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        The objective of the paper is to define a technique to 
(i) objectively define the number of stochastic input 
parameters strongly correlated to a model output, (ii) 
minimize the identification of spurious correlations, and 