
shield. 

Recalling that buildup factors can be used as a type of poim kernel, we 
measure the path length along the line of sight from the source to the 
receiver. The uncollided flux density at the receiver (the point of energy 

deposition) is then multiplied by the buildup factor to· accoum for the 
scatrered contribution. If the source is distributed (i.e., a reactor core), we 

represent it as an array of volume elements. each represented by a poim 
source, and integrate the point kernel over the source volume for each source 
energy. The integral over volume is then 

(8.1-2) 

where H(r) = energy deposition per unit volume (MeV sec-I cm- 3 ) 

Sv(r') = isotropic source intensity in photons per unit time per unit 
volume at energy Eo (sec-I cm-3 ) 

V = source volume 
Eo = energy of gamma ray emirred by source 
~a = energy-absorption coefficient of material at the point of energy 

deposition 
Ba(I1X) = energy-deposition buildup factor 

~ = total attenuation coefficient at energy Eo 
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x = Ir - r'l. the distance between the source and the point of 

energy deposition 

r_ = point of energy deposition 
r' = location of source in volume V 

We note that Ba (J.Lx) IS an energy-deposition (formerly called energy

absorption) buildup factor and not the energy-fluence buildup factor. The 

latter would give the total energy flux. which would result in an overestimate 
of the heating rate. 

All we need to obtain heating rates for photons is a proper set of buildup 
factors. For infinite homogeneous media we can use the energy-deposition 

buildup factors given by Goldstein and Wilkins. 2 For finite media and. more 

realistically. for the multilayered media to be found in any reactor shield. we 
need other buildup factors or an additional assumption. The pitfalls 
encountered in applying infinite-media data to finite geometries_ described 

briefly in the discussion of differential energy spectra in Sec. 6.3.1. apply 

here as well. 

The infinite-media data (either buildup factors or differential energy 

spectra) contain the effect of the medium beyond the receiver point as well 

as thac between the source and the receiver. Therefore a receiver at the -far 

edge of a slab will intercept an intensity differing from the infinite-medium 

case depending on the difference in backscattering from the adjacent 
medium. If the adjoining medium is air, the infinite-medium buildup factor 

pro.duces an overestimate. If it is another dense medium. the infinite-medium 

buildup factor will give more or less. depending on the relative albedo of the 

two media. Since the albedo depends on the ratio of scatcering to absorption 

cross sections, a greater ratio in the adjoining medium would imply that the 

infinite-medium buildup factor gives an underestimate of the actual intensity 

at the receiver. A lower ratio would imply an overestimate. The saving grace 
is that the magnitude of the error is usually of the order of a few percent for 

photons. reaching 20 to 30% only in unusual cases. 

Assuming that errors of this magnitude are acceptable. we can use 

infinite-medium buildup factors. Equation 8.1-2 must be modified to accept 

this compromise. Making the further assumption that the source energy 

distribution is divided into groups and that Ej is the mean energy for the Jth 
group. we can write 
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(8.1-3) 

where t is the thickness of each region and i refers to the number of regions 
of different composition interposed in the line-of-sight path x between a 
source point and any particular point of energy deposition. The sums over j 

imply that we set the path length equal to the cumulative sum of mean free 
paths in each material to the point at which the heating rate is to be 
obtained. 

The buildup factor can be selected according to several rules of thumb. 
For homogeneous or near-homogeneous mixtures (regions significantly 
smaller than the mean free path), the so-called equivalent Z (atomic number) 
method3 has been used with good effect. In this method the equivalent 
atomic number is obtained by a recipe with a sound theoretical basis. 
Briefly, this method involves comparing the shape of the curve obtained by 
plotting the total attenuation coefficient per electron of the mixture as a 
function of energy to the corresponding curves for the individual elements 
until a reasonable match is found for energies below source energy. To be 
completely equivalent, the ratio of total to scattering cross section should be 
the same in the two cases, which usually occurs to a good approximation 
when the shapes are matched. 

Extension of the buildup-factor method to structures with multiple 
layers leans more heavily on rules of thumb and physical intuition. When the 
outermost layer exceeds two or three mean free paths, the buildup factor of 
the outermost material is generally recommended, but based on the total 
number of mean free paths along the line of sight through all materials. This 
seems a reasonable procedure since the gamma spectrum would readjust to 
the new medium and tend to approach the spectrum that would exist if the 
whole structure consisted of the outermost material. 

In the most extreme case where the structure is multilayered and each 
layer is less than two mean free paths thick, no clear-cut procedure is 
available. Some Monte Carlo calculations have been made on energy 
deposition in multilayered shields, but correlations for design use have 
generally been lacking. Based on Monte Carlo studies of heat deposition in 
one- and two-layer lead slabs in water by a plane monodirectional beam, 
Bowman and Trub ey4 suggested that combinations of the Goldstein-Wilkins 
energy-deposition buildup factors could be used in the relation representing 
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the buildup factor for stratified slabs. This effective buildup factor IS 

expressed by 

BaU.Ll tl ,1l2 t2 ) = Bal (Ill tl sec e,Eol Ba2 (J.L2 t: sec e.Eo) 

x exp( -J.L2 t2 sec (J l + Ba'l [(,u I t I 

where 6 is the angle between the direction of the incident gamma ray and 

the normal to the slab. Subscripts 1 and 2 refer to the first and second 

materials. respectively. 

For a double-laver shield whose outer laver is less than tWO or three 
, I 

mean free paths or a multilayer shield with the exterior layer more than two 

or three mean free paths in thickness. use of Eg. 8.1-4 seems intuitively 

justified for most purposes. The angular dependence (6 now becomes the 

angle that each path makes with the normal to the shield) does complicate 

the integral when Eq.8.1-4 is substituted into Eg. 8.1-3: however. the 

numerical integration presents no problem when electronic computers are 

used. and in some cases it would not be too arduous for hand calculations. 

For conditions that are significantly different from the preceding cases. 

some other method should be used if it is desired to do either than bracket 

the answer by using techniques that will give results known to be high or 

low. For instance. in a multilayered shield with all lavers less than two mean , , 

free paths. a high result is obtained by using the largest individual buildup 

factor as the effective buildup factor for the composite shield. and a low 

result is obtained when the smallest individual buildup factor is used. 

Constants for the energy-deposition buildup factors in the Berger form 

are given in Appendix F for water. aluminum iron. tin. and lead. Tobias. 

Vondy, and Lietzke S have interpolated the results of Goldstein and Wilkins 

to obtain energy-deposition buildup factors for even atomic numbers from 2 

to 78 and have obtained coefficients for best fir to the third-degree 

polynomial 

B(IJ..\", Eo ) = 1 + a(,u..\:) + b(J.LX) 2 + C(J.Lx)3 (8.1-5 ) 

Values of a, b, and c for seven energies from 0.5 to 10 MeV are given in 

Appendix F, Table F.4, and can be used for materials not explicitly given 

elsewhere. Because they are regarded as most accurate (Sec. 4.8.1). the 

Cap06 polynomial expressions with regions of applicability are given in 
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Appendix F, Table F.5. This set includes the same materials as Appendix F, 
Table F.3. 

Walker and Grotenhuis 7 have examined the effective atomic numbers of 

concretes and found them to range from 11 for ordinary concrete to 27 for a 
barytes aggregate. Buildup factors for a particular concrete can be obtained 
by interpolating available data to the effective atomic number. Trubey 8 

published coe fficients for the Berger form of the buildup factor for ordinary, 
magnetite, and barytes concretes as well as for sand, wood, air, and lithium 
hydride. These are reproduced in Appendix F, Table F.6. 

The buildup-factor method has been widely used and is a versatile tool 
for shield design. Calculations with this method have generally checked 
experimental measurements to within 35%. It is reasonable to expect similar 
accuracy when this method is carefully used in design calculations for shields 
or reactor structures that do not involve extreme multilayered construction 
with each region less than two mean free paths in thickness. Even for 
multilayered construction, however, when the outermost layer is more than 
two or three mean free paths in thickness. particularly when the low-z 
material follows the high-Z material, the method should be quite good since 

the spectrum tends to readjust to the new medium. 

(b) Other Methods for Gamma-Ray Heating. Every method devised for 
gamma-ray attenuation has been applied to obtain heating rates. Greenhow, 
Mueller, and Sabian9 devised a recipe with some success for applying any 

neutron multigroup diffusion code to gamma-ray heating by proper 

exchange of cross sections. French 10 applied differential energy spectra 

from the Goldstein-Wilkins moments results to carry the gamma-ray 
spectral description through multilayered shields. This gives additional detail 

to the results, but it is essentially no more accurate and is considerably more 
involved than the buildup-factor techniques based on the same moments 
data. 

Lathropll has modified a standard LASL one-dimensional Sn code 

(DTF) to include up to 10 moments (PI 0) of the group-to-group scatrering 
cross sections. A subroutine cross-section code produces scattering cross 
sections by performing group averages of the Legendre moments of the 
Klein-Nishina differential cross section. At the option of the user, 
cross-section data can be flux weighted, source weighted, or unweighted. 
Test calculations with this code generally compare favorably with Moore 
Carlo calc ulations. Engle 1 2 also developed a -one-dimensional 5 11 -Pz code 

(ANISN) which in principle can handle any number of moments of the 
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group cross sections: a two-dimensional version (DOT) was developed by 
Mynatt, Muckenehaler. and Stevens. I 3 

Trubey. Penny. and Lathrop14 compared the results of an S16-P3 
calculation with Monee Carlo and bLlildup-factor methods (the laner is 
equivalent to the moments method for the homogeneous medium; for a 

sphere of iron 70 cm in radius containing a unit gamma-ray fission source 
distributed uniformly within the inner 25-cm radius. The Monte Carlo resLllts 
were obtained with the FMC code. I 5 No importance sampling was used. and 
a total of 5000 case histories was calculated. When the buildup-factor 
method was applied. the usual point kernel was integrated over source and 
energy with each buildup factor obtained by a Lagrangian interpolation of 
the buildup factors in the paper by Goldstein and Wilkins. 2 As shown in 
Fig. 8.1. the agreement between the three methods is excellent: in fact. it is 
rather surprising that the agreement is good all the way to the edge. The 
Monte Carlo results are typical in that the statistics get bad as the distance 
from the source increases, and the net result is that the flux is usually 
underestimated. At the origin the poor statistics resulted because the scoring 
volume was too small. Toward the edge the decrease in the Sn results with 
respect to the moments method most probably is a boundary effect. The Sn 

calculation assumed a vacuum beyond 70 cm. use of buildup factors implies 
an infinite region. 

For deep penetrations of the order involved in shielding calculations. it 
had been generally felt that a P3 approximation was insufficient to account 
for the anisotropy of gamma scattering. In some preliminary studies by 
Lathrop.! I however. the difference in results between the Po and PI 

approximation was quite pronounced, but only small improvement resulted 

from the use of higher order approximations in place of the PI 

apprOXImatiOn. 
For multilayered shields it is apparent that Monte Carlo or discrete

ordinate methods are the best available. and they should be used where 
J 

accuracy requirements exceed the capability of buildup factors. 

8.1.2 Neutron Heating 

Direct heating effects are potentially important for elastic scattering of 
fast neutrons in low-z materials. For equal numbers of i-MeV neutrons and 
gamma rays. the contribution of elastic neutron scattering to the heating rate 
varies 'Widely with the atomic number of the medium. Foderaro, Hoover. and 
Marable l6 show that rhe ratio of neutron to gamma-ray heating is 5 to 1 in 
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Fig. 8.l-Comparison of three methods for calculating heating in iron from 25-cm 
spherical source. (From Trubey et. al. 14 ) 
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water. 6 to 10 in carbon, and 1 to 50 in iron. We can show this by 
developing the neutron analog to Eq. 8.1-3. From Sec. 3.2.2, a neutron of 
ellergy E initially and energy E' after an elastic collision is 

E' = E [1l2 + 2A cos e + 1] 
(A + 1) 2 

(8.1-6) 

where A is the mass number of the target nucleus and e is the scattering 
angle (in center-of-mass coordinates). The energy loss is 

( 8.1-7) 

We need the average energy loss. If the average scattering angle is given by 
cos e. 

( ~1) ----
I1E(E) ~ E (A: 1)2 (1 - cos e) (8.1-8) 

We can now write the heating rate caused by elastic scartenng In a 
material with Nj atoms/cm 3 

where Hn ,11 = heating rate (watts cm- 3 ) 

K = conversion constant (K = 1.6 x 10- 13 watt-sec Mey-I,1 

aj(E) = elastic-scattering cross section of the ith material 
<P = flux density of neutrons in dE about E 
E = incident neutron energy 

(8.1-9) 

Foderaro et al. 1 6 use the orthogonality property of Legendre poly
nomials to show that the average value of the cosine of the scattering angle is 

(8.1-10) 

where II i(E) is the first expansion coefficient of the Legendre polynomial 
expansion of the differential elastic-scattering cross sections of the ith 
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element. Since these cross sections are commonly expressed in terms of 
Legendre polynomial expansions, this is a very convenient result. Values of 
II ~E) for selected materials are quoted by Foderaro et al. and are given in 
most compilations of differential elastic-scattering distributions. The average 
energy loss is then 

(8.1-11) 

The significant term is Aj/(Aj + 1)2. It tells us that neutron heating 
decreases rapidly with the mass of the target nucleus and supports the 
conclusion that fast-neutron heating in heavy materials is unimportant in the 
presence of comparable numbers of gamma rays. For A < 12, both neutrons 
and gamma rays tend to contribute significantly. 

A corollary to these conclusions relates to the importance of inelastic 
scattering of fast neutrons. Since inelastic-scattering cross sections in the 
energy range of interest (E < 6 MeV) are significant only in heavy nuclei, 
inelastic neutron scattering is usually unimportant in heat-generation 
computations. Even where inelastic scattering is significant, it is generally 
less than elastic scattering. Thus where elastic scattering is unimportant for 
heating considerations so is inelastic scattering. 

Indirect neutron heating through production and absorption of gamma 
rays is significant where there is appreciable radiative capture and con

ceivably where there is appreciable gamma-ray production by inelastic 
events. 

8.1.3 Charged-Particle Heating 

Three nuclei account for most of our interest in neutron-induced 
charged-particle heating, 6 Li, lOB, and 14 N. Because the cross sections tend 
to be in the millibarn range in the MeV region, charged-particle-out reactions 
are not important in heating except at thermal-neutron energies. Table 8.1 
summarizes the reactions of interest. I 7 

Note that three isoropes of uranium are included in Table 8.1. The large 
energy release per fission would make these isotopes important heat 
generators if they were used in a shield. 

For any of these reactions, say (n,a), the heating rate due to neutrons in 
energy interval ~E is simply 

HrI,a :::: Kj'J arl,a(E) cI>(E) (E + Q) flE (8.1-12) 
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where K = same conversion constant given before (1.6 x 10-13 watt-sec 
MeV-I) 

N = number of atoms of target material per cubic centimeter 
0n,Cl (E) = (n,a) cross section at energy E 

<fl(E) = neutron-flux density at neutron energy E 
Q = energy release for the reaction 

Table 8.1-CHARGED·PARTICLE REACfIONS IMPORTANT IN HEATINGt 

Thermal·neutron Energy emitted. 
Nuclide Reaction cross section, b MeV 

6Li (I1,Q) 950 4.8 
lOB (I1,Q) 3840 2.3. 0.48 
14N (l1.p) 1.8 0.63 
B8 U Fast fission 0.58 (3 M'V)} Average total energy 
235 U Thermal fission 582 from fission. 
233U Thermal fission 527 -190 MeV 

tFrom C. N. Klahr. Reactor Handbook. Second EditIOn. Vol. Ill. Part B. Shielding, 
E. P. Blizard (Ed.j, p. 174, lnrerscience Publishers. a divIsion of John Wiley & Sons. Inc.. 
New York. 1962. 

8.2 AIR TRANSPORT 

Although transport of neutrons and gamma rays through air is not 
usually an important consideration in the design of shields for fixed power 
plants. it is an important shielding consideration for any portable or mobile 
system. Laboratory experiments involving reactors, isotopes, or accelerators 
also frequently require some assessment of air transport. Actually two 
programs have accounted for most of the research in air transport that has 
been done: nuclear-powered aircraft and weapons radiation studies. Interest 
from the weapons standpoint is obvious; all the initial radiation from a 
nuclear weapon detonated within the atmosphere arrives at a distant receiver 
via the atmosphere. [n analysis of exposure to fallout radiation, the transport 
through air from airborne or ground-deposited activity is the primary 
concern. The reasons for interest in air transport from the standpoint of 
nuclear aircraft are also evident; weight limitations give additional incentive 
i:o tight design. and transport of radiation by air and structure from reactor 
shield to passengers and crew becomes a crucial design factor. 
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where K = same conversion constant given before (1.6 x 10-13 watt-sec 
MeV-I) 

N = number of atoms of target material per cubic centimeter 
0n,Cl (E) = (n,a) cross section at energy E 

<fl(E) = neutron-flux density at neutron energy E 
Q = energy release for the reaction 
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233U Thermal fission 527 -190 MeV 

tFrom C. N. Klahr. Reactor Handbook. Second EditIOn. Vol. Ill. Part B. Shielding, 
E. P. Blizard (Ed.j, p. 174, lnrerscience Publishers. a divIsion of John Wiley & Sons. Inc.. 
New York. 1962. 
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The processes involved in air transport are identical to those in dense 
media. The difference that makes air a separate topic is entirely in the 
geometry. Relaxation lengths in air are of the order of a hundred meters as 
compared with relaxation lengths in dense materials of the C!rder of a tenth 
of a meter. Put in a more familiar way, the density of air at standard 
conditions is 1.29 mg cm-3 ; the density of most solids is in the range 1 to 
10 g cm-3 . 

The geometry of interest includes the ground and the cover of air 
extending out to large distances in space. The importance of the boundary 
effects at the air-ground interface depends on the ratio alit, the source
detector separation divided by the height of source or detector above the 
ground. For alh ~ 1, the presence of the ground significantly affects the 
amount of scattered radiation arriving at the detector. For alh < 1, the 
relative importance of the ground effect depends on the height of the source 
and the detector. If the height of either the source or the detector is less 
than a mean free path in air, the ground effect is likely to be significant. 

Consider the case where both the detector and the source are located in 
the upper regions of the atmosphere. Here we have what can be described as 
an infinite medium within which neutron and gamma-ray mean free paths 
are extremely long and within which the density of material varies 
significantly over distances of interest. The density variation must be 
included if the accuracy of the air-transport calculation is to be acceptable. 
As the source and the detector are lowered in the atmosphere toward the 
earth's surface. the density increases, and the density gradient must be 
considered until the gradient becomes unimportant over several mean-free
path distances. Air-transport calculations in the lower atmosphere at heights 
from 3 to 10 mean free paths or so above the ground surface are very similar 
to infinite-medium calculations for other materials of uniform density. 

As the source and the detector are lowered further toward the ground 
surface, the effects of the ground become noticeable, and the air-ground 
interface effects become most important when both the source and the 
detector are on the surface. If either the source or the detector is raised 
above the surface, the interface effects diminish. 

The radiation transport in an air-over-ground geometry is generally 
calculated to obtain the radiation distribution in the air. For such problems 
the ground is considered as a perturbing medium. The perturbation consists 
in absorption and reflection of the incident radiations as well as the 
contribution of secondary gamma rays produced by neutron interactions in 
the ground. Only for special problems, such as ground activation and heating 
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rates, is there a need for neutron and gamma-ray distributions within the 

ground proper. 

8.2.1 Infinite Air Medium 

As mentioned in the preceding text. the transport of neutrons and 
gamma rays in an infinite air medium can be calculated in much the same 
manner as an infinite medium of any other material provided the density is 
uniform. In fact. probably more infinite-medium calculations have been 
performed for air than for any other material. 

Air transport has been calculated with moments. discrete-orciinates. and 
Monte Carlo methods in recent years. The advantages of the Monte Carlo 
and discrete-ordinate methods in providing angular distributions at the 
receiver have resulted in their use almost· exclusively. Early definitive 
calculations of air scattering of gamma rays were done by Lynch. Benoit. 
Johnson. and Zerby! 8 using the Monte Carlo method. Similar calculations 
for neutrons were reported by Wells! 9 and Zerby.20 

Trubey 2! showed that for source-detector separation distances less than 

about 30 m a single-scattering calculation gives an excellent approximation 
of the intensity at a detector bur does not give an adequate representation or 
the energy or angular distributions at the receivers. 

Figure 8.2 illustrates recent comparative calculations of the neutron dose 
as a function of distance from a point isotropic 14-MeV neutron source by 
Straker and Gritzner. 2 2 Keith and Shelton.2 J and Webster. 2 

4 Straker's 
results were obtained bv discrete ordinates, and the remainder. bv Monte , . , 

Carlo. Straker's data are lower in magnitude because of his use of different 
cross-section data in the high-energy region. Webster and Keith and Shelton 
used identical cross-section data, and the difference in their calculations at 
larger distances is probably due to poor statistics in the Monte Carlo Output. 
The abscissa and ordinate of this graph deserve mention. By plotting the 
dose per source neutron times 41TR 2 (R the source-receiver separation) as the 
ordinate, we can remove the inverse-square geometric effect. Using slant 
range in density units (g cm-2

,1 for the abscissa, we can avoid depe:1dence on 
the air density. This graph is then applicable to any uniform air density. and 
the separation (or slant range) in centimeters is obtained by dividing the 
slant range in g/cm 2 by the air densitv in g/cm 3 • for convenience, Table 8.:2 

............" J _ 

gives the conversion to meters for sea-level air density. 

Figure 8.3 shows similar data from Straker and Webster for a point 
isotropic fission-neutron source. The differences noted in the 14-MeV source 
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data are seen to wash out for the fission source as a result of the smaller 
number of high-energy neutrons in the fission distribution. Some differences 
in slope are evident, however. Comparisons of calculated and measured data 

for an infinite air medium are shown later in this chapter. 
Figure 8.4 compares the results of three calculations for gamma rays in 

an infinite air medium. Two are based on the moments method: a 

Table 8.2-AREAL-DENSITY CONVERSION FOR 
SEA-LEVEL AIR DENSITY (p = 1.293 mg/cm3

) 

Range, m Range, g/cm'Z 

50 6.5 
77 10.0 

100 12.9 
200 25.9 
387 50.0 
500 64.6 
773 100.0 

1000 129.3 
1160 150.0 
1547 200.0 

calculation for air by VogeP 5 in 1963 and a direct application of the 1954 
buildup factors for water. The two sets of data are close together except at 
0.5 Me V, where the older results are based on an interpolation. The third set 
of data shown is from a Monte Carlo calculation by Marshall and Wells26 in 
1966. This set of data is widely used because it is recent and because it is 

• differential in angle and energy at the receiver, which makes it suitable for 
application to shielded detectors.2 7 

Unfortunately a doubly differential data set is needed to convey useful 

working information: for 10 angle groups and 10 scattered energy groups, a 
10-by-l0 matrix is required for each initial energy. Thus one complete data 
set includes about 103 entries. All this is preliminary to stating that we do 
not have the luxury of including such data in this text. We respectfully refer 
the reader to the references and information centers. 

The effect of air density on air scattering is straightforward and simply 
related to source-receiver separation distance. Zerby 2 8 showed that the flux 

density or dose rate from an anisotropic point source in an infinite 
homogeneous medium at a given air density can be transformed to the 
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corresponding quantity at any other air density in the medium: 

(8.2-1) 

where p is the air density, R is the separation distance, and 

(8.2-2) 

This relation can be used only when the source and the receiver are at 
the same air densitv. , 

The question sometimes arises whether or not the scarce ring in air is 
affected by moisture Crain, fog, or water vapor). The possibility is most 
simply resolved by considering the relative densities. A cubic meter of air at 
standard conditions weighs about 1.3 kg. Saturated water vapor at O°C 
weighs 5 g/m 3 ; even at 35°C (95°F) saturated water vapor weighs 40 g/m3. 

During a heavy rainstorm of 5 cm per hour, the water density is only about 
5 glm 3. A heavy fog yields a water density in the same range. Thus the water 
density never exceeds a few percent of the air density, and such a water 
content would have a comparable effect (of no more than a few percent) on 
the scattered intensitv. 

/ 

8.2.2 Air-Over-Ground Calculations 

Calculations of the neutron and secondary gamma-ray transport in an 
air-over-ground geometry are difficult to compare since interface effects 
depend on the source and the detector height, the separation distance, and 
the composition of the ground used in the calculation. 

Probably the first definitive air-over-ground calculation for gamma rays 
to reach the open literature was the Monte Carlo st"udy of Berger.2 

9 The 
point isotropic source was 1.28-MeV gamma rays; and the results were given 
in terms of boundary correction factors, which made them convenient to 

apply to fallout radiation studies. Air-over-concrete calculations for point 
monoenergetic and monodirectional gamma-ray 30 and neutron31 sources 
were reported by Wells. These data were to be applied for the nuclear 
aircraft with a reactor 4 m above a concrete ramp. 
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Fig. 8.S-Comparison of the neutron dose vs. range as reported by Srraker22 and by 
Marcum32 for a 14-MeV type source in an air-over-ground geometry. 

A comparison of more recent results is shown in Fig. 8.5. where the 
discrete-ordinate data of Straker2 2 are compared to the Monte Carlo data of 
Marcum32 for an identical neutron source composed largely of 14-Me V 
neutrons. Differences in the data are probably due to cross sections used for 
nitrogen and oxygen since several new sets were published in the intervening 
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Fig. 8.6-Comparison of the neutron dose as a function of range for a fission-neutron 
source and a 14-MeV neutron source in an infinite air medium and for a source height of 

15.2 m. (From Straker. 22
) 

3 years. Both sets of data were for detectors at the ground, but the Straker 
set is for a IS-m source height and the Marcum set for a ground-level source. 
This difference does not account for the differences in the results. 

8.2.3 Air-Ground Interface Effects 

Figure 8.6 compares the neutron dose in infinite air and in an 
air-over-ground geometry for both a high-energy I4-MeV neutron source and 
a fission-neutron source. These data are from the same set by Straker22 

quoted previously. The neutron dose is appreciably lower for the air-over· 
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Fig. 8.6-Comparison of the neutron dose as a function of range for a fission-neutron 
source and a 14-MeV neutron source in an infinite air medium and for a source height of 

15.2 m. (From Straker. 22
) 

3 years. Both sets of data were for detectors at the ground, but the Straker 
set is for a IS-m source height and the Marcum set for a ground-level source. 
This difference does not account for the differences in the results. 

8.2.3 Air-Ground Interface Effects 

Figure 8.6 compares the neutron dose in infinite air and in an 
air-over-ground geometry for both a high-energy I4-MeV neutron source and 
a fission-neutron source. These data are from the same set by Straker22 

quoted previously. The neutron dose is appreciably lower for the air-over· 
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Fig. 8.7 -Comparison of the secondary gamma dose from a fission-neutron source and a 
H·MeY neutron source in an infinite air medium and for a source height of 15.2 m. 
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ground geometry than for infinite air. and the effect appears to be somewhat 

dependent on the neutron source energy. This effect would be much more 

evident at larger ranges. Figure 8.7 shows the effects of the interface on the 

secondary gamma-ray dose for the same conditions as those given for the 

neutron dose. Here the effects are highly dependent on both the source 
height and the neutron-energy distribution. 

Some indication of the accuracy of the infinite-air and air-aver-ground 

transport data can be obtained from Figs. 8.8 and 8.9. which compare 
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Fig. 8.S-Comparison of the measured 33 and calculated22 neutron dose in an infinite air 
medium and in an air-over-ground geometry resulting from the HENRE neutron source. 

Straker's data and measurements made during Operation HENRE3 3 at the 
Nevada Test Site. Operation HENRE (High Energy Neutron Reaction 
Experiment) was designed to provide a high-intensity source of 14-MeV 
neutrons from an accelerator using the D-T reaction. The accelerator was 
mounted on a 457 -m tower and could be raised to approximately 366 m to 
approximate an infinite air medium. Neutron and secondary gamma-ray 
doses were measured as a function of range for the source and the detector 
at 336 m (simulating an infinite air medium) and for the source at an 8.2-m 
height and the detector on the ground surface. 3 4.35 Results of the 

measurements are compared with calculated values in Figs. 8.8 and 8.9. The 
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Fig. 8.9-Comparison of the measured33 and calculated22 secondary gamma dose in an 
infinite air medium and in an air-over-ground geometry resulting from the HENRE 
neutron source. 

vertical bars describing the measurements represent uncertainties in the 

measurements caused by shadowing of the neutron source by components of 
the accelerator with a consequent de parture from isotropy; the actual source 
intensity was therefore uncertain. 

Limited success has been achieved in developing theoretical models to 
describe the effects of the air-ground interface. One such model, called the 
First-Last Collision Model, devised by Frc:1ch 3 6 has been reasonably 

successful in describing interface effects on the integrated neutron dose. The 

model was originally conceived as a possible means of adjusting infinite-air
medium transport data to account for the perturbation resulting from an 
interface. The model presupposes that interface effects operate primarily on 

442 

Ie:: 10-9 
o ... 
'5 .., 
c: 

"'C 

"' ... 
I"< Ie 

u 

z 
o 
a:: 
I
~ 
w 
Z 
w 
u 
a:: 
~ 

55 10- 10 

a:: 
w 
Q.. 

W 
Vl o 
o 
<t: 
::E 
::E 
<t: 
C1 

I"< 
a:: 
I:: ..,. 

REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

Calculated: 

Calculated : 
Infinite air 

easured (HENRE): 
336-m source 
and receiver height 

15.2-m source height 
Surface receiver 

Measured (HENRE): 
a.2-m source height 
0.9-m receiver height 

10- 1 1 '------I.~---'"-----'---____:'.l.:_--___:'~--~:__--' 
o 

SLANT RANGE, g/cm2 

Fig. 8.9-Comparison of the measured33 and calculated22 secondary gamma dose in an 
infinite air medium and in an air-over-ground geometry resulting from the HENRE 
neutron source. 

vertical bars describing the measurements represent uncertainties in the 

measurements caused by shadowing of the neutron source by components of 
the accelerator with a consequent de parture from isotropy; the actual source 
intensity was therefore uncertain. 

Limited success has been achieved in developing theoretical models to 
describe the effects of the air-ground interface. One such model, called the 
First-Last Collision Model, devised by Frc:1ch 3 6 has been reasonably 

successful in describing interface effects on the integrated neutron dose. The 

model was originally conceived as a possible means of adjusting infinite-air
medium transport data to account for the perturbation resulting from an 
interface. The model presupposes that interface effects operate primarily on 



SHIELD HEATING, AIR TRANSPORT, ETC. 443 

the first collision of neutrons near the source and on the last collision of 
neutrons near the detector. Perturbation fractions are calculated, which 
represent the effects of the interface on the number of first and last 
collisions, as the source, or detector, or both approach the ground surface. 
The model accounts only for the scattered-neutron component and is used 
only for separation distances where multiple scattering predominates. 
Results with the first-last collision model also indicate that the interface 
effects are limited to those neutrons which arrive at the detector from the 
lower 21T hemisphere below the detector. 

An experimenr for testing this last conclusion was devised and carried 
out during Operation HENRE. The 14-MeV neutron source was fixed at a 
height of 34 m and the detector height was varied from 0.2 to 21 m. A 21T 

shield was sandwiched between two detectors to separate the neutron dose 
arriving from the upper 21T hemisphere from that arriving from the lower. A 

third detector was positioned on a boom attached to the shield to measure 
the rotal free-field dose as a function of distance above the ground. The 
entire assembly was suspended at a horizontal distance of 305 m from the 

source tower. More details of the experimental arrangement are given in 
Sec. 9.3.1. 

Measurements were made on all three detectors as a function of distance 
above the ground. Appropriate corrections were made to the measured data 
to account for backscacrering of the neutrons by the shield and for ground 
shadowing by the shield. 

Figure 8.10 compares the experimental results and the values calculated 
from the model. The free-field measured and calculated neutron doses were 
normalized at the maximum height of 21 m since the absolute source 
strength could not be established with sufficient accuracy. [n general, the 
agreement is excellent, and the experimental results can be considered a 
reasonable verification of the model. 

8.3 SHIELD MATERIALS 

The selection of materials is obviously an important part of reactor 
shield technology. Materials selection and a related task, optimization, 
together offer the greatest potential for weight or cost savings. Nevertheless, 
materials selection has not been reduced to an analytical approach and has 
received rather less attention by shielding investigators than other more 
elegant aspects of shield design. Of course, there has been an active 
nuclear-data collection program, and extensive properties handbooks are 
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available.37 Virtually every accelerator laboratory has been engaged in 
measuring some interaction cross sections. most research reactors have been 
used to measure attenuation constants. and numerous national and interna
tional organizations are engaged in collecting, compiling, and evaluating the 
resulting data. But all this effort has been devoted to nuclear data; relatively 
little effort has been spent relating these results to other physical and 
chemical properties important to the selection of shield materials. 

Perhaps the deficiency arises because the materials task requires a variety 
of skills: nuclear interaction, heat transfer, chemical interaction, structural 
characteristics, other physical properties, and economics must all be applied 
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in a thoroughgoing analysis. It is evident that the selection of shield materials 
deserves additional attention. 

8.3.1 Considerations in Materials Selection 

The primary nuclear properties to be considered are obviously neutron 
and gamma-ray attenuation. As a rule, good gamma-ray attenuators also 
produce secondary gamma rays from neutron inelastic scattering and 
radiative capture; thus the production of secondaries is also a consideration. 
For shields requiring several orders of attenuation, volume and mass affect 
rna terials choices. Struct ural strength at operating temperatures is also 
involved. Some low-strength materials having excellent attenuation prop
erties may be rejected because the structure necessary to support them 
offsets their primary advantage. 

Inner layers of the shield usually require some thermal protection; thus 
cooling must be considered. Good gamma-ray attenuators are heavy metals 
and are usually the highest density material in the shield. To conserve weight 
and cost, these materials are usually placed nearest the core, which gives rise 
to a cooling requirement. 

Different design objectives lead to the selection of different materials. 
For a fixed power-reactor system, cost is a primary consideration: thus the 
local concrete aggregate becomes a baseline for comparison with other 
materials. Higher attenuation substitutes may be considered only if some 
cost saving results. 

For mobile systems, total weight becomes the primary consideration, 
and more exotic materials can be considered. We will discuss materials in 
both the exotic and conventional categories. 

In a recent Russian book on nuclear power plants, Komarovskii38 has 
summarized in wry fashion the contradictory properties required of 
biological shield materials. We quote directly from the translation: 

In general, protective materials used for biological (and radiation) shielding 
must have the following properties and ensure the following: 

1. Maximum possible density (i.e., maximum specific or bulk weight) to 
ensure maximum attenuation of gamma radiation from the core and for the 
absorption of the secondary gamma radiation caused by the capture of neutrons 
by the material of the shield. Materials of higher density also slow down fast 
neutrons efficiently, transforming their energy into epithermal and thermal 
neutrons which are then more easily absorbed. (This stateme11t evide11tly refers to 
the effect of inelastic scattering in heavy materials., 

2. Constant density and homogeneity of the shielding material (along all or 
part of t he shielding). 
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3. A definite, economically justified content of hydrogen (usually contained 
in chemically bound water) for an efficient slowing down of epithermal neutrons 
to the thermal level. It is desirable for the hydrogen content of the shielding 
material to be independent of the temperature of the material. 

4. Minimum possible energy of capture gamma radiation forming on absorp
tion and slowing down neutrons. 

5. Satisfactory resistance of the material to radiation effects. 
6. Low residual radioactivity, i.e., minimum amount of long-living radio

isotopes which might accumulate in the shielding under the effect of radiation. 
7. Mechanical strength (primarily compressive strength) and three-dimensional 

stability of the structure. The latter requirement may be explained by the fact 
that the shielding against external radiation is in most cases also the carrying 
structure of the nuclear plant (cover, walls of the reactor tank adjoining the 
shielding, etc.); the shielding must not have continuous seams and joints or local 
caverns, holes, or traversing cracks through which radiation might easily 
penetrate. 

8. Relatively low modulus of elasticity thus permitting reduction of tensile 
stresses in the outer zone of the shielding as a result of its unilateral heating 
(heating from one side). 

9. Maximum possible heat conductivity so as to reduce the temperature 
gradien t over the thickness of the shielding and thus the tensile stresses in the 
outer zone of the shielding. 

10. Minimum thermal expansion of the material. also enhancing reduction of 
thermal stresses. 

11. Minimum thermal hydration during hardening (of concrete). 
12. Minimum contraction (shrinkage) during the construction of the shielding 

and later, since upon contraction the various apertures, pipes. and condui ts in the 
shielding may become displaced. 

13. Refractoriness and thermal stability, and if the material catches fire, the 
comhustion rate should be as low as possible with the flame tending to 
self-quenching as the fire source is removed. Particular demands as to refractori
ness are put on materials used to shield the reactor core directly. The shielding 
materials should not melt even at emergency temperature in the reactor. This is of 
particular importance for fast-neutron reactors. 

14. Waterproofness. 
15. Gasproofness. 
16. Safe (in terms of effects of the evolution of gases from the material during 

its heating). 
17. Chemical inertness and first of all resistance to the chemical action of the 

coolant (this refers particularly to sodium<ooled reactors in which the shielding 
should not include water-metal mixes). 

18. Noncorrosive with respect to metal (steel. lead, aluminum. etc.). 
19. Easy construction as well as easy repair and if necessary, replacement. 
20. Low cost. 
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In nature there are no materials which satisfy all these requirements. Artificial 
materials (such as concrete) must therefore be used, or in some cases a shield 
consisting of layers of different materials must be constructed. In selecting the 
proper protective materials allowance must be made for the ratio of neutron-flux 
intensity to gamma-ray intensity. 

Many of the above requirements are conflicting. When using materials of high 
density, for example, the requirement of minimum cost cannot be satisfied. High 
hydrogen content conflicts with the requirement of maximum content of heavy 
elements. In this case a compromise must be found by using a mixture of heavy 
and hydrogen-containing compounds (e.g., concrete) or, which is less frequently 
done, by constructing the shield in alternating layers of heavy and light materials. 

In selecting the construction materials for the shielding all the engineering and 
economic advantages and disadvantages of the various materials must be weighed 
carefully and the operating conditions of the particular nuclear plant must be 
taken into account. Preference should therefore be given to materials of suitable 
properties. When constructing new premises for a reactor plant, it is usually 
possible to create a shielding of large volume but of less heavy materials. On the 
other hand, when building a reactor in already existing premises the thickness of 
the material often has to be reduced due to restricted access conditions, and in 
this case more expensive materials of higher density have to be used. 
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Now let us examine the properties of some materials actually in use for 
the shielding of mobile and stationary systems and compare some of their 
characteristics with the preceding requirements. 

8.3.2 Shield Materials for Stationary Reactor Systems 

Concrete is the most commonly used radiation shielding material for 
fixed reactors and accelerators. Since concrete is a mixture of elements, the 
variation in composition is large, Therefore, when referring to concrete as a 
shielding material, we should state the specific composition in order for its 
characteristics to have meaning. Concretes are generally referred to as 
ordinary or heavy. Ordinary (portland) concrete has a density range from 2.2 
to 2.4 g/cm 3 and is largely composed of oxygen and silicon or calcium (or 
both). depending on the aggregates (granite, sandstone, or limestone). Heavy 
concretes with densities ranging from 3 to 6 g/cm 3 are those in which the 
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heavy-concrete shielding has many advantages over these materials. 3 7.39.40 
It is also evident that these materials satisfy few of the preceding desired 
properties. 

Probably more than 90% of the stationary reactor systems designed for 
power production are shielded with concrete. As an illustration, of 
twenty-three tesHeactor shields described in a 1968 survey published by the 
Radiation Shielding Information Cencer,41 six used both heavy and ordinary 

concrete, eleven used only ordinary concrete, and five used only heavy 
concrete. Only one shield is described without concrete. Fourteen contained 
water: eleven were swimming pool reactors, two were boiling-water reactors, 
and one was a homogeneous solution. Three others included heavy water. 
Other materials mentioned were iron, steel, wet sand, boral, graphite, 
borated graphite, polyethylene, earth, and boric acid. Most of the materials 
used in the experimental reactor shields, other than concrete, such as iron, 
lead, and graphite, individually have poor structural or radiation shielding 
properties but, when combined in laminated configurations, result in 
extremely good shields. 

Let us look at these materials in more detail. To compare nuclear 
properties of materials. we need a set of standards for comparison. Despite 
the universal use of concrete, we shall use lead for gamma rays and water for 
neutrons as standards for comparison of attenuation properties. Both are 
frequently used and are regarded as excellent attenuators. Both are pure 
substances (and relatively free from impurities in practice) and so do not 
present the multiplicity (and variability) of constituents with which we must 
contend with concrete. 

(a) Water. Because of the success of the swimming pool reactor as a 
research tool and of its derivative, the pressurized water reactor, as a pioneer 
power source, water layers are found in reactor-shield analyses almost as 
often as concrete. Water is an excellent neutron attenuator because of its 
large hydrogen content. [t is an inferior attenuator of gamma rays because of 
its low electron density. Since oxygen has no thermal-neutron capture and 
the 330-mb thermal-neutron capture cross section of hydrogen gives only 
2.2-MeV gamma rays, water is relatively low in secondary gamma-ray 
production. 

Considerations when water is used as a shield material include contain
ment, temperature control, corrosion, and purification (demineralization). 

(b) Lead. Best of the conventional materials for gamma-ray attenuation, 
lead is exceeded only by uranium. Lead bricks are to be found in almost 
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every radiation laboratory as portable shield bricks. Lead suffers creep at 
high temperatures (above 2600 q and must be constrained to avoid 
downward flow. 

Lead shot makes good filler for cavities in plugs and doors in shields. If 
provision is made for extracting the filler in place, it becomes a great 
convenience should it become necessary to dismantle or remove the door. 

Lead has relatively poor neutron properties and produces 7 .4-Me V gamma 
rays on neutron capture. Impurities in commercial lead can cause significant 

activation problems. Reference 37 gives additional physical properties. 

(c) Graphite. A good neutron moderator and reflector material, graphite 
is used extensively in reactor design. Since it is available in very pure form. it 
exhibits few secondary gamma rays. Like water, it is a poor gamma-ray 
attenuator. Besides its use as a reflector-moderator, it is also found in 

thermal shields and occasionally as a primary shield material (see the 
discussion of the Enrico Fermi power plant in Chap. 10). The excellent 
high-temperature properties of graphite are additional reasons for its 
application. 

(d) Iron. Iron is almost always present in the reactor structure as steel 
and is used for thermal shields and pressure vessels. Iron produces a number 
of secondary gamma rays up to 10 MeV, most of them at 7.6MeV. Not 
surprisingly, it is intermediate in gamma-ray attenuation between water, 

carbon, and boron at the low end and tungsten, lead, and uranium at the 
high end. Neutron attenuation per unit thickness of iron is good; it is 

intermediate between the same materials mentioned for gamma rays. The 
isotope S 8 Fe is easily activated by thermal neutrons producing 59 Fe, with a 

59-day half-life, which emits a loS-MeV gamma ray. This activation of iron 

may limit accessibility to a reactor after shutdown. 38 All steels embrittle 

after exposure to thermal-neutron fluence of the order of 10 19 to 10 20 

neutrons/cm2 , showing hardness increases from 50 to 100%, depending on 

the alloy and heat treatment. (See Chap. 23 of Ref. 37.) 

(e) Boron. This element is used principally to absorb thermal neutrons 
because of the cross section of 3840 b for the 1 0 B(I1,~'Y) reaction. The 

alphas are easily absorbed (producing a heating problem for large incident 
flux densities); the gamma ray at 0.5 MeV should be considered in borated 
water and polyethylene. Boron is available in a number of useful forms: as 

boric oxide (B2 0 3 ), as boron carbide (B4 q, as elemental boron, and as a 
sandwich material called bora!. Boral consists of an aluminum-B4 C mixture 
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clad with pure aluminum. Pure boron has also been used as an additive to 
polyethylene and graphite to add neutron absorption properties to good 
neutron attenuators. It has also been added to some steels to reduce 
secondary gamma-ray productions and activation problems of iron. 

(f) Concrete. Since concrete is a mixture of materials, the mixture can 
be tailored to provide optimum structural and shielding properties. Table 8.3 
gives the elemental composition of ordinary portland concrete and several 
concretes fabricated for improved shielding properties. 37 Table 8.3 contains 
only a small sample of the many custom-designed concretes available. 
References 37, 42, and 43 contain information on mixing proportions, 
placement techniques, costs. etc. There is no reported standard concrete 
composition since variation in normal concretes is due primarily to the 
aggregate. One can, however, use the ordinary portland concrete as a basis 
for comparing the improved structural and shielding properties of heavy 
concretes. 

The ferrophosphorus concrete is of high density and has excellent 
bonding qualities. The aggregate is ferrophosphorus ore. The iron-limonite 
is a heavy concrete containing the iron·ore limonite and steel punchings as 
aggregates. Limonite is composed of goethite and hematite, borh iron
bearing ores: This concrete is similar to that used to shield the Brookhaven 
gra phite reactor. 

The iron-portland and several baryte concretes were all developed for 
shielding use. The iron-portland concrete is of high density. Lumnite is a 
cement (as is portland) which is better described as calcium aluminate 
hydraulic cement. Lumnite has a high aluminum and calcium content. 
Colemanite, used as an aggregate, is hydrated calcium borate with a high 
fixed-water and boron content. Baryte is a barium sulfate ore used as an 
aggregate in heavy concretes. The baryte concretes contain boron for 
neutron absorption and hydrogen for neutron attenuation, and the baryte 
ore serves as a good gamma-ray attenuator. The densities vary from 3 to 
3.2 g/cm 3 

, which is lower than iron-aggregate concretes. 
Neutron and gamma-ray attenuation per unit mass vary only slightly 

from one of these mixes to the next. The principal advantage in the hea vier 
mixes lies in the smaller volume needed for a given total attenuation. 

8.3.3 Shield Materials for Mobile Reactor Systems 

Weight rather than cost is generally the principal design criteria in the 
application to mobile reactor systems. The emphasis. therefore, shifts to the 
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Table 8.3-ELEMENTAL COMPOSITION OF CONCRETESf 

Composition, wt.% 
---.-. 

Lumnite-
Ferro· Uoroll Lumnite- portland-

Portland Mag· phosphorus Iron- Iron- Colemanite- frits- colemanite- colemanite-
Element concrete netite concrete limonite portland baryte baryte baryte baryte 

Ul 

Iron 1.4 50.5 61.2 72.1 87.50 1.03 2.19 3.07 1.87 :; 
Hydrogen 1.0 0.3 0.5 0.05 0.33 0.85 0.56 1.09 1.10 tTl .. 
Boron 0.98 1.04 0.88 1.02 0 

Oxygen 52.9 32.0 10.4 18.0 5.82 34.89 33.80 36.95 36.98 :r: 
tTl 

Magnesium 0.2 0.6 0.2 0.2 0.13 0.22 0.23 0.14 0.20 )-
~ 

Calcium 4.4 0.7 4.2 6.1 3.96 8.46 6.26 5.48 7.67 Z 
Barium 40.70 40.13 38.59 38.03 G1 
Silicon 33.7 3.5 3.4 1.4 0.91 1.76 3.31 0.96 1.49 ::! 
Sodium 1.6 0.11 1.21 0.11 0.11 ~ 

Potassium 1.3 0.10 ~ 

Aluminum 3.4 2.9 0.4 0.5 0.33 0.61 0.64 1.76 1.32 r; 
Manganese 0.07 1.6 0.35 0.01 0.02 0.12 0.04 Z 

Ul 

Chlorine "tI 
0 

Carbon 0.1 ~ 
~ 

Phosphorus 0.17 19.7 -
tTl 

Sulfur 1.07 0.1 0.05 9.63 9.15 9.06 8.97 ~ 

Zinc 0.66 
() 

Fluorine 0.23 
Titanium 2.8 1.27 0.071 

Density. 
g/cm J 2.3 3.45 4.8 4.27 5.8 3.2 3.1 3.1 3.1 

tFrom H. E. Hungerford. Reactor Materials, Vol. I, Materials, C. R. Tipton, Jr. (Ed.), p. 1086, Interscience ~ 
Ul 
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improved shielding provided by the so-called exotic materials used in layered 
combination. 

The approach in designing minimum-weight shields for reactor systems 
usually is to select the most efficient of the neutron shielding materials 
compatible with the design and to combine this with the m~st efficient of 
the gamma-ray shielding materials rather than to select a single bulk 
attenuator medium. These two component materials are usually layered in 
some manner that yields minimum weight by providing the proper balance 
between primary and secondary radiations and geometric effects on material 
volume. 

The efficiency of a neutron attenuator can be correlated to its hydrogen 
density. and the efficiency of a gamma-ray attenuator can be correlated to 
the total density of the material. Thus minimum-weight shield component 
materials are such combinations as lead plus polyethylene, tungsten (wolf
ram) alloys plus lithium hydride, or depleted uranium plus titanium hydride. 

Shields of this nature placed in proximity to a propulsion reactor 
invariably create a thermal problem because of the high-energy absorption. 
Internal remperacure rise can be limited by cooling the materials with a 
forced coolant flow between thin layers of the material or through internal 
cooling channels. Some of the high-density gamma-ray shielding materials. 
such as wolfram and depleted uranium, have a relatively high thermal 
conductivity and can tolerate a fairly high operating temperature if clad to 
protect against oxidation and corrosion. In contrast, most materials that are 
high in hydrogen content have low thermal conductivity and cannot tolerate 
high operating temperatures without melting or decomposing. 

Although submarines were the first application for nuclear propulsion, 
the application to surface ships is also well known. Two such examples are 
the U. S. merchant ship N.S. Savannah and the Russian icebreaker Lenin. 

The reactor shield of the N.S. Savannah is composed of light water. lead. 
polyethylene, standard concrete, and heavy concrete (described in 
Chap. 10). The reactor shields of the Lenin are composed of water, steel. and 
heavy concrete. 4 

I 

In addition to mobile reactor systems. other mobile or portable sources 
of radiation require shielding, e.g.. neutron sources fabricated from 
plutonium-beryllium or polonium -beryllium and radioisotopes (usually 
gamma-ray emitters) resulting from high-intensity neutron exposures in 
reactors. 

Shipping and storage casks must be provided for sources of this type. and 
they are usually constructed of lead for gamma-ray shielding and contain 
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paraffin or other hydrogenous material for neutron shielding. These sources 
are usually small and present few design problems. An exception to this is 
found in spent-fuel-element shipping casks where large burnups have been 
experienced.44 These elements contain sizeable quantities of 242 Cm, 
244 Cm, and 241 Am, all of which fission spontaneously, giving rise to a 

fission-neutron distribution (as well as the accompanying prompt gamma-ray 
spectrum) in addition to the long-term fission-product gamma rays. Shield 
design of shipping casks for these fuel elements presents nearly all the 
problems of a reactor shield: radiation heating (forced cooling is necessary). 
good neutron and gamma-ray shielding, and minimum size and weight 
(usually limited by the largest available truck size for transport). 

Weight-limited shields are also used for isotope power supplies. which use 
the heat generated by the decay of radioactive nuclides to produce 
electricity. Such sources have been used to power orbiting satellites and 
experimental equipment placed on the moon. Shields for these systems must 
obviously be efficient. 

As memioned. among the top contenders in materials for mobile reactor 

systems are lead, polyethylene, tungsten alloys, lithium hydride, depleted 
uranium (238), and titanium hydride. The properties of some of these 
materials are given in the following paragraphs. Some physical properties of 
the metals discussed are summarized in Table 8.4 and of the hydrogenous 
materials, in Table 8.5. 

(a) Polyethylene. This plastic is a pure hydrocarbon (CH2 )n with a 
density of 0.92 g/cm 3 which actually contains 18% (by volume) more 
hydrogen than does water (both contain more hydrogen per unit volume 
than liquid hydrogen). Water contains 6.7 X 1022 hydrogen atoms/cm 3

, and 
polyethylene has about 8 X 1022 hydrogen acoms/cm 3 • Polyethylene does 
not activate, but it does soften at 110°C, and it supports combustion. A 

more-dense version of polyethylene has a higher softening point (200°C) and 
slightly higher density (0.96 g/cm 3 ). Either material suffers radiation damage 
and must be replaced before decomposition reduces its effectiveness 
(probably well above lO l

l ergs/g energy deposition),45 As mentioned under 
the discussion on boron, polyethylene can be borated to produce the added 
benefit of high neutron absorption. Linear thermal expansion is large, and 
thermal conductivity is very small: both properties must be borne in mind. 

(b) Tungsten Alloys. Tungsten powder blended with binder metals. such 
as nickel. copper, and iron, has been sintered to form very dense 
machineable alloys with densities varying from 16.5 to 18.5 g/cm 3

. The 
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obviously be efficient. 

As memioned. among the top contenders in materials for mobile reactor 

systems are lead, polyethylene, tungsten alloys, lithium hydride, depleted 
uranium (238), and titanium hydride. The properties of some of these 
materials are given in the following paragraphs. Some physical properties of 
the metals discussed are summarized in Table 8.4 and of the hydrogenous 
materials, in Table 8.5. 

(a) Polyethylene. This plastic is a pure hydrocarbon (CH2 )n with a 
density of 0.92 g/cm 3 which actually contains 18% (by volume) more 
hydrogen than does water (both contain more hydrogen per unit volume 
than liquid hydrogen). Water contains 6.7 X 1022 hydrogen atoms/cm 3

, and 
polyethylene has about 8 X 1022 hydrogen acoms/cm 3 • Polyethylene does 
not activate, but it does soften at 110°C, and it supports combustion. A 

more-dense version of polyethylene has a higher softening point (200°C) and 
slightly higher density (0.96 g/cm 3 ). Either material suffers radiation damage 
and must be replaced before decomposition reduces its effectiveness 
(probably well above lO l

l ergs/g energy deposition),45 As mentioned under 
the discussion on boron, polyethylene can be borated to produce the added 
benefit of high neutron absorption. Linear thermal expansion is large, and 
thermal conductivity is very small: both properties must be borne in mind. 

(b) Tungsten Alloys. Tungsten powder blended with binder metals. such 
as nickel. copper, and iron, has been sintered to form very dense 
machineable alloys with densities varying from 16.5 to 18.5 g/cm 3

. The 



Table S.4-PHYSICAL PROPERTIES OF DENSE SHIELO MATERIALS 

Iron 
(stainless steels) Lead Tungsten Uranium 

Densit y, g/cm) 7.9 to 8.0 1.34 19.3 18.5 to 19.04 

Specific heat, 
cal g-I deg- ' 0.12 0.0309 6.0 0.02 to 0.04 

Melting point, °c 1370 to 1425 327 A 3410 857 
Thermal conductivity, 

cal sec-I cm- I deg" 0.03 to 0.05 0.083 0040 to 0046 0.6 to 1.0 

Coefficient of thermal 
expansion, deg- ' (14 to 20)10-6 29.1 (10-6

) (4.4 to 5.0)10-6 (8 to 10)10-6 

Tensile strength, 
kg/cm2 (4 to 6)103 160 to 180 (8.1)10 3 (7.7 to 9.1 )10 3 
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more common of these have a density of about 16.9 to 17.1 g/cmJ. 

Fabrication is limited by currently available equipment to pieces with a 
maximum dimension of about 1 m. Although this material has good strength 

properties, it is still likely to be held in place by a steel framework because 

of the limit on piece size. Tungsten falls just under lead in gamma-ray 

attenuation per unit mass. It is much better than lead per unit thickness for 

neutron atten uation and worse for secondary production. 

(c) Depleted Uranium. The separation of uranium isotopes to produce 
2 J 5 U-enriched material for reactor and wea pons uses has reacted a supply of 

depleted uranium that is essentially pure 238 U. This material has a high 

density (18.7 to 19.08 g/cm 3) and good strength properties. It may be cast, 

rolled, forged, extruded, and machined (with environmental precautions). 

Uranium oxidizes in air to form first a brown and then a black surface 
layer. In moist air corrosion will continue beyond this stage as the coating 
layer spalls off and a new layer forms. The metal from this process can be 

protected by cladding or alloying or both. Alloying wi th a 2% molybdenum 
has proven satisfactory from the corrosion stand point and also serves to 

improve the mechanical properties of the material. There is a slight activity 

associated with depleted uranium. but this does not severely restrict its use. 

We should note, however, that depleted uranium always has a residual 
amount of 2 J 5 U that should not be neglected in estimating radiation 

heat:ng, secondary gamma-ray production, and activation. Precautions are 

required in machining the metal because of its pyrophoricity and the hazards 

of internal toxicity and internal radiation exposure. 
It is unlikely that any structural support or framework would be 

required for 238 U shields in that they can be manufactured in about any size 

and geometry and they possess strength pro perries on a par with mild steel. 
Uranium is the best anenuator for gamma rays on a mass absorprion 

basis as well as on a thickness basis, and it provides roughly the same neutron 

attenuation as lead. 

(d) Lithium Hydride. Lithium hydride (LiH), the best known neutron 

attenuaror,46 contains approximately 12.6 wt.% H2 , has a density of 0.78 

g/cm 3 , and has a melting point of 683.S°C. It is difficult to fabricate, 

normally requires surface protection at all temperatures, combines actively 

with water, and requires containment, venting, and structural support. 

Weight-conscious shield designers like. to recommend its use; mechaniol 

designers shudder at the thought. The structure and cost penalties in 

applying this material should be analyzed carefully in considering its use. 
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Lithium has no capture gamma ray. Much consideration, including ex
perimentation work. has been glven to this material for reactor shields in 
space applications. 

(e) Titanium Hydride. Titanium hydride (TiH2 ). with a density of 3.76 
g/cm J and a maximum useful temperature of approximately 600°C, has a 
maximum H2 content of 3.9 wt.%. This hydride is self-supporting. It needs 
no surface protection in air but will evolve hydrogen at high temperatures. 

8.3.4 Comparison of Attenuation Properties 

The efficiency of various materials for the attenuation of gamma rays 
increases with the average atomic number of the constituents. Figure 8.11 
shows various material thicknesses required to reduce gamma-ray intensities 
by a factor of 10 as a function of the incident gamma-ray energies. These are 
narrow-beam conditions. When extrapolated to broad-beam conditions (to 
include buildup). the separation between the lines would become even 
greater because the more-dense materials inhibit buildup. 

Neutron attenuation is greater in low-Z materials, particularly those 
containing large quantities of hydrogen. Figure 8.12 shows the neutron-dose 
attenuation in infinite media of normal concrete.47 hydrous iron-ore 
concrete,47 water ,47 a simple hydrocarbon and boron mixture,4 i and 

lithium hydride 48 for a point isotropic source of fission neutrons. The 
concrete composltlons are given in Table 8.6 as types A and H. The lithium 
hydride data of Kam and Clark48 in Fig. 8_12 have been normalized to the 
data of Nichols4

"1 for the other materials at R = 0 cm. 
Figure 8.13 shows the capture-gamma-ray dose from the fission-neutron 

source in water, concrete, and the hydrocarbon and boron mixture47 in 
Fig. 8.12. Concrete does not thermalize neutrons as rapidly as water, and it 
is also a better gamma-ray attenuator. The effect of the boron is evident in 
the lower curve. 

The effect of water content in concrete on the neutron-dose attenuation 
can be seen in Fig. 8.14 for concretes A. B, C, and 0.47 The compositions 
are given in Table 8.6. Concrete type A is called magnetite A in Volume III 

of the Reactor Handbook. 4 
9 Concretes B, C, and D are the same concrete 

with three-fourths. one-half, and one-fourth the water content of con
crete A, respectively. The effect of decreasing water content on the dose 
rates. all shown as solid lines in the figure, is very pronounced. The limonite 

concrete (E) has a relatively low density but a high water content; dose rates 
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Table 8.6-ELEMENTAL DENSITY (g/cm 3
) OF CONCRETES ASSUMED FOR SHIELD ANALYSISt 

Type of concrete 

A B C D E F G 
lIydrous Hydrous Hydrous lIydrous Fcrrophosphate- Magnetite-

Elementi iron ore Iron ore iron ore Iron ore Limunite serpentine serpentine 

H 0.0215 0.0160 0.0108 0.00538 0.0370 0.0208 0.0122 -
0 1.304 1.261 1.218 1.176 1.113 0.7805 1.180 
Fe, Cr, Mn, V 1.960 1.960 1.960 1.960 1.189 1.355 1.181 
~,AI, Mg, S, P 0.108 0.108 0.108 0.108 0.165 1.044 0.457 
Ca, Ti 0.128 0.128 0.128 0.128 0.227 0.196 0.458 

~ 

Tutal 3.522 3.473 3.425 3.377 2.731 3.396 3.288 

t From Nichols:4 
7 

tCross sections for the underlined clements were used in the fast-neutron dose calculaiion. 
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Fig. 8,13--Capture-gamma-ray dose for the indicated materials fission-neutron source. 

are approximately the same as those for concrete A. Concretes F and G are 
fictitious mixtures of aggregates. 

Figure 8_15 shows the effect. from an analysis by Lahti,S 0 of placing 
various thicknesses of tungsten between the fission-neutron source and the 
lithium hydride medium. The data show the neutron dose as a function of 
distance in natural lithium hydride after first passing through the indicated 

thicknesses of tungsten. Even though tungsten is a heavy material, it provides 
good neutron attenuation per unit thickness. 
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Fig. 8.14-Fast-neutron dose rate in various concretes as a function of the distance from 
a unit point isotropic fission source of 235 U. (From Nichols.4 

i ) 

Hydrogen 
Density, content, 

Concrete type g/cm3 g/cm3 

A Hydrous iron are 3.52 0.022 
B Hydrous iron ore 3.47 0.016 
C Hydrous iron ore 3.42 0.011 
D Hydrous iron ore 3.38 0.0054 
E Limonite 2.73 0.037 
F Ferrophosphate-

serpentine 3.40 0.021 
G Magnetite-

serpentine 3.29 0.020 

SHIELD HEATING, AIR TRANSPORT, ETC. 461 

N 
E 10.2 
u 

... 
I 

U 

"' ... 
c: 
E 10.3 
:; 
"' E. 
~ .. 
I 

~ 
E 10-4 
"' .. 
E 

-' 
ex: 
5 

10-5 N 
II: 
I::: 
or 

10-6 

10·7~ ____ ~ ____ ~ ____ ~ ____ ~ ____ ~ ____ ~ ____ ~-J 

o 20 

DISTANCE (AI, em 

Fig. 8.14-Fast-neutron dose rate in various concretes as a function of the distance from 
a unit point isotropic fission source of 235 U. (From Nichols.4 

i ) 

Hydrogen 
Density, content, 

Concrete type g/cm3 g/cm3 

A Hydrous iron are 3.52 0.022 
B Hydrous iron ore 3.47 0.016 
C Hydrous iron ore 3.42 0.011 
D Hydrous iron ore 3.38 0.0054 
E Limonite 2.73 0.037 
F Ferrophosphate-

serpentine 3.40 0.021 
G Magnetite-

serpentine 3.29 0.020 



462 

N 
E 
u 

~ 
u 
S! 
c: 
:! 
'5 
Cil ..s. --I ... 

.&; 

~ 

~ 

w· 
en 
0 
Q 

X 

N 
a:: 
" ~ 

Z 
0 
~ 
<t 
~ 
Z 
w 
~ 
~ 
<t 
w 
en 
0 
Q 

Z 
0 
a:: 
~ 
~ 
w 
Z 

10.7 

10.8 

10.9 

10.10 

10.11 

10.12 

REACTOR SHIELDlNG FOR NUCLEAR ENGINEERS 

Tungsten 
thickness 

It I. 
cm 

-- 6 

10.5 

15.5 

Material 

Lithium hydride 
Tungsten follovved by 

lithium hydride 
Tungsten followed by 

lithium hydride 
Tungsten followed by 

lithium hydride 

10·13L-~ __ ~ __ ~~ __ ~ __ ~~ __ ~ __ ~~~U-~~~~ 
a 20 40 60 80 100 120 140 

PENETRATION DEPTH IN LITHIUM HYDRIDE (RI. em 

Fig.8.15-Discrete-ordinates calculation of fission neutrons in tungsten followed by 
lithium hydride (From Lahti.so ) 

8.4 SHIELD OPTIMIZATION 

The problem of finding the optimum materials arrangement for a shield 
that satisfies a given set of design criteria is the most intriguing in the area of 
reactor shielding. It has challenged many investigators,4 9-60 and, to this 
writing, a general solution has not been found and may not be. Assuredly, a 
few workable schemes have been developed, and each study has contributed 
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8.4 SHIELD OPTIMIZATION 

The problem of finding the optimum materials arrangement for a shield 
that satisfies a given set of design criteria is the most intriguing in the area of 
reactor shielding. It has challenged many investigators,4 9-60 and, to this 
writing, a general solution has not been found and may not be. Assuredly, a 
few workable schemes have been developed, and each study has contributed 



SHIELD HEATING, AIR TRANSPORT, ETC. 463 

some insight to che subject. A few have published evidence (parameter 
studies or claimed weight savings) intended co substanciate their methods. 
The complex of phenomena involved in expressing the performance of the 
shield invariably requires simplifying or limiting assumptions that detract 
from the result. The problem intrigues the shield designer for several reasons. 
The classical mathematical analyses of Lagrange and Euler give us the 
guidelines for deriving the optimum conditions. Variational calculus and the 
relations for determining stationary values of an incegral are the usual 
scarting point. t Since shield weight is usually a significant fraction of the 
total system weight, the potencial for gain seems large. Even in systems 
where weight is not importanc, optimization with. respect to cost is 
important and provides ample incentive for pursuing the problem. 

Most frequently optimization is with respect to weight. Other conditions 
that must be met; such as volume restrictions, dose-rate requirements. or 
number of shield layers, are called constraints. These constraints, together 
with the boundary conditions, help determine the parameters arising from 
che optimization procedure. 

The optimization proceeds in at least two phases. The first is to apply 
the necessary conditions for a minimum value of the weight function. The 
analogue in elementary calculus is to find the stationary values of the 
function y(x). The function has a stationary or extreml,lm value (both 
include maxima and minima) at x = a if y'(a) = O. To find the value a, one 
simply takes the derivative of y with respect to x, sets it equal to zero, and 
solves for a. 

The second phase is to determine the sufficient conditions for a 
minimum as opposed to a maximum or a local minimum (saddle point). This 
second phase usually involves proof of the existence of the minimum. To 
complete the analogy with differential calculus, the sufficient condition that 
y'(a) is a minimum is that y"(a) > 0 [for a maximum, that y"(a) < 0] and 
that y'(x) is continuous in the neighborhood of x = a. 

The variational approach to shield optimization involves the gen
eralization of these simple conditions to apply to functions of several 
variables with accessory constraint conditions. The variational problem is to 
find a function such that a related definite integral has a minimum value. 

Troubetzkoy56 provides a recent example of optimization wor k done in 
this country in a method called shield synthesis. His objective was to devise a 

tVariational calculus, Lagrange's method of undetermined multipliers, and Euler's equation are 
found in texts on mathematical physics, for example, Morgenau and Murph y 6 I or Butkov.61 
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design technique that yields the selection and arrangement of materials 
giving minimum weight for a spherical shield given reactor power and total 
dose. He uses simplified models for neutron and gamma-ray attenuation and 
secondary gamma-ray production. Application of the variational conditions 
to the model leads to restrictions on the choice 0 f possible materials and the 
relation of materials in adjacent layers. He concludes that the innermost and 
outermost of n arbitrary concentric layers must be pure materials; any other 
layer may contain a radius-dependent mixture of no more than two 
materials. Regions adjacent to such mixtures must be pure materials identical 
to one of the two components of the mixture. Troubetzkoy states that the 
approximations due to the simplified attenuation model can be offset by 
performing an exact numerical analysis of the shield (presumably by Monte 
Carlo or discrete ordinates) to obtain its performance [0 a better accuracy. 
He reports that shield synthesis gives considerable weight savings over more 
conventional designs. 

This approach yields a procedure for greatly narrowing the choice of 
materials and mixtures that can be used. The approximation due to 

assumptions of simplified, manageable attenuation models does not affect 
the accuracy of the design of the' shield. but it probably does affect the 
determination of the optimum. However, studies have shown that these 
minima are usually rather broad; thus, if one. is indeed near the actual 
optimum. most of the potential weight saving has been realized. 

So argue the Russian authors Suvorov and Fedorenko.6D who have 
recently reported a somewhat different approach to optimization of a 
reactor shield. They also use a variational approach but determine the 
optimum variations of the location of heterogeneous layers with constant 
concentrations of material within each layer. Theirs is also a one-dimensional 
approach (using a cylindrical shield), but they use linear perturbation 

theory. By altering the number of layers and the choice of materials. they 
are able to compare minima so derived to observe the effect of these choices. 
It is noteworthy that their test for having reached an optimum set of 
thickness is that comparable variations in each layer give equal variations in 
the dose outside the shield. This technique enables them to show the effect 
of adding boron to an iron-water (or lead-water) shield either as a 
homogeneous mixture or constrained as additional layers. They also show 
the advantage of a ten-layer two-material shield over a five-layer shield of [he 
same materials. This technique uses a five-group neutron attenuation in a PI 

approximation, but exponential gamma-ray attenuation using infinite
medium buildup factors. Neutron-produced secondaries are added to the 
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primary gamma-ray distribution. Weight savings of the order of 20 to 40% 
are shown over straightforward designs. From the published description of 
the technique, it is evident that a great deal of high-speed computer time is 
required for applications of this method. . 

The Troubetzkoy method clearly gives more guidance in the selection of 
materials, but the Suvorov-Fedorenko method would seem to give more 
realistic results. 

Sheffield53 and Miller and Cranford54 in an earlier study used gradient 
nonlinear programming to obtain minimum weights of divided crew 
shield-reactor shield geometries appropriate to aircraft or rockets. In this 
case the dose in the crew compartment is the primary constraint. and the 
effect of air transport from reactor shield to crew compartment must be 
included in the optimization procedures. This method places emphasis on 
the shape of the reactor shield rather than on the number of layers or 
composition. It is interesting that the optimization procedure in one phase 
on the computer is to tesc at each step for the most effective sector on the 
reactor or crew compartment to place a given increment of shield material. 
The increment is then placed where it gives the greatest reduction in dose. 

Aronson, Klahr, Steinberg, and Helds 5 developed a procedure for 
optimizing the placement of shadow shields (shield splitting) in space 
vehicles. In a paper given at a conference in Harwell. EnginolS 8 describes an 
interesting variational technique that can use any available method for 
computing the attenuation through the shield and optimizes with respect to 
cost or weight or any linear combination of parameters. 

Another recent program. ASOP, performs detailed one-dimensional 
discrete-ordinate transport calculations with ANISN (described in Chap. 4) 
for each step in the iterative optimization.6 3 This feature distinguishes 
ASOP from its forerunners since others involve a simplified transport 
approximation. This treatment leads to significant improvements in the 
optimization technique since weight savings of 25% are estimated. 64 
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Experimental Shielding 

L. G. MOONEY and S. T. FRIEDMAN 9 
Mensuration marks the first and last steps in executing a shield system. Not 
that the shield designer starts his task with a dosimeter, but he does start 
with a measured fission spectrum and a large body of measured cross 
sections. The final step in shield design consists in a radiation survey of the 
completed system to verify that the design objectives have been met. 
Furthermore, all the steps between the first and last are based in some 
manner on previous measurements, either by direct input of empirical data 
or by use of an analytical method that has withstood the test of 
experimental verification. So it is with any technology; no uniqueness claim 
can be made for shielding, only that this technology is relatively young and 
still has very close ties with experiment. Our dependence on measurement is 
evident; key experimental results have been quoted in each topic where they 
substantiate a method or provide needed input. In this chapter the 
presentation of shielding data is incidental; our purpose rather is to convey 
something of the flavor of experimental shielding by describing a selection of 
measureme nts and facilities chosen to represent the range of these 
investigations. 

Radiation detectors are the tools of this trade, and our discussion will 
begin with a brief description of them. Shielding experiments may 
approximately be classified in three categories: materials properties, phe
nomenological studies, and shield-system tests. This is an arbitrary, non
exclusive classification. Some experiments could obviously be classified in 
more than one of the three. Investigations of shield materials include those 
studies whose objective is to characterize the transport properties of bulk 
materials or combinations of materials. These include slab penetration 
measurements and cross-section studies. Phenomenological studies involve a 
particular geometry; they include air-transport, air-ground interface, albedo, 
and duct-penetration studies. Shield-system studies include mock-up experi-
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ments and proof tests. The system test, or mock-up, is always connected to a 
particular design; the other two types of experiments usually have more 
general applicability. Shield-system tests are discussed in Chap. 10 (Shield 
Design), where the tests are described in the context of their related designs. 

It is evident that an experiment in anyone of our three classes might 
serve several purposes. As already stated, some quantities have not been 
predicted and have only been obtained by measurement. Some geometries 
are sufficiently complex to defy accurate analytical description, and some 
experiments are performed to verify a calculation or a design method. These 
vanous purposes will be clarified by the description of experiments to 
follow. 

9.1 DETECTORS FOR SHIELDING EXPERIMENTS 

Measurements have meaning only to the extent that detector oUtPUts can 
be interpreted. Thus it is imperative that the user be familiar with the 
response. intensity range of operation, general characteristics. and limitations 
of the detector used. In the following sections, we discuss the detectors 
commonly used in shielding measurements. References 1 through 6 contain 
more complete descriptions. 

9.1.1 Active Neutron Detectors 

Two types of detectors are used to determine the neutron environment: 
(1) active electronic detectors, which provide data directly while the neutron 
source is operating, and (2) passive detectors, which are installed before an 
experiment, exposed to neutrons, then retrieved and read after the source 
has ceased operating. 

The Hurst fast-neutron dosimeter is a proportional counter consisting of 
a cylindrical chamber lined with polyethylene and containing a hydrogenous 
gas, usually methane. The counter is operated with a pulse-height weighting 
circuit. Since the proton-recoil pulse-height distribution depends on 
incident-neutron energy, proper pulse weighting produces a total count 
proportional to fast-neutron kerma in the counter material. A low-energy
pulse bias voltage (corresponding to 100- to 200-keV neutron energy) is 
necessary to reject gamma-ray pulses in a mixed neutron and gamma-ray 
field. The bias succeeds in rejecting gamma-ray pulses below, 10 to 20 R!hr 
exposures. Above this level, gamma-ray sensitivity must be corrected. Small 
neutron sources are used for pretest and posuest calibration. Neutron 
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sensltlvlty ranges from 0.5 mrad/hr to 0.5 rad/hr. Special pulse-counting 
procedures have been used to extend sensitivity to lower intensities. 

Fission chambers are ionization chambers coated with 2 J 7 Np, 238 U, 

232 Th, 239 Pu, or 235 U. The first four are used for counters which respond 

only to neutrons whose energy is above their fast-fission threshold (0.6, 1.5, 

1.75. and 0.01 MeV, respectively) and which measure the total flux above 

that threshold. There are two problems: thermal-neutron reactions in the 

other contaminating isotopes normally found with these isotopes (even a few 
parts per million of 2 J 5 U in 2 J 8 U can be troublesome) and with gamma-ray 

sensitivity. Frequently, data are obtained with bare and cadmium-covered 
235 U chambers to provide an indication of the thermal-neutron flux 

(actually subcadmium) rather than an integral over all energies. Fission 

chambers can be compensated for gamma rays by ,incorporating two regions: 
one containing no fissionable material and thus responding only to gamma 
rays and the other containing fissionable material and responding to both 

neutrons and gamma rays. The difference in output of the two regions is 
therefore proportional to the neutron fluence. 

Detectors containing boron either in the form of a gas (usually boron 

trifluoride) or coated on the walls of the chamber are widely used. A 

matched set of bare and cadmium-covered detectors provides subcadmium 
(En < 0.4 eV; or thermal-neutron flux via the 10 B(n,a) reaction. Gamma-ray 

compensation also can be used with these detectors. Sensitivity is varied by 

varying the gas pressure in the initial filling, by varying the enrichment of the 

boron isotope, by varying coating thickness. or by varying the size of the 

detector. Boron detectors can be operated in either the pulse mode or the 

current mode with the latter having the advantage of giving essentially 

instantaneous readout. The current mode is particularly helpful when a 

spatial traverse is being made since detector output can be monitored with a 

chart recorder showing detector output vs. a position variable. A consider

able variety of boron chambers are commercially available. 

Helium-3-filled detectors take advantage of the large (H,p) cross section 

of J He to measure neutron flux. Fairly elaborate electronics are required to 

conVert the output to a flux, but the detector is quite sensitive. 

A number of recently developed liquid scintillators, such as NE-211 and 

213. can be used to provide neutron spectra if appropriate shielding and 
collimation are provided around the detector as well as appropriate 

electronics and response functions for converting the output [0 a true 

spectrum. 
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Much interest has developed in recent years in the use of solid-;;t<.J.te 
detectors. such as lithium-drifted ~ilicon and lithium-drifted germanium, for 
measurements of neutron spectra, flux, and dose. These detectors generally 
have good resolutions but low efficiency. They make use of such neutron 
reactions as 3 He(n,p). l H(IZ,n) 1 H, 6 Li(II,ec:), and 10 B(Il.ec:). The addition of 

drifted lithium to silicon and germanium increases the detection efficiency 
for high-energy neutrons. Solid-state detectors are sensitive to light. X rays. 
gamma rays, and charged particles: thus they must be adequately shielded 
and compensated. 

9.1.2 Passive Neutron Detectors 

A number of passive detectors, nonelectronic devices, are commercially 
available for the measurement of neutron intensities. These detectors can be 
placed within a shield. exposed to neutrons. recovered. and later read co 
determine the neutron intensity at the time of exposure. These devices have 
the advantage of small size. and they can be located in otherwise 
difficult-co-monitor situations. Among them are the following: 

Small thin specimens (foils) of a great variety of materials become 
radioactive when exposed to neutrons. If the composition and mass of the 
foil are known, as well as the half-life. cross section. decay energy of the 
radioactive species. the irradiation interval, and the specific activity of the 
foil (disintegrations per second per gram). one can determine the neutron 
flux. Some foils respond primarily to low-energy neutrons (gold and 
dysprosium), some to resonance-energy neutrons. and some only to neutrons 
above a threshold energy. Foils necessarily must be of high purity and have 
half-lives neither too long nor too short. In general, they are reusable. Many 
of the fission foils must be enclosed in boron to eliminate thermal-neurron
induced response. 

Several p-n junction (solid-st<.J.te) devices have been developed in which 
neutrons change the electrical characteristics in a measurable and re
producible fashion. Most of these are cumulative (i.e .. they cannot be reset 
to zero) and so can be reused only by determining the difference in total 
dose registered by them before and after exposure. These devices are almost 
as small as foils, but they can be stored for some time before readout. 

A relatively new device is the damage track· length detector. 2 This device 
makes use of the fact that che mical etching of a plastic material penetrated 
by fission fragments greatly enlarges the tracks produceo by the fragments so 
that their lengths can be determined and the number of fissions occurring in 
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foils of fissionable isotopes having a variety of thresholds can be found; this. 
in turn, provides the nemron fluence. These plastic track-length detectors are 
one to two orders of magnitude more sensitive than fission foils and have a 
long shelf life. 

Nuclear emulsiol1S are still occasionally used for determining neutron 
spectra external to radia.tion shields. Collimation must be used along with 

suppreSSlOn of the gamma-ray field at the emulsion to reduce gamma-ray 
fogging. 

9.1.3 Active Gamma-Ray Detectors 

Both active and passive detectors have been used to obtain experimental 
gamma-ray data of interest in reactor shielding. A number of i0/1i.:arioI1 
chambers have been used. varying in size and sensitivity as well as in the 
maximum temperatures to which they may be exposed, their neutron 
responsiveness, and the dynamic range over which they can be used. These 
devices are usually calibrated with standard isotope sources, such as 60 Co 
and 137 Cs. Ionization chambers mounted on traversing devices can be read 

continuously and thus can map an entire region since the position variable 
can be one of the variables on a chart recorder and the dose rate the other. 

Ant/lTacene scintillation dosimeters (ASD) have often been used for 
measuring gamma-ray dose rates since the output of a photomultiplier tube 

attached to the scintillation crystal is proportional to the gamma-ray dose 
rate at the crystal. Neutron ~aptures in the detector can provide a spurious 
response, and temperature sensitivity is also a problem. 

The widespread use of scintillation detectors as gamma-ray spectrometers 

has been made possible by the availability of large single crystals of NaI(TI) 
and the development of end-window photomultiplier tubes with high 
resolution. Except for edge effects created when secondary photons from 

pair production escape the crystal, essentially all the incident gamma-ray 
energy is converted to light via the photoelectric effect, Compton effect, or 
pair-production process, and the light pulse energy is proportional to the 

pnmary gamma-ray energy. 
A number of high-resolution solid-state gamma-ray spectrometers have 

been developed which can be used in some situations; however, neutron 

sensitivity can be a very serious problem. Of particular importance is 
lithium-drifted germanium. Resolution at high energies is much better with 
these devices than with the scintillation spectrometers, but more elaborate 
spectrum unfolding techniques and electronics are required. 
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9.1.4 Passive Gamma-Rav Detectors 
I 

One of the earliest gamma-ray detectors was photographic film. It is still 
used since it is relatively inexpensive and can be read automatically. 
Sensitivity can be varied over a wide range. Most emulsions exhibit neutron 
sensitivity, but this can sometimes be compensated. Also film does not have 
a spectral response approximating tissue. Various absorbers can help reduce 
this difficulty. 

Chemical indicators of ionization have also been used as gamma-ray 
detectors in shielding experiments, although these have largely been replaced· 
by easier-to-read chemically activated glass detectors and the newer 
tlzermoluminescent detectors. The latter devices (usually called TLD's) come 
in a variety of sizes and shapes, including powder, micro and mini chips. 
rods, and hollow tubes. Most TLD's were developed and calibrated for 
situations in which only gamma rays would be present and where great 
accuracy was not required. Automatic or semiautomatic readers have 
become available, although careful calibration is required. The detectors 
must be heated before reuse; some are temperature-sensitive in the ambient 
range and lose some of the dose indication if an extended time period 
intervenes between exposure and readout. 

9.1.5 Interpretations of Detector Output 

Considerable caution must be exercised when detectors developed for a 
particular set of circumstances are used under conditions that are quite 
different. For example. small thermoluminescent gamma-ray dosimeters 
were developed initially for use in pure gamma-ray fields produced by 
Isotope sources or accelerators wherein the energy of the gamma rays was 
usually well below 2 MeV. Some care is required in obtaining reasonably 
preCIse data in a mixed field of neutrons and both high- and low-energy 
gamma rays. The lithium in LiF TLD's responds to neutrons to an extent 
determined primarily by the concentration of 6 Li. which has a high 
neutron-capture cross section, and the ratio of the neutron to gamma-ray 
intensity. Manganese-activated calcium fluoride used in a TLD may also have 
a significant response to neutrons as a result of captures in manganese. which 
has a high capture cross section for resonance-energy neutrons. Detectors of 
CaF are also frequently exposed in small tantalum covers, which serve to 

f1atten the energy response of the TLD co make it similar to chac of tissue. 
These covers present no particular problem in a p·ure gamma-ray field similar 
to chat in which the detectors are calibrated: however, tantalum has very 

I 
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high thermal- and resonance-neutron absorption cross sections. The detec
tors, when exposed to a mixed field of neutrons and gamma rays, may 
therefore be responding in part to the gamma rays produced in the covers by 
either neutron capture or subsequent decay of the activated tantalum. 

For high-energy gamma rays, the efficiency of the TLD, particularly the 
very small micro dosimeter, may be reduced with increased energy because 
the range of the electrons produced by the gamma rays may be greater than 
the dimensions 0 f the detector. 

There have also been instances in which the preamplifier attached to a 
gamma-ray detector was more sensitive to radiation than the detector itself 
and produced a signal even when the detector was disconnected. The long 
cables required for remotely controlled experiments can also significantly 
change detector-response systems. Calibrations should be made with the 
detector attached to the cable to be used in the field. 

Thermal-neutron detectors, calibrated in a thermal column where the 
ratio of the number of thermal neutrons to the number of epithermal 
neutrons may be 40/60, may give quite misleading thermal fluxes in a 
situation in which there are few thermal neutrons and many epithermal ones, 
such as in a thick region of aluminum outside a highly enriched 
intermediate· spectrum reactor. 

In short. detectors almost invariably provide data. but frequently 

considerable effort is required to ensure that the data are related to the 
quantity one is trying to determine. 

9.2 SHIELD-MATERIAL MEASUREMENTS 

The following experiments are only a sample of many performed in 
recent years to characterize the transport properties of bulk materials or 
combinations of materials. They were selected as well-designed experiments 
that are representative of those performed in materials studies. Experiments 
are discussed for reactors, accelerators, and fixed sources. The purpose and 
plan of the investigations are emphasized, but sample data are included to 
indicate the utility of the results. A recent survey of reactor shielding 
facilities has been reported by the Radiation Shielding Information Center. 7 

9.2.1 Reactors 

An extensive series of slab-penetration measurements were performed in 
a specially designed facility called the Outside Test Tank (OTT). These 
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measurements compared the relative effectiveness of various arrangements of 
a given set of materials and of different sets of materials. The facility was 
also used for testing mock-ups of designs for various shields. The tests were 
performed at the Nuclear Aerospace Research Facility at General Dynamics, 
Fort Worth, Texas, and are described by Belcher and Zoller.8 The source of 
radiation was the Ground Test Reacto: (GTR) which fits into the moderator 
tank shown in Fig. 9.1. The OTT provided an unusual capability for the 
testing of a wide variety of shield configurations of interest in the 
development of minimum-weight airborne or space nuclear systems since 
earlier measureme nes required that slabs and detectors be submerged under 
water or oil, and it permitted measurements in air without extraneous 

liquid layers. The power level of the reactor used in the OTT was high 
enough (up to 500 kw) that active dosimetry measurements could be made 
in air to distances of 30 m or more from the reactor. The shields tested were 
sufficiently chin compared to the water and lead surrounding the reactor to 
ensure that only radiation penetrating the shields reached the external 
detectors with no contribution from air or ground scattering. The tank itself 
was 4 m high by 4.5 m in diameter and could be rotated remotely. Two 
independent dosimeter traversing mechanisms were also remotely controlled 
from an underground control room. 

Several hundred shield configurations consisting of either laminated slabs 
or boxes containing semiporous shields were tested in the shield compart
ment adjacent to the reactor moderator tank. A few of these shields were 
mock-ups of proposed shield designs, but the great majority were parr of a 
systematic study of the effects on external dose rates of varying the quantity 
or position of a given material either by itself or within an array of another 

material. Typically, one might have 2 to 10 cm of gamma shielding, such as 
tungsten, steel, or depleted uranium, in an array of neutron shielding. such as 
lithium hydride, beryllium, or beryllium oxide, with or without borallayers 

adjacent to the higher density materials. Borated stainless steel, zirconium 
hydride, lead, and boron carbide were also tested. A number of simulated 
ducts were investigated, as were various thicknesses of neutron shields with 

no gamma-ray shielding. Samples of a great many different materials used in 
aircraft turbines and structures were activated in various neutron spectra 

obtained by changing the composition of the materials between the samples 
and the reactor to give a solid basis for estimates of compone:1t activation. 

Many measurements made at distances of 3 to 30 m from various reactor 
shield configurations are reported by Friedman. 9 Figure 9.2 is typical of the 
data obtained. The gamma-ray dose rates at 2.7 and 15.2 m from the reactor 
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center are plotted as a function of both the thickness of a tungsten alloy and 
as a function of the amount of LiH between the reactor and the tungsten. 

Secondary gamma rays were shown to be of considerable importance. 
Secondary gamma-ray production decreased as the amount of neutron 
shielding between the tungsten and the core was increased. However, for 
most situations increasing the inner radius of heavy gamma-ray shielding 
material would also increase shield weight. The addition of boron to the 
heavy material or the use of thin protective layers of boral was expected to 
reduce the number of thermal-neutron captures in the gamma shield 
significantly. The number of captures of epithermal or resonance-energy 
neutrons should not be reduced significantly. and the production of gamma 
rays by inelastic scattering of fast neutrons (E > 200 keV) should not be 
affected. The data shown in Fig. 9.3 were obtained in an attempt to 
differentiate between these various sources of gamma rays. The data showed 

that adding boron to stainless steel is more effective in suppressing secondary 
gamma-ray production than placing boral between the steel and the reactor, 

even with a good moderating material in front of the steel. These same 

experiments also provided neutron-flux density and gamma-ray dose rate 
within the shields for comparison with predictions as well as gamma-ray 
spectra outside the tank. 

Foil exposures between the slabs for the same configurations as shown in 
Fig. 9.2 were made as a function of tungsten thickness with 27 Al 

(E> 8.6 MeV). 32S (E> 2.9 MeV), and 6JCu (E < 0.4 eV) foils. Measure
ments were made for four thicknesses of tungsten, 2.5, 5.1, 7.6, and 
10.2 cm, inserted where the tungsten layer is shown in Fig. 9.2. Foils were 
placed between slabs separated by gaskets. The configuration was com

pressed to eliminate the space at the tungsten location and expanded as the 
tungsten slabs were inserted. 

Foil activities (counts min- l g-l wan- 1 ) are shown in Fig. 9.4 at reactor 

shutdown as a function of tungsten thickness for the copper foils in terms of 

cadmium differences. Note that for a tungsten thickness of 0 the LiH slabs 
are moved left to the BeO and boral slabs. As the tungsten slabs are inserted, 
the LiH slabs are moved to the right. An effect on the thermal activity is 

evident. As the LiH is replaced by tungsten, a valley begins to form, 
which indicates the much higher absorption cross section for tungsten. 

The valley deepens and widens as the tungsten thickness is increased. The 
sulfur and aluminum activities (not shown) are reduced by a factor of 2 in 

the LiH region when LiH is replaced by 10 cm of tungsten. This reduction 
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Fig. 9.3-Gamma dose rates in air behind stainless steel and borated stainless steel. 

(From Friedman.9
) 

demonstrates the effectiveness of adding a high-Z inelastic scarrerer [0 a 

low-z elastic scaCterer. 
Verbinski. Bokhari. Courtney, and Whitesides I 0 describe a reactor 

experiment chac yielded measurements in bulk water shields at Oak Ridge 
National Laboratory (ORNL). The source of neutrons was che Bulk 
Shielding Reactor 1 (BSR-I) described by the Radiation Shielding Informa
cion Center..7 This was a SL .. ies of measurements of the spectral and spatial 
details of the fast-neutron flux density penetrating water shields. The 
purpose was to obtain data for evaluating neutron-transport codes chat 
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predict the variation of flux density with energy. angle, and penetration 
depth in a shield. Two basically different shielding codes were compared 

with the measurements. Two different types of experiments were performed 

to provide a broad basis for evaluating the codes. In one a large source with 

adjacent shield was used: in the ot her a small source well-separated from the 

shielding slab roughly approximated a good-geometry neutron-scattering 

arrangement. This discussion is concerned with the first experiment: the 

large source wi th adjacent shield. The small-source experiment will be 

discussed later. The first experiment was performed at ORNL and consisted 

in the mapping of the absolute spectral intensity in the water shield of a 
pool-type reactor (the BSR-[) as a function of both angle and distance from 

the source. In conjunction with these measurements, both the absolute 

reactor power and the distribution of the neutron-source strength through

out the reactor were measured. The results of the reactor-power calibration 

were then used as input to the neutron-transport codes so that the codes 

could be evaluated for the complete task of predicting the neutron-transport 

pattern, beginning with an absolute fission-source distribution and ending 

with spectral intensities at a large number of points and directions in the 

shield. 

The fuel loading of the BSR-I used for the absolute measurements of 
spectral intensity is shown in Fig. 9.5. It is a water-reflected rectangular 

configuration (38 by 38 by 60 cm) of aluminum-clad elements with two 
additional elements in the rear which were required for criticality. For each 

spectral measurement the relative power of the reactor was determined to 
within 2% by means of two sulfur foils (actually pellets) located 35 ern 

above and 38 ern east of the reactor centerline. The sulfur activation was 

later related to the absolute total reactor power as well as to the absolute 

neutron-source density throughout the reactor volume. The absolute power 
was determined to an accuracy of about 5%. , 

A shielded diode spectrometer, designed especially for these measure
ments, was positioned to measure the spectral intensity at a distance r from 

the face of the reactor, along the center line of the reactor midplane, and at 

an angle (] with respect to the center line as shown in Fig. 9.5. The 

spectrometer consists of a very thin layer of 6 LiF between, but not in 
contace with, tWO silicon-gold diodes. Neutrons traversing the spectrometer 

collimator strike the 6 Li foil, and the alpha particle and triton emitted in the 

resulting 6 Li(/'l,a:)T reaction (Q = 4.78 MeV) are detected in coincidence in 

[he two diodes. Shadow shielding in [he collimator protects the diodes from 
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direct reactor radiations. Background measurements are made by substitut
ing a 7 LiP foil for the sensitive 6 LiF element. 

The spectrometer has operated satisfactorily in gamma-ray fluxes from 
the BSR-I as high as 106 R/hr at the point in the water shield where the 
neutron flux was being sampled. 

The calculations corresponding to this experiment were performed with 
the NIOBE l 1 and the DTK codes (DTK is a version of DTF,l 2 which is 
discussed in Chap. 4, Sec. 4.4). Limitations on the geometries that could be 
used with these codes decreed that the reactor core be simulated by a sphere. 
The radius of the spherical source region was taken as 26 cm and is shown by 
the dashed circle in Fig. 9.5. all values of r in the calculations being given in 
terms of distance from the surface of this source sphere. The spectral 
intensity of neutrons was measured at angles (8) of 0°. 41 ° and 52° with 
respect to the extended midplane center line of the reactor. The distance r 

from the reactor face was varied in increments of 10 cm out to a distance of 
SO cm. All measured (and calculated) fluxes are given for a total reactor 
power of 1 watt. 

The spectral intensities obtained at f) = 0° are shown in Fig. 2.19. along 
with predictions of the NIOBE transport code. (In Fig. 2.19 and succeeding 
figures in this chapter, JJ. = cos e.) It is evident that the code predicts the 
absolute magnitude with good accuracy and reproduces some of the general 
features of spectral shape. The strong dip in the spectra at 3.5 MeV is caused 
by a broad peak in the oxygen cross section. The measured spectra suggest 
that a similar dip may be present in the 20- to 50-cm spectra bur at an 
energy about 0.5 MeV higher. However, the present model of the spectrom
eter was designed to provide only moderate energy resolution in order to 
achieve good sensitivity. Therefore the discussion of detailed spectral shapes 
will be deferred to the section on LINAC measurements (Sec. 9.2.2). 

The -0° measurements are compared with the predictions of the DTK 
transport code in Fig. 9.6. The agreement between the DTK calculations and 
measurements near the source region is about the same as that with the 
NIOBE calculations. The dashed lines between 5 and 7.5 MeV show the 
improvement in the predictions obtained when the calculation was repeated 
with updated cross sections. 

The measurements for e = 52° were made at distances of 10. 20. 30, and 
40 cm from the face of the redctor. The results are compared in Figs. 9.7 and 
9.8 with the predic~ions of the NIOBE and DTK codes, respectively. Overall 
agreement appears to be fair except that at r = 10 and 20 cm the 
experimemal results are higher than both calculations at high energies. where 
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the neutrons are more penetrating. This must be caused by uncollided plus 
small-angle-scattered neutrons coming from the corner of the reactor, which 
is within view of the spectrometer collimator at r = 10 em and almost within 
view at r = 20 cm. This corner does not, of course, exist for the spherical 
source used frr the calculations. At r = 30 and 40 cm, the difference in the 

calculational and experimental source geometries is relatively unimportant 
since the corner of the reactor is farther from the line of sight of the 
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spectrometer collimator. Much better overall agreement with the experiment 
is realized here except that the codes predict fluxes that are somewhat low at 
low neutron energies. Note that at 52° the transport calculation using 
updated oxygen total cross sections (dashed lines) produced little, if any, 
overall improveme nt in the 5- to 7. 5-Me V region where t he older 
cross-section values are evidently too high. 

Measured and calculated spectral intensities were also obtained for 
(J = 41 ° at r = 20 and 40 cm, but, since they show the same general features 
as those obtained for (J = 52°, no further comparisons are given here. 

An additional reactor experiment, described by Clifford, Muckenchaler. 
Maerker, Straker. and Mynatt l 3 and by Clifford, Straker, Muckenthaler, Ver
binski. Freestone, Henry. and Burrus, 14 was performed to evaluate total cross 
sections of several materials over the energy range of interest in reactor 
shielding. The experiment was carried out at the Oak Ridge National 
Laboratory Tower Shielding Facility (TSF). This investigation was per
formed with the reactor on the ground and has since been called the 
broomstick experiment because of the long, thin samples (Fig. 9.9). 

The measurements consisted of spectra of the uncollided flux of 
neutrons transmitted through thick samples of shielding materials. Because 
the samples were quite thick, the transmitted spectra were influenced most 
strongly by the minima in the total cross sections. The spectrum incident on 
the sample and the transmitted spectra were measured with an NE-2I3 
neutron spectrometer covering the energy range from 0.8 to 11 MeV. The 
total cross sections were evaluated by a direct comparison of calculated and 
experimental data. The uncollided spectra were calculated with the most 
detailed cross-section data available and then folded with the response 
function of the detector. Although the energy resolution of the spectrometer 
is rather broad, this technique still allows a determination of the errors in the 
very narrow minima in the total cross section since the total number of 
transmi tted neutrons is measured to within a few percent. Because the 
geometry of the experiment was very good, no correction for multiple 

scattering was required; therefore the calculations were quite simple and 
straightforward, involving only the exponential attenuation of the incident 
spectra using fine-mesh data for the total cross section. Experiments were 
done to demonstrate that multiple scattering was indeed negligible. The 
sam pIe diame ter was varied by a factor of 2 with no measurable change in 
the transmitted spectra. 

Good agreement between the measured and calculated spectra indicates 
that the valleys are adequately represented in a cross-section set. Where 
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Fig. 9.9-Arrangement of broomstick experiments.! 3,! 4 

disagreement exists. detailed information about the specific reglOn of 
disagreeme nt is not possible, unless the minima are well separated, because 
of the poor energy resolution of the spectral measurements. Where a number 
of minima are close together, only the general energy range in which the 
disagreement exists can be determined. Because of this these measurements 
can in no way be described as a measurement of the total cross section but 
simply as an experimental evaluation of the existing cross-section data. 

The spectrometer uses a 5- by 5-cm liquid organic scintillator (NE-213) 
and has an efficiency that ranges from 0.15 to 0.4 for neutrons in the MeV 
energy range. Thus it can be used in flux densities that are several orders of 
magnitude lower in intensity than those measurable with other spectrom
eters, all of which are limited by low efficiencies (1 (J4 to 1 (J6 ). The validity 
of the experimental technique was checked by measurements on thick 
samples of carbon, lead, and uranium, which could be easily compared with 
calculations since the total cross sections for these elements are well known. 

So that the ratio of the uncollided flux at the detector to the collided 
flux could be maximized, the detector was located at a distance of 30 m 
from the shield of the reactor and the sample was placed at the approximate 
midpoint between the detector and the reactor shield. The arrangement is 
shown in Fig. 9.9. Most of the samples were cylinders that were positioned 
with their axes coincident with the axis of the neutron beam. Oxygen and 
nitrogen samples in liquid form were contained in either Dewar vessels or 
styrofoam-insulated brass cans .. 

Because neutrons scattered by the air and ground become important 
when the scattering sample IS thick, both the detector and the neutron beam 
were shielded and very tightly collimated. The neutron beam incident on the 
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sample passed through two collimators: one which was adjacent to the 
reactor shield and another which was adjacent to the sample position and 
limited the beam to 9 cm in diameter. These collimators also served to 
reduce the air-scattered background at the detector without producing any 
observable change in the measured spectra incident to the samples. 

Measurements were made through some eighteen different materials. We 
show only the results for iron, which are particularly interesting because of 
considerable uncertainty that existed at the time in the fine structure of the 
iron cross section. 

Since the experiment was primarily one of cross-section evaluation, data 
from the 05 R, 1 5 KFK, I 6 BNL,l i and ENDF / B 1 8 files were all examined. 
Data from the 05R Monte Carlo cross-section library and the ENDF /B 
(Evaluated Nuclear Data File) were considered the best for iron from the 
experimental results. Figure 9.10 shows comparisons of the measured and 
calculated energy spectra from the 05R and ENDF IB cross-section data. 
Good agreement is noted in the data for energies above 2.0 MeV, but bach 
sets of cross sections are too high for lower energies. 

This technique of evaluating minima in total cross sections has been very 
useful in indicating which evaluated set of total cross sections is adequate for 
shielding calculations and thereby permitting an efficient updating of 
cross-section libraries by updating only those cross sections which are not 
adequate. It also provided information about the energy regions In which 
new cross-section measurements should be made. 

In the foregoing sample of reactor shielding experiments, we have 
omitted many performed with the reactors mentioned as well as many more 
with other research reactors. A recent survey 7 of shield facilities gives a 
complete list of shielding reactors and the types of investigations performed. 

The Lid Tank Shielding Facility, although no longer used in shielding 
investigations, deserves mention. Originally developed at ORNL, later 
duplicated elsewhere, the lid tank was successfully used for measuring 
removal cross sections and other materials attenuation parameters. A thermal 
column from a reactor core (at ORNL, the X-10 reactor) extended to a plate 
of fissile material attached to the wall of a tank. The fission plate (or source 
place) produced a plane source of fast neutrons with an effective power of a 
few watts. Since che fission place is removed some distance from the reactor, 
the background radiation is greatly reduced. The tank could be filled with 
;-vater, oil, or a solution of interest, and materials arrangements could be 
lowered inca the tank adjacent to the source. All the neutron removal cross 
sections given in Chaps. 4 and 6 were derived from lid tank measurements. 
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Fig. 9.10-Iron penetration results. (From Clifford et al. 13) 

Although the lid tank produced many useful measurements, limitations in 
intensity and flexibility caused it to be superseded by the reactor facilities 
now muse. 

9.2.2 Accelerators 

The development of accelerators and generators capable of producing 
high yields of neutrons and gamma rays has provided the shielding 
experimentalist with opportunities for measurements previously impossible 
in reactor radiation fields. These sources, coupled with detectors of good 
sensitivity and resolution, permit cross-section measurements and evalua
tions, gamma-ray energy-spectra determinations, basic shield-material evalua
tions, and other useful measurements. 

Experiments with accelerators generally exhibit a flavor different-fro~
those with reactors. Better-defined geometry is usually possible, the source is 
pure neutron, gamma, or charged-particle without the complex background 
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associated with a reactor. Of greatest importance, however, is that with some 
accelerators the energy of the source radiation can be selected either directly 
or by time-of-flight measurement. 

In the discussion of the broomstick experiment of Clifford et al., 13.14 
we mentioned that appreciable uncertainties were found in the reported 
cross sections for iron at energies below 2.5 MeV. Those differences were 
attributed to poor resolution in the valleys of the total cross section. An 
experiment with similar purpose but entirely different approach was 
performed at Gulf General Atomic (GGA) by Cerbone, Miller, and Profio,1 9 

who used the linear accelerator (LINAC) with a time-of-flight method2 0.2 I 

as a source of neutrons. 

The geometry comprised a 76.30-cm-diameter iron sphere (Fig. 9.11), at 
the center of which was located the uranium target for phoroneutron produc
tion by bremsstrahlung from incident electrons. In Fig. 9.11 the electron
beam tube is the 9.s-cm-diameter port hole, port A is for monitor foils, and 
the stepped 10.02- co 12.7-cm-diameter port is for the 0° measuremenes. The 
through port at R = 23 em is for off-zero internal angular-flux measurements. 
The neutron spectrum and angular distribution are measured by extracting a 
collimated beam from the experimental assembly and sorting the counts with 
their time of arrival at a detector placed SO m distant. Time-zero is defined 
by pulsing the neutron source. In the iron sphere, the time to slow down and 
migrate co the beam extraction poine is small compared to the corresponding 
sO-m flight time and can be neglected. 

The spectrum was measured from 0.5 to 15 MeV with NE-211 organic 
scintillators and from 0.6 keV to 0.5 MeV with an NE-908 lithium glass 
scintillator. Spectra were measured for several thicknesses of iron at several 
angles off the target-detector axis. Figure 9.12 shows the 0° measured 
spectra at radius values of 19.05 and 38.1 cm (surface). The fine structure of 
the iron cross section is evidene in the spectral changes. Since this is a good 
geometry experiment with fair resolution, the results are adequate for 
evaluating iron cross sections. Discrete-ordinate calculations of the spectra 
for conditions specified in Fig. 9.12 were made with the 1DF code (a version 
of DTF-IV22) using 29 energy groups. Group cross sections were prepared 
from the ENDF /B library with careful attention given to minima in the 
cross-section structure. An asymmetrical 516 quadrature and a P3 cross
section expansion were used. Wide discrepancies with the measurements 

wer p
. found. Possible causes were errors in the inelastic and elastic cross 

sectiol1s or the result of skipping valley's and neglecting self-shielding of the 
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resonances, which often happen when too few energy groups are used to 

describe complex fine-structure cross sections. 

A second calculation was made using 49 energy groups. Figure 9.12 
shows results of this calculation compared with measurements for R = 19.05 
and 38.1 cm. Agreement is still quite poor. which strongly suggests that 
errors exist in the ENDF /B point cross-section data for iron. 

Thus the results of Clifford et al. 13.14 and Cerbone et al. 1 9 agreed to 

the extent that reported values of the iron cross section appeared to be 
entirely inadequate for shielding calculations. 

Carlson, Cerbone, and Willoughby2 3 state: 

... recently, much concern has been expressed about the adequacy of the 
measurements of the total-neutron cross section of iron. Numerous examples of 
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Fig. 9.12-Comparison between 49-group IDF calculated (A',B') and measured (A,B) 0° 
neutron angular spectra for iron at R = 19.05 :A',A) and 38.1 cm (B',B). (From Cerbone 
et aI. 19 ) 

the questionable state of this cross section are evident. For some energy 
regions,24 there are large discrepancies in the measurements and energy scales: 
also considerably more structure than was previously seen has been observed in a 
recent sec of measurements made by Cierjacks, Forti, Kopsch, Kropp, Nebe. and 
Unseld.2s 

Many measurements have been made of this Cross section which is of prime 
importance for shielding applications. However, in almost all cases the resolution 
was inadequate. For iron, the level spacing and level widths in the MeV neutron 
energy region are such that a multilevel fit for resonance parameters is extremely 
difficult; therefore, it is essential that measurements be made with very high 
resolution if the cross sections are to be used for shielding applications. It thus 
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energy region are such that a multilevel fit for resonance parameters is extremely 
difficult; therefore, it is essential that measurements be made with very high 
resolution if the cross sections are to be used for shielding applications. It thus 
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became clear that a new set of iron cross-section data taken with high-energy 
resolution and covering a large energy range was necessary. 

For these reasons the iron total-neutron cross sections have been measured 
with high-energy resolution for the energy interval from 0.5 to 9 MeV. 
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The iron cross-section measurements were made by Carlson et ai. 2 3 at 
GGA with the same accelerator used by Cerbone et al. These transmission 
measurements were also made using time-of-flight (TOF) techniques but 
with a 226.7S-m flight path. An overall plan of the geometry is shown in 
Fig. 9.13. High-energy neutrons are produced by electron bombardment (the 
bremsstrahlung produces photoneutrons) of a spherical uranium target 
having a radius of 3.8 cm. The neutrons travel through an evacuated drift 
tube to a defining collimator at the 100-m station. This collimator restricts 
the size of the. neutron beam to a circular area having a radius of 6.3 cm. In 
front of the collimator are two 3 He detectors that are used to monitor the 
neutron flux and a 3.1-cm-thick uranium filter that reduces the effect of the 
gamma flash on the neutron detector. The transmission samples and the 
sample changer are located behind the collimator. With the sample changer 
the samples can be placed accurately in a position such that the detector (at 
the 220-m station) is completely shadowed from the source. This mechanism 

is operated remotely from the data-taking area. The monitor counting rates 
were measured with and without the samples in place to ensure that 
neutrons scattered from the samples did not affect the 3 He monitors. No 
detectable difference was observed. The transmitted neutrons enter an 
evacuated drift tube that connects the 100-m and the 220-m flight-path 
stations. At the 220-m station the neutrons are detected in a 5-cm-thick by 
2.5-cm-radius cylindrical NE-211 scintillator coupled to a 56 A VP photo
multiplier tube. The incident-neutron flux is perpendicular to the axis of the 
scintillator. The detector is surrounded by a lead shield that reduces the 
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Fig. 9.13-Diagram of flight path and experimental ~etup used in the total-cross-section 
measurements of Carlson et al. 2 
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ambient background. The contribution to the counting rate from neutrons 
that scatter off the detector into the lead shield and then back again into the 
detector was found to be negligible. 

The iron sample was composed of standard Armco iron (99.94% iron;. 
The measured density agreed with the accepted value for the density of iron. 
The sample thickness was 0.386 nuclei/b. 

Although measurements were made from 0.5 to 9.0 MeV, only a limited 
portion will be shown here. The complete set is given in Ref. 23. 

Figure 9.14 shows the measurements of Carlson et al. 23 from 0.7 to 
1.0 MeV. The curve is merely a guide obtained by connecting the points. The 
measurement of the cross section in this energy region where the cross 
section varies sharply with energy requires the utmost in energy resolution. 
Figure 9.15 compares the data with the data of Cierjacks et aP 5 and of 
Schwartz, Schrack, and Heaton. 2 6 Of the available iron wtal-cross-section 
measurements, those of Cierjacks et al. agree best with Carlson's data with 
respect to the presence of structure and the neutron-energy scale. Carlson's 
measurements, which have a somewhat smaller energy spread than those of 
Cierjacks (0.035 nsec/m vs. 0.043 nsec/m), resolve the structure somewhat 
better. The measurements of Schwartz et al. are in agreement with Carlson's 
data: however, a c~nsiderable amount of structure has been unresolved in 
these data, which were obtained with a resolution of 0.3 nsec/m. 

The iron total cross sections obtained in the study by Carlson et al. 23 

have provided much needed information about the cross-section valleys. It 

had previously been conjectured that deeper valleys are needed in the total 
cross section to obtain good agreement between the broomstick transmission 
measurements of Clifford et al. 1 3.14 and calculations based on the total 

cross sections. The latest measurements show a trend toward deeper valleys 
than had been previously observed, which is primarily (it is believed) the 
result of better resolution. 

In our discussion of the transport measurements in water reported by 
Verbinski et at., lOwe mentioned that a small-source experiment with good 
geometry was also performed. The source was the LlNAC described 
previously. In these measurements a slab shield was positioned at a distance 
of 40 em from the source, which resulted in a nearly-good-geometry 
scattering configuration. Consequently the effects of the sharp resonances in 
the oxygen cross section on the spectral shapes could be observed and 
compared with predictions of shielding codes that have a fine energy mesh. 
The spectral measureme nts did not yield information on the attenuation of 
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flux, but the activation of sulfur pellets placed on both the source side and 
the exit side of the slab provided a measure of the attenuation. 

The physical arrangement for (he measurements with the pulsed-neutron 
source is shown in Fig. 9.16. The LlNAC provided short bursts of electrons 
(from 10 nsec for thin shields at 0° to 50 nsec for the thickest shield at 30°) 
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FAST
NEUTRON 
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Fig. 9.16-Experimental arrangement at LlNAC for measuring spectra of neutrons 
leaking from a water slab at 0°. For 30° measurements, the slab-source configuration was 
rotated about the point "0." The positions of the sulfur pellets used for transmission 
measurements are also shown. (From V. V. Verbinski, M. S. Bokhari, j. C. Courtney, and 
G. E. Whitesides, Nuclear Science and Engineering, 27(2): 289 (1967).J 

which irradiated a small lead target (5-cm-diameter by 2-cm disk) and thus 
produced bremsstrahlung radiation which, in turn, produced prompt 
photoneutrons with a near-fission spectrum. The target was centered in a 

20-cm lead housing, which was needed to suppress the bremsstrahlung 
radiation that would otherwise have incapacitated the neutron detector. 
Some of the neutrons escaping the lead housing penetrated the water shield 

and passed down a 50-m flight path to a 5- by 5-in. encapsulated NE-213 

liquid scintillator neutron detector. Figure 9.16 shows the arrangement for 
measuring the 0° (straight-through) spectrum for a water slab of thickness T. 
For some of the measurements, the neutron source and water slab were 
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rotated 30° about the point 0 shown on the exit side of the slab. The sulfur 
pellets shown were used for measuring the neutron attenuation. 

The configuration shown in Fig. 9.16 was calculated with both the 
NIOBE and the DTK codes. Since the NIOBE code cannot use a small-source 
geometry, the neutron source for the calculation was taken to be a 
20-cm-diameter sphere with constant source density having the same 
spectrum as that measured with the water slab shown in Fig. 9.16 removed. 
Unfortunately, in this measurement not all the source could be viewed 

because of the limitation of the 7.62-cm-diameter collimator shown in 
Fig. 9.16. Comparisons of measurements with the NIOBE and DTK 
calculations using the same false-source geometry were equally poor. 

Additional DTK calculations were performed for which the source was 
assumed to be a 5-cm-diame ter sphere, which was a better simulation of the 
experimental source. The lead housing around this small source was treated 
as additional shielding. The spectrum used in these calc:llations. shown as the 
top curve in Fig. 9.17. was the same as that measured with the lead housing 
and water slab removed. The two lower curves in Fig. 9.17 compare the 
resulting calculated spectra with the measured 0° spectra for slab thicknesses 
of T = 20 and 40 cm. The calculated results at 0° are very similar to the 

J 

NIOBE results l 0 except for the dashed-line sections at about 5 to 7.5 MeV, 
which were obtained with updated oxygen cross sections. The calculations 
for the 30° configuration are compared with the measured spectra in 
Fig. 9.18. Here the calculated spectra are quite different from the NIOBE 
results, the overall agreement in Fig. 9.18 being much better. From this it is 
concluded that the false-source configuration used for NIOBE does not 
adequately approximate the experimental geometry and that reasonable care 
must be exercised in reproducing the source geometry in calculations that 
are being compared with small-source measurements of fast neutrons. 

The solid line in Fig. 9.17, which represents the initial small-source DTK 
calculations, falls short of reproducing the broad transmission peak observed 
in the measured leakage spectra at 0°. Since the geometry for this 
measurement roughly approximates the good-geometry configurations used 
in me asuring total neutron cross sections, the cross sections used in the 
calculations became suspect. Cross sections for the calculated solid lines in 
Fig. 9.17 were taken from the 1958 version 2 " of BNL-325. The dashed lines 
were calculated using the updated cross sections28 reported in the 1964 
Supplement: No.2 of BNL-325. Much improvement is noted when the newer 
cross sections are used. 
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Fig. 9.17 -Measured and DTK-calcuLated spectra of neutrons leaking from 20- and 
40-cm-thick water slabs at 0°. The calculational source spectrum, shown at the top of the 
figure, was taken as an isotropic source of 3.9 X 1012 neutrons at the center of the lead 
housing shown in Fig. 9.16. Experimental spectra have been individually normalized to 
the DTK code results. [From V. V. Verbinski, M. S. Bokhari,]. C. Courtney, and G. E. 
Whitesides, Nuclear Science and Engineering, 27(2): 291 (1967).J 

9.2.3 Fixed Sources 

Fixed isotope sources provide an excellent tool for the measurement of 
materials if the whole reactor energy distribution is not needed_ The work of 
Alberg, Beck, O'Brien, and McLaughlin29 provides a case in point. Their 
measurements with 137 Cs gamma rays provide differential energy and angle 
spectra from a point isotropic source in an effectively infinite medium of 
water for gamma-ray penetrations of one, two, three, and four mean free 
paths at 150 intervals. The objective of this experiment was to obtain a 
definitive set of differential distributions in an infinite medium which could 
be used as a standard for comparison with transport predictions. 

Figure 9.19 shows the experimental arrangement. 1he detector was a 
5.08- by 5.08-cm Nal(TI) crystal, and an EMI-9552 photomultiplier tube and 
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Fig. 9.18-Measured and DTK-calculated spectra of neutrons leaking from 10-, 20-. and 
30-cm-thick water slabs at 30

0
. Experimental spectra have been individually normalized 

to the DTK code results. [From V. V. Verbinski. M. S. Bokhari, J. c. Courtney, and G. E. 
Whitesides, Nuclear Science and Engineering, 27(2): 292 (1967).] 

Fig.9.19-Schematic diagram of point source 137 Cs differential measurements. The 
distance from the baek edge of the rear aperture to the front edge of the forward aperture 
of the collimator is 80 em; to the end of the methacrylate plastic probe, it is 163 em. The 
aperture diameters are 1.0 em. [From M. Alberg. H. Beck, K. O'Brien, and J. E. 
McLaughlin. Nuclear Science and Engineering, 30(1): 67 (1967).] 
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Fig. 9.18-Measured and DTK-calculated spectra of neutrons leaking from 10-, 20-. and 
30-cm-thick water slabs at 30

0
. Experimental spectra have been individually normalized 

to the DTK code results. [From V. V. Verbinski. M. S. Bokhari, J. c. Courtney, and G. E. 
Whitesides, Nuclear Science and Engineering, 27(2): 292 (1967).] 

Fig.9.19-Schematic diagram of point source 137 Cs differential measurements. The 
distance from the baek edge of the rear aperture to the front edge of the forward aperture 
of the collimator is 80 em; to the end of the methacrylate plastic probe, it is 163 em. The 
aperture diameters are 1.0 em. [From M. Alberg. H. Beck, K. O'Brien, and J. E. 
McLaughlin. Nuclear Science and Engineering, 30(1): 67 (1967).] 
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a 512-channel analyzer were used. About 700 liters of distilled water was used 
to fill a 48- by 97- by 145-cm methacrylate plastic tank. This size was chosen 
so that both the source and the detector would always be at least twO mean 
free paths from the edge of the box. The 13" Cs source was calibrated to 

±S%. 

The detector assembly was located outside the medium to minimize 
displacement effects. A probe and collimator were used that were based on a 
design by Skarsgard and Johns. 30 The defining apertures of the collimator 
were located outside the tank. A hollow plastic probe of 2.5 em inside 
diameter was inserted into the tank and attached to the front end of the 
collimator with a vacuum and pressuretight seal. The. path between the 
methacrylate plastic window in from of the crystal and the end of the probe 
was then evacuated. Pulse-height distributions corresponding to various 
angles between the source and the detector for a given penetration were 
obtained by moving the source around a semicircle of fixed radius located on 
the midplane of the tank. The collimator was equipped with a shutter so that 
background readings could be taken at each angle with the source in 
position. 

The solid angle subtended by the crystal was determined by the method 
described by Skarsgard and Johns. 3 0 In this scheme a sphere is constructed 
whose center lies on the collimator axis at the end window of the probe and 
whose radius is JUSt large enough to include all points on the window which 
subtend a finite solid angle at the crystal. It is convenient to regard this 
sphere as the source of scattered gamma rays, even though most of the 
radiation seen by the crystal will have been scattered through the sphere 
from other points in the medium. A cross section is taken through the sphere 
at the window, and the solid angle seen by each differential element on this 
cross section is calculated. An integration over these elements yields the total 
solid angle seen by the crystal. 

Eight sources were used to calibrate the spectrometer: 95 Zr_9 5 Nb 
(750 keY), 137CS (662 keY), 'Be (477 keY), 113Sn (393 keY), 51Cr 
(322 keY), 4'7SC (160 keY), I09Cd (88 keY), and 85Sr (514 keY). One

quarter of the multichannel analyzer, 128 channels, was used to obtain a 
standard pulse-height distribution for each source. The eight standard 
pulse-height distributions were fitted with energy-de pendent functions 
describing the photo peak, escape peak, Compton tail, and backscatter peak. 
These functions yielded interpolated pulse-height distribution~ for energies 
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lying in the range covered by the standard sources. When suitably normalized 
the set of 124 interpolated pulse-height distributions equally spaced over the 
interval 0.0198 to 0.9382 MeV formed a 124 by 124 response matrix for the 
spectra me ter. 

Pulse-height distributions were measured for separations between the 
source and the detector which correspond to one, two, three, and four mean 
free paths of water. The angle between the source and the detector was 
varied in 15° intervals. The pulse-height distributions were unfolded to yield 
the differential energy and angle distributions for the various separation 
distances. 

These spectra are normalized to a source strength of 1 photon/sec. The 
differential energy and angle spectrum I represents the energy carried by 
photons of energy E(MeV steradian- 1 

), which in unit time cross a unit area 
whose normal is in the angular direction specified. The ordinate is a product 
of [and the factor 41Tr2 ePo r. where r is the penetration depth in centimeters 
and 110 is the absorption coefficient at the source energy. These units 
not only facilitate comparison among spectra taken at different penetra
cion depths but also allow comparison of spectra taken in different media. 

Marshall and Wells 31 have reported comparisons of their Monte Carlo 
calculated 137 Cs transport data in infinite air with these measured 
infinite-water-media data. They made comparisons of the data differential in 
energy and angle as well as integrated over angle. The double-differential 
data compared favorably in shape. Energy spectra integrated over angle for 
the four distances are shown in Fig. 9.20, for which the measured data have 
been divided by a factor of 1.2. Agreement in shape and relative magnitude 
is good. 

In addition to the measurements, Alberg et al. 2 
9 carried our multigrou p 

transport calculations of differential energy spectra in water for a 1 37 Cs 
source using the latest values of the attenuation coefficients for water. 3 2 

The spherical-harmonics technique 33 (described in Sec. 4.3) was used, in 
which the transport equation is solved directly by expanding the angular nux 
in polynomials. and a matrix equation is used to solve the resulting set of 
multigroup equations. For these calculation expansions in Legendre poly
nomials up to degree seven were used. Comparisons of the calculated and 
measured energy spectra integrated over angle for the four mean-free-path 
values are shown in Fig. 9.21. The overall agreement is good. The point 
scatter in the experimental curves at higher energies is caused by poor 
counting statistics. 

506 REACTOR SHIELDING FOR NUCLEAR ENGINEERS 

lying in the range covered by the standard sources. When suitably normalized 
the set of 124 interpolated pulse-height distributions equally spaced over the 
interval 0.0198 to 0.9382 MeV formed a 124 by 124 response matrix for the 
spectra me ter. 

Pulse-height distributions were measured for separations between the 
source and the detector which correspond to one, two, three, and four mean 
free paths of water. The angle between the source and the detector was 
varied in 15° intervals. The pulse-height distributions were unfolded to yield 
the differential energy and angle distributions for the various separation 
distances. 

These spectra are normalized to a source strength of 1 photon/sec. The 
differential energy and angle spectrum I represents the energy carried by 
photons of energy E(MeV steradian- 1 

), which in unit time cross a unit area 
whose normal is in the angular direction specified. The ordinate is a product 
of [and the factor 41Tr2 ePo r. where r is the penetration depth in centimeters 
and 110 is the absorption coefficient at the source energy. These units 
not only facilitate comparison among spectra taken at different penetra
cion depths but also allow comparison of spectra taken in different media. 

Marshall and Wells 31 have reported comparisons of their Monte Carlo 
calculated 137 Cs transport data in infinite air with these measured 
infinite-water-media data. They made comparisons of the data differential in 
energy and angle as well as integrated over angle. The double-differential 
data compared favorably in shape. Energy spectra integrated over angle for 
the four distances are shown in Fig. 9.20, for which the measured data have 
been divided by a factor of 1.2. Agreement in shape and relative magnitude 
is good. 

In addition to the measurements, Alberg et al. 2 
9 carried our multigrou p 

transport calculations of differential energy spectra in water for a 1 37 Cs 
source using the latest values of the attenuation coefficients for water. 3 2 

The spherical-harmonics technique 33 (described in Sec. 4.3) was used, in 
which the transport equation is solved directly by expanding the angular nux 
in polynomials. and a matrix equation is used to solve the resulting set of 
multigroup equations. For these calculation expansions in Legendre poly
nomials up to degree seven were used. Comparisons of the calculated and 
measured energy spectra integrated over angle for the four mean-free-path 
values are shown in Fig. 9.21. The overall agreement is good. The point 
scatter in the experimental curves at higher energies is caused by poor 
counting statistics. 



EXPERIMENT AL SHIELDING 507 

102 

B 

6 

4 

2 

- 10' 
'0 8 Mean free paths (fLod 1 
:I-

41) 
6 N 4 ... 

I:: 
~ 4 3 
x 
~ 2 ..J 
II. 

> 2 
c.:l 
Ir 
w 
Z 

10° LI.I 

B 

6 

4 

2 

'O-1~ __ -...I~ __ -...I~ __ -...I~ ____ ~ __ -..J ____ -..J ____ ~ 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

ENERGY lEI. MeV 

Fig. 9.20-Point isotropic 137 Cs source total-energy spectra. (From Marshall and 
Wells.3 1 ) 

9.3 PHENOMENOLOGICAL MEASUREMENTS 

Phenomenological problems are usually geometric in nature, i.e., they are 
characterized by a particular geometry. Under this general heading we 
include air trans port, ai.r-over-ground interface effects, albedos, and duct 
penetration. 

9.3.1 Air-Transport and Air-Ground Interface Experiments 

In Sees. 8.2.2 and 8.2.3 we descri.bed a series of air-tran~port 

measurements made on a tower in Nevada with a 14-MeV neutron source. It 
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in water with multigroup transport calculations. The 10 is obtained from an integration of 
the differential energy and angle spectrum lover all angles. [From M. Alberg, H. Beck, 
K. O'Brien, and J. E. McLaughlin, Nuclear Science and Engineering, 30(1): 71 (1967).] 

is interesting to look briefly at other measurements in this series, which 
involved both a reactor and a 60 Co source. There were several purposes for 

this series of measurements. The primary objective was to obtain definitive 

air-trans port data at large distanc es (> 1 km) for the source energies used. 

Source height and detector height were varied to obtain the effect of the 

air-ground interface. Although performed primarily to su?port nuclear-
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weapons-effects studies, measurements such as these are frequently useful in 
safety analysis of reactors. 

Neutron and gamma-ray measurements were made at the Nevada Test 
Site (NTS) during Operation BREN (Bare Reactor Experiment· Nevada), 
which is described by Sanders, Haywood, Lundin, Gilley, Cheka, and 
Ward 34 and by Auxier, Haywood, and Gilley.35 The BREN facility 
consisted of a 465-m-high steel tower (Fig. 9.22). Two radiation sources 
were supported by an aluminum hoist car that could be moved along the 
face of the tower. The two sources were the ORNL Health Physics Research 
Reactor (HPRR)36 (shown on the tower in Fig. 9.22) and a 60Co source 
whose effective activity was approximately 800 Ci. The HPRR is a small fast 
reactor that produces a nearly isotropic angular distribution of fission 
neutrons and is neither moderated nor cooled. 

From the extensive array of measurements made during Operation 
BREN, we show only dose rate vs. distance for neutrons, secondary gamma 
rays, and 60Co gamma rays reported by Haywood, Auxier, and Loy.3 7 

Figure 9.23 shows the neutron dose as a function of slam range for 
source heights of 8.2, 91, 343, and 457 m and a detector height of a m. 
Since radiation entering the ground beneath the source is partially absorbed, 
the dose at a fixed distance away should increase as the source is raised 
because of less ground absorption. Figure 9.23 shows that the neutron dose 
does indeed increase with source height. 

Figure 9.24 shows the measured gamma-ray dose as a function of slant 
range for reactor heights of 8.2, 91, and 343 m and a detector height of 0 m. 
The gamma-ray dose is seen to increase also as the source height increases, 
but the mechanism responsible for this is not necessarily the same as that for 
the neutron-dose increase. Some of the gamma-ray dose is caused by 
secondary gamma rays resulting from neutron interactions, a portion of 
which come from the ground. 

Figure 9.25 shows the gamma-ray dose from the 60 Co source as a 
function of slant range for source heights of 8.2, 91, and 343 m and a 
detector height of 0 m. The behavior is identical to that for neutrons in that 
the 60 Co dose increases with source height. 

A differential measure of the air-ground interface effects on the neutron 
dose reported by French and Mooney38 was based on data obtained during 
the 14-MeV measurements. described in Sees. 8.2.2 and 8.2.3 to test the 
concepts of the first-last collision model. The model was tested (in relation 
to last scatters only) by placing a slab of polyethylene on a hoisting 
mechanism to separate the neutron dose arriving at a detector into fractions 
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Fig. 9.23-Neutron dose times slant range squared (D X R'2) as a function of slant range 

(R) for a detector height (HD) of 0 m and various reactor heights (H R). (From Haywood 
et al. 3 7 ) 

from the upper and lower hemispheres. The slab assembly was designed to 
move from the ground surface to a height of 70 ft above the ground. 
Hurst-type fast-neutron dosimeters were mounted on the top and bottom of 
the slab and on a boom for measurements of the free-field dose. 

The experimental setup was located at a horizontal distance of 1000 ft 
from the base of the tower supporting the 14-MeV accelerator. The source 
was fixed at a height of 112 ft above the ground for the entire test. 
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Figure 9.26 shows the experimental setup looking toward the BREN 
tower. The lower detector is attached to the bottom center of the slab, the 
free-field detector is on the boom extending from the slab toward the tower, 
and the top detector (not visible) is mounted atop the slab. Fast-neutron
dose measurements were made on the three detectors for slab heights from 
0.23 to 21 m. The uncollided dose, seen only by the top and free-field 
detectors, was calculated and subtracted from the measured doses. The 
uncollided dose is noe affected by the interface and is therefore ignored in 
the first-last collision model. In addition to functioning as a 27T shield, the 
slab ba.ckscatters neutrons into the detector and reduces the neutron flux at 
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Fig. 9.25-Gamma-ray dose times slant range squared CD X R2) as a function of slant 
range (R) for a detector height (HD) of 0 m and various 60Co source heights (HS)' (From 
Haywood et al. 3 7) 

the ground in an area dependent on the slab height. These effects were 

calculated and subtracted from the measured dose. Results were shown in 
Sec. 8.2.3. 

To make quantitative comparisons of the calculated and measured 
interface effects, the calculated total last-collision dose was normalized to 
the measured free-field detector dose at a height of 21 m. This height was 
selected for the normalization because the interface effect should be least at 
this height. Comparison of the normalized results shows the extent to which 
the theoretical model estimates the fraction of the 21-m free-field dose 
observed at lower heights. 

Examination of the scattered doses shown in Fig. 8.10 shows that the 
dose at the top detector is relatively independent of height and that the dose 
at the bottom detector increases by a factor of more than 2 as the height is 
increased from 0.23 to 21 m. 
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Fig. 9.26-Arrangement for 2rr shield looking toward the neutron source. (From French 
and Mooney.38) 

9.3.2 Duct Penetration 

The streaming of neutrons and gamma rays through entranceways, ducts, 
vents, cable-route openings. portholes, and other openings has always been a 
major problem in shield design. Many of the efforts at devising methods for 
calculating streaming are reviewed in Chap. 7. Clifford et al. 1 3 report the 

comparison of measurements and calculations of neutron streaming through 
multilegged concrete ducts from an experiment performed at the Tower 

Shielding Facility at O~'\JL. Their results have already been described in 

Chap. 7, but it is interesting to see the experimental arrangement for a 
one-bend duct (Fig. 9.27). A 7.6-cm collimated beam of neutrons was 

incident to the opening of the O.91-m-square duct at an angle of 45°. The 
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Fig. 9.27-Photograph of experiment for duct with one bend. (From Clifford et aL 13) 

source of neutrons was the Tower Shielding Reactor II. The fast-neutron 
spectrum of the beam was measured by Bokhari, Verbinski, and Todd39 

using the shielded diode spectrometer described previously. The slow-neutron 
spectra were obtained from measurements with a boron-shielded BF 3 de
tector40 having lOB filters with 23 different thicknesses. 

Three duct configurations were involved in the test: a straight duct, a 
duct with one bend, and a duct with two bends. Principal results have been 
shown in Figs. 7.52 through 7.54. The measured absolute energy spectrum 
of the beam was used for the source spectrum in the calculations. In general, 
the agreement with calculations averages better than 20% through five orders 
of fast-neutron dose attenuation. Calculations were made of the thermal flux 
resulting from all source neutrons with energies above cadmium cutoff to 
test the accuracy of the slowing-down model used in the code. In general, 
the agreeme nt is also within 20% in the second and third legs and within 5% 
for most of the straight ducts: For the three-legged duct, it was necessary to 
follow approximately 18 wall backscatterings to obtain 90% of the flux 
contribution in the middle of the second leg and 25 wall backscatterings in 
the middle of the third leg. 
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Shield Design 

H. C. CLAIBORNE and N. M. SCHAEFFER 10 
To integrate the numerous design considerations in an attempt to gain a 
perspective of the whole process of shield engineering, we will proceed in 
two different ways. First, from an entirely philosophical standpoint, we will 
describe a set of iterations in a shield design based on the experience of 
Hungerford 1 in the course of developing the shield system for the Enrico 
Fermi Nuclear Plant. His recollection of the tasks is both interesting and 
instructive since it is based on actual design experience and has subsequently 
been refined by his lectures in radiation shielding at Purdue University. 
Dr. Hungerford has also formulated six principles of reactor-shield design; 
these are given below. A second way to obtain a perspective of the design 
process is to examine the shields of several operating reactors and to review 
the approaches used by their designers. We will discuss several widely 
differing types; particular attention will be given to special problems 
encountered in each case. We have limited the selection of shield design for 
this discussion to cases now in the literature, particularly those which 
include publication of measurements on shield performance as well as design 
description. Proof of shield performance is the final step in the design 
process; a design is incomplete without it. This limitation means generally 
chat systems available to us for this discussion were completed in the 
mid-sixties. This, in turn, implies shield analyses thac date from the lace 
fifties and early sixties. Consequently the analysis methods used in the work 
we will study are not as advanced as the latest ones described in Chaps. 4 and 
6. There is an 8- to 10-year period in the cycle from first concept to start-up 
tests, and shield technology has changed markedly in the interval. 

To recurn to our first viewpoint, the philosophical viewpoint, consider 
the following shield design principles that are based on experience developed 
over the years. They are guides to be followed in the conception and 

development of a reactor plant and shield system. 
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Hungerford's six principles of shield design as stated in Ref. 1 are: 
1. Reactor-Shield Unity: A shield is an integral part of a reactor system and 

must be designed at the same time as, and as an entity with, the overall reactor 
system. 

2. Shield Integrity: Adjacent parts of a shield, having the same design criteria, 
must be designed with equal performance characreristics. 

a. Two adjoining parts of a shield which are made of different materials 
must have the same radiation attenuation characteristics. 

b. Shields around voids, gaps, and irregularities must be designed to give the 
same overall attenuation of the radiation as the bulk shield. 

3. Shield Safety: Because the reactor shield is a safety device and must be 
considered as a part of the safety system of the reactor, there can be no 
compromise with expediency in its design. 

a. Sloppy design and construction techniques in sensitive areas which may 
affect the safety of the reactor cannot be tolerated. 

b. Use of cheap materials and other cost·cutting practices may be more 
costly in the long run, and moreover may jeopardize the safety of the 
reactor. 

4. Shield Accommodation: A shield should be adapted to provide for the 
mechanical requirements of the reactor, its supporting structure, and its 
component systems, without sacrificing the principles of reactor-shield unity, 
shield in tegrity, or shield safety. 

5. Shield Economy: The best possible shield should be designed at the lowest 
possible cost, consistent with the overall reactor design, without sacrificing safety, 
integrity, or performance. 

a_ An economical shield is a must in the design of large nuclear power 
plants for the production of electric energy. 

b. This principle is subservient to the flIst four principles. 
c. An application of this principle is the concept of shield optimization. 

whereby a shield may be optimized according to some parameter such as 
weight, size, cost, or some nuclear property, etc. 

6. Shield Simplicity: A shield should be designed to be as simple in 
configuration as possible. with the minimum number of voids. ducts. and cutOUts 
for the reactor components and auxiliary systems, consistent with the principle of 
shield accommodation. 

a. An application of this principle would be to allow all pipes and cables 
serving the reactor to pass through the shield in one penetration of the 
shield (or as few as possible). 

b. Simpler shields will have more satisfactory performance, less mainte
nance, and will cost less. 

10.1 ITERATIONS IN THE SHIELD DESIGN 

The job of creating a reactor-shield design proceeds in three distinct 
phases: (1) the development of a preliminary conceptual design; (2) the 
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correlation of the preliminary conceptual design with the mechanical design 
to obtain a final conceptual design; and (3) the translation of the final 
conceptual design into a detailed engineering design. Each of these steps has 
a distinct subset of -problems. The development of the conceptual design 
includes the consideration of the selection and availability of materials and 
problems with the use of these materials in the shield. Let us follow in detail 
the development of the design and later of the shield construction to see 
what types of problems rna y arise in each of these phases. 

10.1.1 Preliminary Conceptual Design 

The preliminary conceptual shield design begins with a rough sketch of 
the plant layout showing where the reactor and every auxiliary system and 
component is to be placed. It is important here for the shield designer to 
have a voice in the plant layout since this will affect the whole design and 
future operation of the plane. From this sketch the designation of all areas to 
be shielded and their interrelation is made. Once this is done the shield 
design criteria for each area with respect to personnel protection must be 
worked out. Next, rough sketches of each shield or shield area must be made 
so that the mechanical requirements as well as the shield requirements can be 
considered and developed. Close coordination with the mechanical design 
people is a necessity. 

In most reactor design and construction projects, a time schedule for 
developing each design will have be~n set up, hopefully enough ahead of the 
construction schedule to give adequate time for the development of the 
design. Probably the shield designs for several areas will have to be developed 
simultaneousl y. 

(a) Preliminary Selection of Shield Materials. Once the type of shielding 
and overall requirements of the shield for each area have been worked out, a 
preliminary selection of shield materials is made. The properties of the 
selected shield materials are investigated thoroughly with re~pect to the 
anticipated environment to ensure that the materials will be able to stand up 
to the environment and perform reliably over the lifetime of the plant. The 
shields, like much of the permanent structure of the plane, are not amenable 
to replacement during plant operation. 

(b) Shield Calculations. Only after the shield materials have been 
selected, or the choice is at least narrowed to two or three, should the shield 
calculations begin in earnest. The model for the shield calculations can be set 
up. The preliminary design sketches may contain several different configura-
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tions based partly on the types of materials chosen and partly on economics 
and other considerations. Rough calculations should be made for each shield 
region to help narrow down the choice of materials by evaluating shield 
performance of each of the selected materials. Considerations should include 
preliminary calculations of radiation attenuation, nuclear heating, radiation 
effects, temperature rises, and internal stress generation. The next set of 
calculations should include a parametric study to determine the best 
arrangement of the shield materials with respect to the overall mechanical 
design and arrangement of the structure. 

(c) Final Materials Selection. Firm and final selection of each shield 
material should await the results of definite tests on samples of the material 
exposed to a heat and radiation environment equivalent to plant operating 
conditions and total exposure equivalent to the plant lifetime if this 
information is not already known. One of the biggest mistakes that can be 
made in shield design is to choose an untested material that is acceptable on 
paper but whose integrity and reliability are questionable. 

Once the shield material for a given area has been tentatively selected, 
the simple conceptual design of the bulk shield can be developed from the 
results of the calculations already at hand. The problems associated with this 
stage of the design are the difficulties in selecting the shield material, 10 

developing the calculational model, or in executing the calculations. 

10.1.2 Detailed Conceptual Design 

The next step is to divide the shield areas into a number of regions to 
check deviations from the model of the initial calculations. An example 
would be that the mechanical design calls for a thinner or thicker shield in 
some particular area, with perhaps a change or addition of materials. Shield 
thicknesses for each of these regions should be calculated separately. The 
results of all these calculations are then brought together and assembled into 
a preliminary conceptual design. 

At this point the design problems begin in earnest since the preliminary 
conceptual design must be compared with the mechanical design and the two 
fitted together. The preliminary design, as we have stated, includes only the 
most important shield regions and perhaps only those at the most important 
elevations or cuts through the shield. The detailed conceptual design must 
show clearly at every elevation and cut through the shield the exact material 
to be used and the broad features and configuration of the mat"rial in every 
area of the shield. The main penetrations through the shield and the 
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shielding around them must be shown. Special calculations must be 
considered for the areas of penetration and areas of shielding around 

. mechanical objects attached. to the reactor vessel. Such items as support 
structure, coolant lines, detectors, experimental tubes, pipe hangers, cable 
trays, sheaths containing thermocouples, or other types of sensors are all 
examples of objects that the shield must be designed around. 

(a) Special Calculations-Radiation Streaming. To calculate radiation 
streaming, one must divide the shield into a large number of special areas. In 
each area judgment must be passed as to the allowable leakage radiation. 
Calculations must be performed to determine the proper amount of shield 
material. Many of the calculations will involve streaming in voids, gaps, 
circular and rectangular ducts, and annuli. These areas in a shield present the 
greatest challenges because one must not only create calculational models to 
simplify a complex mechanical design but must also exercise good judgment 
in estimating the streaming and in interpreting the results. -

(b) Nuclear Heating. Another problem of great concern during this 
design stage is nuclear heating. Earlier analysis of materials should indicate 
those regions where there might be excessive heating in the bulk shield. If 
detailed calculations in any given area show that there is indeed a heating 
problem, then proper steps must be taken to change the material, add 
energy-absorbing (thermal) shields, or call for a shield coolant system 
(whichever is most appropriate). The concern here is therefore not with the 
shield material but with heating or radiation effects on structural material, 
equipment, or system components located in each region. If the heating 
induces excessive temperature rises or if the neutron fluence is above the 
radiation-damage limit, additional coolant or shield material may be needed. 
If the problem in a given region is too severe or if there is no room to add 
any more material, more drastic action must be taken, e.g., change the 
mechanical design or reevaluate the shielding material initially selected. This 
may mean upgrading the shielding properties of the material in this region, if 
possible, by adding more absorber into the shield material (such as increasing 
the boron content of borated graphite) or by replacing it with a more 
efficient material. Any of these actions, of course, may have economic 
reverberations. 

(c) Economic Considerations. Once the various shield regions have been 
analyzed, the materials chosen, and the thicknesses and configuration for the 
regions decided on, an economic analysis should be performed. Grades or 
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quality of the material must be specified. If the calculated costs exceed the 
budget allowance, the shield should be reviewed again to determine if there 
are areas that could be simplified or if the material could be changed. 

Since all budgets are tight (by definition), there will be a great 
temptation during this stage of the design to try to dictate upper limits of 
allowed costs and, by inference, the quality or grade of material to be used. 
Certainly, the use of an expensive material cannot be justified if there is a 
less expensive one that will do the same job and positively stand up to the 
anticipated environment during the plant lifetime. On the other hand, if 
there are circumstances that call for a certain material because it is the only 
safe and reliable material for the job, then no substitutions can be 
considered. Decisions on questions of safety vs. economy must obviously 
favor safety. 

(d) Completed Conceptual Design. When all aspects of the shield design 
have been evaluated, the materials selected, and the necessary modifications 
made in the preliminary design, the detailed conceptual design is complete. 
Documentation should be in the form of a report with drawings at every 
important elevation and penetration through the shield showing for each 
shielded area the basic configuration and materials. 

10.1.3 Final Engineering Design 

The conceptual design must be translated into engineering drawings. 
Detailed drawings of the reactor and auxiliary systems and components must 
be analyzed and redrawn to show the proper shield modifications. It is here 
that all the fine detail of the shield structure comes to light. 

For instance, the reactor is built at room temperature, but it may be 
operated at 540°C. The reactor, its support structure, the coolant piping, 
any auxiliary gas coolant lines or cover-gas lines, all mechanical appendages, 
sensing devices, etc., will have to operate at temperatures at or near the 
operational temperature of the reactor. 

The mechanical system will have been designed to flex, shift, and move 
with temperature to relieve the stresses on the system. The coolant pumps 
and the motion of the coolant flowing within the system will create 
vibrations. and other movements of the system components. The shield 
cannot be erected around [he reactor and its systems without regard for 
these expansions and movements. The engineering design therefore must 
include allowances for expansion and motion. 
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The drawings must show or indicate clearly how close to the vessel and 
its systems the shield can be erected, and all clearances must be detailed. It 
may even be necessary at this late date to rerun shield calculations, taking 
into account the clearances, and perhaps to specify changes in the shielding 
material. 

One of the problems arising at this stage of the design is the possible 
conflict that may arise between the shielding requirements and the 
mechanical require me nts. A cooperative effort between the shield designer 
and the mechanical engineer is necessary for a satisfactory compromise 
solution to such problems. If this type of cooperation is not achieved before 
the construction phase, costly rework may result. 

The engineering design, besides reflecting the requirements of the 
conceptual design, must also take into consideration the requirements for 
field erection. Therefore on each drawing all necessary instructions and notes 
must be carefully made in language intelligible to construction crews. The 
completed engineering design will be a series of elaborate drawings showing 
all the requisite detail for proper erection. 

(a) Field Drawings. The architect-engineer delivers a set of engineering 
drawings to the plant constructors, who copy each drawing and prepare field 
drawings by adding pertine~t information for field workers, e.g., welding 
instructions, construction tolerances, and erection sequence. It would seem 
that the shield design job should be complete by the time the design reaches 
this stage, but this is not the case, especially in the matters of construction 
tolerances and erection sequences. For example, if a shield is to be erected 
out of a series of graphite blocks that are graded in boron content, the 
manufacturer must color-code his blocks or identify the percent boration by 
some ocher easily recognized means, and the color code -or identification 
instruction must appear on the field drawings. 

(b) Construction Follow-Up. Each of the color-coded graphite blocks 
will have the specified dimensions and a dimensional tolerance in accordance 
with the material specifications given co the manufacturer. The erection 
crews will be expected to lay these blocks to form the shield with a specified 
construction tolerance. In most jobs the erection tolerances are generous to 
keep down the cost of construction. The designer's task here is to ascertain 
that the construction clearances and the manufacturer's dimensional 
tolerances when taken together do not lead to unexpected streaming paths 
through the shield. Even here he should be prepared to rerun some shielding 
calculations covering the affected region as a check to determine the effect 
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of excessive clearances if these have not already been included in his previous 
calculations. As a result of these checks, the designer should be prepared to 
take one of the following actions: (1) modify the configuration of the 
blocks, (2) issue orders that gaps greater than a given length and width be 
filled, or (3) issue orders that overall e:ection tolerances be cut to more 
severe limits. He should consult and obtain the cooperation of the field 
engineer to ensure that the erection crew will follow the spirit as well as the 
specification of the changes. 

(c) Construction with Concrete. In the pouring and curing of concrete, 
simple field procedures can be set up to ensure cleanliness of the aggregate, 
proper concrete mixing ratios, and uniformity of density. The poured 
material must be worked by hand or with mechanical vibrators to ensure 
closing of voids, proper joining at the boundaries between one pour and 
another, and setting and curing of the completed pour. For poured shields, 
the allowed clearances must include the forming tolerances. Normally these 
cannot be considered to be less than ±1 in. Therefore concrete to be poured 
around ducts and penetrations should have permanent imbedded steel 
sleeves, and the tolerances or clearance limitations will therefore be on the 
sleeve itself rather than on the concrete; the concrete must be vibrated to 
ensure close joining between the sleeve and the concrete shield. 

(d) Testing Vendor-Supplied Materials. Quality control of all materials 
is essential during erection to ensure that materials received from the vendor 
are within the limits specified. If borated material is being used, for instance, 
the material must have at least the minimum boron content specified since 
that figure determines the proper shield thicknesses. With graphite, tests of 
conductivity and other properties must be run to ensure that the product is 
really graphite and not (for example) graphite particles bonded together with 
a cement. An impurity analysis should be run on samples of each material to 
ensure that the impurity level is within specifications, especially wherever 
impurities can be a detriment to shield performance. Impurities in graphite, 
for instance, accelerate its oxidation by hundreds of times at temperatures 
exceeding 8000 F (the oxidation threshold). 

(e) Field Testing and Inspection. A shield cannot be erected success
fully without proper liaison with the erection crew. The shield is a 
three-dimensional structure to be erected from two-dimensional drawings. In 
some instances the blueprints are very difficult to interpret to obtain a 
three·dimensional concept. Thus someone knowledgeable with the shield 
design must be available to interpret the drawings. Inspectors are necessary 
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at all phases in the erection of a shield to ensure that tolerances are held and 
directions are followed. 

Radiation surveys of the completed shield system serve as the proof-test. 
For power reactors surveys are usually conducted first at low power, then at 
one or more intermediate levels, and finally at full power. Detailed surveys 
are made in each instance to ensure that design criteria are met. Results of 
several of these surveys are discussed later in this chapter. 

10.2 FAST BREEDER: ENRICO FERMI 

The Enrico Fermi reactor is a prototype of the sodium-cooled fast 
breeder concept. Shielding of a fast reactor system poses some special 
problems that thermal systems do not have_= 

1. Leakage of fast neutrons into the shield is high because fast-neutron 
cores operate at high power density with relatively thin breeder blankets. 

2. The neutron leakage spectrum is harder, it peaks between 50 and 500 
keY. 

3. The absence of a thermal-neutron peak makes the secondary gamma
ray problem more complex because of the increased importance of 
resonance-neutron absorption. 

4. The system components are more subject to radiation damage. 
5. Moderating materials are n~t usually allowed within the reactor vessel 

because of safety considerations. 
6. Liquid-metal coolants reach a high specific activity, which poses the 

double problem of shielding the coolant system and contending with the 
high temperatures. 

An unusually detailed shield test program was carried out on the Enrico 
Fermi reactor because of its prototype nature. Aside from obtaining 
operating data to ensure that the shield system would permit safe operation 
up to the maximum design power level of 500 Mw(t), the test program was 
also aimed at getting sufficiently accurate data to make meaningful 
comparisons between calculations and measurements. Because of the 
detailed test program and the unusually complete documentation, we will 
describe the design features of this system in detail and limit discussion of 
other reactor systems to their unusual features. The following discussion of 
the Enrico Fermi shield system is t;> '<en from the shield design report by 
Beaudry, Hungerford, Montey, and Chaltron1 and the report on the shield 
test program by Beaudry.3· 
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Fermi reactor because of its prototype nature. Aside from obtaining 
operating data to ensure that the shield system would permit safe operation 
up to the maximum design power level of 500 Mw(t), the test program was 
also aimed at getting sufficiently accurate data to make meaningful 
comparisons between calculations and measurements. Because of the 
detailed test program and the unusually complete documentation, we will 
describe the design features of this system in detail and limit discussion of 
other reactor systems to their unusual features. The following discussion of 
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The plant shielding can be classified in two main categories: the shield 
system for the reactor and primary coolant systems in the reactor building 
and the shield system for the service and fuel-handling systems in the various 
auxiliary buildings. The shield for the reactor is discussed in detail in 
Sec. 10.2.3. A general description of the plant is given in the next section. 
General information on the shield design of fast reactor systems is given by 
Hungerford,4 including brief descriptions of the shield systems of other fast 
reactors: Experimental Breeder Reactor No.1 (EBR-1),5 Experimental 
Breeder Reactor No.2 (EBR-2),6 Rapsodie,7 Dounreay,8 and the BR-5.9 

10.2.1 The Reactor Plant 

The Enrico Fermi Atomic Power Plant reactor 1 0 is a sodium-cooled fast 
breeder designed for a maximum power of 430 Mw(t). A plot plan showing 
the various supporting facilities is shown in Fig. 10.1, and an elevation of the 
reactor containment vessel is given in Fig. 10.2. 

The reactor vessel and its associated structures are shown in perspective 
in Fig. 10.3. The stainless-steel reactor vessel is composed of four parts: 
lower reactor vessel, transfer-rotor container, upper reactor vessel. and 
rotating shield plug. The entire vessel is located in the lower co~partment of 
the reactor building, below grade. in a nitrogen atmosphere within the 
primary shield tank. 

The reactor vessel contains the reactor core, which is composed of fuel 
and the inner-radial-blanket and outer-radial-blanket subassemblies. 
Liquid-sodium coolane flows into the reactor vessel through three equispaced 
35-cm-diameter nozzles. The sodium flows upward through the 
outer-radial-blanket subassemblies and through the core and 
inner-radial-blanket subassemblies. Heat is extracted from each subassembly 
as the coolant flows upward into the upper sodium plenum. Sodium leaves 
the upper reactor vessel through three equispaced 76-cm-diameter nozzles. 
The hold-down mechanism, which is mounted on the rotating shield plug, 
is used to prevent the core and inner·radial-blanket subassemblies from 
being lifted by the rapid flow of sodium through the core. 

The reactor vessel is contained within a carbon-steel liner that is leaktight 
up to the coolant outlet lines and designed to carry any sodium leakage to 
detectors located at the bottom. All this is contained within the primary 
shield tank, the space between the vessel wall and shield-tank wall being 
filled by the primary shield. The construction of tL,e primary shield tank is 
such that an adequate height of sodium over the core will be maintained 
should the reactor vessel leak. 
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Fig. lO.2-Elevation of reactor containment vessel. (From Beaudry er al. 2 ) 

The machinery dome, which is attached to the top flange of the primary 
shield tank, consists of two parts: (1) the lower machinery dome, which 
forms a sealed enclosure over the top of the primary shield tank, and (2) the 
upper machinery dome, which contains the aluminum energy absorber, the 
control mechanisms, and other plug-mounted equipment. 

The reactor is an assembly of 870 removable and, to an extent, 
interchangeable units, all assembled on a square lattice unit spacing of 6.83 
em and contained in the lower reactor vessel. 

The fuel subassemblies, which also contain the upper and lower axial 
blankets, occupy a region (roughly cylindrical) in the center of the lattice. 
The entire core region is about 79 em in diameter and 79 em in height, and 
each axial blanket section is 43 em in he:ght. Together the core and the 
radial and axial blanket regions approximate a cylinder 203 em in diameter 
and 178 em in height. 
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The reactor is controlled by two operating rods and eight safety rods. 
Fission counters and ionization chambers for monitoring the neutron flux 
are located in the six neutron-counter tubes embedded in the graphite shield 
that surrounds the reactor vessel. An Sb-Be neutron source is-located at the 

core-blanket interface to maintain a sufficient flux for control purposes 
during reactor start-up and in the shutdown condition. 
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The heat-removal system comprises three primary coolant loops and 
three secondary coolant loops. Heat removed from the reactor core and 
blanket by the primary sodium coolant is transferred to the secondary 
sodium coolant in three parallel intermediate heat exchangers located in the 
reactor building. The secondary sodium system transfers the heat to the 
steam and feedwater system in three once-through-type steam generators. 

A primary sodium service system, located in the shielded sodium service 
building, stores and purifies the highly radioactive primary coolant. The 
major components of this system are three storage tanks. a cold trap, a 
plugging indicator, and a primary-system overflow tank. 

A separate secondary sodium system (for which shielding is unnecessary) 
is located in the steam-generator building. Both systems are blanketed wi.th 
argon gas. 

10.2.2 Shield Design Criteria 

The design criteria for the shield system include limitations on the 
biological dose. radiation damage to materials, and radiation heating. 
Maintenance philosophy and safety were also considered in establishing these 
criteria. 

(a) Biological Dose. A maximum dose rate from both neutrons and 
gamma rays was set at 0.75 mrem/hr for all unlimited access areas. Based on 
a 40-hr work week, this is 30% of the average weekly exposure permitted by 
federal regulations 11 governing workers in nuclear facilities. 

Many areas of the reactor plant do not need to be occupied on an 
unlimited basis; consequently the shields for certain areas of the plant were 
designed for only limited access, i.e., access controlled and limited to 
specified time periods. The design criterion for these areas was based on 
estimates of the required working times. 

(b) Radiation Damage. Radiation-damage criteria were set for the 
stainless-steel reactor vessel, the graphite primary shiel,ds, and the various 
organic materials, such as gaskets and diaphragms. For concrete. it developed 
that radiation heating effects were more severe than damage effects, and 
consequently heating dictated the exposure limitation. 

On the basis of an expected 20-year plant life, a maximum fast-neutron 
fluence of 1022 neutrons/cm2 (estimates indicated this value to be 
conservative) was used as the fast-n~utron exposure limit of the stainless
steel reactor vessel. This limitation was a principal factor in determining the 
thickness of the thermal shielding within the reactor vessel. 
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Energy storage through lattice distortion in graphite (Wigner effec t) 12 

becomes a problem at room temperature for fluences of the order of 
2 X 1021 neutronslcm2 . Studies of the Wigner effect in the graphite primary 
shield indicated that setting a minimum operating temperature of 127°C in 
the graphite would anneal out the energy storage for the expected fluences 
of 101 8 to 4 X 1021 neutrons/cm2 • 

Most of the organic materials subject to radiation damage are in the 
auxiliary equipment, where the radiation sources are gamma rays from the 
spent-fuel assemblies and the primary sodium coolant. A dose limit of 108 

rads over the plant life was set for organics except for a few cases that 
required more stringent limits, such as Teflon at high temperatures. 

(c) Radiation Heating Limitations. Concrete shields were limited to an 
incident-radiation energy flux 1 3 of 4 X 10 10 Me V cm -2 sec -I. This limit 
ensured that the temperature rise due to nuclear heating within the shield 
would not exceed S.S°c. Local rises greater than this value can create large 
gradients that may cause thermal stresses that result in cracking, spalling, and 
void formation. 

Temperatures in excess of 93°C cause concrete to rapidly lose its bound 
water and hence decrease its neutron-attenuation properties. Therefore as a 
design criterion the maximum ambient temperature arou-nd the primary 
neutron shields of ordinary concrete was limited to 82°C with an internal 
maximum of 8a°e. 

The maximum allowable temperature gradient in all shields was limited 
to 73°C/m to prevent excessive thermal stresses. Concrete used only for 
gamma-ray shielding was allowed a temperature limit of 182°e. The 
temperature limit for serpentine concrete shielding was set at 44S°e. 

(d) Remote-Maintenance Consideration. Maintenance considerations 
were important in setting requirements for the shield system. These 
considerations had a strong influence on certain of the design details of the 
shields. Some areas in which inspection is necessary require shielded manhole 
access or other means of entrance through or around shields. Shields must 
allow the removal and handling of activated equipment by remote means. So 
that induced activity in these limited-access areas could be kept at a 
minimum, the neutron-flux-density limit was set at 104 neutrons cm-2 sec-I, 
low enough to prevent significant activation of the equipment. 

The Fermi plant philosophy on remote transfer and maintenance of very 
large radioactive equipment was that the reactor would be shut down. The 
plant would be evacuated or all personnel sent to designated safe areas 
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except those necessary for the plant safety and those involved in the remote 
operations. This philosophy avoided the requirement for shielding all work 
areas, offices, etc. Remote maintenance of large equipment is an operation 
apart from the routine affairs of the plant and is necessary only a few times 
during the plant hfetirne; therefore the expense of shielding every area was 
unwarranted. 

(e) Safety Design Standards. Precaution was taken in the design of the 
Fermi shields to ensure that the plant would be safe and also free from 
defects leading to unsafe conditions. Each shield design was analyzed from a 
safety point of view, including the designs for all penetrations for piping, 
cables, and ducts, to ensure that in the event of any predictable accident 
condition the plant would be safe. 

The graphite for the primary shield was specified as nuclear-grade 
graphite with acceptable physical properties between predetermined ranges. 
Dimensional tolerances of the graphite blocks were limited to about 2% to 

keep the total void volume in the primary shield at a predetermined value. 
Gaps between blocks of adjacent layers or rows were offset to minimize 
radiation streaming. All graphite within the rotating plug was canned in 
rectangular steel containers; weep holes were provided in the tops of the 
containers to allow gases to escape, and room was allowed within the cans 
for expansion under radiation. 

Concrete for shields had to meet density and strength standards, and no 
defects between various pours of the concrete were allowed. Curing periods 
up to 28 days were imposed on neutron-shield concrete to ensure proper 
hydration. All concrete and other shield structures underwent rigid 
inspection during erection. All concrete shields and other concrete in the 
compartments below the operating floor (which house the primary coolant 
system) were lined with a layer of steel to prevent spallation of the concrete 
and load shifting should a sodium leak occur in the primary sodium system. 

10.2.3 Reactor-Shield Systems 

The reactor shielding can be divided into three mam sections: (1) the 
primary shield, located within the primary shield tank; (2) a secondary 
concrete shield wall that surrounds the primary shield tank; and (3) a 
biological shield that forms the operating floor and also surrounds the 
containment building. Elevation and pian views of these shields are shown in 
Figs. lOA and 10.5. 
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Fig. lO.4-Primary shield system. (From Beaudry et al. 2
) 

(a) Primary Neutron Shield. The primary shield system has three main 
parts: (1) a stainless-steel thermal shield within the reactor vessel, (2) a 
graphite and borated-graphite neutron shield outside the reactor vessel, and 
(3) a steel and graphite rotating-plug shield that fits into the top of the 
reactor vessel and acts as a biological shield. The upper part of the primary 
tank extends around the rotating plug and is also a biological shield 
containing steel as well as graphite. 
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(a) Primary Neutron Shield. The primary shield system has three main 
parts: (1) a stainless-steel thermal shield within the reactor vessel, (2) a 
graphite and borated-graphite neutron shield outside the reactor vessel, and 
(3) a steel and graphite rotating-plug shield that fits into the top of the 
reactor vessel and acts as a biological shield. The upper part of the primary 
tank extends around the rotating plug and is also a biological shield 
containing steel as well as graphite. 
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The thermal shield is located between the breeder blanket and the vessel 
wall (Fig. 10.4) and consists of 304 stainless-steel bars and plates. Sodium 
coolant flows in the spaces between adjacent layers to remove the heat 
generated within the steel. The thermal shield is 30 em thick in the lower 
region and 15 ern thick in the upper region. The functions of the thermal 
shield are: (1) attenuate gamma rays and reduce the heat load to the reactor 
vessel, (2) prevent radiation damage to the reactor vessel by lowering the 
energy of the high-energy neutrons by inelastic scattering, (3) act as a 
reflector and reduce the core leakage, and (4) protect the reactor vessel from 
thermal shocks caused by temperature transients in the coolant. 

The graphite shield is composed of layers of graphite and borated 
graphite (5%). The main portion is located outside the pressure vessel but 
inside the primary shield tank (Fig. 10.4). In conjunction with the thermal 
shield, the graphite shield is designed principally to reduce the neutron 
leakage to levels low enough so that material outside this shield will not be 
damaged or highly activated. The problems and costs of erecting the graphite 
shield led to the use of two block sizes, 33 by 33 by 10 em and 30.5 by 15.2 
by 7.6 ern (with a 2% dimensional tolerance). All blocks were canned and 
stacked in staggered arrays. They were fitted together as tightly as possible, 
and in areas where it was necessary to maintain a rigid structure, the blocks 
were fastened together. 

Owing to the eccentricity of the reactor vessel with respect to the 
primary shield tank, the thicknesses of the graphite and borated graphite 
vary greatly, being about 86 em wide at the narrowest part and about 
152 em wide at the maximum. At an elevation corresponding to the central 
plane of the core, the minimum distance between the core center and the 
outer edge of the primary shield is 2.3 m and the maximum distance is about 
3.8 m. The basic conceptual design specified a 15-cm-thick layer of 5% 
borated graphite next to the reactor vessel followed by a 7.6-cm-thick layer 
of insulation. Adjacent to the insulation is a region of plain graphite of 
varying thickness. A final 15.2-cm layer of 5% borated graphite is located 
next to the inner surface of the primary shield tank. This design was 
arranged to provide a predetermined amount of neutron attenuation, which 
was established by the magnitude of the neutron flux leaving the reactor 
vessel and by the required neutron-flux levels on the outside of the primary 
shield. 

The original concept as described had to be modified in many details as 
design progressed to accommodate the necessary structural members, 
instrumentation, piping, and auxiliary systems. A cross-sectional view of the 
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actual shield at the approximate elevation of the reactor center is shown in 
Fig. 10.6. The designs of the reactor vessel. the associated sodium piping, and 
the primary-shield-tank arrangement were frozen at an early stage; these 
represented the best mechanical arrangement. Many large components were 
already fixed in position. In addition, many items were installed during the 
detailed shield design and construction, such as gas lines, instrumentation 
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Fig.lO.6-Plan VIew of graphite-shield layout at 172-m elevation. (From Beaudry 
et al. 2 ) 

tubes, heaters and cables, strain gages, thermocouples, pipe hangers and 
supports, and cable trays_ Where possible, with these late design additions, 
advantage was taken to arrange components conveniently for shielding 
reasons. Such changes included the bending and routing of cables and gas 
Jines, alterations in structural details, reduction in size, changes in gap 
SlZe, etc. 

The presence of objects inside the primary shield tank caused local 
shielding problems by decreasing the amount of available shield material and 
creating streaming paths owi~g to the gaps that were allowed around these 
objects to accommodate thermal expansion and erection tolerances. It is 
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estimated that at least 500 separate regions occurred for which shielding had 
to be specially designed. 

Shielding of the ptimary sodium lines within the tank was very difficult 
since their large volume, combined with the additional insulation and 
expansion gaps, resulted in very large holes in the shield. A patch of extra 
borated graphite was installed outside the primary shield tank (but inside the 
secondary shield wall) to compensate for loss of shielding from voids. 
Borated-calcium "donut" shields were hung directly on the upper end of the 
sodium pipe and large blocks of steel were installed opposite the lower elbow 
to reduce neutron streaming along the pipes within the shield. Each of the 
six. neutron instrument tubes created a 25-cm-diameter hole in the shield, 
which resulted in excess streaming up to the operating floor. As compensa
tion, large donuts of borated graphite were fastened to the upper ends of the 
tubes, and special blocks of graphite were cut to fit inside and around the 
electrical cables within the tubes. 

Although gamma rays were of little consequence in most areas of the 
graphite shield, the gamma rays formed by neutron capture in the upper 
portions of the reactor vessel and thermal shield were found to be of great 
importance at the top of the primary shield near the rotating plug. The 
entire upper section of the shield was filled with a mixture of steel shot and 
borated graphite (installed in special compartments) to attenuate the gamma 
rays to a level of 0.75 mrem/hr at the top of the shield (the operating floor). 
In certain regions where the shield was very thin, the boration was increased 
to 7%. The complexity of the upper shield design is illustrated in Fig. 1004. 

The primary shield was designed so that it would not require any 
auxiliary or internal cooling. About 85% of the total nuclear heat in the 
shield (approximately 77 kw at 500 Mw reactor power) is generated in the 
inner layer of borated graphite. The location of the insulation is such that 
the thermal gradient is toward the reactor vessel; thus most of the heat 
generated is returned to the vessel and carried away by the sodium coolant. 
Very little heat is conducted through the insulation to the outer graphite 
regions. The heat generated in the outer regions is about 12 kw. It is 
conducted to the outside of the primary shield and removed by the sub Boor 
ventilation system. 

The rotating-plug shield (see Fig. 10.4) serves both as a biological shield 
for the operating floor and as a means of access to the reactor vessel. The 
plug is 3.7 m thick, and its cylindrical surface has two steps or offsets. The 
top of the plug is slightly above the level of the operating floor; the bottom 
is located in the upper part of the sodium pool so that nuclear heat 
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generated in the lower part of the plug will be removed by the primary 
coolant. The plug was designed to attenuate neutrons, primary sodium 
gamma rays, and gamma rays produced by neutron absorption in the steel of 
the plug to levels corresponding to an overall dose rate of 0.75 mrem/hr. 

The shell of the plug is made of stainless steel. A 45-cm layer of stainless 
steel is located at the bottom of the plug. This layer moderates the higher 
energy neutrons at the top of the sodium pool. Above the stainless steel are 
six 28-cm-thick layers of plain graphite capped by one 28-cm-thick layer of 
1.5 wt.% borated graphite. Each of the graphite layers is separated from the 
other by a 5-cm thickness of steel. The 1.8-m zone of plain graphite acts as a 
thermal column, which moderates the neutrons so that they are captured in 
the final layer of borated material. Directly above the layer of borated 
graphite is a 30-cm layer of carbon-steel gamma-ray shielding, which 
attenuates the high-energy gamma rays produced by neutron capture in steel 
and stainless steel. A 30-cm layer of seainless-steel insulating material and a 
28-cm cover plate of solid carbon steel complete the shield. The layer of 
insulation enables the plug to be maintained at a relatively high temperature 
without overheating the steel cover plate, which bears the weight of the plug. 
The graphite used was in the form -of canned 7.6- by 7.6- by 28-cm blocks. 
Any large gaps or spaces between cans were filled with thin wedges of steel. 
Boron-steel castings were used in regions close to the access ports for the 
hold-down mechanism and offset handling mechanism to depress the 
neutron-streaming flux in these areas. 

The rotating plug contains a large number of penetrations and access 
passages to the interior of the vessel. Among these are the large bathtub
shaped access passages for the fuel-handling mechanism and the large circular 
penetration for the core hold-down device and for the control- and 
safety-rod channels. Other smaller penetrations include access ports (plugs 
that can be removed to allow access to the interior of the vessel), the sweep 
mechanism (an instrument for ensuring that all fuel subassemblies are 
correctly seated), and surveillance tubes (small penetrations thac allow the 
introduction of experimental gear or materials within the reactor). Shielding 
for the fuel-handling mechanism matches as nearly as possible the shielding 
in the main part of the plug. The very complicated annular void area 
between the plug and this shield required the construction of special shield 
rings and the minimizing of clearances. Patch shielding of steel and graphite 
was used above the p~ug in this area to reduce the streaming to acceptable 
levels. The hold-down mechanism also contains the concrol- and safe tv-rod 

; 

channels. The hollow stainless-steel contro1- and safety-rod guide tubes 
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contain special shields of stainless steel and boron steel. Areas between the 
channels were partially packed with a special powdered shielding mix 
containing iron powder (34~). graphite powder (57%). and powdered boron 
carbide (9%) compacted to a density of 1.8 g/cm3

• 

The core and blanket assemblies are transported into and out of the 
reactor through the exit pipe (see Fig. 10.3). which is an l8-cm-diameter 
tube that extends downward from the operating ,floor to the transfer-rotor 
container. Subassemblies stored there during reactor operation undergo 
fission and contribute to the dose in the operating floor. Gamma rays 
reaching this area during operation come from the sodium coolant and from 
neutron capture in upper portions of the reactor vessel. As the fuel 
assemblies are raised upward through the tube, their fission-product gamma 
rays become increasingly important. Figure 10.7 shows the design that was 
evolved to cope with these radiation sources. 

A shield plug. about 2.1 m long, fits into the top of the exit port, which 
is recessed about 20 cm into the operating floor. The plug remains in place 
except during fuel transfer. Shielding within the plug consists of 1.5 m of 
1.5% borated graphite capped by 0.6 m of steel. The shielding outside the 
plug consists of borated graphite, steel, lead, serpentine concrete, dry-pack 
serpentine, and ordinary concrete. Vertical streaming is minimized by a 
series of sliding borated-graphite rings located between the inner exit-port 
tube and an outer tube that is part of the primary-shield-tank structure. The 
rings are placed in alternating layers; the smaller rings are attached to the 
inner tube, and the larger rings are attached to the outer tube. Additional 
steel and lead shielding is located both above and partially around these 
disks, and a steel-and-graphite plug is tightly fitted inside the inner tube. 

Since the upper part of the exit tube must be heated during fuel transfer 
to prevent the sodium from freezing and clogging the valving, dry-packed 
serpentine aggregate is used for shielding in this area. A 0.6-m removable 
plug located on top of the exit port completes the special shield. 

(b) Secondary Shield Wall. The function of the secondary shield wall 
(Fig. 10.5) is to reduce the neutron-leakage flux coming from the primary 
shield tank to an average value of not more than 1 X 104 neutrons cm-2 
sec- l within the equipment compartment, a level that will not appreciably 
activate the secondary coolant or the primary coolant equipment. 

The secondary shield wall is composed of pre packed ordinary concrete 
with a density of 2.3 g/cm 3 and it has a lining of 1.3-cm steel plate on each 
side. The concrete thickness is mainly 76 em, but it widens to 100 cm near 
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the location of the transfer rotor_ The increase in thickness here is necessary 
because when the transfer rotor is filled with spent subassemblies the 
neutron leakage from the primary shield in this area is of higher magnitude 
than the design leakage value. 

A pre packed construction method whereby the aggregate is laid in first 
and the cement pressure-grouted into the aggregate was used to ensure 
uniformity in the density and Water content of the completed shield. Heavy 
reinforcing steel bars on a is-cm mesh formed two planes of reinforcement 
for the second- ry shield. 

A 5-cm-thick steel thermal shield was placed around the wall in the 
high-gamma-flux areas to prevent excess heating and drying out of the 
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Fig. lO.8--Schematic view of typical sodium-pipe penetration through secondary shield 
wall. (From Beaudry et al. 2
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concrete by gamma rays emitted from the sodium. Cooling was accom
plished by ducting the lower building ventilation system to the 12.7 -cm gap 
between the wall and the thermal shield. 

Special shielding problems were created by the various penetrations of 
the secondary shield wall for the primary coolant inlet pipes, primary 
sodium overflow pipe, gas lines, and electric cables. Electric- and gas-line 
penetrations were kept small; they pierced the wall at angles close to 
tangential with the primary shield tank. The 76-cm-diameter sodium exit 
lines pass under the shield wall and require special shielding within the 
reactor compartment: and in the areas where they penetrate the floor of the 
equipment compartment. Because of mechanical considerations, the sodium 
inlet lines were required to pass through the shield wall in directions nearly 
perpendicular to the wall's surface. 

The design of a typical sodium-pipe penetration through the secondary 
shield wall is shown in Fig. 10.B. The penetration contains not only the 
primary sodium pipe but also its outer containment pipe and an annular 
cooling gap. Cooling is required within the penetration to remove the nuclear 
heat deposited in the steel through the pipe insulation so that the concrete 
will not become overheated. Neutron streaming through the annular void 
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regions was minimized by placing donut shields around the primary sodium 
pipe. 

Shielding for the primary sodium overflow line, which is a normally 
empty lS.2-cm pipe, was handled by passing the pipe through the shield at a 
45° angle with the horizontal. This arrangement ensured that the gamma 
radiation passing through the penetration would be scattered at least once 
through an angle more than 90°, whicn reduces the intensity by more than 
an order of magnitude. 

(c) Operating Floor and Radial Biological Shield. The biological shield 
for the operating room, i.e., the floor (see Fig. 10.4), and the radial 
biological shield surrounding the lower section of the containment building 
are designed to allow continuous access during full-power operation. The 
radial shield is ordinary concrete with a thickness of 2.1 m. The floor shield 
has a total thickness of 1.5 m (concrete and steel) in all areas except under 
the cask-car tracks, where the thickness is 2.1 m to support the 180-ton cask 
car. Magnetite aggregate with a density of 5.1 g/cm 3 was added to the 
concrete to maintain a minimum dry density of 2.4 g/cm 3 in the 
operating-floor concrete. As a result of detailed studies of the possible 
radiation paths, the steel plate on the underside of the floor varies in 
thickness from 8.9 to 25 cm. The final design thicknesses at each location 
are shown in Fig. 10.9. Concrete with serpentine aggregate (density, 2.1 
g/cm 3 ) was used for high-temperature areas around the floor plugs for the 
primary heat exchange and the sodium pumps. The reduced density in the 
areas where serpentine concrete was used required that the thickness of the 
steel in the shield be correspondingly increased. 

There were numerous penetrations of the operating floor for the reactor 
nuclear instrumentation, primary sodium pumps, and heat exchangers and 
for electric cables, gas lines, and other miscellaneous equipment. Each 
penetration required a separate shield design, which was handled in a manner 
similar to the previously described special shield designs. 

(d) Intermediate-Heat-Exchanger and Sodium-Pump Shield Plugs. The 
outer shells of the primary sodium pump and intermediate heat exchangers 
rise through the operating-floor shield. The shells are stepped within the 
floor shield, and removable stepped shield plugs fit into the shells at the 
floor level. 

Thp equipment is designed so that there is a double annular gap around 
each of the plugs, which allows clearance for expansion caused by heat and 
permits removal for maintenance. A sketch of the shield design around a 
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Fig. lO.9-Plan view of operating floor showing steel requirements beneath the concrete. 
(From Beaudry et aI.2 ) 

heat exchanger is shown in Fig. 10.10. Since the offsets in the floor 
penetrations were fixed before a decailed analysis of the necessary shielding 
was made, a dual-purpose shielding material was needed to reduce to proper 
levels both the neutron and gamma radiation levels within the gaps and 
annuli around the plug shields. Boron steel (containing 1% boron) was 
chosen for this purpose and was installed below the stepped annuli around 
the intermediate heat exchanger. Plain carbon steel was used around the 
sodium-pump floor penetratlons. 

Because of high temperatures in this area, each of the three inter
mediate-heat-exchanger plugs and three pump plugs were filled with 
dry-packed serpentine. A lS.2-cm layer of steel shot was added to each 
pump plug for additional gamma-ray shielding. 
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(e) Primary Sodium-Pipe Shields. Special considerations were given to 
the problem of neutron leakage from the 76-cm-diameter primary sodium 
pipes. A calcium borate mineral with the approximate formula 2CaO· 
3B2 0 3 • 2H 2 0 in an asbestos matrix (trade name Sigma K) with a density 
of 1.1 g/cm 3 was chosen as shielding for these lines. This material contains 
12 wt.% boron and withstands temperatures up to llOO°C in high-radiation 
environments. 

The problem of designing a proper pipe shield was complicated because 
the pipes were surrounded by O.9-m-diameter secondary containment pipes 
for protection against a sodium leak. Other factors in the design of the 
shields for these pipes were the type and design of insulation, heaters, and 
construction gaps. Allowances for pipe movements due to thermal expan
sions had to be considered. The thickness of the calcium borate around the 
three 76-cm pipe loops varied from 23 to 28 cm. The design of these shields 
is shown in Fig. 10.11. Four donut or ring shields of calcium borate were 
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Fig. 10.11-=-Calcium borate shield for primary sodium pipe. (From Beaudry et al. 2 ) 

installed directly on the pipe and on its containment to prevent neutron 
streaming through the annuli around the pipes. 

(fl Shield Systems for the Auxiliary Facilities. The auxiliary facilities 
requiring shielding are the fuel and repair building, the sodium service 
building and its associated pipe tunnel, the inert- and waste-gas building, the 
secondary sodium galleries, and the control building. 

In these areas shielding against gamma rays only was required. Most of 
the shields were of ordinary concrete, but steel shot, steel plate, sand, gravel, 
and lead were used in special situations. Design criteria and construction 
considerations for these auxiliary facilities parallel those of the primary 
reactor shields and will not be described here. 
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10.2.4 Shield Costs 

The type of material was an important consideration for each shield, and 
the cost was highly influential in the final selection. 

The main shield materials were ordinary concrete, steel, stainless steel, 
lead, and graphite. The more unusual or exotic materials used were 
(1) magnetite and serpentine aggregates in concrete, by the-mselves, or in 
mixes in a dry-packed condition; (2) steel shot; (3) boron steel; (4) boron 
carbide; (5) borated graphite (boron carbide in graphite); (6) calcium borate; 
and (7) uranium (depleted). Each material was selected on its merits for the 
intended use. Earth, sand, and gravel were used to advantage. 

The total cost of all shields (S5,581,300) was approximately 5.5% of the 
entire cost of the project. Of this amount, 11,000,000, or 18%, was for 
research and development. The remainder ($4,581,300) was for the 
construction of the shields. The shield research and development cost was 
slightly more than 3% of the research and development cost for the entire 
plant. 

Table 10.1 shows a breakdown of the shield costs for the Fermi plant. 

10.2.5 Calculational Techniques 

The calculation of neutron attenuation presented the greatest uncertain

ties in the shield design and followed the availability of improved transport 
techniques. The original attenuation calculations were done before 1960 
with removal theory. The design of the secondary shield wall is an example 
of the application of removal theory and shows the conservatism incorpo
rated. When the thicknesses of concrete required co reduce the flux in the 
equipment compartment to 104 neutrons cm-2 sec-! were determined, 

calculations along various paths (see Fig. 10.12) indicated concrete thick
nesses ranging from 81 em at 0° (opposite the thin primary shield tank; to a 
maximum of 100 em at 1800 (opposite the transfer rotor). An average 
thickness of 91 em was chosen for the final design except for the north wall 
opposite the transfer rotor, which was set at 100 cm. In the final design 
stages, the AlM-6 diffusion-theory code! 4 was primarily used with some 
checks being with the NIOBE! 5 numerical integration, the TDC! 6 (two
dimensional Sn-p!), the DTK! 7 (one-dimensional Sn-p!), and the 
CRAM! 8 (one- and two-dimensional diffusion theory) machine codes. 
Monte Carlo or the removal-diffusion techniques, which are used in design 
work today, were not used since the state of the art did not appear 

sufficiently advanced at the time. 
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Table IO.l-APPROXIMATE SHIELD COSTS, ENRICO FERMI 
ATOMIC POWER PLANTt 

Area 

Reactor building 

Auxiliary facilities 

Plant total 

Item 

Concrete, poured 
Concrete, prepacked 
Steel plates and sleeves 
Primary-shield-tank shell 
Primary-shield-tank graphite 
Reactor-vessel thermal 

shield (stainless steel) 
Offset-handling-mechanism 

shielding 
Rotating-plug shielding 
Sodium-pump plug shields (3) 
Intermediate·heat-exchanger 

plug shields (3) 
Calcium borate pipe shields (3) 

Concrete 
Steel 

Total reactor building 

Total auxiliary shields 

Total material and erection 
Research and development 

Grand toral shield costs 

t From Beaudry et al. l 

tincludes forming and reinforcing steel. 

Cost 

S 45,000t 
113,200 
294,000 
110,000 

2,200,000§ 

137,500 

26,200 
235,000 
234,000 

395,000 
280,000 

54,070,800 

398,500t~ 
112,000 

$510,500 

4,581.300 
1,000,000· .. 

$5,581,300 

§About $1,750,000 of this amount is for the removal of subgrade 
gra phite and its replacement with high-quality material. This procedure 
was very much more expensive than the original installation. 

~ Includes prorated additional structural costs owing to the presence of 
the shield . 

.. "Prorated from total research and development costs. 
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Generally the AIM-6 diffusion code was used with the I8-group 
neutron-cross-section set of Mills 19 which was revised and updated. 
Occasionally the newer CRAM diffusion code was used. in both one and two 
dimensions, with a special 24-group set of cross sections. Little attempt was 
made to investigate the effect of different cross-section sets or the 
energy-group structure. It was felt that errors due to the calculational 
methods or uncertainties inherent in the mock-up of the physical problem 
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would override errors due to the nuclear cross sections since diffusion theory 

uses the approximation of isotropic scattering. It should be pointed OUt, 
however, that, for deep-penetration calculations with the modern transport 
codes that allow for anisotropic scattering, the result is very sensitive to the 
nuclear cross section. 

Most of the calculations were one-dimensional, but in later work some 
two-dimensional CRAM calculations were made. It was not possible to 
mock-up the entire primary shield in a single two-dimensional problem 
because of the large size and asymmetry of the system. A simplified 
computer model used in cylindrical geometry calculations is shown in 
Fig. 10.13. The corresponding regional descriptions and material densities 
are shown in Table 10.2. This model represents a section of the primary 
shield from the core center upward to the rotating plug and outward co the 
primary shield tank through the narrowest part of the graphite shield. The 
safety rods are assumed to be in their raised positions above the subassembly 
handling heads. 

Neutron streaming through the various shield penetrations, such as pipes, 
ducts, and offset plugs, was a potential hazard that required considerable 
design study. In general, the streaming equations for the various geometries 
were used, but they were modified with the Fisher20 formula to include the 
effects of scattering. These streaming equations for the various geometries 
are tabulated by Hungerford. 4 Gamma-ray attenuation was calculated with 
point kernels and ray-tracing techniques as described by RockweU.2 1 

Some of these techniques were programmed for computer calculations 
for more detailed analysis, such as determining the optimum steel and 
concrete requirements of the operating floor at various locations, as shown 
in Fig. 10.9. 

For ·this study the below-floor primary system was divided into 
radioactive sources of several different geometries. A computer program was 
written which calculated the radiation levels at various positions on the 
operating floor through the shield. The program calculated the contribution 
from each source and summed overall sources at each point on the floor. The 
points were located on a grid system of radial lines marked every 10° 
between 00 and 3600 starting at north and circumferential lines that were 
about 0.91 m apart. The results of the computer program were used to 
determine the final balance between concrete thickness and steel thickness in 
each broad area. 
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for more detailed analysis, such as determining the optimum steel and 
concrete requirements of the operating floor at various locations, as shown 
in Fig. 10.9. 

For ·this study the below-floor primary system was divided into 
radioactive sources of several different geometries. A computer program was 
written which calculated the radiation levels at various positions on the 
operating floor through the shield. The program calculated the contribution 
from each source and summed overall sources at each point on the floor. The 
points were located on a grid system of radial lines marked every 10° 
between 00 and 3600 starting at north and circumferential lines that were 
about 0.91 m apart. The results of the computer program were used to 
determine the final balance between concrete thickness and steel thickness in 
each broad area. 
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Tallie to.2-REGIONAL DESCRlmON AND COMPOSmON OF REACfOR ZONES FOR COMPIlTATIONSt 

Number "enaicies (or iaocopea. lO~4 aroms/cm" 

ZDne NaNIII 
aumbcr Zoncnamc ~SlU H·U Mo :z.. F. N. IJoI'OD C 

I Core 0.00360 0.009632 0.0035 0.00196 11.0148 0.0106 
2 Control- Lad .. fc'Y"od r.gioD 0.00215 0.0061604 0.00223 0.00125 0.0141 0.0136 0.0012 
J Endpp 0.00172 0.017 0.0179 
4 A.lial blank.c. 0.000039 0.01101 0.0008 0.014 0.0139 
5 Safcty .. od rcpon of blanket 0.000025 0.00705 0.00051 0.01'4 0.0148 

6 Radial blank., 0.000066 0.019 0.0013 0.0158 0.0092 
7 ..uial gap 0.017 0.0189 
8 Handlin, h.ad. 0.017 0.0189 
9 Safely rod. .nd hold-<lown 0.018 0.0172 0.0104 

10 Hold-<iown (OUIer r.gion) 0.00043 0.0223 

11 Hold-down (inner region) '0.023 0.0172 
12 SafelY rod. (poiaon ,eclion) 0.0219 0.0161 0.0104 
13 5 ••• 1 ,hield ban 0.0721 0.0014 
14 SleellhcrrmJ ,hield 0.0648 0.00584 
15 Sodium pl.num 0.0236 

16 S •• eIlhcrmaJ .hield 0.0632 0.0063 
17 Hold-down column 0.0020 0.023 
18 Safery rodo (poiaon ",c:tion) 0.0085 0.0198 O.ot04 
19 Safe.y rod. (poiaon .. clion) 0.0098 0.0009 0.0104 
20 S ••• l of .oUMB plUi 0.085 

21 BoIII.d graphic. 0.0045 0.0769 
22 Plain graphi,. 0.0803 

tF,om Beaudry.' 

10.2.6 Comparison of Measurements and Calculations 

The shield test program for the Enrico Fermi reactor plam was unusually 
complete and detailed because of the prototype nature of the reactor. The 
test program principally covered regions inside the reactor building. and the 
major emphasis was on neutron measurements, although the initial emphasis 
was in measuring the induced 24 Na activity because of its importance in the 

overall plam design. 
Neutron measurements were made throughout the reactor vessel and the 

primary shield tank. Threshold detectors and 235 U and 238 U fission foils 

were used in the core and axial and radial blankets. Neutron fluxes were 
measured in the upper sodium pool up to the bottom of the rotating plug. 
Vertical 235 U fission distributions were obtained at the side of the pool in a 

surveillance tube near the reactor-vessel wall. A temporary instrument 
thimble located near the center of the pool was used to obtain vertical 
traverses e34 U, 235U, 236U, 238U, 239pU, and 240PU) with both fous and 

absolute fission counters. In the primary graphite shield, both 235 U fous and 
various neutron detectors were used. Vertical distributions were obtained 
Irom the flex-leg regions (LR V) up to the machinery deck (in the 
surveillance tubes) or up to the operating floor (in the neutron-counter 
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tubes}. The neutron-flux levels in the reactor compartment (between the 
primary shield tank and the secondary shield wall) were measured at 33 
locations with 23 S U foils and at one azimuthal position with a fission 
counter and a spherical moderating dosimeter. 

At various times after criticality, radiation surveys were made through
out the entire above-floor area of the reactor building, including the rotating 
plug and machinery dome, and throughout the various service buildings. 

The gamma-ray surveys were conducted with area survey monitors. The 
neutron surveys used portable proton-recoil counters, BF 3 counters, and a 
set of multisize spherical polyethylene dosimeters. In general, the detecting 
instruments were capable of measuring radiation levels above 0.01 mR/hr for 
gamma rays and 0.02 to 0.05 mrem/hr for neutrons. 

Although a large number of measurements were made and compared 
with calculations, we will summarize them with a very general comparison in 
the following section and with a few detailed comparisons subsequently. 

(a) Overall Comparisons. No shield regions were found to be underde
signed, but some areas were found to be significantly overdesigned, which 
was to be expected. A summary of the principal test results is shown in 
Table 10.3. The original design calculations for the 22 Na and 41 A activities 

Table 10.3-SUMMARY OF PRINCIPAL RESULTS OF THE ENRICO FERMI 
SHIELD TEST PROGRAMt 

Sodium- 24 activity 
Sodium- 22 activity 
Argon-41 activity (STP) 
Secondary 14 Na activity 
IUdiation streaming 
Component activation in 

reactor vessel 
Uranium-235 fission rates: 

Sodium pool 
Transfer rotor 
~dial blanket and reflector 
Neutron·counter tubes 
Foil-sample tubes 
Reactor compartment 
EqUipment compartment 

t From Beaudry.l 

Measured. 
",Ci cm-3 Mw(t)"1 

67 
0.004 
0.0017 

<3 X 10-8 

Original design 
calculation, 

",Ci cm-3 Mw(tj"1 

100 
0.034 
0.3 
4 X 10'" 

Most recent 
calculation, 

",Cicm-] Mw(tj"1 

76 
0.006 
0.0014 

No radiation measured above reactor·building floor at 110 Mw( t). 

Measured and calculated dose rates agree within a factor of 2. 

Measured values within 50% of calculated values. 
Measured values are less than 1/10 of calculated values. 
Measured values higher than calculated by 50% (in reflector). 
Measured values within a factor of 3 of calculated values. 
Measured values within a farrar of 2 of calculated values. 
Measured values less than original calculations. 
Measured values less than origini-I calculations. 
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were extremely conservative, but later more careful calculations with better 
data produced good agreement. In general, with the complexities involved, 
the overall agreement can be considered good. In spite of concern about 
radiation streaming, nothing significant was detected on the operating floor. 
The principal reason for overestimating streaming was undoubtedly due to 
the original use of estimates of the radiation levels underneath the rotating 
plug which were too high. In the early calculations of neutron streaming, a 
neutron-flux value of 2 X 1013 neutrons cm-2 sec- I under the plug was used, 
which is equivalent to 4 X 1010 neutrons cm-2 sec- 1 Mw- I • The best present 

estimate of the neutron flux at the base of the plug is about 4 X 10 7 

neutrons cm-2 sec-1 Mw- I
, a factor of 1000 lower. Secondary reasons were: 

(1) the use of conservative streaming formulas and (2) the assumption of 
gaps larger than those which actually existed. 

(b) Measurements in the Temporary Instrument Thimble. Vertical flux 
traverses with 238 U, 239 Pu, and 235 U fission counters were made through 

the temporary instrument thimble (see Fig. 10.14). This instrument thimble, 
which extended down the vertical axis of the reactor core, replaced the 

HOLD·DOWN AND SAFETY RODS 

FUEL-HANDLING MECHANISM 

FUEL 
EXIT TUB 

Fig. lO.l4-Elevation of primary shield system showing detector locations. (From 
Beaudry.3 ) 
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Fig. lO.lS-Plutonium- 239 fission distribution in the temporary instrument thimble, 
(From Beaudry.3) 

central safety rod. The thimble, which was 5 cm in diameter, was sealed 
against sodium at the bottom and open to the containment building at the 
top. Comparisons between the measurements and two-dimensional CRAM 
calculations for the 239pU and 235U counters are shown in Figs.lO.lS and 

10.16, respectively. All measurements and calculations were normalized to 
the same value at the core center. In the CR.A..rv1 calculations the 24-group set 
previously mentioned was contracted to 9 neutron groups. The sharp dip in 
data at about the 400-cm distance is caused by a piece of steel that 
completely surrounds the upper part of the thimble. The agreement is 
generally good, with :2 3 5 U measurements being in better agreement with the 
calculations than the 239 Pu data. This probably results because the 239 Pu 
cross sections in the thermal and near-thermal ranges cannot be as well 
represented as :2 3 5 U with the small number of neutron groups that were 
used. It is probable that, if the calculations were carried beyond the 280-cm 
mark, the agreement would becom~ poor since diffusion theory would 
become an inadequate model at deeper penetrations, particularly around a 
heavy absorber such as steel. 
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Fig.lO.16-Uranium-235 fission rate in the temporary instrument thimble. (From 
Beaudry.3 ) 

A large number of one-dimensional calculations were made with the 
AIM-6 and CRAM codes, and a number of cross-section sets were used. 
Figure 10.17 shows the results of some of these one-dimensional calculations 
in comparison with the measurements (curve B) and the two-dimensional 
CRAM results (curve A), the measurements and CRAM results being the 
normalized values from Fig. 10.16. In the 18-group AIM-6 calculation 
(curve E), the handling head and hold-down regions were considered to be 
described simply by a 20-cm-thick section of steel and sodium, followed 
directly by a large thickness of pure sodium. This hold-down region is much 
thinner than the actual hold-down region, and no attempt was made to 
include the safety rods. This is the type of problem mock-up that had 
originally been used in the majority of the shielding problems run for the 
shielding design of the upper vessel regions (e.g., the rotating plug, shot 
tanks, and upper reactor vessel). Figure 10.17 shows that the use of this 
simplified type of geometry is quite conservative. The lack of agreement 
between this calculation and the measurements appears to be caused more 
by an inadequate geometrical mock-up than by the use of spherical 
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Fig.10.17-Uranium.235 fission·rate traverse in the temporary instrument thimble. 
(From Beaudry. 3 ) 

geometry. This is more evident from curves C and D of Fig. 10.17, which 
were obtained from spherical 18-group AIM calculations. In each of these 
and in the two-dimensional CRAM problem (curve A), however, the same 
detailed hold-down configuration was used. The geometric model used for 
calculating curve D included the safety rods with their full boron content, 
whereas the geometric mock-up for curve C omitted the boron altogether. 
The strong poisoning effect of these safety rods accounts for the much lower 
values of curve D, and this is apparent for the entire distance from the axial 
blankets out to the rotating plug. Although the fission-rate data shown in 
curve C are most different from the measured data in the region of the safety 
rods, they match the measured response (curve B) farther out in the sodium 
pool (all the way to the rotating plug). 

A more complete study of the differences obtained from various 
cross-sectional sets also involved such items as mesh spacing, flux
convergence criteria, group-collapsing schemes, and possible differences 
between the AIM-6 and the CRAM codes. Spherical geometry was used. As 
tentatively found by the study, there were essentially no differences between 
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the results from the AIM-6 and the CRAM codes per se. However, the use of 
the various cross-sectional sets did result in great differences in the 235 U 

fission response. Again these differences first became pronounced above the 
axial blanket, where the twin effects of spectrum softening and the presence 
of large amounts of steel are encountered. 

All these problems have clearly demonstrated that a one-dimensional 
problem mock-up can be quite incorrect in those regions of the hold-down 
where there are abrupt changes in absorbing materials. The general shielding 
calculations (as exemplified by curve E of Fig. 10.17) used in the basic shield 
design appear to be on the conservative side even without considering any 
additional correction factors. Note, however, that this entire discussion has 
been based primarily on the 235 U fission rate, which is mainly an index of 
thermal and near-thermal fluxes. 

(c) Reactor-Compartment Measwements. The neutron flux in the reac
tor compartment next to the secondary shield wall is the source term in the 
design of that shield. A number of measurements with a fission counter and 
a spherical dosimeter were made directly underneath manhole No. 2 (see 
Fig. 10.5). All the measurements by the two different instruments were in 
close agreement, but no detailed comparisons with calculations were made. 

In a number of regions of the reactor compartment, neutron-flux 
measurements were made with 235 U foils. When the" measured foil counts 
were converted to fluxes on the inside of the secondary shield wall with an 
adjusted AIM-6 spectra, all were within the maximum design value of 108 

neutrons cm-2 sec-I. 

10.3 FAST BREEDER: DOUNREAY FAST REACTOR 

This British power plant is contemporary with the Enrico Fermi plant, 
and the two plants share a number of design features. The Dounreay Fast 
Reactor (DFR) is a sodiurn-potassium-cooled fast breeder system; the 
reactor shield contains mostly graphite (pure and borated) and steel. The 
rotating top shield is designed to provide access channels for charging the 
core and breeder regions as well as eighteen 5-cm penetrations for control 
purposes. Figures 10.18 and 10.19 show the general arrangement and 
materials details of the rotating top shield. The removable top shield 
(Fig. 10.18) was not in place for the experiments we will describe. A 
material ca.led Resilon, which is a hydrogenous resin-bonded glass fiber, is 
used in the top shield. 
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Fig. lO.IS-General arrangement of the DFR shield. (From Adamson et al. 22
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Adamson, Judd, and McNair22 report a study of the neutron flux in the 
top shield of DFR to test the validity of removal-diffusion theory in 
calculating the bulk shield attenuation for a fast reactor shield. Although the 
method had been applied successfully to large thermal reactors where the 
principal attenuating medium is concrete, it had not been applied to a 
relatively small fast reactor where the medium is principally borated 
graphite. We will describe some of their resuhs for comparison with the 
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corresponding work shown in the preceding sections on the Enrico Fermi 
plant. 

10.3.1 Calculational Model for Bulk Shield 

The models of the core, blanket, and top shield used for the calculation 
are shown in Fig. 10.20. The Spinney removal-diffusion method and 
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Fig. IO.20-Model of reactor and shield used for RASH D calculations. (From Adamson 
et aI.'l2 ) 

variations, including RASH E, are described in Sec. 4.9. At the time of this 
study (1964), the previous version, RASH D, was in use. The removal source 
is in effect the density of first collisions of neutrons born in fission. A 
discrete-ordinate calculation, TDC,l 6 was used to define the boundary 
condition flux densities at the core-shield interface. The shield comprised 
regions 1 through 6 in Fig. 10.20. The one-dimensional RASH 0 calculation 
was done in infinite-slab geometry. 
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10.3.2 Measurements 

An experimental shield plug was designed to fit within close tolerance 
into the core charge hole of the top shield (Fig. 10.19) so that foils and 
fission chambers could be mounted at appropriate positions in the shield 
plug and positioned in the core charge hole within the shield. Close-fitting 
blocks of shield material were assembled within the plug to match adjacent 
materials in the surrounding shield.. Detectors are summarized in Table lOA. 

Table IO.4-DETAlLS OF MEASURED REAcrlONSt 

Energy of neutron Means of 
Reaction flux involved measurement 

27 Al(n,o:)14 Na Fast flux, threshold Activation of alu-
about 9 MeV minum metal 

32S(n,p)32p Fast flux, threshold Activation of ele-
about 3 MeV mental sulfur 

232 Th(n,j) Fast flux, threshold Thorium fission 
about 1.5 MeV counter 

237 Np(n,j) Fast flux, threshold Neptunium fission 
about 0.5 Me V counter 

55 Mn(n;y)5 6 Mn Thermal and epi- Activation of man-
thermal flux ganese foils, un· 

protected and in 

197 Au(n,r)l 98 Au 
cadmium capsules 

4.9 eV Gold sandwich foils 

tFrom Adamson et al.'l2 

Results for the 32 S measurements are given in Fig. 10.21, and for the 
55 Mn, in Fig. 10.22. We have picked these two since di.e 32 S results are 
typical of the fast-neutron fluxes and the S 5 Mn of the thermal and 
epithermal fluxes. The 32S results (as well as 27 AI, not shown) compare very 
well with the removal-diffusion approximation. Results of some earlier 
measurements reported by Smith23 are also shown in Fig. 10.22, and they 
match the present data rather well. 

Agreement between the low-energy measurements with the removal
diffusion calculations is poor, tlarticularly in the upper regions of the shield 
and in air above the shield. This indicates an appreciable flux of neutrons 
above the top of the shield which have not diffused through the shield but 
which stre;l~ed through the various ducts formed by control penetrations 
and are reflected back from above. 
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10.3.3 Effect of Streaming 

565 

soo 

Adamson et ai. 2 '2 attempted to estimate the streaming through the 18 
control ducts and the breeder charge hole (Fig. 10.19). Each duct was 
represented as a sink (negative source) at the end of the duct and a line of 
point soc 'ces along the duct axis. Age theory was used to obtain the 
distribution from each source in the surrounding medium. Since this is 
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applicable only in infinite homogeneous media, it was not intended to give a 
reliable estimate at interfaces between different shield regions and at the top 
of the duct. Thus the streaming estimate cannot be expected to give the 
characteristic hump at the graphite-steel or steel-Resilon interfaces. 
Nevertheless, the streaming estimate when added to the RASH D bulk shield 
result does agree well with the 55 Mn measurements (and those for the gold 
resonance at 4.9 e V, not shown). In fact, Adamson et al. insist that the 
agreement for S 5 Mn is fortuitous because of the imprecise nature of the 
streaming estimate. It does confirm, however, that streaming through the 
ducts vitiates the otherwise acceptable bulk shielding properties of the top 
shield. Had the attenuation of the top shield been of the same order as that 
of the streaming neutrons, it would have been no less effective and perhaps 
more economical. 

10.4 HEAVY WATER, NATURAL URANIUM: AGESTA 

The Agesta reactor is the first power-reactor prototype to be built in 
Sweden, and it has some extremely interesting features. It is also the first 
pressurized heavy-water natural-uranium reactor in the world. Most of the 
power produced is used for heating in a suburb of Stockholm. This reac
tor type is particularly important in countries not possessing uranium
enrichment facilities since it uses natural uranium. The demand for D2 0 is 
expected to grow rapidly because of the desirability of this system in many 
countries. Comparisons of measured and predicted radiation levels at Agesta 
are reported by Aalto, Sandlin, and Krell. 2 4 

10.4.1 Description of Reactor and Shield 

The reactor with cooling system, service facilities, and auxiliary 
equipment is installed in a series of underground caverns excavated in a rock 
outcrop, as shown in Fig. 10.23. The rock medium provides a great deal of 
natural shielding and containment. The design philosophy that led to the 
layout shown was to provide for full access to as much of the plant as 
possible even during full power. This led to the compartmented arrangement 
where systems are separated into functional units isolated by shielding from 
nearby units and accessible by shielded passageways. In such an excavated 
plaia, there is an obvious premium on space; thus magnetite concrete was 
used in the main shields to conserve space. 
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Fig. lO.23-Agesta plant containment layout showing the relative positions of the major 
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A cross section of the reactor and the primary shields is shown in 
Fig. 10.24. The pressure vessel has an inside diameter of 4.55 m and a height 
of 4.68 m. The core has a diameter of about 3.6 m and a height of 3.0 m. 
The reflector layer of D2 0 surrounding the core is about 30 cm thick. 
Beyond the reflector are two steel thermal shields (5 and 10 cm) separated 
by cooling spaces. The steel pressure vessel has a wall thickness of 7 cm. 

The radial shield consists of a 2.2-m layer of magnetite concrete. 

10.4.2 Calculational Model 

Aalto et al. 2 
4 mention three sets of calculations: a firs!: set of simple 

hand calculations in 1958 with which the shield dimensions were set; a 
second set using the British RASH removal-diffusion method several years 
later; and a set in 1955 based on the NRN method of Hjarne and 
Leimdorfer.:2 5 TIle latter is also a variation of the Spinney method and is 
described in Sec. 4.9.2. 
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hand calculations in 1958 with which the shield dimensions were set; a 
second set using the British RASH removal-diffusion method several years 
later; and a set in 1955 based on the NRN method of Hjarne and 
Leimdorfer.:2 5 TIle latter is also a variation of the Spinney method and is 
described in Sec. 4.9.2. 
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From the geometry of the shield shown in Fig. 10.24 and our recent 
review of the Dounreay analysis, it will become apparent that attenuation in 
the radial direction is governed entirely by massive unbroken layers, and the 
removal-diffusion method should be adequate_ In the axial direction, 
however, the large annular duct surrounding the pressure vessel should be 
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From the geometry of the shield shown in Fig. 10.24 and our recent 
review of the Dounreay analysis, it will become apparent that attenuation in 
the radial direction is governed entirely by massive unbroken layers, and the 
removal-diffusion method should be adequate. In the axial direction, 
however, the large annular duct surrounding the pressure vessel should be 
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Fig. lO.25-Ratio of the radial thermal fluxes from individual fuel channels. (From 
Aalto et al. 2 4 ) 

important in determining the radiation levels above the reactor in the region 
of the control-rod drives. 

Radial NRN predictions were made for the flrst, second, and third rows 
of fuel elements nearest the shield to illustrate the diminishing influence of 
elements deeper in the core. These are shown for the thermal flux densities 
in Fig. 10.25 in terms of the ratio of the thermal flux density contributed by 
each row ro the total at a distant point in the radial shield. The relative 
positions of the elements and their power contribution are shown in 
Fig. 10.26. The removal source from the third row of elements adds only 4% 
ro the flux density and the second row contributes only 15%, even though 
rows 3 and 2 account for about 5X and 2X, respectively, the power in the 

first row. These results show clearly that the true power-density profile, 
particularly the density at the outermost regions of the core, is extremely 
important in obtaining an accurate calculation of the radiation penetrating 
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elements deeper in the core. These are shown for the thermal flux densities 
in Fig. 10.25 in terms of the ratio of the thermal flux density contributed by 
each row ro the total at a distant point in the radial shield. The relative 
positions of the elements and their power contribution are shown in 
Fig. 10.26. The removal source from the third row of elements adds only 4% 
ro the flux density and the second row contributes only 15%, even though 
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Fig. lO.26-Core configurations used when calculating the removal source in the radial 
NRN prediction. (From Aalto et al. 24) 

the shield. This is well known as an important source of error in shielding 
calculations. 

The actual power distribution in this case did deviate from the one on 
which the shield predictions were based, and it affected comparisons with 
attenuation measurements accordingly. . 

10.4.3 Measurements 

This study was performed as a shield survey during commissioning of the 
plant. No special provisions had been made for locating detectors within the 
fixed shield; thus measurements were made only on available surfaces. This 
limitation accounts for the paucity of intermediate values in the radiation 
levels to be discussed. 
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calculations. 

The actual power distribution in this case did deviate from the one on 
which the shield predictions were based, and it affected comparisons with 
attenuation measurements accordingly. . 

10.4.3 Measurements 

This study was performed as a shield survey during commissioning of the 
plant. No special provisions had been made for locating detectors within the 
fixed shield; thus measurements were made only on available surfaces. This 
limitation accounts for the paucity of intermediate values in the radiation 
levels to be discussed. 
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The range of magnitude of fluxes to be measured is worth noting: 1010 • 

Since reactor power could be varied from 10 kw to 50 Mw, a range of 
5 X 103 , the detector sensitivity range had to be sufficient to cover the 
remainder, about 106 • The li~itation to available surfaces meant that the 
measurements were made mainly at the extremes of this range. 

For high neutron-flux densities, thermal and epithermal measurements 
were made by double-foil (gold-copper) and cadmium-ratio (manganese) 
methods. Sulfur, with its 3-MeV threshold, was used for fast-neutron-flux 
measurements. The low fluxes outside the primary shields were measured 
with boron counters. 

Gamma-ray measurements were made with glass dosimeters, ion cham
bers, and Geiger-Mueller detectors. 

Calibration foils on the outer face of the tank at the core midline 

(along line R in Fig. 10.24) served as power-level monitors. They also served as 
an automatic correction for the variation of neutron attenuation in the radial 
direction because of varying moderator temperature. Neutrons degrade to 
the temperature of the moderator, and a change from 28°e to 2200 e alters 
the observed "thermal" flux by a factor of 3. 

Power distribution varied ±20% from the mean in the radial direction 
and was about 30% lower at the outer radius of the core than had been 
predicted. The axial distribution was asymmetrical; typically of reactors with 
top-mounted control rods, the maximum in the flux occurs well below the 
midplane of the core. The power level at the top of the core was 20% lower 
than predicted. These deviations translate directly to the measurements. 

One additional source of error is the detailed structure near the detector. 
In this instance some thermal insulation and steel conduit used to support 
the detector were not included in the predictions, but they may have 
affected the thermal flux measurement by a factor of 2. The predicted radial 
thermal flux densities are shown in Fig. 10.27. Only one measurement is 
shown (at the edge of the tank). The intensity beyond the concrete was 
below the minimum observable. The epithermal fluxes are similar and are 
not shown. 

The axial variation of the thermal flux density is shown in Fig. 10.28 tor 

two vertical lines: AI and A z in Fig. 10.24. The calculations (solid and 
dashed curves) apply to Al and do not include an estimate of the streaming 

around the sides of the tank; this is shown separately, and obviously it 
controls the intensities above the tank in the same manner as was shown for 
Dounreay. The doned lines in Fig. 10.28 connect the measurements. 
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4 ) 

Aalto et al. 2 4 do not describe their method for calculating the streaming 
(which agrees very well with the observed intensities). However, their 
mention of multiple reflections would indicate an albedo calculation 
possibly coupled with Monte Carlo (see Sec. 7.10.2). 

Gamma-ray dose rates are summarized in Table 10.5, and sulfur 
fast-neutron reaction rates (proportional to flux densities), in Table 10.6. 
The gamma-ray dose rate outside the pressure vessel is two to three times the 
predicted value, probably because of activation of the nearby steel from 
previous high-power runs. Since the shield design is very conservative, the 
only critical neutron intensities are those in the vicinity of the control-rod 
drives because these levels control servicing procedures. However, the 
original streaming estimate was in excellent agreement with the measure
ments; thus no additional problems developed. 

Aalto et al. 2 4 conclude that, although local flux predictions often differ 
from observations by a factor of 2, these are easily accounted by the error 
sources mentioned. They also point out that the wmplexities of a power 
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Table lO.S-A.GESTA GAMMA-RAY DOSE RATESt 

Measuring line. def. Coordinate, Predicted, Measured, 
inition of point cm mrem/hr mrem/hr 

Axial, upward (A 1 ) 

Control-rod mech- 200 to 570 (-103 )+ 7.5 X 104 

anisms 
Below the concrete 610 to 760 (-10) 1.5 to 3.0 

lid 
Hall floor 810 ~.7 0.2 

Radial (R) 
Outside pressure 54 3 X 107 8 X 107 

vessel 
Outside biological 290 0.04 <0.1 

shield 
Axial, downward Level +7.1 1.1 X 104 

center line 
Not shown in figures 2 m above 2.3 X 104 

plane +7.1 

t From Aalto et al. 2 
4 

+Not comparable to the measured value because m the latter 
streaming effects dominate. 

plant coupled with the limitations on measurements make such a survey an 
inferior means for studying the accuracy of shielding prediction methods. In 
such a conservatively designed plant, only a gross design error resulting in 
excessively high fluxes would draw any attention. Thus the Agesta survey 
was a successful design verification that confirmed the original analysis in a 
highly satisfactory way. 

10.5 BOILING WATER: PATHFINDER 

Designed as a demonstration boiling-water-reactor plant, the Pathfinder 
plant was built near Sioux Fails. S. D., to supply 66 Mw( e) to the area power 
network. Start-up was in March 1964, and the reactor was shut down in 
September 1967 for repair of a condenser-tube break. Bjeldanes26 reports 
that subsequent inspections in the reactor vessel disclosed failures in the 
steam separators and a baffle in the fuel hold-down structure. After various 
considerations of required repairs, plant size, and operating cOSts, the reactor 
was decommi::,,)ioned, and the plane was later converted to a fossile-fuel 

system. 
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SHIELD DESIGN 

Table lO.6-AGESTA FAST.NEUTRON FLUXESt 

Measuring line, def
inition of point 

Axial, upward 
(AI and A z ) 

Bottom of the lid 
box 

Below the concrete 
lid: 

Al 
A2 

Radial (R) 

Coordinate. 
cm 

60 

610 to 760 
610 to 760 

44 

Predicted by 
NRN 

1.45 X 106 

(1 X 10-s )t 
(1 X 10""5)t 

2.85 X 106 

Measured 

(1.4 :t 1.3) X 10~ 

5 X10""2 
(5 to 13) X 10""2 

(3.1 :t 1.3) X 106 

575 

Thermal shield 
Outside the pressure 

vessel 54 7.27 X lOS (1.95 ± 0.10) X lOS 
Outside the biologi

cal shield 
Axial, downward 

Below pressure ves· 
sel, center line 

290 3.08 X 10-5 <5 X 10-3 

(3.1 ± 0.2) X 102 

t From Aalto et al. 2 
4 Fast-neutron fluxes are given as S(n,p) reaction rates. To 

obtain <P > 1 MeV for fission spectrum, multiply by (9 X 102
). 

tNot comparable to the measured value in which streaming effects dominate. 

The following description of the design is taken from a shield-analysis 
report by Holl and Stephen.2 7 The plant consists of four connected 
buildings: the reactor building. the turbine and control building, the 
fuel-handling and waste-disposal building, and the water-treatment building. 
A plan view of the operating floor is shown in Fig. 10.29. This plant layout 
evidently resulted from many iterations and reflects a good deal of planning 
for management of radiation problems. Each building may be characterized 
by its principal radiation source. The water-treatment building was to 
contain unused water and have no radiation sources. The reactor and 
fuel-handling buildings are controlled by active and spent fuel; however, the 
fuel-handling building is also affe~ted by activated corrosion products (called 
crud by the authors) in the used elements and equipment. Radiation levels in 
the turbin_ building were to be controlled by gaseous activation products 
from (n,p) reactions in oxygen of the water; levels were underpredicted here, 
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and this created the only unforeseen radiation problem in the plant. We will 
return to this problem in the discussion of the survey measurements. 

Figure 10.30 is an elevation of the plant showing the containment shell 
of the reactor building with the adjacent structures. The core is located 
below grade to take advantage of earth fill as shielding. The primary 
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Fig. lO.29-Pathfinder operating floor. (From Hall and Stephen.'27 ) 

biological shield is ordinary concrete about 3 m thick. A clearance space of 
about 1 ft between the reactor vessel and the shield provides a water-cooling 
space. Penetrations for reactor controls and instruments are shadowed by 
91-cm-thick concrete plugs. Above the reactor a S.S-m pool of water 
attenuates radiation to the operating floor. 

TL turbine is recessed into the operating floor. Original plans called for 
restricting access (limiting working times) near the turbine. The control 
room and administrative offices are adjacent to the turbine room. 
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10.5.1 Calculations 

As with other systems described, the initial shield analysis for Pathfinder 
was done by hand from attenuation curves. The detailed calculations were 
done with fast-neutron removal theory and gamma-ray linear-absorption 
buildup factors. A point-kernel machine program was used that could 
adequately handle the large number of regions, materials, and compositions 
encountered in the design. Duct scattering was done with the Simon
Clifford equations (Sec. 7.10.2). 

The list of radiation sources that must be considered in a boiling-water 
system is impressive. Gamma-ray sources in the core include those from 
prompt fission; delayed fission; capture e35U, 238U, zirconium in 
fuel-element cladding, and hydrogen); and inelastic scattering. Decay gamma 
rays from the shutdown core must be considered as a function of core 
history and time after shutdown for maintenance planning. 

Gamma rays from other materials include captures in iron and various 
activation products from the crud e 6 N, 17 N, and 19 0), and potential 
activities from 1 7 N neutrons. 

The crud activity is a result of the high water velocity, which erodes 
activated species from the core and carries them throughout the system. The 
activity consists of 59Fe, 60Co, s6Mn, SlCr, 9SZr, and 65Ni. Various 

assumptions were made for the buildup and plate-out of the crud in 
calculating the total gross activity. 

Two (n,p) reactions and related captures deserve further mention: 
160(rz,p)16N with a 7.3-sec half-life, 

-
80% include the gamma ray. The other reaction sequence, 1 70(n,p)17 N, has 
an 8-MeVthreshold and a very low cross section (7 pb), but 

with a 4-sec half-life; the beta has an energy of 3.7 MeV, and the neutron, 1 
MeV. The neutron can be troublesome sinc~ the nitrogen is carried by the 
water and steam to all parts of the system. 

There is also a capture reaction in 180, producing 190, which has a 
79-sec half-life, 
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Calculated concentrations of 16N, 17N. and 19 0 in the water and steam 

loops at full power were 7.4 X 109 , 1 X 107, and 4.3 X 108 atoms per 
pound of water or steam, respectively. Thus the dominant activity is 16 N. 

Predictions were made for a detailed· schedule of dose points and 
multiplied by a factor of 3 to include a safety margin. 

10.5.2 Survey Measurements 

Lewellen, Lacy, and Raby2 8 report the results of radiation surveys made 
at 3, 20, 40, 60, 80, and 90% of full power. The large number of 
intermediate power levels was apparently run because some of the radiation 
levels were not expected to increase linearly with reactor power. Standard 
portable survey meters were used: a beta-gamma Gieger-tube probe and a 
BF 3 neutron detector. 

Results of the radiation survey can be summarized as follows: Although 
many of the survey measurements differed somewhat from the calculations. 
no discrepancies related to radiation directly from the core. Normal 
overdesign (a factor of about 3 in intensity) of the primary shield prevented 
any radiation problems in the reactor building. The only serious discrepancy 
occurred in the turbine building, where intensities varied from 3 to 10 times 
the predicted levels near the turbine itself. Accordingly, a concrete wall 
2.4 m high by 9.1 m long was erected on the operating floor between the 
turbine and the administrative section of the building. The addition is shown 
in Fig. 10.31; the added attenuation in the direction of the administrative 
side ranged from 2.5 to S, which reduced the radiation to desired levels. 

10.6 SHIP PROPULSION: N.S. SAVANNAH 

Important as safety is for fixed plants, it is doubly so for propulsion 
systems. A fixed-plant location is chosen for remoteness from high 
population density; a ship must berth at any deep-water harbor, frequently 
in a city's high-density area. 

The reactor plant of the N.S. Savannah was selected as an example of the 
pressurized-water type because safety considerations, weight, and space 
limitations on the shield presented a more difficult design problem than 
land-based power plants. In addition, a detailed set of measurements was 
made on the finished design under operating conditions. The following 
discussion of the reaCLor plant is mosrly taken from the Smith and Turner 
shield design summary reports29 '3 0 and the shield test report by Blizard, 

SHIELD DESIGN 579 

Calculated concentrations of 16N, 17N. and 19 0 in the water and steam 

loops at full power were 7.4 X 109 , 1 X 107, and 4.3 X 108 atoms per 
pound of water or steam, respectively. Thus the dominant activity is 16 N. 

Predictions were made for a detailed· schedule of dose points and 
multiplied by a factor of 3 to include a safety margin. 

10.5.2 Survey Measurements 

Lewellen, Lacy, and Raby2 8 report the results of radiation surveys made 
at 3, 20, 40, 60, 80, and 90% of full power. The large number of 
intermediate power levels was apparently run because some of the radiation 
levels were not expected to increase linearly with reactor power. Standard 
portable survey meters were used: a beta-gamma Gieger-tube probe and a 
BF 3 neutron detector. 

Results of the radiation survey can be summarized as follows: Although 
many of the survey measurements differed somewhat from the calculations. 
no discrepancies related to radiation directly from the core. Normal 
overdesign (a factor of about 3 in intensity) of the primary shield prevented 
any radiation problems in the reactor building. The only serious discrepancy 
occurred in the turbine building, where intensities varied from 3 to 10 times 
the predicted levels near the turbine itself. Accordingly, a concrete wall 
2.4 m high by 9.1 m long was erected on the operating floor between the 
turbine and the administrative section of the building. The addition is shown 
in Fig. 10.31; the added attenuation in the direction of the administrative 
side ranged from 2.5 to S, which reduced the radiation to desired levels. 

10.6 SHIP PROPULSION: N.S. SAVANNAH 

Important as safety is for fixed plants, it is doubly so for propulsion 
systems. A fixed-plant location is chosen for remoteness from high 
population density; a ship must berth at any deep-water harbor, frequently 
in a city's high-density area. 

The reactor plant of the N.S. Savannah was selected as an example of the 
pressurized-water type because safety considerations, weight, and space 
limitations on the shield presented a more difficult design problem than 
land-based power plants. In addition, a detailed set of measurements was 
made on the finished design under operating conditions. The following 
discussion of the reaCLor plant is mosrly taken from the Smith and Turner 
shield design summary reports29 '3 0 and the shield test report by Blizard, 



580 REACTOR SHIELDlNG FOR NUCLEAR ENGINEERS 

NOT TO SCALE 

D 
H -

II 

I I 

~: 
I 

EXITS EXIST. WALL I 
I 

TURBINE BUILDING, OPERATING FLOOR 

--- FENCE 
= CONCRETE-WALL ADDITION 

Fig. lO.31-Shield wall and fence additions. (From Lewellen et al. 2 B) 

Blosser, and Freestone. 3 
1 Bear in mind that the shield design dates from the 

mid-fifties. 

10.6.1 Description of Ship, Reactor, and Main Shielding 

The N.S. Savannah is a single-screw, combination passenger-cargo ship 
with an overall length of 181 m. She has a molded beam of 24 m and draws, 
when fully loaded, 9 m, displacing 20,000 tons. The vessel has three 
complete decks, A, B, and C (from top down), with platform decks at 
various levels. A promenade deck extends over A deck for about one-third of 
the ship's length; the forward end being slightly forward of amidships. The 
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promenade deck is devoted exclusively to public rooms and spaces; all 
passenger staterooms are on A deck. The passenger dining room and some of 
the crew spaces are on B deck. The remainder of the crew spaces are on C 
deck. Below on the smaller D deck various machinery and equipment are 
located. 

The Savannah reactor is the pressurized-water type, fueled with slightly 
enriched (4.4% 235 U) U02 • The fuel is in the form of 1.0S-em-diameter 
pellets, clad in 0.089-cm-thick stainless steel, contained in bundles of 
stainless-steel tubes. The core' is 229 cm long overall, with an active fuel 
length of 168 cm and an equivalent core diameter of 158 cm. Typically, an 
initial loading contains 312.4 kg of 23 S U and 6787.5 kg of 238U. The 
predicted lifetime of such a core is 52,200 Mwd (>750 days at full power). 

The primary shield for the Savannah reactor consists of an annulus of 
light water, 84 em thick, contained in the primary shield tank surrounding 
the reactor. The water annulus is supplemented by lead in thicknesses from 
2.5 to 10 cm at the primary-shield-tank outer wall. Outside the primary 
shield tank are boilers, pumps, demineralizers, and other parts of the 
steam-production system. The core, pressure vessel, primary shield, and 
steam-production system are enclosed in the containment vessel, a 10.7-m
diameter 6.3-cm-thick steel cylinder with hemispherical ends. The total 
length of the containment vessel is 15.4 m. Figure 10.32 shows a model of 
the containment ves~el and the relative elevations of die various decks. 

The secondary shield is outside the containment vessel. Above the 
midplane of the containment vessel, the secondary shield consists of a layer 
of lead, varying between 12.7 and 15.2 ern in thickness, and a minimum of 
20 cm of polyethylene. Below the midplane of the containment vessel, the 
shield is primarily concrete in thicknesses ranging from 84 to 122 cm. Fore 
and aft, on the hemispherical ends, ilmenite concrete is used; ordinary 
concrete is used at the sides. Collision mats consisting of alternate layers of 
redwood and steel replace some of the concrete on the sides. 

Water-storage tanks, approximately 1. 5 m deep, extend the secondary 
shield below the containment vessel from the tank tops to the hull. A 
schematic diagram of the shield is shown in Fig. 10.33. 

10.6.2 Shielding for Refueling and Control-Rod Maintenance 

Special provisions for refueljng and servicing are worth noting. Before 
entrance can be gained to the reactor after shutdown for refueling and 
control-rod maintenance, the insulation covering, pressure-vessel read, 
control-rod assembly, flow-baffle assembly and upper grid assembly must be 
removed. The pressure-vessel head is secured by studs and a seal weld. 
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Fig. lO.32-The New York Shipbuilding Corporation's model of the shield of the N.S. 
Savannah. (From Blizard et aI.3 1 ) 

The stud-removal operation takes place with the reactor water level up in 
the head. The water level is lowered before the seal-weld cutting operation 
begins. Additional water in the upper extension of the shield tank reduces 
dose rates from core fission products and activated internals to 1 to 2 
mR/hr. Distance attenuation from primary-loop corrosion and fission
product activity further reduces these dose-rate contributions. 

Before the dismantled pressure-vessel head is removed, a permanent tank 
above the pressure-vessel flange is filled with transitory shield water to limit 
dose rates from the reactor internals and spent core. (These are exposed 
when the head is removed.) The head is then removed, and a telescopic 
internals cask is lowered onto the pressure-vessel flange. The upper 
flow-baffle assembly is then withdrawn into the extended cask. Figure 10.34 
is a schematic view of the internals cask in place shOWing the upper 
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Fig. lO.33-Schematic cross section at the midplane of the N.S. Savannah reactor shield. 
(From Blizard et. ai. 3 

I ) 

flow-baffle assembly withdrawn. The transitory shield water is also shown. 
The cask is telescoped to remove the more highly activated grid assembly. 

After the flow baffle and grid assembly have been removed. a shield plug, 
or manipulator (equivalent to about 51 cm of cast iron, for gamma-ray 
attenuation), is placed on the pressure-vessel flange, and the transitory water 
level is lowered. The refueling cask, with its control-rod extension, is 
positioned on a port in the shield plug, and the port is positioned over the 
fuel element or control rod to be removed. Figure 10.35 is a schematic 
diagram of the shield plug and refueling cask in place. 

10.6.3 shield Design Criteria 

The design requiremems for the shielding on the N.S. Savannah were 
chosen to ensure that the passengers would receive no more radiation than is 
allowed to the general public, even though they were to live continuously on 
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Fig. 10.34-Telescopic internals cask. (From Smith and Turner. 29 ) 

board ship with the reactor constantly at full power. The requirements are 
also that the crew of the vessel receive no more radiation than workers in 
atomic energy installations, even though they remain on board ship all the 
time, also with the reactor constantly at full power. The third requirement 
for the shielding is that stevedores handling cargo will receive no more 
radiation than that permitted for the general public. even though they 
continuously handle cargo in the cargo spaces with the reactor at one-fifth 
full power. These requirements have dictated dose rates that are extremely 
low in passenger spaces and well below ordinary permissible levels in crew 
and cargo spaces owing to the presumption that these spaces are occupied 
continuously with the reactor at full power. 
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time, also with the reactor constantly at full power. The third requirement 
for the shielding is that stevedores handling cargo will receive no more 
radiation than that permitted for the general public. even though they 
continuously handle cargo in the cargo spaces with the reactor at one-fifth 
full power. These requirements have dictated dose rates that are extremely 
low in passenger spaces and well below ordinary permissible levels in crew 
and cargo spaces owing to the presumption that these spaces are occupied 
continuously with the reactor at full power. 
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The design dose rates used to ensure that these requirements were met 
are summarized in Table 10.7. 

10.6.4 Lead-Polyethylene Shield Construction 

The de;ign of a compact lead-polyethylene shield that can withstand 
the design stresses is somewhat unusual; consequently some of the details are 
shown here. 
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Table lO.7-DESIGN DOSE RATES FOR N.S. SAVANNAHt 

Location 

Access spaces outside 
secondary shield wall 
(passenger spaces) 

Access spaces outside 
secondary shield wall 
(crew spaces) 

Cargo holds 

Inside containment 
Inside containment 

Locations occupied during 
fuel·transfer operations 

tFrom Blizard et al. 31 

Operating conditions 

Full-power operation 

Full-power operation 

Operation at one-fifth 
full power 

Reactor operating 
Reactor shut down 

~l hr or longer. 
No fission produces 
in primary loop 

Reactor shut down 
3 days or longer; 
refueling operations 

Type Design dose 
access rate 

Unrestricted 0.5 rem/year 

Unrestricted 5.0 rem/year 
(crew) 

Unrestricted 500 mrem/year 

None permitted 
Limited 200 mrem/hr 

Limited 200 mrem/hr 
for transien t 
conditions, 
10 mremlhr 

for continuing 
conditions 

Polyethylene shielding is made from sheets; differences in shield 
construction consist mostly in variations in the method of supporting and 
covering the laminations after they have been placed. 

Two properties of polyethylene which are of importance in shield 
fabrication are its low softening point (180 to 260o p) and its relative 
chemical inertness. The first of these permits the slabs to be shaped with 
relative ease in the field. The second makes the use of solvent cements 
generally impractical. Instead of cement, corrugated nails are staggered in 
alternate layers to fabricate the shield. Sheet size and gauge were chosen for 
maximum ease of fabrication, and the edges of the polyethylene plates were 
staggered slightly to prevent streaming. 

In the secondary shield the polyethylene was applied over the lead on 
top of the containment vessel. Rib plate stiffeners and intercostals welded to 
the shielded surface (containment vessel) were used both to strengthen the 
shield and to provide a means of attaching the cover plate over the 
polyethylene. This cover plate was thin steel and served to protect the 
polyethylene surface from the hazards of combustion and physical damage. 
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It also provided a convenient surface on which to hang pipes, electrical 
connections, etc. Typical lead-polyethylene shield-arrangement details are 
sketched in Fig. 10.36. Note the gap spacing shown for polyethylene in these 
sketches; inadequate allowance for expansion could cause serious structural 
damage and buckling in the shield. 

10.6.5 Attenuation Calculations 

The attenua,:'on calculations for the primary shield and the secondary 
shield are discussed separately in the following sections since different 
techniques were used. 
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(a) Primary Shield. Two principal methods of calculating neutron 
attenuation were used. In all cases conservative assumptions were made since 
it was recognized that the calculational models were relatively crude and 
uncertainties existed in the basic cross-section data. 

One method involved prediction of the neutron fluxes in the reflector, 
thermal shields, and pressure vessel with a computer code utilizing two-group 
diffusion theory. The calculated fast and thermal flux profiles are shown in 
Fig. 10.37 along with the fast flux distribution through the shield tank, 
which was calculated with the method described at the end of this section. 
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Fig, lO.37-Neutron-flux proftle radial center line. 69 Mw. (From Smith and Turner.29
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Diffusion theory is inadequate for the deep penetration through the 
primary shield tank. For this calculation an empirical kernel was used for the 
attenuation of fast neutrons by water along with the removal-cross-section 
concept to account for the additional attenuation due to the steel. The 
kernel was obtained by fitting the fast-flux results of the moments-method 
calculations for a poim fission source in an infinite medium of water by the 
following equation: 

(10.6-1 ) 
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where r (in cm) is the penetration in water. Basic to the use of Eq._10.6-1 
was the assumption that the energy spectrum approached an equJibrium 
shape in water for penetrations greater than 40 cm and that r was the 
equivalent amount of water (actual water plus equivalent steel). 

The attenuation of gamma rays was calculated with the kernel method 
with infinite-medium buildup factors. 

For the radial attenuation of core gamma rays (fission plus capture and 
inelastics born in the core), the self-shielding factors for uniform cylindrical 

sources were used. Since self-absorption factors have not been determined in 
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general for radiation from the end ot a cylinder, this was handled by 
representing a l-cm-thick disk of core source by an isotropic disk source and 
interpreting numerically along the core axis. The radial profile of the core 
gamma rays is shown in Fig. 10.38. 

Calculating the secondary gamma flux through a series of water and steel 
slab shields involved an expression that described the rate of production of 
gamma rays by capture of thermal neutrons and attenuation in the source 
slabs (slab assumption was used since the radius of curvature is large 
compared to the thiCkness of the steel) and shield materials on either side. 
An exponential neutron removal was assumed in each source slab, and the 
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number of source slabs was chosen such that the calculated thermal flux 
profile through the thermal shield could be matched closely by a simple 
exponential in each source slab. The results of these calculations for 
secondary gamma rays are shown in Fig. 10.39. 

(b) Secondary Shield. In calculating fluxes or dose rates for points 
outside the secondary shield, integration over the original isotropic source 
volume becomes unreliable because of the implications ~f the combined 
geometries of the primary and secondary shields. For this situation the 
pressure-vessel top and the primary shield tank top and outer walls were 
chosen as surface sources for the subsequent secondary-shield attenuation 
calculations. 

The problem then resolves itself into establishing an angular flux density 
on these surfaces for both neutrons and gamma rays and then numerically 
integrating over source surfaces with due regard to the directional orienta
tion of the flux. It was assumed that both neu!ron- and gamma-ray flux 
densit.ies could be represented by a cosine distribution, flux density on the 
surfaces being calculated by point-kernel integration over the volume sources 
contained within the primary shield tank. With surface source corrected for 
the intensity in the particular direction, the kernel calculations for 
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attenuation through the secondary shield become similar to that for the 
primary shield calculations with the exception of a correction for the iron 
removal cross section. The minimum thickness of 15.2 em on the secondary 
shield surface was not sufficient to produce an equilibrium spectrum in 
hydrogen. Data from iron-water mock-ups at ORNL were analyzed to 

provide an estimate of the effect of nonequilibrium spectral conditions in 
hydrogenous material following metal to obtain the necessary corrections to 
the removal cross sections. 

10.6.6 Measurements 

Accurate measurements of the low dose rates specified in the design were 
a difficult task. For this purpose a mobile laboratory was developed. 3 1 

Three types of dosimeters were used in the Savannah survey. All gamma-ray 
dose-race measurements were obtained with an anthracene scintillation 
detector in which the sensitive element is a 2.5-cm-diameter 1.3-cm-thick 
anthracene crystal. The choice of anthracene was made because the energy 
lost within anthracene by a secondary electron resulting from a given-energy 
gamma-ray photon is very nearly proportional to the (computed) single
collision dose over the energy range from 100 ke V to 10 Me V. The 

instrument has a sensitivity of about 13.300 counts min -1 mrem -1 hr. 
Thermal-neutron dose rates (proportional to flux density) were measured 
with a l-in.-diameter BF3 proportional counter having an active length of 
12 in. In the construction of this counter, high sensitivity was achieved by 

filling the cube with 96% lOB-enriched BF 3 at the relatively high pressure of 
76 em Hg. This pressure, essentially 1 atm, results in a sensitivity of 
approximately 7400 counts min- 1 mrad- ' (tissue) hr- 1 and also makes the 
counter more resistant to accidental damage during use. 

Fast-neutron dose rates were measured with a modified long counter that 

uses the BF 3 tube of the thermal-flux detector as the sensitive element 
within a 20-cm-diameter 30-cm-Iong cadmium-covered polyethylene cylin
der. The polyethylene thicknesses at the end and side of the cylinder had 
been adjusted by experiments with monoenergetic neutrons from a Van de 
Graaff accelerator to give a coumer response proportional to the multicolli
sion tissue-dose curve to within ±10% over the energy range from 0.025 to 
approximately 10 MeV. The sensitivity of this instrument is approximately 
7800 counts min-I mrad- 1 (tissue) hr- 1 • 

The instrumentation dccribed· was carefully calibrated against known 
sources and fluxes and compared to standard instrumentation in a series of 
experiments at the ORNL Bulk Shielding Facility (BSF). The BSF 
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experiments used an idealized mock-up of the Savannah's shield, thus 
ensuring that the comparisons would be valid for the energy spectrum that 
would be encountered aboard the Savannah. 

The experimental procedures used in the Savannah survey were 
developed and tested in a series of studies of land-based reactors made during 
the months preceding this study. By the time the mobile laboratory was 
lifted aboard the Savannah, methods and procedures were firm, and a group 
of trained and experienced personnel was available to act as a nucleus for the 
large group required for the survey. Before the survey started, the secondary 
shield was completely marked with a rectangular 0.9-m grid (see Fig. 10.32). 
The general procedure for the survey consisted in obtaining a 1-min or 
0.5-min count, depending on counting statistics, in the center of each grid 
with both the thermal-neutron and gamma-ray dosimeters. After the COUnt 

the detector was slowly swept over the area within the grid to detect any 
small area of unusual leakage. The entire shield was covered with both 
thermal-neutron and gamma-ray dosimeters. Fast-neutron dose rates were 
measured at carefully chosen locations over the shield, which permitted a 
good evaluation of the ratio of fast to thermal neutrons over the shield. 

10.6.7 Comparison of Measurements and Calculations 

The reactor was held at approximately its full power of 69 Mw for the 
entire duration of the detailed shield survey. The dose rates recorded thus 
represent the maximum to be expected. A detailed comparison of the 
measurements and calculations is shown in Table 10.8, which has been 
abridged from Blizard et al. 3 1 The point numbers identifying the data 
positions were selected by Smith and Turner29 for later comparison with 
measurements. The locations on each deck are shown in Fig. 10.40, with 
point numbers corresponding to those of Table 10.8. 

Note that the measured fast-neutron dose rates in Table 10.8 are 
reported in absorbed dose units (mrad) and are converted to dose equivalent 
(mrem) for comparison with calculations by multiplying by a relative 
biological equivalence factor varying from 8 to 9 depending on energy 
spectrum (or total shield thickness). These units and their relations are 
discussed in Sec. 3.3.4. 

In general, the actual dose rates appear to be considerably lower than the 
predicted dose rates, which reflects the intended conservatism in the design. 
Spot checks of the comparisons show overestimates of the gamma-ray dose 
rate and underestimates of the neutron dose rate. 
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Table 10.8-COMPARISON OF MEASURED DOSE RATES WITH CALCULATED 
DOSE RATES AT SPECIAL POIi'ITSt 

O&se-rved dose nle 

Nelllron Babcock'" Wilcox 1144·1 calcul .. ed dose nl. 

Point FOIl. Thermal. Gamma. Total, Ncurron, Gamma, Toeal, 
numb .. mud/hr m.em/h. nvem/hl mrem/h. mrem/h. mrem/h. rnrem/hr 

Promenade Deck 

44 1.50 X 10') 1.31 X 10'" 0.925 X 10"'2 2.23 X 10"'2 1.0 X 10"'2 41.9 X 10"'2 4.29 X 10" 
45 0.988 1.16 1.42 2.28 0 9.5 0.95 
46 0.976 0.771 0.569 1.42 0.7 17.9 1.86 
47 1.65 1.52 1.14 2.58 
48 1.51 0.~12 1.09 2.39 1.0 11.0 1.20 
54 1.40 0.570 1.53 2.75 2.4 8.4 1.08 
56 0.897 2.09 0.624 1.42 1.6 11.0 1.26 
57 0.845 0.369 0,360 1.10 
71 1.09 0.232· 0.823 1.76 4.3 8.4 1.27 
72 1.43 0.318 0.68 1.91 4.6 8.4 1.30 

A Deck 

3.43 3.58 3.47 6.46 1.4 19.2 2.06 
2 3 . .32 4.33 4.17 7.07 1.4 19.1 2.05 
3 1.98 1.34 2,26 3.97 1.6 12.7 1.43 
4 2.83 3.45 2,79 5.27 1.4 21.4 2.28 
5 4,17 4,19 4,30 7.93 1.4 23.8 2,52 
6 2.68 2,41 3.84 6.17 1.9 18.1 2.00 
7 2.76 1.26 2.93 5.32 2.9 14.6 1.75 

14 2.26 1.25 2.05 4.01 5.0 15.2 2.02 
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26 9.75 0.422 0.694 9.09 5.0 17.0 2.20 

803 2.35 1.17 2.45 4.52 9.0 18.3 2.73 
804 1.86 0.232 1.26 2.86 9.0 12.4 2.14 

COeck 

252 7.76 X 10" 12.77 X 10'" 13.78 X 10"'2 20.59 X 10"'2 33.2 X 10" 23.5 X 10"'2 5.67 X 10" 
253 2.25 2.76 2.19 4.16 0 9.5 0.95 
261 4.56 1.66 0.820 5.76 0,4 10.8 1.12 
324 5.37 10.90 15,79 20.52 33.6 24.9 5.85 
J25 1.87 2.49 4.53 6.17 0 1.8 0.18 
611 2.94 2.64 2.13 4.69 0 33.7 3.37 
612 3.15 2.47 3.46 6.20 
613 2 . .33 2.25 13,2 15.25 0 20.2 2.02 

o Deck 

276 10.51 0.781 0,644 9.69 1.6 6.7 0.83 
278 1.41 0.400 0.706 1.92 0.6 5.9 0.65 
332 1.38 0,517 0.777 2.02 1.6 8.5 1.01 
813 2.02 1.01 2.24 3.99 2.3 15.6 1.79 
815 1.1.3 0.370 1.63 2.61 2,6 69.4 7.20 

Tank lOp 

297 0.390 0.465 0.343 0.684 0.9 9.5 1.04 
307 0.338 0.317 0.338 0.532 1.9 2.9 0,48 
334 0.910 0.190 0,273 1.06 1.5 2.6 0.41 
640 1.24 0.486 0.685 1.76 28.5 121.4 14.99 
641 0.754 0.317 0,288 0.939 2.1 6.2 0.83 

t Adapled from Blizard or al.) I 
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The measurements showed, however, that the dose rates did not exceed 
tolerance limits in areas where passenger access is permitted. The design dose 
rate was exceeded only in a small region on D deck, to which only the crew 
is permitted access and which can easily be controlled. 

10.7 SPACE POWER: SNAP-lOA FLIGHT TEST 

The Snapshot-1 flight test, which took place in April 1965, is the only 
known space flight of a reactor. Strictly speaking, this was an experiment, 
and it represents a test system in development rather than a finished design 
application. However, the magnitude of the program, the preflight design 
development effort, and the postflight analysis give us the same pattern of 
input that we have sought for the previous discussion of reactor-shield 
applications in this chapter. We should, nevertheless, bear in mind that the 
Space Nuclear Auxiliary Power (SNAP)-lOA is not a finished product but an 
intermediate development model. 

The SNAP-lOA reactor is described by Glasstone 32 as a very small 
system, being only 3S em in diameter and about 46 em long. It is cooled 
with NaK (sodium-potassium) and controlled by rotating beryllium 
reflector material in semicylindrical drums toward the' care. The care is 
about 23 cm in diameter and 39.5 cm long. Fuel elements are enriched 
uranium and zirconium hydride clad in Hastelloy with hydrogen serving as a 
moderator. The choice of materials was based largely on the need for 
compact design and high-temperature operation. The NaK coolant leaves the 
core at 545°C and is pumped to a thermoelectric converter for production of 
electricity. The reactor operated at about 40 kw(t) and produced a little over 
0.5 kw of electric power. 

The SNAP-IOA-Agena spacecraft was launched into a near-polar orbit 
Apr. 3, 1965. After 6 days of monitoring and manual control of the reactor 
by ground commands, the reactor was switched to automatic temperature
coefficient control. Subsequent operation was automatic without further 
ground command. The reactor was to have operated for at least 6 months, 
but on May 16 loss of signals from the spacecraft indicated that the reactor 
had shut down. The failure was apparently not in the reactor itself but in a 
voltage regulator. 

10.7.1 Shield Analysis 

Belcher, Flynn, and Thomson33 summarized an extensive preflight 
shield analysis to ensure that the shield met its design objectives. These 
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objectives were that the I-year gamma and fast-neutron levels not exceed 
107 R or 1012 neutrons/cm2 , respectively, across a 152-cm-diameter plane 
located 5.3 m below the reactor core. This plane is called the reference-dose 
plane, as shown in Fig. 10.41. The weight objective for the shield was 
102 kg, including container and structure, which was certainly a stringent 
restriction. 

The gamma-ray- and neutron-level specifications were intended to limit 
radiation effects to solid-state electronics equipment. Belcher et aI.3 3 

estimate an approximate gross leakage of 108 Rand 10 16 neutrons/cm 2 

and a corresponding attenuation requirement of 104 for fast neutrons and 
10 for gamma rays. They chose LiH as the shield material for its high 
neutron-shielding efficiency (light weight) and high-temperature properties, 
estima ting that about 60 cm would be required. 

They also point out, as is evident in Fig. 10.41, that the control drums 
and sides of the reactor were not shadowed by the shield from the 
thermoelectric converter and the near part of the Agena stage. Not shown 
on the sketch is the NaK piping around the shield. The control drums, 
converter, and NaK piping all constitute sources of scattered neutrons in the 
near section of the Agena structure. Had the shadow shield been designed 
with an annular bulge and shortened to avoid a weight increase, it might have 
been more effective. An alternative arrangement within the 102-kg weight 
limit would be an interesting design exercise. Belcher et al. 3 3 state that it 
was impossible to rectify this condition without exceeding the weight 
limitations. 

Although the specifications refer to the reference-dose plane, most of the 
measurements and predictions use the SNAP-Agena mating plane (also 
shown on Fig. 10.41) as a primary reference for radiation intensities. We will 
use only the SNAP-Agena plane to avoid confusion. 

The core region was divided into an array of effective point sources, and 
a ray-tracing technique using removal cross sections determined attenuation 
through the core and LiH shield. Attenuation measurements for LiH were 
repeated at the Atomics International (AI) Shield Test Facility in Canoga 
Park, Calif., and the General Dynamics Aerosystems Test Facility in Fort 
Worth, Tex. From the measurements a LiH ::lttenuation coefficient of 0.156 
cm- l for the 0.7 g/cm 3 density was estimated at operating temperature 
("-'370 oq. 

As might be suspected from the discussion of the geometry, neutrons 
scattered around the shield sufficiently exceeded the number penetrating 
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through the shield that the latter component was unimportant in analyzing 
the flight-test data. 

Gamma-ray exposure through the shield was computed by the same 
ray-tracing method as the fast neutrons. The sources considered were fission 
gamma rays, captures in the core, and activation from the NaK coolant. 
Neutron capture in 23 Na produces 24 Na, which decays by producing two 
gamma rays, 2.76 and 1.38 MeV. The decay of 42 K gives a 1.S1-MeV gamma 
ray about 25% of the time. The moments-method buildup factors 
(Sec. 4.8.1) were used. None of the gamma-ray intensities exceeded the 10' 
R/year maximum at the SNAP-Agena mating plane. The computed total 
consisted mostly of gamma rays from the core. 

The principal heating rate in the shield was due to neutron capture in 
6 Li: 

6 Li + n -+ 3 H + Ci + 4.8 MeV 

The alpha has a very short range and may be considered deposited at the 
capture site. Neutron kinetic energy in elastic collisions with hydrogen 
produces almost as much heat as the 6 Li captures. Captures in 7 Li (the 
principal isotope) produce gamma rays, which give unimportant intensities in 
this case. At 40 kw the heating in the ~hield was computed to be about 160 
watts with a maximum power density of 0.3 watt/cm 3

, 49% from 6 Li(I1,Ci), 
39% from neutron elastic scattering, and 12% from gamma-ray absorption. 

10.7.2 Flight-Test Results 

Bennett, Krakar, and Kruse 34 report the nuclear environment and 
compare it with the analysis just described. We have not described the 
method of calculating the important scattering contributions from the 
control drum, converter, and reactor sides because the estimates of Belcher 
et al. 3 3 were admittedly crude and were revised for inclusion with the flight 
results of Bennett et al. 3 4 We will discuss these estimates later. 

Fast-neutron-flux densities were measured with a 237 Np fission cham
ber. The fission cross section has a threshold of 0.65 MeV, which makes this 
chamber well-suited for fast-neutron fluxes limited by radiation-effects 
considerations. Neutrons below the threshold do not significantly contribute 
to radiation damage. The counter was enclosed in cadmium to eliminate 
thermal-neutron interaction with impurities in the 237 N p. 

A similar fission chamber with 235 U was used for thermal-neutron 

measurements; actually two sensors were used, one cadmium-wrapped, to 
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obtain the thermal-flux density by subtraction of the two signals. Gamma
ray exposures were obtained with a CO2 -filled ionization chamber. 

Additional neutron measurements were made with a radiation-sensitive 
transistor, which responds to the cumulative fast-neutron-flux density. 

Telemetry and data processing need not concern us in this discussion 
except to note they were necessarily elaborate and contributed to 
reproducibility within a nominal factor of 1. 22 in fast-neutron flux or 
gamma-ray exposure. 

Table 10.9-SNAPSHOT RADIATIONN·DETECTOR 
RESULTS AT SNAP·I0A-AGENA MATING PLANE 

Fast-neutron-
flux density. Gamma-ray 

10 14 neutrons exposure, 
"2 -1 106 R year-1 cm year 

LMSC detectors 
RAI-1 0.48 6.3 
RAI-2 1.09 

AI detectors 
166 0.67 
167 0.63 
168 0.41 
169 0.42 
170 0.50 
171 0.47 
172 0.52 
138 5.6 

Table 10.9 gives flux densities for the detectors located on the mating 
plane we have used for reference. Each value for Lockheed Missiles and 
Space Company (LMSC) detectors represents a mean of 1500 telemetry 
samples; for Al detectors each value represents a mean of 10 telemetry 
samples from each of 20 data acquisitions. The former are fission-chamber 
measurements and the latter are the solid-state detectors. We have converted 
the rate data of Belcher et al. to I-year totals. 

The flight data prompted an immediate review of the preflight analysis. 
The fast-neutron-flux densities were -found to be underestimated bv a factor 

I 

of 6-5 co 7.8; gamma exposures were within 10% of prediction in this area. 
Revised estimates were made of the scattering from the thermoelectric 
converter-radiator, increasing the scattered component by a factor of 
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Fig,l0.42-Revised Al fast-neutron flux at SNAP.I0A-Agena mating plane below 
out-rotated control drums, (From Bennett et a/. 34

) 

abouc 8. The various contributions to the fast-neurron-flux density are 
shown in Fig. 10.42. The projection of the shadow shield to this plane of the 
vehicle has a 51-em radius. Transmission through the shield is contained in 
the component marked reactor core. The rest of the components do not 
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abouc 8. The various contributions to the fast-neurron-flux density are 
shown in Fig. 10.42. The projection of the shadow shield to this plane of the 
vehicle has a 51-em radius. Transmission through the shield is contained in 
the component marked reactor core. The rest of the components do not 
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penetrate the shield. The early preflight prediction of scattering from the 
thermoelectric converter is shown as a dashed line. The revised estimate of 
this component raised the total at the center line by a factor of 5; near the 
skin of the vehicle (76 em), the total was unaffected. Shown in the figure are 
two measurements from Table 10.9 that are in reasonable agreement. 

This was a complex set of scattering sources, and the predictions were 
indeed within the accuracy of the approximate methods used. This is a 
clear-cut instance where a Monte Carlo calculation of the scattered 
contributions is the only method that could be expected to give the desired 
accuracy (presumably within a factor of 2). 

The flight-test measurements were compared with the predictions, and a 
model was constructed th~t gave a better estimate of the radiation 
environment throughout the vehicle. The polar plot for our plane of 
reference is shown in Fig. 10.43. Note that the effect of the control drums is 
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to push the isoflux lines inward toward the center. Intensities beyond the 
mating plane could not be satisfactorily modeled without accounting for the 
attenuation contributed by some 19 pieces of equipment aboard the Agena 

stage. Accordingly, attenuation measurements made during preflight testing 
were used to derive removal cross sections for eac h piece of equipment. 34 A 

point-kernel calculation was made from the mating plane to each location to 
generate the data to model the radiation environment. The resulting model, 

based on hybrid combination of preflight prediction, in-flight measurement, 
and empirical adjustment, reproduced measured data within a factor of 2. 
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Gamma Rays from Inelastic 
Neutron Scattering and Fission 

Appendix A 
Table A.l gives re presentative data on important elements in the neutron-
energy region of interest. Table A. 2 gives gamma-ray energy release vs. time 
after fission. 

Table .... I-G ... MMA R ... YS FROM INELASTIC NEUTRON SC ... 1TERING t ~ 

Energy of 
dOldr2(900j, mb/sr 

prominent Average 
E",MeV 

gamma rays, anisotropy, 
Z Elemen, MeV W(Oo)/W(90o) 1.0 1.5 2.0 3.0 3.5 4.0 5.0 

3 Li 0.478 1.0 15 22 
5 lOB 0.478 (",a) 1.0~ 21.3 8.9 13.0 9.5 8.2 10.6 

0.717 LOt 0.3 3.4 4.0 3.8 5.4 
1.02 1.1 1.2 
1.43 0.7 
2.15 0.5 0.9 
2.86 0.5 
3.37 (",p) 0.3 

5 II B 2.13 1.0 0.5 2.3 5.3 
6 C 4.4 2.0 4.0 
7 N 1.6 0.1 0.2 

2.31 <0.1 <0.1 0.2 0.3 
4.90 
5.10 

9 F 0.110 1.0 25 
0.198 66 

11 llNa 0.44 1.0 42 44 45 44 45 50 
0.63 2 
1.64 5 10 15 

12 24Mg 1.37 1.4 39 38 36 
26 M 1.81 1.4 47 64 70 

13 21 AJ
g 

0.84 1.0 9.5 9.9 8.8 
1.01 1.0 ] 8.1 ]9.5 18.6 
1.72 1.0 7.0 B.O 5.1 
2.21 1.0 ]7.0 16.8 14.6 
2.73 1.0 2.4 3.4 3.9 
3.00 1.2 8.0 13.6 12.0 

14 2ISi 
(doublet) 

1.77 1.45 32 30 39 
18 .0 Ar 0.68 1.0 6.0 9.6 7.6 10.8 

1.08 0.9 6.4 8.0 5.2 7.2 
].45 1.3 41 54 61 60 
1.77 1.8 2.2 6.5 9.2 
2.53 1.6 5.0 3.8 10.4 

(Table continues on next page.) 
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Table A.1-(Continued) 

Energy of 
duldn(90o), mb/sr 

prominent Average 
E., MeV 

gamma raY', anisotropy, 
Z Elemenl MeV W(Oo)/W(90o) 1.0 1.5 2.0 3.0 3.5 4.0 5.0 

19 K 2.52 5 7 10 
2.81 1.5 7 10 
3.05 3 7 

20 Ca 0.51 0.5 6.9 15.2 
(1'1 ••• ) 

0.768 0.9 4.6 5.8 10.4 
1.158 3.7 2.1 3.0 
3.730 2.4 2.6 7.7 
3.900 1.7 0.5 7.0 

24 52Cr 1.43 1.4 40 60 40 
2.37 1.3 3 6 
2.65 4 4 
2.77 4 7 
2.96 14 
3.16 5 

26 56 Fe 0.845 1.8 21.1 35.5 83.0 86.0 89.2 107.6 
1.24 1.6 9.7 10.4 17.2 
1.81 1.4 12.3 11.3 14.9 
2.12 1.5 8.4 12.1 
2.30 1.1 4.8 6.8 
2.60 1.0 9.2 
3.45 0.9 4.2 
2.76 1.08 3.2 
3.60 1.27 2.8 

26 HFe 1.41 1.2 65.1 61.5 69.5 80.3 
1.13 1.25 13.0 17.3 22.8 27.2 
1.56 >1.3 4.6 8.3 6.9 
2.96 1-55 6.1 7.7 5.6 
1.75 <1.2 1.6 2.5 4.1 
3.16 1.48 5.2 8.1 8.3 
1.93 1.7 4.6 7.1 
2.42 4.D 
2.66 4.5 
2.85 1.6 

3.37 1.8 
27 59CO 0.55 16.9 19.2 22.4 29.4 

0.68 15.3 15.7 15.8 18.2 
1.10 1.0 5.6 14.2 13.3 11.9 14.6 
1.19 1.0 12.6 37.9 33.4 34.7 35.5 
1.29 1.0 2.7 11.6 11.2 9.3 10.1 
1.48 1.0 6.4 32.8 32.4 31.7 33.8 
1.74 10.9 11.7 13.0 15.2 
2.10 8.1 12.6 15.3 18.7 
2.50 7.2 6.7 8.2 10.4 
2.80 3.3 4.0 3.9 5.2 

39 19y 0.71 0.75 5.6 5.7 5.5 5.4 
1.31 1.1 6.0 8.5 5.7 7.6 
1.51 0.85 31.8 35.0 27.8 24.6 
1.62 0.85 4.7 8.2 7.5 7.9 
1.75 1.25 27.7 29.6 22.6 20.2 
1.95 0.75 2.5 5.4 5.4 4.8 
1.98 3.9 4.5 
2.10 4.5 
2.36 2.6 
2.56 7.0 7.5 
2.70 2.7 
2.86 0.75 3.6 11.6 10.0 9.0 
3.05 14.5 16.4 12.7 
3.49 2.7 2.9 
3.85 3.2 
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Table A.1-(Continued) 
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2.96 14 
3.16 5 

26 56 Fe 0.845 1.8 21.1 35.5 83.0 86.0 89.2 107.6 
1.24 1.6 9.7 10.4 17.2 
1.81 1.4 12.3 11.3 14.9 
2.12 1.5 8.4 12.1 
2.30 1.1 4.8 6.8 
2.60 1.0 9.2 
3.45 0.9 4.2 
2.76 1.08 3.2 
3.60 1.27 2.8 

26 HFe 1.41 1.2 65.1 61.5 69.5 80.3 
1.13 1.25 13.0 17.3 22.8 27.2 
1.56 >1.3 4.6 8.3 6.9 
2.96 1-55 6.1 7.7 5.6 
1.75 <1.2 1.6 2.5 4.1 
3.16 1.48 5.2 8.1 8.3 
1.93 1.7 4.6 7.1 
2.42 4.D 
2.66 4.5 
2.85 1.6 

3.37 1.8 
27 59CO 0.55 16.9 19.2 22.4 29.4 

0.68 15.3 15.7 15.8 18.2 
1.10 1.0 5.6 14.2 13.3 11.9 14.6 
1.19 1.0 12.6 37.9 33.4 34.7 35.5 
1.29 1.0 2.7 11.6 11.2 9.3 10.1 
1.48 1.0 6.4 32.8 32.4 31.7 33.8 
1.74 10.9 11.7 13.0 15.2 
2.10 8.1 12.6 15.3 18.7 
2.50 7.2 6.7 8.2 10.4 
2.80 3.3 4.0 3.9 5.2 

39 19y 0.71 0.75 5.6 5.7 5.5 5.4 
1.31 1.1 6.0 8.5 5.7 7.6 
1.51 0.85 31.8 35.0 27.8 24.6 
1.62 0.85 4.7 8.2 7.5 7.9 
1.75 1.25 27.7 29.6 22.6 20.2 
1.95 0.75 2.5 5.4 5.4 4.8 
1.98 3.9 4.5 
2.10 4.5 
2.36 2.6 
2.56 7.0 7.5 
2.70 2.7 
2.86 0.75 3.6 11.6 10.0 9.0 
3.05 14.5 16.4 12.7 
3.49 2.7 2.9 
3.85 3.2 
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Tablr A.l-(Continued) 

Energy of daldn(90o). mb/sr 
prominent Average 

E ... MeV 
pmnu rays. anisorropy. 

Z Element MeV W(Oo)/W(90·) 1.0 I.S 2.0 3.0 3.5 4.0 5.0 

40 90Zr 0.43 10 10 
0.57 13 14 
0.89 7 
2.18 51 50 48 48 

40 91Zr 0.46 4 18 10 10 
0.57 1 20 20 23 
0.93 10 80 100 130 130 
1.12 20 2S 
1.41 10 10 
1.84 2 8 8 
2.16 4 5 

82 u6Pb 0.54 0.7 (4 MeV) 65 97 117 
0.80 1.2 (4 MeV) 13 43 118 175 182 

82 201Pb 0.57 1.0 (4 MeV) 18 42 74 lJ7 ISO 
0.894 0.82 (4 MeV) 14 43 61 63 
1.08 10 14 25 
1.77 1.0 (4 MeV) 14 30 44 
2.12 1.0 (4 MeV) 8 16 26 
2.64 1.32 (4 MeV) 2 8 22 

82 20IPb 0.58 7 48 
0.76 7 
0.86 16 
2.61 1.75 40 SS 87 

t .From I. L. Morgan. Gamma Roays from Inelasric Neutron Scattering. in Enginee,ing Compendium on 
R..dwtio" Shielding, Vol. I. R. G. Jaeger (Ed.). Sec. 2.3.2.2, Springer-Verlag. New York. 1968. 

tdolan (55·). . 
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Table A.2-GAMMA·RAY ENERGY RELEASE VS. TIME AFTER fiSSION! 0-
0 
00 

"rime D B rT r, r, r, r, r, r. 1', 

The Valun ilre for 10. 0 Inllanuneous fission I 

100 239 . 10' 147' 10' 349' 10' 634' 10' 279' 10' 111' 10' 4H • 10' 979' 10' 276' 10' 119' 10' 
200 159 . 10' 202' 10' 230' 10' 501 . 10' 165' 10' 654 . 10' 314 . 10' 794 • 10' 201 • 10' 778'10' 
400 '114' 10' 988 . 10' 121 . 10' 373'10' 946' 10' )28' 10' 234 • 10' 544 • 10' 117' 10' 344' 10' 
100' 10' 421 . 10' 40J . 10' 443'10' 249· 10' 584' 10' 139 . 10' 901 • 10' 287 . 10' 391 • 10' 618' 10' 
200' 10' 226'10' 200' 10' 224' 10' 151 . 10' 429' 10' 656' 10' 463' 10' 156' 10' 180' 10' 204' 10' 
400' 10' 105'10' 841 . 10' 106 . 10' 644 . 10' 301 • 10] 229 . 10' 254' 10' 654 . 10' 961 • 10· 647 • 10' 
100' 10' l61 . 10' 251' 10' 362' 10' 156' 10' 133 • 10' 6l3' 10' 863' 10' 223' 10' 309' 10' 969' 10' 
200' 10' 167' 10' 112' 10' 128' 10' 632' 10' 456 • 10' 235' 10' 310' 10' 996' 10' 926' 10' 212' 10' 
400' 10' 821 . 10' 484' 10' 482 . 10' 341 • 10' 201 • 10' 994' 10' 984' 10' 271 . 10' 161 • 10' )01 
100' 10' 445 . 10' 218' 10' 235' 10' 238· 10' 125'10' 440' 10' 319' 10' 60S 232 )04 . I1f' 
100' 10' 289 . 10' 124' 10' 144 . 10' 177' 10' 863' 10' 219' 10' 148' 10' 230 181 . 10" 412' 10'1 
200' 10' 118' 10' 406' 10' 549' 10' 814 343' 10' 508 56) 772 . 10" 540' \(f' 697 • 10" 
400' 10' 525' 10' 149' 10' 245' 10' 376 124' 10' 195 518 437 . 10" 477 • 10" 877 • 10" 
100' 10' 203· 10' 514 100' 10' III 401 546' 10-' 387 101 • I IT' 282' lIT' 7]1 • lIT' 
200' 10' 955 289 455 371 • 10" 180 163' \(T' 203 110' lIT' 133' 10" 398' 10" ~ 400' 10' 447 134 177 110' lIT' 992' 10" 432' 10" 516' 10" 255' lIT' 369' 10" 115'1(f' 
100' 10' 154 466 • 10-' 498' 10" 150' I IT' 462' ur' 275 • \(f' 140' lIT· 211 . I IT' 90] . 10" 463' 10-' 'tI 

tTl 
200' 10' 544 . 10-' 201 • 10-' 160' 10" 226' 10" 155 • I (f' 452' lIT" 488' 'I(f" 160' IIf' 393' 10" 162'1(f' Z 
400' 10' 168' 10" 840'10-· 196 . 10" MS' 10" 174 . 10-' 114 . 10" 271 • 1(f' 913 • 1(f' , 243' 10" 104 . 10-' 0 
100' 10' 471 • 10-' 200' 10'· 313 . J(f' 116 . HI" 211 • 10' 259' 10" 5H' 1(f' 171 • I (f' 649'10' 278 . 1(f' -X 

The Reac'or Opc,,'ing Time Was I hr al I wall >-
100 451 • 10' 467 . 10' 534 • 10' 229 . 10' 658' 10' 153' 10' 102' 10' 278 • 10' 470' 10' 1\ 5 • 10' 
200 390' 10' 382' 10' H4' Ill' 213' 10' 598' 10' 126' 10' 888' 10' 251 • 10' 396' 10' 829' 10' 
400 319' 10' 296 . 10' 342' 10' 189' 10' 538' 10' 976 • 10' 710' 10' 212· 10' 301 • 10' 487'10' 
100' 10' 220· 10' 192' 10' 222' 10' 141 • 10' 455' 10' 612' 10' 475'10' 148' 10' 187' 10' 200'10' 
200' 10' 145 . 10' 120' 10' 148' 10' 918· 10' 377 . 10' 348' 10' 336 . 10' 939' 10' 128 . 10' 102' 10' 
400' 10' 8.15 • 10' 640' 10' 870'10' 455' 10' 279 • 10' 165' 10' 211 . 10' 500 • 10' 783' 10' 399' 10' 
100' 101 359' 10' 251 • 10' 345'10' 149' 10' 127 • 10' 605' 10' 819' 10' 225' 10' 287 • 10' 828' 10' 
200' 10' 181 • 10' 120' 10' 133'10' 680' 10' 474 • 10' 247 . 10· 322' 10' 104' 10' 910'10' 206' 10' 
400' 10' 9]0' 10' 542' 10· 540' 10· 393· 10' 230' 10· 112' 106 108' 10' 289· 10' 167' 10' 307' 10' 
700' 10' 512' 10' 248' 10' 269' 10' 277 . 10' 145' 10' 498' 10' J57' 10' 667' 10' 251 • 10' 318' 10' 
100' IOJ 335 . 10' 143' 10· 167' 10' 206· 10' 100' 10' 250' 10' 169' 10' 262 • 10" 894 • 10' 4.19 • 10' 
200' 10' 138' 10' 474' 10' M2' 10' 953 . 10' 401 • 10' 592 . 10' 664' 10' 907' 10' 639 . 10' 828' \0' 
400' 10' 619· 10' 175' 10' 289 . 10' 4H'10' 147' 10' 230' 10' 614' 10' 515' 10J 565' 10' 104' 10' 
100' 10' 240' 10' 679' 10' 1I9' 10' III . 10' 474 . 10' 645' 101 458' 10' 119' 10' 3JJ'10' 865' 10' 
200' 10' Ill' 10' 342' 10' 538' 10' 438' 101 213' 10' 193' 10' 240' 10' 129· 10' 157' 10' 470' 10' 
400' 10' 529' 10' 159' 10' 209 . 10' 130' 10' 117' 10' 511 . 10' 682 . 10' 302· 10' 417 • 10' 136' 10' 
100' 10' 182· 10' 551 . 10' 589' 10' 178' 10' 547' 10' 325' 10' 165' 10' 250' 10' 107' 10' 548' Ill" 
200' 10' 644 • 10' 238' 10' 190' 10' 267' 10' IS.1· 10' 535 S77 189· 10' 466' Ill" 192 • 1(f' 
400' 10' 199' 10' 995 . 10· 232 . 10'. 764 206' 10' 115 321 108' 10' 287' 10·' 123' l(f' 
100' 10' 558 • 10] 237' 10' 370' \0' 137 321 . 10' 307 . 10" 654 . 10-' 203 768' 10'] 329' 10-· 
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200' 10' Ill' 10' 342' 10' 538' 10' 438' 101 213' 10' 193' 10' 240' 10' 129· 10' 157' 10' 470' 10' 
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200' 10' 644 • 10' 238' 10' 190' 10' 267' 10' IS.1· 10' 535 S77 189· 10' 466' Ill" 192 • 1(f' 
400' 10' 199' 10' 995 . 10· 232 . 10'. 764 206' 10' 115 321 108' 10' 287' 10·' 123' l(f' 
100' 10' 558 • 10] 237' 10' 370' \0' 137 321 . 10' 307 . 10" 654 . 10-' 203 768' 10'] 329' 10-· 



The ReaCIOI OperalinB Time Was 10 hI al I wall 

100 722'10" 659' 10" 780' 10· 352' 10' 151 . 10' 199' 10' 161 . 10· 436' 10' 670' 10' 122' 101 

200 658' 10' 572 . 10· 686' 101 334' 10' 144 . 101 171 . 101 147' 101 407' 10' 592' 10' 904 • 10' 
400 580 . 10" 481 . 101 577 . 10· 306'10' 136 . 10' 141 . 10' 127' 10' 364' 10' 492' 10' 558' 10' 
100' 10' 463 . 10" 362' 10· 439' 10· 248' 10' 122' 10' 101 • 10' 995' 10' 289' 10' 360'10' 259 . 10' 
200' 10' 366 . 10" 272 • 101 339 . 10· 185' 10' 107' 10" 696' 10' 793' 10' 220' 10' 277 . 10' 148' 10' 
400' 10' 271 • 10· 190' 10' 242' 10' 121 . 10' 846 • 10' 448' 10' 577 . 10' 155' 10' 192 . 10' 712' 10' 
100' 10' 170 . 10" III • 10" 129' 10· 672'10' 481 . 10' 241 • 10' 301 • 10' 898' 10" 871 . 10' 215' 10' 
200' 10' III . 10' 680' 10' 702' 10' 451 . 10' 278' 10' 139' 10' 153'10' 453' 10' 326· 10' 672 . 10' 
400' la' 676' 10' 362 . 10' )7J'IO' 325' 10· 179'10' 744 . 10' 620' 10' 10' 10' 706' 10' 117' 10' 
700' 10' 408' 10' 185' 10' 209' 10' 237' 10· 119 • 10' )50' 10' 241 • 10' 410' 10' 143' la' 134' 10' 
100' la' 281 . 10' 115' 10' 138' 10' 179' 10' 847' 10' 186' 10' \30' 10' 196' 10' 754 • 10' 220' 10' 
200' la' 126 • 10' 421 • 10' 582' 10' 873 . \0' 359' 10' 522' 10' 645' 10' 851 . 10" 635' 10" 857 • \0' 
400' la' 594 . 10' 167' 10' 278' 10' 424' 10' 139' 10' 220' 10' 612' 10' 495' 10" 557' 10" 104' 10' 
100' 10' 236'10' 668' 10' 117 • 10' 128' 10' 465' 10' 628 . 10' 453' 10' 115' 10' 328' 10" 857' 10' 
200' 10' 112' 10' 339' 10' 533' la' 433' 10" 212' 10' 190' 10' 238' 10' 126' 10' 155'10" 466' 10' 
400' 10' 526' 10' 158' 10' 208' 10' 129' 10' 117' 10' 506' 10' 675' 10' . 302 • 10' 432'10' \35' 10' 
100'10' 182' 10' 550' 10' 588' 10' 177 . 10' 546' 10' 324 • 10' 164' 10' 250' 10' 106' 10' 5H 
200' 10' 644'10' 238' 10' 189' \0' 267'10' 183' 10' 534' 10' 577 • 10' 189' 10' 465 192 
400' 10' 199' 10' 995' 10' 231 . 10' 764 . 10' 205' 10' \35' 10' 320' 10' 108' 10' 287 123 
100' 10' 558' 10' 237 • 10' 370'10' 137' 10' 321' 10' 307 654 203' 10' 768' l(f' 329' IIf' ~ 

"t! 
The RUCIOI Opela,ing Time Was 100 h, al I wall tTl 

Z 
100 930' 10' 751 • 10' 886' 10' 475' 10' 209' 10' 215' 10' 175' 10' 464 . 10' 685' 10' 123' 10' CI 
200 866' la' 663'10' 792' 10· 456' 10' 202' \0' 187' 10' 161 • 10' 435 • 10' 607' 10' 906' 10' -
400 787' 10' 572 • 10' 683' 10' 428 . 10' 194' 10' 157'10· 142' 10' 392 . 10' 506' 10' 559 • 10' >< 
100' 10' 669' 10" 452' 10" 544 • 10' 369'10' 108' 10' 117' 10' 114' 10" 316' 10' 374 • 10' 261 • 10' > 
200' 10' 569' 10' 360' 10' 442'10· 305'10' 164' 10' 852' 10' 933' 10' 246' 10' 291 • 10' 150' 10' 
400' 10' 469' 10' 275 . 10" 341 . 10' 240' 10' 140'10' 596' 10' 710' 10' 179' 10' 205' 10' 725'10' 
100' 10' 354' 10' 188' 10' 221 • 10' 180' 10' 100' 10' 372 • 10' 418'10' 110' 10' 973 • 10' 224 • 10' 
200'10' 276' 10· \34' 10' 151 • 10' 149' 10' 748' 10' 247 • 10' 251 • 10' 602 • 10' 405' 10' 717' 10' 
400' 10' 205' 10' 870' 10' 103' 10' 123 . 10' 571 • 10' 151 • 10' 139' 10' 247' 10' 132' 10' \34' 10' 
700' 10' 150' 10" 562' 10' 724'10' 986' la' 427' 10' 867' 10' 879 • 10' 118' 10' 70) . 10' 226' 10' 
100' 10] 120' 10' 413' 10' 564' 10' 816' 10' 335' 10' 575 . 106 716' 106 85J' 105 620' 10' 107' 104 

200' 10] 132' 10' 220' 10' J41 . 10' 516' 10' 185' 10' 280' 106 614' 106 567' la' 572 • 10' 999' 10' 
400· 10] 440' 10' 121 • 10' 210' 10' 297' 10' 967' 10' 152' 106 579' 106 343 . 10' 486' 10' 103· 10" 
100' 10' 203' 10' 583' 106 100 • 10' 103' 10' J91 • 10' 498' 10' 409' 10' 805' 10' 288' lOS 781 • 10' 
200' 10' 103' 107 J14' 10' 486' 10' l8l'10' 197' 10' 167' 10' 215' 10' 9li5' 10' 140' 10' 422' 10' 
400' 10" 504' 10' 151 • 10' 196' 10' 119' 10' 113' 10' 462' 10' 611 . 10' 299' la' 391 • 10' 122' 10' 
100' 10' 178' 10' 540' 10' 576 . 10' 170' 10" 5)7 • 10' 308' 10' 149' 10" 249 . 10' 963' 102 515' 10' 
200' 10' 635' 10' 235' 10' 186' 10' 261 • 10' 180' 10' 524·10' 572 . 10' 188· 10' 462' 10' 191 • 10' 
400' 105 197' 10' 990' 10" 228' 10" 760'10' 202' 104 \J4' 102 J19' 10' 108' 10' 286' 10' 123' 10' 
100' 10' 556' 10' 217' 10" 370 . 10] 136' 10' 321' 10' 306' 10' 651 . 10' 202' 10' 765 328 

0\ 

(Table continues on next page.) 0 
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700' 10' 408' 10' 185' 10' 209' 10' 237' 10· 119 • 10' )50' 10' 241 • 10' 410' 10' 143' la' 134' 10' 
100' la' 281 . 10' 115' 10' 138' 10' 179' 10' 847' 10' 186' 10' \30' 10' 196' 10' 754 • 10' 220' 10' 
200' la' 126 • 10' 421 • 10' 582' 10' 873 . \0' 359' 10' 522' 10' 645' 10' 851 . 10" 635' 10" 857 • \0' 
400' la' 594 . 10' 167' 10' 278' 10' 424' 10' 139' 10' 220' 10' 612' 10' 495' 10" 557' 10" 104' 10' 
100' 10' 236'10' 668' 10' 117 • 10' 128' 10' 465' 10' 628 . 10' 453' 10' 115' 10' 328' 10" 857' 10' 
200' 10' 112' 10' 339' 10' 533' la' 433' 10" 212' 10' 190' 10' 238' 10' 126' 10' 155'10" 466' 10' 
400' 10' 526' 10' 158' 10' 208' 10' 129' 10' 117' 10' 506' 10' 675' 10' . 302 • 10' 432'10' \35' 10' 
100'10' 182' 10' 550' 10' 588' 10' 177 . 10' 546' 10' 324 • 10' 164' 10' 250' 10' 106' 10' 5H 
200' 10' 644'10' 238' 10' 189' \0' 267'10' 183' 10' 534' 10' 577 • 10' 189' 10' 465 192 
400' 10' 199' 10' 995' 10' 231 . 10' 764 . 10' 205' 10' \35' 10' 320' 10' 108' 10' 287 123 
100' 10' 558' 10' 237 • 10' 370'10' 137' 10' 321' 10' 307 654 203' 10' 768' l(f' 329' IIf' ~ 

"t! 
The RUCIOI Opela,ing Time Was 100 h, al I wall tTl 

Z 
100 930' 10' 751 • 10' 886' 10' 475' 10' 209' 10' 215' 10' 175' 10' 464 . 10' 685' 10' 123' 10' !2 200 866' la' 663'10' 792' 10· 456' 10' 202' \0' 187' 10' 161 • 10' 435 • 10' 607' 10' 906' 10' 
400 787' 10' 572 • 10' 683' 10' 428 . 10' 194' 10' 157'10· 142' 10' 392 . 10' 506' 10' 559 • 10' >< 
100' 10' 669' 10" 452' 10" 544 • 10' 369'10' 108' 10' 117' 10' 114' 10" 316' 10' 374 • 10' 261 • 10' > 
200' 10' 569' 10' 360' 10' 442'10· 305'10' 164' 10' 852' 10' 933' 10' 246' 10' 291 • 10' 150' 10' 
400' 10' 469' 10' 275 . 10" 341 . 10' 240' 10' 140'10' 596' 10' 710' 10' 179' 10' 205' 10' 725'10' 
100' 10' 354' 10' 188' 10' 221 • 10' 180' 10' 100' 10' 372 • 10' 418'10' 110' 10' 973 • 10' 224 • 10' 
200'10' 276' 10· \34' 10' 151 • 10' 149' 10' 748' 10' 247 • 10' 251 • 10' 602 • 10' 405' 10' 717' 10' 
400' 10' 205' 10' 870' 10' 103' 10' 123 . 10' 571 • 10' 151 • 10' 139' 10' 247' 10' 132' 10' \34' 10' 
700' 10' 150' 10" 562' 10' 724'10' 986' la' 427' 10' 867' 10' 879 • 10' 118' 10' 70) . 10' 226' 10' 
100' 10] 120' 10' 413' 10' 564' 10' 816' 10' 335' 10' 575 . 106 716' 106 85J' 105 620' 10' 107' 104 

200' 10] 132' 10' 220' 10' J41 . 10' 516' 10' 185' 10' 280' 106 614' 106 567' 10' 572 • 10' 999' 10' 
400· 10] 440' 10' 121 • 10' 210' 10' 297' 10' 967' 10' 152' 106 579' 106 343 . 10' 486' 10' 103· 10" 
100' 10' 203' 10' 583' 106 100 • 10' 103' 10' J91 • 10' 498' 10' 409' 10' 805' 10' 288' lOS 781 • 10' 
200' 10' 103' 107 J14' 10' 486' 10' 183' 10' 197' 10' 167' 10' 215' 10' 9li5' la' 140' 10' 422' 10' 
400' 10" 504' 10' 151 • 10' 196' 10' 119' 10' 113' 10' 462' 10' 611 . 10' 299' 10' 391 • 10' 122' 10' 
100' 10' 178' 10' 540' 10' 576 . 10' 170' 10" 5)7 • 10' 308' 10' 149' 10" 249 . 10' 963' 102 515' 10' 
200' 10' 635' 10' 235' 10' 186' 10' 261 • 10' 180' 10' 524·10' 572 . 10' 188· 10' 462' 10' 191 • 10' 
400' 105 197' 10' 990' 10" 228' 10" 760'10' 202' 104 \J4' 102 J19' 10' 108' 10' 286' 10' 123' 10' 
100' 10' 556' 10' 237' 10" 370 . 10] 136' 10' 321' 10' 306' 10' 651 . 10' 202' 10' 765 328 

0\ 

(Table continues on next page.) 0 
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Tabl ..... 2-(Conlinu.d) 

Time D 8 rT r , 1', rJ r, r, 

The Reaelo. Ope.ali"l Time W .. 1000 1 ... , 1 wall 

100 108' 10' 794 • 10· 958' 10· 553' 10' 240'10· 219' 10' 201 • 10' 471 . 10' 
200 102' 10' 707' la' 864' la' 5JS'IO' 233' 10' 191 • 10' 187' 10' 442' 10' 
400 938 • 10' 615' 10' 755' la' 507' 10' 225 • 10' 161 • 10' 168' 10' 398' 10' 
100' 10 ' 820' 10· 496' 10· 615' 10· 447' 10' 211 • 10· 121 • 10' 140' la' 322 • 10' 
200'10 ' 720' 10' 403'10' 514 . 10' 383' la' 194' 10· 889' la' 119' 10· 251' 10' 
400' 10' 619, 10' 119' 10· 413 . 10· 317' la' 171 . 10' 634' 10' 968'10' 186' 10' 
100' 101 503' 10· 231 • 10· 292' 10· 257' 10' 131 • 10' 409 . 10' 676' la' 116' la' 
200'10' 424 • 10· 176' 10· 221 • 10' 225' 10' 105'10' 284' 10' 507' 10' 666' 10' 
400' 10' 349 • 10' 129' la' 171 ' 10' 196' 10' 863' 10' 187' 10' 392' 10' 107 • 10' 
700' 10' 290' 10' 966' 10' 139' 10' 169' 10' 709' 10' 120'10' 336' 10' 175' 10' 
100' 10] 255' 10' 806' la' 121 . 10" 148' la' 607 • 10' 895' 10' 316' 10' \38' 10' 
200'10] 197' 10· 580' 10' 928' 10' 109' 10' 431 • 10' 554 . 10' 291 • 10' 984' 10' 
400'10' 150' 10" 411' 10' 708' 10' 748' 10' 105' 10' 360, 10' 260'10' 609' 10' 
100' 10' 953' 10' 285'10' 438' 10' 362 . 10' 189'10' 162' 10' 179' 10' 162' 10' 
200' 10' 616' 10' 186' 10' 259 ' 10' 115' 10' 131 • la' 718'10' 950' 10' 408 . 10' 
400' 10' 361 ' 10' 107' 10' 128' 10' 675' 10' 897' 10' 224 • 10' 271 • 10' 282 ' 10' 
100' 10' 148' 10' 460' 10' 480' 10' 121 . 10' 455 . 10' 209 ' 10' 696' 10' 238, 10' 
200' 10' 557 • 10' 214' 10' 156' 10' ZI7' 10' 151 • 10' 443 . 10] 534' 10' 180' 10' 
400' 10' 186' 10' 943' 10' 199' 10' 722' 10J 175' 10' 126· 10' 306'10' 103, 10' 
100' 10' 544 • 10' 229' 10' 366' 10' 130' 10' 319 ' 10' 295' 101 624 • 1,2' 193' 10' 

Definitions uf quantities in Tab'" It. 2. 

lime Time: af'cr fiuion or reactor operation (sec) 
0 Oisinlcgration rale (.cc-I ) 

B R.,.-ray en.rgy •• 1 .... (M.V •• c·') 
rT G.mma-ray tnergy •• I.a •• (M.V sec-') for gamma-ray .nergi •• abo •• 0.1 M.V 
r, Gamma-r.y .nergy .d •••• (M.V •• e-' ) for gamma-r.y .".rgi •• from 0.1 to 0.4 M.V 
r) G.mm.·r.y .n.rgy rei •••• (MeV IC[' ) for gamma-faY .nerllieo frum 0.4 100_9 MeV 
r) Gilmma-ray enersy release (MeV sec-I) for gamma-ray ~ncrgiu from 0.9 (0 '.35 MeV 
I', Gamm.~ray energy .el .... (MeV ,.c-' ) for gamm.-ray energies from 1.35101.8 MeV 
I', Gamma-ray ~n~r8Y 1"~Ii!'asi!' (MeV I~~-I ) for S.lmma-uy eneq~iel from 1.8 (0 2.2 MeV 
I', G.mm.·r.y energy .. I .... (MeV •• c-' ) fm g.mm.-.. y e".rgi •• from 2.2102.6 MeV 
1'1 (;alllllla·ray rnerKY release (MeV Jec- I 

) for H,.lmn, .. -r:lY I!ncrgit:1 > 2.6 MeV 

Ina'a fm ,hi ... hI. were obt.ined from J. F. Perkin., Report RR-TR-63-1), U. S. Army Minile Comnlind, July 1963. 

r, 

704· 10' 
626' 10' 
525' 10' 
393' 10' 
109' 10' 
224 • 10' 
116 ' 10' 
590' 10' 
114' 10' 
248' 10' 
115' 10' 
218' 10' 
186' 10' 
119' 10' 
612' 10' 
174' 10' 
456' 10] 
437' 101 

276' 101 

738' 10' 

r, 

123· 10' 
907' 10' 
560'10' 
261 • 10' 
150' 10' 
730' 10' 
229' 10' 
765' 10' 
182' 10' 
698'10' 
573 • 10' 
540'10' 
495' 10' 
350' la' 
188 • 10' 
556' 10] 
352' 10' 
184 • 101 

118' 101 

316' 10' 

0\ .... 
o 
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400' 10' 619, 10' 119' 10· 413 . 10· 317' la' 171 . 10' 634' 10' 968'10' 186' 10' 
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400' 10' 349 • 10' 129' la' 171 ' 10' 196' 10' 863' 10' 187' 10' 392' 10' 107 • 10' 
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200'10] 197' 10· 580' 10' 928' 10' 109' 10' 431 • 10' 554 . 10' 291 • 10' 984' 10' 
400'10' 150' 10" 411' 10' 708' 10' 748' 10' 105' 10' 360, 10' 260'10' 609' 10' 
100' 10' 953' 10' 285'10' 438' 10' 362 . 10' 189'10' 162' 10' 179' 10' 162' 10' 
200' 10' 616' 10' 186' 10' 259 ' 10' 115' 10' 131 • la' 718'10' 950' 10' 408 . 10' 
400' 10' 361 ' 10' 107' 10' 128' 10' 675' 10' 897' 10' 224 • 10' 271 • 10' 282 ' 10' 
100' 10' 148' 10' 460' 10' 480' 10' 121 . 10' 455 . 10' 209 ' 10' 696' 10' 238, 10' 
200' 10' 557 • 10' 214' 10' 156' 10' ZI7' 10' 151 • 10' 443 . 10] 534' 10' 180' 10' 
400' 10' 186' 10' 943' 10' 199' 10' 722' 10J 175' 10' 126· 10' 306'10' 103, 10' 
100' 10' 544 • 10' 229' 10' 366' 10' 130' 10' 319 ' 10' 295' 101 624 • 1,2' 193' 10' 

Definitions uf quantities in Tab'" It. 2. 

lime Time: af'cr fiuion or reactor operation (sec) 
0 Oisinlcgration rale (.cc-I ) 

B R.,.-ray en.rgy •• 1 .... (M.V •• c·') 
rT G.mma-ray tnergy •• I.a •• (M.V sec-') for gamma-ray .nergi •• abo •• 0.1 M.V 
r, Gamma-r.y .nergy .d •••• (M.V •• e-' ) for gamma-r.y .".rgi •• from 0.1 to 0.4 M.V 
r) G.mm.·r.y .n.rgy rei •••• (MeV IC[' ) for gamma-faY .nerllieo frum 0.4 100_9 MeV 
r) Gilmma-ray enersy release (MeV sec-I) for gamma-ray ~ncrgiu from 0.9 (0 '.35 MeV 
I', Gamm.~ray energy .el .... (MeV ,.c-' ) for gamm.-ray energies from 1.35101.8 MeV 
I', Gamma-ray ~n~r8Y 1"~Ii!'asi!' (MeV I~~-I ) for S.lmma-uy eneq~iel from 1.8 (0 2.2 MeV 
I', G.mm.·r.y energy .. I .... (MeV •• c-' ) fm g.mm.-.. y e".rgi •• from 2.2102.6 MeV 
1'1 (;alllllla·ray rnerKY release (MeV Jec- I 

) for H,.lmn, .. -r:lY I!ncrgit:1 > 2.6 MeV 

Ina'a fm ,hi ... hI. were obt.ined from J. F. Perkin., Report RR-TR-63-1), U. S. Army Minile Comnlind, July 1963. 

r, 

704· 10' 
626' 10' 
525' 10' 
393' 10' 
109' 10' 
224 • 10' 
116 ' 10' 
590' 10' 
114' 10' 
248' 10' 
115' 10' 
218' 10' 
186' 10' 
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N.eutron Fluence-To-Kerma 
Conversion Factors 

for Standard-lVlan Model 

Appendix Bt 
Table B.l presents neutron £luence-to-kerma conversion factors calculated 
by Ritts, Solomito, and Stevens for a standard-man model. The neutron 
energies range from approximately 0.022 eV to approximately 15 MeV, and 
the compositions of the models are shown in Table B.2. Table B.1 gives the 
conversion factors for the standard man together with those for the elements 
making the greatest contributions in the model. Table B.3 shows the neutron 
reactions considered for each element. 

Table B.l-NEUTRON FLUENCE·TO·KERMA CONVERSION FACTORS FOR STANDARD MANt 

Energy. Fluence.to-kerma factor. (ergs ,I )/(neunons cm-1) 

MeV Total Hydrogen O"ygen Carbon Nitrogen Phosphorus Sodium Chlorine 

15.14 7.079(-7); 4.633(-7) 1.53(-7) 8.08(-8) 9.35(-9) 
14.B4 6.94B(-7) 4.629(-7) 1.46(-7) 7.53(-8) 9.13(-9) 
14.54 6.811 (-7) 4.623(-7) 1.40(-7) 6.89(-8) 8.87(-9) 
14.24 6.652(-7) 4.617(-7) 1.29(-7) 6.47(-8) 8.67(-9) 
13.93 6.501(-7) 4.611(-7) 1.18(-7) 6.16(-8) 8.41(-9) 

13.63 6.276(-7) 4.604(-7) 9.90(-8) 5.93(-8) 7.99(-9) 
13.33 6.119(-7) 4.598(-7) 8.63(-8) 5.72(-B) 7.74(-9) 
13.03 6.007(-7) 4.591(-7) 7.B7(-B) 5.44(-B) 7.6.3(-9) 
12.73 5.966(-7) 4.5B4(-7) B.03(-B) 4.96(-B) 7.44(-9) 
12.4.3 5.949(-7) 4.577(-7) B.30(-B) 4.61 (-B) 7.29(-9) 

12.1.3 5.936(-7) 4.568(-7) B.45(-8) 4.45(-8) 7.04(-9) 
I1.B.3 5.964(-7) 4.559(-7) 9.2B(-8) 4.01(-8) 6.77(-9) 
11.52 5.877(-7) 4.550(-7) 8.90(-B) 3.64(-8) 6.47(-9) 
11.22 5.BI8(-7) 4.540(-7) 8.48(-8) 3.59(-8) 6.23(-9) 
10.92 5.691 (-7) 4.531(-7) 7.49(-B) 3.43(-8) 5.95(-9) 

10.62 5.554(-7) 4.522(-7) 6.75(-B) 2.91 (-B) 5.85(-9) 
10.32 5.483(-7) 4.512(-7) 6.81 (-B) 2.26(-8) 5.73(-9) 
10.02 5.421 (-7) 4.501(-7) 6.4~(-B) 2.12(-8) 5.52(-9) 

9.72 5.353(-7) 4.478(-7) 5.98(-8) 2.18(-8) 5.28(-9) 
9.60 5.313(-7) 4.468(-7) 5.70(-8) 2.16(-8) 5.21(-9) 

(Table continues on next page.) 

t All data in this appendix have been taken from J. J. Ritts, E. Solomito, and P. N. Stevens. Calcu
lations of Neutron Fluence-to-Kerma Factors for the Human Body, USAEC Report ORNL-TM-2079, 
Oak Ridge National Laboratory, January 1968. 
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Appendix Bt 
Table B.l presents neutron £luence-to-kerma conversion factors calculated 
by Ritts, Solomito, and Stevens for a standard-man model. The neutron 
energies range from approximately 0.022 eV to approximately 15 MeV, and 
the compositions of the models are shown in Table B.2. Table B.1 gives the 
conversion factors for the standard man together with those for the elements 
making the greatest contributions in the model. Table B.3 shows the neutron 
reactions considered for each element. 

Table B.l-NEUTRON FLUENCE·TO·KERMA CONVERSION FACTORS FOR STANDARD MANt 

Energy. Fluence.to-kerma factor. (ergs ,I )/(neunons cm-1) 

MeV Total Hydrogen O"ygen Carbon Nitrogen Phosphorus Sodium Chlorine 

15.14 7.079(-7); 4.633(-7) 1.53(-7) 8.08(-8) 9.35(-9) 
14.B4 6.94B(-7) 4.629(-7) 1.46(-7) 7.53(-8) 9.13(-9) 
14.54 6.811 (-7) 4.623(-7) 1.40(-7) 6.89(-8) 8.87(-9) 
14.24 6.652(-7) 4.617(-7) 1.29(-7) 6.47(-8) 8.67(-9) 
13.93 6.501(-7) 4.611(-7) 1.18(-7) 6.16(-8) 8.41(-9) 

13.63 6.276(-7) 4.604(-7) 9.90(-8) 5.93(-8) 7.99(-9) 
13.33 6.119(-7) 4.598(-7) 8.63(-8) 5.72(-B) 7.74(-9) 
13.03 6.007(-7) 4.591(-7) 7.B7(-B) 5.44(-B) 7.6.3(-9) 
12.73 5.966(-7) 4.5B4(-7) B.03(-B) 4.96(-B) 7.44(-9) 
12.4.3 5.949(-7) 4.577(-7) B.30(-B) 4.61 (-B) 7.29(-9) 

12.1.3 5.936(-7) 4.568(-7) B.45(-8) 4.45(-8) 7.04(-9) 
I1.B.3 5.964(-7) 4.559(-7) 9.2B(-8) 4.01(-8) 6.77(-9) 
11.52 5.877(-7) 4.550(-7) 8.90(-B) 3.64(-8) 6.47(-9) 
11.22 5.BI8(-7) 4.540(-7) 8.48(-8) 3.59(-8) 6.23(-9) 
10.92 5.691 (-7) 4.531(-7) 7.49(-B) 3.43(-8) 5.95(-9) 

10.62 5.554(-7) 4.522(-7) 6.75(-B) 2.91 (-B) 5.85(-9) 
10.32 5.483(-7) 4.512(-7) 6.81 (-B) 2.26(-8) 5.73(-9) 
10.02 5.421 (-7) 4.501(-7) 6.4~(-B) 2.12(-8) 5.52(-9) 

9.72 5.353(-7) 4.478(-7) 5.98(-8) 2.18(-8) 5.28(-9) 
9.60 5.313(-7) 4.468(-7) 5.70(-8) 2.16(-8) 5.21(-9) 

(Table continues on next page.) 

t All data in this appendix have been taken from J. J. Ritts, E. Solomito, and P. N. Stevens. Calcu
lations of Neutron Fluence-to-Kerma Factors for the Human Body, USAEC Report ORNL-TM-2079, 
Oak Ridge National Laboratory, January 1968. 
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612 APPENDIX B 

Table B.l-(Conrinued} 

En«gy, 
Fluence·co·kerma factor, (ergs f' )/(neutrons cm- 2

) 

MeV Total Hydrogen Oxygen Carbon Nitrogen Phosphorus Sodium Chlorine 

9.45 5.271(-7) 4.456(-7) 5.40(-8) 2.19(-8) 4.97(-9) 
9.30 5.222(-7) 4.443(-7) 5.00(-8) 2.23(-8) 4.91(-9) 
9.15 5.173(-7) 4.430(-7} 4.74(-8) 2.14(-8) 4.85(-9) 
9.00 5.123(-7) 4.417(-7} 4.78(-8) 1.75(-8) 4.70(-9) 
8.85 5.078(-7) 4.410(-7) 4.54(-8) 1.61(-8) 4.64(-9) 
8.70 5.048(-7) 4.402(-7) 4.37(-8) 1.56(-8) 4.60(-9) 
8.62 5.007(-7) 4.399(-7) 4.01(-8) 1.56(-8) 4.53(-9) 
8.47 4.988(-7) 4.391(-7) 3.90(-8) 1.57(-8) 4.40(-9) 
8.32 5.036(-7) 4.383(-7} 4.38(-8) 1.66(-8) 4.28(-9) 
8.17 5.062(-7) 4.376(-7) 4.24(-8) 2.15(-8) 4.30(-9) 

8.02 4.977(-7) 4.368(-7) 2.94(-8) 2.63(-8) 4.74(-9) 
7.87 5.038(-7) 4.345(-7) 3.81(-8) 2.62(-8) 4.38(-9) 
7.72 5.060(-7) 4.319(-7) 3.89(-8) 3.09(-8) 3.88(-9) 
7.57 4.935(-7) 4.292(-7) 3.65(-8) 2.34(-8) 3.84(-9) 
7.42 4.970(-7) 4.266(-7) 4.11(-8) 2.49(-8) 3.98(-9) 
7.27 4.995( -7) 4.239(-7) 5.32(-8) \.80(-8) 3.87(-9) 
7.12 4.773(-7) 4.211(-7) 4.13(-8) \.08(-8) 3.52(-9) 
6.97 4.650( -7) 4.187(-7) 3.1.3(-8) 1.10(-8) 3.49(-9) 
6.82 4.745(-7) 4.173(-7) 4.14(-8) 1.21 (-8) 3.27(-9) 
6.67 4.707(-7) 4.159(-7) 3.94(-8) 1.17(-8} 3.27(-9) 

6.52 4.605(-7) 4.145(-7) 2.97(-8) 1.25(-8) 3.38( -9} 
6.37 4.731(-7) 4.130(-7) 3.89(-8} 1.71 (-8) 3.57(-9) 
6.21 4.611(-7) 4.115(-7} 2.46(-8) 2.09(-8) 3.65(-9) 
6.06 4.572(-7) 4.100( -7} 2.77(-8) 1.53(-8) 3.77(-9} 
5.91 4.633(-7) 4.077(-7} 3.73(-8) 1.42(-8) 3.67(-9) 

5.76 4.457(-7) 4.048(-7} 2.32(-8) 1.38(-8) 3.51(-9} 
5.61 4.502(-7} 4.018(-7) 3.08(-8) 1.37(-8} 3.55(-9} 
5.46 4.312(-7} 3.987(-7) 1.47(-8) 1.42(-8} 3.25(-9} 
5.31 4.294(-7) 3.956(-7) 1.70(-8) 1.30(-8) 3.39(-9} 
5.16 4.449(-7) 3.925(-7) 3.46(-8) 1.33(-8) 4.17(-9) 

5.01 4.344(-7) 3.892(-7) 2.76(-8) 1.32(-8) 4.01(-9) 
4.69 4.180(-7) 3.810(-7) 1.79(-8) 1.50(-8) 3.73(-9) 
4.50 4.116(-7) 3.760(-7) 1.66(-8) 1.42(-8) 4.34( -9) 
4.31 4.181(-7) 3.709(-7) 2.91(-8) 1.33 ( -8) 4.48(-9) 
4.16 4.245( -7) 3.666(-7) 3.37(-8) 1.89(-8) 4.98( -9) 

4.01 4.102(-7) 3.623(-7) 2.24(-8) 2.05(-8) 4.78(-9) 
3.82 4.121(-7) 3.562(-7) 2.91 (-8) 2.26(-8) 3.88(-9) 
3.67 4.099(-7) 3.511(-7) 3.05(-8) 2.42(-8) 3.67(-9) 

3.52 4.060(-7) 3.459(-7) 3.09(-8) 2.45(-8} 4.48(-9) 

3.33 3.981(-7) 3.392(-7) 3.46(-8) 2.07(-8) 3.32(-9) 

3.1B 3.727(-7) 3.337(-7) 2.06(-8) 1.54(-B) 2.83(-9) 
3.03 3.555( -7) 3.280(-7) 1.53(-8) 9.44(-9) 2.47(-9) 
2.84 3.499( -7) 3.203(-7) 1.14( -8) 1.60(-8) 2.01(-9) 
2.69 3.396(-7) 3.138(-7) 1.10(-8) 1.26(-8) 1.89(-9) 
2.50 3.279( -7) 3.054(-7) 1.01(-8} 1.091-81 1.34 ( -9) 
2.40 3.150(-7) 3.000(-7) 3.40(-9} 1.03(-8) 1.07 ("':9j 
2.31 3.136(-7) 2.950(-7) 7.36(-9} 9.85(-9) 1.21 (-9) 
2.21 3.119(-7) 2.898(-7) 1.08(-8) 9.51 (-9) 1.61 (-9) 
2.10 3.057( -7) 2.835(-7) 1.l4(-8} 9.68(-9) 9.62(-10) 
2.00 2.995(-7) 2.780(-7} 1.13(-B} 9.16(-9} 9.20(-10) 

1.91 2.952(-7) 2.721(-7) 1.31 (-8) 8.82(-9) 9.82(-10) 
1.80 2.883(-7) 2.648(-7) 1.31(-8) 8.56(-9) 1.72(-9 ) 
1.70 2.800(-7) 2.585(-7) 1.21(-8) 8.36(-9) 8.76(-10) 
1.59 2.717(-7) 2.507(-7) \.18(-8) 8.12(-9) 9.84(-10) 
1.50 2.644( _7) 2.440(-7} !.I5(-B} 7.931-11' 9.061-10\ 
1.40 2.577(-7) 2.370(-7) 1.13(-8) 7.73(-9) J.66(-9} 
1.31 2.602(-7) 2.297(-7) 2.23(-B) 7.52(-9) 6.44(-10) 
1.20 2.426(-7) 2.209(-7) 1.39(-8) 7.25(-9) 5.11(-10) 
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Table B.l-(Conrinued} 

En«gy, 
Fluence·co·kerma factor, (ergs f' )/(neutrons cm- 2

) 

MeV Total Hydrogen Oxygen Carbon Nitrogen Phosphorus Sodium Chlorine 

9.45 5.271(-7) 4.456(-7) 5.40(-8) 2.19(-8) 4.97(-9) 
9.30 5.222(-7) 4.443(-7) 5.00(-8) 2.23(-8) 4.91(-9) 
9.15 5.173(-7) 4.430(-7} 4.74(-8) 2.14(-8) 4.85(-9) 
9.00 5.123(-7) 4.417(-7} 4.78(-8) 1.75(-8) 4.70(-9) 
8.85 5.078(-7) 4.410(-7) 4.54(-8) 1.61(-8) 4.64(-9) 
8.70 5.048(-7) 4.402(-7) 4.37(-8) 1.56(-8) 4.60(-9) 
8.62 5.007(-7) 4.399(-7) 4.01(-8) 1.56(-8) 4.53(-9) 
8.47 4.988(-7) 4.391(-7) 3.90(-8) 1.57(-8) 4.40(-9) 
8.32 5.036(-7) 4.383(-7} 4.38(-8) 1.66(-8) 4.28(-9) 
8.17 5.062(-7) 4.376(-7) 4.24(-8) 2.15(-8) 4.30(-9) 

8.02 4.977(-7) 4.368(-7) 2.94(-8) 2.63(-8) 4.74(-9) 
7.87 5.038(-7) 4.345(-7) 3.81(-8) 2.62(-8) 4.38(-9) 
7.72 5.060(-7) 4.319(-7) 3.89(-8) 3.09(-8) 3.88(-9) 
7.57 4.935(-7) 4.292(-7) 3.65(-8) 2.34(-8) 3.84(-9) 
7.42 4.970(-7) 4.266(-7) 4.11(-8) 2.49(-8) 3.98(-9) 
7.27 4.995( -7) 4.239(-7) 5.32(-8) \.80(-8) 3.87(-9) 
7.12 4.773(-7) 4.211(-7) 4.13(-8) \.08(-8) 3.52(-9) 
6.97 4.650( -7) 4.187(-7) 3.1.3(-8) 1.10(-8) 3.49(-9) 
6.82 4.745(-7) 4.173(-7) 4.14(-8) 1.21 (-8) 3.27(-9) 
6.67 4.707(-7) 4.159(-7) 3.94(-8) 1.17(-8} 3.27(-9) 

6.52 4.605(-7) 4.145(-7) 2.97(-8) 1.25(-8) 3.38( -9} 
6.37 4.731(-7) 4.130(-7) 3.89(-8} 1.71 (-8) 3.57(-9) 
6.21 4.611(-7) 4.115(-7} 2.46(-8) 2.09(-8) 3.65(-9) 
6.06 4.572(-7) 4.100( -7} 2.77(-8) 1.53(-8) 3.77(-9} 
5.91 4.633(-7) 4.077(-7} 3.73(-8) 1.42(-8) 3.67(-9) 

5.76 4.457(-7) 4.048(-7} 2.32(-8) 1.38(-8) 3.51(-9} 
5.61 4.502(-7} 4.018(-7) 3.08(-8) 1.37(-8} 3.55(-9} 
5.46 4.312(-7} 3.987(-7) 1.47(-8) 1.42(-8} 3.25(-9} 
5.31 4.294(-7) 3.956(-7) 1.70(-8) 1.30(-8) 3.39(-9} 
5.16 4.449(-7) 3.925(-7) 3.46(-8) 1.33(-8) 4.17(-9) 

5.01 4.344(-7) 3.892(-7) 2.76(-8) 1.32(-8) 4.01(-9) 
4.69 4.180(-7) 3.810(-7) 1.79(-8) 1.50(-8) 3.73(-9) 
4.50 4.116(-7) 3.760(-7) 1.66(-8) 1.42(-8) 4.34( -9) 
4.31 4.181(-7) 3.709(-7) 2.91(-8) 1.33 ( -8) 4.48(-9) 
4.16 4.245( -7) 3.666(-7) 3.37(-8) 1.89(-8) 4.98( -9) 

4.01 4.102(-7) 3.623(-7) 2.24(-8) 2.05(-8) 4.78(-9) 
3.82 4.121(-7) 3.562(-7) 2.91 (-8) 2.26(-8) 3.88(-9) 
3.67 4.099(-7) 3.511(-7) 3.05(-8) 2.42(-8) 3.67(-9) 

3.52 4.060(-7) 3.459(-7) 3.09(-8) 2.45(-8} 4.48(-9) 

3.33 3.981(-7) 3.392(-7) 3.46(-8) 2.07(-8) 3.32(-9) 

3.1B 3.727(-7) 3.337(-7) 2.06(-8) 1.54(-B) 2.83(-9) 
3.03 3.555( -7) 3.280(-7) 1.53(-8) 9.44(-9) 2.47(-9) 
2.84 3.499( -7) 3.203(-7) 1.14( -8) 1.60(-8) 2.01(-9) 
2.69 3.396(-7) 3.138(-7) 1.10(-8) 1.26(-8) 1.89(-9) 
2.50 3.279( -7) 3.054(-7) 1.01(-8} 1.091-81 1.34 ( -9) 
2.40 3.150(-7) 3.000(-7) 3.40(-9} 1.03(-8) 1.07 ("':9j 
2.31 3.136(-7) 2.950(-7) 7.36(-9} 9.85(-9) 1.21 (-9) 
2.21 3.119(-7) 2.898(-7) 1.08(-8) 9.51 (-9) 1.61 (-9) 
2.10 3.057( -7) 2.835(-7) 1.l4(-8} 9.68(-9) 9.62(-10) 
2.00 2.995(-7) 2.780(-7} 1.13(-B} 9.16(-9} 9.20(-10) 

1.91 2.952(-7) 2.721(-7) 1.31 (-8) 8.82(-9) 9.82(-10) 
1.80 2.883(-7) 2.648(-7) 1.31(-8) 8.56(-9) 1.72(-9 ) 
1.70 2.800(-7) 2.585(-7) 1.21(-8) 8.36(-9) 8.76(-10) 
1.59 2.717(-7) 2.507(-7) \.18(-8) 8.12(-9) 9.84(-10) 
1.50 2.644( _7) 2.440(-7} !.I5(-B} 7.931-11' 9.061-10\ 
1.40 2.577(-7) 2.370(-7) 1.13(-8) 7.73(-9) J.66(-9} 
1.31 2.602(-7) 2.297(-7) 2.23(-B) 7.52(-9) 6.44(-10) 
1.20 2.426(-7) 2.209(-7) 1.39(-8) 7.25(-9) 5.11(-10) 
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Table 8.1-(Conrinued) 

Energy, 
fluence·to-kerma (",cror, (ergs g-' )/(neurron. cm-1 ) 

MeV Toul Hydrogen Oxygen Carbon Nitrogen Phosphorus Sodium Chlorine 

1.10 2.371 (-7) 2.121(-7) 1.63{ -8) 7.00{-9) 7.45(-10) 
1.00 2.432(-7) 2.0371-7) 3.21(-8) 6.70(-9) 6.331-10) 
9.0{ -1) 2.122{-7) 1.939(-7) 1.15(-8) 6 . .35(-9) 3.39(-10) 
8.0(-1) 1.980(-7) 1.834(-7) 7.95(-9) 5.97(-9) 3.90(-10) 
7.0(-1) 1.857(-7) 1.730(-7) 6.61( -9) 5.56(-9) 4.97(-10) 
6.0(-1) 1. 719(-7) 1.609(-7) 5.61(-9) 5.07(-9) 2.80(-10) 
5.0(-1) 1.592(-7) 1.483(-7) 5.74(-9) 4.52(-9) 5.32(-10) 

4.5(-1) 1.639(-7) 1.403(-71 1.90(-8) 4.20(-9) 2.90(-10) 
4.0(-1) 1.486(-1) 1.318(-7) 1.18(-8) 3.89(-9) 2.96(-10) 
3.5(-1 ) 1.339(-7) 1.236(-7) 6.52(-9) 3.51 (-9) 2.46(-10) 
3.0(-1) 1.223(-7) 1.142(-7) 4.73(-9) 3.12(-9) 2.13(-10) 
2.5(-1) 1.104(-7) 1.037(-7) 3.74(-9) 2.70(-9) 1.93(=-10) 
2.0(-1) 9.649(-8) 9.116(-8) 2.89(-9) 2.23(-9) 1.82(-10) 
1.5(-1 ) 8.165(-8) 7.758(-8) 2.16(-9) 1.75(-9 ) 1.47(-10) 
1.0(-1) 6.335(-8) 6.056(-8) 1.45(-9) 1.22(-9) 1.08(-10) 
7.0(-2) 4.973(-8) 4.774(-8) 1.02(-9) 8.76(-10) 9.36(-11) 
5.0(-2) 3.8.30(-8) 3.705(-8) 7.30(-9) 6.37(-10) 7.62(-11) 

3.0(-2) 2.560(-8) 2.472(-8) 4.43(-9) 3.92(-10) 4.97(-11) 
2.0(-2) 1.807(-8) 1.747(-8) 2.98(-9) 2.66(-10) 3.73(-11) 
1.5(-2) 1.361(-8) 1.316(-8) 2.18(-9) 1.95(-10) 3.14(-11) 
1.0(-2) 9.550(-9) 9.287(-9) 1.47(-9) 1.34(-10) 2.29(-11) 
7.0(-3) 6.776(-9) 6.558(-9) 1.03(-9) 9.24(-11) 1.87(-11 ) 
5.0(-3) 4.880(-9) 4.832(-9) 7.53(-9) 6.74(-11) 1.56{-11 ) 
4.03(-3) 3.951(-9) 3.820(-9) 5.94( -11) 5.32(-11) 1.44 [ -11) 2.88(-12) 
3.00(-3) 2.964(-9) 2.855(-9) 4.43(-11 ) 3.96(-11) 1.32(-11 ) 3.02(-12) 
2.01(-3) 2.002(-9) 1.928(-9) 2.98(-11 ) 2.67(-11) 1.27(-11) 3.12(-12) 
1.50(-3) 1.495(-9) 1.436(-9) 2.22(-11) 1.99(-11 ) 1.30(-11) 3.20(-12) 

1.03(-3) 1.030(-9) 9.832(-10) 1.52(-11) 1.36(-11) 1.40(-11) 3.25(-12) 
7.68(-4) 7.774(-10) 7.368(-10) 1.14(-11) 1.02(-11 ) 1.52(-11) 3.27(-12) 2.72(-13) 
5.13(-4) 5.299(-10) 4.925(-10) 7.60(-12) 6.80(-12) 1.77{-11) 3.30(-12) l.B4(-12) 
4.02(-4) 4.244(-10) 3.867(-10) 5.96(-12) 5.34(-12) 1.95(-11) 3.31(-12) 3.28(-12) 
3.10(-4) 3.347(-10) 2.986(-10) 4.60(-12) 4.12[-12) 2.19(-11) 3.32(-12) 1.971-12) 
2.01(-4) 2.299(-10) t.939{-10) 2.98(-1:.!) 2.67(-12) 2.67(-11) 3.33(-12) 5.91(-14) 
1.42(-4 ) 1.764(-10) 1.372(-10) 2.11 (-12) 1.88(-12) 3.15(-11) 3.33{-12) 1.12(-13) 
1.006(-4) 1.417(-10) 9.753(-11 ) 1.49(-12) 1.33(-12) 3.73(-11) 3.34(-12) 3.87(-13) 
7.1(-5) 1.192(-10) 6.920(-11) 1.0S( -12) 9.42{-13) 4.42(-11) 3.34(-12) 3.50(-13) 9.84(-14) 
5.03(-5) 1.071(-10) 4.94(-11) 7.46(-IJ) 6.67(-13) 5.237(-11) 3.34(-12) 4.11(-13) 1.10(-13) 

4.11(-5) 1.036(-10) 4.07(-11) 6.09(-13) 5.45(-13) 5.786(-11) 3.34(-12) 4.54(-13) 1.31(-13) 
3.43(-5) 1.02S( -10) 3.43(-11) 5.09(-IJ) 4.56(-13) 6.323(-11) 3.34(-12) 4.99(-13) \.57(-13) 
2.74(-5) 1.033(-10) 2.78(-11) 4.07(-13) 3.64(-13) 7.065(-11) 3.35(-12) 5.58(-13) 1.95(-13) 
2.05(-5) 1.077(-10) 2.13(-11 ) 3.05(-13) 2.73(-13) 8.155(-11 ) 3.35(-12) 6.44(-13) 2.59(-13) 
1.60(-5) 1.143(-10) 1.71(-11) 2.38(-13) 2.13(-13) 9.226(-11 ) 3.35(-12) 7.34(-13) 3.14(-13) 

1.26(-5) 1.230(-10) 1.40(-11 ) 1.86(-13) 1.67 (- t:l) 1.041 (-10) 3.35(-12) 8.34(-13) 3.79(-13) 
8.0(-6) 1.454(-10) 1.01 (-11; 1.19(-13) 1.06(-13) 1.302(-10) 3.35(-12) 1.04(-12) 5.08(-13) 
4.0(-6) 1.965(-10) 7.20(-12) 5.94(-14) 5.32(-14) 1.836(-10) 3.35(-12) 1.46(-12) 7.24(-13) 
2.0(-6) 2.723(-10) 6.63(-12) 2.97(-14) 2.66(-14 ) 2.591(-10) 3.35(-12) 2.09(-12) 1.03(-12) 
1.0(-6) 3.811(-10) 7.59(-12) 1.49(-14) 1.33(-14) 3.656(-10) 3.35(-12) 2.97(-12) 1.45(-12) 

5.0(-7) 5.354(-10) 9.87(-12) 5.159(-10) 3.35(-12) 4.15(-12) 2.07(-12) 
2.5(-7) 7.529(-10) 1.35(-11 ) 7.280(-10) 3.35(-12) 5.89(-12) 2.12(-12) 
1.7(-7) 1.144(-9) 2.03(-11) 1.109(-9) 3.35(-12) 9.00(-12) 2.12(-12) 
7.2(-8) 1.398(-9) 2.48(-11; 1.356(-9) 3.35(-12) 1.10(-11 ) 2.12(-1," 
4.5(-8) 1.766(-9) 3.14(-11) 1.715(-9) 3.3S{-12) 1.39(-11) 2.12(-12) 
2.23( -8) 2.489(-9) 4.18(-11) 2.424(-9) 3.35(-12) 1.83( -1\ J 2.12(-12) 

tThe stand..,d.man model .Iso includes the elements Q\cium, sulfur, potassium. and magnesium. but their 
contributions to the k.rma arc negligible. 

tRead: 7.079 X 1(f1, etc. 
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Table 8.1-(Conrinued) 

Energy, 
fluence·to-kerma (",cror, (ergs g-' )/(neurron. cm-1 ) 

MeV Toul Hydrogen Oxygen Carbon Nitrogen Phosphorus Sodium Chlorine 

1.10 2.371 (-7) 2.121(-7) 1.63{ -8) 7.00{-9) 7.45(-10) 
1.00 2.432(-7) 2.0371-7) 3.21(-8) 6.70(-9) 6.331-10) 
9.0{ -1) 2.122{-7) 1.939(-7) 1.15(-8) 6 . .35(-9) 3.39(-10) 
8.0(-1) 1.980(-7) 1.834(-7) 7.95(-9) 5.97(-9) 3.90(-10) 
7.0(-1) 1.857(-7) 1.730(-7) 6.61( -9) 5.56(-9) 4.97(-10) 
6.0(-1) 1. 719(-7) 1.609(-7) 5.61(-9) 5.07(-9) 2.80(-10) 
5.0(-1) 1.592(-7) 1.483(-7) 5.74(-9) 4.52(-9) 5.32(-10) 

4.5(-1) 1.639(-7) 1.403(-71 1.90(-8) 4.20(-9) 2.90(-10) 
4.0(-1) 1.486(-1) 1.318(-7) 1.18(-8) 3.89(-9) 2.96(-10) 
3.5(-1 ) 1.339(-7) 1.236(-7) 6.52(-9) 3.51 (-9) 2.46(-10) 
3.0(-1) 1.223(-7) 1.142(-7) 4.73(-9) 3.12(-9) 2.13(-10) 
2.5(-1) 1.104(-7) 1.037(-7) 3.74(-9) 2.70(-9) 1.93(=-10) 
2.0(-1) 9.649(-8) 9.116(-8) 2.89(-9) 2.23(-9) 1.82(-10) 
1.5(-1 ) 8.165(-8) 7.758(-8) 2.16(-9) 1.75(-9 ) 1.47(-10) 
1.0(-1) 6.335(-8) 6.056(-8) 1.45(-9) 1.22(-9) 1.08(-10) 
7.0(-2) 4.973(-8) 4.774(-8) 1.02(-9) 8.76(-10) 9.36(-11) 
5.0(-2) 3.8.30(-8) 3.705(-8) 7.30(-9) 6.37(-10) 7.62(-11) 

3.0(-2) 2.560(-8) 2.472(-8) 4.43(-9) 3.92(-10) 4.97(-11) 
2.0(-2) 1.807(-8) 1.747(-8) 2.98(-9) 2.66(-10) 3.73(-11) 
1.5(-2) 1.361(-8) 1.316(-8) 2.18(-9) 1.95(-10) 3.14(-11) 
1.0(-2) 9.550(-9) 9.287(-9) 1.47(-9) 1.34(-10) 2.29(-11) 
7.0(-3) 6.776(-9) 6.558(-9) 1.03(-9) 9.24(-11) 1.87(-11 ) 
5.0(-3) 4.880(-9) 4.832(-9) 7.53(-9) 6.74(-11) 1.56{-11 ) 
4.03(-3) 3.951(-9) 3.820(-9) 5.94( -11) 5.32(-11) 1.44 [ -11) 2.88(-12) 
3.00(-3) 2.964(-9) 2.855(-9) 4.43(-11 ) 3.96(-11) 1.32(-11 ) 3.02(-12) 
2.01(-3) 2.002(-9) 1.928(-9) 2.98(-11 ) 2.67(-11) 1.27(-11) 3.12(-12) 
1.50(-3) 1.495(-9) 1.436(-9) 2.22(-11) 1.99(-11 ) 1.30(-11) 3.20(-12) 

1.03(-3) 1.030(-9) 9.832(-10) 1.52(-11) 1.36(-11) 1.40(-11) 3.25(-12) 
7.68(-4) 7.774(-10) 7.368(-10) 1.14(-11) 1.02(-11 ) 1.52(-11) 3.27(-12) 2.72(-13) 
5.13(-4) 5.299(-10) 4.925(-10) 7.60(-12) 6.80(-12) 1.77{-11) 3.30(-12) l.B4(-12) 
4.02(-4) 4.244(-10) 3.867(-10) 5.96(-12) 5.34(-12) 1.95(-11) 3.31(-12) 3.28(-12) 
3.10(-4) 3.347(-10) 2.986(-10) 4.60(-12) 4.12[-12) 2.19(-11) 3.32(-12) 1.971-12) 
2.01(-4) 2.299(-10) t.939{-10) 2.98(-1:.!) 2.67(-12) 2.67(-11) 3.33(-12) 5.91(-14) 
1.42(-4 ) 1.764(-10) 1.372(-10) 2.11 (-12) 1.88(-12) 3.15(-11) 3.33{-12) 1.12(-13) 
1.006(-4) 1.417(-10) 9.753(-11 ) 1.49(-12) 1.33(-12) 3.73(-11) 3.34(-12) 3.87(-13) 
7.1(-5) 1.192(-10) 6.920(-11) 1.0S( -12) 9.42{-13) 4.42(-11) 3.34(-12) 3.50(-13) 9.84(-14) 
5.03(-5) 1.071(-10) 4.94(-11) 7.46(-IJ) 6.67(-13) 5.237(-11) 3.34(-12) 4.11(-13) 1.10(-13) 

4.11(-5) 1.036(-10) 4.07(-11) 6.09(-13) 5.45(-13) 5.786(-11) 3.34(-12) 4.54(-13) 1.31(-13) 
3.43(-5) 1.02S( -10) 3.43(-11) 5.09(-IJ) 4.56(-13) 6.323(-11) 3.34(-12) 4.99(-13) \.57(-13) 
2.74(-5) 1.033(-10) 2.78(-11) 4.07(-13) 3.64(-13) 7.065(-11) 3.35(-12) 5.58(-13) 1.95(-13) 
2.05(-5) 1.077(-10) 2.13(-11 ) 3.05(-13) 2.73(-13) 8.155(-11 ) 3.35(-12) 6.44(-13) 2.59(-13) 
1.60(-5) 1.143(-10) 1.71(-11) 2.38(-13) 2.13(-13) 9.226(-11 ) 3.35(-12) 7.34(-13) 3.14(-13) 

1.26(-5) 1.230(-10) 1.40(-11 ) 1.86(-13) 1.67 (- t:l) 1.041 (-10) 3.35(-12) 8.34(-13) 3.79(-13) 
8.0(-6) 1.454(-10) 1.01 (-11; 1.19(-13) 1.06(-13) 1.302(-10) 3.35(-12) 1.04(-12) 5.08(-13) 
4.0(-6) 1.965(-10) 7.20(-12) 5.94(-14) 5.32(-14) 1.836(-10) 3.35(-12) 1.46(-12) 7.24(-13) 
2.0(-6) 2.723(-10) 6.63(-12) 2.97(-14) 2.66(-14 ) 2.591(-10) 3.35(-12) 2.09(-12) 1.03(-12) 
1.0(-6) 3.811(-10) 7.59(-12) 1.49(-14) 1.33(-14) 3.656(-10) 3.35(-12) 2.97(-12) 1.45(-12) 

5.0(-7) 5.354(-10) 9.87(-12) 5.159(-10) 3.35(-12) 4.15(-12) 2.07(-12) 
2.5(-7) 7.529(-10) 1.35(-11 ) 7.280(-10) 3.35(-12) 5.89(-12) 2.12(-12) 
1.7(-7) 1.144(-9) 2.03(-11) 1.109(-9) 3.35(-12) 9.00(-12) 2.12(-12) 
7.2(-8) 1.398(-9) 2.48(-11; 1.356(-9) 3.35(-12) 1.10(-11 ) 2.12(-1," 
4.5(-8) 1.766(-9) 3.14(-11) 1.715(-9) 3.3S{-12) 1.39(-11) 2.12(-12) 
2.23( -8) 2.489(-9) 4.18(-11) 2.424(-9) 3.35(-12) 1.83( -1\ J 2.12(-12) 

tThe stand..,d.man model .Iso includes the elements Q\cium, sulfur, potassium. and magnesium. but their 
contributions to the k.rma arc negligible. 

tRead: 7.079 X 1(f1, etc. 



Table B.2-ELEMENTAL PERCENTAGES AND NUMBER DENSITIES USED IN NEUTRON KERMA CALCULATIONS 

Percent composition Number density, 1014 atoms/g 

Standard Red Standard 
Element man Lung Muscle Bone Brain marrow man Lung Muscle Bone Brain 

H 10 ]0 10 7.1 10 10 5.977(-2)f 6.062(-2) 5.977(-2) 4.50( -2) 5.977(-2) 
0 60 75 75 39.5 71 74t 2.259(-2) 2.864(-2) 2.824(-2) 1.49( -2) 2.674(-2) 
C 2-4 10 11 22.4 15 12.5t 1.204(-2) 5.09(-3) 5.518(-2) 1.13(-2) 7.52(-3) 
N 2.9 2.6 2.6 4.7 1.9 3.2 1.25( -3) 1.1 3(-3) 1.118(-3) 2.05(-3) 8.17(-4) 
Ca 1.2 O.otl 0.0031 12.37 0.0086 1.77(-4) 1.68( -6) 4.66(-7) 1.87(-3) 1.29(-6) 
P 1.1 0.11 0.18 13.16 0.34 2.14(-4) 2.17(-5) 3.50(-5) 2.57(-3) 6.61 (-5) 
S 0.24 0.24 0.24 0.41 0.17 4.51 (-4) 4.57(-5) 4.51(-5) 7.69(-5) 3.19(-5) 
K 0.20 0.20 0.30 0.30 3.08(-5) 3.13(-5) 4.62(-5) 4.62(-5) 
Na 0.20 0.18 0.16 0.08 0.18 524(-5) 4.78(-5) 4.19(-5) 2.08(-5) 4.72(-5) 
CI 0.20 0.25 0.18 0.23 0.12 3.40(-5) 4.31(-5) 3.06(-5) 3.91(-5) 
Mil 0.03 0.0096 0.019 0.28 0.015 7.43(-6) 4.78(-6) 4.71(-6) 6.87(-5) 3.72(-6) 

tThe values for ox>:.~en and carbon were increased by 1 and 0.5%, respectively. 
tRead: 5.977)( 10 ,etc. 
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Table B.3-REACTIONS CONSIDERED IN NEUTRON KERMA 
CALCULATION S 

Type of reaction H 0 C N Ca P S K Na Cl Mg 

Radiative capture x x x x x xt x x 
Elastic scattering x x x x x x x x x x x 
Inelastic scattering x x x x x x x x x 
(n,p) reaction xt x xt x x x 
(n,o) reaction x x x xt x xt x 
(n,n'3a) reaction x 

(n, 2n) reaction xt xt xt 
(n,d) reaction x x 
(n,t) reaction x 
(n,2o) reaction x 
(n,n'p) reaction x x x 
(n,n'o) reaction x 

tlncludes beta decay after reaction. 
t Includes positron decay. 
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Cylindrical Tissue Phantom 

Appendix C 
Table C.l-MAXIMUM ABSORBED DOSE AND MAXIMUM 
DOSE EQUIVALENT FOR MONOENERGETIC NEUTRONS 

INCIDENT ON A CYLINDRICAL TISSUE PHANTOMt 

Maximum Maximum 
absorbed dose 

Neutron dose,:): equivalent,:): Effective 
energy, mead meem quality 

MeV neucron- 1 cm-2 neutron-I cm-2 factor 

Thermal 4.68(-7)§ 1.15(-6) 2.46 
0.000001 5.89(-7) 1.34(-6) 2.27 
0.00001 5.18(-7) 1.21 (-6) 2.34 
0.0001 4.45(-7) 1.01(-6) 2.27 
0.001 4.32(-7) 8.85(-6) 2.04 
0.01 4.34(-7) 9.92(-6) 2.29 
0.1 8.02(-7) 4.86(-6) 6.06 
0.5 1.81 (-6) 1.89(-5) 10.4 
1 3.01 (-6) 3.26(-5) 10.8 
2.5 3.99(-6) 3.50(-5) 8.77 
5 5.72(-6) 4.41(-5) 7.70 
7 5.70(-6) 4.03(-5) 7.07 

10 7.25(-6) 4.31(-5) 5.94 
14 8.31 (-6) 6.15(-5) 7.40 

tBased on data from]. A. Auxier, W. S. Snyder, and T. D. 
Jones, Radiation Dosimetry, Vol. I, Chap. 6, F. H. Atrix and 
W. C. Roesch (Eds.), Academic Press, Inc., New York, 1968. 

tMulriply by 3600 to convert to (mrad hr-1 )/(neutron 
cm- 2 sec) or to (mrem hr- 1 )/(neutron cm-2 sec). 

§ Read: 4.68 X 10-7 , etc. 
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Coordinate Systems., Vector 
Operations., and Legendre 

Polynomials 

Appendix D 
0.1 COORDINATE SYSTEMS 

The three common spatial coordinate systems and the basic unit vectors of 

each are illustrated in Fig. D.l and Table 0.1. 

/ 
x 

I 

I 
I , 

1 

I , 
I 9 

i~I ___ , k--'>-' 
1-8 

/ / 

CARTESIAN CYLINDRICAL 

Fig. D.1-Principal coordinate systems. 

Table D.1-POSITION VARIABLES 

System 

Cartesian 
Cylindrical 
Spherical 

Independen t variab les 

x,y,z 
p,e,z 
T, e, 1/1 

Unit vectors 

i, j, Ie 
p,e, Ie 
r, e, 1/1 

D.2 COORDINATE-SYSTEM TRANSFORMATION 

(a) Cartesian-Cylindrical 

x = p cos e p = (x 2 + y2 ) Y.a 

617 

SPHERICAL 

Coordinate Systems., Vector 
Operations., and Legendre 

Polynomials 

Appendix D 
0.1 COORDINATE SYSTEMS 

The three common spatial coordinate systems and the basic unit vectors of 

each are illustrated in Fig. D.l and Table 0.1. 

/ 
x 

I 

I 
I , 

1 

I , 
I 9 

i~I ___ , k--'>-' 
1-8 

/ / 

CARTESIAN CYLINDRICAL 

Fig. D.1-Principal coordinate systems. 

Table D.1-POSITION VARIABLES 

System 

Cartesian 
Cylindrical 
Spherical 

Independen t variab les 

x,y,z 
p,e,z 
T, e, 1/1 

Unit vectors 

i, j, Ie 
p,e, Ie 
r, e, 1/1 

D.2 COORDINATE-SYSTEM TRANSFORMATION 

(a) Cartesian-Cylindrical 

x = p cos e p = (x 2 + y2 ) Y.a 

617 

SPHERICAL 



618 APPENDIX D 

y = p sin e 

Ox = op ;;: cos (J ;;: x(x2 + y2 r I!! 
op ax 

~ ap . I!. = - = Sin e = y(x2 + y2 r ap ay 

ax. ae 1 
ae = -SIn e = -y; ax = _y(x2 + y2Tl = -p sin e 

ay ae 1 ae = P cos e = x; ay = x(x 2 + y2 r l = p cos e 

(b) Cartesian-Spherical 

x = r sin e cos Ij; T = (x2 + y2 + z2 ) ~ 

Y = r sin e sin 1/1 cos e = Z(X2 + y2 + Z2 r'" 
z = r cos e sin !J; = y (x 2 + Y 2 r" 
ax ar . ., ar = ax = SIn (J cos Ij; = x(x2 + y2 + z2 r 

ay = ~ = sin e sin 1/1 = y(x2 + y2 + z2 r~ ar ay 

oz ar ~ 
-=- =cose =z(x2 +y2 + z2 r ar oz 

ax ae = r cos e cos 1/1 = XZ(X2 + y2 r 12 

ae 1 -a = xz(x2 + y2 rl!. (x 2 + y2 + Z2 r 1 = -cos e cos !J; 
x r 

ay = r cos e sin 1/1 = yz(x2 + y2 r''' ao 
ae 
oy = yz(x2 + y2 r~ (x2 + y2 + z2 r 1 = ~ cos e sin 1/1 

o~ . a; = -r sin e = _(x2 + y2 )1fJ 
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ae 
oz 

APPENDIX D 

Ox . e . . r, -= -r Sin Sin y; = -y 
01/1 

a I/; 2 2 _I 1 (Sin 1/;) -' -= -y(x + y) = - - -.-ax r Sin e 
ay . a I/; = r Sin e COS l/J = x 

= ~(C~S 1/;) 
r Sin e 

0.3 VECTOR OPERATORS AND FUNCTIONS 

In the following, F(u,v,w) is a vector function of the form 

F(u,v,w) = Fl (u,v,w) U + F2 (u,v,w) V + F3 (u,v,w) W 

619 

in which Fj(u,v,w) is a scalar function of the three variables u, v, and w, 

which have the corresponding basis unit vectors u, V, and w, respectively. 

(a) Gradient Operator 'Y 

C . "F( ) (OF. of. of k) artesian: v x,y,z = ,ax 1+ oy J + a;-

Cylindrical:'YF(p,e,z) = (~: p +% ~~ 8 + ~; k) 
. (OF 1 of 1 aF ) 

SphencaI: V'F(r,e,l/;) = ar r + -;:- + ae 8 + r sin e a 1/1 I/; 

(b) Divergence Function V'. F 
. aFl aF2 aF3 Cartesian: 'V·F(x,y,z) = -0- +-::,- +-a.,. x uy _ 

1 (OF 1 oF2 of ) 
Cylindrical: 'Y. F(p,e,z) = - --+ - + P _3 

P Op of) Oz 

ae 
oz 
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. of I 1 oF2 1 of Sphencal:V'F(r,e,1J;) =_+ __ +_. __ 3 
aT T afJ T Sin fJ al/l 

(c) Laplacian Operator 1]2 

1 [0 (OF)] 1 (alF) a2
F Cylindrical: '\]2 F(p e =) :: - - p - + - -- +-

" p op ap p2 a0 2 0=2 

h . I 2 0 - 1 [0 I 2 OF)] 1 [0 (. 8 OF)] 
Sp enca : '\] F(r, ,1/1) - ~ ar \' a,: + r2 sin 0 ao Sin ae 

(d) Vector Derivative 

aF(x,y,=) of. ox. oF2 ay. aF3 oz 
ot = ax at 1 + oy at J + az at k 

Similar relations exist for the other coordinate systems. 

(e) Divergence Theorem 

Let V be a closed and bounded volume as in Fig. D.2 with F a 
vector function everywhere continuous and differentiable in V. 
Then 

iv V' 'FdV = Is P'n dA 

where dV = differential-volume element of V 

S = surface of volume V 
dA = differential-area element of S 

n = outward-directed unit normal of dA 

(f) Some Miscellaneous Theorems 

( 1) F ( u • v) = (uF)" v = u 0 v F 

(2) V"uF = F(Y'u) + u'VF 

(3) V (F 1 F 2 ) + F d VF 2 ) + F 2 (V F 1 ) 

(4)\7 2(FIF2) =F.v 2 F 2 +F2\1 2 Fl + 2(VF 1 oVF2 ) 
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... ~0Wj 
I I I 

L. •• -

/ dV..J 

"\ 

(5) U"(v + w) ;:: (U"v) + (u"w) 

D.4 DIRAC DELTA FUNCTION 

n 

621 

Fig. D.2-Divergence theorem. 

(a) The Dirac delta function. o(x-xo, Y-Yo, ... ), is defined such [hat 

O(X-Xo, Y-Yo, ... ) = 0: x =1= xo, Y =1= Yo- ... 

= 1; x = xo, Y = Yo, ..... 

It has the property that 

f xo+I:, fYO+1:2 f d d _ _. ". (x,y, ... ) 0 (x-xo, Y-Yo, .... ) x Y ... 
x 0 1:, Yo f, 

where €i > 0 for i = 1, 2, .... 

(b) Miscellaneous relations: 

(1) o(x-xo) = 5(-x-xol 

(2) o(cx-xo) = 1c1- 1 5(x-xo) (c is a constant) 

(S) !!... 5 (x) = ~ lim (k cos kx _ sin 2kx) 
dx 1T

k
_

ao 
x x 

J x g +e s::' f d f' (6) u (x-xo) (x) x;:: - (x)l x 
Xo-I: 0 

= j(xo, Yo, ... ) 
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(7) cS'(x-xo) = -cS'(xo-x) 

(8) cS (x) =.! lim r k cos kx dx =.!. hm (sin kx) 
1r k- ... J o 1T Ie........ x 

Lx 1 
(9) 0 (y) dy = - -

o 2 
(x < 0) 

1 
=+-

2 
(x> 0) 

(10) ~WTl(x) aJ.!:I(y) = o(x-y), where the set "'Tl(x) forms an ortho
~ormal set and aJ.!i;(x) is the complex conjugate of "'Tl(x). 

(11) Let the vector r = xi + yj + zk where i, j, and k are unit vectors. 

Then 

and 

cS(r)=cS(x)o(y)o(z) =_1_ r eiO·r dQ 
(21T)3 Ja, 

i b 

o(r) fer) dt = f(O) (a ~ 0 ~ b) 
= 0 otherwise 

(c) The Kronecker delta function is a discrete analog of the Dirac delta 
function and is defined for integers m and P1 by 

o (m, n,) = 1 (m = n) 
= 0 otherwise 

0.5 LEGENDRE POLYNOMIALS 

(a) The Legendre polynomials Pn (x) of degree n are defined by the 
generating relation 

(1- 2xt + t2 r'" = t Pn(x) tTl 
'1=0 

It can be shown that 
[n/2J k 

n k" (_1)k[2n-2k]!xn-2 
Pn(x) = ';0 ak

x =- L.J 2I1k!(n-k)!(tI-2k)! 
k=O 

where [n/2] = n/2 for even nand (n -1)/2 for odd n. 

(b) Po (x) = 1; PJCx) = x; P2 (x) = (3x 2 
- 1 )(2; P3 (x) = (5x 3 

- 3x)(2 
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Then 

and 

cS(r)=cS(x)o(y)o(z) =_1_ r eiO·r dQ 
(21T)3 Ja, 

i b 

o(r) fer) dt = f(O) (a ~ 0 ~ b) 
= 0 otherwise 

(c) The Kronecker delta function is a discrete analog of the Dirac delta 
function and is defined for integers m and P1 by 

o (m, n,) = 1 (m = n) 
= 0 otherwise 

0.5 LEGENDRE POLYNOMIALS 

(a) The Legendre polynomials Pn (x) of degree n are defined by the 
generating relation 

(1- 2xt + t2 r'" = t Pn(x) tTl 
'1=0 

It can be shown that 
[n/2J k 

n k" (_1)k[2n-2k]!xn-2 
Pn(x) = ';0 ak

x =- L.J 2I1k!(n-k)!(tI-2k)! 
k=O 

where [n/2] = n/2 for even nand (n -1)/2 for odd n. 

(b) Po (x) = 1; PJCx) = x; P2 (x) = (3x 2 
- 1 )(2; P3 (x) = (5x 3 

- 3x)(2 
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(c) Miscellaneous relations: 

(1) f: Pm (x) Pn(x) dx = 211 2+ 1 5(m,11) (orthogonality relation) 

1 
( 2) x P n (x) = 211 + 1 [(11 + 1)P n + 1 (x) + 11 P n + 1 (x)] 

623 

(recursion relation) 

(3) Pn(x) =! fo" [x + (x 2 
- 1)11 cos 8]d8 (integral form) 

1 d(n; 
(5) Pn(x) = -2" I -d (x 2 

- 1)" (Rodrigues formula) n. xn 

(6) For f(x) piecewise continuous in [-1,1] and having a first 
derivative there, 

CD 

f(x) = 1: an Pn(x) (expansion theorem) 
n=O 

(
2n + 1) 1 

where Iln = 2 1-1 f(y) p" (y) dy 

0.6 ASSOClA TED LEGENDRE POLYNOMIALS 

(a) The associated Legendre polynomial of the first kind of degree 11 

and order m is defined by 

(1 _p.2 )m/2 d (n+m) (p.2 _ 1)" 
PW(p.) = -2M I d n+m n. p. 

(O~m"';;;11) 

(b) Miscellaneous relations: 

(2) Letting p. = cos 8, 
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d(m) 
PW (COS 0) = sin m (J Pn(COS 0) 

d cosm (J 

sinm (J d(n+m) . = (-Sin o)n 
2nn! d cosn +m 8 

(3) p-m ( ) = (_I'm (n - m)! ~ ( ) 
nil) (n+m)! n Il 

(4) Two recursion relations are: 

1 
J,LPW(JA) = 2n + 1 [(n + m)P:~f(JA) + (n - m + 1)P~+11 

PW(Il) = (\~~2r~ [P~+il(ll) -P~-l (Il)] 

(5) The set P~(Il) are orthogonal: 

(6) 

f: PW (Il; Pi(ll) dlJ = 2n: 1 (~: :~!! 0 (n,l) 

Let G(n) be a function continuous over the unit sphere and 
having secolld-order derivatives there. If 8 and I/; are the polar 
and azimuthal angles, respectively, of n, then G(n) = G(8,1/;) 
may be expanded as 

em 

G( n) = I: [an,o Pn (Il) 
"=0 

n 

+ I: (an,k cos kl/; + bn,k sin kl/;)P~(Il)l 
k=l 

where Il = cos 0 

2n+l k 
an k = 2 'n' G(n)Pn (Il) cos kl/; d!2 

, 1T 411' 

2n + 1 f k bn k = 4 G(n) Pn(ll) sin kl/; dn 
, 1T 411' 

(dn = sin e dO dl/; = -dll dl/l) 

(7) Let w = n·n', where n(8,l/I) and n'((J',l/I') are two unit vectors. 
The useful addition theorem is an expansion of the Legendre 

polynomial in terms of the associated functions: 
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n 

Pn(w) = 1: F2 (n,m) P~ (J.L) P~ (J.L') eim (oJ! -oJ! ') = Pn(J.L) Pn(J.l.') 
m=-PI 

n 

+ 2 I: F2 (n, m) P~ (IJ.) P~ (IJ.') cos m( 1/1 - I/J') 
m=l 

, I [(n-m)!]liI where J.L = cos (), J.l. = cos () , and F(n, m) = 
(n + m)! 

0.7 ASSOCIATED SPHERICAL·HARMONIC FUNCTIONS 

(a) With the unit vector n(B, I/J) defined as above, the associated spheri. 
ical harmonics of degree 1 and order m are defined by 

[ (l-m)I]~ whereJ.L=cosB. F(l,m) = 1 . ,and (O~m~l) 
( + m)! 

(b) Miscellaneous relations: 

(1) Pl,m(!Z) = (_l)m F(l,m) Pf"(J.l.) eiml/l 

(2) Pl,m(n) = (_l)m F(l,m) Pi (IJ.) (cos m1/l - i sin m~) 

(3) The complex conjugates are thus given by 

Pi men) = (_l)m F(l,m) Pf"(J.L) e-iml/! , 

Pi m (n) = (_l)m F(l,m) Pf"(J.L) (cos ml/J - i sin m~) , 

(4) In the degenerate case where m = 0 

P1,o (n) = PCo (n) = Pj(J.L) = Pl(J.!) -

Pl,-m(n) = (_l)m Pt,m(n) 

(5) There are two orthogonal properties: 

411" . 
14 PI men) Pl" k(n.) dn = -2 - a(l,j) a(m,k) a(m,O) 

1r" 1+1 

(6) The addition theorem can be written as an expansion of Pn(w) 
in spherical harmonics: 

Pn(W) = 1.: Pn,m (n) P~,m (n') 
m=-n 
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Exposure Buildup Factors 

Appendix E 
Table E.! contains exposure buildup factors. Plots for a given initial energy 
and penetration depth (Slor) vs. atomic number can be used for interpola-
tion. 

Table E.I-EXPOSURE BUILDUP FACTOR (Br) POINT 
ISOTROPIC SOURCEt 

Eo. 
p.or 

Material MeV 1 2 4 7 10 15 20 

Water 0.255 3.09 7.14 23.0 72.9 166 456 982 
0.5 2.52 5.14 14.3 38.8 77.6 178 334 
1.0 2.13 3.71 7.68 16.2 27.1 50.4 82.2 
2.0 1.83 2.77 4.88 8.46 12.4 19.5 27.7 
3.0 1.69 2.42 3.91 6.23 8.63 12.8 17.0 
4.0 1.58 2.17 3.34 5.13 6.94 9.97 12.9 
6.0 1.46 1.91 2.76 3.99 5.18 7.09 8.85 
8.0 1.38 1.74 2.40 3.34 4.25 5.66 6.95 

10.0 1.33 1.63 2.19 2.97 3.72 4.90 5.98 

Aluminum 0.5 2.37 4.24 9.47 21.5 38.9 80.8 141 
1.0 2.02 3.31 6.57 13.1 21.2 37.9 58.5 
2.0 1.75 2.61 4.62 8.05 11.9 1S.7 26.3 
3.0 1.64 2.32 3.78 6.14 8.65 13.0 17.7 
4.0 1.53 2.08 3.22 5.01 6.88 10.1 13.4 
6.0 1.42 1.85 2.70 4.06 5.49 7.97 10.4 
8.0 1.34 1.68 2.37 3.45 4.58 6.56 8.52 

10.0 1.28 1.55 2.12 3.01 3.96 5.63 7.32 

Iron 0.5 1.98 3.09 5.98 11.7 19.2 35.4 55.6 
1.0 1.87 2.89 5.39 10.2 16.2 28.3 42.7 
2.0 1.76 2.43 4.13 7.25 10.9 17.6 25.1 
3.0 1.55 2.15 3.51 5.85 8.51 13.5 19.1 
-4.0 1.45 1.94 3.03 4.91 7.11 11.2 16.0 
6.0 1.34- 1.72 2.58 4.14 6.02 9.89 14.7 
8.0 1.27 1.56 2.23 3.49 5.07 8.50 13.0 

10.0 1.20 1.42 1.95 2.99 4.35 7.54 12.4 
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Table E.l-(Continued) 

Eo, Ilo r 

Material MeV 1 2 4 7 10 15 20 

Tin 0.5 1.56 2.08 3.09 4.57 6.04 8.64 
1.0 1.64 2.30 3.74 6.17 8.85 13.7 18.8 
2.0 1.57 2.17 3.53 5.87 8.53 13.6 19.3 
3.0 1.46 1.96 3.13 5.28 7.91 13.3 20.1 
4.0 1.38 1.81 2.82 4.82 7.41 13.2 21.2 
6.0 1.26 1.57 2.37 4.17 6.94 14.8 29.1 
8.0 1.19 1.42 2.05 3.57 6.19 15.1 34.0 

10.0 1.14 1.31 1.79 2.99 5.21 12.5 33.4 

Tungsten 0.5 1.28 1.50 1.84 2.24 2.61 3.12 
1.0 1.44 1.83 2.57 3.62 4.64 6.25 (7.35) 
2.0 1.42 1.85 2.72 4.09 5.27 8.07 (10.6 ) 
3.0 1.36 1.74 2.59 4.00 5.92 9.66 14.1 
4.0 1.29 1.62 2.41 4.03 6.27 12.0 20.9 
6.0 1.20 1.43 2.07 3.60 6.29 15.7 36.3 
8.0 1.14 1.32 1.81 3.05 5.40 15.2 41.9 

10.0 1.11 1.25 1.64 2.62 4.65 14.0 39.3 

Lead 0.5 1.24 1.42 1.69 2.00 2.27 2.65 (2.73) 
1.0 1.37 1.69 2.26 3.02 3.74 4.81 5.86 
2.0 1.39 1.76 2.51 3.66 4.84 6.87 9.00 
3.0 1.34 1.68 2.43 3.75 5.30 8.44 12.3 
4.0 1.27 1.56 2.25 3.61 5.44 9.80 16.3 
5.1 1.21 1.46 2.08 3.44 5.55 11.7 23.6 
6.0 1.18 1.40 1.97 3.34 5.69 13.8 32.7 
8.0 1.14 1.30 1.74 2.89 5.07 14.1 44.6 

10.0 1.11 1.23 1.58 2.52 4.34 12.5 39.2 

Uranium 0.5 1.17 1.30 1.48 1.67 1.85 2.08 
1.0 1.31 1.56 1.98 2.50 2.97 3.67 
2.0 1.33 1.64 2.23 3.09 3.95 5.36 (6.48) 
3.0 1.29 1.58 2.21 3.27 4.51 6.97 9.88 
4.0 1.24 1.50 2.09 3.21 4.66 8.01 12.7 
6.0 1.16 1.36 1.85 2.96 4.80 10.8 23.0 
8.0 1.12 1.27 1.66 2.61 4.36 11.2 28.0 

10.0 1.09 1.20 1.51 2.26 3.78 10.5 28.5 

tFrom H. Goldstein and J. E. Wilkins, Jr., Calculations of the Penetrations of 
Gamma Rays, Final Report, USAEC Report NYO·3075, Nuclear Development 
Associates, Inc., June 30, 1954. 
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tFrom H. Goldstein and J. E. Wilkins, Jr., Calculations of the Penetrations of 
Gamma Rays, Final Report, USAEC Report NYO·3075, Nuclear Development 
Associates, Inc., June 30, 1954. 
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Appendix F 

Table F.I-COEFFICIEr-ITS FOR LINEAR. QUADRATIC. AND BERGER FORMS OF 
EXPOSURE BUILDUP fACTORS FITIED OVER THE RANGE 0 TO 7 MEAN FREE PATHS 

fROM POIr-IT ISOTROPIC SOURCE\ 

Linear Quadraric Berger 

Maximum Maximum MaXimum 

error.t erro" error. 
E, MeV AI % Al b % C D % 

0.255 8.6524 F3.1 -0.2525 IA984 30 1.7506 0.2609 10 
0.5 4.6800 F2.3 0.6684 0.6750 8 1.3245 0.2078 5 
I 1.9953 40 1.0053 0.1666 2 1.0622 0.1052 3 
2 1.0301 10 0.8242 0.0346 2 0.8093 0.0408 
3 0.7397 3 0.6962 0.0073 0.6876 0.0125 
4 0.5884 I 0.5801 0.0014 0.5800 0.0024 
6 0.4321 3 0.4616 -0.0050 0.4655 -0.0126 
8 0.3406 4 0.3782 -0.0063 0.3860 -0.0214 

10 0.2877 4 0.3251 -0.0063 0.3342 -0.0257 

0.5 2.6461 F1.5 1.0688 0.2654 2 1.2435 0.1250 3 
I 1.6089 30 0.9316 0.1140 2 0.9589 0.0864 3 
2 0.9686 13 0.7437 0.0378 2 0.7267 0.0486 2 
3 0.7197 5 0.6355 0.0142 0.6294 0.0227 
4 0.5663 3 0.5284 0.0064 0.5253 0.0127 
6 0.4334 2 0.4142 0.0032 0.4177 0.0061 
8 0.3476 1 0.3346 0.0022 0.3371 0.0050 

10 0.2847 2 0.2715 0.0022 0.2752 0.0055 

0.5 1.4283 25 0.8642 0.0949 1 0.9081 0.0752 2 
1.2]73 20 0.8026 0.0731 1 0.8214 0.0684 2 

2 0.8556 12 0.6526 0.0342 5 0.7020 0.0319 J 
3 0.6691 9 0.5338 0.0228 1 0.5323 0.0384 
4 0.5403 7 0.4366 0.0175 0.4366 0.0358 
6 0.4297 8 0.3237 0.D178 0.3271 0.0457 
8 0.3391 8 0.2473 0.0154 0.2563 0.0464 

10 0.2681 8 0.1785 0.0151 0.1876 0.0592 

0.5 0.5153 3 0.5479 -0.0055 2 0.5608 -0.0146 
1 0.7199 6 0.6153 0.0176 1 0.6219 0.0244 
2 0.6731 8 0.5455 0.0215 1 0.5498 0.0338 
3 0.5837 11 0.4284 0.0261 1 0.4379 0.0479 
4 0.5146 12 0.3420 0.0290 1 0.3583 0.0601 
6 0.4153 17 0.2082 0.0348 2 0.2369 0.0925 
8 0.3317 17 0.1371 0.0327 2 0.1692 0.1103 

10 0.2550 16 0.0945 0.0270 2 0.1232 0.1190 
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Linear Quadraric Berger 

Maximum Maximum MaXimum 

error.t erro" error. 
E, MeV AI % Al b % C D % 

0.255 8.6524 F3.1 -0.2525 IA984 30 1.7506 0.2609 10 
0.5 4.6800 F2.3 0.6684 0.6750 8 1.3245 0.2078 5 
I 1.9953 40 1.0053 0.1666 2 1.0622 0.1052 3 
2 1.0301 10 0.8242 0.0346 2 0.8093 0.0408 
3 0.7397 3 0.6962 0.0073 0.6876 0.0125 
4 0.5884 I 0.5801 0.0014 0.5800 0.0024 
6 0.4321 3 0.4616 -0.0050 0.4655 -0.0126 
8 0.3406 4 0.3782 -0.0063 0.3860 -0.0214 

10 0.2877 4 0.3251 -0.0063 0.3342 -0.0257 

0.5 2.6461 F1.5 1.0688 0.2654 2 1.2435 0.1250 3 
I 1.6089 30 0.9316 0.1140 2 0.9589 0.0864 3 
2 0.9686 13 0.7437 0.0378 2 0.7267 0.0486 2 
3 0.7197 5 0.6355 0.0142 0.6294 0.0227 
4 0.5663 3 0.5284 0.0064 0.5253 0.0127 
6 0.4334 2 0.4142 0.0032 0.4177 0.0061 
8 0.3476 1 0.3346 0.0022 0.3371 0.0050 

10 0.2847 2 0.2715 0.0022 0.2752 0.0055 

0.5 1.4283 25 0.8642 0.0949 1 0.9081 0.0752 2 
1.2]73 20 0.8026 0.0731 1 0.8214 0.0684 2 

2 0.8556 12 0.6526 0.0342 5 0.7020 0.0319 J 
3 0.6691 9 0.5338 0.0228 1 0.5323 0.0384 
4 0.5403 7 0.4366 0.0175 0.4366 0.0358 
6 0.4297 8 0.3237 0.D178 0.3271 0.0457 
8 0.3391 8 0.2473 0.0154 0.2563 0.0464 

10 0.2681 8 0.1785 0.0151 0.1876 0.0592 

0.5 0.5153 3 0.5479 -0.0055 2 0.5608 -0.0146 
1 0.7199 6 0.6153 0.0176 1 0.6219 0.0244 
2 0.6731 8 0.5455 0.0215 1 0.5498 0.0338 
3 0.5837 11 0.4284 0.0261 1 0.4379 0.0479 
4 0.5146 12 0.3420 0.0290 1 0.3583 0.0601 
6 0.4153 17 0.2082 0.0348 2 0.2369 0.0925 
8 0.3317 17 0.1371 0.0327 2 0.1692 0.1103 

10 0.2550 16 0.0945 0.0270 2 0.1232 0.1190 

628 
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Table F.l-(ConrinuedJ 

Linear Quadraric Berger 

Maximum Maximum Maximum 
error,~ error I error, 

Malerial E,MeV AI % A2 b % c D % 

Tungsten 0.5 0.1903 8 0.2692 -0.0133 2 0.2938 -0.0751 2 
1 0·3817 5 0.4269 -0.0076 2 0.4425 -0.0255 
2 0.4376 2 0.4164 0.0036 1 0.4172 0.0080 
3 0.4171 5 0.3515 0.01l 0 1 0.3501 0.0295 
4 0.4054 12 0.2540 0.0255 1 0.2710 0.0666 
6 0.3363 17 0.1435 0.0324 2 0.1771 0.1049 
8 0.2624 16 0.0957 0.0281 2 0.1245 0.1223 

10 0.2073 14 0.0748 0.0223 2 0.0974 0.1238 

Lead 0.5 0.1549 8 0.2273 -0.0122 3 0.2526 -0.0848 2 
1 0.2990 6 0.3613 -0.0105 2 0.3779 -0.0403 1 
2 0.3796 1 0.3787 0.0001 1 0.3862 0.0032 
3 0.3810 5 0.3164 0.0109 1 0.3267 0.0253 
4 0.3523 10 0.2389 0.0191 I 0.2530 0.0547 
5.1 0.3219 13 0.1747 0.0248 1 0.1936 0.0839 
6 0.3034 15 0.1346 0.0284 2 0.1622 0.1027 1 
8 0.2419 15 0.0894 0.0257 3 0.1220 0.1112 2 

10 0.1933 13 0.0642 0.0217 3 0.0939 0.1167 2 

Uranium 0.5 0.1054 7 0.1637 -0.0098 2 0.1825 -0.0951 2 
I 0.2264 7 0.2990 -0.0122 2 0.3204 -0.0599 2 
:2 0.3023 3 0.3250 -0.0038 0.3321 -0.0162 
3 0.3169 4 0.2760 0.0069 0.2814 om 96 
4 0.3010 7 0.2199 0.0136 0.2283 0.0458 
6 0.2571 12 0.1314 0.0212 0.1476 0.0916 
8 0.2081 12 0.OBB5 0.0201 0.1081 0.1076 

10 0.1621 11 0.0638 0.0165 0.0798 0.1163 

tFrom D. K. Trubey. A Survey of Empiric.l Functions Used To Fil Gamma.Ray Buildup Factors. USAEC Report 
ORNL·RSIC·l 0, Oak Ridge Narional Laboralory. February 1966. 

tF3.1 means "factor of 3.1,"' elc. 

Table F.2-COEFFICIENTS FOR LINEAR, QUADRATIC. AND BERGER FORMS 
OF EXPOSURE BUILDUP FACTORS FntED OVER THE RANGE 0 TO 20 MEAN FREE PATHS 

FROM POINT ISOTROPIC SOL:RCESt 

Linear Quadraric Berger 

Mnimum Maximum Maximum 

error.t error, error, 

Malerial E,MeV AI % AI b %~ C D % 

Water 0.255 36.1015 FI2 -12.9947 3.0515 F- 2.5048 0.1623 30 
0.5 13.0926 F5.6 -0.9744 0.8743 F3 1.8035 0.1224 25 
I 3,4788 F2 1.1152 0.1469 6 1.2282 0.0649 11 

2 1.2 549 25 0.9173 0.0210 6 0.8594 0.0240 5 
3 0.7863 6 0.7218 0.0040 2 0.7004 0.0074 2 
4 0.5951 I 0.5907 0.0003 0.5826 0.0014 
6 0.4030 5 0.4471 . -0.0027 2 0.4853 -0.0082 1 
8 0.J085 7 0.3561 -0.0038 2 0.3741 -0.0124 2 

10 0.2584 7 0.3002 -0.0026 3 0.3206 -0.0139 2 

(Table continues on next page.) 
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Table F.l-(ConrinuedJ 

Linear Quadraric Berger 

Maximum Maximum Maximum 
error,~ error I error, 

Malerial E,MeV AI % A2 b % c D % 

Tungsten 0.5 0.1903 8 0.2692 -0.0133 2 0.2938 -0.0751 2 
1 0·3817 5 0.4269 -0.0076 2 0.4425 -0.0255 
2 0.4376 2 0.4164 0.0036 1 0.4172 0.0080 
3 0.4171 5 0.3515 0.01l 0 1 0.3501 0.0295 
4 0.4054 12 0.2540 0.0255 1 0.2710 0.0666 
6 0.3363 17 0.1435 0.0324 2 0.1771 0.1049 
8 0.2624 16 0.0957 0.0281 2 0.1245 0.1223 

10 0.2073 14 0.0748 0.0223 2 0.0974 0.1238 

Lead 0.5 0.1549 8 0.2273 -0.0122 3 0.2526 -0.0848 2 
1 0.2990 6 0.3613 -0.0105 2 0.3779 -0.0403 1 
2 0.3796 1 0.3787 0.0001 1 0.3862 0.0032 
3 0.3810 5 0.3164 0.0109 1 0.3267 0.0253 
4 0.3523 10 0.2389 0.0191 I 0.2530 0.0547 
5.1 0.3219 13 0.1747 0.0248 1 0.1936 0.0839 
6 0.3034 15 0.1346 0.0284 2 0.1622 0.1027 1 
8 0.2419 15 0.0894 0.0257 3 0.1220 0.1112 2 

10 0.1933 13 0.0642 0.0217 3 0.0939 0.1167 2 

Uranium 0.5 0.1054 7 0.1637 -0.0098 2 0.1825 -0.0951 2 
I 0.2264 7 0.2990 -0.0122 2 0.3204 -0.0599 2 
:2 0.3023 3 0.3250 -0.0038 0.3321 -0.0162 
3 0.3169 4 0.2760 0.0069 0.2814 om 96 
4 0.3010 7 0.2199 0.0136 0.2283 0.0458 
6 0.2571 12 0.1314 0.0212 0.1476 0.0916 
8 0.2081 12 0.OBB5 0.0201 0.1081 0.1076 

10 0.1621 11 0.0638 0.0165 0.0798 0.1163 

tFrom D. K. Trubey. A Survey of Empiric.l Functions Used To Fil Gamma.Ray Buildup Factors. USAEC Report 
ORNL·RSIC·l 0, Oak Ridge Narional Laboralory. February 1966. 

tF3.1 means "factor of 3.1,"' elc. 

Table F.2-COEFFICIENTS FOR LINEAR, QUADRATIC. AND BERGER FORMS 
OF EXPOSURE BUILDUP FACTORS FntED OVER THE RANGE 0 TO 20 MEAN FREE PATHS 

FROM POINT ISOTROPIC SOL:RCESt 

Linear Quadraric Berger 

Mnimum Maximum Maximum 

error.t error, error, 

Malerial E,MeV AI % AI b %~ C D % 

Water 0.255 36.1015 FI2 -12.9947 3.0515 F- 2.5048 0.1623 30 
0.5 13.0926 F5.6 -0.9744 0.8743 F3 1.8035 0.1224 25 
I 3,4788 F2 1.1152 0.1469 6 1.2282 0.0649 11 

2 1.2 549 25 0.9173 0.0210 6 0.8594 0.0240 5 
3 0.7863 6 0.7218 0.0040 2 0.7004 0.0074 2 
4 0.5951 I 0.5907 0.0003 0.5826 0.0014 
6 0.4030 5 0.4471 . -0.0027 2 0.4853 -0.0082 1 
8 0.J085 7 0.3561 -0.0038 2 0.3741 -0.0124 2 

10 0.2584 7 0.3002 -0.0026 3 0.3206 -0.0139 2 

(Table continues on next page.) 
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Table F.2-(Coolinued) 

Line"r Quadraric Berger 

Maximum Maximum Maximum 
elTor .l: error, error, 

Malerial E,MeV AI 'lb Al b 'lbl: c D 'lb 

Aluminum 0.5 5.7374 F3 0.6696 0.3150 20 1.4412 0.0850 12 
1 2.5385 F1.9 1.1185 0.0883 10 1.0831 0.0535 9 
2 1.1928 30 0.8751 0.0197 8 0.7869 0.0266 6 
3 0.8061 12 0.6812 0.0078 3 0.6504 0.0137 3 
4 0.6075 6 0.5503 0.0036 2 0.5343 0.0082 2 
6 0.4626 6 0.4252 0.0023 2 0.4182 0.0063 
8 0.3697 5 0.3395 0.0019 0.3366 0.0058 

10 0.3087 5 0.2750 0.0021 0.2738 0.0074 

Iroo 0.5 2.3773 F1.9 0.9019 0.0917 3 0.9814 0.0548 7 
1 1.8643 F1.6 0.9212 0.0586 7 0.8932 0.0460 7 
2 1.1194 33 0.7423 0.0234 6 0.7173 0.0277 4 
3 0.8446 25 0.5840 0.0162 4 0.5571 0.0261 4 
4 0.6942 25 0.4605 0.0145 2 0.4518 0.0268 3 
6 0.6134 34 0.3201 0.0182 1 0.3381 0.0368 3 
8 0.5245 40 0.2207 0.0189 3 0.2603 0.0428 2 

10 0.4759 SO 0.1143 0.0225 6 0.1902 0.0553 

Tin 0.5 0.5090 4 0.5150 -0.0005 3 0.5457 -0.0063 3 
1 0.8495 18 0.6666 0.01l4 3 0.6378 0.0180 3 
2 0.8521 25 0.5826 0.0168 .3 0.5678 0.0254 3 
3 0.8509 40 0.4254 0.0264 1 0.4533 0.0388 3 
4 0.8643 Fl.58 0.2845 0.0360 5 0.3700 0.0518 3 
6 1.0786 F2.2 -0.1374 0.0756 40 0.2401 0.0891 2 
8 1.1907 F2.8 -0.4693 0.1032 F3 0.1669 0.1145 1 

10 1.1075 F3.0 -0.6523 0.1094 F12 0.1190 0.1278 5 

Tungsten 0.5 0.1550 13 0.2206 -0.0054 5 0.2692 -0.0477 5 
1 0.3382 9 0.4149 -0.0048 2 0.4279 -0.0150 2 
2 0.4671 8 0.4072 0.0037 3 0.4163 0.0070 4 
3 0.5919 30 0.3255 0.0165 2 0.3484 0.0324 2 
4 0.8102 F1.8 0.0995 0.0442 15 0.2727 0.0653 1 
6 1.2616 F3 -0.5462 0.1124 F4 0.1704 0.1160 2 
8 \.3753 F3.5 -0.9399 0.1439 FOD 0.1161 0.1405 6 

10 1.2730 F3.8 -0.9502 0.1382 FOD 0.0882 0.1510 7 

Lead 0.5 0.1043 IS 0.1791 -0.0047 5 0.2243 -0.0500 5 
1 0.2549 11 0.3133 -0.0036 5 0.3530 -0.0211 4 
2 0.3947 3 0.3695 0.0015 2 0.3791 0.0021 
3 0.5123 30 0.2990 0.0133 2 0.3244 0.0279 1 
4 0.6378 F1.6 0.1449 0.0306 10 0.2526 0.0557 1 
5.1 0.8560 F2.1 -0.1480 0.0624 40 0.1904 0.0883 2 
6 1.1247 F2.8 -0.5070 0.1014 F4 0.1554 0.1143 4 
8 1.4165 F4 -1.1408 0.1589 F- 0.1075 0.1440 12 

10 1.2370 F4 -1.0279 0.1408 F- 0.0824 0.1513 12 

Uranium 0.5 0.0812 11 0.1262 -0.0037 5 0.1635 -0.0606 5 
1 0.1914 11 0_2556 -0.0053 5 0.2991 -0_0385 5 
2 0.2838 5 0.3185 -0_0022 2 0.3240 -0.0084 2 
3 0.4081 20 0.2614 0_0091 2 0.2781 0.0234 
4 0.4991 43 0.1621 0.0210 6 0.2273 0.0475 1 
6 0.8088 F2.3 -0.2492 0.0658 F2 0.1426 0.1011 2 
8 0.9323 F2.9 -0.5357 0.0912 FS 0.1004 0.1274 5 

10 0.9203 Fl.l -0.6560 0.0980 FOD 0.0721 0.1442 7 

tFrom D. K. Trubey. _'" Survey of Empirical Functions Used To Fil Gamma.Ray Buildup Facto ... CSAEC Report 
ORNL·RSIC·I0. Oak Ridge National Laboratory, February 1966. 

l:F12 mean. "factor of 12," etc. 
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Table F.2-(Coolinued) 

Line"r Quadraric Berger 

Maximum Maximum Maximum 
elTor .l: error, error, 

Malerial E,MeV AI 'lb Al b 'lbl: c D 'lb 

Aluminum 0.5 5.7374 F3 0.6696 0.3150 20 1.4412 0.0850 12 
1 2.5385 F1.9 1.1185 0.0883 10 1.0831 0.0535 9 
2 1.1928 30 0.8751 0.0197 8 0.7869 0.0266 6 
3 0.8061 12 0.6812 0.0078 3 0.6504 0.0137 3 
4 0.6075 6 0.5503 0.0036 2 0.5343 0.0082 2 
6 0.4626 6 0.4252 0.0023 2 0.4182 0.0063 
8 0.3697 5 0.3395 0.0019 0.3366 0.0058 

10 0.3087 5 0.2750 0.0021 0.2738 0.0074 

Iroo 0.5 2.3773 F1.9 0.9019 0.0917 3 0.9814 0.0548 7 
1 1.8643 F1.6 0.9212 0.0586 7 0.8932 0.0460 7 
2 1.1194 33 0.7423 0.0234 6 0.7173 0.0277 4 
3 0.8446 25 0.5840 0.0162 4 0.5571 0.0261 4 
4 0.6942 25 0.4605 0.0145 2 0.4518 0.0268 3 
6 0.6134 34 0.3201 0.0182 1 0.3381 0.0368 3 
8 0.5245 40 0.2207 0.0189 3 0.2603 0.0428 2 

10 0.4759 SO 0.1143 0.0225 6 0.1902 0.0553 

Tin 0.5 0.5090 4 0.5150 -0.0005 3 0.5457 -0.0063 3 
1 0.8495 18 0.6666 0.01l4 3 0.6378 0.0180 3 
2 0.8521 25 0.5826 0.0168 .3 0.5678 0.0254 3 
3 0.8509 40 0.4254 0.0264 1 0.4533 0.0388 3 
4 0.8643 Fl.58 0.2845 0.0360 5 0.3700 0.0518 3 
6 1.0786 F2.2 -0.1374 0.0756 40 0.2401 0.0891 2 
8 1.1907 F2.8 -0.4693 0.1032 F3 0.1669 0.1145 1 

10 1.1075 F3.0 -0.6523 0.1094 F12 0.1190 0.1278 5 

Tungsten 0.5 0.1550 13 0.2206 -0.0054 5 0.2692 -0.0477 5 
1 0.3382 9 0.4149 -0.0048 2 0.4279 -0.0150 2 
2 0.4671 8 0.4072 0.0037 3 0.4163 0.0070 4 
3 0.5919 30 0.3255 0.0165 2 0.3484 0.0324 2 
4 0.8102 F1.8 0.0995 0.0442 15 0.2727 0.0653 1 
6 1.2616 F3 -0.5462 0.1124 F4 0.1704 0.1160 2 
8 \.3753 F3.5 -0.9399 0.1439 FOD 0.1161 0.1405 6 

10 1.2730 F3.8 -0.9502 0.1382 FOD 0.0882 0.1510 7 

Lead 0.5 0.1043 IS 0.1791 -0.0047 5 0.2243 -0.0500 5 
1 0.2549 11 0.3133 -0.0036 5 0.3530 -0.0211 4 
2 0.3947 3 0.3695 0.0015 2 0.3791 0.0021 
3 0.5123 30 0.2990 0.0133 2 0.3244 0.0279 1 
4 0.6378 F1.6 0.1449 0.0306 10 0.2526 0.0557 1 
5.1 0.8560 F2.1 -0.1480 0.0624 40 0.1904 0.0883 2 
6 1.1247 F2.8 -0.5070 0.1014 F4 0.1554 0.1143 4 
8 1.4165 F4 -1.1408 0.1589 F- 0.1075 0.1440 12 

10 1.2370 F4 -1.0279 0.1408 F- 0.0824 0.1513 12 

Uranium 0.5 0.0812 11 0.1262 -0.0037 5 0.1635 -0.0606 5 
1 0.1914 11 0_2556 -0.0053 5 0.2991 -0_0385 5 
2 0.2838 5 0.3185 -0_0022 2 0.3240 -0.0084 2 
3 0.4081 20 0.2614 0_0091 2 0.2781 0.0234 
4 0.4991 43 0.1621 0.0210 6 0.2273 0.0475 1 
6 0.8088 F2.3 -0.2492 0.0658 F2 0.1426 0.1011 2 
8 0.9323 F2.9 -0.5357 0.0912 FS 0.1004 0.1274 5 

10 0.9203 Fl.l -0.6560 0.0980 FOD 0.0721 0.1442 7 

tFrom D. K. Trubey. _'" Survey of Empirical Functions Used To Fil Gamma.Ray Buildup Facto ... CSAEC Report 
ORNL·RSIC·I0. Oak Ridge National Laboratory, February 1966. 

l:F12 mean. "factor of 12," etc. 



Table F.3-BERGER FORMULA CONSTANTS FOR ENERGY·DEPOSITION BUIUlUP, 
POINT ISOTROPIC SOURCr:, 20·MEAN·FREE·PATH FITt 

Waler Aluminum Iroll Tin Lead 

Maximum Maximum Milxinlum Maximum Maximum 
",MeV C D rrror. % C D c:rror. % c n error. % c n error, % C D error, % 

0.255 2.4039 0.1598 30 0.4551 -0.0753 10 
0.5 1.7128 0.1201 24 1.7237 0.0902 14 1.7887 0.0550 7 1.1873 -0.0069 4 0.7027 -0.0278 7 
I 1.2443 0.0660 12 1.2204 0.0553 10 1.2192 0.0466 8 1.0819 0.0134 3 0.5510 -0.0014 3 
2 0.8829 0.0243 5 0.8480 0.0268 6 0.7868 0.0280 4 0.7490 0.0245 4 0.3476 0.0251 2 
3 0.7506 0.0065 2 0.6746 0.01 34 3 0.5847 0.0255 4 0.4909 0.0380 9 0.2227 0.0532 1 

" 0.5905 0.0012 0.5411 0.0079 2 0.4494 0.0281 2 0.3352 0.0534 8 0.1646 0.0818 3 
6 0.4550 -0.0079 I 0.3995 0.0060 0.2975 0.0353 3 0.1931 0.0820 2 0.1167 0.1060 5 
8 0.3757 -0.0121 2 0.3079 0.0060 0.2076 0.0420 2 0.1237 0.1030 2 0.0781 0.1269 8 

10 0.3036 -0.0133 2 0.2492 0.0074 0.1565 0.0528 I 0.0930 0.1148 4 0.0588 0.1327 15 

tFrom U. K. Trubey, A Survey of Empiric.1 Functions Used To Fit Gamma-Ray Buildup Factors, USAEC Report ORNL-RSIC-IO, Oak Ridge National 
Laboratory, February 1966. 
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Table F.3-BERGER FORMULA CONSTANTS FOR ENERGY·DEPOSITION BUIUlUP, 
POINT ISOTROPIC SOURCr:, 20·MEAN·FREE·PATH FITt 

Waler Aluminum Iroll Tin Lead 

Maximum Maximum Milxinlum Maximum Maximum 
",MeV C D rrror. % C D c:rror. % c n error. % c n error, % C D error, % 

0.255 2.4039 0.1598 30 0.4551 -0.0753 10 ~ 
." 

0.5 1.7128 0.1201 24 1.7237 0.0902 14 1.7887 0.0550 7 1.1873 -0.0069 4 0.7027 -0.0278 7 tTl 

I 1.2443 0.0660 12 1.2204 0.0553 10 1.2192 0.0466 8 1.0819 0.0134 3 0.5510 -0.0014 3 Z 
2 0.8829 0.0243 5 0.8480 0.0268 6 0.7868 0.0280 4 0.7490 0.0245 4 0.3476 0.0251 2 

g 
3 0.7506 0.0065 2 0.6746 0.01 34 3 0.5847 0.0255 4 0.4909 0.0380 9 0.2227 0.0532 1 :>< 

" 0.5905 0.0012 0.5411 0.0079 2 0.4494 0.0281 2 0.3352 0.0534 8 0.1646 0.0818 3 
'Tl 

6 0.4550 -0.0079 I 0.3995 0.0060 0.2975 0.0353 3 0.1931 0.0820 2 0.1167 0.1060 5 
8 0.3757 -0.0121 2 0.3079 0.0060 0.2076 0.0420 2 0.1237 0.1030 2 0.0781 0.1269 8 

10 0.3036 -0.0133 2 0.2492 0.0074 0.1565 0.0528 I 0.0930 0.1148 4 0.0588 0.1327 15 

tFrom U. K. Trubey, A Survey of Empiric.1 Functions Used To Fit Gamma-Ray Buildup Factors, USAEC Report ORNL-RSIC-IO, Oak Ridge National 
Laboratory, February 1966. 
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Table FA-PARAMETERS a, b, AND c FOR ENERGY-DEPOSITION 
BUILDUP FACTOR IN THE EQUATIONt 

B(JlX) = 1.0 + a(JlX) + b(JlX)2 + c(J.lX)3 
f.OR A POINT ISOTROPIC SOURCE 

Z of 
Parameters for energy of 

material 0.5 MeV 1 MeV 2MeV 4MeV 6 MeV 8 MeV 10 MeV 

Parameter a 

7.5 (H2 0) 0.840 0.970 0.830 0.589 0.460 0.381 0.312 
2 0.22 0.97 0.76 0.65 0.54 0.45 0.39 
4 0.44 0.98 0.76 0.63 0.51 0.42 0.36 
6 0.64 0.99 0.76 0.60 0.48 0.40 0.34 
8 0.83 1.00 0.76 0.58 0.46 0.37 0.31 

10 1.01 1.01 0.76 0.56 0.43 0.34 0.29 
12 1.19 1.02 0.76 0.54 0.41 0.32 0.26 
14 1.32 1.03 0.76 0.52 0.38 0.30 0.24 
16 1.42 1.04 0.76 0.51 0.36 0.28 0.22 
18 1.50 1.05 0.76 0.49 0.34 0.26 0.20 

20 1.55 1.06 0.75 0.47 0.33 0.24 0.18 
22 1.59 1.07 0.75 0.46 0.31 0.22 0.17 
24 1.62 1.08 0.75 0.44 0.30 0.21 0.16 
26 1.64 1.09 0.75 0.43 0.28 0.20 0.15 
28 1.64 1.10 0.74 0.42 0.27 0.19 0.14 

30 1.64 1.11 0.74 0.41 0.26 0.18 0.14 
32 1.63 1.11 0.74 0.39 0.25 0.17 0.13 
34 1.61 1.12 0.73 0.38 0.24 0.17 0.13 
36 1.59 1.12 0.73 0.37 0.23 0.16 0.13 
38 1.56 1.13 0.72 0.36 0.22 0.16 0.12 

40 1.53 1.13 0.72 0.36 0.22 0.15 0.12 
42 1.49 1.13 0.71 0.35 0.21 0.15 0.12 
44 1.44 1.13 0.71 0.34 0.21 0.15 0.12 
46 1.39 1.13 0.70 0.33 0.20 0.14 0.11 
48 1.34 1.12 0.70 0.32 0.20 0.14 0.11 

50 1.29 1.11 0.69 0.32 0.19 0.14 0.11 
52 0.24 1.10 0.68 0.31 0.19 0.13 0.11 
54 1.19 1.09 0.67 0.30 0.18 0.13 0.10 
56 1.15 1.08 0.67 0.30 0.18 0.13 0.10 
58 1.10 1.06 0.66 0.29 0.17 0.12 0.10 

60 1.05 1.04 0.65 0.29 0.17 0.12 0.10 
62 1.01 1.02 0.65 0.28 0.16 0.12 0.10 
64 0.96 1.00 6.64 0.27 0.16 0.11 0.10 
66 0.91 0.98 0.64 0.27 0.16 0.11 0.09 
68 0.87 0.96 0.63 0.26 0.15 0.11 0.09 
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Table FA-PARAMETERS a, b, AND c FOR ENERGY-DEPOSITION 
BUILDUP FACTOR IN THE EQUATIONt 

B(JlX) = 1.0 + a(JlX) + b(JlX)2 + c(J.lX)3 
f.OR A POINT ISOTROPIC SOURCE 

Z of 
Parameters for energy of 

material 0.5 MeV 1 MeV 2MeV 4MeV 6 MeV 8 MeV 10 MeV 

Parameter a 

7.5 (H2 0) 0.840 0.970 0.830 0.589 0.460 0.381 0.312 
2 0.22 0.97 0.76 0.65 0.54 0.45 0.39 
4 0.44 0.98 0.76 0.63 0.51 0.42 0.36 
6 0.64 0.99 0.76 0.60 0.48 0.40 0.34 
8 0.83 1.00 0.76 0.58 0.46 0.37 0.31 

10 1.01 1.01 0.76 0.56 0.43 0.34 0.29 
12 1.19 1.02 0.76 0.54 0.41 0.32 0.26 
14 1.32 1.03 0.76 0.52 0.38 0.30 0.24 
16 1.42 1.04 0.76 0.51 0.36 0.28 0.22 
18 1.50 1.05 0.76 0.49 0.34 0.26 0.20 

20 1.55 1.06 0.75 0.47 0.33 0.24 0.18 
22 1.59 1.07 0.75 0.46 0.31 0.22 0.17 
24 1.62 1.08 0.75 0.44 0.30 0.21 0.16 
26 1.64 1.09 0.75 0.43 0.28 0.20 0.15 
28 1.64 1.10 0.74 0.42 0.27 0.19 0.14 

30 1.64 1.11 0.74 0.41 0.26 0.18 0.14 
32 1.63 1.11 0.74 0.39 0.25 0.17 0.13 
34 1.61 1.12 0.73 0.38 0.24 0.17 0.13 
36 1.59 1.12 0.73 0.37 0.23 0.16 0.13 
38 1.56 1.13 0.72 0.36 0.22 0.16 0.12 

40 1.53 1.13 0.72 0.36 0.22 0.15 0.12 
42 1.49 1.13 0.71 0.35 0.21 0.15 0.12 
44 1.44 1.13 0.71 0.34 0.21 0.15 0.12 
46 1.39 1.13 0.70 0.33 0.20 0.14 0.11 
48 1.34 1.12 0.70 0.32 0.20 0.14 0.11 

50 1.29 1.11 0.69 0.32 0.19 0.14 0.11 
52 0.24 1.10 0.68 0.31 0.19 0.13 0.11 
54 1.19 1.09 0.67 0.30 0.18 0.13 0.10 
56 1.15 1.08 0.67 0.30 0.18 0.13 0.10 
58 1.10 1.06 0.66 0.29 0.17 0.12 0.10 

60 1.05 1.04 0.65 0.29 0.17 0.12 0.10 
62 1.01 1.02 0.65 0.28 0.16 0.12 0.10 
64 0.96 1.00 6.64 0.27 0.16 0.11 0.10 
66 0.91 0.98 0.64 0.27 0.16 0.11 0.09 
68 0.87 0.96 0.63 0.26 0.15 0.11 0.09 
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Table F.4-(Conrinued) 

Zof 
Parameters for energy of 

material 0.5 MeV 1 MeV 2MeV 4MeV 6 MeV 8 MeV 10 MeV 

70 0.82 0.94 0.62 0.26 0.15 0.11 0.09 
72 0.78 0.92 0.62 0.25 0.15 0.11 0.09 
74 0.73 0.90 0.61 0.25 0.14 0.11 0.09 
76 0.69 0.87 0.61 0.24 0.14 0.10 0.09 
78 0.65 0.85 0.60 0.24 0.14 0.10 0.09 

Parameter b 

7.5 (H2 O) 0.600 0.175 0.037 0.0015 -0.0035 -0.005 -0.0053 
2 0.53 0.126 0.055 0.05 0.05 0.05 0.05 
4 0.50 0.125 0.053 0.04 0.04 0.04 0.04 
6 0.464 0.125 0.051 0.03 0.03 0.03 0.03 
8 0.436 0.124 0.049 0.015 0.015 0.015 0.015 

10 0.402 0.123 0.047 0.010 0.010 0.010 0.010 
12 0.367 0.121 0.045 0.005 0.003 0.002 0.001 
14 0.336 0.120 0.043 0.007 0.005 0.003 0.002 
16 0.305 0.118 0.041 0.008 0.006 0.004 0.003 
18 0.275 0.116 0.039 0.011 0.008 0.006 0.005 

20 0.244 0.113 0.038 0.013 0.010 0.008 0.007 
22 0.215 0.109 0.037 0.015 0.012 0.010 0.009 
24 0.188 0.105 0.036 0.017 0.014 0.010 0.009 
26 0.160 0.100 0.036 0.019 0.015 0.011 0.009 
28 0.142 0.094 0.036 0.021 0.017 0.011 0.009 

30 0.103 0.088 0.036 0.022 0.018 0.011 0.009 
32 0.091 0.082 0.036 0.023 0.019 0.010 0.008 
34 0.070 0.079 0.036 0.023 0.019 0.010 0.008 
36 0.050 0.067 0.036 0.023 0.019 0.009 0.007 
38 0.031 0.058 0.036 0.022 0.018 0.009 0.007 

40 0.014 0.050 0.036 0.022 0.018 0.008 0.006 
42 0.0 0.041 0.036 0.021 0.017 0.007 0.005 
44 -0.013 0.032 0.036 0.021 0.017 0.006 0.004 
46 -0.025 0.022 0.036 0.020 0.016 0.005 0.003 
48 -0.035 0.013 0.036 0.020 0.016 0.004 0.002 

50 -0.043 0.004 0.036 0.019 0.015 0.004 0.002 
52 -0.048 -0.005 0.035 0.018 0.015 0.003 0.001 
54 -0.053 -0.013 0.032 0.018 0.014 0.003 0.001 
56 -0.056 -0.020 0.028 0.017 0.013 0.002 0.001 
58 -0.058 -0.027 0.025 0.017 0.012 0.002 0.0 

60 -0.060 -0.033 0.022 0.016 0.011 0.001 -0.001 
62 -0.062 -0.037 0.018 0.015 0.010 0.001 -0.001 
64 -0.063 -0.040 0.015 0.015 0.009 0.001 -0.002 
66 -0.064 -0.043 0.012 0.014 0.008 0.0 -0.003 
68 -0.065 -0.045 0.008 0.014 0.007 -0.001 -0.003 

(Table continues on next page.) 
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Table F.4-(Conrinued) 

Zof 
Parameters for energy of 

material 0.5 MeV 1 MeV 2MeV 4MeV 6 MeV 8 MeV 10 MeV 

70 0.82 0.94 0.62 0.26 0.15 0.11 0.09 
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74 0.73 0.90 0.61 0.25 0.14 0.11 0.09 
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78 0.65 0.85 0.60 0.24 0.14 0.10 0.09 
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16 0.305 0.118 0.041 0.008 0.006 0.004 0.003 
18 0.275 0.116 0.039 0.011 0.008 0.006 0.005 

20 0.244 0.113 0.038 0.013 0.010 0.008 0.007 
22 0.215 0.109 0.037 0.015 0.012 0.010 0.009 
24 0.188 0.105 0.036 0.017 0.014 0.010 0.009 
26 0.160 0.100 0.036 0.019 0.015 0.011 0.009 
28 0.142 0.094 0.036 0.021 0.017 0.011 0.009 

30 0.103 0.088 0.036 0.022 0.018 0.011 0.009 
32 0.091 0.082 0.036 0.023 0.019 0.010 0.008 
34 0.070 0.079 0.036 0.023 0.019 0.010 0.008 
36 0.050 0.067 0.036 0.023 0.019 0.009 0.007 
38 0.031 0.058 0.036 0.022 0.018 0.009 0.007 

40 0.014 0.050 0.036 0.022 0.018 0.008 0.006 
42 0.0 0.041 0.036 0.021 0.017 0.007 0.005 
44 -0.013 0.032 0.036 0.021 0.017 0.006 0.004 
46 -0.025 0.022 0.036 0.020 0.016 0.005 0.003 
48 -0.035 0.013 0.036 0.020 0.016 0.004 0.002 

50 -0.043 0.004 0.036 0.019 0.015 0.004 0.002 
52 -0.048 -0.005 0.035 0.018 0.015 0.003 0.001 
54 -0.053 -0.013 0.032 0.018 0.014 0.003 0.001 
56 -0.056 -0.020 0.028 0.017 0.013 0.002 0.001 
58 -0.058 -0.027 0.025 0.017 0.012 0.002 0.0 

60 -0.060 -0.033 0.022 0.016 0.011 0.001 -0.001 
62 -0.062 -0.037 0.018 0.015 0.010 0.001 -0.001 
64 -0.063 -0.040 0.015 0.015 0.009 0.001 -0.002 
66 -0.064 -0.043 0.012 0.014 0.008 0.0 -0.003 
68 -0.065 -0.045 0.008 0.014 0.007 -0.001 -0.003 

(Table continues on next page.) 
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Table F.4-(Conrinued) 

Z of 
Parameters for energy of 

material 0.5 MeV 1 MeV 2 MeV 4 MeV 6 MeV 8 MeV 10 MeV 

70 -0.066 -0.047 0.005 0.013 0.006 -0.001 -0.004 
72 -0.067 -0.048 0.002 0.013 0.005 -0.002 -0.005 
74 -0.067 -0.050 -0.002 0.012 0.004 -0.002 -0.005 
76 -0.068 -0.051 -0.004 0.011 0.003 -0.003 -0.006 
78 -0.068 -0.052 -0.006 0.010 0.002 -0.004 -0.006 

Parameter c 

7.5 (H2 0) 0 0 0 0 a 0 0 
2 0 0 0 0 0 0 0 
4 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 
8 0 0 0 0 0 0 0 

10 0 0 0 0 0 0 0 
12 0 0 0 0 0 0 0 
14 0 0 0 0 0 0 0 
16 0 0 0 0 0 0 0 
18 0 0 0 0 0 0 0 

20 0 0 0 0 0 0 0 
22 0 0 0 0 0 0 0 
24 0 0 0 0 0 0 0 
26 0 0 0 0 0 0 0 
28 0.0001 0 -0.0001 0.0001 0.0001 0.0001 0.0001 

30 0.0002 0 -0.0002 0.0002 0.0002 0.0002 0.0002 
32 0.0003 0 -0.0002 0.0004 0.0003 0.0003 0.0003 
34 0.0005 0.0001 -0.0003 0.0005 0.0004 0.0005 0.0005 
36 0.0008 0.0001 -0.0004 0.0006 0.0005 0.0008 0.0008 
38 0.0010 0.0002 -0.0005 0.0007 0.0006 0.0010 0.0010 

40 0.0012 0.0002 -0.0005 0.0008 0.0006 0.0012 0.0012 
42 0.0014 0.0003 -0.0006 0.0008 0.0007 0.0013 0.0014 
44 0.0015 0.0004 -0.0006 0.0009 0.0008 0.0014 0.0015 
46 0.0016 0.0005 -0.0006 0.0009 0.0009 0.0015 0.0016 
48 0.0017 0.0006 -0.0007 0.0010 0.0016 0.0017 0.0017 

50 0.0018 0.0007 -0.0007 0.0010 0.0010 0.0017 0.0018 
52 0.0019 0.0008 -0.0006 0.0010 0.0011 0.0017 0.0019 
54 0.0020 0.0009 -0.0006 0.0010 0.0012 0.0018 0.0020 
56 0.0021 0.0010 -0.0006 0.0010 0.0013 0.0018 0.0020 
58 0.0022 0.0010 -0.0005 0.0010 0.0013 0.0019 0.0020 

60 0.0023 0.0011 -0.0004 0.0010 0.0014 0.0019 0.0020 
62 0.0023 0.0012 -0.0004 0.0009 0.0014 0.0020 0.0020 
64 0.0024 0.0013 -0.0003 0.0009 0.0015 0.0020 0.0020 
66 0.0025 0.0014 -0.0002 0.0009 0.0015 0.0020 0.0020 
68 0.0025 0.0015 -0.0001 0.0009 0.0015 0.0020 0.0020 
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42 0.0014 0.0003 -0.0006 0.0008 0.0007 0.0013 0.0014 
44 0.0015 0.0004 -0.0006 0.0009 0.0008 0.0014 0.0015 
46 0.0016 0.0005 -0.0006 0.0009 0.0009 0.0015 0.0016 
48 0.0017 0.0006 -0.0007 0.0010 0.0016 0.0017 0.0017 

50 0.0018 0.0007 -0.0007 0.0010 0.0010 0.0017 0.0018 
52 0.0019 0.0008 -0.0006 0.0010 0.0011 0.0017 0.0019 
54 0.0020 0.0009 -0.0006 0.0010 0.0012 0.0018 0.0020 
56 0.0021 0.0010 -0.0006 0.0010 0.0013 0.0018 0.0020 
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Table F A-(Conrinued) 

Z of 
Parameters for energy of 

material 0.5 MeV 1 MeV 2 MeV 4MeV 6 MeV 8 MeV 10 MeV 

70 0.0026 0.0016 0.0 0.0008 0.0016 0.0020 0.0020 
72 0.0026 0.0017 0.0001 0.0008 0.0016 0.0021 0.0020 
74 0,0026 0.0018 0.0002 o.oooe 0.0017 0.0021 0.0020 
76 0.0027 0.0018 0.0003 0.0007 0.0017 0.0021 0.0019 
78 0.0027 0.0019 0.0004 0.0007 0.0018 0.0021 0.0019 

tFrom M. L. Tobias, D. R. Vondy, and M. P. Lietzke, NIGHTMARE-An IBM 7090 
Code for the Calculation of Gamma Heating in Cylindrical Geometry, USAEC Report 
ORNL-3198, Oak Ridge National Laboratory, Feb. 26, 1972. 

Table F.5.1-WATER ENERGY-DEPOSITION BUILDUP DATAt 

Polynomial coefficients (3i 

E,MeV ~o ~I ~2 133 

Operating Gamma Energies 

0.5 1.00125(0) 9.26231(-1) 5.06779(-1) 1.05625(-2) 
1.5 9.95465(-1) 9.42191(-1) 8.54431(-2) -1.40297(-3) 
2.5 9.97165(-1) 7.79558(-1) 2.32124(-2) -5.09605(-4) 
3.5 9.99216(-1) 6.44960(-1) 5.92178( -3) -1.60968(-4) 
4.5 1.00080(0) 5.48872( -1) -6.25612(-4) -1.317 55( -5) 
5.5 1.00198(0) 4.78918(-1) -3.53293( -3) 5.64411(-5) 
6.5 1.00290(0) 4.26224( -1) -4.93742(-3) 9.13922(-5) 
7.5 1.00361(0) 4.85274(-1) -5.63875(-3) 1.09377( -4) 
8.5 1.00419(0) 3.52605(-1) -5.98227(-3) 1.18446( -4) 
9.5 1.00466(0) 3.25966( -1) -6.13305(-3) 1.22589( -4) 

Shutdown Gamma Energies 

0.4 9.96370(-1) 1.19891 (0) 5.98646(-1) 2.5822-l-( -2) 
0.7 1.00043(0) 8.86758(-1) 3.38048(-1) 5.62186(-4) 
1.0 9.96994(-1) 9.59381(-1) 1.90309( -1) -1.77445(-3) 
1.5 9.95465(-1) 9.42191(-1) 8.54431 (-2) -1.40297(-3) 
2.0 9.96087(-1) 8.62337(-1) 4.33880( -2) -8.5651 O( -4) 
2.5 9.97165(-1) 7.79558(-1) 2.32124(-2) -5.09605( -4) 
2.8 9.97823(-1) 7.34476(-1) 1.59527(-2) -3.69642(-4) 

tFrom M. A. Capo, Polynomial Approximation of Gamma-Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-510, 
General Electric Company, August 1959. 
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Table F.S.2-ALUMINUM ENERGY·DEPOSITION BUILDUP DATAt 

Polynomial coefficients ~i 

E,-MeV ~o 131 (32 ~3 

Operating Gamma Energies 

0.5 9.9937 5(-1) 1.30777(0) 3.09928(-1) 4.17211 (-3) 
1.5 9.89303(-1) 8.80067(-1) 8.17524(-2) -1.45150(-3) 
2.5 9.96422(-1 ) 7.10143(-1) 3.04919(-2) -6.93062(-4) 
3.5 9.99988(-1) 5.8484S( -1) 1.31824(-2) -2.99415(-4) 
4.5 1.00133(0) 4.91214(-1) 6.60650(-3) -1.34319(-4) 
5.5 1.00177(0) 4.20424(-1) 3.96087(-3) -6.53646(-5) 
6.5 1.00183(0) 3.65631 (-1) 2.95324(-3) -3.89701 (-5) 
7.5 1.00173(0) 3.22193(-1) 2.68803(-3) -3.25229(-5) 
8.5 1.00156(0) 2.87011(-1) 2.77497(-3) -3.57358(-5) 
9.5 1.00137(0) 2.57981(-1) 3.03014(-3) -4.36250(-5) 

Shutdown Gamma Energies 

0.4 9.96852(-1) 1.47519(0) 2.95950(-1) 1.58034(-2) 
0.7 1.02587(0) 1.37596(0) 1.64305(-1) 2.71874(-3) 
1.0 9.95468(-1) 1.05501 (0) 1.33496(-1) -8.37533(-4) 
1.5 9.89303(-1) 8.80067( -1) 8.17524(-2) -1.4S1S0( -3) 
2.0 9.93089(-1) 7.87367(-1) 4.90708(-2) -1.04754(-3) 
2.5 9.96422(-1) 7.10143(-1) 3.04919(-2) -6.93062(-4 ) 
2.8 9.97858(-1) 6.68707(-1) 2.33484(-2) -5.37691(-4) 

tFrom M. A. Capo, Polynomial Approximation of Gamma-Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-510, 
General Electric Company, August 1959. 
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2.5 9.96422(-1 ) 7.10143(-1) 3.04919(-2) -6.93062(-4) 
3.5 9.99988(-1) 5.8484S( -1) 1.31824(-2) -2.99415(-4) 
4.5 1.00133(0) 4.91214(-1) 6.60650(-3) -1.34319(-4) 
5.5 1.00177(0) 4.20424(-1) 3.96087(-3) -6.53646(-5) 
6.5 1.00183(0) 3.65631 (-1) 2.95324(-3) -3.89701 (-5) 
7.5 1.00173(0) 3.22193(-1) 2.68803(-3) -3.25229(-5) 
8.5 1.00156(0) 2.87011(-1) 2.77497(-3) -3.57358(-5) 
9.5 1.00137(0) 2.57981(-1) 3.03014(-3) -4.36250(-5) 

Shutdown Gamma Energies 

0.4 9.96852(-1) 1.47519(0) 2.95950(-1) 1.58034(-2) 
0.7 1.02587(0) 1.37596(0) 1.64305(-1) 2.71874(-3) 
1.0 9.95468(-1) 1.05501 (0) 1.33496(-1) -8.37533(-4) 
1.5 9.89303(-1) 8.80067( -1) 8.17524(-2) -1.4S1S0( -3) 
2.0 9.93089(-1) 7.87367(-1) 4.90708(-2) -1.04754(-3) 
2.5 9.96422(-1) 7.10143(-1) 3.04919(-2) -6.93062(-4 ) 
2.8 9.97858(-1) 6.68707(-1) 2.33484(-2) -5.37691(-4) 

tFrom M. A. Capo, Polynomial Approximation of Gamma-Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-510, 
General Electric Company, August 1959. 
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Table F.5.3-IRON ENERGY·DEPOSITION BUILDUP DATAt 

Polynomial coefficients (3i 

E,MeV (30 PI (3'2 1'3 

Operating Gamma Energies 

0.5 1.00284(0) 1.59020(0) 1.69181(-1) 1.7 3772( -4) 
1.5 1.00295(0) 8.66308(-1) 6.05394( -2) -7.72469(-4) 
2.5 1.00009(0) 6.37132(-1) 3.03015(-2) -3.77266(-4) 
3.5 9.98723(-1) 4.91866(-1) 2.07774(-2) -1.64953( -4) 
4.5 9.98231(-1) 3.92656(-1) 1.62387(-2) -3.22198( -5) 
5.5 9.98087(-1) 3.21302(-1) 1.35838(-2) 5.86485(-5) 
6.5 9.98085(-1) 2.67764(-1) 1.18363(-2) 1.24756(-4) 
7.5 9.98142(-1) 2.26206(-1) 1.05957(-2) 1.7 5005( -4) 
8.5 9.98223( -1) 1.93054(-1) 9.66759(-3) 2.14486(-4) 
9.5 9.98311 (-1) 1.66013(-1) 8.94618(-3) 2.46324(-4) 

Shutdown Gamma Energies 

0.4 1.00480(0) 1.80880(0) 1.90712(-1) 3.23403( -4) 
0.7 9.90035(-1) 1.34931 (0) 1.81651(-1) -1.20219( -3) 
1.0 1.00093(0) 1.06991 (0) 1.12726(-1) -1.11370(-3) 
1.5 1.00295(0) 8.66308(-1) 6.05394(-2) -7.72469(-4) 
2.0 1.00140(0) 7.37006(-1) 4.02749(-2) -5.39837(-4) 
2.5 1.00009(0) 6.37132( -1) 3.03015(-2) -3.77266(-4) 
2.8 9.99533(-1) 5.87104(-1) 2.65084(-2) -3.01289(-4) 

tFrom M. A. Capo, Polynomial Approximation of Gamma·Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-51 0, 
General Electric Com pan y, August 1959. 
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tFrom M. A. Capo, Polynomial Approximation of Gamma·Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-51 0, 
General Electric Com pan y, August 1959. 
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Table F.S.4-TIN ENERGY-DEPOSITION BUILDUP DATAt 

Polynomial coefficients ~i 

E,MeV i30 ~l ~2 i3, 

Operating Gamma Energies 

0.5 1.00259(0) 1.25931(0) -3.63953(-2) 1.57962( -3) 
1.5 1.00156(0) 8.65069(-1 ) 3.58198(-2) -6.85867(-4) 
2.5 9.97988(-1) 5.7367 5( -1) 2.88829( -2) 3.55381 (-5) 
3.5 9.95935(-1) 4.03733(-1) 1.65694(-2) 9.51860(-4) 
4.5 9.96384(-1 ) 3.00490 (-1 ) 1.29627(-2) 1.20395(-3) 
5.5 9.97424(-1) 2.35258(-1) 1.11403( -2) 1.30735(-3) 
6.5 9.97634(-1) 1.85578(-1) 8.S8655( -3) 1.43864(-3) 
7.5 9.97014(-1) 1.51450(-1 ) 5.30151 (-3) 1.59782(-3) 
8.5 9.95564(-1) 1.32875(-1) 1.28515(-3) 1.78488(-3) 
9.5 9.93284(-1) 1.29852(-1 ) -3.46252( -3) 1.99984(-3) 

Shutdown Gamma Energies 

0.4 1.00240(0) 1.30553(0) -4.68267(-2) 1.56464(-3) 
0.7 1.00452(0) 1.16701(0) -2.65822(-2) 2.33401(-3) 
1.0 1.00398(0) 1.06706(0) 1.52859(-2) 2.68730(-4) 
1.5 1.00156(0) 8.65069( -1) 3.58198(-2) -6.85867(-4) 
2.0 9.99520(-1) 6.99078(-1) 3.47173(-2) -4.44094(-4) 
2.5 9.97988(-1) 5.73675(-1) 2.88829( -2) 3.55381 (-5) 
2.8 9.97257(-1) 5.13412(-1) 2.50130(-2) 3.30280( -4) 

tFrom M. A. Capo, Polynomial Approximation of Gamma-Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-510, 
General Electric Company, August 1959. 
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tFrom M. A. Capo, Polynomial Approximation of Gamma-Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-510, 
General Electric Company, August 1959. 
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Table F.5.5-LEAD ENERGY-DEPOSITION BUILDUP DATAt 

E,MeV 

0.5 
1.5 
2.5 
3.5 
4.5 
5.5 
6.5 
7.5 
8.5 
9.5 

0.4 
0.7 
1.0 
1.5 
2.0 
2.5 
2.8 

130 

1.02446(0) 
1.00591(0) 
1.00341(0) 
1.00230(0) 
1.00046(0) 
9.96828(-1) 
9.93954(-1) 
9.91842(-1) 
9.90492(-1) 
9.89905(-1) 

Polynomial coefficients ~i 

iJl 

Operating Gamma Energies 

4.50964(-1) 
6.85608(-1) 
4.49401 (-1) 
2.81788( -1) 
2.01870(-1) 
1.71349( -1) 
1.47018(-1) 
1.28877(-1) 
1.16925( -1) 
1.11164( -1) 

-4.10998(-2) 1.48297(-3) 
-1.89736(-2) 5.62874(-4) 
-2.58366(-4) 3.62998(-4) 

8.13507(-3) 4.48166(-4) 
7.30625(-3) 9.53997(-4) 
4.27843(-4) 1.64896(-3) 

-4.98319(-3) 2.12918(-3) 
-8.92684(-3) 2.39466(-3) 
-1.14031(-2) 2.44540(-3) 
-:1.24120(-2) 2.28140(-3) 

Shutdown Gamma Energies 

1.00415(0)' 
1.01437(0) 
1.00920(0) 
1.00591 (0) 
1.00435(0) 
1.00341 (0) 
1.00300(0) 

3.79448(-1) 
6.15504(-1) 
7.47687(-1) 
6.85608( -1) 
5.61596(-1) 
4.49401(-1) 
3.91690(-1) 

-3.68912(-2) 1.36614(-3) 
-5.27118(-2) 2.13950(-3) 
-3.85780(-2) 1.26739(-3) 
-1.89736(-2) 5.62874(-4) 
-7.47115(-3) 3.80808(-4) 
-2.58366( -4) 3.62998(-4) 

2.87674(-3) 3.807 35( -4) 

tFrom M. A. Capo, Polynomial Approximation of Gamma-Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-510, 
General Electric Company, August 1959. 
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-1.89736(-2) 5.62874(-4) 
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tFrom M. A. Capo, Polynomial Approximation of Gamma-Ray 
Buildup Factors for a Point Isotropic Source, USAEC Report APEX-510, 
General Electric Company, August 1959. 
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Table F.6-COEFFICIENTS FOR BERGER BUILDUP.FACTOR 
FUNCTION FOR POINT ISOTROPIC SOURCE TO 20 MEAN FREE PATHS t 

Max. MaJ<. 
E,MeV C D error, % C D error I 0/0 

ORDINARY CONCRETE 

Exposure; Tissue kerma§ 

0.5 1.3029 0.08610 18 1.3110 0.08073 12 
1.0 1.0914 0.04566 15 1.0221 0.05160 9 
2.0 0.8126 O.oJ9BO 9 0.7744 0.02456 5 
3.0 0.6731 0.00942 4 0.6525 0.01258 3 

4.0 0.5953 0.00299 2 0.5672 0.00753 2 
6.0 0.4915 -0.00159 3 0.4718 0.00198 
8.0 0.4164 -0.00172 6 0.4203 0.00096 

10.0 0.3585 -0.00005 9 0.3716 0.00127 

Energy deposi[ion; Energy deposi[ion § 

0.5 1.6280 0.09272 21 1.6568 0.08538 1.3 
1.0 1.2367 0.04795 17 1.1633 0.05325 10 
2.0 0.8850 om 987 9 0.8203 0.02465 5 
3.0 0.7171 0.00825 3 0.6702 0.Q1221 3 

4.0 0.6154 0.00199 1 0.5672 0.00753 2 
6.0 0.4882 -0.00205 3 0.4583 0.00168 
8.0 0.4049 -0.00208 6 0.3985 0.00084 

10.0 0.3435 -0.00041 9 0.3609 0.00083 1. 

MAGNETITE CONCRETE§ 

Tissue kerma Energy deposition 

0.5 1.0971 0.06458 8 1.6607 0.06696 8 
1.0 0.9281 0.04768 8 1.1664 0.04877 8 
2.0 0.7318 0.02620 5 0.8170 0.02591 5 
3.0 0.6154 0.01836 4 0.6386 0.D1747 3 

4.0 0.5308 0.01513 3 0.5263 0.01428 3 
6.0 0.4345 0.0111 8 2 0.4224 0.00705 3 
8.0 0.3752 0.01153 2 0.3390 0.01010 2 

10.0 0.3245 0.01199 2 0.3006 0.00999 2 

BARYTESCONCRETE§ 

Tissue kerma Energy deposition 

0.5 0.7002 0.01624 1.3542 0.01056 4 
1.0 0.7237 0.03007 4 1.1102 0.02792 3 
2.0 0.6270 0.02373 4 0.7672 0.02229 3 
3.0 0.5367 0.02158 4 0.5806 0.01995 3 

4.0 0.4645 0.02122 3 0.4689 0.01948 2 
6.0 0.3727 0.02233 3 0.3403 0.02045 2 
8.0 0.3172 0.02588 2 0.2787 0.02251 2 

10.0 0.2667 0.02878 2 0.2420 0.02368 
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E, MeV 

0.5 
1.0 
2.0 
3.0 

4.0 
6.0 
8.0 

10.0 

0.5 
1.0 
2.0 
3.0 

4.0 
6.0 
8.0 

10.0 

0.5 
1.0 
2.0 
3.0 

4.0 
6.0 
8.0 

10.0 

0.5 
1.0 
2.0 
3.0 

4.0 
6.0 
8.0 

10.0 

c 

1.6001 
1.1571 
0.8363 
0.6974 

0.6081 
0.5146 
0.4635 
0.4235 

1.4474 
1.0876 
0.8077 
0.6758 

0.5875 
0.4886 
0.4334 
0.3883 

1.6187 
1.1676 
0.8457 
0.7051 

0.6149 
0.5176 
0.4727 
0.4328 

2.0198 
1.2652 
0.8391 
0.6607 

0.5778 
0.4671 
0.4047 
0.3676 

APPENDIX F 

Table F .6-(Continued) 

D 

Tissue kenna 

0.10094 
0.05749 
0.02430 
0.01017 

0.00324 
-0.00316 
-0.00362 
-0.00350 

AIR4] 

18 
11 

5 
3 

SAND~ 

c 

1.5411 
1.1305 
0.8257 
0.6872 

0.6020 
0.5080 
0.4567 
0.4261 

D 

Energy deposition 

0.09920 
0.05687 
0.02407 
0.01002 

0.00323 
-0.00289 
-0.00349 
-0.00333 

Tissue kerma Energy deposition 

0.08932 
0.05482 
0.02503 
0.01239 

0.00651 
0.00091 
0.00009 

-0.00224 

14 
10 

5 
3 

2 

WOOD~ 

1.6641 
1.1729 
0.8343 
0.6833 

0.5844 
0.4734 
0.4175 
0.3800 

0.09348 
0.05619 
0.02532 
0.01212 

0.00653 
0.00100 

-0.00055 
-0.00034 

Tissue kerma Energy deposition 

0.10280 
0.05802 
0.02392 
0.00913 

0.00253 
-0.00342 
-0.00438 
-0.00390 

19 
11 

5 
3 

1.5079 
1.1163 
0.8234 
0.6949 

0.6122 
0.5186 
0.4729 
0.4430 

LITHIUM HYDRIDE ~ 
Tissue kerma 

0.13997 
0.07091 
0.02272 
0.00546 

-0.00157 
-0.01017 
-0.01213 
-0.01135 

34 
16 

6 
2 

1 
2 
3 
3 

0.09921 
0.05688 
0.02388 
0.00915 

0.00276 
-0.00343 
-0.00445 
-0.00403 

Max. 
error. % 

17 
11 

5 
3 

16 
10 

5 
3 

2 
1 

17 
11 

5 
3 

tFrom D. K. Trubey, Gamma-Ray Buildup Factor CoefficienlS for Concretes and 
Other Materials, Nuclear Applications and Technology, 9: 441 (September 1970). 

tConstants based on A. B. Chihon, Nuclear Engineering and Design, 6: 205 (1967). 
§Conslams based on F. H. Clark and D. K. Trubey, Nuclear Applications, 4: 37 

(1968), 
~Francis H. Clark, Gamma-Ray Buildup Factors for Sand, Air, and Wnod (Cellulose), 

Nuclear Applications, 6: 588 (1969); Francis B. K. Kam and Francis H. S. Clnk, Fission 
Neutron Attenuation and Gamma-Ray Buildup for Lithium Hydride, Nuclear 
Applications, J: 433 (1967). 
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E, MeV 

0.5 
1.0 
2.0 
3.0 

4.0 
6.0 
8.0 

10.0 

0.5 
1.0 
2.0 
3.0 

4.0 
6.0 
8.0 

10.0 

0.5 
1.0 
2.0 
3.0 

4.0 
6.0 
8.0 

10.0 

0.5 
1.0 
2.0 
3.0 

4.0 
6.0 
8.0 

10.0 

c 

1.6001 
1.1571 
0.8363 
0.6974 

0.6081 
0.5146 
0.4635 
0.4235 

1.4474 
1.0876 
0.8077 
0.6758 

0.5875 
0.4886 
0.4334 
0.3883 

1.6187 
1.1676 
0.8457 
0.7051 

0.6149 
0.5176 
0.4727 
0.4328 

2.0198 
1.2652 
0.8391 
0.6607 

0.5778 
0.4671 
0.4047 
0.3676 
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Table F .6-(Continued) 

D 

Tissue kenna 

0.10094 
0.05749 
0.02430 
0.01017 

0.00324 
-0.00316 
-0.00362 
-0.00350 

AIR4] 

18 
11 

5 
3 

SAND~ 

c 

1.5411 
1.1305 
0.8257 
0.6872 

0.6020 
0.5080 
0.4567 
0.4261 

D 

Energy deposition 

0.09920 
0.05687 
0.02407 
0.01002 

0.00323 
-0.00289 
-0.00349 
-0.00333 

Tissue kerma Energy deposition 

0.08932 
0.05482 
0.02503 
0.01239 

0.00651 
0.00091 
0.00009 

-0.00224 

14 
10 

5 
3 

2 

WOOD~ 

1.6641 
1.1729 
0.8343 
0.6833 

0.5844 
0.4734 
0.4175 
0.3800 

0.09348 
0.05619 
0.02532 
0.01212 

0.00653 
0.00100 

-0.00055 
-0.00034 

Tissue kerma Energy deposition 

0.10280 
0.05802 
0.02392 
0.00913 

0.00253 
-0.00342 
-0.00438 
-0.00390 

19 
11 

5 
3 

1.5079 
1.1163 
0.8234 
0.6949 

0.6122 
0.5186 
0.4729 
0.4430 

LITHIUM HYDRIDE ~ 
Tissue kerma 

0.13997 
0.07091 
0.02272 
0.00546 

-0.00157 
-0.01017 
-0.01213 
-0.01135 

34 
16 

6 
2 

1 
2 
3 
3 

0.09921 
0.05688 
0.02388 
0.00915 

0.00276 
-0.00343 
-0.00445 
-0.00403 

Max. 
error. % 

17 
11 

5 
3 

16 
10 

5 
3 

2 
1 

17 
11 

5 
3 

tFrom D. K. Trubey, Gamma-Ray Buildup Factor CoefficienlS for Concretes and 
Other Materials, Nuclear Applications and Technology, 9: 441 (September 1970). 

tConstants based on A. B. Chihon, Nuclear Engineering and Design, 6: 205 (1967). 
§Conslams based on F. H. Clark and D. K. Trubey, Nuclear Applications, 4: 37 

(1968), 
~Francis H. Clark, Gamma-Ray Buildup Factors for Sand, Air, and Wnod (Cellulose), 

Nuclear Applications, 6: 588 (1969); Francis B. K. Kam and Francis H. S. Clnk, Fission 
Neutron Attenuation and Gamma-Ray Buildup for Lithium Hydride, Nuclear 
Applications, J: 433 (1967). 
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GraEhs and Formulas of 
Exponential Integral 

Functions 

Appendix G 
Several exponential functions that are extremely useful in shielding 
calculations are presented in this appendix. They include the exponential 
function e""X and the exponential integral functions EI1 (x), which are 
expressed in integral form by 

and in series form by 

... 
EI1 (x) = ~ 

m=O 
m*n-l 

E ( ) = f"" -xy dy 
I1 X e 11 

1 Y 

E ( ) = f 1 11 -2 -x ! Y d 
nX oy e y 

(_ x)m n-l 
11 X 1 

(n_1_m)m!+(-1) (n_1)!(n,,/x-A I1 ) 

"-1 

where In 'Y = 0.577216 ... , Al = 0, An = L ~, and n = 0,1,2,3, .... 
m=l 

The recursion relation for the exponential integrals is 

En(x) =--2-1 [e""X - x E I1 _1 (x)] 
n-

In particular, the first-order exponential integral is given by 

f "" e7 
El (x) = - dy 

x y 
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APPENDIX G 643 

and the series representation by 

00 

L (_1)" x" 
E1 (x) = -In 'Y x-

n!n 
"=0 

In some publications the E 1 (x) function is denoted by -Ei( -x); i.e., 
E 1 (x) = -Ei( -x). When tables of the exponential function are used, caution 
should always be exercised not to confuse -Ei( -x) with -Ei(x). 

For negative arguments the E 1 (x) function is frequently denoted by the 
symbol Ei(x), which is defined by 

j -x y 
Ei(x) == ~ dy 

- ... y 

and related to E 1 (-x) by 

, foo dy -Ez(x)=E 1 (-x)= eY -
-x y 

Graphs of e-X and En(x) for n = 1, 2, and 3 are presented l in Figs. G.1 to 
G.6. The function Ei(x) is plotted2 in Figs. G.7 to G.10. 

Some approximations that are f~equently used are 

e-X e-x 
-x-+-n <En (x) ~ -x-+-n---l (n ~ 1) 

e-X{ n n(n+l) 
En (x) = - 1 - - + 2 

X X X 

_ 
[
n(n + 1x)(3n + 2)] + ... } 

E ....... l+x+n 
n (x) = x + (x + n) 2 e-X (x> 1) 

E '( .... x (1 1 2! 3! ) Ix)=e -+"2+3+4+'" 
x x X x 

(x~1;n=0) 

(x> 10) 

Reference 3 contains further information about [he exponential inte
grals, 
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644 APPENDIX G 

2 
E, (x) 

lrP 

0.4 0.5 0.6 0.7 

x 

Fig. G .1-The functions e -x, E I (x), E2 (x), and E3 (x) for x = 0 to 0.7. (Plotted from 
data tabulated in Trubey.2 ) 
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2 
E, (x) 

x 

Fig. G .1-The functions e -x, E I (x), E2 (x), and E3 (x) for x = 0 to 0.7. (Plotted from 
data tabulated in Trubey.2 ) 
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5 

2 

2 

2 

10-2~~~~~~~~~~~~~~~~~~~~~~~~~~ 
o 2 3 4 5 6 7 

J( 

Fig. G.2-The functions e-
x

, E1 (x), E 2 (x), and E3(X) for x = 0 to 5. (Plotted from data 
tabulated in Trubey? ) 
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2 

lOJ 

5 .......... . 

2 

2 3 4 5 6 7 
J( 

Fig. G.2-The functions e-
x

, E1 (x), E 2 (x), and E3(X) for x = 0 to 5. (Plotted from data 
tabulated in Trubey? ) 
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2 

2 

10~U-~~~~~~W-~~--~~~-U~~~~~W-~~~~~ 

3 4 5 6 7 8 9 10 
x 

Fig. G.3-The functions e-
x

, E I (x), Ez (x), and E 3 (x) for x = 3 to 10. (Plotted from data 
tabulated in Trubey.2 ) 
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2 

2 

10~U-~~~~~~W-~~--~~~-U~~~~~W-~~~~~ 

3 4 5 6 7 8 9 10 
x 

Fig. G.3-The functions e-
x

, E I (x), Ez (x), and E 3 (x) for x = 3 to 10. (Plotted from data 
tabulated in Trubey.2 ) 
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2 

E, (xJ 

2 

10-6 ' 

2 

9 10 11 12 13 14 15 
x 

Fig. GA-The functions e -x. E 1 (x), E2 (x), and E 3 (x) for x = 8 CO 15. (Plotted from data 

tabulated in Trubey.2) 
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2 

2 

10-6 ' 

9 10 11 12 13 14 15 
x 

Fig. GA-The functions e -x. E 1 (x), E2 (x), and E 3 (x) for x = 8 CO 15. (Plotted from data 

tabulated in Trubey.2) 
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Fig. G.5-The functions e-
x

, Edx), E2 (x), and E)(x) for x = 13 to 20. (Plotted from 
data tabulated in Trubey.2) 
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Fig. G.5-The functions e-
x

, Edx), E2 (x), and E)(x) for x = 13 to 20. (Plotted from 
data tabulated in Trubey.2) 
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5 

x 

Fig. G .6-The functions e -:c, E 1 (x), E2 (x), and E 3 (x) for x = 17 to 24. (Plotted from 
data tabulated in Trubey? ) 
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5 

2 

10-9 

2 

2 

10- 11 ~~~~~~~~ __ ~ __ L-__ L-~~~L--U~~~~ __ ~~ 

17 18 19 20 21 22 23 24 
x 

Fig. G .6--The functions e -:c, E 1 (x), E2 (x), and E 3 (x) for x = 17 to 24. (Plotted from 
data tabulated in Trubey? ) 
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Fig. G.7 -The function E 1 (x) for negative arguments. (Plotted from data in Ref. 1.) 
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Fig. G.7 -The function E 1 (x) for negative arguments. (Plotted from data in Ref. 1.) 
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Fig. G.B-The function E 1 (x) for negative arguments. (Plotted from data in Ref. 1.) 
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Fig. G.9-The function EI (xl for negative arguments. (Plotted from data in Ref. 1.) 
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Tables of Attenuation 
Functions for Finite 

Slab Geometry 

Appendix H 
This appendix consists of tabulations of attenuation functions for slab 
shields and disk or rectangular sources obtained by integrating over a point 
kernel of the form given for gamma rays in Sec. 4.8.1. The geometry for the 
disk-source configuration is shown in Figs. 4.7 and 4.8. Data are presented in 
Tables H.I arid H.2, for sources with both isotropic and cosine angular 
distributions, respectively, the isotropic-source data being taken from the 
work of Hubbell, Bach, and Herbold,l and the cosine-source data, from the 
work of Trubey.2 Corresponding data for a rectangular-source configuration 
are given in Table H.3, from Hubbell, Bach, and Lamkin. 3 and in Table HA, 
from Trubey.2 The geometry for the rectangular source is shown in Fig. 4.9. 

The use of these attenuation functions· is explained in Sec. 4.8.1 and 
summarized here. 

The variables for the disk source (see Tables H.1 and H.2) are 

f(l..t.t,ro!::,p!ro) = dose rate 

G(E) = flux-to-dose-rate conversion factor 

S = source strength (particles cm-2 sec-I ), 41T solid angle 

f.J.t = optical shield thickness (mean free paths) 

ro I:: = ratio of source radius to the source-detector distance 

p/ro = distance off axis (units of source radius) 

Y = f.J.t sec e 
For an isotropic source the unscattered flux attenuation for the dose rate 

on the disk axis is given by 

41Tr(f.J. t ,ro!::,O) = 2 {E r ,_ E [ 0 + (~)2]} 
SG(E) 11' 1,J1t l 1 /..I.t :: (H.1) 

(Text continues on page 658.) 
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T~bl. H.l-UNSCATTERF.1l FI.UX DENSITY FROM A DISK SOURCE 0\ 
U1 

WITH AN ISOTROPIC ANGULAR IlISTRIHUTION I ~ 

4111'1IS G(l:)\ 

z/ro /.I' p/ro ·0 plro • 0.2 p/ro • 0.5 plro ~ 0.8 plro = 1.0 p/ro = 1.2 plro = 1.5 p/ro = 2.0 pl,o = 5.0 plro = 10.0 

0.1 0 1.45(1 )t 1.44(1 ) 1.36(1 ) 1.15(1 ) 7.39(0) 3.60(0) 1.83(0) 9.00(-1) 1.28(-1) 3.16(-2) 
0.01 1.39( I) 1.38(1 ) 1.31 (I) 1.10(1 ) 7.03(0) 3.33(0) 1.62(0) 7.53H) 7.84(-2) 1.17(-2) 
0.02 1.34(1 ) 1.33(1 ) 1.26(1 ) 1.06(1 ) 6.71(0) 3.08(0) 1.44(0) 6.31(-1) 4.81(-2) 4.31(-3) 
0.05 1.20(1 ) 1.19(1 ) 1.13(1 ) 9.54(0) 5.86(0) 2.47(0) 1.02(0) 3.76(-1) 1.1 3(-2) 
0.1 1.01 (I) 1.00(1 ) 9.57(0) 8.11(0) 4.81(0) \.76(0) 5.99(-1) 1.66(-1) 
0.2 7.38(0) 7.34(0) 7.10(0) 6.12(0) 3.45(0) 9.94(-1 ) 2.09(-1) 4.56(-2) 1.36(-3) 1.34(-4) 
0.5 3.50(0) 3.50(0) 3.46(0) 3.17(0) 1.66(0) 2.51 ( 1) 2.74(-2) 3.45(-3) 2.17(-5) 1.72(-5) 
1.0 1.38(0) 1.38(0) 1.38(0) 1.32(0) 6.63(-1 ) 4.25(-2) 1.03(-3) 2.49(-4) 
2.0 3.08(-1) 3.08(-1) 3.08(-1) 3.05(-1) 1.49(-1) 2.11(-3) 
5.0 7.22(-3) 7.22(-3) 7.21(-3) 7.21(-3) 3.54(-3) 

10.0 2.61(-5) 2.61(-5) 2.61(-5) 2.61(-5) 1.29(-5) 

0.2 O. 1.02(1 ) 1.01(1 ) 9.42(0) 7.65(0) 5.37(0) 3.25(0) 1.77(0) 8.90(-1) 1.28(-1 ) 3.16(-2) 
0.01 9.98(0) 9.87(0) 9.19(0) 7.44(0) 5.20(0) 3.11 (0) 1.67(0) 8.13(-1) 1.00(-1 ) 1.92(-2) ~ 0.02 9.74(0) 9.62(0) 8.96(0) 7.25(0) 5.04(0) 2.98(0) 1.57(0) 7.43(-1) 7.83(-2) 1.17(-2) "tI 
0.05 9.04(0) 8.94(0) 8.32(0) 6.71(0) 4.60(0) 2.63(0) 1.31 (0) 5.70(-1) 3.76(-2) 2.63(-3) tT1 
0.01 8.01(0) 7.92(0) 7.38(0) 5.93(0) 3.97(0) 2.15(0) 9.78(-1) 3.70(-1 ) 1.12(-2) 1.01(-3) Z 
0.2 6.35(0) 6.28(0) 5.88(0) 4.71(0) 3.17(0) 1.49(0) 5.66(-1) 1.62(-1) 3.48(-3) 3.16(-4) S2 
0.5 3.37(0) 3.35(0) 3.19(0) 2.60(0) 1.55(0) 5.79(-1 ) 1.37(-1 ) 2.19(-2) 1.62(-4) 4.90(-6) >< 
1.0 1.37(0) 1.37(0) 1.34(0) 1.14(0) 6.35(-1) 1.67(-1 ) 1.73(-2) 1.02(-3) l: 
2.0 3.08(-1) 3.08(-1) 3.06(-1) 2.80(-1) 1.42(-1) 2.06(-2) 5.93(-4) 
5.0. 7.22(-3) 7.22(-3) 7.21(-3) 7.08( -3) 3.48(-3) 1.04(-4) 7.67(-7) 

10.0 2.61 (-5) 2.61 (-5) 2.61(-5) 2.61(-5) 1.27(-5) 2.71 (-8) 

0.5 O. 5.06(0) 4.98(0) 4.53(0) 3.69(0) 2.96(0) 2.26(0) 1.49(0) 8.26(-1 ) 1.27(-1) 3.15(-2) 
0.01 4.98(0) 4.90(0) 4.46(0) 3.62(0) 2.90(0) 2.21(0) 1.45(0) 7.95(-1) 1.15(-1) 2.58(-2) 
0.02 4.90(0) 4.82(0) 4.39(0) 3.56(0) 2.84(0) 2.16(0) 1.41(0) 7.66(-1) 1.04(-1) 2.11(-2) 
0.05 4.68(0) 4.61(0) 4.19(0) 3.38(0) 2.69(0) 2.02(0) 1.30(0) 6.84(-1) 7.74(-2) 1.16(-2) 
0.1 4.34(0) 4.27(0) 3.87(0) 3.11(0) 2.4 5(0) 1.81 (0) 1.I 3(0) 5.68(-1 ) 4.74(-2) 4.30(-3) 
0.2 3.73(0) 3.66(0) 3.32(0) 2.63(0) 2.03(0) 1.47(0) 8.69(-1) 3.94(-1 ) \.79(-2) 
0.5 2.38(0) 2.34(0) 2.11 (0) 1.63(0) 1.21 (0) 8.07(-1 ) 4.09(-1) 1.38(-1) 1.72(-3) 6.69(-5) 
1.0 1.16(0) 1.14(0) 1.03(0) 7.78(-1) 5.43(- 1) 3.26(-1) 1.30(-1 ) 2.73( -2) 1.87(-5) 
2.0 2.93(-1) 2.90( 1) 2.69(-1) 2.03(-1) 1.32( -1) 6.64(-2) 1.73(-2) 1.62(-3) 
5.0 7.21 (-3) 7.20(-3) 7.04( -3) 5.76(-3) 3.29(-3) 1.09(-3) 9.00(-5) 6.03(-7) 

10.0 2.61 (-5) 2.61(-5) 2.61 ( 5) 2.31(-5) 1.22(-5) 2.29(-6) 2.52(-8) 

1.0 0 2.18(0) 2.15(0) 1.99(0) 1.72(0) 1.51 (0) 1.30(0) 1.01 (0) 6.66.(-1) 1.23(-1) 3.13(-2) 
0.01 2.15(0) 2.12(0) 1.96(0) 1.70(0)' 1.49(0) 1.26(0) 9.95(-1) 6.52(-1) 1.17(-1 ) 2.83(-2) 
0.02 2.13(0) 2.10(0) 1.94(0) 1.68(0) 1.47(0) 1.20(0) 9.78(-1) 6.38(-1) 1.11 (-I) 2.56(-2) 
0.05 2.05(0) 2.02(0) 1.87(0) 1.61 (0) 1.41 (0) 1.20(0) 9.29(-1 ) 5.99( -1) 9.57(-2) 1.90(-2) 

T~bl. H.l-UNSCATTERF.1l FI.UX DENSITY FROM A DISK SOURCE 0\ 
U1 

WITH AN ISOTROPIC ANGULAR IlISTRIHUTION I ~ 

4111'1IS G(l:)\ 

z/ro /.I' p/ro ·0 plro • 0.2 p/ro • 0.5 plro ~ 0.8 plro = 1.0 p/ro = 1.2 plro = 1.5 p/ro = 2.0 pl,o = 5.0 plro = 10.0 

0.1 0 1.45(1 )t 1.44(1 ) 1.36(1 ) 1.15(1 ) 7.39(0) 3.60(0) 1.83(0) 9.00(-1) 1.28(-1) 3.16(-2) 
0.01 1.39( I) 1.38(1 ) 1.31 (I) 1.10(1 ) 7.03(0) 3.33(0) 1.62(0) 7.53H) 7.84(-2) 1.17(-2) 
0.02 1.34(1 ) 1.33(1 ) 1.26(1 ) 1.06(1 ) 6.71(0) 3.08(0) 1.44(0) 6.31(-1) 4.81(-2) 4.31(-3) 
0.05 1.20(1 ) 1.19(1 ) 1.13(1 ) 9.54(0) 5.86(0) 2.47(0) 1.02(0) 3.76(-1) 1.1 3(-2) 
0.1 1.01 (I) 1.00(1 ) 9.57(0) 8.11(0) 4.81(0) \.76(0) 5.99(-1) 1.66(-1) 
0.2 7.38(0) 7.34(0) 7.10(0) 6.12(0) 3.45(0) 9.94(-1 ) 2.09(-1) 4.56(-2) 1.36(-3) 1.34(-4) 
0.5 3.50(0) 3.50(0) 3.46(0) 3.17(0) 1.66(0) 2.51 ( 1) 2.74(-2) 3.45(-3) 2.17(-5) 1.72(-5) 
1.0 1.38(0) 1.38(0) 1.38(0) 1.32(0) 6.63(-1 ) 4.25(-2) 1.03(-3) 2.49(-4) 
2.0 3.08(-1) 3.08(-1) 3.08(-1) 3.05(-1) 1.49(-1) 2.11(-3) 
5.0 7.22(-3) 7.22(-3) 7.21(-3) 7.21(-3) 3.54(-3) 

10.0 2.61(-5) 2.61(-5) 2.61(-5) 2.61(-5) 1.29(-5) 

0.2 O. 1.02(1 ) 1.01(1 ) 9.42(0) 7.65(0) 5.37(0) 3.25(0) 1.77(0) 8.90(-1) 1.28(-1 ) 3.16(-2) 
0.01 9.98(0) 9.87(0) 9.19(0) 7.44(0) 5.20(0) 3.11 (0) 1.67(0) 8.13(-1) 1.00(-1 ) 1.92(-2) ~ 0.02 9.74(0) 9.62(0) 8.96(0) 7.25(0) 5.04(0) 2.98(0) 1.57(0) 7.43(-1) 7.83(-2) 1.17(-2) "tI 
0.05 9.04(0) 8.94(0) 8.32(0) 6.71(0) 4.60(0) 2.63(0) 1.31 (0) 5.70(-1) 3.76(-2) 2.63(-3) tT1 
0.01 8.01(0) 7.92(0) 7.38(0) 5.93(0) 3.97(0) 2.15(0) 9.78(-1) 3.70(-1 ) 1.12(-2) 1.01(-3) Z 
0.2 6.35(0) 6.28(0) 5.88(0) 4.71(0) 3.17(0) 1.49(0) 5.66(-1) 1.62(-1) 3.48(-3) 3.16(-4) S2 
0.5 3.37(0) 3.35(0) 3.19(0) 2.60(0) 1.55(0) 5.79(-1 ) 1.37(-1 ) 2.19(-2) 1.62(-4) 4.90(-6) >< 
1.0 1.37(0) 1.37(0) 1.34(0) 1.14(0) 6.35(-1) 1.67(-1 ) 1.73(-2) 1.02(-3) l: 
2.0 3.08(-1) 3.08(-1) 3.06(-1) 2.80(-1) 1.42(-1) 2.06(-2) 5.93(-4) 
5.0. 7.22(-3) 7.22(-3) 7.21(-3) 7.08( -3) 3.48(-3) 1.04(-4) 7.67(-7) 

10.0 2.61 (-5) 2.61 (-5) 2.61(-5) 2.61(-5) 1.27(-5) 2.71 (-8) 

0.5 O. 5.06(0) 4.98(0) 4.53(0) 3.69(0) 2.96(0) 2.26(0) 1.49(0) 8.26(-1 ) 1.27(-1) 3.15(-2) 
0.01 4.98(0) 4.90(0) 4.46(0) 3.62(0) 2.90(0) 2.21(0) 1.45(0) 7.95(-1) 1.15(-1) 2.58(-2) 
0.02 4.90(0) 4.82(0) 4.39(0) 3.56(0) 2.84(0) 2.16(0) 1.41(0) 7.66(-1) 1.04(-1) 2.11(-2) 
0.05 4.68(0) 4.61(0) 4.19(0) 3.38(0) 2.69(0) 2.02(0) 1.30(0) 6.84(-1) 7.74(-2) 1.16(-2) 
0.1 4.34(0) 4.27(0) 3.87(0) 3.11(0) 2.4 5(0) 1.81 (0) 1.I 3(0) 5.68(-1 ) 4.74(-2) 4.30(-3) 
0.2 3.73(0) 3.66(0) 3.32(0) 2.63(0) 2.03(0) 1.47(0) 8.69(-1) 3.94(-1 ) \.79(-2) 
0.5 2.38(0) 2.34(0) 2.11 (0) 1.63(0) 1.21 (0) 8.07(-1 ) 4.09(-1) 1.38(-1) 1.72(-3) 6.69(-5) 
1.0 1.16(0) 1.14(0) 1.03(0) 7.78(-1) 5.43(- 1) 3.26(-1) 1.30(-1 ) 2.73( -2) 1.87(-5) 
2.0 2.93(-1) 2.90( 1) 2.69(-1) 2.03(-1) 1.32( -1) 6.64(-2) 1.73(-2) 1.62(-3) 
5.0 7.21 (-3) 7.20(-3) 7.04( -3) 5.76(-3) 3.29(-3) 1.09(-3) 9.00(-5) 6.03(-7) 

10.0 2.61 (-5) 2.61(-5) 2.61 ( 5) 2.31(-5) 1.22(-5) 2.29(-6) 2.52(-8) 

1.0 0 2.18(0) 2.15(0) 1.99(0) 1.72(0) 1.51 (0) 1.30(0) 1.01 (0) 6.66.(-1) 1.23(-1) 3.13(-2) 
0.01 2.15(0) 2.12(0) 1.96(0) 1.70(0)' 1.49(0) 1.26(0) 9.95(-1) 6.52(-1) 1.17(-1 ) 2.83(-2) 
0.02 2.13(0) 2.10(0) 1.94(0) 1.68(0) 1.47(0) 1.20(0) 9.78(-1) 6.38(-1) 1.11 (-I) 2.56(-2) 
0.05 2.05(0) 2.02(0) 1.87(0) 1.61 (0) 1.41 (0) 1.20(0) 9.29(-1 ) 5.99( -1) 9.57(-2) 1.90(-2) 



0.1 1.93(0) 1.90(0) 1.76(0) I.S 1(0) 1.31(0) 1.1 2(0) 8.53(-1) 5.39(-1) 7.45(-2) 1.1 5(-2) 
0.2 1.71 (0) 1.69(0) 1.55(0) 1.32(0) 1.14(0) 9.62(-1 ) 7.20(-1) 4.37(-1) 4.52(-2) 4.24(-3) 
0.5 1.20(0) 1.18(0) 1.07(0) 8.96(-1) 7.56(-1) 6.18(-1) 4.37(-1) 2.35(-1) 1.02(-2) 3.96(-4) 
1.0 6.64(-1) 6.51(-1) 5.85(-1) 4.73(-1) 3.87(-1) 3.02(-1) 1.95(-1) 8.65(-2) 1.06(-3) 2.27(-6) 
2.0 2.05(-1) 2.01(-1) 1.77(-1) 1.37(-1) 1.06(-1 ) 7.67(-2) 4.22(-2) \.29(-2) 6.65(-6) 
5.0 6.54(-3) 6.42(-3) 5.70(-3) 4.21(-3) 2.95(-3) 1.79(-3) 6.51(-4) 7.40(-5) 

10.0 2.58(-5) 2.56(-5) 2.41(-5) \.78(-5) 1.14(-5) 5.57(-6) 1.\3(-6) 2.66(-8) 

2.0 0 7.01(-1) 6.96(-1) 6.71(-1) 6.27( I) 5.91 (-I) 5.52(-1 ) 4.90(-1 ) 3.92(-1) 1.10(-1 ) 3.03(-2) 
0.01 6.94(-1 ) 6.89(-1) 6.63(-1) 6.20(- I) 5.85(-1 ) 5.45(-1 ) 4.84(- I) 3.81\(-1) 1.07(--1) 2.88(-2) 
0.02 6.86(-1 ) 6.81(-1) 6.56(-1) 6.14(-1) 5.78(-1) 5.39( ·1) 4.78(-1 ) 3.81(-1) 1.04(-1) 2.74(-2) 
0.05 6.65(-1) 6.60(-1) 6.35(-1) 5.93(-1) 5.58(-1 ) 5.20(- I) 4.60(-1 ) 3.65(-1) 9.60(--2) 2.35(-2) 
0.1 6.31(-1) 6.26(-1) 6.02(-1) 5.61(-1) 5.27(-1) 4.90(-1) 4.32(-1 ) 3.40(-1) 8AO( -2) 1.83( -2) 
0.2 5.67(-1) 5.63(-1) 5.40(-1 ) 5.02(-1) 4.70(-1) 4.35(-1 ) 3.81(-1) 2.96(-1) 6.44(-2) 1.10(-2) 
0.5 4.))(-1) 4.09(-1) 3.91(-1) 3.60(-1) 3.34(-1) 3.05(-1 ) 2.62(-1 ) \.95(-1 ) 2.91(-2) 2.41(-3) 
1.0 2.44(-1) 2.41(-1 ) 2.28(-1) 2.06(-1) 1.89(-1) 1.70( -I) 1.41(-1 ) 9.74(-2) 7.83(-3) 2.35(-4) 
2.0 8.47(-2) 8.36(-2) 7.79(-2) 6.85(-2) 6.09(.-2) 5.29(-2) 4.12(-2) 2.50(-2) 6.16(-4) 
5.0 3.59(-3) 3.52(-3) 3.17(-3) 2.60(-3) 2.16(-3) 1.72(-3) 1.14(-3) 4.77(-4) 2.28(-7) 

10.0 1.89(-5) 1.84(-5) 1.61 (-5) 1.24(-5) 9.55(-6) 6.86(-6) 3.45(-6) 9.02(-7) 

5.0 0 1.23(-1 ) 1.23(-1) 1.22(-1 ) 1.20(-1) 1.19(-1) 1.17(-1) 1.14(-1 ) 1.07(-1 ) 6.28(-2) 2.52(-2) )0-0.01 1.22(-1 ) 1.22(-1) 1.21 (-1) 1.19(-1 ) 1.18(. 1) 1.16(-1) 1.12(-1) 1.06( -I) 6.27(-2) 2.51(-2) ." 
0.02 \.21 (-1) 1.21(-1) 1.20(-1 ) 1.18(-1 ) 1.16(-1) 1.1 4( -1) \.11(-1) 1.05(- I) 6.11(-2) 2.41(-2) ." 

tT1 0.05 1.17(-1) 1.17(-1) 1.16(-1) 1.14(-1) 1.\3(-1) 1.11 (-1) \.08(-.1 ) 1.01(-1) 5.85(-2) 2.25(-2) Z 
0.1 1.11(-1) 1.11 (-1) 1.10(-1) 1.09(-1 ) 1.07(-1) 1.05(-1) \.02(-1 ) 9.60(-2) 5.46(-2) 2.02(-2) 0 
0.2 1.01 (-1) 1.01 (-1) 9.96(-2) 9.81(-2) 9.66(-2) 9.50(-2) 9.20(-2-J 8.62(-2) 4.74(-2) 1.61(-2) .... 

:>< 0.5 7.44(-2) 7.43(-2) 7.35(-2) 7.22(-2) 7.10(- 2) 6.96(-2) 6.71 (-2) 6.23(-2) 3.10(-2) 8.26(-3) 
::t \.0 4.49(-2) 4.48(-2) 4.43(-2) 4.33(-2) 4.25(. 2) 4.14(-2) 3.97(-2) 3.62(-2) 1.53(-2) 2.71(-3) 

2.0 1.64(-2) 1.63(-2) 1.60(-2) 1.56(-2) 1.52(-2) 1.47(-2) 1.39(-2) 1.23(-2) 3.76(-3) 2.94(-4) 
5.0 7.91 (-4) 7.87(-4) 7.66(-4) 7.29(-4) 6.97(-4) 6.60(-4) 5.97(-4) 4.83(-4) 5.71(-5) 3.77(-7) 

10.0 5.09(-6) 5.05(-6) 4.83(-6) 4.45(-6) 4.13(-6) 3.78(-6) 3.20(-6) 2.27(-6) 5.99(-8) 

10.0 0 . 3.13(-2) 3.12(-2) 3.12(-2) 3.11(-2) 3.10(-2) 3.08(-2) 3.06(-2) 3.01(-2) 2.51(-2) 1.57(-2) 
0.01 3.Q9(-2) 3.09(-2) 3.09(-2) 3.08(-2) 3.06(-2) 3.05(··2) 3.03(-2) 2.98(-2) 2.48(-2) \.55(-2) 
0.02 3.06(-2) 3.06(-2) 3.06(-2) 3.04(-2) 3.03(-2) 3.02(·-2) 3.00(-2) 'l.95(-2) 2.4 5(-2) \.53(-2) 
0.05 2.97(-2) 2.97(-2) 2.97(-2) 2.95(-2) 2.94(-·2) 2.93(-2) 2.91 (-2) U6(-2) 2.37(-2) \.46(-2) 
0.1 2.83(-2) 2.83(-2) 2.82(-2) 2.81(-2) 2.80(-2) 2.79(-2) 2.76(-2) 2.72(-2) 2.24(-2) 1.36(-2) 
0.2 2.56(-2) 2.56(-2) 2.55(-2) 2.54(-2) 2.53(-2) 2.52( -2) 2.50(-2) 2.45(-2) 2.00(-2) 1.18(-2) 
0.5 1.89(-2) 1.89(-2) 1.89(-2) 1.88(-2) 1.87(-2) 1.86(-2) 1.84(-2) 1.80(-2) 1.43(-2) 7.75(-3) 
1.0 1.15(-2) 1.15(-2) 1.14(-2) 1.14(-2) 1.13(-2) 1.12(-2) 1.11(-2) \.fl8(-2) 8.20(-3) 3.82(-3) 
2.0 4.21 (-3) 4.21(-3) 4.19(-3) 4.16(-3) 4.13(-3) 4.09(-3) 4.03(-3) J.QO( - 3) 2.68(-3) 9.31(-4) 
5.0 2.08(-4) 2.08(-4) 2.06(-4) 2.04(-4) 2.04(-4) 2.01( -4) 1.93(-4) 1.82( -4) 9.37(-5) 1.36(-5) 

10.0 1.39(-6) \.38( -6) 1.37(-6) 1.34 ( 6) 1.31(-6) 1.28(-6) 1.22{-6) 1.10(-6) 3.53(-7) 1.26(-8) 

I From Hubbell '" "I. ' 0\ 
tRe.d: 1.45. 10',<lc. IJI 

\Jl 

0.1 1.93(0) 1.90(0) 1.76(0) I.S 1(0) 1.31(0) 1.1 2(0) 8.53(-1) 5.39(-1) 7.45(-2) 1.1 5(-2) 
0.2 1.71 (0) 1.69(0) 1.55(0) 1.32(0) 1.14(0) 9.62(-1 ) 7.20(-1) 4.37(-1) 4.52(-2) 4.24(-3) 
0.5 1.20(0) 1.18(0) 1.07(0) 8.96(-1) 7.56(-1) 6.18(-1) 4.37(-1) 2.35(-1) 1.02(-2) 3.96(-4) 
1.0 6.64(-1) 6.51(-1) 5.85(-1) 4.73(-1) 3.87(-1) 3.02(-1) 1.95(-1) 8.65(-2) 1.06(-3) 2.27(-6) 
2.0 2.05(-1) 2.01(-1) 1.77(-1) 1.37(-1) 1.06(-1 ) 7.67(-2) 4.22(-2) \.29(-2) 6.65(-6) 
5.0 6.54(-3) 6.42(-3) 5.70(-3) 4.21(-3) 2.95(-3) 1.79(-3) 6.51(-4) 7.40(-5) 

10.0 2.58(-5) 2.56(-5) 2.41(-5) \.78(-5) 1.14(-5) 5.57(-6) 1.\3(-6) 2.66(-8) 

2.0 0 7.01(-1) 6.96(-1) 6.71(-1) 6.27( I) 5.91 (-I) 5.52(-1 ) 4.90(-1 ) 3.92(-1) 1.10(-1 ) 3.03(-2) 
0.01 6.94(-1 ) 6.89(-1) 6.63(-1) 6.20(- I) 5.85(-1 ) 5.45(-1 ) 4.84(- I) 3.81\(-1) 1.07(--1) 2.88(-2) 
0.02 6.86(-1 ) 6.81(-1) 6.56(-1) 6.14(-1) 5.78(-1) 5.39( ·1) 4.78(-1 ) 3.81(-1) 1.04(-1) 2.74(-2) 
0.05 6.65(-1) 6.60(-1) 6.35(-1) 5.93(-1) 5.58(-1 ) 5.20(- I) 4.60(-1 ) 3.65(-1) 9.60(--2) 2.35(-2) 
0.1 6.31(-1) 6.26(-1) 6.02(-1) 5.61(-1) 5.27(-1) 4.90(-1) 4.32(-1 ) 3.40(-1) 8AO( -2) 1.83( -2) 
0.2 5.67(-1) 5.63(-1) 5.40(-1 ) 5.02(-1) 4.70(-1) 4.35(-1 ) 3.81(-1) 2.96(-1) 6.44(-2) 1.10(-2) 
0.5 4.))(-1) 4.09(-1) 3.91(-1) 3.60(-1) 3.34(-1) 3.05(-1 ) 2.62(-1 ) \.95(-1 ) 2.91(-2) 2.41(-3) 
1.0 2.44(-1) 2.41(-1 ) 2.28(-1) 2.06(-1) 1.89(-1) 1.70( -I) 1.41(-1 ) 9.74(-2) 7.83(-3) 2.35(-4) 
2.0 8.47(-2) 8.36(-2) 7.79(-2) 6.85(-2) 6.09(.-2) 5.29(-2) 4.12(-2) 2.50(-2) 6.16(-4) 
5.0 3.59(-3) 3.52(-3) 3.17(-3) 2.60(-3) 2.16(-3) 1.72(-3) 1.14(-3) 4.77(-4) 2.28(-7) 

10.0 1.89(-5) 1.84(-5) 1.61 (-5) 1.24(-5) 9.55(-6) 6.86(-6) 3.45(-6) 9.02(-7) 

5.0 0 1.23(-1 ) 1.23(-1) 1.22(-1 ) 1.20(-1) 1.19(-1) 1.17(-1) 1.14(-1 ) 1.07(-1 ) 6.28(-2) 2.52(-2) )0-0.01 1.22(-1 ) 1.22(-1) 1.21 (-1) 1.19(-1 ) 1.18(. 1) 1.16(-1) 1.12(-1) 1.06( -I) 6.27(-2) 2.51(-2) ." 
0.02 \.21 (-1) 1.21(-1) 1.20(-1 ) 1.18(-1 ) 1.16(-1) 1.1 4( -1) \.11(-1) 1.05(- I) 6.11(-2) 2.41(-2) ." 

tT1 0.05 1.17(-1) 1.17(-1) 1.16(-1) 1.14(-1) 1.\3(-1) 1.11 (-1) \.08(-.1 ) 1.01(-1) 5.85(-2) 2.25(-2) Z 
0.1 1.11(-1) 1.11 (-1) 1.10(-1) 1.09(-1 ) 1.07(-1) 1.05(-1) \.02(-1 ) 9.60(-2) 5.46(-2) 2.02(-2) 0 
0.2 1.01 (-1) 1.01 (-1) 9.96(-2) 9.81(-2) 9.66(-2) 9.50(-2) 9.20(-2-J 8.62(-2) 4.74(-2) 1.61(-2) .... 

:>< 0.5 7.44(-2) 7.43(-2) 7.35(-2) 7.22(-2) 7.10(- 2) 6.96(-2) 6.71 (-2) 6.23(-2) 3.10(-2) 8.26(-3) 
::t \.0 4.49(-2) 4.48(-2) 4.43(-2) 4.33(-2) 4.25(. 2) 4.14(-2) 3.97(-2) 3.62(-2) 1.53(-2) 2.71(-3) 

2.0 1.64(-2) 1.63(-2) 1.60(-2) 1.56(-2) 1.52(-2) 1.47(-2) 1.39(-2) 1.23(-2) 3.76(-3) 2.94(-4) 
5.0 7.91 (-4) 7.87(-4) 7.66(-4) 7.29(-4) 6.97(-4) 6.60(-4) 5.97(-4) 4.83(-4) 5.71(-5) 3.77(-7) 

10.0 5.09(-6) 5.05(-6) 4.83(-6) 4.45(-6) 4.13(-6) 3.78(-6) 3.20(-6) 2.27(-6) 5.99(-8) 

10.0 0 . 3.13(-2) 3.12(-2) 3.12(-2) 3.11(-2) 3.10(-2) 3.08(-2) 3.06(-2) 3.01(-2) 2.51(-2) 1.57(-2) 
0.01 3.Q9(-2) 3.09(-2) 3.09(-2) 3.08(-2) 3.06(-2) 3.05(··2) 3.03(-2) 2.98(-2) 2.48(-2) \.55(-2) 
0.02 3.06(-2) 3.06(-2) 3.06(-2) 3.04(-2) 3.03(-2) 3.02(·-2) 3.00(-2) 'l.95(-2) 2.4 5(-2) \.53(-2) 
0.05 2.97(-2) 2.97(-2) 2.97(-2) 2.95(-2) 2.94(-·2) 2.93(-2) 2.91 (-2) U6(-2) 2.37(-2) \.46(-2) 
0.1 2.83(-2) 2.83(-2) 2.82(-2) 2.81(-2) 2.80(-2) 2.79(-2) 2.76(-2) 2.72(-2) 2.24(-2) 1.36(-2) 
0.2 2.56(-2) 2.56(-2) 2.55(-2) 2.54(-2) 2.53(-2) 2.52( -2) 2.50(-2) 2.45(-2) 2.00(-2) 1.18(-2) 
0.5 1.89(-2) 1.89(-2) 1.89(-2) 1.88(-2) 1.87(-2) 1.86(-2) 1.84(-2) 1.80(-2) 1.43(-2) 7.75(-3) 
1.0 1.15(-2) 1.15(-2) 1.14(-2) 1.14(-2) 1.13(-2) 1.12(-2) 1.11(-2) \.fl8(-2) 8.20(-3) 3.82(-3) 
2.0 4.21 (-3) 4.21(-3) 4.19(-3) 4.16(-3) 4.13(-3) 4.09(-3) 4.03(-3) J.QO( - 3) 2.68(-3) 9.31(-4) 
5.0 2.08(-4) 2.08(-4) 2.06(-4) 2.04(-4) 2.04(-4) 2.01( -4) 1.93(-4) 1.82( -4) 9.37(-5) 1.36(-5) 

10.0 1.39(-6) \.38( -6) 1.37(-6) 1.34 ( 6) 1.31(-6) 1.28(-6) 1.22{-6) 1.10(-6) 3.53(-7) 1.26(-8) 

I From Hubbell '" "I. ' 0\ 
tRe.d: 1.45. 10',<lc. IJI 

\Jl 



Table H.Z-UNSCATTt:REO FI.lJX OENSITY FROM A OISK SOURCE WITH A 0\ 

COSINE ANGULAR OISTRIBUTION (ISOTR(WIC FLUX UENSITY If (II 

0\ 

Zr/(<p(O) G(/:'J1 
- . 

z/ro I-It p/ro = 0 p/ro = 0.2 p/ro = 0.5 p/ro = O.B p/ro=I.O p/ro = 1.2 p/ro = 1.5 fJl'n = 2.0 fJlro = 5.0 pl.o = 10.0 

0.1 0 9.01(-1)* 8.97(-1) 8.77(-1) 7.88(-1) 4.30(-1) 9.65(-2) 2.79(-2) 8.S6(-3) 4.18(-4) S.06(-5) 
0.01 8.78(-1) 8.75(-1) 8.55(-1) 7.70(-1) 4.19(-1) 9.10(-2) 2.51 (- 2) 7.25( -3) 2.57(-4) \.87(-5) 
0.02 8.56(-1) 8.53(-1) 8.35(-1) 7.53(-1) 4.08(-1) B.60( -2) 2.27(-2) 6.15(-3) 1.59( .. 4) 6.96(-6) 
0.03 8.35(-1) 8.33(-1) 8.15(-1) 7.36(-1 ) 3.97(-1) 8.13(- 2) 2.05(-2) 5.23(-3) 9.80(-5) 2.59(-6) 
0.1 7.0B(-I) 7.06(-1) 6.95(-1) 6.35(-1) 3.36(-1) 5.65( 2) 1.06(-2) 1.17 ( -1) 1.59(-6) 2.75(-9) 
0.2 5.70(-1) 5.70( - I) 5.64(-1) 5.23(-1) 2.71(-1) 3.57(-2) 4.55(-3) 4.24( ·4) 3.73(-8) I.B4(-\3) 
0.5 3.26(-1) 3.26(-1 ) 3.26(-1) 3.12(-1) 1.57(-1) 1.12(-2) 5.01 (-4) 9.12(-6) 8.01(-14) 1.\3(-25) 
\.0 1.4B(-I) 1.48(-1) 1.48(-1) 1.46(-1) 7.19(-2) 2.16( -J) 1.98(-5) 2.73(-8) 6.52(-23) § 
2.0 3.75(-2) 3.75(-2) 3.75(-2) 3.74(-2) 1.83(-2) \.I9( 4) 5.43(-8) 4.86( -13) § § 
5.0 9.96(-4) 9.96(-4) 9.96(-4) 9.96(-4) 4.91(-4) 5.05( .8) 3.72(-15) § § § 

10.0 3.83(--6) 3.81(-6) 3.83(-6) 3.82(-6) 1.89(-6) 2.8S( -11) § § § § 

0.2 0 8.04(-1) 7.98(-1) 7.61(-1) 6.30(-1) 3.83(-1) 1.54( I) 5.25{-2) 1.68(-2) 8.35(-4) \.01 (-4) 
0.01 7.88(-1) 7.82(-1) 7.46(-1) 6.18(-1) 3.74(-1) IA9(· I) 4.98{-2) 1.54(-2) 6.55(-4) 6.15(-5) )-

"" 0.02 7.72(-1) 7.67(-1) 7.J2(-1) 6.06(-1) 3.66(-1) 1.44{- I) 4.72{-2) 1.42{-2) 5.\3( -4) 3.75(-S) '"1:1 
0.03 7.57(-1) 7.52(-1) 7.18(-1) 5.95(-1) 3.58(-1) 1.40(-1 ) 4,48{-2) J.JI (-2) 4.03(-4) 2.28(-5) tr1 
0.1 6.60(-1) 6.56(-1) 6.28(-1) 5.23(-1) 3.09(-1) 1.12(-1 ) 3.14{-2) 7.41(-3) 7.51(-5) 7.24(-7) Z 

t:J 0.2 5,46(-1 ) 5.43(-1 ) 5.23(-1) 4.39(-1} 2.54(-1) 8.37{-2) 1.94(-2) 3.42(-3) 7.\3(-6) 5.49(-9) 
~ 0.5 3.21{-1) 3.22(-1) 3.15(-1) 2.71 (-I) 1.50(-1 ) 3.B4{-2) 5.34{-3) 4.07(-4) 7.94(-9) 3.19(-15) 

1.0 1,48(-1) 1.48(-1) 1.47(-1) 1.31 (-1) 6.95(-2) 1.25(-2) B.IO(-4) 1.66(-5) 1.57(-\3) 2.24(-25) :r: 
2.0 3.75(-2) 1.75(-2) 3.75(-2) 3.S2( 2) \,79(-2) 1.77 ( -3) 2.77{-5) 4.61 (-B) \'25( -.22) § 
5.0 9.96(-4) 9.96(-4) 9.96(-4) 9.84(-4) 4.82(-4) 1.01(- 5) 2.90(-9) 3.20(-15) § § 

10.0 3.81(-6) 3.83(-6) 3.83(-6) 3.83(-6) 1.87( -6) 1.73{- 9) 1.64 { --IS) § § § 

0.5 0 5.51(-1) 5.44(-1) 4.94(-1 ) 3.84(-1) 2.81(-1) I.B6( 1) 9.50{ -2) 3.70(~2) 2.06(-3) 2.52(-4) 
0.01 5.45{-1) 5.36( -I) 4.87{-1) 3.7B(-I) 2.77{-1) 1.82( I) 9.27(-2) 3.57{-2) \.87{-3) 2.06{-4) 
0.02 5.17{-1) 5.28(-1) 4.79(-1) 3.72(-1) 2.72(-1) 1.79(-1) 9.04{-2) 3.47(-2) 1.69(-3) 1.69(-4) 
0.03 5.29{-1) 5.21 (-I) 4.73{-1) 3.67(-1) 2.68{-1) 1.75{-1) 8.82(-2) 3.33(-2) 1.54(-3) 1.39(-4) 
0.1 4.78(-1) 4.71( I) 4.27(-1) 3.30(- I) 2.39(-1) 1.53( 1) 7.43(-2) 2.60(-2) 7.77(-4) 3.46(-5) 
0.2 4.14(-1) 4.OB(- I) 3.70(-1) 2.B4(-I) 2.03{-1) 1.27(-1) 5.85(-2) 1.8S( - 2) 2.96(-4) 4.80(-6) 
0.5 2.71(-1) 2.67(-1) 2.43(-1 ) 1.85(-1 ) 1.28(-1) 7.411(-2) 2.94(-2) 6.BS{ -3) 1.72( -5) 1.35(-8) 
1.0 1.]6(- I) 1.34(-1) 1.23(-1) 9.37(-2) 5.20{ -2) 3.29{-2) 1.02{-2) 1.46(-3) 1.74(-7) 8.95(-13) 
2.0 3.67(.-2) 3.64(-2) 3.43(-2) 2.64(-2) 1.65(-2) 7.38(-1) 1.49(-3) 8.5R(- 5) 2.54(-11 ) 5.82(-21 ) 
5.0 9.96(-4) 9.95(-4) 9.79(-4) 8.07{-4) 4.57(-4) 1.37(-4) a.77(-6) 3.79(- 8) 2.39(-22) § 

10.0 3.83(-6) 3.83(-6) 3.82(-6) 3.42(-6) 1.80(-6) 3.07{-7) 3.29(- 9) 2.17{-13) § § 

1.0 0 2.93(-1) 2.8B(-I) 2.61(-1) 2.15(-1) 1.79( I) 1.43(-1 ) 9.85(-2) S.IB(-2) 3.93(-3) 4.98(-4) 
0.01 2.89(-1) 2.B4(-I) 2.57(-1 ) 2.12( -1) 1.76(-1 ) 1.41(-1) 9.69(-2) 5.08(-2) 3.74( 3) 4.51 (-4) 
O.oz 2.86(-1) 2.Bl (. I) 2.54(-1 ) 2.09(-1) 1.74(-1) 1.l9(- I) 9.54( .. 2) 4.9B( 2) 3.56(-3) 4.08(-4) 
0.03 2.83(-1) 2.77(-1) 2.51(-1) 2.07(-1) 1.72(-1) 1.37(-1) 9.38(-2) 4.88( 2) 3.38(-3) 3.69(-4) 
0.1 2.60(-1) 2.55(-1) 2.31(-1 ) 1.89(-1) 1.56(-1) 1.24 ( I) B.37( 2) 4.23(·2) 2.39(-3) 1.84(-4) 

Table H.Z-UNSCATTt:REO FI.lJX OENSITY FROM A OISK SOURCE WITH A 0\ 

COSINE ANGULAR OISTRIBUTION (ISOTR(WIC FLUX UENSITY If (II 

0\ 

Zr/(<p(O) G(/:'J1 
- . 

z/ro I-It p/ro = 0 p/ro = 0.2 p/ro = 0.5 p/ro = O.B p/ro=I.O p/ro = 1.2 p/ro = 1.5 fJl'n = 2.0 fJlro = 5.0 pl.o = 10.0 

0.1 0 9.01(-1)* 8.97(-1) 8.77(-1) 7.88(-1) 4.30(-1) 9.65(-2) 2.79(-2) 8.S6(-3) 4.18(-4) S.06(-5) 
0.01 8.78(-1) 8.75(-1) 8.55(-1) 7.70(-1) 4.19(-1) 9.10(-2) 2.51 (- 2) 7.25( -3) 2.57(-4) \.87(-5) 
0.02 8.56(-1) 8.53(-1) 8.35(-1) 7.53(-1) 4.08(-1) B.60( -2) 2.27(-2) 6.15(-3) 1.59( .. 4) 6.96(-6) 
0.03 8.35(-1) 8.33(-1) 8.15(-1) 7.36(-1 ) 3.97(-1) 8.13(- 2) 2.05(-2) 5.23(-3) 9.80(-5) 2.59(-6) 
0.1 7.0B(-I) 7.06(-1) 6.95(-1) 6.35(-1) 3.36(-1) 5.65( 2) 1.06(-2) 1.17 ( -1) 1.59(-6) 2.75(-9) 
0.2 5.70(-1) 5.70( - I) 5.64(-1) 5.23(-1) 2.71(-1) 3.57(-2) 4.55(-3) 4.24( ·4) 3.73(-8) I.B4(-\3) 
0.5 3.26(-1) 3.26(-1 ) 3.26(-1) 3.12(-1) 1.57(-1) 1.12(-2) 5.01 (-4) 9.12(-6) 8.01(-14) 1.\3(-25) 
\.0 1.4B(-I) 1.48(-1) 1.48(-1) 1.46(-1) 7.19(-2) 2.16( -J) 1.98(-5) 2.73(-8) 6.52(-23) § 
2.0 3.75(-2) 3.75(-2) 3.75(-2) 3.74(-2) 1.83(-2) \.I9( 4) 5.43(-8) 4.86( -13) § § 
5.0 9.96(-4) 9.96(-4) 9.96(-4) 9.96(-4) 4.91(-4) 5.05( .8) 3.72(-15) § § § 

10.0 3.83(--6) 3.81(-6) 3.83(-6) 3.82(-6) 1.89(-6) 2.8S( -11) § § § § 

0.2 0 8.04(-1) 7.98(-1) 7.61(-1) 6.30(-1) 3.83(-1) 1.54( I) 5.25{-2) 1.68(-2) 8.35(-4) \.01 (-4) 
0.01 7.88(-1) 7.82(-1) 7.46(-1) 6.18(-1) 3.74(-1) IA9(· I) 4.98{-2) 1.54(-2) 6.55(-4) 6.15(-5) )-

"" 0.02 7.72(-1) 7.67(-1) 7.J2(-1) 6.06(-1) 3.66(-1) 1.44{- I) 4.72{-2) 1.42{-2) 5.\3( -4) 3.75(-S) '"1:1 
0.03 7.57(-1) 7.52(-1) 7.18(-1) 5.95(-1) 3.58(-1) 1.40(-1 ) 4,48{-2) J.JI (-2) 4.03(-4) 2.28(-5) tr1 
0.1 6.60(-1) 6.56(-1) 6.28(-1) 5.23(-1) 3.09(-1) 1.12(-1 ) 3.14{-2) 7.41(-3) 7.51(-5) 7.24(-7) Z 

t:J 0.2 5,46(-1 ) 5.43(-1 ) 5.23(-1) 4.39(-1} 2.54(-1) 8.37{-2) 1.94(-2) 3.42(-3) 7.\3(-6) 5.49(-9) 
~ 0.5 3.21{-1) 3.22(-1) 3.15(-1) 2.71 (-I) 1.50(-1 ) 3.B4{-2) 5.34{-3) 4.07(-4) 7.94(-9) 3.19(-15) 

1.0 1,48(-1) 1.48(-1) 1.47(-1) 1.31 (-1) 6.95(-2) 1.25(-2) B.IO(-4) 1.66(-5) 1.57(-\3) 2.24(-25) :r: 
2.0 3.75(-2) 1.75(-2) 3.75(-2) 3.S2( 2) \,79(-2) 1.77 ( -3) 2.77{-5) 4.61 (-B) \'25( -.22) § 
5.0 9.96(-4) 9.96(-4) 9.96(-4) 9.84(-4) 4.82(-4) 1.01(- 5) 2.90(-9) 3.20(-15) § § 

10.0 3.81(-6) 3.83(-6) 3.83(-6) 3.83(-6) 1.87( -6) 1.73{- 9) 1.64 { --IS) § § § 

0.5 0 5.51(-1) 5.44(-1) 4.94(-1 ) 3.84(-1) 2.81(-1) I.B6( I) 9.50{ -2) 3.70(~2) 2.06(-3) 2.52(-4) 
0.01 5.45{-1) 5.36( -I) 4.87{-1) 3.7B(-I) 2.77{-1) 1.82( I) 9.27(-2) 3.57{-2) \.87{-3) 2.06{-4) 
0.02 5.17{-1) 5.28(-1) 4.79(-1) 3.72(-1) 2.72(-1) 1.79(-1) 9.04{-2) 3.47(-2) 1.69(-3) 1.69(-4) 
0.03 5.29{-1) 5.21 (-I) 4.73{-1) 3.67(-1) 2.68{-1) 1.75{-1) 8.82(-2) 3.33(-2) 1.54(-3) 1.39(-4) 
0.1 4.78(-1) 4.71 ( I) 4.27(-1) 3.30(- I) 2.39(-1) 1.53( I) 7.43(-2) 2.60(-2) 7.77(-4) 3.46(-5) 
0.2 4.14(-1) 4.OB(- I) 3.70{-1) 2.B4(-I) 2.03{-1) 1.27(-1) 5.85(-2) 1.8S( - 2) 2.96(-4) 4.80(-6) 
0.5 2.71(-1) 2.67(-1) 2.43(-1 ) 1.85(-1 ) 1.28(-1) 7.411(-2) 2.94(-2) 6.BS{ -3) 1.72( -5) 1.35(-8) 
1.0 1.]6(- I) 1.34(-1) 1.23(-1) 9.37(-2) 5.20{ -2) 3.29{-2) 1.02{-2) 1.46(-3) 1.74(-7) 8.95(-\3) 
2.0 3.67(.-2) 3.64(-2) 3.43(-2) 2.64(-2) 1.65(-2) 7.38(-1) 1.49(-3) 8.5R(- 5) 2.54(-11 ) 5.82(-21 ) 
5.0 9.96(-4) 9.95(-4) 9.79(-4) 8.07{-4) 4.57(-4) 1.37(-4) a.77(-6) 3.79(- 8) 2.39(-22) § 

10.0 3.83(-6) 3.83(-6) 3.82(-6) 3.42(-6) 1.80(-6) 3.07{-7) 3.29(- 9) 2.17{-13) § § 

1.0 0 2.93(-1) 2.8B(-I) 2.61(-1) 2.15(-1) 1.79( I) 1.43(-1 ) 9.85(-2) S.IB(-2) 3.93(-3) 4.98(-4) 
0.01 2.89(-1) 2.B4(-I) 2.57(-1 ) 2.12( -1) 1.76(-1 ) 1.41(-1) 9.69(-2) 5.08(-2) 3.74( 3) 4.51 (-4) 
O.oz 2.86(-1) 2.Bl (. I) 2.54(-1 ) 2.09(-1) 1.74(-1) 1.l9(- I) 9.54( .. 2) 4.9B( 2) 3.56(-3) 4.08(-4) 
0.03 2.83(-1) 2.77(-1) 2.51(-1) 2.07(-1) 1.72(-1) 1.37(-1) 9.38(-2) 4.88( 2) 3.38(-3) 3.69(-4) 
0.1 2.60(-1) 2.55(-1) 2.31(-1 ) 1.89(-1) 1.56(-1) 1.24 ( I) B.37( 2) 4.23(·2) 2.39(-3) 1.84(-4) 



0.2 2.11(-1) 2.27(-1) 2.04(-1) 1.66(-1) 1.31(-1) 1.08(-1 ) 1.12(-2) 1.46(-2) 1.46(-1) 6.79(-5) 

~.5 1.62(-1) 1.59(-1) 1.41(-1) 1.14(-1) 9.20{-2) 7.05(-2) 4.42(-2) 1.91(-2) 3.35(-4) 3.48(-6) 
1,0 9.01(-2) 8.84(-2) 1.86{-2) 6.16(-2) 4.81(-2) 3.55(-2) 2.01(-2) 7.21(-3) 1.01(-5) 2.51(-8) 
2.0 2.82(-2) 2.76(-2) 2.44(-2) 1.85(-2) 1.39(-2) 9.51(-3) 4.68{-3) 1.16{-J) 2.18(-7) 1.63(-11) 
5.0 9.29(-4) 9.11(-4) 8.11(-4) 6.02{-4) 4.14(-4) 2.oC 1(-1) 7.9J(-5) 7.24(-6) 1.16(-11) 1.52(-25) 

10.0 3.80(-6) 3.77(-6) 3.51(-6) 2.6S{-6) 1.68(-6) 1.93(-1) 1.-45(-7) 2.78(-9) 1.84(-22) I 
2.0 0 1.06(-1 ) 1.01(-1) 9.91(-2) 9.01(-2) 8.21(-2) 1.47(-2) 6.28(-2) 1.S0(-2) 6.60(-3) 9.52(-1) 

0.01 1.04(-1 ) I.OJ(-I) 9.81 (-2) 8.91(-2) 8.17(-2) 1.39(-2) 6.20{-2) 4.44(-2) 6.41(-3) 9.05(-1) 
0.02 I.OJ(-I) 1.02(-1) 9.70(-2) 8.81(-2) 8.08(-2) 1.30(-2) 6.12(-2) 4.JII( - 2) 6.26(-3) 8.51(-1) 
0.01 1.02(-1) 1.01(-1) 9.601-2) 8.71(-2) 7.99(-2) 1.22(-2) 6.05{-2) 4.12(-2) 6.09(-3) 8.18(-4) 
0.1 9.50(-2) 9.401-2) 8.901-2) 8.06(-2) 1.J8(-7) 6.65(-2) 5.S4(-2) 1.92(-2) 5.07(-3) 5.74(-4) 
0.2 8.55(-2) 8.45(-2) 1.991-2) 7.22(-2) 6.S9(-2) 5.91 (-2) 4.90(-1) 1.41(-2) 1.89(-1) 3.46(-4) 
0.5 6.221-2) 6.15(-2) 5.791-2) 5.18(-2) 4.691-2) 4.16(-2) 3.18(-2) 2.26(-2) 1.77(.-1) 7.61(-5) 
1.0 J.67(-2) 3.62(-2) 1.38(-2) 2.98(-2) 2.66(-2) 2.12(-2) 1.8J(-2) 1.14(-2) 1.80(-1) 6.16(-6) 
2.0 1.28(-2) 1.26(-2) 1.16(-2) 9.96(-1) 8.66(-1) 1.)](-3) 5.43(-1) 2.91(-J) 3.61(-5) 4.22(-8) 
5.0 5.43(-4) 5.12(-1) 4.75(-4) J.81(-4) 1.11(-4) 2.45(-4) 1.55(-1) 5.95(-S) 2.01(-8) 1.78(-14) 

10.0 2.87(-6) 2.80(-6) 2.45(-6) 1.86(-6) 1.42(-6) 1.01(-6) 5.16(-1) 1.17( -7) 1.28(-13) 7.29(-25) 

5.0 0 1.94(-2) 1.94(-2) 1.911-2) 1.87(-2) 1.84(-2) 1.79(-2) 1.72(-2) 1.57(-2) 7.10(-3) 1.801-3) 
0.01 1.92(-2) 1.92(-2) 1.90(-2) 1.85(-2) 1.82(-2) 1.78(-2) 1.70(-2) 1.56(-2) 7.00(-3) 1.761-3) 

~ 0.02 J.90(-2) 1.90(-2) 1.881-2) 1.84(-2) 1.80(-2) 1.76(-2) 1.68(-2) 1.51(-2) 6.90(-3) 1.721-3) 
O.O} 1.88(-2) 1.88(-2) 1.86(-2) 1.82(-2) 1.78(-2; 1.14(-2) 1.67(-2) 1.52(-2) 6.80(-3) 1.681-3) ." 

0.1 1.75(-2) 1.75(-2) I.H(-2) 1.69(-2) 1.66.(-2) 1.62(-2) 1.55(-2) 1.41(-2) 6.161-3) 1.441-3) trl 

0.2 1.59(-2) U8(-2) 1.561-2) 1.51(-2) 1.50(-2) 1.16(-2) I.J9(-2) 1.21(-2) 5.35(-3) 1.15(-3) a 
0.5 1.17(-2) 1.17(-2) \.15(-1) 1.12(-2) 1.10(-2) 1.01(-2) 1.02(-2) 9.161-1) 1.51(-3) 5.91(-4) -:>< 
1.0 7.07(-3) 7.05(-3) 6.94(-J) 6.75(-1) 6.57(-1) 6.17(-1) 6.02(-1) 5.14(-1) 1.74(-3) 1.951-4) :t 2.0 2.58(-1) 2.57(-1) 2.52(-1) 2.41(-3) 2.15(-J) 2.26(-1) 2.11(-3) 1.81(-J) 4.28(-4) 2.121-5) 
5.0 1.25(-4) 1.24(-4) 1.201-4) 1.11(-4) 1.08(-4) 1.02(-4) 9.08(-5) 7.16(-5) 6.57(-6) 2.88(-8) 

10.0 8.00(-7) 7.93(-1) 7.51(-7) 6.94(-1) 6.41(-7). 5.82(-7) 4.88(-7) 1.16(-7) 6.71(-9) 5.46(-13) 

10.0 0 4.96(-1) 4.96(-3) 1.94(-1) 4.92(-3) 4.89(-3) 4.86(-1) 4.10(-1) 4.68(-3) 3.51(-3) 1.71[-3) 
0.01 1.91(-1) 1.91 (-1) 4.89(-3) 1.87(-3) 4.84(-1) 4.81 (-1) 4.75(-3) 1.6f(-1) 1.53(-3) 1.74(-) 
0.02 4.86 ( -3) 4,86(-3) 4.85(-1) 4.82(-3) 4.19(-3) 4.76(-3) 4.11 (-1) 4.59(-1) 3.49(-3) 1.72(-1) 
0.03 4.82(-3) 1.81(-3) 1.80(-3) 4.77(-1) 4.14(-3) 4.71 (-3) 4.66(-3) 1.54(-3) 3.15(-3) 1.70(-3) 
0.1 4.49(-1) 4A9(-1) 4.47(-J) 4.45(-3) 4.42(-3) 1.J9(-3) 4.11(-3) 1.21(-3) 3.19(-1) 1.54(-) 
0.2 4-06(-3) 1.06(-3) 4.04(-1) 4.02(-3) 4.00(-3) 3.91(-3) 3.92(-3) 1.82(-3) 2.85(-3) 1.33(-) 
O.S 3.01(-3) J.oo(-l) 2.991-3) 2.97(-3) 2.95(-3) 2.93(-3) 2.89(-31 2.81(-3) 2.04(-3) 8.7)(-1) 
1.0 1.82(-3) 1.82(-3) 1.81 (-1) 1.80(-3) 1.79(-1) 1.71(-3) 1.71(-3) 1.69(-1) 1.17(-3) 4.31(-1) 
2.0 6.68(-1) 6.68(-4) 6.64(-1) 6.58(-1) 6.52(-4) 6.15(-f) 6.1J(-4) 6.07(-4) 1.81(-4) 1.05(-4) 
5.0 3.30(- 5) 1.30(-5) 1.27(-5) 3.22(-5) 3.18(-5). 3.12(-5) 3.03(-5) 2.81(-5) 1.34( -5) 1.54(-6) 

10.0 2.20(-7) 2.19(-7) 2.16(-7) 2.11(-7) 2.06(-7) 2.01(-7) 0.91(-7) 1.72(-7) 5.06(-8) 1.37(-9) 

IFrom Trub.y.J 
tlte.d:9.01.10· I ,tlc. 0-
§ Effcclivdy z.ro. U1 

--.I 

0.2 2.11(-1) 2.27(-1) 2.04(-1) 1.66(-1) 1.31(-1) 1.08(-1 ) 1.12(-2) 1.46(-2) 1.46(-1) 6.79(-5) 

~.5 1.62(-1) 1.59(-1) 1.41(-1) 1.14(-1) 9.20{-2) 7.05(-2) 4.42(-2) 1.91(-2) 3.35(-4) 3.48(-6) 
1,0 9.01(-2) 8.84(-2) 1.86{-2) 6.16(-2) 4.81(-2) 3.55(-2) 2.01(-2) 7.21(-3) 1.01(-5) 2.51(-8) 
2.0 2.82(-2) 2.76(-2) 2.44(-2) 1.85(-2) 1.39(-2) 9.51(-3) 4.68{-3) 1.16{-J) 2.18(-7) 1.63(-11) 
5.0 9.29(-4) 9.11(-4) 8.11(-4) 6.02{-4) 4.14(-4) 2.oC 1(-1) 7.9J(-5) 7.24(-6) 1.16(-11) 1.52(-25) 

10.0 3.80(-6) 3.77(-6) 3.51(-6) 2.6S{-6) 1.68(-6) 1.93(-1) 1.-45(-7) 2.78(-9) 1.84(-22) I 
2.0 0 1.06(-1 ) 1.01(-1) 9.91(-2) 9.01(-2) 8.21(-2) 1.47(-2) 6.28(-2) 1.S0(-2) 6.60(-3) 9.52(-1) 

0.01 1.04(-1 ) I.OJ(-I) 9.81 (-2) 8.91(-2) 8.17(-2) 1.39(-2) 6.20{-2) 4.44(-2) 6.41(-3) 9.05(-1) 
0.02 I.OJ(-I) 1.02(-1) 9.70(-2) 8.81(-2) 8.08(-2) 1.30(-2) 6.12(-2) 4.JII( - 2) 6.26(-3) 8.51(-1) 
0.01 1.02(-1) 1.01(-1) 9.601-2) 8.71(-2) 7.99(-2) 1.22(-2) 6.05{-2) 4.12(-2) 6.09(-3) 8.18(-4) 
0.1 9.50(-2) 9.401-2) 8.901-2) 8.06(-2) 1.J8(-7) 6.65(-2) 5.S4(-2) 1.92(-2) 5.07(-3) 5.74(-4) 
0.2 8.55(-2) 8.45(-2) 1.991-2) 7.22(-2) 6.S9(-2) 5.91 (-2) 4.90(-1) 1.41(-2) 1.89(-1) 3.46(-4) 
0.5 6.221-2) 6.15(-2) 5.791-2) 5.18(-2) 4.691-2) 4.16(-2) 3.18(-2) 2.26(-2) 1.77(.-1) 7.61(-5) 
1.0 J.67(-2) 3.62(-2) 1.38(-2) 2.98(-2) 2.66(-2) 2.12(-2) 1.8J(-2) 1.14(-2) 1.80(-1) 6.16(-6) 
2.0 1.28(-2) 1.26(-2) 1.16(-2) 9.96(-1) 8.66(-1) 1.)](-3) 5.43(-1) 2.91(-J) 3.61(-5) 4.22(-8) 
5.0 5.43(-4) 5.12(-1) 4.75(-4) J.81(-4) 1.11(-4) 2.45(-4) 1.55(-1) 5.95(-S) 2.01(-8) 1.78(-14) 

10.0 2.87(-6) 2.80(-6) 2.45(-6) 1.86(-6) 1.42(-6) 1.01(-6) 5.16(-1) 1.17( -7) 1.28(-13) 7.29(-25) 

5.0 0 1.94(-2) 1.94(-2) 1.911-2) 1.87(-2) 1.84(-2) 1.79(-2) 1.72(-2) 1.57(-2) 7.10(-3) 1.801-3) 
0.01 1.92(-2) 1.92(-2) 1.90(-2) 1.85(-2) 1.82(-2) 1.78(-2) 1.70(-2) 1.56(-2) 7.00(-3) 1.761-3) 

~ 0.02 J.90(-2) 1.90(-2) 1.881-2) 1.84(-2) 1.80(-2) 1.76(-2) 1.68(-2) 1.51(-2) 6.90(-3) 1.721-3) 
O.O} 1.88(-2) 1.88(-2) 1.86(-2) 1.82(-2) 1.78(-2; 1.14(-2) 1.67(-2) 1.52(-2) 6.80(-3) 1.681-3) ." 

0.1 1.75(-2) 1.75(-2) I.H(-2) 1.69(-2) 1.66.(-2) 1.62(-2) 1.55(-2) 1.41(-2) 6.161-3) 1.441-3) trl 

0.2 1.59(-2) U8(-2) 1.561-2) 1.51(-2) 1.50(-2) 1.16(-2) I.J9(-2) 1.21(-2) 5.35(-3) 1.15(-3) a 
0.5 1.17(-2) 1.17(-2) \.15(-1) 1.12(-2) 1.10(-2) 1.01(-2) 1.02(-2) 9.161-1) 1.51(-3) 5.91(-4) -:>< 
1.0 7.07(-3) 7.05(-3) 6.94(-J) 6.75(-1) 6.57(-1) 6.17(-1) 6.02(-1) 5.14(-1) 1.74(-3) 1.951-4) :t 2.0 2.58(-1) 2.57(-1) 2.52(-1) 2.41(-3) 2.15(-J) 2.26(-1) 2.11(-3) 1.81(-J) 4.28(-4) 2.121-5) 
5.0 1.25(-4) 1.24(-4) 1.201-4) 1.11(-4) 1.08(-4) 1.02(-4) 9.08(-5) 7.16(-5) 6.57(-6) 2.88(-8) 

10.0 8.00(-7) 7.93(-1) 7.51(-7) 6.94(-1) 6.41(-7) . 5.82(-7) 4.88(-7) 1.16(-7) 6.71(-9) 5.46(-13) 

10.0 0 4.96(-1) 4.96(-3) 1.94(-1) 4.92(-3) 4.89(-3) 4.86(-1) 4.10(-1) 4.68(-3) 3.51(-3) 1.71[-3) 
0.01 1.91(-1) 1.91 (-1) 4.89(-3) 1.87(-3) 4.84(-1) 4.81 (-1) 4.75(-3) 1.6f(-1) 1.53(-3) 1.74(-) 
0.02 4.86 ( -3) 4,86(-3) 4.85(-1) 4.82(-3) 4.19(-3) 4.76(-3) 4.11 (-1) 4.59(-1) 3.49(-3) 1.72(-1) 
0.03 4.82(-3) 1.81(-3) 1.80(-3) 4.77(-1) 4.14(-3) 4.71 (-3) 4.66(-3) 1.54(-3) 3.15(-3) 1.70(-3) 
0.1 4.49(-1) 4A9(-1) 4.47(-J) 4.45(-3) 4.42(-3) 1.J9(-3) 4.11(-3) 1.21(-3) 3.19(-1) 1.54(-) 
0.2 4-06(-3) 1.06(-3) 4.04(-1) 4.02(-3) 4.00(-3) 3.91(-3) 3.92(-3) 1.82(-3) 2.85(-3) 1.33(-) 
O.S 3.01(-3) J.oo(-l) 2.991-3) 2.97(-3) 2.95(-3) 2.93(-3) 2.89(-31 2.81(-3) 2.04(-3) 8.7)(-1) 
1.0 1.82(-3) 1.82(-3) 1.81 (-1) 1.80(-3) 1.79(-1) 1.71(-3) 1.71(-3) 1.69(-1) 1.17(-3) 4.31(-1) 
2.0 6.68(-1) 6.68(-4) 6.64(-1) 6.58(-1) 6.52(-4) 6.15(-f) 6.1J(-4) 6.07(-4) 1.81(-4) 1.05(-4) 
5.0 3.30(- 5) 1.30(-5) 1.27(-5) 3.22(-5) 3.18(-5) . 3.12(-5) 3.03(-5) 2.81(-5) 1.34( -5) 1.54(-6) 

10.0 2.20(-7) 2.19(-7) 2.16(-7) 2.11(-7) 2.06(-7) 2.01(-7) 0.91(-7) 1.72(-7) 5.06(-8) 1.37(-9) 

IFrom Trub.y.J 
tlte.d:9.01.10· I ,tlc. 0-
§ Effcclivdy z.ro. U1 

--.I 
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and, for a cosine current source (isotropic flux). it is given by 

where ~o is the isotropic flux at the source plane. 
The variables for the rectangular source (see Tables H.3 and HA) are 

r(J.l.t,a,b) = dose rate on perpendicular to corner 
H, W = height and width of rectangle (cm) 

a,b = dimensions of rectangle in units of detector distance, a = H!=, b = 
W/z and S,G(E) and (Jt are as previously defined. 

For an isotropic source the unscattered flux attenuation function for the 
dose rate at a corner position is given by 

41rr(.ut,a,b) = rb 
fa -wr ~ :::::;.!!:(E ( ) 

SG(E) Jo Jo e ,2 2 I IJt 

- £ dJ.l.tJ 1 + a2 ) ] (for a:! b > 1) (H.3) 

and, for the cosine currene source (isotropic flux), it is given by 

2r(l..Lt.a.b) =.1.. rb fa e-wr 1~ 
<Po G(E) 21r JOG ,,2 

:::::; ~[E2 (.u t ) - (1/~1 + a2
) £2 (.ut~)1 (fora:::b>1) (HA) 

REFERENCES 

1. J. H. Hubbell, R. L. Bach, and R. J. Herbold, Radiation Field from a Circular Disk 
Source,]. Res. Nat. Bur. Stand., C, 65: 249 (1961). 

2. D. K. Trubey, Oak Ridge National Laboratory. unpublished calculations. 
3. J. H. Hubbell, R. L. Bach, and J. C. Lamkin, Radiation Field from a Rectangular 

Source,]. Res. Nat. Bur. Stand., C, 64: 121 (1960). 
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Table H.3-VNSCATIERED FLUX AT A CORNER POSITION 
FROM A RECTANGULAR PLANE SOURCE WITH AN 

ISOTROPIC ANGULAR DlSTRIBUTIONt 

41TrJ[S G(E)] 

b = 0.1 b = 0.2 b = 0.2 b = 0.5 b = 0.5 b = 0.5 
JJ.t a = 0.1 a = 0.1 a = 0.2 a = 0.1 a = 0.2 a = 0.5 

0 9.93(-3)t 1.97(-2) 3.90(-2) , 4.62(-2) 9.16(-2) 2.16(-1) 
0.01 9.83(-3) 1.95(-2) 3.86(-2) 4.57(-2) 9.07(-2) 2.14(-1) 
0.02 9.74(-3) 1.93(-2) 3.82(-2) 4.53(-2) 8.97(-2) 2.11(-1 ) 
0.05 9.44(-3) 1.87(-2) 3.70(-2) 4.39(-2) 8.69(-2) 2.05(-1 ) 
0.1 8.99(-3) 1.78(-2) 3.52(-2) 4.17(-2) 8.25(-2) 1.94(-1 ) 
0.2 8.13(-3) 1.61(-2) 3.18(-2) 3.75(-2) 7.43(-2) 1.74(-1) 
0.5 6.02(-3) 1.19(-2) 2.35(-2) 2.75(-2) 5.44(-2) 1.26(-1) 
1.0 3.64(-3) 7.18(-3) 1.42(-2) 1.64(-2) 3.23(-2) 7.38(-2) 
2.0 1.34(-3) 2.62(-3) 5.14(-3) 5.79(-3) 1.14(-2) 2.53(-2) 
5.0 6.60(-5) 1.28(-4) 2.47(-4) 2.60(-4) 5.04(-4) 1.04(-3) 

10.0 4.37(-7) 8.26(-7) 1.54(-6) 1.50(-6) 2.83(-6) 5.15(-6) 

b = 1.0 b = 1.0 b = 1.0 b = 1.0 b = 2.0 b = 2.0 
JJ.t a = 0.1 a = 0.2 a = 0.5 a = 1.0 a = 0.1 a = 0.2 

0 7.83(-2) 1.S5( -1) 3.69(-1) 6.40(-1) 1.10(-1) 2.19(-1) 
0.01 7.75(-2) 1.54(-1 ) 3.65(-1) 6.32(-1 ) 1.09(-1) 2.17(-1) 
0.02 7.66(-2) 1.52( -1) 3.60(-1) 6.24(-1) 1.08(-1) 2.14(-1) 
0.05 7.4.0(-2) 1.47(-1) 3.48(-1) 6.01 (-1) 1.04(-1) 2.06(-1 ) 
0.1 7.00(-2) 1.39(-1) 3.29(-1) 5.65(-1 ) 9.70(-2) 1.93(-1) 
0.2 ·6.26(-2) 1.24(-1) 2.93(-1) 4.99(-1) 8.53(-2) 1.69(-1) 
0.5 4.47(-2) 8.85(-2) 2.07(-1) 3.45(-1) 5.82(-2) 1.15(-1) 
1.0 2.56(-2) 5.06(-2) 1.17(-1) 1.87(-1) 3.14(-2) 6.20(-2) 
2.0 8.49(-3) 1.67(-2) 3.74(-2) 5.61(-2) 9.57(-3) 1.88(-2) 
5.0 3.85(-4) 7.55(-4) 1.77(-3) 7.99(-3) 3.37(-4) 6.54(-4) 

10.0 1.67(-6) 3.16(-6) 5.77(-6) 6.49(-6) 1.67(-6) 3.16(-6) 

b = 2.0 b = 2.0 b = 2.0 b = 5.0 b = 5.0 b = 5.0 
fJt a = 0.5 a = 1.0 a = 2.0 a = 0.1 a = 0.2 a = 0.5 

0 5.25(-1) 9.31(-1) 1.41 (0) 1.37(-1) 2.73(-1) 6.57(-1) 
0.01 5.18(-1 ) 9.18(-1) 1.38(0) 1.35(-1) 2.68(-1) 6.46(-1) 
0.02 5.11(-1) 9.05(-1) 1.36(0) 1.33(-1) 2.64(-1) 6.35(-1) 
0.05 4.91(-1) 8.67(-1) 1.30(0) 1.26(-1) 2.51(-1) 6.03(-1) 
0.1 4.60(-1) 8.07( -1) 1.20(0) 1.16(-1) 2.31(-1) 5.55(-1) 
0.2 4.03(-1) 7.01(-1) 1.02(0) 9.93(-2) 1.97(-1) 4.72(-1) 
0.5 2.72(-1) 4.62(-1) 6.38(-1) 6.38(-2) 1.27(-1) 3.00(-1) 
1.0 1.44(-1) 2.35(-1 ) 3.02(-1) 3.27(-2) 6.46(-2) 1.50(-1) 
2.0 4.24(-2) 6.43(-2) 7.46(-2) 9.69(-3) 1.90(-2) 4.28(-2) 
5.0 1.32(-3) 1.75(-3) 1.80(-3) 3.37(-4) 6.54(-4) 1.35(-3) 

10.0 5.79(-6) 6.51 (-6) 6.52(-6) 1.67(-6) 3.16(-6) 5.79(-6) 
(Table continues on next page.) 
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Table H.3-VNSCATIERED FLUX AT A CORNER POSITION 
FROM A RECTANGULAR PLANE SOURCE WITH AN 

ISOTROPIC ANGULAR DlSTRIBUTIONt 

41TrJ[S G(E)] 
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10.0 4.37(-7) 8.26(-7) 1.54(-6) 1.50(-6) 2.83(-6) 5.15(-6) 

b = 1.0 b = 1.0 b = 1.0 b = 1.0 b = 2.0 b = 2.0 
JJ.t a = 0.1 a = 0.2 a = 0.5 a = 1.0 a = 0.1 a = 0.2 

0 7.83(-2) 1.S5( -1) 3.69(-1) 6.40(-1) 1.10(-1) 2.19(-1) 
0.01 7.75(-2) 1.54(-1 ) 3.65(-1) 6.32(-1 ) 1.09(-1) 2.17(-1) 
0.02 7.66(-2) 1.52( -1) 3.60(-1) 6.24(-1) 1.08(-1) 2.14(-1) 
0.05 7.4.0(-2) 1.47(-1) 3.48(-1) 6.01 (-1) 1.04(-1) 2.06(-1 ) 
0.1 7.00(-2) 1.39(-1) 3.29(-1) 5.65(-1 ) 9.70(-2) 1.93(-1) 
0.2 ·6.26(-2) 1.24(-1) 2.93(-1) 4.99(-1) 8.53(-2) 1.69(-1) 
0.5 4.47(-2) 8.85(-2) 2.07(-1) 3.45(-1) 5.82(-2) 1.15(-1) 
1.0 2.56(-2) 5.06(-2) 1.17(-1) 1.87(-1) 3.14(-2) 6.20(-2) 
2.0 8.49(-3) 1.67(-2) 3.74(-2) 5.61(-2) 9.57(-3) 1.88(-2) 
5.0 3.85(-4) 7.55(-4) 1.77(-3) 7.99(-3) 3.37(-4) 6.54(-4) 

10.0 1.67(-6) 3.16(-6) 5.77(-6) 6.49(-6) 1.67(-6) 3.16(-6) 

b = 2.0 b = 2.0 b = 2.0 b = 5.0 b = 5.0 b = 5.0 
fJt a = 0.5 a = 1.0 a = 2.0 a = 0.1 a = 0.2 a = 0.5 

0 5.25(-1) 9.31(-1) 1.41 (0) 1.37(-1) 2.73(-1) 6.57(-1) 
0.01 5.18(-1 ) 9.18(-1) 1.38(0) 1.35(-1) 2.68(-1) 6.46(-1) 
0.02 5.11(-1) 9.05(-1) 1.36(0) 1.33(-1) 2.64(-1) 6.35(-1) 
0.05 4.91(-1) 8.67(-1) 1.30(0) 1.26(-1) 2.51(-1) 6.03(-1) 
0.1 4.60(-1) 8.07( -1) 1.20(0) 1.16(-1) 2.31(-1) 5.55(-1) 
0.2 4.03(-1) 7.01(-1) 1.02(0) 9.93(-2) 1.97(-1) 4.72(-1) 
0.5 2.72(-1) 4.62(-1) 6.38(-1) 6.38(-2) 1.27(-1) 3.00(-1) 
1.0 1.44(-1) 2.35(-1 ) 3.02(-1) 3.27(-2) 6.46(-2) 1.50(-1) 
2.0 4.24(-2) 6.43(-2) 7.46(-2) 9.69(-3) 1.90(-2) 4.28(-2) 
5.0 1.32(-3) 1.75(-3) 1.80(-3) 3.37(-4) 6.54(-4) 1.35(-3) 

10.0 5.79(-6) 6.51 (-6) 6.52(-6) 1.67(-6) 3.16(-6) 5.79(-6) 
(Table continues on next page.) 
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Table H.3-(Continued) 

47Trf[S G(E)] 

b = 5.0 b = 5.0 b = 5.0 b = 10.0 b = 10.0 b = 10.0 
JJ.t a = 1.0 a = 2.0 a = 5.0 a = 0.1 a = 0.2 a = 0.5 

0 1.19(0) 1.88(0) 2.73(0) 1.47(-1) 2.92(-1) 7.06(-1) 
0.01 1.17(0) 1.84(0) 2.65(0) 1.44(-1) 2.86(-1 ) 6.92(-1) 
0.02 1.15(0) 1.80(0) 2.58(0) 1.41(-1) 2.81 (-1) 6.77(-1 ) 
0.05 1.08(0) 1.69(0) 2.39(0) 1.33(-1) 2.65(-1) 6.38(-1 ) 
0.1 9.92(-1) 1.53(0) 2.10(0) 1.21 (-1) 2.41 (-1) 5.79(-1) 
0.2 8.35(-1) 1.26(0) 1.64(0) 1.02(-1) 2.02(-1) 4.84(-1) 
0.5 5.14(-1) 7.27(-1) 8.53(-1) 6.42(-2) 1.27(-1) 3.01(-1) 
1.0 2.47(-1) 3.20( -1) 3.44( -1) 3.27(-2) 6.47(-2) 1.50(-1) 
2.0 6.51 (-2) 7.57(-2) 7.69(-2) 9.69(-3) 1.90(-2) 4.28(-2) 
5.0 1.75(-3) 1.80(-3) 1.80(-3) 3.37(-4) 6.54(-4) 1.35(-3) 

10.0 6.51(-6) 6.53( -6) 6.54(-6) 1.67(-6) 3.16(-6) 5.79(-6) 

b = 10.0 b = 10.0 b = 10.0 b = 10.0 b = 20.0 b = 20.0 
JJ.t a = 1.0 a = 2.0 a = 5.0 a = 10.0 a = 0.1 a = 0.2 

0 1.28(0) 2.07(0) 3.15(0) 3.80(0) 1.52( -1) 3.02(-1 ) 
0.01 1.26 (0) 2.02(0) 3.04(0) 3.64(0) 1.48( -1) 2.95(-1 ) 
0.02 1.23(0) 1.97(0) 2.94(0) 3.49(0) 1.45(-1) 2.88(-1) 
0.05 1.15(0) 1.83(0) 2.67(0) 3.10(0) 1.36(-1) 2.70(-1 ) 
0.1 1.04(0) 1.63(0) 2.30(0) 2.58(0) 1.22(-1) . 2.43(-1) 
0.2 8.60(-1) 1.31(0) 1.74(0) 1.86(0) 1.02(-1) 2.03(-1) 
0.5 5.18(-1) 7 .34( -1) 8.65(-1) 8.78(-1) 6.39(-2) 1.27(-1 ) 
1.0 2.47(-1) 3.21(-1) 3.44(-1) 3.45(-1) 3.27(-2) 6.47(-2) 
2.0 6.51 (-2) 7.56(-2) 7.69(-2) 7.68(-2) 9.69(-3) 1.90(-2) 
5.0 1.75(-3) 1.80( -3) 1.80(-3) 1.80(-3) 3.37(-4) 6.54(-4) 

10.0 6.51 (-6) 6.53(-6) 6.53(-6) 6.53(-6) 1.67(-6) 3.16(-6) 

b = 20.0 b = 20.0 b = 20.0 b = 20.0 b = 20.0 b = 20.0 
JJ.t a = 0.5 a = 1.0 a = 2.0 a = 5.0 a = 10.0 a = 20.0 

0 7.31(-1) 1.33(0) 2.17(0) 3.38(0) 4.22(0) 4.88(0) 
0.01 7.13(-1) 1.30(0) 2.10(0) 3.25(0) 4.01 (0) 4.56(0) 
0.02 6.96(-1) 1.27(0) 2.04(0) 3.12(0) 3.81(0) 4.28(0) 
0.05 6.50(-1) 1.18(0) 1.88(0} 2.79(0) . 3.30(0) 3.59(0) 
0.1 5.86(-1) 1.05(0) 1.65(0) 2.36(0) 2.68(0) 2.81 (0) 
0.2 4.86(-1) 8.63( -1) 1.31(0) 1.75(0) 1.89(0) 1.92(0) 
0.5 3.01 (-1) 5.18(-1) 7.34(0) 8.63(-1) 8.79(-1) 8.82(-1) 
1.0 1.50(-1) 2.47(-1) 3.21 (0) 3.44(-1) 3.45(-1) 3.45(-1) 
2.0 4.28(-2) 6.51(-2) 7.56(-2) 7.69(-2) 7.68(-2) 7.68(-2) 
5.0 1.35(-3) 1.75(-3) 1.80(-3) 1.80(-3) 1.80(-3) 1.80(-3) 

10.0 5.79(-6) 6.51(-6) 6.53(-6) 6.53(-6) 6.53( -6) 6.53(-6) 

tFrom Hubbell et al. 3 :t:Read: 9.93 X 10-3 , etc. 

660 APPENDlX H 

Table H.3-(Continued) 

47Trf[S G(E)] 

b = 5.0 b = 5.0 b = 5.0 b = 10.0 b = 10.0 b = 10.0 
JJ.t a = 1.0 a = 2.0 a = 5.0 a = 0.1 a = 0.2 a = 0.5 

0 1.19(0) 1.88(0) 2.73(0) 1.47(-1) 2.92(-1) 7.06(-1) 
0.01 1.17(0) 1.84(0) 2.65(0) 1.44(-1) 2.86(-1 ) 6.92(-1) 
0.02 1.15(0) 1.80(0) 2.58(0) 1.41(-1) 2.81 (-1) 6.77(-1 ) 
0.05 1.08(0) 1.69(0) 2.39(0) 1.33(-1) 2.65(-1) 6.38(-1 ) 
0.1 9.92(-1) 1.53(0) 2.10(0) 1.21 (-1) 2.41 (-1) 5.79(-1) 
0.2 8.35(-1) 1.26(0) 1.64(0) 1.02(-1) 2.02(-1) 4.84(-1) 
0.5 5.14(-1) 7.27(-1) 8.53(-1) 6.42(-2) 1.27(-1) 3.01(-1) 
1.0 2.47(-1) 3.20( -1) 3.44( -1) 3.27(-2) 6.47(-2) 1.50(-1) 
2.0 6.51 (-2) 7.57(-2) 7.69(-2) 9.69(-3) 1.90(-2) 4.28(-2) 
5.0 1.75(-3) 1.80(-3) 1.80(-3) 3.37(-4) 6.54(-4) 1.35(-3) 

10.0 6.51(-6) 6.53( -6) 6.54(-6) 1.67(-6) 3.16(-6) 5.79(-6) 

b = 10.0 b = 10.0 b = 10.0 b = 10.0 b = 20.0 b = 20.0 
JJ.t a = 1.0 a = 2.0 a = 5.0 a = 10.0 a = 0.1 a = 0.2 

0 1.28(0) 2.07(0) 3.15(0) 3.80(0) 1.52( -1) 3.02(-1 ) 
0.01 1.26 (0) 2.02(0) 3.04(0) 3.64(0) 1.48( -1) 2.95(-1 ) 
0.02 1.23(0) 1.97(0) 2.94(0) 3.49(0) 1.45(-1) 2.88(-1) 
0.05 1.15(0) 1.83(0) 2.67(0) 3.10(0) 1.36(-1) 2.70(-1 ) 
0.1 1.04(0) 1.63(0) 2.30(0) 2.58(0) 1.22(-1) . 2.43(-1) 
0.2 8.60(-1) 1.31(0) 1.74(0) 1.86(0) 1.02(-1) 2.03(-1) 
0.5 5.18(-1) 7 .34( -1) 8.65(-1) 8.78(-1) 6.39(-2) 1.27(-1 ) 
1.0 2.47(-1) 3.21(-1) 3.44(-1) 3.45(-1) 3.27(-2) 6.47(-2) 
2.0 6.51 (-2) 7.56(-2) 7.69(-2) 7.68(-2) 9.69(-3) 1.90(-2) 
5.0 1.75(-3) 1.80( -3) 1.80(-3) 1.80(-3) 3.37(-4) 6.54(-4) 

10.0 6.51 (-6) 6.53(-6) 6.53(-6) 6.53(-6) 1.67(-6) 3.16(-6) 

b = 20.0 b = 20.0 b = 20.0 b = 20.0 b = 20.0 b = 20.0 
JJ.t a = 0.5 a = 1.0 a = 2.0 a = 5.0 a = 10.0 a = 20.0 

0 7.31(-1) 1.33(0) 2.17(0) 3.38(0) 4.22(0) 4.88(0) 
0.01 7.13(-1) 1.30(0) 2.10(0) 3.25(0) 4.01 (0) 4.56(0) 
0.02 6.96(-1) 1.27(0) 2.04(0) 3.12(0) 3.81(0) 4.28(0) 
0.05 6.50(-1) 1.18(0) 1.88(0} 2.79(0) . 3.30(0) 3.59(0) 
0.1 5.86(-1) 1.05(0) 1.65(0) 2.36(0) 2.68(0) 2.81 (0) 
0.2 4.86(-1) 8.63( -1) 1.31(0) 1.75(0) 1.89(0) 1.92(0) 
0.5 3.01 (-1) 5.18(-1) 7.34(0) 8.63(-1) 8.79(-1) 8.82(-1) 
1.0 1.50(-1) 2.47(-1) 3.21 (0) 3.44(-1) 3.45(-1) 3.45(-1) 
2.0 4.28(-2) 6.51(-2) 7.56(-2) 7.69(-2) 7.68(-2) 7.68(-2) 
5.0 1.35(-3) 1.75(-3) 1.80(-3) 1.80(-3) 1.80(-3) 1.80(-3) 

10.0 5.79(-6) 6.51(-6) 6.53(-6) 6.53(-6) 6.53( -6) 6.53(-6) 

tFrom Hubbell et al. 3 :t:Read: 9.93 X 10-3 , etc. 
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Table HA-UNSCATIERED FLUX AT A CORNER POSITION 
FROM A RECTANGULAR PLANE SOCRCE WITH A 

COSINE ANGULAR DISTRIBUTION (ISOTROPIC FLUX)t 

2r/[<I>(0) G(E) 1 

b = 0.1 b = 0.2 b = 0.2 b = 0.5 b = 0.5 b = 0.5 
p.c a = 0.1 a = 0.1 a = 0.2 a = 0.1 a = 0.2 a = 0.5 

0 1.58(-3)+ 3.11 (-3) 6.12(-3) 7.09(-3) 1.40(-2) 3.21 (-2) 
0.01 1.56(-3) 3.08(-3) 6.06(-3) 7.01 (-3) 1.38(-2) 3.17(-2) 
0.02 1.55(-3) 3.04(-3) 6.00(-3) 6.94(-3) 1.37(-2) 3.14(-2) 
0.05 1.53(-3) 3.01(-3) 5.94(-3) 6.87(-3) 1.36(-2) 3.10(-2) 
0.1 1.43(-3) 2.81(-3) 5.53(-3) 6.39(-3) 1.26(-2) 2.88(-2) 
0.2 1.29(-3) 2.54(-3; 5.00(-3) 5.76(-3) 1.14(-2) 2.59(-2) 
0.5 9.54( -4) 1.88(-3) 3.69(-3) 4.22(-3) 8.30(-3) 1.88(-2) 
1.0 5.78(-4) 1.13(-3) 2.22(-3) 2.51(-3) 4.93(-3) 1.10(-2) 
2.0 2.12(-4) 4.14(-4) 8.08(-4) 8.90(-4) 1.74(-3) 3.77(-3) 
5.0 1.04(-5) 2.01(-5) 3.87(-5) 4.00(-5) 7.70(-5) 1.54(-4 ) 

10.0 6.92(-8) 1.30(-7) 2.45(-7) 2.31(-7) 4.36(-7) 7.79(-7) 

b = 1.0 b = 1.0 b = 1.0 b = 1.0 b = 2.0 b = 2.0 
J.l.t a = 0.1 a = 0.2 a=O.5 a = 1.0 a = 0.1 a = 0.2 

0 1.12(-2) 2.21(-2) 5.12(-2) 8.33(-2) 1.42(-2) 2.81 (-2) 
0.01 1.11(-2) 2.19(-2) 5.06(-2; 8.23(-2) 1.40(-2) 2.77(-2) 
0.02 1.08(-2) 2.17(-2) 5.01(-2) 8.13(-2) 1.38(-2) 2.74(-2) 
0.05 1.08(-2) 2.14(-2) 4.95(-2) 8.03(-2) 1.37(-2) 2.70(-2) 
0.1 1.00(-2) 1.98(-2) 4.57(-2) 7.38(-2) 1.25(-2) 2.48(-2) 
0.2 8.98(-3) 1.77(-2) 4.07(-2) 6.53(-2) 1.11(-2) 2.19(-2) 
0.5 6.44(-3) 1.27(-2) 2.89(-2) 4.54(-2) 7.71(-3) 1.52(-2) 
1.0 3.71(-3) 7.29(-3) 1.64(-2) 2.49(-2) 4.26(-3) 8.38(-3) 
2.0 1.24(-3) 2.43(-3) 5.30(-3) 7.57(-3) 1.35(-3) 2.64(-3) 
5.0 4.91(-5) 9.4 7 (-5) 1.91 (-4) 2.38(-4) 5.00(-5) 9.65(-5) 

10.0 2.54(-7) 4.79(-7) 8.61(-7) 9.54(-7) 2.55(-7) 4.80(-7) 

b = 2.0 b = 2.0 b = 2.0 b = 5.0 b = 5.0 b = 5.0 
J.l.t a = 0.5 a = 1.0 a = 2.0 a = 0.1 a = 0.2 a = 0.5 

0 6.55( -2) 1.09(-1) 1.48(-1) 1.56(-2) 3.08(-2) 7.23(-2) 
0.01 6.47(-2) 1.08(-1) 1.45(-1) 1.53(-2) 3.04( -2) 7.12(-2) 
0.02 6.39(':2) 1.06(-1) 1.43(-1 ) 1.51 (-2) 3.00(-2) 7.02(-2) 
0.05 6.30(-2) 1.05(-1) 1.41(-1) 1.49(-2) 2.95(-2) 6.92(-2) 
0.1 5.77(-2) 9.52(-2) 1.27(-1) 1.35(-2) 2.68(-2j 6.26(-2) 
0.2 5.08( -2) 8.32(-2) 1.09(-1) 1.18(-2) 2.34(-2) 5,45(-2) 
0.5 3.49(-2) 5.58(-2) 7.05(-2) 8.02(-3) 1.58(-2) 3.64(-2) 
1.0 1.89(-2) 2.92(-2) 3.49(-2) 4.33(-3) 8.53(-3) 1.93(-2) 
2.0 5.78(-3) 8.34(-3) 9.26(-3) 1.35(-3) 2.65(-3) 5.81(-3) 
5.0 1.95( -4) 2.44(-4) 2.49(-4) 5.00(-5) 9.65(-5) 1.95(-4) 

10.0 8.63(-7) 9.56(-7) 9.58(-7) 2.55(-7) 4.80(-7) 8.63(-7) 

(Table continues on next page.) 
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Table HA-UNSCATIERED FLUX AT A CORNER POSITION 
FROM A RECTANGULAR PLANE SOCRCE WITH A 

COSINE ANGULAR DISTRIBUTION (ISOTROPIC FLUX)t 

2r/[<I>(0) G(E) 1 

b = 0.1 b = 0.2 b = 0.2 b = 0.5 b = 0.5 b = 0.5 
p.c a = 0.1 a = 0.1 a = 0.2 a = 0.1 a = 0.2 a = 0.5 

0 1.58(-3)+ 3.11 (-3) 6.12(-3) 7.09(-3) 1.40(-2) 3.21 (-2) 
0.01 1.56(-3) 3.08(-3) 6.06(-3) 7.01 (-3) 1.38(-2) 3.17(-2) 
0.02 1.55(-3) 3.04(-3) 6.00(-3) 6.94(-3) 1.37(-2) 3.14(-2) 
0.05 1.53(-3) 3.01(-3) 5.94(-3) 6.87(-3) 1.36(-2) 3.10(-2) 
0.1 1.43(-3) 2.81(-3) 5.53(-3) 6.39(-3) 1.26(-2) 2.88(-2) 
0.2 1.29(-3) 2.54(-3; 5.00(-3) 5.76(-3) 1.14(-2) 2.59(-2) 
0.5 9.54( -4) 1.88(-3) 3.69(-3) 4.22(-3) 8.30(-3) 1.88(-2) 
1.0 5.78(-4) 1.13(-3) 2.22(-3) 2.51(-3) 4.93(-3) 1.10(-2) 
2.0 2.12(-4) 4.14(-4) 8.08(-4) 8.90(-4) 1.74(-3) 3.77(-3) 
5.0 1.04(-5) 2.01(-5) 3.87(-5) 4.00(-5) 7.70(-5) 1.54(-4 ) 

10.0 6.92(-8) 1.30(-7) 2.45(-7) 2.31(-7) 4.36(-7) 7.79(-7) 

b = 1.0 b = 1.0 b = 1.0 b = 1.0 b = 2.0 b = 2.0 
J.l.t a = 0.1 a = 0.2 a=O.5 a = 1.0 a = 0.1 a = 0.2 

0 1.12(-2) 2.21(-2) 5.12(-2) 8.33(-2) 1.42(-2) 2.81 (-2) 
0.01 1.11(-2) 2.19(-2) 5.06(-2; 8.23(-2) 1.40(-2) 2.77(-2) 
0.02 1.08(-2) 2.17(-2) 5.01(-2) 8.13(-2) 1.38(-2) 2.74(-2) 
0.05 1.08(-2) 2.14(-2) 4.95(-2) 8.03(-2) 1.37(-2) 2.70(-2) 
0.1 1.00(-2) 1.98(-2) 4.57(-2) 7.38(-2) 1.25(-2) 2.48(-2) 
0.2 8.98(-3) 1.77(-2) 4.07(-2) 6.53(-2) 1.11(-2) 2.19(-2) 
0.5 6.44(-3) 1.27(-2) 2.89(-2) 4.54(-2) 7.71(-3) 1.52(-2) 
1.0 3.71(-3) 7.29(-3) 1.64(-2) 2.49(-2) 4.26(-3) 8.38(-3) 
2.0 1.24(-3) 2.43(-3) 5.30(-3) 7.57(-3) 1.35(-3) 2.64(-3) 
5.0 4.91(-5) 9.4 7 (-5) 1.91 (-4) 2.38(-4) 5.00(-5) 9.65(-5) 

10.0 2.54(-7) 4.79(-7) 8.61(-7) 9.54(-7) 2.55(-7) 4.80(-7) 

b = 2.0 b = 2.0 b = 2.0 b = 5.0 b = 5.0 b = 5.0 
J.l.t a = 0.5 a = 1.0 a = 2.0 a = 0.1 a = 0.2 a = 0.5 

0 6.55( -2) 1.09(-1) 1.48(-1) 1.56(-2) 3.08(-2) 7.23(-2) 
0.01 6.47(-2) 1.08(-1) 1.45(-1) 1.53(-2) 3.04( -2) 7.12(-2) 
0.02 6.39(':2) 1.06(-1) 1.43(-1 ) 1.51 (-2) 3.00(-2) 7.02(-2) 
0.05 6.30(-2) 1.05(-1) 1.41(-1) 1.49(-2) 2.95(-2) 6.92(-2) 
0.1 5.77(-2) 9.52(-2) 1.27(-1) 1.35(-2) 2.68(-2j 6.26(-2) 
0.2 5.08( -2) 8.32(-2) 1.09(-1) 1.18(-2) 2.34(-2) 5,45(-2) 
0.5 3.49(-2) 5.58(-2) 7.05(-2) 8.02(-3) 1.58(-2) 3.64(-2) 
1.0 1.89(-2) 2.92(-2) 3.49(-2) 4.33(-3) 8.53(-3) 1.93(-2) 
2.0 5.78(-3) 8.34(-3) 9.26(-3) 1.35(-3) 2.65(-3) 5.81(-3) 
5.0 1.95( -4) 2.44(-4) 2.49(-4) 5.00(-5) 9.65(-5) 1.95(-4) 

10.0 8.63(-7) 9.56(-7) 9.58(-7) 2.55(-7) 4.80(-7) 8.63(-7) 

(Table continues on next page.) 
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Table H.4-(Continued) 

2f/[<Il(0) G(E)] 

b = 5.0 b = 5.0 b = 5.0 b = 10.0 b = 10.0 b:;: 10.0 
JJ.t a = 1.0 a = 2.0 a = 5.0 a = 0.1 a = 0.2 a = 0.5 

0 1.22(-1) 1.70( -1) 2.06(-1) 1.58(-2) 3.13(-2) 7.34(-2) 
0.01 1.20(-1) 1.67( -1) 2.01(-1) 1.56(-2) 3.08(-2) 7.23(-2) 
0.02 1.18(-1) 1.64( -1) 1.97(-1) 1.58(-2) 3.04(-2) 7.12(-2) 
0.05 1.16(-1) 1.62(-1 ) 1.93(-1) 1.51 (-2) 2.99(-2) 7.01(-2) 
0.1 1.05(-1) 1.43(-1) 1.68(-1) 1.37(-2) 2.70(-2) 6.32(-2) 
0.2 9.02(-2) 1.21(-1) 1.38(-1 ) 1.19(-2) 2.35(-2) 5.48(-2) 
0.5 5.87(-2) 7.51(-2) 8.10(-2) 8.02(-3) 1.58(-2) 3.65(-2) 
1.0 2.99(-2) 3.59(-2) 3.71(-2) 4.33(-3) 8.53(-3) 1.93(-2) 
2.0 8.38(-3) 9.32(-3) 9.38(-3) 1.35(-3) 2.65(-3) 5.81(-3) 
5.0 2.44( -4) 2.49( -4) 2.49(-4) 5.00(-5) 9.65(-5) 1.95(-4) 

10.0 9.56(-7) 9.58(-7) 9.58(-7) 2.55(-7) 4.80(-7) 8.63(-7) 

b;;:; 10.0 b;;:; 10.0 b:;: 10.0 b = 10.0 b:;: 20.0 b = 20.0 
JJ.t a = 1.0 a = 2.0 a = 5.0 a = 10.0 a = 0.1 a = 0.2 

0 1.24(-1) 1.75(-1) 2.15(-1) 2.28(-1) 1.58(-2) 3.14(-2) 
0.01 1.22(-1 ) 1.71 (-1) 2.10(-1) 2.22(-1) 1.56(-2) 3.09(-2) 
0.02 l.20(-1) 1.68(-1) 2.05(-1) 2.16(-1) 1.54(-2) 3.04(-2) 
0.05 1.18(-1) 1.65(-1) 2.01(-1) 2.11(-1) 1.51(-2) 3.00(-2) 
0.1 1.06(-1) 1.46(-1 ) 1.72(-1) 1.78(-1) 1.37(-2) 2.71 (-2) 
0.2 9.08(-2) 1.22(-1 ) 1.40(-1) 1.43(-1) 1.19(-2) 2.35(-2) 
0.5 5.88(-2) 7.53(-2) 8.13(-2) 8.17(-2) 8.02(-3) 1.58(-2) 
1.0 2.99(-2) 3.59(-2) 3.71(-2) 3.71(-2) 4.33(-3) 8.53(-3) 
2.0 8.38(-3) 9.32(-3) 9.38(-3) 9.38(-3) 1.35(-3) 2.65(-3) 
5.0 2.44( -4) 2.49(-4) 2.49(-4) 2.49(-4) 5.00(-5) 9.65(-5) 

10.0 9.56(-7) 9.58(-7) 9.58(-7) 9.58(-7) 2.55(-7) 4.81 (-7) 

b = 20.0 b = 20.0 b = 20.0 b = 20.0 b = 20.0 b = 20.0 
JJ.t a = 0.5 a = 1.0 a = 2.0 a = 5.0 a = 10.0 a = 20.0 

0 7.37(-2) 1.25(-1) 1.76(-1) 2.18(-1) 2.32(-1) 2.39(-1) 
0.01 7.26(-2) 1.23( -1) 1.72(-1) 2.12(-1) 2.26(-1 ) 2.31(-1) 
0.02 7.14(-2) 1.21(-1) 1.69(-1) 2.07(-1) 2.20(-1 ) 2.24(-1) 
0.05 7.03(-2) 1.19(-1) 1.66(-1) 2.02(-1) 2.14(-1) 2.18(-1) 
0.1 6.33(-2) 1.06(-1) 1.46(-1) 1.73(-1) 1.79(-1) 1.80(-1) 
0.2 5,48( -2) 9.08(-2) 1.22(-1) 1.40(-1) 1.43(-1 ) 1.44(-1) 
0.5 3.65(-2) 5.88(-2) 7.53(-2) 8.13(-2) 8.17(-2) 8.17(-2) 
1.0 1.93(-2) 2.99(-2) 3.59(-2) 3.71 (-2) 3.71(-2) 3.71 (-2) 
2.0 5.81(-3) 8.38(-3) 9.32(-3) 9.38(-3) 9.38(-3) 9.38(-3) 
5.0 1.95(-4) 2.44( -4) 2.49(-4) 2.49(-4) 2.49(-4) 2.49(-4) 

10.0 8.63(-7) 9.56(-7) 9.58(-7) 9.58(-7) 9.58(-7) 9.58(-7) 

tFrom Trubey.z :j:Read: 1.58 X 10-3 , etc. 
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Table H.4-(Continued) 

2f/[<Il(0) G(E)] 

b = 5.0 b = 5.0 b = 5.0 b = 10.0 b = 10.0 b:;: 10.0 
JJ.t a = 1.0 a = 2.0 a = 5.0 a = 0.1 a = 0.2 a = 0.5 

0 1.22(-1) 1.70( -1) 2.06(-1) 1.58(-2) 3.13(-2) 7.34(-2) 
0.01 1.20(-1) 1.67( -1) 2.01(-1) 1.56(-2) 3.08(-2) 7.23(-2) 
0.02 1.18(-1) 1.64( -1) 1.97(-1) 1.58(-2) 3.04(-2) 7.12(-2) 
0.05 1.16(-1) 1.62(-1 ) 1.93(-1) 1.51 (-2) 2.99(-2) 7.01(-2) 
0.1 1.05(-1) 1.43(-1) 1.68(-1) 1.37(-2) 2.70(-2) 6.32(-2) 
0.2 9.02(-2) 1.21(-1) 1.38(-1 ) 1.19(-2) 2.35(-2) 5.48(-2) 
0.5 5.87(-2) 7.51(-2) 8.10(-2) 8.02(-3) 1.58(-2) 3.65(-2) 
1.0 2.99(-2) 3.59(-2) 3.71(-2) 4.33(-3) 8.53(-3) 1.93(-2) 
2.0 8.38(-3) 9.32(-3) 9.38(-3) 1.35(-3) 2.65(-3) 5.81(-3) 
5.0 2.44( -4) 2.49( -4) 2.49(-4) 5.00(-5) 9.65(-5) 1.95(-4) 

10.0 9.56(-7) 9.58(-7) 9.58(-7) 2.55(-7) 4.80(-7) 8.63(-7) 

b;;:; 10.0 b;;:; 10.0 b:;: 10.0 b = 10.0 b:;: 20.0 b = 20.0 
JJ.t a = 1.0 a = 2.0 a = 5.0 a = 10.0 a = 0.1 a = 0.2 
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0.1 1.06(-1) 1.46(-1 ) 1.72(-1) 1.78(-1) 1.37(-2) 2.71 (-2) 
0.2 9.08(-2) 1.22(-1 ) 1.40(-1) 1.43(-1) 1.19(-2) 2.35(-2) 
0.5 5.88(-2) 7.53(-2) 8.13(-2) 8.17(-2) 8.02(-3) 1.58(-2) 
1.0 2.99(-2) 3.59(-2) 3.71(-2) 3.71(-2) 4.33(-3) 8.53(-3) 
2.0 8.38(-3) 9.32(-3) 9.38(-3) 9.38(-3) 1.35(-3) 2.65(-3) 
5.0 2.44( -4) 2.49(-4) 2.49(-4) 2.49(-4) 5.00(-5) 9.65(-5) 

10.0 9.56(-7) 9.58(-7) 9.58(-7) 9.58(-7) 2.55(-7) 4.81 (-7) 

b = 20.0 b = 20.0 b = 20.0 b = 20.0 b = 20.0 b = 20.0 
JJ.t a = 0.5 a = 1.0 a = 2.0 a = 5.0 a = 10.0 a = 20.0 
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0.1 6.33(-2) 1.06(-1) 1.46(-1) 1.73(-1) 1.79(-1) 1.80(-1) 
0.2 5,48( -2) 9.08(-2) 1.22(-1) 1.40(-1) 1.43(-1 ) 1.44(-1) 
0.5 3.65(-2) 5.88(-2) 7.53(-2) 8.13(-2) 8.17(-2) 8.17(-2) 
1.0 1.93(-2) 2.99(-2) 3.59(-2) 3.71 (-2) 3.71(-2) 3.71 (-2) 
2.0 5.81(-3) 8.38(-3) 9.32(-3) 9.38(-3) 9.38(-3) 9.38(-3) 
5.0 1.95(-4) 2.44( -4) 2.49(-4) 2.49(-4) 2.49(-4) 2.49(-4) 

10.0 8.63(-7) 9.56(-7) 9.58(-7) 9.58(-7) 9.58(-7) 9.58(-7) 

tFrom Trubey.z :j:Read: 1.58 X 10-3 , etc. 



Random-Number Generators 

Appendix I 
The use of N10nte Carlo methods in anv calculation depends on a copious 

supply of random numbers. Many early calculations relied heavily on a 
tablet of a million random digits generated electronically. Whether tele
phone directories were ever actually tried is not known: however. their use 
was frequently postulated (too much bias for some digits). The advent of the 
digital computer made a mathematical algorithm highly desirable since such 
a function has the property of generating a reproducible sequence provided 
one starts with the same initial numbers and provided the same compute:
system is involved. The reproducible sequence is valuable in checking 
problem results to ascenain that the nonrandom aspens of a program are 
running properly. The necessity of limiting reproducibility to a given 
computer system stems from the dependence of the generator on the 
number of bits per word and on round-off methods. Both these character
istics vary widely with computer type. Computer manufacturers typically 
supply a random-number-generator routine especially suited to their ma
chines. A characteristic of many of these routines is that they generate th.e 
same sequence for the same initial random number. It is thus advantageous if 
the user is allowed to supply his own initial number so that he can repeat a 

sequence or generate a new sequence at his option. 
Number sequences produced by a mathematical relation are clearly 

deterministic. not random, and are thus properly called pseudorandom. To 
avoid semantic difficulties as well as logical contradictions, we acknowledge 
that the number sequences we seek actually must have special properties that 
further distinguish them from a random set. In the subseguent discussion. 
unless otherwise stated. v,,'e use random to mean adeqlldre for Monte Carlo 
application. A classic paper by Hull and Dobell 1 serves as an excellent 
introduction to the problem of devising random-number generators. 

tRand Corporat:on, ,4 ,\iillio'l R • .mdo m Digit. witlr 100,000 Normal Deviates. Free Press or 
Glencoe, New York,~, Y., 1955. 
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664 APPENDIX I 

1.1 PROPERTIES OF RANDOM-NUMBER GENERATORS (RNG's) 

The RNG with which we are concerned is a computer subroutine that 
generates one random number each time it is called. It thus generates a 
sequence of N terms 

T I, T 2 •... , r rz, ... , r,\l 

and it is the sequence of these N terms that must display the properties of 
randomness. The two basic properties, although conceptually simple, are far 
from trivial. 

1. Equidistribution: The terms in the sequence should be uniformly 
distributed over the unit interval. Their frequency distribution should be 
characterized by a horizontal plot as shown in Fig. 1.1. 
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Fig. 1.1-Frequency distribution. 

Further, large enough sub-sequences 

Tj, Tj+1 ' ... , Tj+k 

imbedded in the full sequence should also be equidistributed. For example, 
if a random-number generator can generate a sequence of a million terms, 
any sub-sequence of 10,000 terms should also display equidistribucion. 

2. Independence: It is not enough that the sequence be equidistributed. 
The sequence 0,0.1,0.2, ... ,0.9,1.0,0, 0.1, 0.2, ... , 0.9, 1.0,0,0.1, ... is 
equidistributed over [0,1] but certainly is not random. Thus each term of 
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the sequence should be independent of any other; i.e., each number in [0. 1] 
should have equal probability of being generated each time the RNG is 
called. Intuitively, patterns in the sequence should not he discernible. 

Verifying that an RNG produces sequences satisfying both of these 
properties is an unsolved problem. Many necessary conditions can be 
defined, but the key theorems, those involving sufficiency, are yet to be 
stated and proved .. 

Testing a generated sequence for equidistribution is simple. but being 
assured that the next sequence to be generated will also be equidistributed is 
a far greater cha-llenge. In fact, some workers recommend that the RNG 
sequence generated in a Monte Carlo calculation be analyzed during the 
calculation so that if bad luck produced a pathologicalt sequence. the results 
could be discarded. This is not a common inclusion in current Mon te Carlo 
codes. however. 

Complete testing for independence is impossible, but techmques have 
been developed which look for the appearance of independence. They 
usually involve attempts to find a relation (called serial correlatiol1) between 
the nth term and the immediately preceding (e.g .. 10) terms for all values of 
n. Testing methods are discussed in the following sections. 

1.2 RECURSION EQUATIONS FOR RNG's 

A recursion relation is a function that relates the nth term of a sequence 
to previous terms. Although some RNG's have used algorithms that used 
more than the immediately preceding term to generate the nth term, the 
common me thods compute Tn as a function only of Tn-I and preselected 
constants. Since a large quantity (on the order of 10,000 co 100,000) of 
random numbers are used in a typical Monte Carlo calculation, speed of 
generation is important. Thus the recursion relations used are designed to 
minimize computing time while retaining sufficient randomness to be of 
practical use. 

Almost all RNG's used in shielding codes are designed for fixed-word
length machines. The theory and'the tests must be modified to account for a 
binary or a decimal machine as well as for the bit (or digit) length of the 
computer word. For illustrative purposes we will assume a 36-bit binary 
machine in this discussion. 

tDefined later in this section. 
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There are only 236 numbers representable in a 36-bit word computer 
(actually 235 if one bit is reserved for a sign). An RNG in such a machine 
can thus only generate at most 236 rational numbers. Rational numbers 
requiring more than 36 bits (integers and fractions) as well as the 
uncountably infinite number of irrational numbers cannot be generated. 
Thus, although not critical (236 fractions would seem to cover the unit 
interval quite well), the theoretical properties of equidistribution and 
independence are irrevocably compromised in the computer approximation. 

Most RNG's in common use generate sequences of positive random 
integers, x I, x2,"" Xi. The desired random fractions (0 ~ ri < 1) are 
obtained by the relation 

rj = xi/M 

where the integers Xi are uniformly distributed over [0, M] . In a binary 
computer, if k bits are allotted to represent the magnitude of the number 
(i.e., not including the sign bit, if any), Ai = 2k and the Xi values can range 
from 0 to 2k - 1. 

Many recursion schemes have been used to generate sequences of 
pseudorandom integers. Recent work has shown that some of the commonly 
used generators are inadequate. 

Generators that have received the most attention are of the congruential 
type. Three are discussed in the following paragraphs, the first for historical 
reasons and the last two because of their widespread use. 

1. Middle-digit square. The first RNG put into common use was that of 
von Neumann2 and Metropolis. 3 In this method an arbitrary first term with 
a length of k digits is chosen and squared to obtain a 2k-digit number. The 
middle k digits of this intermediate result are extracted to obtain the next 
random number. The sequence is generated by repeating this process. 

This generator appeared adequate and was used for many years. 
However, when examined more carefully by newer testing methods, it 
proved to be inadequate and is not in widespread use today. 

2. Mixed congruential. This generator requires two constants as well as 
an initial term of the sequence to be chosen. Its recursion relation is of the 
formt 

(fori=1,2, ... ) 

'!'The expression A == B (mod .\1) is read: A is congruent to B modulo ,\/ and means A is the 
remainder of HI!H. 
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in which A and c are the two constants and .\1 = 2k (e.g .. 236 ), where k is the 

bit length of the computer word being used. 
3. Multiplicative congruential. This is a special case of the mixed 

generator in which c = O. It thus has the advantage of greater speed since an 
addition step is eliminated. Its recursion relation is 

(for i = 1. 2 .... ) 

These latter two generators have been extensively studied to determine if 
one is dearly better than the other. Also, the effect of the constants A and c 

and the starting value x 1 on the properties of randomness have been 

investigated. The complexity of the problem is illustrated by the fact that 
Hull and Dobe1l4 recommended the mixed method as the best choice in 

1964: chis was followed by the Fourier analysis by Coveyou and Mac

Pherson. s which resulted in the opposite recommendations in 1967. 

The constants A and c are usually fixed when the subroutine is written. 

The first term, Xl' is provided as an input variable. Each has an effect on the 

properties of the RNG. For example, if either A or Xl is even. every term in a 
multiplicati,-:e sequence will be even. which will halve the period of the 

generator. The period (or cycle length), P, is t!-le number of terms that will 

be generated before the sequence repeats itself. In a binaty machine with an 

effective word length of k bits (sign bit not included), P ~ 2k. 
[n binary computers A is often chosen to be of the form 

A = 2P + b (p and b are small integers) 

since the multiplication AXi_l can then be accomplished by the fast 

shift-and-add operations in the computer. However, for small choices of p 
(e.g .. p ~ 8) where the speed advantage is greatest, the resulting generator 
was found to be generally inadequate. 

Coveyou and MacPhersons examined 32 generators of the mixed and 

multiplicative type: 7 for 36-bit binary machines: 8 for 48-bit binary 
machines: 7 for 32-bit binarv machines: and 10 for decimal machines. Thev . . 
varied values of A and c and used a Fourier analysis technique to examine the 

distribution properties of one-to-ten term sub-sequences. Their conclusions 
are of interesr: 

1. There is at present no me~hod of generation of pseudo-uniform sequences 

better than the simple multiplicative congruence method \\rith a carefully chosen 
multiplier (A). 
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2. The multiplier A should not be close to a simple rational multiple of M; if 
it is, the basi.: congruence shows that appreciable serial correlation will result. 

3. The multiplier A should riot be close to a simple rational multiple of the 
square root of M; even though this choice may produce very small correlation 
between adjacent pairs (adjacent terms in the sequence), serious difficulties 
result in the triplet distribution. 

4. The multiplier A should not be chosen with a small number of ones in the 
binary representation (e.g., 27) to facilitate shift-and-add techniques. 

5. Above all, the multiplier A must be adequately large (e.g., 51 S ). 

6. The choice of multiplier must be made most carefully for 32-bit word 
multiplication, ... for (36-bit machines) the choice still needs some care. For 
(48-bit) and ... 64-bit multiplication ... , a suitable choice should be easy. 

These conclusions are reinforced by the work of Van Gelder,6 who 
advises that the bit pattern for the chosen ~ should not comain long strings 
of zeros. He further states: " ... there is no hope for multipliers below 1 0 3

, 

and it is best to stay above 104
. For modulus 235 , the best range (for X) 

seems to be about 212 to 213 , with at least one digit to break up the string 
of zeros." 

I t is desirable to maximize the period P of the generator. Barnett 7 gives 
necessary.and sufficient conditions on A and x 1 to maximize the period of a 

multiplicative generator on a binary machine. They are, where Xi == AX i - 1 

(mod AI), 

Xl =±(mod8) 

1 < A = 1 (mod 2) 

i.e., A must be greater than 1 and odd. The maximum period obtainable on a 
computer with a word length of k bits is 2k- 2 numbers where M = 2k. The 

period P = (1/4)M, although the maximum value attainable by Xi, is still 
lvl - 1. For mixed generators the period can be made to egual M. However, 

this advantage is offset by the reduced computing speed of the mixed 
method. 

1.3 TESTING RNG's 

Several classes of tests are applied to RNG's. Although not inclusive. the 
following methods are illustrative of those in use: 
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Several classes of tests are applied to RNG's. Although not inclusive. the 
following methods are illustrative of those in use: 
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1.3.1 Global Tests 

Global tests are the simple tests that can be applied to large 

su b-sequences of the generator. They make use of the following types of 
relations: 

lim 1 ~ T' = ~ 
11-= n - k + 1 L.J I 2 

i.=k 

(k = 1, 2, ... ) 

1 
12 

(k=I,2, ... ) 

(k = 1, 2, ... ) 

These three limits scate that the average of any (11 - k + 1) term t of a 
random sub-sequence in the unit interval should approximate Y2 ; the average 

of the squares, Y3 ; and the variance, Y12 • Observe that these tests all are 

necessary conditions for equidistributions. They tell nothing about inde
pendence. 

However, Coveyou 8 suggests one such global test for pair-wise correla
tion: 

11 

lim 1 " TjTj+l =.!. + _1_ 
11 .... -n-k+lL.J 4 12i\ 

i=k 

1.3.2 Equidistribution 

(i= 1. 2 .... ) 

The simplest test of equidistriburion is to partition the unit interval into 

small subintervals of equal width (e.g., 0.001) and count the number of 

terms of any sub-sequence that fall in each subinterval. The frequency 
function thus obtained should approximate a constant, namely, N,' I, where 

N is the number of terms in the sub-sequence and I is the number of 

subintervals chosen. 
More sophisticated methods of analysis are available. Coveyoll and 

MacPherson s start with the necessary and sufficient condition for equi

distribution 

tNote that the choice of k (k = 1. 2 •... ) derermines rhe selection of any sub·sequence within the 
period of the generator. 
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for all k = 1, 2, .. " and develop a Fourier analysis that generates figures of 
merit for the uniformity of distribution of n-tuples of consecutive terms in 
the generated sequence. Their analysis covered n-tuples from 1 to 10 terms 
in length. 

1.3.3 Independence 

Independence is the hardest property to analyze. No necessary condi
tions have been established. In fact, since each term is deterministically 
comp uted from its predecessor, the terms are clearly dependent. One can 
only hope that no obvious pattern emerges and that relatively short 
sub-sequences are equidistributed. A standard method of analysis involves 
the use of n-tuples: i.e., sub-sequences of n terms. We will illustrate the 
technique by use of an example. 

Consider an RNG that generates decimal digits (e.g., 2, 8,7,3,3, ... ). If 
independence holds, each pair of all possible consecutive terms, e.g., (8,7), 
should be uniformly distributed within the sequence. When a sequence has 
been generated, each such pair (Xi, Xj+ 1) for i = 1, 2, ... , can be tabulated in 
the matrix shown in Fig. 1.2. Each box contains the number of times the pair 
appeared in the sequence. Hopefully, each pair occurs with the same 
frequency as any other pair. 

When this type of test is applied to RNG's generating fractions in the 
unit interval, the partition of the unit interval creating the counting bins can 
be as small as desired. Also, the dimensionality of the matrix can be 
extended to handle any number of consecutive terms (n-tuples). We should 
point out that a special type of equidistribution property is being used, that 
of equidistribution of n-tuples, to examine apparent independence. In fact, 
the Fourier technique of Coveyou discussed is exactly that. When the n-tuple 
is one term, equidistribution over (0, 1) in the sense we have used is tested. 
For n-tuples of two or more terms, apparent independence is the basic 
consideration. Most RNG's are now tested for at least pair and triplet 
correlation. In his earlier paper, CoveyouS suggests that one should test for 
correlations of n-tuples up to 10 to 20 terms in length. 

All the preceding tests admit to standard statistical analysis. A set of 
sequences can be generated by a given RNG and each test can be applied. 
The probability that the results represent random sequences can then be 
estimated by chi-square tests and computation of correlation coefficients. 
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Fig. I.2-Distribution of pairs. 

The reader is referred to Refs. 1 and 4 for elementary discussion of such 
statistical tests. 

1.4 PATHOLOGICAL NUMBERS 

In an infinite sequence ,of random numbers, all the weird sub-sequences 
that one could imagine should be in evidence. Somewhere the sub-sequence 
containing 100 consecutive values of 0.1 should appear, long monotonically 
increasing sub-sequences should be included, etc. The sequence is called 
pathological when it presents a pattern of this character. Thus, in examining 
one sequence generated by an RNG, the fact that a c!t>ar pattern emerges 
does not imply necessarily that the RNG is bad. After all, any conceivable 
sub-sequence has a finite probability. However, in the finite sequences used 

APPENDIX I 671 

9 

8 

7 

....,.~ 6 
~ 
a: 
C( 
a.. 5 
LL 
0 
:E 
a: 4 w 
l-
I-
V) 

a: 
3 LL 

2 

a I 
a 2 3 4 5 6 7 B 9 

SECOND TERM OF PAIR (xi + 1) 

Fig. I.2-Distribution of pairs. 

The reader is referred to Refs. 1 and 4 for elementary discussion of such 
statistical tests. 

1.4 PATHOLOGICAL NUMBERS 

In an infinite sequence ,of random numbers, all the weird sub-sequences 
that one could imagine should be in evidence. Somewhere the sub-sequence 
containing 100 consecutive values of 0.1 should appear, long monotonically 
increasing sub-sequences should be included, etc. The sequence is called 
pathological when it presents a pattern of this character. Thus, in examining 
one sequence generated by an RNG, the fact that a c!t>ar pattern emerges 
does not imply necessarily that the RNG is bad. After all, any conceivable 
sub-sequence has a finite probability. However, in the finite sequences used 



672 APPENDIX I 

in a Monte Carlo calculation. the appearance of a pathological sub-sequence 
could spell disaster. Any RNG that exhibits such behavior in any except the 
rarest of instances should be avoided. In fact, it probably is good that 
pseudorandom-number generators of the preceding type are sufficiently 
nonrandom to preclude many of these situations. (The proper choice of A 
and x 1 can guarantee that every number in the period appears only once 
before the period is exhausted. for example.) 

1.5 USEFUL RNG's 

The major purpose of this discussion has been to introduce the concepts 
and hazards inherent in RNG's. Many examples can be found where lengthy 
and costly Monte Carlo calculations were invalidated because not enough 
attention was paid to the quality of the RNG. The user of an RNG 
subroutine should require sufficient evidence of its quality. 

With this warning and the material presented here, one should be 
prepared to examine some cookbook RNG codes that have recently 
appeared. Marsaglia and Bray 9 propose using one- or two·line FORTRAN 
statements in the bo~y of a program rather than exit to a subroutine. They 
use the multiplicative recursion relation and give FORTRAN statements for 
the IBM-7094 and 360 and the UNIVAC 11 08 computers. They also discuss 
the use of two RNG's together, one to generate an ever-changing table of 
pseudorandom numbers and the other to pick a number from the table at 
(pseudo) random. Some flaws in their coding were corrected by Grosen
baugh" 0 Finally, Seraphin 1 

I suggests that it is not so bad after all to exit to 
a subroutine if it is coded in efficient assembly language. and he proposes a 
multiplicative subroutine for the 32-bit IBM-360. 

One point in using the preceding techniques may not be so obvious. The 
earlier discussion of recursion relations assumed fixed-point (i.e., integer) 
representations. In fact. most Monte Carlo codes are programmed and 
implemented with floating-point numbers. Not only are the bits available for 
integer representation different from the computer word length but also 
multiplication is handled in a variety of ways. Thus care must be taken when 
the t.Y"0-step computation 

Xj == AXj-1 (mod AI) 
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is coded. The results must be properly flouted and normalized for use in the 
Monte Carlo program. 

The last references 9-
1 

I recommending specific RNG's contain from zero 
to three short lines discussing the tests to which they have been submitted. It 
seems that a spirit of c.lVeat emptor exists. Perhaps this is the juSt due of 
Monte Carlo practitioners because the father of this subject, John von 
Neumann, admonished that he who uses arithmetic means to generate 
random numbers is, of course, i11 u st..lte of sin.:2 

REFERENCES 

1. T. E. Hull and A. R. Dobell. SLUl (Soc. Ind. Appi. A1ath.) Rev., 4: 230-254 (July 

1962)-
2. J. von Neumann. Various Techniques [,'sed in Connection Wirh Random Digits. 

National Bureau of Standards. Applied Mathematics Series 12, Superintendent of 
Do~uments. U. S. Government Printing Office. Washington D. c., 1951. 

3. N. Metropolis. Phase Shifts Middle Squares Wave Equation. in Symposium on .\lome 
C"'Tio MeThods. H. A. Meyer (Ed.), John Wiley & Sons, Inc .. New York. 1956. 

4. T. E. Hull and A. R. Dobell, Mixed Congruential Random Number Generators for 
Binary Machines.}. Assn. Compo klach., 11: 31·40 (January 1964). 

5. R. R. Coveyou and R. D. MacPherson, Fourier Analysis of Uniform Random Number 
Generators.]. Assn. Camp. A1ach., 14: 100 (January 1967). 

6. A. Van Gelder. Some New Results in Pseudo-Random Number Generation.}. ,'~ssn. 
Camp. Alach.. H: 785 (October 1967). 

7. V. D. Barnett. The Behavior of Pseudo· Random Sequences Generated on Computers 
by the Multiplicative Congruential Method, AJath. Comput., 16: 63 (1962). 
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9. G. Marsaglia and T. A. Bray. One-line Random Number Generators and Their Use in 
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10. L. R. Grosenbaugh, More on Fortran Random Number Generators, Commlm. ACM 
(,-15SI1. Compul. Mach.), 12: 639 (November 1969). 

11. D. S. Seraphin. A Fast Random Number Generator for IBM 360, Commun. AC'-'l 

(Assn. Comput .. Hack), 12: 695 (December 1969). 
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Demonstration lVlonte Carlo 
Program 

Appendix J 
A slab penetration calculation is described in Sec. 5.9 as a sample Monte 
Carlo problem to demonstrate some of the techniques presented in this 
chapter. This appendix contains the input-data requirements. the logic flow 
chart of the calculation, the FORTRAN listing of the program. the 
description of a test problem for program check-out, and a specimen listing 
of the inpuc"and output for the test problem. 

We emphasize that the random-number-generator subroutine called 
RAND is not a random-number generator but a table of random numbers 
with a stepping procedure to make it possible to run the test problem and to 
obtain the same results given here to ensure that the program is running 
properly. Application of the program to realistic calculations will require a 
bona fide random-number generator. Similarly, the subroutine XSEC is a 
simplified cross-section interpolati0n routine. Unli~e RAND, however, it 
rna y be used for realistic calculations for energy ranges over which the cross 
sections vary in an approximately lioear fashion. 

A number of explanatory comments (C statements) have been included 
in the program listing which can be eliminated in subsequent copies and 
thereby reduce the key-punch labor considerably. 

For each computer system the card reader is referenced by one particular 
digit and the printer, by another. The user of this program should change KX 
to equal his computer's card-reader reference if other than 1 (line 29 in the 
listing), and KY to equal his computer's printer reference if other than 3 
(line 30 in the listing). If the available FORTRAN compiler does not accept 
DATA stateme nts, the user should delete the ninth and tenth lines in 
subroutine RAND and insert 23 assignment statements (each to a card) for 
IR; that is, IR = 22. IR = 16, IR = 20, etc., after the line 100 KNT = 23. 
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INPlIT-DATA REQUIREMENTS 

Variable Format Definition Limit 

NENEG \ Number of print energy groups .::.7 
NANG Number of print angle interval (for each ..;6 

515 
surface) 

NHIST Number of histories to be run 
NDIVT Number of slab increments for .::.20 

storing absorptions 
IB Random-number-generator base Odd 
EO 

1 
Source energy (Me V) 

IT Slab thickness (cm) 
COA 4EI0.3 Small angle below which theta is assumed 

to be zero; usual! y 10-5 

AW Atomic weight (amu) 
ANG(]) 6E10.3 Kth bound of the print angle NANG + 1 

intervals; ascending order in values 
degrees . ,;;; 90 

FTD(I) 6E10.0 Flux density-to-dose conversion NENEG 
factor for the Ith print values 
energy group 

E(I) 6E10.0 Energy bound of the Ith print NENEG + 1 
energy interval; ascending order in values 
MeV 

NCSE no Number of energies at which cross ,;;;40 
sections are input 

EE(I) 6E10.3 Ith value of the energy at which NCSE values 
cross sections are input; ascending 
order in MeV 

TOT(I) 6E10.3 Total macroscopic cross section at NCSE values 
EE(!) (cm- I

) 

SCAli) 6E10.3 Scartering macroscopic cross section NCSE values 
at EE(I)(cm- 1 

) 

APPENDIX J 675 

INPlIT-DATA REQUIREMENTS 

Variable Format Definition Limit 

NENEG \ Number of print energy groups .::.7 
NANG Number of print angle interval (for each ..;6 

515 
surface) 

NHIST Number of histories to be run 
NDIVT Number of slab increments for .::.20 

storing absorptions 
IB Random-number-generator base Odd 
EO 

1 
Source energy (Me V) 

IT Slab thickness (cm) 
COA 4EI0.3 Small angle below which theta is assumed 

to be zero; usual! y 10-5 

AW Atomic weight (amu) 
ANG(]) 6E10.3 Kth bound of the print angle NANG + 1 

intervals; ascending order in values 
degrees . ,;;; 90 

FTD(I) 6E10.0 Flux density-to-dose conversion NENEG 
factor for the Ith print values 
energy group 

E(I) 6E10.0 Energy bound of the Ith print NENEG + 1 
energy interval; ascending order in values 
MeV 

NCSE no Number of energies at which cross ,;;;40 
sections are input 

EE(I) 6E10.3 Ith value of the energy at which NCSE values 
cross sections are input; ascending 
order in MeV 

TOT(I) 6E10.3 Total macroscopic cross section at NCSE values 
EE(!) (cm- I

) 

SCAli) 6E10.3 Scartering macroscopic cross section NCSE values 
at EE(I)(cm- 1 

) 



676 APPENDIX] 

FLOW CHART FOR SAMPLE MONTE CARLO PROGRAMt 

cos 6 ; J;; 
= "1 

tP = '11'(2" - 1) 

p=~ 

STORE 
TRANSMITTED 

NEUTRON 

a'" p cos IP 
/3 = p sin I1J 

E'" Eo 
z=o 
H= H+ 1 

-In" L=--
I,(E) 

z = z +"1L 

STORE 
REFLECTED 

NEUTRON 

STORE 
ABSORBED 
NEUTRON 

tShaded numbers 1 to 5 refer to the outline of the program logic in Sec. 5.9. 

Il = 2" - 1 

,_ [1 + !AI-! + .-4 ~ ] 
E-E (A+l)z 
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E = E' 

cos 8 s = 
1 + t!/.l 

tPs =7T(2n-l) 

a=cos8s 

b = sin as = 

c = cos ¢, 
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FLOW CHART (Continued) 

d=~ 

, bqa - bd(3 
a, = ~ +aa, 

vl--Y 

(3' = ba(3 + bdcr + ai3 
v'1-7 

-y'=-b~ +a-y 

, 
a,=cr 

(3 = (3' 
-y =-y' 

d=~ 

cr' = be 
(3' = bd 
-y' = a-y 

(C!-tar: conrinues on next page.) 
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FLOW CHART (Continued) 

= cos (J j+ I - cos (J j 
'YaY'j 2.0 

(all j. (Jj > 90°) 

F'" .) - N(11Ej, 1:l(J jl 
II.} -

Hmax'Yav.j 

(all i j) 

D(i.j) :: F(i.n- K(E av) 

(all i j) 

N( " 'J :: N(AE j .1:l8 j) 
'.} H 

max 

(all i j) 

(all i Ir) 

STOP 
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FLOW CHART (Continued) 
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FORTRAN LISTING 

C A ~ONTE CARLO OE~ONSTRA1IC~ P~OCEOURF 
C 
, CALCULATES THE TRANSMITTED A~D REFLECTFD CURRENT, FLUENCE, 
C AND DOSE ANO NU~RER OF ABSOPPTIC~S FOR A SEMI-INFINUTE SLAB 
C WITH A COSINE CURRFNT LCCATEn ON A SLAB SURFACE. 
C 

DIMENSION XNIT(1441 
D I ME N S I ON F TO (81 ,F T I 8,61 ,OTC 8,61 ,F R [ B, 61 , r.R I 8 ,61 ,C OA [ 8 1 ,( DB C 8 ) 
COM~ON Nl,NN1,NDT,IOP,EAS,ANGf6J.BNGC61,1IC21',EC81,TI8,61,R(8,6) 

( 

C 
( 

( 
( 

( 
( 

( 

C 
( 

( 

( 
( 

C 

( 

1 ,A[8,201,l,G 
FQUIVAlF~(E IFTC1I,XNITIII',IDTCl',XNITI491I,IORII',XNITI9711 
00 500 I ~ 1,144 

500 XNITIII = O. 
NM : 0 

REAn INPUT PAPAMETERS 

KX = 1 
KY : : 

NFNFG 
NANG 
NHIST 
NOIIIT 
IB 
fa 
TT 
(QA 
AW 
F TO 

NC. PRINT ENERGY GRnUPS 
NC. PR[NT ANGLE INTe:RVIILS 
NC. HISTnRHS 
NO. SLAB ABSORPT[ON [NTERVALS 
RAN~OM NU~PFR BASE 10DDI 
SOURCE ENERGY 
SLAe THICKNESS 
C UT-(1 H ANGL E 
ATCM[C wEIGHT 
FLUX-TO-DQS~ CCNVEQSICN FA(TQRS 

RFAOIKX,2/))NENEG, NANG, NHIS1, NDTlll, IB 
REAO(KX.19' EO~ TT. COAt AW 

( READ THE PRINT ANGLE [NTE~VAL B(UNOS LESS THAN 90 O~G. AND 
C GENERATE THOSF GREATER THAN 9C DEG. 
( 

NNI = NAII/G+ 1 
READ [KX.l9I1ANGIKI, K=I,NNlI 
no 24 1'I=I,NNI 

24 BNGIM)= le0.D-ANGI~' 

READ IKX,IQ) IFTOII).I=I,NENEG) 
( 

( READ THE PR[NT ENERGY ~CUNCS. 

( 

c 

Nl = NENEG+l 
READ IKX.19) IEIJI, J=l,Nl) 

20 FCR"aTll('lI,)1 
19 F(1RMATI6EIIJ.3' 

C CONVERT PR[NT 4Nr,lES FPOM OFGq~FS TC RA~[~NS. 

C 

c 

O'=D: .0174533 
cca = (OA.OEO 
1)0 <''i N=l,NNl 
ANGIN'= ANG!N'.OED 

25 BNGIN) = BNGIN'.OED 

C ZERO DATA STORAGE AR~AYS 

DO 23 l=l,NENEG 
DC 21 J=l.NANG 
TlI,J) = 0.0 

21 I:!![.JI = 0.0 
~o 23 K = 1,1II0[VT 

23 A(J,KI =0.0 
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FORTRAN LISTING (Continued) 

C 
C CAlCUlATF THE SLA8 INCRENENl 8CUNDS. 
C 

NOT. NOIVT+l 
TTl • TT/NOIVT 
HIlt'" 0.0 
00 22 L"2,NDl 

22 TIILI K T1IL-I' + TTl 
C 
C 8EGIN HISTORY GENERATION 
C 
C 
C SELECT A SOURCE POLAR DIRECTION FRON A COSINE DISTRIBUTION 8ETWEEN 
C ZERO AND ONE AND SELECT A SOURCE AlI~UTHAL DJREC110N ANGLE BETWEEN 
C MINUS-PI AND PLUS-PI. THEN CALCULATE OlRECTION COSINES. 
C 

C 
C 

C 

CALL RAND(IS.RI' 
C1HE • SQRT IRII 
G= CTHE 
CALL RANO(IS,RI) 
PHI s 3.141593.12.0.RI-l.01 
STHFA z SQRT/l.O-G.GI 
RHO. STHEA 
ALFA .. RHO.COSIPM!' 
P = RHQ.SINCPHII 

EAS " EO 
z .. 0.0 
S " 0.0 
NH '= NH+l 

C IF ALL HISTQRIES ARE COMPLETE, 8RANCH TO THE PRINT AREA. 
C 

1~INH1ST-NHI 5, 2, ~ 

C 
C GENERATE THE NEUTRON PATH DIS1ANCE AND CALCULATE THE NEW l 
C COORDINATE. THEN DETER~INE IF THE NEUTRON HAS BEEN 
C TRANSMITTED, REFLECTFD, ABSORBEO. OR SCATTERED. 
C 

c 
C 

~ CAll RAND(IS,RII 
CAll XSfCITCS.SCS,EASI 
Pl = -AlCGIRIIITCS 

l "' Z+G.Pl 
IFITT-ZI 7. i, 8 

c •••• TRANSMITTED - STORE NEUTRON, THE~ ~TART NEW HISTORY 
7 rop = 1 

CALL STU 
GO TO 1 

8 IF III 9,9,3 
C·.·. REFLECTED - STORE NEUTRON, THEN START NFw HISTORY 

9 lOP = 2 
CALL STU 
GO TO 1 

3 CALL RANDCIB.RI) 
IFIRI-SCSITCSI 10. 10, 11 

C •••• ABSORBED - STORE NEUTRON, THEN START NE~ HISTORY 
11 I CP " 3 

CAll STRA 
GC'J TQ 1 

C •••• SCATTERED - CONTINU~ CURRFNT HISTORY 
C 

680 APPENDIX] 

FORTRAN LISTING (Continued) 
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7 rop = 1 

CALL STU 
GO TO 1 

8 IF III 9,9,3 
C·.·. REFLECTED - STORE NEUTRON, THEN START NFw HISTORY 

9 lOP = 2 
CALL STU 
GO TO 1 

3 CALL RANDCIB.RI) 
IFIRI-SCSITCSI 10. 10, 11 

C •••• ABSORBED - STORE NEUTRON, THEN START NE~ HISTORY 
11 I CP " 3 

CAll STRA 
GC'J TQ 1 

C •••• SCATTERED - CONTINU~ CURRFNT HISTORY 
C 



APPENDIX J 

FORTRAN LISTING (Continued) 

C GENERATE THE SCATTER~D ANGLE (ISCTR(PIC IN C~ COCRDlfl:ATESI, 
C CALCULATE THE ENERGY AFTFR SCATTFR, AND T~E NEW OI~ECTION 
C COSINES. 
C 

C 

10 S : S+I.0 
CALL RANOlle,RII 
CSA = 2.0 e RI-l.O 
El = EAS e 10.5e(I'O+'IA~-1.0Ie.2/IAW+l.0Iee2) 

I +ll.0-('A~-1.0).*2/IA~+1.O'.*2"*CSA)' 
EAS =El 
CTHES = (1.O+AweCSAI/SQRT(1.O+AW.AW+2.n*AweCSA, 
AA = CTHES 
SB : SQRTII.O-AA.AA, 
CALL RANDIIS,RI) 
PHIS = 3.141SQ3 .12.0eQI-l.~' 
C = C[,SIPHIS) 
IFIPHISI 12, 12, 11 

12 0 = -seRTll.O-CeCD 
GO TC 14 

13 0 = SQRTII.o-Cec) 
14 IFIII.O-A8SIGI'-COAI15, 15, 16 
15 ALFAP = 88.( 

ElP : !3B*O 
GP = AA*G 
GO TO 17 

16 ALFAP = 18S.C*GOALFA - eA*O*8I1SCRTIl.0-GOG) + U*OLFO 
ElP = IBB*C-G*e + MoC'oALFAIISQRTll.O-G*r., + AA.~ 
GP = -e~oceS'RT(l.O-GoGI + AAOG 

17 ALCOA = ALFAP 
EI = ~P 
G : GP 

C GENERATE A NEw PAT~ LFNGT~. 

C 
GO TO 2 

C C···· 
C 

PRPH AREA 

C 
C 
C 
C 

C 

CALCULATf THE FLUX AND COSE FRO~ THE REFLECTEC ANO 
TRANS~ITTED CURRENT. NORMALIZE ALL RESULTS TO ONE 
INCIDENT NEUTRON. 

5 DC 32 J=I,NANG 
CDAIJ) = ICOSllNGIJII + COSIANGIJ+1111 / 2.0 

32 COB (J) =(COSIBNGIJ+lll -COS(BNGIJIII /2.0 
DO 3D 1=I,NENFG 
DO 30 J=I,NANG 
FTII,JI = TlI,JI I (NHJST*CDA(JIt 
DTIJ,JI = FTIJ,JI e FTOII' 
T I I , J I' = T I I ,J' I NH 1ST 
FRII,JI = RII.JI I INHIST e CDS(JII 
DRII,JI = FRII.JI e FTOII) 

30 RII.JI = ~(I,JI I NHIST 
DO 31 1=1 .NENEG 
DO 31 K = l,NOIVT 

31 AII,KI = AII,KI I NHIST 

C PRINT THE RESULTS. 
C 

WRITE (KY.40) 
40 FORMATIIHl,'PARTICLES TRANSMITTED THROUGH THE SHIELD') 

WR I TE I K Y ,41 I 
41 FOR~ATI IHO, 'FLUXIENERGY,ANGLEI'" I 

WRITE IKYtlOf1, 
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C CALCULATE THE ENERGY AFTFR SCATTFR, AND T~E NEW OI~ECTION 
C COSINES. 
C 

C 

10 S : S+I.0 
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C 

FORTRAN LISTING (Continued) 

WAITE (K',1101 IANGI~I, M-Z,NNll 
DO 42 I :ol,NENEG 

42 WRITE13,601 EII+lIt1FTCI,JI, J-l,NANGI 
WA IT E (K Y , 10 ~ 1 

4l FORMATIIHO.'OOSEIENERG',ANGLE",/I 
WAITE (1<'.1001 
WRITE (KY.II01 (ANGIM,. M:2,NNll 
DO 44 l"'l.NENEG 

410 WRITE (),60, EII+II, (OTII,JI, J=l,NANGI 
WAITE (KY,451 

45 FOAMATIIHO,'CURRENTIENERGY,ANGLE)',/I 
WAllE IKY,1001 
wRITE II<Y,l1l) I UNGI"'" M"Z,·mll 
no lob I=I,NENEG 

46 WRITE (K',601 E(I+lI. (lIl,JI, Joel,NANGI 
WRITf'IKY,481 

4'! FOil'" AT( 11-'1, 'PARTICLES REFLFCTED BY THF SHIELD'I 
WRITE (KY,411 
WRITF IKYtll)OI 
WRITE (KY,1101 fBNGIMI, M=2,NN11 
on 4q I "'I ,NF~FG 

4q wRI1E IKY,bOI FII+I), IFR(I,JI,J=l,NANG) 
IoIlITF II(Y,4'11 
IooR IT Ell( Y, 1 00 I 
WRITE IkY,1101 (BNGIMI, M=Z,NNlt 
DC 50 l=l,NENEG 

50 WRITE (KY,601 E(I+l). (ORII,JI. J-l.NANGI 
wR I T E (K Y .... 5 I 
WQ.ITF (KY.I001 
WAITF (KY,1101 (BNGIMI, M:02.NNll 
DO 51 1=I,NENEG 

51 WRITE (KY,601 EII+I'. (RII.JI, J=I,NANGI 
WRITE IKY,5)) 

5) FORMAT(lHl,'PARTICLES ABSORBED B' THE SHIELO'I 
WRITF IKY.551 

55 FORMATIIHO,'ND. OF PARTICLES(ENERGY,THICKNESSI',/1 
WR I T E (K Y • 120 I 
WRITE (I<Y.ll01 (TlILI, La 2,NDTI 
DO 54 I: l,NENEG 

54 WAITE (KY,601 EII+1I. (AII.KI. K=I.NOIVTI 
60 FORMA1(6EI2.51 

100 fORMAT()4X,'ANGLEIRADIANS)'1 
110 FQIHUl(6X, 'ENERGY', 5EIZ.5) 
lZ0 FORMAT()4X. 'THICKNESS(C~I' I 

CALL EXIT 
fND 
SUBR~~TINE RANDIII,xl 

C THE RANDOM NUMBERS ARE SELECTED FROM lHE lABlE, IR, AND DIVIDED RY 
C 24 IN ORDER TO GENERATE Z3 RAN~OM NU~~E~S BFTWEEN 0.04 AND 0.9T 
C RAND STEPS THROUGH THE TABLE Z1 TI~fS ~ITH EACH OF THF 22 STEP 
C LF.NGTHS, 50 EACH OF THE NUM~ER5 APPEAR Z2 lIMES IN lHf SfOUFNC~ 
C BfFORE IT ~EPFATS. THUS PROvlntNG A TeTAl SEQUfNCF LENGTH OF 
C 22*23 OR 50b. 

otMENSICN tRI2)' 
DATA IR/22,lb,20,2,14,b,lq,lB.ll,8,10,1.7.3.21,q,lT,~,5,lZ,15, 

• 13.Z31 
IF I KK+ll 100.101,100 

100 KNT .. 2) 
K .. 12 
IPT .. 1 
KI< .. -1 

101 I~ IK~T - 231 1.102,10Z 
C •• • CHANCF STEP SIZF THROUGH THE TABLE ••• 

682 APPENDIX] 

C 

FORTRAN LISTING (Continued) 

WAITE (K',1101 IANGI~I, M-Z,NNll 
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4q wRI1E IKY,bOI FII+I), IFR(I,JI,J=l,NANG) 
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IooR IT Ell( Y, 1 00 I 
WRITE IkY,1101 (BNGIMI, M=Z,NNlt 
DC 50 l=l,NENEG 

50 WRITE (KY,601 E(I+l). (ORII,JI. J-l.NANGI 
wR I T E (K Y .... 5 I 
WQ.ITF (KY.I001 
WAITF (KY,1101 (BNGIMI, M:02.NNll 
DO 51 1=I,NENEG 

51 WRITE (KY,601 EII+I'. (RII.JI, J=I,NANGI 
WRITE IKY,5)) 

5) FORMAT(lHl,'PARTICLES ABSORBED B' THE SHIELO'I 
WRITF IKY.551 

55 FORMATIIHO,'ND. OF PARTICLES(ENERGY,THICKNESSI',/1 
WR I T E (K Y • 120 I 
WRITE (I<Y.ll01 (TlILI, La 2,NDTI 
DO 54 I: l,NENEG 

54 WAITE (KY,601 EII+1I. (AII.KI. K=I.NOIVTI 
60 FORMA1(6EI2.51 

100 fORMAT()4X,'ANGLEIRADIANS)'1 
110 FQIHUl(6X, 'ENERGY', 5EIZ.5) 
lZ0 FORMAT()4X. 'THICKNESS(C~I' I 

CALL EXIT 
fND 
SUBR~~TINE RANDIII,xl 

C THE RANDOM NUMBERS ARE SELECTED FROM lHE lABlE, IR, AND DIVIDED RY 
C 24 IN ORDER TO GENERATE Z3 RAN~OM NU~~E~S BFTWEEN 0.04 AND 0.9T 
C RAND STEPS THROUGH THE TABLE Z1 TI~fS ~ITH EACH OF THF 22 STEP 
C LF.NGTHS, 50 EACH OF THE NUM~ER5 APPEAR Z2 lIMES IN lHf SfOUFNC~ 
C BfFORE IT ~EPFATS. THUS PROvlntNG A TeTAl SEQUfNCF LENGTH OF 
C 22*23 OR 50b. 

otMENSICN tRI2)' 
DATA IR/22,lb,20,2,14,b,lq,lB.ll,8,10,1.7.3.21,q,lT,~,5,lZ,15, 

• 13.Z31 
IF I KK+ll 100.101,100 

100 KNT .. 2) 
K .. 12 
IPT .. 1 
KI< .. -1 

101 I~ IK~T - 231 1.102,10Z 
C •• • CHANCF STEP SIZF THROUGH THE TABLE ••• 
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K = K + 1 
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FORTRAN LISTING (Continued) 

IF IK - 221 104.104.103 
1C3 IC: ,. 1 
104 KNl = 0 

\ KNT = I(NT + 1 
C·.· INITIALIZE GENERATeR AT II ••• 

IF II r - 731 106,106,105 
1 C5 I I = C 
106 IF IITI 105,10e.l07 
107 I~T = II 
10e II = 0 

C.·· SELECT THE RANDO~ NU~BFR ••• 
X = I II 1 I ~T I 
X = X • 0.0416667 

C ••• STEP DO~N TO NFXT RANDO~ NU~BER ••• 

C 

I~T = IPT + IK 
IF C I P T - 231 110. I 1 () , 1 nQ 

10Cl IPT = I~l - ?3 
110 RETUR~ 

END 
SUBROUTINE 5TRA 

C T~IS SU~ROUTINE STORES A NEUTRON WHENEVER IT IS TRANSMITTED, 
C REFLECTED. OR ABSORBED. 
C 

C 

(O~"'ON "II. NN1, NOT, lOP, EAS, ANGU,I. BNGC6',T1C211, £(81, 
1 1(8,61, RIB,6I, AI8,20l, l, G 

C CALCULATE THE ENERGY GROUP SUBSCRIPT. 
C 
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6 CONTI NUE 
1 I = 1-1 

GO TC 14, 5, 10', lOP 
C •••• TRANs,..rTTED - CALCULATE A~GLE SUBSCRIPT AND STORE. 

4 DO 2 J=2,NNl 
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2 CONTI~UE 
3 J = J-l 
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GO TO 100 
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13 J = J-I 
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GO TO 100 

c •••• ABSORBED - CALCULATE SLAB INCRE~ENT SUBSCRIPT AND STORE. 

C 
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IF IZ-TIIKII 14, 14, 15 

15 CCNTINUE 
14 I( = K-l 

AII,KI = AII,KI + 1.0 
100 II ETURN 

END 
SUBROUTINE XSECITCS,SCS,EASI 

C THIS SUBROUTINE READS TOTAL AND SCATT~~eD CROSS SECTICN 
C DATA THE FIRSl TIME IT IS CALLED. EACH TI,..e CALLEO, IT 
C D~TER"'INES Tes AND SCS AT ENERGY EAS BY LINEAR INTERPnLATION 
C OVER THE UNPUT DATA. 
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FORTRAN LISTING (Continued) 
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C 

C 

FORTRAN LISTING (Continued) 

DIME~SlON EEI401. TOTI401. SCAI401 
FQUIVALfNCEIKT~ST.KXI 

C READ INPUT DATA 
C 

C 

IF II(TEST - 11 10. 40, 10 
10 KTESl • 1 

R~ADIKX.201 NCSE 
REAOIKX.:30)(EEITI. 1= 1.NCSEI 
REAOIKX.:301 IleTIII, I ~ \,NCSFI 
REAOIKX.301 ISCACII. I. l,N(SFI 

20 FCR"'AT(II01 
30 FOR"'ATI6EIO.31 

C LOOK-UP CROSS SECTIONS 
C 

40IF(EAS-EEnll 50.60.70 
50 I .. Z 

GO TO 100 
60 t • 1 

GO TO 200 
70 00 eo I c 2.NCSf 

IFlElS-EEITII laC. 200. 80 
eo CONTtNU~ 

I = NCSE 
\00 FACT. (F.AS-fElI-lllI IHIII - EF.II-1I1 

TCS s TOTII-l'. CTOTIlI-TOTII-11I • FACT 
SCS" SCAli-II. ISClII) - SCAlI-III. FACT 
GO TO 300 

200 TCS = TOTIII 
SCS= SCAIII 

300 RETURN 
FND 

TEST PROBLEM 

A test case has been run with the computer procedure for 3-Me V neutrons 

incident on a 2-cm-thick semi-infinite slab of silicon. The reflected and 
transmitted neutrons are sorted into SLX energy intervals and five angle 
intervals, and the absorbed neutrons are sorted into the same six energy 

intervals and into ten slab increments. The cross sections; that were inpu tare 
not realistic, but they make the neutron mean-free.path distance approxi
mately 3 to 4 cm. One-hundred histories were run; therefore one should not 

expect the answers to be nonzero except for a few storage bins. Both the 
input and output data are shown following the program listing. Summing the 
output neutron current will show that 19 neutrons were reflected, 42 were 
transmi tted, and the 39 remainder were absorbed. 
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expect the answers to be nonzero except for a few storage bins. Both the 
input and output data are shown following the program listing. Summing the 
output neutron current will show that 19 neutrons were reflected, 42 were 
transmi tted, and the 39 remainder were absorbed. 
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TEST PROBLEM 

Input Data 

'6 5 100 5 8231 
3.00+00 2.00+00 1.00-05 2.80+01 
0.00+00 1.50 +01 3.00+01 1t.50+01 6.00+01 
2.00-09 3.l0-09 3.90-09 ".10-09 1t.20-09 
0.00+00 5.00-01 1.00+00 1.50+00 2.00+00 
3.00+00 

12 
0.00 0.25 0.50 0.75 1.00 
1.50 1.75 2.00 2.25 2.50 
0.98 0.80 0.70 0.62 0.55 
0.45 0.42 0.41 0.41 0.40 
0.10 O.ZO 0.23 0.25 0.28 
0.29 0.28 0.28 0.28 0.21 

Ou~1lUt Data 

PARTICLES TRANSMITTED THROUGH THE SHIELD 

FLUXIENERGY.ANGlEI 

ENERGY 0.26180E 00 
0.50000E 00 0.0 
0.10000E 01 0.0 
0.15000E 01 0.0 
0.20000E 01 0.0 
0.25000E 01 0.0 
O.30000E 01 0.30520E-Ol 

OOSEIENERGY.ANGlEI 

ENERGY 
0.50000E 00 
0.10000E 01 
0.15000E 01 
0.20000E 01 
0.25000E 01 
0.30000E 01 

0.26180E 00 
0.0 
0.0 
0.0 
0.0 
0.0 
0.13490E-09 

CURRENTIENERGY.ANGlEI 

ENE RGY 0.26180E 00 
0.50000E 00 0.0 
0.10000E 01 0.0 
0.15000E 01 0.0 
0.20000E 01 0.0 
0.25000E 01 0.0 
0.30000E 01 0.30000E-Ol 

0.52360E 
0.0 
0.0 
0.0 
0.0 
0.0 
0.13101E 

0.52360E 
0.0 
0.0 
0.0 
0.0 

ANGL E (RAO I AlII S I 
00 0.78540E 00 

0.0 
0.0 
0.0 
0.0 
0.12713E-IH 

00 0.17799E O() 

ANGlEIRADIANSI 
00 0.78540E 00 

0.0 
0.0 
0.0 

0.0 
0.51905E-09 

0.0 
0.53391£-10 
0.18671E-09 

ANGLE (RAD tANS I 
0.52360E 00 0.78540E' 00 
0.0 0.0 
0.0 0.0 
0.0 0.0 
0.0 0.0 
0.0 0.10000E'-01 
0.1200oe 00 0.14000E 00 

9.00+01 
1t."2-09 
2.50+00 

I.Z5 
3.00 
0.49 
0.37 
0.31 
0.26 

0.10412E 01 
0.0 
0.0 
0.0 
0.0 
0.0 
0.U.569E 00 

0.10412E 01 
0.0 
0.0 
0.0 
0.0 
0.0 
0.13233E-09 

0.10412E' 01 
0.0 
0.0 
0.0 
0.0 
0.0 
0.10000E 00 
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0.15708E 01 
0.0 
0.0 
0.0 
0.0 
0.40000E-Ol 
0.40000E-Ol 

0.15708E 01 
0.0 
0.0 
0.0 
0.0 
0.16800E-09 
0.17680E-09 

0.15708E 01 
0.0 
0.0 
0.0 
0.0 
0.lo000E-01 
0.10000E-0 1 

(Test problem continues on next p:lge.; 
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(Test problem continues on next p:lge.; 
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TEST PROBLEM (Continued) 

Output Data (couttDued) 
PARTICLES ~EFlECTEO 8~ THE SHIELD 

FLUXCENERGY.ANGLEI 

ANGLeCUOUNS. 
ENERGY 0.28798E 01 0.26180E 01 0.23562E 01 

0.50000E 00 0.0 0.0 0.0 
0.10000E 01 0.0 0.0 0.0 
0.15000E 01 0.0 0.0 0.0 
0.20000E 01 0.0 0.0 0.0 
0.25000E 01 0.0 0.40040£ 00 0.12585E 00 
0.30000E 01 0.0 0.40040E 00 0.62'25E 00 

OOSECENERGY,ANGlEI 

ANGLE I RAD fANS) 
ENEIIGY 0.28798E 01 0.26180E 01 0.23562f 01 

0.50000E 00 0.0 0.0 0.0 
0.10000E 01 0.0 0.0 0.0 
0.15000E 01 0.0 0.0 0.0 
0.200 ODE 01 0.0 0.0 0.0 
0.25000E 01 0.0 0.16817E-08 0.5285 7E- 09 
0.30000E 01 0.0 0.17698E-08 0.27813E-08 

CURRENTIENERGY.ANGlE' 

ANGLE C RAO lANS' 
ENERGY 0.28798E 01 0.26180e 01 0.23562E 01 

0.50000E 00 0.0 0.0 0.0 
0.10000E 01 0.0 0.0 0.0 
0.15000E 01 0.0 0.0 0.0 
O.ZOOOOE 01 0.0 0.0 0.0 
0.25000E 01 0.0 0.20000E-Ol 0.10000E-Ol 
0.30000E 01 0.0 O. 20000E-0 1 O.50000E-Ol 

PARTICLES A8S0R8EO 8Y THE SHIELD 

NO. OF PARTIClESIENERGY,THICKNESSI 

THICKNESSCCM' 
ENERGY 0.100000E 00 0.80000E 00 0.12000E 01 

0.50000E 00 0.0 0.0 0.0 
0.10000E 01 0.0 0.0 0.0 
0.15000E 01 0.0 0.0 0.0 
0.20000E 01 0.0 0.0 0.0 
0.25000E 01 0.10000E-Ol 0.0 0.0 
0.30000E 01 0.11000E 00 0.60000E-Ol 0.11000E 00 

0.20'~E 
0.0 
0.0 
0.0 
0.0 
0.0 
0.675'8E 

0.209 .... E 
0.0 
0.0 
~.O 

0.0 
0.0 

01 0.15708! 01 
0.0 
0.0 
0.0 
0.0 
o .40000E-0 1 

00 0.4000DE-Ol 

01 0.15708E 01 
0.0 
0.0 
0.0 
0.0 
0.1610QE-0. 

0.2987ae-08 0.17UOe-O. 

0.20'''4E 01 .D.15708E 01 
0.0 0.0 
0.0 a.o 
0.0 0.0 
0.0 0.0 
0.0 0.10DOOE-Ol 
0.70000E-Ol 0.10000E-Ol 

0.160ooE 01 0.20000E 01 
0.0 0.0 
0.0 0.0 
0.0 0.0 
0.0 0.0 
0.0 0.0 
0.60000E-01 0.40000£-01 
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TEST PROBLEM (Continued) 
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Penetration in Be., C., CH., 
CH2 ., H., and H20t 

Appendix K 
Source strengths are 1 neutron/sec for the point isotropic fission cases and 1 

neutron cm-1 sec- I for carbon, a plane isotropic fission source. 

T.bl. K.I-DIFFERENTIAL NUMBER SPECTRA AND DOSE FOR BERYLLIUM. A POINT ISOTROPIC 
FISSION SOURCE 

r. ~cml 

E. M.V 0 10 20 30 60 90 110 

Numb~r Sp~ctra. 4!Tr1 .'\Io(r.E). neutrons sec- I MeV- 1 

0.330 3.15 (-1)1 2.7J (-I) 1.03 (-11 3.57 (-2) 1.82 {-3) 1.52 :-4) U5 . -5) 
0.383 3.27 :-1) 2.91 (-I) 1.11(-11 3.95 (-2) 2.21 1.-3) 1.89 '-4\ 1.69 . -5) 
0.445 3.38 '-1) 3.30 I-I) 1.28 (-I) 4.69(-2) 2.89\-3) 2.52 -4) 2.27,-5) 
0.492 3.44 '-I) 2.76 \-1) 1.02 (-I) 3.88 (-2) 2.651-3) 2.38 :-4) 2.15 -5\ 
0.572 3.51 ,-I) 2.77 (-I) 1.06 (-1) 4.21 [-2) 3.23i-3) 2.97 :-41 2.69·-5; 

0.601 3.53 :-1) 1.99 (-I; 7.46 (-2) 3.13 (-2) 2.59 i -3) 2,42 (-4) 2.19 . -5) 
0.734 3.56 :-1) 3.12 (-I) l.J3 (-I). 5.78 (-2) 5.121-3) 4.84. -4) 4.38 -5; 
1.10 3.37 (-I) 2.62 (-I) 1.29 (-1) 6.62 (-2) 7.44 '-3) 7.30 (-4; 665 '-5) 
1.34 3.14 (-I) 2.58 (-I) 1.40 (-I) 7.76 (-21 9.69 (-3) 9.69-4) 8.84'-5) 
1.63 2.80 I-I) 2.25 (-1) 1.28 (-1) 7.41 (-2) ],00 ,-2) 1.03 :-3; 9.44 ! -Sj 

2.00 2.38 (-1) 1.92 (-I) ],07 (-I) 6.09 (-2) 7,82,-3) 7.68·-4' 6.81 .-5) 
2.44 1.90 (-I) 1.42 (-1) 6.72(-2) 3.18 (-2) 2.51 :-3) 1.83' -4) \.54 -51 
2.69 1.65 (-I) 8.64 (-2) 2.70(-2) 1.10 (-2: 9.19 (-4) 8.13 ,-5) 8.31 . -6'1 
2.98 1.40 \-1) 7.45 (-2) 2.74 (-2) 1.28 :-2; 1.29 :-3: 1.21 '_4) 1.23 -5) 
3.64 9.36(-2) 6.10 1-2) 2.84 (-2) 1.50(-2: 1.78(-3) 1.81 ,-4) 1.88 . -5) 

4.44 5.58(-2) 4.42 (-2) 2.23 (-2) 1.22:-2: 1.62 (-3) 1.83 (-4) 2.05 . -5) 
5.43 2.85 (- 2) 2.28 (-2) 1.18 (-2) 6.64 (-3; 9.65(-4) I . Iii '-4) 1.401.-5: 
6.63 ],22 (-2) 8.20(-3) 4.02 (-3) 2.29 (-3) 3.51 (-4) 4.50'-5) 5.60,. -6; 
8.10 4.12 (-3) 3.12 (-3) 1.56(-3) 8.93 (-4) 1.50(-4) 2.16'-5) 2.97:-6: 
9.89 1.05 !-3) 8.53 (-4) 4.55 (-4) 2.72 \-4) 514 (-5) 8.07 -6) 1.18-6) 

12.1 1.87 :-4) 1.42 (-4) 7.12 (-5) 4.13(-5) 7.65 (-6) 1.22 -6) 1.84 :-7) 
14.75 2.17 (-5) ],51 ( -5) 9.431-6) 5.93 (-6) 1.19 (-6) 2.15.-7) )61 '-8; 
\8.0 1.47 (-6) 9.16 I. -7) 4. 17 i-7) 2.32 (-7; 3.75 (-8) 5.63 '-9) 8.34·-10) 

Dose, oU.1 D(r). Din mr.dsihr 

1.01 (-2) 7.85 !-3) 3.69 (-3) \.91 (-3; 2.33 ~-4) 2.38 '-5) 2.38 -6) 

tR .. d:3.ISX 10-'. t[c. 

tAll data in [his appendix have been taken from H. Golds[ein, Fundamental Aspects of Reactor 

Shieldi'!g, Addison-Wesley Publishing Company, Inc., Reading, Mass., 1959. 
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~loments-l\lethod Results 
for Fission-Neutron 

Penetration in Be., C., CH., 
CH2 ., H., and H20t 

Appendix K 
Source strengths are 1 neutron/sec for the point isotropic fission cases and 1 

neutron cm-1 sec- I for carbon, a plane isotropic fission source. 

T.bl. K.I-DIFFERENTIAL NUMBER SPECTRA AND DOSE FOR BERYLLIUM. A POINT ISOTROPIC 
FISSION SOURCE 

r. ~cml 

E. M.V 0 10 20 30 60 90 110 

Numb~r Sp~ctra. 4!Tr1 .'\Io(r.E). neutrons sec- I MeV- 1 

0.330 3.15 (-1)1 2.7J (-I) 1.03 (-11 3.57 (-2) 1.82 {-3) 1.52 :-4) U5 . -5) 
0.383 3.27 :-1) 2.91 (-I) 1.11(-11 3.95 (-2) 2.21 1.-3) 1.89 '-4\ 1.69 . -5) 
0.445 3.38 '-1) 3.30 I-I) 1.28 (-I) 4.69(-2) 2.89\-3) 2.52 -4) 2.27,-5) 
0.492 3.44 '-I) 2.76 \-1) 1.02 (-I) 3.88 (-2) 2.651-3) 2.38 :-4) 2.15 -5\ 
0.572 3.51 ,-I) 2.77 (-I) 1.06 (-1) 4.21 [-2) 3.23i-3) 2.97 :-41 2.69·-5; 

0.601 3.53 :-1) 1.99 (-I; 7.46 (-2) 3.13 (-2) 2.59 i -3) 2,42 (-4) 2.19 . -5) 
0.734 3.56 :-1) 3.12 (-I) l.J3 (-I). 5.78 (-2) 5.121-3) 4.84. -4) 4.38 -5; 
1.10 3.37 (-I) 2.62 (-I) 1.29 (-1) 6.62 (-2) 7.44 '-3) 7.30 (-4; 665 '-5) 
1.34 3.14 (-I) 2.58 (-I) 1.40 (-I) 7.76 (-21 9.69 (-3) 9.69-4) 8.84'-5) 
1.63 2.80 I-I) 2.25 (-1) 1.28 (-1) 7.41 (-2) ],00 ,-2) 1.03 :-3; 9.44 ! -Sj 

2.00 2.38 (-1) 1.92 (-I) ],07 (-I) 6.09 (-2) 7,82,-3) 7.68·-4' 6.81 .-5) 
2.44 1.90 (-I) 1.42 (-1) 6.72(-2) 3.18 (-2) 2.51 :-3) 1.83' -4) \.54 -51 
2.69 1.65 (-I) 8.64 (-2) 2.70(-2) 1.10 (-2: 9.19 (-4) 8.13 ,-5) 8.31 . -6'1 
2.98 1.40 \-1) 7.45 (-2) 2.74 (-2) 1.28 :-2; 1.29 :-3: 1.21 '_4) 1.23 -5) 
3.64 9.36(-2) 6.10 1-2) 2.84 (-2) 1.50(-2: 1.78(-3) 1.81 ,-4) 1.88 . -5) 

4.44 5.58(-2) 4.42 (-2) 2.23 (-2) 1.22:-2: 1.62 (-3) 1.83 (-4) 2.05 . -5) 
5.43 2.85 (- 2) 2.28 (-2) 1.18 (-2) 6.64 (-3; 9.65(-4) I . Iii '-4) 1.401.-5: 
6.63 ],22 (-2) 8.20(-3) 4.02 (-3) 2.29 (-3) 3.51 (-4) 4.50'-5) 5.60,. -6; 
8.10 4.12 (-3) 3.12 (-3) 1.56(-3) 8.93 (-4) 1.50(-4) 2.16'-5) 2.97:-6: 
9.89 1.05 !-3) 8.53 (-4) 4.55 (-4) 2.72 \-4) 514 (-5) 8.07 -6) 1.18-6) 

12.1 1.87 :-4) 1.42 (-4) 7.12 (-5) 4.13(-5) 7.65 (-6) 1.22 -6) 1.84 :-7) 
14.75 2.17 (-5) ],51 ( -5) 9.431-6) 5.93 (-6) 1.19 (-6) 2.15.-7) )61 '-8; 
\8.0 1.47 (-6) 9.16 I. -7) 4. 17 i-7) 2.32 (-7; 3.75 (-8) 5.63 '-9) 8.34·-10) 

Dose, oU.1 D(r). Din mr.dsihr 

1.01 (-2) 7.85 !-3) 3.69 (-3) \.91 (-3; 2.33 ~-4) 2.38 '-5) 2.38 -6) 

tR .. d:3.ISX 10-'. t[c. 

tAll data in [his appendix have been taken from H. Golds[ein, Fundamental Aspects of Reactor 

Shieldi'!g, Addison-Wesley Publishing Company, Inc., Reading, Mass., 1959. 
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Table K.2-OIFFERENTIAL NUMBER FLUX FOR CARBON, A PLANE ISOTROPIC FISSION SOURCE 
No(x,E), neutron cm-2 sec- 1MeV- 1 

x, g/cm 2 

E,McV 10 20 30 60 90 120 

18.02 0.6453 X.1 0-6 0.3134 X 10-6 0.1585 X 10-6 0.2995 X 10-7 0.1020 X 10-7 0.4 588 X 10-8 

12.08 0.8331 X lO-4 0.4080 X lO-4 0.2076 X 10-4 0.3942 X 10-5 0.1331 X 10-5 0.6025 X 10-1> 
8.10 0.1512 X lO-2 0.6391 X 10-3 0.2856 X lO-3 0.4442 X to-4 0.1445x 10-4 0.5984 X 10-5 

5.43 0.1580 X 10- 1 0.8383 X 10-2 0.4576 X 10-2 0.9661 X 10-3 0.3227 X 10-3 0.1444 X 10-3 

~ 3.64 0.4676 X to-I 0.2194 X 10- 1 0.1063 X 10- 1 0.1708 X 10-2 0.5213 X 10-3 0.2262 X lO-3 
." 

0.1748 X 10 0 0.8833 X 10- 1 0.4592 X 10- 1 0.8427 X 10-2 0.2502 X 10-2 0.1010 X lO-2 
tTl 

2.44 Z 
1.63 0.3407 X 10° 0.1819 X 10° 0.9959 X to-I 0.2031 X 10-1 0.6070 X 10-2 0.2370 X 10-2 0 

1.1 0.5311 X ]00 0.2930 X 10° 0.1653 X 10° 0.3596 X 10-1 0.1087 X 10-1 0.41 83 X 10-2 ;;( 

0.73 0.7516 X 10° 0.4234 X 10° 0.2436 X 10° 0.5518 X 10- 1 0.1682 X 10- 1 0.6427 X 10-2 :;0:: 

0.49 0.8507 X 10° 0.4848 X 10° 0.2820 X 10° 0.6543 X to-I 0.2008 X 10-1 0.7652 X 10-2 

0.33 0.7365 X 100 0.4175 X 10° 0.2419 X 10° 0.5585 X 10-1 0.1722 X lO-1 0.6598 X 10-2 

0.221 0.9966 X 100 0.5694 X 10° 0.3322 X 10° 0.7783 X to-I 0.2406 X lO-1 0.9193 X lO-2 

0.148 0.1442 X 101 0.8384 X 10° 0.4966 X 10° 0.1197 X 10° 0.3713 X 10- 1 0.1408 X lO-1 

0.099 0.2113 X 101. 0.1252 X 101 0.7552 X 10° 0.1885 X 100 0.5881 X 10-1 0.2214 X 10- 1 

0.066 0.3120 X 10 1 0.1888 X 101 0.1159 X 10 1 0.3005 X 10° 0.9466 X 10-1 0.3542 X 10-1 

0.012 0:1401 X 10 2 0.9070 X 10 1 0.5927 X 10' 0.1765 X 10' 0.5892 X 100 0.2206 X ]0° 
0.3 X 10-5 0.4819 X lOS 0.3630 X 105 0.2740 X lOs 0.1191 X lOs 0.5277 X 104 0.2385 X 104 

0\ 
00 
00 

Table K.2-OIFFERENTIAL NUMBER FLUX FOR CARBON, A PLANE ISOTROPIC FISSION SOURCE 
No(x,E), neutron cm-2 sec- 1MeV- 1 

x, g/cm 2 

E,McV 10 20 30 60 90 120 

18.02 0.6453 X.1 0-6 0.3134 X 10-6 0.1585 X 10-6 0.2995 X 10-7 0.1020 X 10-7 0.4 588 X 10-8 

12.08 0.8331 X lO-4 0.4080 X lO-4 0.2076 X 10-4 0.3942 X 10-5 0.1331 X 10-5 0.6025 X 10-1> 
8.10 0.1512 X lO-2 0.6391 X 10-3 0.2856 X lO-3 0.4442 X to-4 0.1445x 10-4 0.5984 X 10-5 

5.43 0.1580 X 10- 1 0.8383 X 10-2 0.4576 X 10-2 0.9661 X 10-3 0.3227 X 10-3 0.1444 X 10-3 

~ 3.64 0.4676 X to-I 0.2194 X 10- 1 0.1063 X 10- 1 0.1708 X 10-2 0.5213 X 10-3 0.2262 X lO-3 
." 

0.1748 X 10 0 0.8833 X 10- 1 0.4592 X 10- 1 0.8427 X 10-2 0.2502 X 10-2 0.1010 X lO-2 
tTl 

2.44 Z 
1.63 0.3407 X 10° 0.1819 X 10° 0.9959 X to-I 0.2031 X 10-1 0.6070 X 10-2 0.2370 X 10-2 0 

1.1 0.5311 X ]00 0.2930 X 10° 0.1653 X 10° 0.3596 X 10-1 0.1087 X 10-1 0.41 83 X 10-2 ;;( 

0.73 0.7516 X 10° 0.4234 X 10° 0.2436 X 10° 0.5518 X 10- 1 0.1682 X 10- 1 0.6427 X 10-2 :;0:: 

0.49 0.8507 X 10° 0.4848 X 10° 0.2820 X 10° 0.6543 X to-I 0.2008 X 10-1 0.7652 X 10-2 

0.33 0.7365 X 100 0.4175 X 10° 0.2419 X 10° 0.5585 X 10-1 0.1722 X lO-1 0.6598 X 10-2 

0.221 0.9966 X 100 0.5694 X 10° 0.3322 X 10° 0.7783 X to-I 0.2406 X lO-1 0.9193 X lO-2 

0.148 0.1442 X 101 0.8384 X 10° 0.4966 X 10° 0.1197 X 10° 0.3713 X 10- 1 0.1408 X lO-1 

0.099 0.2113 X 101. 0.1252 X 101 0.7552 X 10° 0.1885 X 100 0.5881 X 10-1 0.2214 X 10- 1 

0.066 0.3120 X 10 1 0.1888 X 101 0.1159 X 10 1 0.3005 X 10° 0.9466 X 10-1 0.3542 X 10-1 

0.012 0:1401 X 10 2 0.9070 X 10 1 0.5927 X 10' 0.1765 X 10' 0.5892 X 100 0.2206 X ]0° 
0.3 X 10-5 0.4819 X lOS 0.3630 X 105 0.2740 X lOs 0.1191 X lOs 0.5277 X 104 0.2385 X 104 



Table K.3 --DIFFERENTIAL NUMIU::R SPECTRA FOR CII, A POINT ISOTROPIC FISSION SOIJnCE 
41Tr2 No(r,E), neutron sec-I MeV-I 

r, g/cm 2 

n,MeV to 20 30 60 90 120 

18.02 0.9312 X 10-6 0.4418 X 10-1> 0.25 t 1 X 10-6 0.4272 X 10-7 0.6668 X 10-6 0.1009 X 10-6 

12.08 0.11 00 X 10-3 0.4664 X 10-4 0.2421 X 10-4 0.3167 X 10-5 0.3760 X 10-6 0.4431 X 10-7 

8.10 0.1906 X 10-2 0.6603 X 10-3 0.2843 X 10-3 0.2005 X lO-4 0.1 392 X 10-5 0.1099 X 10-6 

5.43 0.1397 X to-I 0.5142 X 10-2 0.2194 X 10-2 0.1401 X 10-3 0.8371 X 10-5 0.5378 X 10-6 

3.64 0.3850 X to- I 0.1099 X 10- 1 0.3872 X 10-2 0.1620 X lO-3 0.8243 X 10-5 0.5170 X 10-1> 
2.44 O.9R67 X 10- 1 O.2R06x 10- 1 0.8970 X 10-2 0.2824 X 10-3 0.1276xIO-4 0.7847 X lO-6 

1.63 0.1481 X 10° 0.4 11 7 X 1 0- I 0.1250 X 10- 1 0.3424 X 10-) 0.1476 X 10-4 0.9034 X 10'6 
1.10 0.2007 X 10° 0.5422 X 10- 1 0.1587 X 10- 1 0.4 1 09 X 10-3 0.1753 X 10-4 0.1073 X 10- s 

0.734 0.2560 X 10° 0.6802 X 10- 1 0.1940 X 10- 1 
. 0.4947 X 10-3 0.2102 X 10-4 0.1287 X IO- s 

0.492 0.29R1 X 10° 0_7879 X 10- 1 0.2210 X 10- 1 0.5642 X 10-3 0.2392 X 10-4 0_1461 X 10- s 

0.33 0.3711 X 10° 0.9896 X 10- 1 0.2718 X 10- 1 0.6958 X 10-3 0.2929 X 10-4 0.1782 X HrS 

~ 
"C 
tTl 
Z 
1:1 
~ 
?:: 
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00 
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Table K.3 --DIFFERENTIAL NUMIU::R SPECTRA FOR CII, A POINT ISOTROPIC FISSION SOIJnCE 
41Tr2 No(r,E), neutron sec-I MeV-I 

r, g/cm 2 

n,MeV to 20 30 60 90 120 

18.02 0.9312 X 10-6 0.4418 X 10-1> 0.25 t 1 X 10-6 0.4272 X 10-7 0.6668 X 10-6 0.1009 X 10-6 

12.08 0.11 00 X 10-3 0.4664 X 10-4 0.2421 X 10-4 0.3167 X 10-5 0.3760 X 10-6 0.4431 X 10-7 ~ 
8.10 0.1906 X 10-2 0.6603 X 10-3 0.2843 X 10-3 0.2005 X lO-4 0.1 392 X 10-5 0.1099 X 10-6 "C 

tTl 

5.43 0.1397 X to-I 0.5142 X 10-2 0.2194 X 10-2 0.1401 X 10-3 0.8371 X 10-5 0.5378 X 10-6 Z 
1:1 

3.64 0.3850 X to- I 0.1099 X 10- 1 0.3872 X 10-2 0.1620 X lO-3 0.8243 X 10-5 0.5170 X 10-1> ~ 

2.44 O.9R67 X 10- 1 O.2R06x 10- 1 0.8970 X 10-2 0.2824 X 10-3 0.1276xIO-4 0.7847 X lO-6 
?:: 

1.63 0.1481 X 10° 0.4 11 7 X 1 0- I 0.1250 X 10- 1 0.3424 X 10-) 0.1476 X 10-4 0.9034 X 10'6 
1.10 0.2007 X 10° 0.5422 X 10- 1 0.1587 X 10- 1 0.4 1 09 X 10-3 0.1753 X 10-4 0.1073 X 10- s 

0.734 0.2560 X 10° 0.6802 X 10- 1 0.1940 X 10- 1 
. 0.4947 X 10-3 0.2102 X 10-4 0.1287 X IO- s 

0.492 0.29R1 X 10° 0_7879 X 10- 1 0.2210 X 10- 1 0.5642 X 10-3 0.2392 X 10-4 0_1461 X 10- s 

0.33 0.3711 X 10° 0.9896 X 10- 1 0.2718 X 10- 1 0.6958 X 10-3 0.2929 X 10-4 0.1782 X HrS 

'. 



Table K.4-DlFFERENTIAL NUMBER SPECTRA FOR C11 1 . II , A POINT ISOTROPIC FISSION SOURCE 
4rrr2 No(r,E), nellt"ron sec l MeV-I 

r, gl cm 2 

------ ---------------

E,McV 10 20 30 60 90 120 

18.02 0 .. 7280 X 10-6 0.3087 X 10-6 0.1490 l:< 10-6 0.1425 X 10- 7 0.1282 X 10-8 0.11 14 X 1 (f9 
12.08 0.77 5 1 X 10-4 0.2769 X 10-4 0.1140 X 10-4 0.6554 X 10-6 0.3680 X 10- 7 0.2118x 10-8 

8.10 0.1 204 X 10-2 0.3352 X 10-3 0.1041 X 10-3 0.2627 X 10-5 0.8284 X 10-7 0.3221 X 10-8 

5.43 0.7724 X 10-2 0.2003 X 10-2 0.5458 X 10-3 0.9009 X 10-5 0.1971 X 10-6 0.5711 X 10-8 

3.64 0.1883 X 1(f1 0.3739 X 10-2 0.8267 X 1 (f3 0.9384 X 10-5 0.2049 X 10-6 0.5743 X 10-8 

2.44 0.4193 X 10- 1 0.7368 X W-2 0.1424 X 10-2 . 0.1294 X 10-4 0.2847 X 10-6 0.7728 X 10-8 

1.63 0.6053 X 10- 1 0.9916 X 10-2 0.1793 X 10-2 0.1487 X 10-4 0.3300 X 10-6 0.8774 X 10-8 

1.10 0.8130 X 10-1 0.1258 X to-I 0.2207 X 10-2 n. 1779 X 10-4 0.3960 X 10-6 0.1045 X 10-7 

0.734 0.1039 X toO 0.1538 X to-I 0.2665 X 10-2 0.2138 X 10-4 0.4745 X 10-6 0.1255 X 10-7 

0.492 0.1259 X 10° 0.1806 X to-I 0.3109 X 10-2 0.2504 X 10-4 0.5523 X 10-6 0.1470 X 10-7 

0.33 O.Hi] 2 X 1011 0.2246 X to-I 0.3831 X 10-2 0.3105 X 10-4 0.6769 X 10-6 0.1820 X 10-7 

0-

'" o 

~ 
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tTl 
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Table K.4-DlFFERENTIAL NUMBER SPECTRA FOR C11 1 . II , A POINT ISOTROPIC FISSION SOURCE 
4rrr2 No(r,E), nellt"ron sec l MeV-I 

r, gl em 2 

--- ---------------

E,McV 10 20 30 60 90 120 

18.02 0 .. 7280 X 10-6 0.3087 X 10-6 0.1490 l:< 10-6 0.1425 X 10- 7 0.1282 X 10-8 0.1114 X 10-9 

~ 12.08 0.7751 X 10-4 0.2769 X 10-4 0.1140 X to- 4 0.6554 X 10-6 0.3680 X 10- 7 0.2118x 10-8 

8.10 0.1 204 X 10-2 0.3352 X to-3 0.1041 X to- 3 0.2627 X 10-5 0.8284 X 10-7 0.3221 X 10-8 '"0 
tTl 

5.43 0.7724 X 10-2 0.2003 X 10-2 0.5458 X to- 3 0.9009 X 10-5 0.1971 X 10-6 0.5711 X 10-8 Z 
0 ..... 

3.64 0.1883 X 10-1 0.3739 X 10-2 0.8267 X 10-3 0.9384 X 10-5 0.2049 X 10-6 0.5743 X 10-8 X 

2.44 0.4193 X to-I 0.7368 X W-2 0.1424 X to-2 . 0.1294 X tO-4 0.2847 X 10-6 0.7728 X to-8 ~ 

1.63 0.6053 X to-I 0.9916 X 10-2 0.1793 X to-2 0.1487 X to-4 0.3300 X 10-6 0.8774 X to-8 

1.10 0.8130 X 10- 1 0.1258 X 10- 1 0.2207 X 10-2 n. 1779 X 10-4 0.3960 X 10-6 0.1045 X to-7 

0.734 0.1039 X 10° 0.1538 X to-I 0.2665 X 10-2 0.2138 X 10-4 0.4745 X 10-6 0.1255 X 10-7 

0.492 0.1259 X 10° 0.1806 X to-I 0.3109 X 10-2 0.2504 X 10-4 0.5523 X 10-6 0.1470 X 10-7 

0.33 O.Hi] 2 X 1011 0.2246 X to-I 0.3831 X 10-2 0.3105 X 10-4 0.6769 X 10-6 0.1820 X to-7 



Table K.S-OIFFEI{ENTIAL NUMI\EIl SPECTRA FOR H2 , A POINT ISOTROPIC FISSION SOURCE 
4rrr2 No{r,E), neutron sec-I Mey-I 

E,McY 

18.017 
13.348 

8.947 
5.997 

3.824 
1.555 
0.7344 
0.33 

r, em 
---- -"_.- - ------ - --

10 20 ]0 

0.1047 X 10- 5 0.6581 X 10-6 0.4415 X 1 (r 6 

0.43476 X 10-4 0.2814 X 10-4 0.18227 X 10-4 

0.11671 X 10-2 0.63120 X 10-3 0.34302 X 10- 3 

0.871 18 X 10-2 0.39413 X 10-2 0.17905 X 10-2 

0.032608 0.012542 0.4784 X 10-2 

0.10505 0.035939 0.011680 
0.16057 0.057007 0.019296 
0.22197 0.082713 0.029512 

-----

60 

0_1.122 X 10-6 

0.49575 X 10-5 

0.56543 X 10-4 

0.18519 X 10-3 

0.33947 X 10-3 

0.59143 X to-3 

0.81843 X 10-3 

0.11020 X 10-2 

90 

0.42248 X 10-1 

0.13801 X 10-5 

0.97823 X 10-5 

0.21545 X 10-4 

0.32015 X 10-4 

0.55322 X 10-4 

0.69773 X 10-4 

0.83534 X 10-4 

Table K.6---IlIFFERENTIAI. NUMfiER SPECTRA FOR WATER, A POINT ISOTROPIC FISSION SOURCE 
4rrr2 No{r,E), ncutron sec-I Mey- I 

r, Cln 
-----

h', MeY 0 10 20 30 60 901 120 

10.9 4.64 X 10-4 2.02 X 10-4 8.77 X 10-5 3.79 X 10- 5 3.01 X 10-6 2.35 X Hf7 1.82 X 10-8 

6.0 1 .91 X 1 0-2 7.54 X 10-3 2.90 X 10-3 1.10 X 10-3 5.79 X 10-s 3.07 X 10-6 1.68 X W- 7 

2.7 1.65 X to-I 5.86 X 10-2 1.62 X 10-2 4.37 X 10-3 1.07 X 10-4 4.14 X 10-6 2.16 X 10-7 

1 .1 3.37 X 10- 1 1.20 X to-I 3.14 X 10-2 6.70 X 10-3 1.47 X 10-4 5.62 X 10-6 2.99 X 10- 7 

0.33 3.15 X 10- 1 2.37 X Hrl 5.0fi X 10-2 1.20 X 10-2 3_2fi X 10-4 1.01 X 10-5 5.37 X to-7 

_._-_ .. 

~ 
'1:1 
IT1 
Z 
o 
X 
~ 
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Table K.S-OIFFEI{ENTIAL NUMI\EIl SPECTRA FOR H2 , A POINT ISOTROPIC FISSION SOURCE 
4rrr2 No{r,E), neutron sec-I Mey-I 
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18.017 
13.348 

8.947 
5.997 

3.824 
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0.7344 
0.33 

r, em 
---- -"_.- - ------ - --

10 20 ]0 
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60 
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0.33947 X 10-3 
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90 

0.42248 X 10-1 
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Table K.6---IlIFFERENTIAI. NUMfiER SPECTRA FOR WATER, A POINT ISOTROPIC FISSION SOURCE 
4rrr2 No{r,E), ncutron sec-I Mey- I 

r, Cln 
-----

h', MeY 0 10 20 30 60 901 120 

10.9 4.64 X 10-4 2.02 X 10-4 8.77 X 10-5 3.79 X 10- 5 3.01 X 10-6 2.35 X Hf7 1.82 X 10-8 

6.0 1 .91 X 1 0-2 7.54 X 10-3 2.90 X 10-3 1.10 X 10-3 5.79 X 10-s 3.07 X 10-6 1.68 X W- 7 

2.7 1.65 X to-I 5.86 X 10-2 1.62 X 10-2 4.37 X 10-3 1.07 X 10-4 4.14 X 10-6 2.16 X 10-7 

1 .1 3.37 X 10- 1 1.20 X to-I 3.14 X 10-2 6.70 X 10-3 1.47 X 10-4 5.62 X 10-6 2.99 X 10- 7 

0.33 3.15 X 10- 1 2.37 X Hrl 5.0fi X 10-2 1.20 X 10-2 3_2fi X 10-4 1.01 X 10-5 5.37 X to-7 

---~ -.~--.. 

a.. 
-c> 



1000 

100 

0.1 

0.03 
o 

r r\ 

" '\. 
( I\. 

II'\. '\ 

r--... 
1/ " 

I 
I 

.-

V 

Gamma-Ray Differential 
Energy Spectra for 

Water and Lead 

Appendix L 

..... 
~ 

" ............ 
....... 

~ --r--r--.. I'.. I'-. """ 
......... -I""-- ~ "'" ............ - ..... ......... 20 

r--~ r--t---.. 
15 , - r----- 10 

j" ........ 
"- r--- 7 

4 
.... 

~ .... -- 2 -, 
f""- lo--- p.r=1 -

0 

0.1 0.2 0.3 
E, MeV 

0.4 o.s 

Fig. LI-Point isotropic O.S-MeV gamma-ray source in water. 

692 

1000 

100 

0.1 

0.03 
o 

r r\ 

" '\. 
( I\. 

II'\. '\ 

r--... 
1/ " 

I 
I 

.-

V 

Gamma-Ray Differential 
Energy Spectra for 

Water and Lead 

Appendix L 

..... 
~ 

" ............ 
....... 

~ --r--r--.. I'.. I'-. """ 
......... -I""-- ~ "'" ............ - ..... ......... 20 

r--~ r--t---.. 
15 , - r----- 10 

j" ........ 
"- r--- 7 

4 
.... 

~ .... -- 2 -, 
f""- lo--- p.r=1 -

0 

0.1 0.2 0.3 
E, MeV 

0.4 o.s 

Fig. LI-Point isotropic O.S-MeV gamma-ray source in water. 

692 



APPENDIX L 693 

1000 

, 

1\ 
'", 

1 

I ~ 
I 
I 

I I 
I " 1"0.. I 

100 

, '\ '\. -- I 

I " I - I 
, 

, 
'\. " I i--- I I 

f\. \. , I I""--' 
I "-l\. -- ~I ............. 

I '" 
, 

I ---~'" 20 r----
f\ ~ -J n-- I " 15 

I "- r-- ~ 10 

....... 7 

I"'\. ....... -II '\.. I 
4 

I " ~ I 

/" 
.......... 
~ - 2 I 

I '" ~ I I 
I .J-- iJ. r = I 

0 

I 

I 
I 

: 

0.1 I 
o 0.' 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 '.0 

E. MeV 

Fig. L.2-Point isotropic 1.0-MeV gamma-ray source in water. 

APPENDIX L 693 

1000 

, 

1\ 
'", 

1 

I ~ 
I 
I 

I I 
I " 1"0.. I 

100 

, '\ '\. -- I 

I " I - I 
, 

, 
'\. " I i--- I I 

f\. \. , I I""--' 
I "-l\. -- ~I ............. 

I '" 
, 

I ---~'" 20 r----
f\ ~ -J n-- I " 15 

I "- r-- ~ 10 

....... 7 

I"'\. ....... -II '\.. I 
4 

I " ~ I 

/" 
.......... 
~ - 2 I 

I '" ~ I I 
I .J-- iJ. r = I 

0 

I 

I 
I 

: 

0.1 I 
o 0.' 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 '.0 

E. MeV 

Fig. L.2-Point isotropic 1.0-MeV gamma-ray source in water. 



694 APPENDIX L 

100 

I 

1'1\ - 20 -j....--' 
m .-"" 15 10 
.\"\,. .-' -\ r-... - ~ , --- I-""" - 10 
l\ ~f""" 

'\ ~ 
..... 7 - ~ 

\\ ~ ~ ---I, ""'- ~ 

I--"'" 4 --\ 
T"-.... j..---~ --

1'\ ~ 
2 -\ _f""" 

\ !'- ---\ 
\ JJ r ~ 1 

\ ~ 
0 

~ 

i\. -.--' ....... ---

0.1 
o 2 3 4 

E MeV 

Fig. L.3-Point isotropic 4.0-Me V source in water. 

694 APPENDIX L 

100 

I 

1'1\ - 20 -j....--' 
m .-"" 15 10 
.\"\,. .-' -\ r-... - ~ , --- I-""" - 10 
l\ ~f""" 

'\ ~ 
..... 7 - ~ 

\\ ~ ~ ---I, ""'- ~ 

I--"'" 4 --\ 
T"-.... j..---~ --

1'\ ~ 
2 -\ _f""" 

\ !'- ---\ 
\ JJ r ~ 1 

\ ~ 
0 

~ 

i\. -.--' ....... ---

0.1 
o 2 3 4 

E MeV 

Fig. L.3-Point isotropic 4.0-Me V source in water. 



APPENDIX L 

100 

I 
I I 
I I 
I 

I I 

I 
I 

:, j .... , I ...... -10 
, -.... 
\ ! L~ ~ 

\ i i -:.--- ~ 
po..--

" , -~ ...J.--i - ----, ~ I l---I , , i : -..... ~ 1--1---!--! ~ , ---" ---r-~ 1,..--;'-
I I, " f.--~ I , - " 

\ I ! ..... _r--
~ 

,... 
\ \ ~ 
\ \ ~ ~ 

1"- --, \ --\ ...-
I ., ~ 
\ .... ~ -
\ ........ -, ~ 

..... 
..-, ---~ "- l,......-- I 

I 

i 
I 
I 

I 0.1 
o 2 3 4 5 6 

E. MeV 

Fig. L.4-Point isotropic 6.0·MeV gamma·ray source in water. 

695 

20 

15 

10 

7 

4 

2 

J.J. r = 1 
o 

APPENDIX L 

100 

1 
I I 
I I 
I 

I I 

I 
I , i 

, I --10 
I I --\ ! 1-- ...--

\ i i -~ ----" , -~ ~I 
~ .....-' ~ I ----, , i : -- ~ I--~ --r ---! , --" l,...--I--

..- ----...-
I ii' ~ ~ i_ .... -- " 

\ \ ...... ---- ~I----
~ \ \ ~ 

\ 
I .......... ----, \ -, -,.-

\ ..-
, " ~ 
\ .... --~ \ ~ , ---I""" -, 

~ ~ "- --I 

I 

i 
I 
I 

! 0.1 
o 2 3 4 5 6 

E. MeV 

Fig. L.4-Point isotropic 6.0·MeV gamma-ray source in water. 

695 

20 

15 

10 

7 

4 

2 

J.J. r = 1 
o 



696 APPENDIX L 

10 
15 

f 

f 10 
// 

'1/ 7 

/. V/ 
/h V " 4 

)W, V 

J~ V V 
2 

/ 
L IlL f 

jJr-1-fL "" .Iff. .L" o -
1//// ./ " ~V// ./ 

/.fi ~/ /" 
////. V/ ", 

~ ~ ~ 

~ ~ V 
'/ 

.r , 
I 

0.01 I !I 
J , 

I 
I I 
I I 

15 / / 

0.001 
f, 

o 0.1 0.2 0.3 0.4 0.5 
E, MeV 

Fig. L.S-Point isotropic O.S-MeV gamma-ray source in lead. 

696 APPENDIX L 

10 
15 

f 

f 10 
// 

'1/ 7 

/. V/ 
/h V " 4 

)W, V 

J~ V V 
2 

/ 
L IlL f 

jJr-1-fL "" .Iff. .L" o -
1//// ./ " ~V// ./ 

/.fi ~/ /" 
////. V/ ", 

~ ~ ~ 

~ ~ V 
'/ 

.r , 
I 

0.01 I !I 
J , 

I 
I I 
I I 

15 / / 

0.001 
f, 

o 0.1 0.2 0.3 0.4 0.5 
E, MeV 

Fig. L.S-Point isotropic O.S-MeV gamma-ray source in lead. 



100 

10 

o 
... -o 
:::&. ... 
NO. .. 

l::: ., 

0.1 

APPENDIX L 697 

I I 
I 

I I I 

I 
: i I 

I 
I 

I 

I , 

~ 
20 

15 

~ I 
./ 10 I 

L / /' 
L/ r 

.I ./ /' 7 

/ ./ ,,;' 

// /' Vi 
~ V/ V ./' 

4 

I 1/ VI/ V 

~ I:: Vfv ~ 2 

~ / ",V 
I f/ / / / ./ .-' /J.r=1-I // / .... o _ 

/ / / / ./ -" : 
/ / ./ ./ I 

1 II // ./ 
'1J / /' V-

I/ ./ 
/' 

f/ / 
/ 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
E, MeV 

Fig. L.6-Poinr isotropic 1.0·MeV source in lead. 

100 

10 

o 
... -o 
:::&. ... 
NO. .. 

l::: ., 

0.1 

APPENDIX L 697 

I I 
I 

I I I 

I 
: i I 

I 
I 

I 

I , 

~ 
20 

15 

~ I 
./ 10 I 

L / /' 
L/ r 

.I ./ /' 7 

/ ./ ,,;' 

// /' Vi 
~ V/ V ./' 

4 

I 1/ VI/ V 

~ I:: Vfv ~ 2 

~ / ",V 
I f/ / / / ./ .-' /J.r=1-I // / .... o _ 

/ / / / ./ -" : 
/ / ./ ./ I 

1 II // ./ 
'1J / /' V-

I/ ./ 
/' 

f/ / 
/ 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
E, MeV 

Fig. L.6-Poinr isotropic 1.0·MeV source in lead. 



698 APPENDIX L 

100 

v ........ 

'" V ~ I ", i""'oo. 
I ...... ~ 

10 

I / " ...... I 

I " ~ 20 
I " II / "" 15 

/ / 
V -r........... 

/ / V -.......... I 

10 

VI ~ -r--- 7 / 

'v/v 4 I 

/ ~'"" 
I "' 

/ 2 
/ .--- r--

f----' I ~ 
1 ~ -
/ ~ I.J. r "" 1 

0 

/ ----..---~ , 

'/ -
0.1 

o 2 3 4 

E. MeV 

Fig. L.7-Poinr isocropic 4.0-MeV gamma-ray source in lead. 

698 APPENDIX L 

100 

v ........ 

'" V ~ I ", i""'oo. 
I ...... ~ 

10 

I / " ...... I 

I " ~ 20 
I " II / "" 15 

/ / 
V -r........... 

/ / V -.......... I 

10 

VI ~ -r--- 7 / 

'v/v 4 I 

/ ~'"" 
I "' 

/ 2 
/ .--- r--

f----' I ~ 
1 ~ -
/ ~ I.J. r "" 1 

0 

/ ----..---~ , 

'/ -
0.1 

o 2 3 4 

E. MeV 

Fig. L.7-Poinr isocropic 4.0-MeV gamma-ray source in lead. 



100 

10 

o ... -
C 

=l 

0_1 

0.01 
o 

APPENDIX L 699 

/ " / 
1/ '\. 

'\ 
I l\. 

I VI 
........... \ 

'" r\. 
I 

I "-
I I .... " ~ 
I , '-'- " " I 
I / l"o.... ........ i'-.. 
I V ....... 

i'.. '" 
........ J.I. r = 20 

0 

~ I 
....... 

~ 
--........... 15 I I ---If ~ 

........... r--j'---.. 10 

i r--~ 7 -
I , 

, I ~ I 4 
I 0/ I I 

" 
/' I : -2 

I I I I i 
~ 

'I 
, I 

~ 
1 I I --~ I I 

/ ; 

f 
f -

I ! 

1 I 
; t 

I 
I 

1 
I 

I 
2 3 4 5 6 7 8 

E. MeV 

Fig. L.8-Point isotropic 8.0-MeV gamma-ray source in lead. 

100 

10 

o ... -
C 

=l 

0_1 

0.01 
o 

APPENDIX L 699 

/ " / 
1/ '\. 

'\ 
I l\. 

I VI 
........... \ 

'" r\. 
I 

I "-
I I .... " ~ 
I , '-'- " " I 
I / l"o.... ........ i'-.. 
I V ....... 

i'.. '" 
........ J.I. r = 20 

0 

~ I 
....... 

~ 
--........... 15 I I ---If ~ 

........... r--j'---.. 10 

i r--~ 7 -
I , 

, I ~ I 4 
I 0/ I I 

" 
/' I : -2 

I I I I i 
~ 

'I 
, I 

~ 
1 I I --~ I I 

/ ; 

f 
f -

I ! 

1 I 
; t 

I 
I 

1 
I 

I 
2 3 4 5 6 7 8 

E. MeV 

Fig. L.8-Point isotropic 8.0-MeV gamma-ray source in lead. 



Graphs for Neutron 
Attenuation Calculations 

Appendix 1\1 
This appendix consists of graphs of neutron-penetration results obtained 
from Monte Carlo calculations by Clark, Betz, and Brown I and by Allen and 
Futterer. 2 Table M.l gives the composition of materials used in the 

calculations; Figs. M.l to M.lO show the dose (in ergs/g per incident 
neutron/cm2 ) due to monoenergetic beams of neutrons normally incident on 

ordinary concrete. both on a- slab and on a semi-infinite medium (half space). 
Figures M.ll to M.lS show the neutron-dose transmission factor as a 
function of polyethylene thickness for monoenergetic neutrons incident at 

various angles. When the thickness is adjusted according to the key included 
at the top of each figure. these latter curves apply also to water, to concrete. 
and to Nevada Test Site soil. both dry and water-saturated. 

The use of these curves is explained in Sec. 6.4.3. 
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Table M.1-COMPOSITIONS OF MATERIALS USED FOR 
NEUTRON·TRANSMISSION CALCULATIONSt 

Material 

Borated polye th ylene 
(8 wt.% B4C)± 

Water 

Concrete 

Nevada Test Site 
soil (dry) 

Nevada Test Site 
soil (100% saturated) 

Density. 
g/cm J 

0.97 

1.00 

2.26 

1.15 

1.25 

Element 

H 
C 

lOB 
11 B 

H 
0 

H 
0 
Al 
Si 

H 
0 
Al 
Si 

H 
0 
Al 
Si 

Composition 

1021 acorns/cm J 

76.80 
39.20 

0.658 
2.67 

66.90 
33.45 

13.75 
45.87 

1.743 
20.15 

8.553 
22.68 

2.014 
9.533 

16.87 
27.00 

1.976 
8.963 

tFrom F. J. Allen and A. T. Futterer. Nucleonics, 21(8): 120 (1963). 
tSeveral calculations made for pure polyethylene slabs (p = 0.925 g!cmJ) 

up to 6 in. thick yielded approximately the same neutron transmission results 
as those for the borated polyethylene. 
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Graphs of the t' Function 

Appendix N 
A useful funcrion in calculating the shield penetration of the uncollided 
secondary gamma-ray flux is the 1/1 0 function, defined in Sec. 6.5. The l/I n 

functions (n > 0) can be used to calculate the scattered flux. Values of these 
functions have been given by Schmidt I for a slab shield and by Claiborne2 

for a semi-infinite shield. The functions are plotted in Figs. N.1 to N.6, all of 
which are taken from a compilation of Schmidt. I 
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Constants for Empirical 
Expressions of Albedo Data 

Appendix 0 
Table O.I-CONSTANTS FOR THE EXPRESSIONt FITTING THE 

MAERKER AND MUCKENTHALER DIFFERENTIAL DOSE ALBEDO 
DATA FOR FAST NEUTRONS INCIDENT ON CONCRETE~ 

0.2 to 0.75 
Constant MeV 

Go 6.585(-2)§ 
G I 5.048(-2) 
G'2 3.710(-2) 
G3 1.544(-2) 
G 4 7.837(-3) 
Gs 0 
G6 0 
G7 0 
Gs 0 

Bo 6.27 (-2) 
BI 1.50(-2) 
Bl 5.3(-3) 
B3 0 
B4 0 

KJ 1.0 

aoo 0.36 
ao I 1.29 
aOl 0 
a, 0 0.06 
all -3.06 
ai, 0 
alO -0.20 
al' 1.68 
all 0 

tEquation 7.3-1. 

0.75 to 1.5 
MeV 

7.045(-2) 
4.393(-2) 
7.088(-2) 
1.898(-2) 
2.408(-3) 

-3.589(-3) 
o 
o 
o 
9.00(-2) 
8.5(-3 ) 
9.7(-3) 
o 
o 
1.0 

0.51 
0.32 
1.00 

-0.04 
-2.46 
o 
0.05 
0.95 
o 

Value of constant for t:.Eo of 

1.5 to 3 
MeV 

7.211(-2) 
5.845(-2) 
5.968(-2) 
2.729(-2) 
1.190(-2) 
1.000(-3) 
4.637(-3) 
6.490(-3 ) 
o 
8.80(-2) 
1.30(-2) 
6.0(-3) 
o 
o 
1.1 

0.56 
0.18 
1.32 

-0.14 
-2.76 

o 
0.05 
1.14 
o 

3 to 4 
MeV 

7.024(-2) 
7.452(-2) 
1.000(-1 ) 
5.591 (-2) 
2.646(-2) 

-6.908(-4) 
-8.087(4) 
-1.459(-3) 
-1.809(·3) 

9.05(-2) 
2.15(-2) 
2.30(-2) 
o 
o 
0.9 

0.60 
0.15 
0.48 

-0.61 
-1.08 

o 
0.32 
0.30 
o 

4 to 6 
MeV 

6.856(·2) 
8.294(-2) 
9.517(-2) 
7.761(-2) 
4.292(-2) 
1.824(-2) 
5.599(-3) 
5.288(-3) 
1.046(-2) 

8.744(-2) 
2.817(-2) 
2.344(-2) 
1.779(-2) 
8.517(-3) 

1.1 

0.43 
2.02 

-0.38 
0.05 

-9.13 
5.93 
0.04 
5.97 

-4.39 

6 to 8 
MeV 

5.899(·2) 
6.039(-2) 
7.524(-2) 
8.140(-2) 
6.622(-2) 
3.056(-2) 
1.595(-2) 
1.277(-2) 
9.380(-3) 

6.374(-2) 
1.382(-2) 
1.178(-2) 
1.084(-2) 
6.801 (-3) 

1.06 

0.35 
0.95 
o 
0.10 

-2.28 
1.11 
o 
o 
o 

tFrom R. E. Maerker and F. J. Muckenthaler, Calculation and Measurement of the 
Fast-Neutron Differential Dose Albedo for Concrete, Nucl. Sci. Eng., 22: 455 (1965). 

§Read: 6.585 X 10-2 , etc. 
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Table O.2-COMPOSITIONS OF SOIL. IRON. AND POLYETHYLENE 
USED IN MONTE CARLO CALCULATIONSt 

Composicion (in units of 1021 aroms/cm 3 
) 

Nevada Test Site soil 

50% 100% 8% borated 
Element Dry saturated saturated Iron polyethylene 

Boron-l0 0.658 
Boron-II 2.67 
Hydrogen 8.553 9.80 16.87 76.8 
Carbon 39.2 
Oxygen 22.68 23.30 27.00 
Aluminum 2.014 1.830 1.976 
Silicon 9.533 8.680 8.963 
Iron 84.9 

Density. 
g!cm) 1.15 1.12 1.25 7.88 0.97 

tFrom F. ]. Allen. A. Futterer. and W. Wright. Dependence of Neutron 
Albedos Upon Hydrogen Content of a Shield. Report BRL-1224, Ballistic 
Research Laboratories. October 1963. 
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Table O.3-VALUES OF THE CONSTANT k(Eo)t FOR THE EXPRESSION FITTING THE 
DIFFERENTIAL-DOSE-ALBEDO DATA OF ALLEN e/ al.t FOR FAST NEUTRONS 

INCIBENT ON VARIOUS MATERIALS§ 

k(Ho) for incident energies of 
-- ----

M .. terial 0.1 MeV 0.25 MeV 0.5 MeV 1.0 MeV 2.0 MeV 3.0 MeV 5.0 MeV 14.0 MeV Fission 

Concrete 0.0948 0.1027 0.1062 0.1323 0.1164 0.1030 0.0834 0.0552 0.11 to 
Dry NTS soil 0.0967 0.0895 0.1002 0.1272 0.1103 0.0979 0.0784 0.0535 0.1050 
50% saturated 

NTS soil 0.0868 0.0957 0.0952 0.1209 0.1074 0.0926 0.0746 0.0533 0.1015 
100% saturated 

NTS soil 0.0778 0.0818 0.0839 0.1054 0.0891 0.0791 0.0644 0.0463 0.0868 
Iroll 0.1750 0.1752 0.1801 0.1182 0.1477 0.1508 O. t 158 0.0802 0.1366 

tEquation 7.3-3. 
tF. J. Allen. A. Futterer. and W. Wright, Dependence of Neutron Albedos Upon Hydrogen Content of a Shield, 

Report BRL-1224, Ballistic Research Laboratories, October 1963. 
§ From R. L. French and M. B. Wells, An Angular Dependent Albedo for Fast-Neutron Reflection Calculations, 

USAEC Report RRA-M31, Radi;'tion Research Associates, Inc., November 1963. 
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Tahle O.4-CONSTANTS FOR THE EXPRESSIONSt FITTING THE COLEMAN ET AL..t DIFFERENTIAL 

AND TOTAl. ALBEDO DATA FOR INTERMEDIATE·ENERGY NElTfRONS INCIDENT ON REINFORCED CONCRETE 

Values of conslants for ilEo of 

55.1 10200 15.21055.1 4.2 10 15.2 LIS 10 4.2 0.32 to US 87 to 320 24 to 87 6.6 to 24 1.8 to 6.6 0.5101.8 
COIISl:lnl kcV kcV kcv keV kcV cV eV cV eV eV 

E. 0.190 0.190 0.216 0.210 0.208 0.210 0.205 0.202 0.172 0.105 
El -0.020 -0.025 -0.047 -0.046 -0.042 -0.061 -0.068 --0.075 -0.059 -0.036 
(1. 0.020 o.on -0.004 -0.005 -0.005 -0.003 -0.003 -0.002 0.021 0.115 
(12 0.300 0.295 0.307 0.310 0.305 0.296 0.283 0.270 0.218 0.125 
'Y. 0.11 0.11 0.12 0.12 0.12 0.125 0.13 0.13 0.105 0.080 
'Y2 0.91 0.91 0.91 0.91 0.91 0.865 0.845 0.82 0.65 0048 
a 0.20 0.225 0.24 0.24 0.24 0.28 0.30 0.32 0040 0.255 
I, 0.56 0.69 0.70 0.70 0.70 0.72 0.73 0.74 0.77 -0.072 
c 0 0 0 0 0 0 0 0 0 0.765 
li. 0.880 0.865 0.875 0.875 0.860 0.845 0.830 0.815 0.817 0.792 
li l -0.208 ··0.177 -0.200 -0.232 -0.205 ··0.210 -0.228 -0.230 -0.244 -0.232 

tE'lliatiolis 7.3·6 and 7.3·7. 
:tW. A. Coleman. R. E. Macrker. F. J. Muckenthaler. and P. N. Slevens, Calculation of Doubly Differential Current Albedos for Epicadmium 

Neutrons Incident on Concrete and Comparison of the Reflected Subcadmium Component with Experiment. Nucl. Sci. Eng .• 27: 411 (1967). 
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Table O.S-VALUES Of COEffICIENTS AND FUNCTIONS fOR THE 
SEMIEMPIRICAL FORMULA OF MOCKELt (Eq. 7.3·13) 

Source+ Q ~ A f(p) g(p) 

Norm. 1.37(1 _p)O.44 1.37(1 _p)O.44 0.277S (1 _ plo.3S1 O.067l·4 ·S 

1.37(1 _ p)O.44 1.33(1 _ p)O.3675 (1 - p)o.5 Isotropic 0.640 a 
Cosine 1.37(1 _ p}O.44 1.37(1 _ p)O.44 0.3882 (1_p)O.41 a.osp3.33 

t A. Mockel, Reflection and Transmission by a Strongly Absorbing Slab, Nuci, Sci. Eng., 22: 
339 (1965). 

tNorm., nonnal incidence; isotropic. isotropic current; and cosine, cosine current, 

Table O.6-EXPRESSIONS FOR DIFFERENTIAL AND TOTAL THERl\1AL· 
NEUTRON ALBEDOS DUE TO INCIDENT O.5·eV TO 200·keV NEUTRONSt 

55.1 - 200 keY 
15.2 - 55.1 keY 
4.2 - 15.2 keY 

1.15 - 4.2 keY 
0.32 - 1.15 keY 

87-320eV 
24 - 87 eV 
6.6-24eV 
1.8 - 6.6 eV 
0.5 - 1.8 eV 

0:2 (aEo"uo ,Il),~ thermal neutrons 
steradian-1 source neutron- 1 

p(l + 1.73p)(0.0043 + 0.0058/Jo) 
p(l + 1.73p)(0.0052 + 0.0059po) 
p(l + 1.73/J)(0.0062 + O.0071/Jo) 
p(l + 1.73/J)(0.0077 + 0.0073/Jo) 
p(l + 1.73.u)(0.0090 + 0.0099J.Lo) 
p(l + 1.73/J)(0.01l + 0.0121l0) 
p{ (0.0185 + 0.0150.uo) + .u(0.0177 + 0.0235/Jo)] 
.u [(0.0332 + 0 .0085,uo) + 1l(0.0220 + 0.0268,uo)] 
/J[ (0.0595 + Il(O.0290 + O.03051l0)] 
IJ.[ (0.124 - 0.035po) + ,u(0.020 + 0.053Ilo) 1 

A2 (ClEo ,Ilo), 
thermal neutrons/ 

source neutron 

0.029 + 0.039po 
0.035 + 0.040J.lo 
0.042 + 0.048po 
0.052 + 0.0491J.o 
0.061 + 0.0671J.0 
0.074 + 0.0811J.o 
0.095 + 0.0961J.0 
0.1 SO + 0.0 841J.0 
0.248 + O.0641J.0 
0.431 + O.OOlpo 

tFrom W. A. Coleman. R. E. Maerker, F.]. Muckenthaler, and P. N. Stevens, Nucl. 
Sci. Eng., 27: 419 (1967). 

tpo = cos eo; p = cos e. 
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Table O.7-EXPRESSIONS FOR DIFFERENTIAL AND TOTAL THERMAL
NEUTRON ALBEDOS DUE TO INCIDENT 200-keV TO 9.57-MeV NEUTRONSt 

O:2(~Eo,.uo • .u),t thermal neurrons 
Mo steradian-1 source neucron- 1 

A2 (Mo • .uo), 
thermal neutrons/source 

neu[ron 

2.64 - 9.S7 MeV .u(l + 1.73.u)(0.0024 + 0.0040/-Lo) 0.016 + 0.027.uo 
0.019 + 0.030.uo 
0.024 + 0.033.uo 

0.750 - 2.64 MeV .u(l + 1.73.u)(0.0028 + O.0044.uo) 
200 - 750 keV /-L(1 + 1.73/-L)(0.0036 + 0.0049/-Lo) 

t From W. A. Coleman, R. E. Maerker, F. J. Muckemhaler, and P. N. Stevens. 
;'iud. Sci. Eng., 27: 422 (1967). 

:;:.uo = cos eo: /-L = cos e. 

Table O.8-VALUES OF PARAMETERS FOR CHILTON-
HL'DDLESTON GAM.\1A·RA Y DIFFERENTIAL DOSE 

ALBEDO FORMULA (Eq. 7.4-1)t 

Eo, 
Material MeV C C' 

Water 0.2 -0.0187 ± 0.0027 0.1327 ± 0.0054 
0.662 0.0309 ± 0.0047 0.0253 ± 0.0034 
1.00 0.0470 ± 0.0053 0.0151 ± 0.0025 
2.50 0.0995 ± 0.0068 0.0058 ± 0.0010 
6.13 0.1861 ± 0.0107 0.0035 ± 0.0005 

Concrete 0.2 0.0023 ± 0.0033 0.0737 ± 0.0065 
0.662 0.0347 ± 0.0050 0.0197 ± 0.0035 
1.00 0.0503 ± 0.0056 0.0118 ± 0.0025 
2.50 0.0999 ± 0.0078 0.0051 ± 0.0011 
6.13 0.1717 ± 0.0103 0.0048 = 0.0005 

Iron 0.2 0.0272 ± 0.0033 -0.0100:: 0.0062 
0.662 0.0430 ± 0.0045 0.0063 ± 0.0030 
1.00 0.0555 ± 0.0049 0.0045 ± 0.0021 
2.50 0.1009 ± 0.0073 0.0044 ± 0.0010 
6.13 0.1447 ± 0.0101 0.0077 ± 0.0006 

Lead 0.2 0.0044 ± 0.0002 -0.0050 ± 0.0004 
0.662 0.0308 ± 0.0015 -0.0100 ± 0.0007 
1.00 0.0452 ± 0.0013 -0.0083 ± 0.0004 
2.50 0.0882 ± 0.0014 0.0001 ± 0.0002 
6.13 0.1126 ± 0.0048 0.0063 ± 0.0001 

tFrom A. B. Chilton, C. M. Davisson, and L. A. Beach, 
Transactions of the American Nuclear Society, 8: 656 (1965). 
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Table O.9-CHILTON'S MODIFIED ALBEDO 
FOR CONCRETE t 

Parameter I J 'Cs (0.662 MeV) 60 Co (1.25 MeV) 

C 0.0455 0.0710 
C 0.0161 0.0114 
AI 1.512 1.555 
A~ -0.606 -0.629 
A3 -0.641 -0.605 
A4 0.645 0.539 
As -0.157 -0.168 

tFrom A. B. Chiiton,Nucl. Sci. Eng., 27: 482 (1967). 

C' 1026 • K (Eo 8 \ + C 
:j:a(80 .8.tPl =F(8 0 ,8,tPl 1 +c058

0 
seta (~+2'~~ ver5t1

s
ll;" 

where 

F(80 ,8,(1) = Al + Al verso 80 + A3 vers1 8 
+ A4 vers1 8 0 vers~ 8 
+ As vers eo vers 8 vers if> 

vers ¢ =:; 1 - cos tP. 

Table O.IO-VALUES OF THE CONSTANT b FITIING THE EXPRESSION 
OF HAGGMARK et al. t (Eq. 7.4-2) FOR GAMMA· RAY DIFFERENTIAL 

DOSE ALBEDOS FOR ALUMINUM,IRON, AND CONCRETE 

Material Source cos 80 b 

Aluminum 6OCo 0.50 0.0070 
0.75 0.0090 
1.00 0.0095 

131CS 0.50 0.01 J2 
0.75 0.0167 
1.00 0.0194 

Iron ,oCo 0.50 0.0060 
0.75 0.0065 
1.00 0.0065 

137 Cs 0.50 0.0091 
0.75 0.0120 
1.00 0.0130 

Concrete 60 CO 0.50 0.0075 
0.75 0.0090 
1.00 0.0100 

1 J 7 Cs 0.50 0.0133 
0.75 0.0165 
1.00 0.0184 

tFrom L. G. Haggmark. T. H. j "nes, N. E. Scofield, and W. J. Gurney, 
Differential Dose·Rate Measurements of Bachcareered Gamma Rays from 
Concrete. Aluminum and Steel, Nl<4cl. Sci. Eng., 23: 138 (1965). 
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Table O.ll-CURVE.FITTED EXPRESSIONS FOR CAI'TURE GAMMA·RAY DIFFERENTIAL 
AND TOTAL ALnEDOS ARISING FROM THE SLOWIN(; DOWN AND CArTUlm 

fl1:0 

55.1 - 200 kcv 
15.2 - 55.1 kcv 

4.2 - 15.2 kcV 
1.15· 4.2 keV 
0.32 - 1.15 kcv 

87 - 320 keV 
24-87cV 
6.6-24eV 
1.8 - 6.6 cV 

0.5 - 1.8 cV 

OF INCIDENT ErlCADMIUMt 

(\'1)2(1I.,},) (flEo./Jo./J).:~ 
(rads IIr- 1 steradia..- I )/(iIlCidclil ullil Ilclllron currcllt) 

10-7 /J(0.43 + 2.17/J - 1.67/J2 )(0.39 + 0.51#10)( 1.10) 
10-7 11(0.39 + 1.7811 - 1.39112 )(0.50 + 0.68110)( 1.11) 
10-7 11(0.70 + 2.5311 - 2.07p 2 )(0.37 + 0.46po)( 1.12 - O.Olpo) 
10-7 p(0.68 + 2.59p - 2.08p2 )(0.40 + 0.S4/Jo)( 1.12 - 0.01 /Jo) 
10-7 11(0.66 + 3.1811 - 2.60112 )(0.46 + 0.S4po)( 1.14 - 0.02po) 
10-7 p(0.89 + 3.52/J - 3.09p 2 )(0.41 + 0.59po)( 1.18- 0.06po) 
10-7 Il( 1.14 + 3.9BIl - 3.77112 )(0.38 + 0.62po)( 1.30 - 0.1 5po) 
10-7 p(I.40 + 2.73p- 2.50112 )(0.45 + 0.65110)(1.11 - 0.04110) 
10-7 p[ 1.34 + 0.78po + 11(0.] 5 + 2.30po) - p2 (0.60 + 2.1 ]Po) I 

X (1.09- 0.03po) 
10-7 p[2.12 + O.72po + /J(-1.46 + 2.92110) + 112 (0.40 - 2.68Po)l 

X (1.07 - 0.02110) 

A/)2 (II, '}' )(flEo,/Jo), 
(rads/llr)1 (illcidcll t 

IInit nClltroll cllrrcllt) 

10- 7 (1.40 + l.B3po) 
10- 7 (1.52 + 2.07/Jo) 
10-7 (1.74 + 2.15po) 
10-7 (1.93 + 2.57/Jo) 
10-7 (2.43 + 2.79/Jo) 
10- 7 (2.56 + 3.42po) 
10- 7 (2.95 + 4.20/Jo) 
10-7 (3.08 + 4. 18110) 
10-7 (3.89 + 4.14po) 
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Radiation Penetration of 
Cylindrical Ducts t 

Appendix P 

Table P.I-UNCOLLlDED FLUX DENSITY AT EXIT OF CYLINDRICAL 
DUCT DUE TO RADIATION ARRIVING THROUGH DUCT WALLS 

(ISOTROPIC SOURCE) 

(~) 
Flux density per unit surface source intensity for shield thickness of 

IJ,Z = 0.1 t IJ,Z = 0.2 IJ.Z = 0.5 IJ.Z = 1.0 IJ.Z = 2.0 pZ = 5.0 

0.001 1.823 1.223 0.5602 0.2198 0.04912 1.166 x 10- 3 

0.002 1.823 1.223 0.5607 0.2207 0.04935 1.184 x 10-3 

0.005 1.824 1.224 0.5620 0.2215 0.05002 1.242 x 10-3 

0.01 1.825 1.226 0.5643 0.2235 0.05119 1.349 x 10-3 

0.02 1.828 1.229 0.5688 0.2278 0.05363 1.614 x 10-3 

0,05 1.834 1.239 0.5820 0.2406 0.06171 2.977 x 10003 

0.1 1.842 1.254 0.6024 0.2613 0.07621 7.042 x 10-3 

0.2 1.851 1.272 0.6360 0.2982 0.1049 1.795 X 10-2 

0.5 1.825 1.277 0.6841 0.3659 0.1687 5.223 x 10-2 

0.75 1.765 1.240 0.6804 0.3819 0.1923 6.990 x 10-2 

1.0 1.689 1.185 0.6560 0.3767 0.1980 7.753 x 10-2 

tNumber of relaxation lengths. 

+All data in this appendix have been takeIl' from D. K. Trubey, A Calculation of Radiation 
Penetration of Cylindrical Duct Walls, USAEC Report ORNL-CF-6300 2-64, Oak Ridge National 
Laboratory, Feb. 28, 1963. 
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APPENDIX P 735 

Table P.2-UNCOLLIDED FLUX DENSITY AT EXIT OF CYLINDRICAL 
DUCT DUE TO RADIA TlON ARRIVING THROUG H DUCT WALLS 

(COSINE SOURCE) 

(~) 
Flux density per unit surface source intensity for shield thickness of 

p.Z = o.lt pZ = 0.2 ~Z = 0.5 J.l..Z = 1.0 p.Z = 2.0 ~Z = 5.0 

0.001 1.445 1.149 0.6539 0.2976 0.07544 0.002026 
0.002 1.446 1.149 0.6545 0.2983 0.07582 0.002059 
0.005 1.446 1.150 0.6564 0.3002 0.07698 0.002166 
0.01 1.447 1.152 0.6595 0.3034 0.07896 0.002365 
0.02 1.450 1.156 0.6657 0.3100 0.08314 0.002862 
0.05 1.455 1.166 0.6836 0.3298 0.09703 0.005458 
0.1 1.459 1.179 0.7095 0.3610 0.1217 0.01323 
0.2 1.453 1.188 0.7462 0.4120 0.1682 0.03343 
0.5 1.339 1.116 0.7510 0.4714 0.2494 0.08728 
0.75 1.190 0.9949 0.6827 0.4465 0.2553 0.1036 
1.0 1.036 0.8643 0.5953 0.3956 0.2340 0.1014 

tNumber of relaxation lengths. 
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736 APPENDIX P 

Table P.3-RATIO Of LINE·Of·SIGHT RADIATION TO TOTAL 
UNCOLLIDED fLUX DENSITY IN DUCT 

(~) 
fraction of total flux density for shield thickness of 

~ = 0.1 t JJ.Z = 0.2 JJZ = 0.5 ~= 1.0 fJ,Z = 2.0 JJZ = 5.0 

Isotropic Infinite·Plane Source 

0.001 <10-6 <10-6 <Hr6 <10-5 <l(y4 <10-3 

0.002 <10-5 <1(f5 <10-s <l(fS <1(f4 0.002 
0.005 <10-5 <10-4 <10-4 <1(f4 <1(f3 0.010 
0.01 <10-4 <10-4 <1~ 1(f3 0.001 0.038 
0.02 <10-3 <10-3 10-3 10-3 0.004 0.11 
0.05 <10-3 0.001 0.002 0.005 0.020 0.29 
0.1 0.003 0.004 0.008 0.019 0.062 0.42 
0.2 0.011 0.015 0.031 0.062 0.16 0.52 
0.5 0.059 0.083 0.14 0.23 0.40 0.68 
0.75 0.11 0.15 0.25 0.37 0.53 0.76 
1.0 0.17 0.23 0.34 0.48 0.64 0.82 

Cosine Infinite·Plane Source 

0.001 <10-6 <1(f6 <1(fs <1(fs <1<r <10"3 
0.002 <1(fs <10-s <l(fS <10-4 <1~ 0.002 
0.005 <10-4 <10-4 <10-4 <1(f4 <1(f3 0.011 
0.01 <10-4 <1(f4 <1(f3 <1(f3 0.001 0.040 
0.02 <1(f3 <10-3 <10-3 0.002 0.005 0.12 
0.05 0.002 0.002 0.004 0.008 0.025 0.27 
0.1 0.007 0.008 0.014 0.027 0.076 0.43 
0.2 0.026 0.031 0.050 0.12 0.19 0.54 
0.5 0.14 0.16 0.22 0.31 0.45 0.71 
0.75 0.25 0.28 0.37 0.48 0.61 0.79 
1.0 0.36 0.40 0.50 0.60 0.71 0.85 

tNumber of relaxation lengths. 
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Solutions to Exercises 

CHAPTER 2 

2.1 Let N'(t) be the number of atoms that have disintegrated at time t. where N(O) = No 

P(t) = it.. [N'lt)) = A..'{oe·l\( ., dt . , 

(b) 

f 
' ' - J6 P.(t') dt' = No (1 - e·l\t) '-I\t 

1 ~ t) - Jao (') d ' = 1 - e 
. 0 pt. t No 

Jao I" d ' I\r 

f
' - t p,tJ t _ Noe' _ .1\( 

2 \ t) - l- .' \ d' - -\,;,- - e 
o PIt It. 0 

(d) .1\ T" - e ~ ) 

2.2 (a) See accompanying sketch. 

p~~----------~------~ 

Solution 2.2--Solid-angle calculation. 
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738 SOLUTIONS TO EXERCISES 

dA = n dA 

dn = n • dA = cos ~ dA 
I r • rl r 

'], '],., R R 
dA = 271P dp, r = R + p-, cos e = -;: = (R2 + p.)1'.i 

La La 21TRp dp 2r.R]a 
n= dn= (R2+p~:l'2=-(R2+p2)1'.i o 0, . . . 0 

(b; As R - 0 or a ....... 00, n ....... 21i (half space:'. 

2.3 (a) 

AdA 
!1- I 

I 
p ~----~----I----

¢ I 
--J 

Solution 2.3-Spherical-shell source. 

dA = R 2 sin e de d¢ 

The differential source = Sa R2 sin e de d¢ particles cm-2 -I sec 

= -4
1 

Sa R Z sin e de d¢ particles cm-2 

7r 

sec- I steradian- I 

The solid angle at dA. subtended by a sphere of unit cross-sectional area centered 
at D is 1!R2 steradian (see figure). Thus. for flux density, <P(R), 

i
2

:r J:tT 1 
<P(R) = -4 Sa sin e de d¢ 

¢=O 11=0 7r 
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SOLUTIONS TO EXERCISES 739 

]

0 
Su . -2-<P ;:: 7" cos () ;:: Sa parncles cm sec I 
- 7f 

(b) From symmetry the net current through the plane P is zero. 

2.4 (a) From symmetry the flux density is (1I2)S(I panicles cm-2 sec-I. 

(h) 

2.5 (a) 

----r---
.... ¢ 

................ j 
..... 

Solution 2A-Hemispheric shell source. 

The differential source strength is given by 

ds= 4
1
_ Su R2 sin e dO dl/> particles cm-2 sec-I steradian-I 
" 

The solid angle subtended at dA from a unit area about point D in plane P (see 
sketch) is cos O1R 2

. Thus the differential current through P is given by 

L2:T fe7f/'2 1 
J(R) = d¢ -4 Sa sin 0 cos 0 de 

Q=O 8=0 iT 

1 1. ~ - 1 . -2 - 1 . 
[ ]

,",7f 

= "2 Sa "2 SIn· e (] ="4 Sa partIcles cm sec dIrected downward 

:--~+-----~------~------~~ ~~----------~----~n 

Solution 2.5 --Disk and point sources. 
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740 SOLUTIONS TO EXERCISES 

Let <l>1(Dd be the flux-density contribution from the disk and ¢1(D2 ) be the 
flux contribution from the point source_ Using the parameter in the sketch, 

dcfl l (D I) = ( 411T Sa 21TP dP) (r; ) 
where ,2 = p2 + D~ and, dr = pdp. 

Thus 

(b) LeL J I ~DI) be the currene thro.ugh P from the disk and 12 (D1: be the current 
through P from the point source. 

J 'D \ 5 (cos 8). d· . ~ I ~ I = - -~- In Irectlon-n 
- • 4;; Di 

The net current liD) at the point D is 

_.!. [ DI] l (S cos 8). . . 
- 2 Sa 1 - ;D~ + R2)~ - 41T D~ ITI direction n 
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2.6 

SOLUTIONS TO EXERCISES 741 

Surface sou rce 

Solution 2.6-Plane array of point source. 

Consider in the accompanying sketch the solid angle dn about n passing through 

the area dA. where dA is the projected area on the unit sphere about the 
differential surface source area d5. 5/c2 = average surface source (particles cm-2 

sec-I) and (1/47T)(SJc2 ) dS = particles sec- I steradian-1 from dS into dD. about 

n. But dS = dA/cos e. Thus (1/4;;)(5/c 2 )(dA/cos 0) particles sec steradian- 1 

pass through dA at point P, and the flux density at point P is 

( 
1 5 dA) ( 1) 1 5 . -2 -I d'-I -4 "2 --0 dA = -4 ~ 8 partlcles em sec stera Ian 
7T c cos 1T c· cos 

2.7 (aj Referring to the sketch for part (a) and using polar coordinates about P, 

)( 
\----x 

Solution 2.7(a)-Nonabsorbing slab SOurce C(8). 
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742 SOLUTIONS TO EXERCISES 

dV= R'l sin 0 de d¢> dR 

dn = sin e de do 

_1_ Sv dV = particles sec-I steradian-I into dn about n. 
41T 

;2 = steradians sub tended at dV by a unit area at P perpendicular to n 

i XiCOS ell 
G(e) dn = -4 '5 v R2 sin e de d¢ dR R2 particles cm- 2 sec-I into dQ 

R=O r. 

_1 x. Oded' --4 Sv --0 sIn !/> 
TT cos 

G(e):: 4 1 8 5"X particles cm-2 sec-I steradian-I 
1T cos 

(b) Referring to the sketch for part ;b). 

Solution 2.7(b)-1(0) from slab source. 

<1>(8) d5 = G(8) dA 

d,-{ = cos e d5 

¢l(0) d5 :: C(8) cos 0 dS 

¢lIe) = C18' cos e 
• I \ / 

Thus 

<1>(8) = }r. 5"X particles cm-z sec-I steradian-I 
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<1>(8) d5 = G(8) dA 

d,-{ = cos e d5 

¢l(0) d5 :: C(8) cos 0 dS 

¢lIe) = C18' cos e 
• I \ / 

Thus 

<1>(8) = }r. 5"X particles cm-z sec-I steradian-I 



(c) 

SOLUTIONS TO EXERCISES 

In i 271 i7l/2 1 
4><l = 4>(8) dn = 4- S,.X sin 8 de do 

n <tl=0 e=o ,. 

1 = -s X 2 v 

743 

(d) The equivalent isotropic surface source emirs panicles in all directions (into as 

well as out of the slab). Thus <1><1 = S ,.X. 
(e~ Referring to the sketch for part (e), 

n 

dA 

Solution 2.7(e)-H(I1) function. 

H(e) de = i2-rr G;8) dn = (271 4 1 8 S"X sin 8 de d¢ 
<1>=0 Jo iT cos 

1 
Hle\=-s Xtan8 

J 2 " 

= - S.X In cos 8 = - S X In --1 [ ]8< 1 (COs8 1) 

2 ~ e 1 2 v cos 8 2 

The values for each interval are shown in the table. 
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2.8 (a) 

(b; 

Interval 

0° to 10° 
40° to 50° 
75° to 85° 
80° to 90° 

Setting 

SOLUTIONS TO EXERCISES 

SOLUTION 2.7(i) 

Cos ~ I 
Cos (J 1 Cos (J2 Cos 8 2 

1 0.985 1.016 
0.715 0.643 1.19 
0.259 0.0872 2.97 
0.174 0 

= O.77e-O.ii6E 12~~ -O.776E~1 

d.'\' 
-=0 
dE 

1 AlL 

---;;;;;:- = 0.77 6E" ::: 0 
2E'" 

1 ... 
- - 0.776£ = 0 
2 

E = 0.645 MeV 

In Cos 6 , 
Cos 6'2 

0.0159 
0.174 
1.09 

E = fa N(E) E dE = fa 0.77E~e-O.776E dE 

fa N(E) d£ fO' 0.7iE1f.e- O .7ib E dE 

Letx = 0.776£;£ = x/0.776 

1 
dE = 0.776 dx 

( )~ ( 1 ) CliO x .x 

_ 10 0.776 e 0.776 dx (0.776 f%r 5/2\ E- :::' . '-
fr-(_x_)~'ze'-" (_1_) dx (0.776f1-1r 3/2) 
o 0.776 0.776 

(3f?)rl3/?1 
= (0.776r

l 
' [.(3/2) -. ::: (0.776f' (3/2) = 1.93 MeV 

1.93 . 9 ( )
\; 

vi::: 0.525 X 10-1S ::: 1.91 X 10 ern/sec 
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SOLUTIONS TO EXERCISES 745 

(c) 

mv' dE 
E;: -2-:7, ;: mv 

dE (m)~ -0 7"'6 2/2 N(v) =N(E)Tr= 0.17 2" ve . , mv, mv 

- r- 3 (0.776 mv') d 10 N(v) v dv JO v exp - 2 v 
v= 

r""\J" 'd - r-, (0.776mv')d JO : ~ V ) v JO v ex p - 2 v 

,~ 

Let ;: 0.776mv' ;: ( 2 ) "l 
Y 2 . v a.776m y 

( 
2 )~ 

dv;: 0.776m /il dy 

~ [ 1~ fr- ( 2 ). ~ -y 1 -~ d 
o O.176m y e' 2(0.776m) y Y 211 I; ye-Y dy 

v= = 
r"'" ( 2 ) .y [ 1 ]~ _~ O.776m .r; y~e'} d), 
Jo O.176m ye' 2~O.776m) y dy 

( 
2 )~ f!2) ( 2 )~ [ 1 ] f(l) ( 2 );' ( 2 ) 

= a.176m r(3f2) = 0.176m (1/2) f(1I2) = O.776m vT. 

( 
? )11 = ? -

- O.776m1l 

E-= - = - 4 -- = 1.64 MeV - mv
2 

m [( 2 )] 4 
v 2 2 O.776mrr O.776;r 

" 
- '0 525 10- 18 '-~[E ::;]11 ( 1.64) 9 
V = I,. X ) (v, = 0.525 X 10- 18 = 1.77 X 10 em/sec 
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746 SOLUTIONS TO EXERCISES 

CHAPTER 3 

3 .1 (a) Partial densities: 

p.'l ; 0.7805 (0.00125) = 0.000976 g/cm3 of air 
Po = 0.2099 (0.00143) = 0.000300 g/cm 3 of air 

P.ir = 0.0096 (0.00178) = 0.0000171 g/em 3 of air 

(b) Weight percents: 

0.000976 
rv,\, = 0.00129 X 100% = 75.5% 

, _ 0,0003 _ "Xl'-

1~O - 0,00129 X 100% - 23._;0 

, _ 0.0000171 07, _ 

J~.ir - 0.00129 X 100,0 - 1.3% 

(e; Atomic densities: ,:Avogadro's number IS 6.02 X 1023
) 

.., 4-
. 0.602 X 10· ? 19 /) -. 

,'1\, = X 0.000976 = 4._0 X 10 atoms cm ot air . 14 

6 ~ 4 

NO = O. 02 X 10- X 0.000300 = 1.13 X 10 19 atoms/em 3 of air 
16 

N.ir = 0.60~9\1024 X 0.0000171 = 2.58 X 1017 acorns/em] of air 

(d) Electron density: 

Pe = (4.2 X 10 19
) 7 + (1.13 X 10 19

) 8 + (2.58 X 10 17
) 18 

= 3.89 X 1020 electrons/cm) 

(e) Average Z 

_ 3.89 X 1020 

Z - ----;-;;:-------;-;:;------:-::;-
- (4.2 X 1019

) + (1.13 X 1019
) + (2.58 X 10 17

) 

389 X 1020 

= . 19 = 7.26 electrons/atom 
5.36 X 10 

3.2 (a) Atomic density: 

0.602 X 1024 

Molecules H,O = X 1 gtcm) = 3.34 X 1022 molecules/cm 3 

- 2 ... 16 

Tnere are thus 3.34 X 1022 atoms/em) of oxygen and 6.68 X 1022 atoms/em 3 

of hydrogen. The atomic density is then: 

N(H2 0) :: (3.34 X 1022 ) + (6.68 X 1022 ) :: 1.0 X 102
) atoms/em 3 
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SOLUTIONS TO EXERCISES 

(b) Electron density: 

Pe = (3.34 X 1022
) 8 + (6.68 X 1022

) 1 = 3.34 X 1023 electrons/em3 

(c) Atomic number: 

3.34 X 1023 

Z = 1.0 X 1023 = 3.34 electrons/atom 

3.3 (a) Discussion question. 

(b) Total cross section: at = 3..+5 + 0.041 = 3.49 b/atom 

Then J.lr = 0.602: 10
24 

3.49 X 10-·-) = 0.15 cm2 !g 
p 1 

J.lr = 0.15 cm2 /g X 0.00125 g!cm J = 1.88 X 10-4 crn-1 

(c) ~ (N) = 0.602
1
: 10

24 
(0.806 + 0.025) X 10--'24 = 0.0357 cm2 /g 

(d) 

'4 
~ (.0) = 0.602

1
: 10· (0.921 + 0.032) X 10""24 = 0.0358 cm2 /g 

JJ. t (A) = 0.602 X 10
24 

(2.07+0.17)X 10--'24 =0.0338 cm2 /g 
P 39.9 

~ air = 0.0357 (0.755) + 0.0358 (0.232) + 0.0338 (0.013) 

= 0.0357 cm2/g 

JJ.t (air) = 0.0357 (0.00129) = 4.61 X 10-5 cm- I 

1 lOS 
A= -=--=2.17X102 m 

J.l 4.61 

(e) At 0.1 MeV: 

4.0613.34 X 10
22

) + 0.493 (6.68 X 10
22

) - 5 07 b/ I 1 a = ' - rno ecu e 
coh 3.34 X 1022 moleeules/cm3 . 

_ 3.94 (3.34 X 10
22

) + 0.493 (6.68 x 10
22

) - 4 9- bIll 
aincoh - 3.34 x 1022 - .::J rno ecu e 

_ 0.071 (3.34 X 102 :) + 0_ 
ape - 22 - 0.071 b/molecule 

3.34 X 10 

At 3.0 MeV: 

_ 0.921 (3.34 X 1022
) + 0.1151 (6.68 X 10

22
) -1 16 b/ I 1 a - h - 2 ~ -. rno ecu e 

meo 3.34 X 10 • 
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748 SOLUTIONS TO EXERCISES 

aeoh::; ajllcoh ::; 1.16 ~!molecule 

o ::; 0.032 (3.34 X 1022
) + 0.00052 (6.68 x 1022) ::; 0.033 b/molecule 

PP 3.34 X 1022 

Ope::; 0 

3 4 D· k h' k 0.04 g/cm2 
. IS t Ie ness::; / 3::; 0.0148 cm 

2.7 g cm 

Disk volume, V::; rri)2) X 0.0138::; 0.186 cm 3 

. (0.602XIOH
; 22 3 

N.-il::; 27 . 2.7 = 6.02 X 10 atoms/cm 

The total scattering coefficient includes coherent events: 

22 -~4 -I 
Peon:: NAIO,oh = (6.02 x 10 ) (6.79 x 10 ~ ) -;;; 0.409 cm 

The scattering coefficient for events that involve energy loss does not include 
coherent even ts. 

iJineoll::; i".iloillcoh = (6.02 X 1022
) (6.41 X 10-24

) = 0.386 cm-
I 

Since 0.1 Me V is below the threshold for pair production, the photon absorption 
coefficie nt is due only to photoelectric even ts: 

IJp~ = l'I,4lope = (6.02 X 1022
) (0.78 X 10-24

) = 0.047 cm- I 

All interactions are given by the sum 

Pc:: Peon + Ppe :: 0.409 + 0.047:: 0.456 cm-· 

(a) The reaction rate (RR) = ¢lJ t V, where V is the total volume over which 

in teractions are to be considered. 

¢ptV:: 1010 (0.456) (0.186):: 8.48 X 108 photons/sec interaction 

(b) Absorprion rate = cfJPpe V = 1010 (0.047) (0.186) = 8.74 X 107 photons/seclab
sorbed. 

(c) Scattering rate:: tPp,oh V= 10· 0 (0.409) (0.186):: 7.61 X lOB photons/sec 

(d) ¢out:: ¢ill - total degraded or absorbed 

= ¢ill - tP in (Pjncoh + ppe)t 

= 1010 [1- 0.433(0.0148) 1 = 0.994 X 10· 0 photons cm-2 sec-· 

(e) F 
. _ reaction rate 

ractlOn - I . d' k tota atoms in IS 

8 _ 8.48 X 10 _ -14 

- (6.02 X 1022 ) (0.186) - 7.57 X 10 
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3.5 

SOLUTIONS TO EXERCISES 

-
n - r f) 

- Jo-.---+--- 2 em --------I 

-
Figure for Solution 3.5. 

pdp:::; r dr 

flt:::; 0.0148 em 

dV:::; 27ip dp flt:::; 21T(O.0148) r dr 

2 
eos e :::; -

r 

749 

p 

PI! :::; (6.02 X 1022 atoms/cm3
) (13 electrons/atom):::; 7.83 X 1023 electrons/em 3 

~:::; a(fJ) Pe:::; (7.83 X 1023 ) (.lO-H) [29.5 -78.3(~) + 56.6 (:2)] 
d<p (P):::; sour~e s[eradia~s at P = (dfJ.s <Po dV) ~ 

S steradian em dn r 

cI>s(P):::; fr:~ 10
10 

(7.83 X 10-
3

) 

X [29.5 _ 78,3(2) + 56.~(4)1....!..2 [2iT(0.0148) r dr) 
r r·] r 

- '7?7 6 f2"fl. [29.S 78.3(2) 56.6(4)J d 
- l ,- X 10 ) - - 2 + 3 r 

2 r r r 

:::; (7.27 X 106 ) [29.5 In r + 78.3(2) _ 56.6(2)] z.J2 
, ,2 2 

:::; (7.27 X 106
) [29.5 In.J2 + 78.3 t~ -1) - 56.6 (0.25 - 0.50)] 

:::; (7.27 X 106 ) 1.34:::; 9.75 X 106 photons em-2 sec- I 
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750 SOLUTIONS TO EXERCISES 

3.6 

3.7 

_ r:' a(v) <P(v) dv r: a(v) n(v) v dv 
a = :::; --:=-----::--r: <p(v) dv r: n(v) v dv 

r: (Cv- I ) Av2 e -,.nv
l 

12k Tv dv 
= r: Av2 e-mv

2
12kT v dv 

Cr; v2 e-rTlv
2

/2kT dv 

= r: v3 e-mv'l 12kT dv 

mt,2 m kT (2kT)~ 2 2kT 
Let x = 2kT' dx = kTI! dv, v dv = ;;-dx, v = -;;;- x\ and v :::; --;;- x 

C J. ... ekTt x~e-x ~ dx 
Then a = 0 m m 

f "" 2kT -x kT d 
--xe - x 

o m m 

Reference to a table of integrals shows that both numerator and denominator give 
gamma functions: 

(2kT)I~ 
0= C --;;;- f(3/2) = C (2kT)-I'I [1/2 r(1/2)) '" ~ (;~)~ 

2kT r (2) m 1 

SinCE a = C/v. 

m \ 

~= (mrr)I.,: 'v2 = 8kT 
v \8kT' m1T 

E = mv
2 

= ~(8kT) 
2 2 mrr 

E = 4kT 
rr 

,h 2(3.7 X 10
10

) 5 h -2-1 
'¥ =' 2 = 5.88 x lOp otons em sec 

411(100) 

(The factor 2 appears because 60 Co emits two photons. 1.33 and 1.17 MeV, per 

disin tegration.) 
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a = :::; --=-----,,---r: <p(v) dv r: n(v) v dv 

r: (Cv- I ) Av2 e -,.nv
l 

12k Tv dv 
= r: Av2 e-mv

2
12kT v dv 

Cr; v2 e-rTlv
2

/2kT dv 

= r: v3 e-mv'l 12kT dv 

mt,2 m kT (2kT)~ 2 2kT 
Let x = 2kT' dx = kTI! dv, v dv = ;;-dx, v = -;;;- x\ and v :::; --;;- x 

C J. ... ekTt x~e-x ~ dx 
Then a = 0 m m 

f "" 2kT -x kT d 
--xe - x 

o m m 

Reference to a table of integrals shows that both numerator and denominator give 
gamma functions: 

(2kT)I~ 
0= C --;;;- f(3/2) = C (2kT)-I'I [1/2 r(1/2)) '" ~ (;~)~ 

2kT r (2) m 1 

SinCE a = C/v. 

m \ 

~= (mrr)I.,: 'v2 = 8kT 
v \8kT' m1T 

E = mv
2 

= ~(8kT) 
2 2 mrr 

E = 4kT 
rr 

,h 2(3.7 X 10
10

) 5 h -2-1 
'¥ =' 2 = 5.88 x lOp otons em sec 

411(100) 

(The factor 2 appears because 60 Co emits two photons. 1.33 and 1.17 MeV, per 

disin tegration.) 



3.8 

SOLUTIONS TO EXERCISES 

With an average energy per disintegration of 1.25 MeV. the intensity is 

1= E<P = 1.25 (5.88 X 10 5
) = 7.35 X 105 MeV em -'2 sec-I 

(a) Air: 

K = I (.u:) = (7.35 X lOs) 0.0268 = 1,97 X 104 MeV g- I sec-I 

Kai~ = (1.97 X 104
) (1.6 X 10-6 ergs/MeV) = 0,0315 erg g- I sec- I 

(b) Water: 

_ (0.0300) _ -I-I 
KH:O-0,0315 0.0268 -0.0353ergg sec 

(c) Iron: 

(
0.0253) -I -I 

KFe = 0.0315 0.0268 = 0.0296 e:-g g sec 

(d) Lead: 

( 
0.0350) -I -[ 

Kpb = 0.0315 0.0268 = 0.0411 erg g sec 

(e) Tissue: 

(0.0290) 
D = K = 0.0315 \0.0268 = 0.034 erg g-I sec-I 

( 
3600 rads/hr ) = 0.034 0 -I -I = 1.23 rads/hr 

1 0 ergs g sec 

A' - A = 1 - cos () ; cos e = 1 - A' + A 

C05 2 e = (1 - A' + A)2: cos 2 e - 1 = -sin 2 () = (1 - "A' + A)2 - 1 

_sin 2 e = (1 - "A')2 + 2(1 - A')("A) + A2 - 1 

= 1 - 2A' + "A'l + 2A - 2AA' + A 2 - 1 

= 2(A - A') + A2 - 2A'"A + A'2 

= 2(A - A') f (A - A? 

3 (A)2['A' A , , 2] (a) Thus ale) = 161T T: A + A' + 2(A -"A) + ("A. - A) 

751 

The probab':ity of scattering into solid angle dr2 = 21T sin e de (see figures for 
Solution 3.8) is given by ale) dr2/ac ' where a, = total Compton cross section. 
Since 
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Figure for Solution 3.8. 

A' = 1 + A - cos B. cIA' = sin B de 

do do clA.' de ,'. 1 
0161 == - ::; -, - - = O~A ~ sm () . 
,; dD. dA dO dD. ' 21T Sin 6 

and 

a(X') = 2;"'(0(0) 

so that 

(b) , {3 (A. V [A' A. '\."', 2]} o(i\ ) :;: 21T 16rr A') "i + ~ + 2(X - 1\ ) + (A - A. ) 

CHAPTER 4 

4.1 (n·n):;: cos O. where e is the angle between the planes containing dA and dS. When 
e < Tit2. cos e > 0 and the leakage through dS along n is also outward (toward n) 
through dS. When 1T/2 < e < 1T, the leakage along n through -dS is opposite in 
direction to n. but then cos 0 < o. Thus the sign of (n·n) properly is positive when 
the leakage through dS is outward and negative when it is inward. 

4.2 We use the Compton wavelength t A:;: liE, which implies dE :;: -\-~ dA., and first 
prove two lemmas: 

Lemma 1: I(A) = I(E) where I(A) == \<1>(}") and /(E) == E<1>(E). 

Proof: Between two values of wavelength, \1 > Ab, conservation of particles 
demands that 

tlf E = 1It//;>" is used. the results will differ only by the constam 1111. 
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(The limits are reversed since :\ increases as E decreases.) Thus 

The relation must hold for all Aa and Ab; the integrands must be equal, and 

¢(;\.) = ~'2 ¢(E); thus A 4>(A.) = E 4>(E) 

Lemma 2: A2 ~s(A')p(A'~A,n'-+n) 4>(A') = ~s(E')p(E'~EJn'-+n)¢(E') 
Using conservation of particles scattering from E' (A') into the energy interval 
(Eh.Ea) where Ea > Eb. the following must hold (where E' = l/A'): 

f Ea 5" , n' n ' JAb ~, , n' n ' E=Eb .... s(E ) p(E ~EJ~' ~ ) <P(E ) dE = A=Xa '"-s(A. ) p(A. ~A.u -+,u) ¢(A. ) c:fA 

Again the integrands must be equal. Thus 

Now, multiplying the Boltzmann equation (Eq. 4.2-8) by E, we obtain 

v' nI(E) + :2: t (E) I(E)= In' f;'=E :2:s(E') p(E'-+E,n'-+n) ¢(E') E dE' df2' 4- E SeE) 

Making the change of variable to ;\. and using the two lemmas. we obtain 

x ~ '!,' d;\" dn' + E SeE) 

Now. recalling A' <1>(:\') = [(A'). dE' fcfA.' = - (A')-'2 . and formally defining S (A) = E S (E), 

we obtain 
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4.3 The slab geometry is shown in the figure for solution 4.3. 

z 

8 

\ 
~~-------------------.~--.-------~--~~x 

... _ I 

- -I 

y 

Solution 4.3. geometry. 

We first note that because of the azimuthal symmetry d¢ldy = dct>!Oz:: 0 and 
i·n=cose.Thus 

r, n ,h n' n 'M,f-, n (o~.) = n.·. a¢ = cos e a¢~r.n) v' 'l':.r. ; = • v'¥ = . ax. ax Ox 

We defIne 2:5 p(n' ..... n) = 2:s!n.n'); the balance equation becomes 

e act>(r.nl ~ ",. n J n' , n' n' cos ax' + "t 'l'tr.~") = 0' ~s~n. ) ¢(r.n ) d~, + S(r. ) 

The differential nux density in the preceding equation has units of particles 
cm-2 sec- l steradian- l

. Let p = cos e,dlJ. = -sin e de. and dS1 = -dp dlj;. The flux 
density per unit p is given by 

/
211 

<I>(x,p) = 1/1=0 ct>(r.n) dt!; = 2rr ¢(r.n) 

(Note: ct>(r.n) is not a function of I/; because of azimuthal symmetry.) Integrating 
each term over";;, we obtain 

o<l>(x,pl 1'21T 1. ' " 
IJ. ax ' + ~t ct>(x,p) = ";=0 0' ~s(n.n ) ct>(x.n ) dn dl/; + 5 (x,lJ.) 

where flrr S(r.n) dl/; = S(x,p.). Now integrate the inscattering integral over W' (dD' :;; 
sin e' dB' d";;' = -dp' d~'): 

r2;r (2:rr (1r I , 'I I 

Jo Jo Jo Ls(n.n) ¢(x,n ) (sin e ) de dl/J dl/l 

J2iT f211 fl "i' ' ", = 111=0 111'=0 /.1'=·1 ~s(n,n) ct>(x,n ) dp dy dl/l 
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Substituting this in the balance equation above completes the derivation. Note that 
the inscattering integral cannot be integrated over iJ,I or 1// since. in general. 
~s(n,n') can be a function of iJ,I and 1/1'. However. see the solution to problem 4.4 
for a method of handling this integration. 

4.4 The point source geometry is shown in sketch a for solution 4.4. 

I --- ... 1 

Solution 4.4. sketch J. 

Care must be taken in developing the angle dependencies. The polar angle e between 
rand n has an implicit dependence on the polar angle e r of the radius vector r. 

Sketch b for solution 4.-1 illustrates the relations: 

;-~""""~----':'-----+---'-- - - - - -- -----

/ () 
/ 

b 

Solution 4.4, sketch b. 

where a is the unit vector along rand b is the unit vector associated with e r in 
spherical coordinates. The sketch shows the change de r and de (both negative 
changes) as Irl goes from r to r + dr. Also observe that ~ = (1112) - e and that de r = 
de. Thus 
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But 

(noa) = cos 8 

(n'b) = -cos 0: = -sin(; - 0:)= -sin e 

and 

3¢ 1 ( . ) 3¢ a¢ 1 ( . ) d¢ V ·n1> = cos f) - + - - Sin f) - = cos 8 - + - -S1O e -
Orr ae r 3 r r de 

Let 

/J = cos e, : = -sin e. and apply the chain rule: 

a<l> 1 ( . ) 3<1> dfJ a¢ 1 . 2 a¢ V . n¢ = /-L - + - - Sin e - - = /-L - + - Sin f) -~-ar r O/-L de ar r OIJ. 

Since sin 2 f) = 1 - /-L 2 
, 

a<l> 1 - 1J.2 a¢ 
V ·n <l>lr,n,E) = /J - + ---

. \ ar r o/-L 

The balance equation becomes 

o¢(r,Sl.El 1 - /-L 2 a¢:dl.E) 
fJ . .+- -- ' + !:t(r,E) <I>(r,Sl.E) 

ar . r O/-L 

As in problem 4.3, the differential flux density ¢(r,n,E) is in units of particles 
cm -2 sec-1 MeV-I steradian-I. Now 

f 211 
v=o<l>(r,n,E; dljl = 21T <P(r,O,E) = <P(r,/-L,E) 

Integrate the balance equation over W to obtain 

o<P(r,/-L,E) 1 - 1J2 o<P(r,/-L,E) ., ( E' "'( Ei 
/J 0 + -- a + -t r, I't' r,/J, I r r /-L . 

where again 

21l' . 

fo S(r,n,E) = S(r,jJ.,E) 
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Because of the azimuthal symmetry, the in scattering integral can be written 

1: i ll. , , ii' , , , " , ,_ -2 <P(r • .u ,E ) ,~s(r,E ) p(E -'E,n -.n) dW dl{; d~ dE 
E IJ --I iT 1/1 '" 

We now assume p(E'-'E,n'-.n) is a function only of E', E, and ~o. where ~o = 
p,'·n = f(~'.JJ.)- Define 

to obtain 

a<P(r,}1,E) 1 - ,1.1'2 a<P(r,~.E) + ~ , E) "'( E' 
~ + -- -r\r, '¥ r,ll, ) 

ar r a/-l 

SOD Jl ~ I I , I , I , = E'=O J.L'=_l"-s[r,E-'E,}1o(/-l,}1)]4>(r,/-l,E)dll dE +S\r,}1,E) 

4.5 Using the results of problems 4.2 and 4.3, we can immediately write the Boltzmann 

equation as 

aI(x,JJ..A) ~ (") I' ") /-l ax + ""t f\ ,x,Il,'\ 

rA r2rt 1. ' , , n n" A dn'd' d'" "\ = Jo Jo n' ~s(t.. ) peA -'A,n -. ) I(x, ,A) A' VI f\ + S(X,}1"\j 

However, for photon scattering by the Compton process (see Sec. 3.2.1), the 
following relation holds: 

A - A' = 1 - cos 8 0 = 1 - 0' • n 

where ()o is the scattering angle. Thus 

and we can write (since cos eo = n'· n) 

The inscattering integral can now be integrated over I{; to obtain 

fo fn' ~~(A',n'·n) 0(1 + A' - A - n'·n) I(x,O',A') ~, dO' dA' 
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Letting k = 21T~s ({,). we obtain 

ol(x,p.'A) "" ~ 
p ax + "'t I(X,p.i\) = 5(x,I1-.I\) U (x) 

+ r~ r k 5(1 +;\.' - 'A - 0"0) I'X n'.'A') dnl d'A' 
Jo I n, 2~ \ , 

The delta function in the source term forces the source to be zero everywhere 

except in the y-z plane at x = o. 

CHAPTER 5 

5.1 Event space: 

(a) The set {1,2.3.4.5.6}. 

(b) The set of unordered pairs (21 
members) {(l.l): ,).2): (1.3): (1.4): 
(1.5): (1.6): (2.2): (2.3): (2.4): (2.5): 
(2.6): (3.3); (3.4;. (3.5): (3.6): (4.4): 
:4.5); (4,6): (5.5:: (5.6):(6.6)). 

(el The set of ordered pairs (36 
members) {(1.1): (1.2): ... ; (1,6): 
(2.1): (2.2); ... : ~2.6): (3.1): ... : 
(3,6j; ... : (6.6)). 

(d) The continuous set of all energies 

into which fission neutrons can be 

born. 

(e) The set of all energies from E 
(energy of the incident photon) 

to £' (energy resulting from 

180
0 

scatter). 

or 

the set of all photon scaccering 

angles from 0 c co 180~. 

or 

the set of all electron scattering 

angles from 0° to 90°, 

etc. 

5.2 For 5.1 (a;: 

Typical event: 

A die landing 3. 

A pair of dice sho •• :ing .:2.-+) 
(note that the dice are 

indistinguishaole ). 

A die landing -+ on the first 

throw and 2 on the second 

throw. 

A neutron emitted from the 

fission process at 1.0 Me V. 

A photon leaving the collision 

point with energy 1.0 Me V. 

or 

a photon scattering through 75 Q. 

or 

an electron scattered at an 

angle of 30
0

, 

etc. 

(a) The PDF is the point function having a value of 16 at 1.2.3.4.5.6 and zero 

elsewhere. 
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Letting k = 21T~s ({,). we obtain 

ol(x,p.'A) "" ~ 
p ax + "'t I(X,p.i\) = 5(x,I1-.I\) U (x) 

+ r~ r k 5(1 +;\.' - 'A - 0"0) I'X n'.'A') dnl d'A' 
Jo I n, 2~ \ , 

The delta function in the source term forces the source to be zero everywhere 

except in the y-z plane at x = o. 

CHAPTER 5 

5.1 Event space: 

(a) The set {1,2.3.4.5.6}. 

(b) The set of unordered pairs (21 
members) {(l.l): ,).2): (1.3): (1.4): 
(1.5): (1.6): (2.2): (2.3): (2.4): (2.5): 
(2.6): (3.3); (3.4;. (3.5): (3.6): (4.4): 
:4.5); (4,6): (5.5:: (5.6):(6.6)). 

(el The set of ordered pairs (36 
members) {(1.1): (1.2): ... ; (1,6): 
(2.1): (2.2); ... : ~2.6): (3.1): ... : 
(3,6j; ... : (6.6)). 

(d) The continuous set of all energies 

into which fission neutrons can be 

born. 

(e) The set of all energies from E 
(energy of the incident photon) 

to £' (energy resulting from 

180
0 

scatter). 

or 

the set of all photon scaccering 

angles from 0 c co 180~. 

or 

the set of all electron scattering 

angles from 0° to 90°, 

etc. 

5.2 For 5.1 (a;: 

Typical event: 

A die landing 3. 

A pair of dice sho •• :ing .:2.-+) 
(note that the dice are 

indistinguishaole ). 

A die landing -+ on the first 

throw and 2 on the second 

throw. 

A neutron emitted from the 

fission process at 1.0 Me V. 

A photon leaving the collision 

point with energy 1.0 Me V. 

or 

a photon scattering through 75 Q. 

or 

an electron scattered at an 

angle of 30
0

, 

etc. 

(a) The PDF is the point function having a value of 16 at 1.2.3.4.5.6 and zero 

elsewhere. 
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,+ • • , , , , I I I I I 
I I I I I .. 

0 1 2 3 4 5 6 7 8 

Solution to Exercise 5.2(a). Values of PDF. 

(b) The CDF is the function 

• .. 

• I 
I I • I 

I 

• I 
I I 

• I 

00 2 3 4 5 6 7 8 

Solution to Exercise 5.2(b). Values of CDF. 

(c) A random-variable function is not necessary to define the PDF. At least an 
ordering of the six eve nts is necessary to plot the CDF. 

For S.l(b): 
(d) Values of the PDF are listed in the accompanying matrix. It is zero elsewhere. 

6 2/36 2/36 2/36 2/36 2/36 1/36 

5 2/36 2/36 2/36 2/36 1/36 

4 2/36 2/36 2/36 , 136 

3 2/36 2/36 '/36 

2 2/36 , /36 

1/36 

2 3 5 6 

Solution to Exercise 5.2(d). Values of PDF. 
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(e) To obtain the CDF, we must order the possible outcomes. One way to accomplish 
this is to assign integers to the outcomes. LetjU,j) = k be the function defined in 
the accompan ying matrix. 

6 6 1 1 15 18 20 21 

5 5 10 14 17 19 

4 4 9 13 16 f(i.j) ; k, I" 1 .2 ••••. 6 

3 3 8 12 
j ~ i, i + I, ... ,6 

2 2 7 

1 

2 3 4 5 6 

Solution to Exercise 5.2(el. Values of CDF. 

The CDF then becomes 

• ---5/6 ------5/9 -----5/18 ------o~~~~~~~~~~~~~~~~~~~~~ a 
k 

(f) For the PDF. no; Lr the CDF, yes. 
For 5.1 (c): 
(g) The PDF has a value of 136 for each ordered pair and is zero elsewhere. 
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(h) The CDF must be constructed as above. It will be a step function increasing Y36 

at each step. 

5.3 (a) Figure 2.1 is not a PDF. (It has values greater than 1). Figure 2.4 is a PDF. Its 

values are in (0,1), and the integral under the curve is 1. (b) Figure 2.1 can be con

verted to a PDF by integrating the curve from 0 to infinity and dividing the plotted 
values by the value of the integral. 

5.4 See graph for solution 5.4. 

E, MeV 

Solution to Exercise 5.4. 

5_5 (a) fg C sin x dx = 1 implies C = 1/2. Thus f(x) = (sin x)/2 and 0 < f(x) < 1. 

(b) CDF = g (sin y)/2 dy = (1 - cos x)/2. 

(c) See graph for solution 5.5. 
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Solution to Exercise S.S(c). 

(d) With 0.0.1. 0.2 •...• 0.9. 1.0. the following choices of x are obtained: 

4 
o 
II 
c: 

o 
I 

o. , 

4~ -c:i 
" c: 

0.2 

4~ 4~ 4~ 4 ~ 4~ 4~ 0 4~ 
N M .,. It) ~ .... ~ ~ 
0 0 0 0 0 0 0 0 

" II " " II " " II 
c;: c: c;: c;: c;: c: I: c;: 

I I I 
0.3 0.4 0.5 0.6 0.7 O.B 0.9 

)( lunits of rr~ 

Solution to Exercise S.S(d). 

(e) They are distributed as the PDF. (Notice the bunching toward x = nI2). 

0 

~ -II 
c;: 

1.0 

(f) Probably so, if enough. random samples. 11, were chosen with equal probability 
from (0,1). (But no guarantees for a finite number of choices-you might have a 
run of bad luck!) 

(g) Choosing the samples equally distributed in (0.1) forced the values of x to be 
distributed exactly as the PDF. Thus we forced more choices to be made in the 
important region around rr/2 where the PDF has its maximum value. This was, in 
fact, systematic sampling (See Sec. 5.304). The samples were chosen from the 
biased distribution 

f' (x) = f(x)1J(x) 

where h(x) ;:; 2/sin x and were adjusted by l/h(x;. 
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5.6 (a) The graph is not a PDF. The values are not constrained within (0.1). 
(b) The follo...ving table for 5.6(b) was the result of 300 trials: 

SOLUTION TO EXERCISE 5.6(b)-AUTHOR'S RESULTS 

No. of 
A B C 

No. of 
rolls Selected % Selected % Selected % rejections 

100 12 20% 23 39% 24 41% 41 
200 20 16% 44 36% 58 48% 78 
300 33 18% 64 35% 86 47% 117 
Expected 

distribution 17% 33% 50% 

That the distribution is not closer to the expected one is revealed in the smaller 
table for the distribution of results of tossing the first die (to select the letter to 
be tested): 

SOLUTION TO EXERCISE 5.6(b)-ANALYSIS 
OF ACTHORS 

Letter 

A 
B 
C 

No. of choices 
in 300 rolls 

108 
106 

86 

Perhaps it Can be explained by the fact that the authors randomly selected the 
two dice from their well-used set of "liar's dice." Of course, a better explanation 
is that these results are well within the accuracy ro be expected for 300 trials. 

CHAPTER 6 

6.1 Use Fig. 6.1, and interpolate to obtain curves at 85 and 95 cm. Use the 120·cm curve 
directly. 
(a) The spectrum at 1 is given by the 95-cm curve X 2 X 10 10 • The spectrum at 2 is 

the sum of the 85·cm and the 120·cm spectra X 1 X 10 10
. Observe that at 

point 2 the contribudon of source A is inconsequential. 
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SOLUTION TO EXERCISE 6.1(a) 

E. t MeV 

0.1 1 2 3 4 5 

r = 85 4rrr2 No 4(-5) 1.5(-5) 9(-6) 6(-6) 4(-6) 5(-6) 
em No 4.4(-10) 1.7(-10) 9.9(-11) 6.6(-11) 4.4(-11 ) 5.5(-11) 

r = 95 4rrr2 No 4(-6) 1.5(-6) 1.1(-6) 9(-7) 6(-7) 8(-7) 
em No 3.3( -11) 1.2(-11) 9.1(-12) 7.4(-12) 4.9(-12) 6.6(-12) 

r = 120 4rrr2 No 1(-6) 3.5(-7) 2.2(-7) 2.0(-7) 1.4(-7) 1.6(-7) 
em No 5.5(-12) 1.9(-12) 1.2(-12) 1.1(-12) 7.7(13) 8.8(-13) 

Spectrum at l:t 0.66 0.24 0.18 0.15 0.098 0.13 
Spectrum at 2:t 4.4 1.7 0.99 0.66 0.44 0.55 

E,t MeV 

6 7 8 9 10 11 

r = 85 4rrrz 
'\;0 5(-6) 4(-6) 3(-6) 2~-6) 1 (-6) 4(-7) 

cm So 5.5·:-11) 4.4(-11) 3.3(-11 ) 2.2(-11) 1.1(-11) 4.4(-12) 
r = 95 41ir2'y 0 9(-7) 8(-7) 6(-7) 3(-7) 1.31.-7 :, 

em .Yo 7.4 i,-12) 6.6(-12; 4.9(-12) 2.5(-12) 1.1(-12) 
r= 120 4iTr2 No 1.8t.-7) 1.5(-7) 

em No 9.9(-13) 8.3(-13) 
Spectrum at 1 t 0.15 0.13 0.098 0.05 0.02 
Spectrum at 2: 0.55 0.44 0.33 0.22 0.11 0.04 

t4( -5) = 4 X 10-5
, etc. 

tNeutron em -z sec-I MeV-I. 

(b) Plot the energy-flux.density spectra (ENo) and numerically integrate: 

SOLUTION TO EXERCISE 6.1(b) 

E, MeV 

0.1 1 2 3 4 5 6 7 8 9 10 11 

At 1: 
ENo 0.07 0.24 0.36 0.45 0.39 0.65 0.90 0.91 0.78 0.45 0.20 

At 2: 
ENo 0.44 1.7 2.0 2.0 1.8 2.8 3.3 3.1 2.6 2.0 1.1 0.44 

Csing M = 0.4 MeV for numerical integration: 

(11 -2 -I 
J O ENo (point 2) dE ~ 23 MeV em sec 
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Solution to Exercise 6.1(b). Graphs of energy-flux density at points 1 and 2. 

(c) Use Fig. 6.20: 
At point 1 

At point 2 

765 

po , 

4.0 

2.0 

1.0 

0.8 

> :iE 0.6 

-, 
u ., 
~ 0.4 

E 
u 

o 
Z 
w 0.2 

o. 1 

0.08 

0.06 

0.04 

( 
f 

I 
I 

! 
i 

j 

IV 
! 

o 2 

SOLUTIONS TO EXERCISES 

1'J....... A 

I~ ~ 
~ ~ \ 

.li\ 

~ 

/-

7 
i) 

4 6 

E, MeV 

~ \ 
~~ \ 
\ 1 

, \ 

8 10 12 

Solution to Exercise 6.1(b). Graphs of energy-flux density at points 1 and 2. 

(c) Use Fig. 6.20: 
At point 1 

At point 2 

765 



766 SOLUTIONS TO EXERCISES 

6.2 We first observe that 1 mrad/hr;;: 2.78 X 10-5 ergs g-I sec-I. Next we compute the 

flux density incident (essentially normally) to the slab. 

Solution to Exercise 6.2. geometry. 

7.63 cm = radius of beam tube 

d$;;: 10
12 

21Trdr cose;r'2 + 1522 =p2 cose = 152 
4Wp2 'p 

ct> = f 7 .6 3 (10 I 2 Y dr 1 52 = J 1 5 ~.1 9 1 52 (10 I '2 ) dp~ 
r=O 2p P p=b2 2 

;;: 5(152)10 11 
--( 1) \152.19 

P 15'2 

= 6.2 X 108 neutrons cm -2 sec-I at point B 

To compute the attenuation, we use the curves of Appendix M and the fission 
spectrum given in Fig. 2.18 to construct Table A. The choices of E were dictated by 
the curves of Appendix M. The spectrum No/b.E was obtained from Fig. 2.18 multi· 
plied by b.E, and the sum over all energy intervals was verified as 1.00. 

SOLUTION TO EXERCISE 6.2-CONCRETE ATI'ENtIAnON DATA 

Em,n - Emu. 
MeV 13-18 11-13 9-11 7-9 5-7 3.5-5 1.5-3.5 1.6-2.5 1.0-1.6 O-\.O 

E.MeV 14 12 10 8 6 4 3 2 \.3 0.' 
~.M.V 5.0 2.0 2.0 2.0 2.0 1.5 1.0 0.9 0.6 1.0 
N.(E)J~.t 

neurron,{ 
MeV 3(-5); 2(-4) 8(-4) 4(-3) 2(-2) 81,-2) LS(-I) 2(-1) 3.1(-1) 3.1(-1) 

N(E)~. 

ncunon. 1.5 ( -4) 4(-4) 1.6(-3) 8(-3) 4(-2) 1.2(-1) LS(-I) 1.8(-1 ) 1.9(-1) 3.1(-1) 
0.'(£.60 em). 

(e'l' g" sec·' )1 
lncu.uon 
cm""1 ICC-I) 8(-9) 81-') 1(-8) 9.S{-9) 9(-9) 3.2(-') 4(-9) 6(-10) 1.7(-11) 1.7(-12: 

D'(f, 90 em). 
(ergs 8"' ICC··)J 
(neu.tron 
crn.-2 Me-I) ?(-IO) 6.5(-10) 9(-10) 8.5(-10) 6,6(-10) 1.6(-10) 1.5(-10) 9\_12: 6(-14) \.3(-15) 

D·(f. 120 em). 
(orp g" ICc')1 
neuuon 
c;m"'1 1Cc:- I ) 4.3(-11) 4.5(-11) 7.0(-11) M(-ll) 4.1(-11) 8.5(-12) 6.5(-12) 1.31-13) 2(-16) 1.2(-18) 

TSu.m o'ter ...u cncrgic •• 1.00. 
*3(-5)·3 lC 10". 
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The three normalized dose spectra were obtained from Appendix M; we extrapolated 
where necessary. The objective is to get a curve of total dose rate vs. slab thickness for 
the whole spectrum. We now form the product N(E) M <P D'(E.x) = D(E.x). 
using <P = 6.2(8) neutrons cm""2 sec-I, and conscruct Table B. 

SOLUTION TO EXERCISE 6.2-CONCRETE ATTENUATION DATA 

N(E) 6.£. D(E,60), D(E,90). D(E.120). 
MeV neutrons -I -I ergs g sec ergs g -I sec -I -I -I ergs g sec 

14 1.5(-4 )t 7 .5( -4) 7.0(-5) 3.8(-6) 
12 4(-4) 2.0(-3) 1.7(-4) 1.6(-5) 
10 1.6(-3) 1.0(-2) 0.9(-3) 0.7(-4) 
8 8(-3) 4.7(-2) 4.2(-3) 3.2(-4) 
6 4(-2) 2.2(-1) 1.6(-2) 1.0(-3) 
4 1.2(-1) 2.4(-1) 7.5(-3) 6.5(-4) 
3 1.5(-1) 3.8(-1) 1-5(-2) 6.0(-4) 
2 1.8(-1 ) 7 .O( -2) 1.0(-3) 1.5( -5) 
1-3 1.9(-1) 2.0(-3) 7.0(-6) 2.5(-81 
0.7 3.1(-1) 3.3(-4) 2.5(-7) 2.2(-10) 
Sum 1.00 0.97 = D(60) 4.5(-2) = D(90) 2.7(-3\ = D(120) 

t 1. 5 ( -4) = 1. 5 X 10-4 . 

Plotting D(60), D(90). and D(120) on semilog paper, we find. as expected (the 
curves in Appendix M suggest it), that they fall on a straight line, and 

Thus 

D(x) == 290 e-o· 096X 

I 
290 4 

0.096x == n 2.78 X 10-4 :: In 104 + In 10 = 13.9 

13.9 
x == -- = 145 cm 

0.09 

6.3 We use Fig. 4.11 and the thickness computed in Problem 6.2 (x = 145 em). 
Extrapolating the 152-cm curve of Fig. 4.11, we find that the thermal-flux density is 
about 5 X 10-7 per incident unit flux density. Thus 

== 3.1 X 102 neutrons cm-2 sec-1 
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6.4 The source strength of the disk is 5000 X 3.7 X 1010 X 2 = 3.7 X 1014 photons/sec 

If we assume that there is no self-shielding, the equivalent surface source is 

=-3;..;..7_X_l....;;0_1"'!'4 18 0 I 1 h '"2 -1 . d' . 11 3.14 X 10:2 = 1. X 1 P otons ,:m sec emlue Isotroplca y 

We plot Berger's coefficients vs. energy (Ap!,endix F) using the 0 to 7 mean-free-path 
data (75 cm == 4.7 mean free paths) to find C = 0.96 and D = 0.082. 

1.4 

1.3 

1.2 Berger's coefficients 

1.1 0,3 

1.0 

0.9 0.2 

C 

O.B o 

0.7 0.1 

0.6 

0,5 o 

a 2.0 3.0 4.0 
E. MeV 

Solution to Exercise 6.4. Interpolation of Berger's coefficients for water. 

p r dr = p dp 

d = 75 em 

R = 10 em 

Geometry of Solution to Exercise 6.4. 
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f lO S rdr ( ) ( ) DR = _w __ e -IJI) 1 + Cp.peDIJP P.a E 
r=O 2p2 

where Sa = 1.18 X 1012 photons cm""2 sec-I. 
Note that the first parentheses enclose the buildup factor and that the coefficient of 
the first term will be the dose rate without buildup. 

Let x = p.p; dp = dx//J.; P = x/p., then 

DR=~ _e_ dx + C e-x(l-D)dx 5 p. E [jlJb -x flJb ] 
2 IJd x IJd 

_ SaJ1(jE {E (d' E (b) C [_lJd(I-Dl -lJb (I-D']} --- llll- III +--e -e 2 1-D 

Ild = 0.064(75) = 4.80; IJ.b = ll(d2 + R2 /~ = 0.064(5625 + 100)~ = 4.84 

p.d(l-D) = 4.80(0.918) = 4.406; p.(d2 + R2)~ (1 - D) = 4.84(0.918) = 4.443 

DR = 1.18 X 10
12 

(0.03)(1.25) [1 45 X 10-3 _ 1.37 X 10-3 0.96 
2' +0.918 

X (0.0122 _ 0.0117)] t 

= 2.21 X 10 10 [8.0 X 10-5 + 1.05(5 X 10-4
)] 

(a) DR = 2.21 X 1010 (6.05 X 10-4
) = 1.34 X 107 MeV g-I sec-1 

(b) The buildup factor is 6.05/0.8 = 7.6. 

tValues of E, are from Appendix G. 
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6.5 Since the concrete shield is hydrogenous. we can use neutron removal theory. From 

Table 4.3 the removal cross section for lead is oR = 3.5 barns/atom. Thui 

At' IJ 
l:R=--oR 

Aw 

= 0.6 X 10+'24 (11.3) 3 ~ 10-24 
207 .:> X 

= 0.115 em-I 

The added factor of fast-neutron removal is simply 

The fast-neutron dose rate is reduced by a factor of 0.563. 

6.6 Since the average prompt fission photon energy is in the MeV region. an 
approxima te, conservative answer can be obtained by using the minimum attenua· 
tion coefficient, whidl occurs at about 3.5 MeV for lead. From Fig.3.B.a::l; 
barns/atOm. Thus 

/I = 0.6 X 10
24 

(11.3) '1~) = 0 49 -1 
,.. 207 \ ~ . em 

e-·
ur = e -0.4 9(5) = e-2 . S = 0.082 

The gamma dose rate is reduced by a factor of 0.OB2. To obtain a more accurate 
result, we wo uld follow a procedure for the gamma-ray spectrum similar to the 

treatment of the neutron spectrum in the solution to Problem 6.2. 
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data files, 492 
Broomstick experiment. 490-492, 494 
Buildup factor, effective, 424 
Buildup factors for ga.mma rays 

applications, 284-286 
Berger form, 171-172,286,304,307, 

628,631,640 
coefficients for air. 640-641 

aluminum, 636 
concretes, 640 
iron. 637 
lead,639 
lithium hydride, 640-641 
sand, 640-641 
tin, 638 
water, 635 
wood,640-641 

in ducts, 368, 407 
energy absorption, 170 
energy deposition, 170. 631-632 
equivalent Z method, 423 
exposure, 170. 626-628, 630 
finite media, 422 
infinite· plane source, 285 
interpolation method, 424 
linear form, 171-172,628 
multiple layers, 423-424 
narrow-bea m geometry, 284 
polynomial form, 17l-1n. 305, 635 
quadratic form, 171-172,628 
in shield designs. 578, 589, 598 
in shield heating. 421-425 
Taylor form, 171-173. 306. 408 
wide·beam geometry, 284-285 

Bulk Shielding Reactor (BSR), I, 4, 
482-485. 591 

C-17 code. 282 
Cable-route openings (see Ducts) 
Calcium borate in Fermi reactor, 539-543, 

546 
Capture gamma rays 

energy distribution, 15 
sources 0 f, 14-15 
spectra, 15 

Carbon steel in Fermi reactor, 
540-541,545 

Carlso;"s Sri (see Discrete·ordinates 
Sri method) 

Center-of. mass coordinates, 236 
Charged particles 

equilibrium, 99-101 
heating, 429-430 
sourcesof,12 

Chicago Pile-3, 2 

Coherent scattering of photons, 
80-81. 115 

Collided radiation,1l9-120 
Collision kernel, 217 
Collision parameters, 234-242 

biasing, 235-236 
direction cosines, 241-242 
gamma rays. 235, 240 
neutrons, 235-240 

Compton effect, 70-74, 97-98,104.341 
energy deposition. 73 
fractional energy loss, 73 
in Monte Carlo, 240 

Compton wavelength. 71-72,117 
Conceptual design. 520-524 

calculations for, 521-522 
detailed considerations, 522-524 
economic considerations in, 523-524 
radiation streaming in, 523 

Concrete, 1-3. 447 - 451 
barytes, 3, 450-451 
cole manite, 450-451 
constructIon criteria. 534 
in Dounreay reactor. 560-562 
effect of water content, 456.459.461 
effective atomic number, 425 
ferro phosphorus, 450-451 
heatmg criteria. 533 
iron-portland, 3, 450-451 
lu mnite, 450-451 
magnetite, 544,566 
monoenergetic-neutron transport 

data,291 
in Pathfinder reactor,S 7 6 
serpentine, 544 
in shield fabric3[ion, 526 

Convair, Fort Worth, 2-5 
Conversion factors (see Neutron 

conversion factors) 
Coordinate sy ste ms, 617 

ce:Jter-of-mass.86-87 
Laboratory, 86 
transforma.tions, 617 -619 

Cosine distribution. 45 -48 
Coupled Monte Carlo and discrete-ordinate 

calculational links, 7 
CRAM, 548-550, 556 
Cross section, differential, 72, 237 

energy absorption, 420 
Cross sections. 63-67 

See also Rem,,','al cross section 
absorptlon.64 
activation, 93-94 
effect of state of medium. 64 
evaluated data. 64-65 
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gamma·ray, 68-83 
Compton energy absorption. 73 
Compton sc;l[[enng, 73,81 
pair production, 74-80 
photoelectric effect, 68-70 

macroscopic, 65-66 
microscopic, 64-65 
neutron, 53-94 

effect of minima, 490-49:2. 503 
eiaS[ic, 84-88 
indastic. 64.89-91 
nonelastic. 9.3 
radiative capture, 9:2 

total,64 
units 0 t', 65 

Crud,575-578 
Cu mulative distribution function (CDFj. 

21,211-215.258 
eu mulative scattering proLabtlity. 237 
Current. 35 

angular. 29 
different;al net. 35 
net, 35 
scalar, 36 

Current density, 26. 34- 39 
angular, 34-39 
examples. 37-39 
net, 60 

Curvature coefficient in discrete ordinates. 
139 

Delbruck scattering, 80 
Demonstration Monte Carlo program, 

251-254, 674-686 
flow chart. 676-678 
FORTRAt' listing. 679-684 
input data requirements. 675 
test problem, 684-686 

Depleted uranium. 454-455, 457 
Detectors 

boron trir1uoride. 473 
concept. 26 
gamma·ray (see Gamma·ray detectors) 
neutron (S~e N~utron detectors! 
thermoluminescent (TLD). 476 

Diamond difference technique. 133. 
144-1-1-5 

breakdown, 145 
Differential cross section, 72. 237 
Diiierenttal diStributions, 19-24 

first·moment, 24. 60 
function, 29,42 
histogram form, 22 
nth·moment,24 

Differential energy·flux density, 31 

Differential flux density. 30, 43 
Differenttal net current, 35 
Differential particle density. 28 
Differential phase·space cdl. 124, 134 
Differential solid angle, 25 
DiffUSion theory, 160-162. 190 

equation, 161 
first·flight correction. 190 
group approach, 161-162 

Dirac delta function, 621-6:22 
Direction cosines. 241-242 
Directional distributions. 42 -~8 

cosine, 46-48 
isotropic. 47 
monodirectional approx;mation. 48 
normalization. 46-47 
quadrature schemes in, 146 
source term in, 143 

Discrete·ordinates 5'1 method. 7, 132-1~9. 
494 

advantages and disadvantages. 

148-149 
anisotropy of gamma·ray sc~[[ering. 

426 
calculation, removal term of. 140-1-1-2 
curvatur~ coefficient in. 139 
derivation of iinite·diffen:nce equJ.;ion. 

136-144 
group angular flux in. 136 
multlgroup calct..:1ations for. 140 
negative flux fix·u p. 145 
numerical solution. 144-148 
ray diect, 1 48 
spherical geometry. 134 

Dispersion, 248-250 

Distribution functions 
cumulative, 21. 211-215,258 
sampling from, 209-215 

Divergence theorem, 126, 620-621 

Domain of function, 210, 214 
Dose, 94-112 

absorbed. 95-98,101,106.112.116 
maximum, 108-111, 616 
rate, 26,97 

air, 99 
biological,94-95 
first·collision, 99-103 
free·air,99 
free·field, 99 
maximum permissible (MPD), 112 
mul ticollision, 112 

Dose buildup factor, 170 

Dose current, 271- 272 

Dose distribution factor (DF), 108 
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Dose ~quivalent. 105-108. 112 
maximum. 108-111. 616 

DosimC!t~rs 

anthracene scintillation (ASD), 475 
glass (see Gamma·ray detectors) 
Hurst iast·neutron. 472,511 

DOT, 7. 426 

Dounreay Fast Reactor. 559-566 
borated graphite in. 560-562 
calculation model. 562 
graphite in. 559 
mC!asurements.563-565 
resilon in. 559-560 
rotating top shield. 559-566 
screaming,S 65 -566 

DTF code. 486-490. 494 

DTK code. 486-490, 502-504, 548 

Ducts. 356-404 
bent. 378-404 
cylindrical, cosine source. 735-736 

i,OcrOPlc source. 734. 736 
line·of·sight component. 357 -367 

cosine n e distribution. 358-359, 
362 

cylinde~ annulus. 366-367 
cylinder ducts, 365-366 
long thin ducts, 363 
rectangular ducts. 360-363 
rectangular slots. 363-365 
types of plane sources. 358-359 

relative magnitude of line·of·sight 
and wall·penetration components. 
371-372 

wall·penetration component, 367-3'75 
comparison with experiment, 374-375 
cylindncal ducts, 370-372 
partially penetrating cy lindrical 

ducts. 372-374 
ray analYSIS, 368-370 

wall·sca:tered component, 375-404 
albedo methods, 380-404 
albedo ~onte Carlo, 395-404 
analog Monte Carlo, 376-380 
coplanar \/s. noncoplanar three.legged 

ducts, 401 
corner.:ip correct:o n, 383- 38 4-

double reflected component, 382 
exper:mental s[Udies, 400-404 
first·o~der reflection, 380 
rectangular·duct formula, 391 
rectangular ducts, 388-394 
Simon-Clifford technique, 385-388 
lj·sha!'e, 400-402 
Z·shape, 400- 402 

Economic considerations in conceptual 
design, 523-524 

Effect of medium, 57-58 
Effective buildup factor, 424 
Effective relaxation length, 288,371 
Elastic neutron scattering, 84-88 

angular distribution, 87 
anisotropy. 88 

E!'-JDF fB (evaluated nuclear data 
file), 65, 492, 494-495 

Energy.absorption cross section. 420 
Energy cutoff in Monte Carlo, 255 
Energy deposition 

deiinition, 96-98 
methods, 419-430 
rate. 67 

Energy distribution 
ot' tission neutrons. 54-56 
of particle.reaction neutrons, 18 

Energy distributions, 48-50 
effec: oi medium,S '7 -59 
sampling from, 218-219 

Energy t1uence. 33 
Energy imparted by ionizing radia· 

tion.96-98 
Energy removal rate, 67 
Energy spectra. 20 

See also Differential distributions; 
Energy distributions 

Engineering 
construction follow.up, 525 
field drawings. 525 
in shieid design, 524-525 

Enrico Fermi Atomic Power Plane. 
519.527-559 

biological dose criteria. 532 
borated graphite in. 537-541 
boron steel in. 540-541. 545 
calcium borate in. 539-543, 546 
calculational techniques. 548-552 
carbon steel in, 540-541, 545 
comparison of measurements and 

calculations. 553-559 
description of plant. 528-532 
exotic materials, 548 
graphite shield. 537 -541 
heat·removal system, 532 
intermediate heat exchanger, 544 
lead in. 541 
magnetite concrete in, 544 
operating floor shield. 544 
primary neutron shield. 535-541 
primary shield, 528 
prtmary sodium·pipe shIelds, 547 
radial biological shield, 544 
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radiation-damage criteria_ 532-533 
radiation-h~ating criteria. 533 
r~:lctor shield. 534-547 
remote malntenance_ 533 
rotating-plug shield. 539-540 
safety standards_ 534 
secondary shidd wall. 541-543 
serpentine concrete in_ 541 
shield costs_ 548-549 
st-_ield criteria. 532-53.1 
shldd systems tor the auxiiiary facilities. 

547 
shield test pro~ram. 527 
sodium cool.lnt. 529-559 
sodium pump shield plugs. 544 
stainless sted :n. 540-541 
steel shot in. 539.545 
st:eamin~, in shield, 550 
streaming paths. 538-547 
thermal shield. 537.542-543 

Ent:anceways . ;ee Ducts) 
Epithermal region_ 85 
Equation or' cor.tlnulty in dir'fusion theorv. 

160-162 
Equidimibution. 664 

or- random-number generators. 664. 

669-670 
Eder's constant. 306 
Evaluated nuclear data file (see ENDFlB: 
Evaluation of integrals by Monte Carlo 

method. 216-218 
Event_ 209. 258 

probability. 207-208 
space. 210 

Excitation ene:-gy. 239 
in neutron ..:apture_ 91 

J::xpected valu~. 212-213.248-250 

Experimental sn;elding. 471-516 
importance of. 471 
purposes ot. 472 

Experiments 
accelerators. ~93-502 
air transport and air-grcund 

interiace.507-514 
60Co gamma·ray. 508-514 
cross-section evaluation. 490-492 

I 37 Cs ga mma-ra y source. 503 -507 

duct pene:ration. 514-515 
fixed sot:rces. 503-507 

L1NAC.498-503 
neucron, :14 MeV). 507-514 
neutron spe<:,ral and angular 

distribt: :lOn. 482 -490 
rea<:tor source. 477-493 
various environments. 516 

Exponential attenuation. 122 
Exponential functIOn. 305 
Exponential integral functions_ 292. 

642-652 
graphs. 644-652 

Exponential transiorm. 229.232 
Exposure. 103-105 
Exposure buildup factors. 170. 626-628. 

630 
See also Bulldup factors 

Exposure rate. 26. 104 

FJ.lloue shielding, 8 
Fast breeder reactor _ 52i-566 
F~st-neut~on energy region_ 85 
Fast reactor system. special shielding 
~roblems or. 527 

Federal Regisrer. 109 

Fl!rmi age 
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Fitted-parameter data applic:ltion_ 277-283 
Fluence. 33 
Fluorescent radiation, 68 
Flux. 28 

See also Flux density 
removal. 194. 196 

Flux density. 26. 28 
angular. 29, 34 

angular energy. 30 
definition. 124 
differential. 30. *3 
differential energy. 31 
examples. 37-38. 60 
group. 31-32 
incremental sphere concept. 31 
special limiting process. 26. 33 
thermal-neutron. 298-301 
total. 31. 32 
total energy. 31-32 

FORTRAN. :51 
free·air dose. 99 
Free·fieid dose. 99 
Frequer.cy i'unctions. 210 

Gamma-ray attenuation (see specific trans
POrt method. e.g .. Moments method) 

Gamma-ray attenuation functlons (see 
Attenuation functIOns for gam rna rays) 

Gamma-ray bUIldup i'acrors ~see Buildup 
factors for gam rna rays) 

Gamma-ray cross sections (see Cmss 
sections. gamma-ray) 

G.lmma-rav detecto~s. 475 
anthrace ne scin tillation dosi me ter. 

475.591 
film. 476 
Geige,-Mueller. 5'71 
Geiger.rube.579 
glass. 476 
glass dosinete~s. 571 
Ion ckambers. 571 
ionization chamber. 599 
NaI:TI;· spectrometer. 475-503 

calibration. 505-506 
solid·sta te spectrometers, 475 

Gamma·ray doses in phantoms, 111 

Gamma·ray energy ~dease vs. time 
after fission. 608-610 

G.lmma·r;!v heating. 309. 420-429 
comparison of 5". Ylonte Culo. and 

buil)·lp·iactor methods. *26-427 
diiferCrltlal energy spectra, 425 
mult:group diffusion code. 425 
5" cod~. 425 

Gamma·ray sources. 12-17 
See ... Iso Activation.product gamma rays: 

Capture gamma rays: Fission gamma 
rays: Fission-product gamma rays; 
Secondary gamma rays 

ineiastic neuuon scattering, 605-607 
relative importance. 12-13 

Gamma rays 
activation-product. 16 
attenuation functions for. 653 

See also Attenuation functions for 
gamma rays 

buildup factors for (see Buildup factors 
for gamma rays.i 

capture (see Capture gamma rays) 
fission. 13 
fission-product. 13-14.51-54 
inelastic-scattering. 15-16 
kerma rate factors for, 102-103 
reac':ion-produc:. 16 

G~neral Dynamics. 478 
Aerosystems Test FaciEty. 596 

General Electric Company, 5 
Graphite. 449 

In Dounreay reactor. 559 
in Fermi reactor. 537-541 
in shield fabrication. 525 
s?ecifications. 534 . 

Green's t'unctio.1S (see Ker~el technique) 
Ground Test Reactor (GTR), 4 
Group angular current. 35 
Group angular t1ux density. 31-32 
Group angular fbx in discrete ordinates. 

136 
Group t1ux density. 31-32 
Group net current. 35 
Gulf G~neral AtomIC. 494. 497 

Hanford. 2 
Haniord reactor, 1-2 
Haydlte.l 
Heaitk Pkysics Researck Reactor 

(HPRR),509 
Hea"Y water. natural uranium. 566-574 
Helium-3·t-illed detec:ors. 473 
History ge:1erator. 209 

routine for. 218 
Hurst fast-neutron dosimeter ... 72. 511 

ICRP ,see Internat:onOiI Commissio'1 on 
RadiOlogicai Protenion) 

JeRi.: ;see Inter!1atIOna~ Commission on 
Radiation UnIts and Measurements) 

importance fun,tions. 217 -218. 230 
Inde?endence. in random-number sequences. 
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Indastic neutron scattering, 84. 88-91 
gamma rays Irom. 90-91 
threshold. 88-89 
typical cross section. 89 

Inelastic-scattering gamma rays. 15-16 
~mission time. 15 
~n~rgies. 16 

InsClner term 
in discrete ordir.ates. 139-1-+0. 142 
in transport equation.l:!5. 127 

Int~raction loss term in transport equation. 
127 

Interaction probability. 29 
See ,J/so Cross sections 

Intc:raction rates. 63 
Interactions 01 :adiation. 63- II :-
Intermediate neutrons. c:nergy 0 i. 85 

International AtomiC Energy Agency 
I,IAEA).8 

International Commission on Radiation 
Units and :v1easurements (ICRl'). 27.33. 
95.99.103-104. 106. ~12 

Ir.tern.itional Commission on Radiological 
P~otection :ICRP:. 107-108 

I:wanant :mbedding. 7. 163-168 
advantages and disadvantages. i 67-168 
application. 167 

Ionization chambers 
gamma-ray 475 
neutron. 473 

IOnizing radiation. energy imparted by. 
96-98 

Iron. 449 
neutron cross section. 494 
s!=ectra. 492 

Isotropic distributions. 43-45. 47.60 
Isotropic pOint sources. 44, 60-61 

Kerma.99-103 
Kerrna rate. 26. 100 

factors for gamma rays. 102-103 
factors tor neutrons, 101-102 

K~rnel techr.lque. 168-188 
gamma rays. 169-17i 
n~utrons.l78-188 

plan~ diSK source. 172-175 
rectangular source. 176-177 

KF K data files. 492 
Kleln-Nishina formula. 7'2.341 
K:1011s Atomic Power Laboratory 

,KAPLI. 2 . .5 
Kronecker de:ta function. 624 

Laplacian operator. 620 
Last.flight estimate. 244-24i 
Law of large numbers. 216 

Lc:ad. 448. 449 
in Fermi reactor. 541 
measurements. 0178-482 
in SO/V,I/IIIIZi! reactor. 581. 58 i 

L.:gendre polynomial. 360-362. 622-623 
associated. 623-625 
in discrete ordinates, 139-1 ~~ 
in moments method. 1:1-1S2. 156 
in spherical harmonics. 132 

L~tnargy. 33 
Lid T .ink Shieiding Facility. 3. 178-180, 

492-493 
Ll DO re.1c:or. 4 
Ll ~ AC (linear ~cceleratorl. 494 
Line source. 40 
Lm.:ar attenuation <.:oeftlcient. 83. 115 
Lin.:ar energy transt'er ~LET). 105 
Litniu m nvdride. 45 4-~56. 458. 460. ~62 
meJsure~ents. ~78-482 

in SNAP-lOA shield. 596 
LO: <.:ode. 3i8 
LucKheed. 5 
Los Alamos Scentir'lc Laboratorv 

'LASL,:. f.,-7 

:v1AC 
diiference from Spinney method. 

195-196 
~e movai-diiiusion method. 194-196 

:v1acrosco pic cross sections (see Cross 
sect:ons. macroscopicj 

Macroscopic :ransr-er coeffIcient. 
r.1ultlgroup. 140 

\r1ag:lc nuclei. 91 
Magnetite concrete 

In Agesta reac:or. 566 
in Fer mi reactor. 544 

Manhattan Project. 1 
Masonite. 2 
Mass attenuation coefficients. 66. 83. 115 
Massachusetts Institute of Technology. 2 
Materials Testing Reactor ;MTRi." 
Math.:matical experiment. 20 
Maximu m absorbed dose. 108-111 
Maximum dose equivalenr. 108-111 
'.rlaximum permissible dose (MPD). 112 
Maxwell-Boltzmann d:stribution 01 

tr.ermal neutrons. 85 
\rk;m value. 212-213 
.\lean-value theorem. 1.37 -1.38 
t-.k<lsured data applicatIOns. 27~-283 

gamma·ray data. 276. 280-281 
neutron data. 275-279 

\rticroscopic cross sections (see CtOSS 
sections. microscopIc) 
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Mock-up tests. 472. 478 
MODRIC.300 
Moments method. 5-6. 149-159 

application, 265-269 
definition of moments. 149 
in design cases, 588. 598 
energy degradation in scattering, 

159 
Fermi age in, 149 
gamma-ray differential data. 268-269. 

692-695 
accuracy. 268 
buildup factors. 269 
finIte media, 268 
lead. 696-699 
spectra. 269 
water. 692-695 

neutron differential energy spectra. 
265-268,687-691 

beryllium, 687 
carbon. 588 
CH.689 
CH , . 690 
fmite media. 267-268 
H2 ·691 
Hl 0,691 
sampie problem. 268 
spectrai hardening with depth. 266 
surt"ace source. 268 

neutron transport. 158-159 
polynomial expansion of flux densities. 

155-157 
sequence of moments calculation. 153 
undetermined parameters to construct 

the flux densities. 158 
Monte Carlo codes. debugging of. 255 
Monte Carlo data applications, 270-274 

comparison with moments method, 270 
complexity of. 270 

neutron attenuation. in concrete. 
702-716 

in soil, polyethylene, and water, 
712-716 

principle of reciprocity, 270- 271 
sar;nple results. 272-273 

Monte Carlo methods, 6, 207-259 
biasing. 216. 223-225. 250 
collision parameters. 234-242 
cross-section preparation, 235 
demonstration program, 251-254, 

674-686 
evaluation of integrals by. 216-218 
exponential transform, 229-232 
first-flight estimate, 244-247 
importance function. 217-218, 230 

last-flight estimate. 244-247 
neutron elastic scattering. 236-238 
neutron inelastic scattering, 238- 240 
particle absorptions. 240- 241 
particle scoring, 242-247 
path-length sampling, 225-234 
probability distribution functIon. 

210-215.258 
programming o;uggestions. 254-257 
random sampling, 209-215 
rejection technique. 214-216. 258 
splitting. 234 
statistical estimates. 243-244 
statistical variance. 247-251 
transport equation. 208,216-217 

MORSE code. 6,156 
Most·probable value. 24 
Multicollision dose. 112 
Multigroup calculatlOns for discrete 

ordinates. 140 
Multigroup cross section in Monte 

Cario, 256-257 

Nal(Tl) gamma-ray spectrometer, 475-503 
calibration. 505-506 

01arrow-beam absorptlOn coefficients. 
82-83 

National Bureau of Standards (NBS), 5-6 
National Neutron Cross S~ction C~nter. 65 
Naf,/ti[f,/s, U.S.S., 5 
Navy nuclear·powered submarine 

program, 2-5 
Negative flux fix-up :n discrete 

ordinates. 145 
Net current. 35 
Net current density. 60 
Net leakage term in transport 

equation. 125-127 
Neutrinos. 12 
!'-leutron attenuation (see specifIC 

transport method, e.g .. Moments method) 
Neutron binding energies. 15. 91. 93. 97 
Neutron conversion factors 

fluence-to ·kerma. 611-613 
reacions in neutron kerma calcuL.tions. 

611-615 
Neutron cross section (see Cross sections. 

neutron) 

Neutron det""ors 
active, 472-474 
BF, counters. 473 515.554.579.591 
emulsion. 475 
fission counters. 473,553.563.598 
fission foils. 553 
foils, 474.563,573 
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l He.filled, 473 

Hurst fast·neutron dosimeter. 472.511 
~ LiF. 486 

long counter. 591 

Ne·211 organic scintillators, 494, 497 
Ne·213. 490-491. SOl 
Ne·908 lithium gas scintillator. 494 
passive, 472-475 

proportional counter. 474 

proton·recoil counters, 554 

solid-state. 474 
sulfur pellets. 502 

track.length.474 

Neutron doses in phantoms. 109-110 

Neutron elastic scattering 
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Monte Carlo solution. 263 
reactor codes vs. shiddir.g codes. 263 

Source term 
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See also SN AP-l 0 A 
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See also Energy distributions 
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Time·of·flight measurement, 494-502 
Titanium hydride, 454, 456 
Total energy-flux density, 31-32 
Total flux density, 31-32 
Total net current, 35 
Tower Shielding Facility, 322, 340, 514 
Track length, 29 

See also Flux density 
detector for, 474 
per unit volume, 29. 30 

Transfer kernel, 217 
Transport equation 

Boltzmann (see Boltzmann transport equation) 
inscatter term in, 125, 127 
interaction loss term in, 127 
net leakage term in, 125-117 
source term in, 127 

Transport kernel, 217 
Tungsten, 453-454,457,460.462 

Uncollided radiation, 119-123, 292 
United Kingdom early shielding 

program, 3-4, 6 
University of Illinois. 7 
Unscattered radiation, 119-123 
Uranium, depleted. 454-455,457 

U. S. AImy Ballistic Research Laboratories, 
319 

Value functions, 218 
Variance, 248-249 

of function, 213 
statistical. 247-251 

Vector derivative, 620 
Vector operators, 619-620 
Vents (see Ducts) 
Voids,404-414 

See also Ducts 
disk·shaped, 404-409 

ray analysis. 409 
small rand'.Jm, 412 
spherical, in water, 411 

Volterra integral equation, 152, 154 
Volume source. 41-42 

Water 
gamma-ray and neutron spectra in, 

498,506-507 
measurements in, 448, 482 
transport in, 498-503 

Wigner effect, 533 
Westinghouse Bettis Laboratory,S 
Windscale reactors, 3 

X·I0 reactor. 2, 492 

Zirconium hydride measurements, 478 
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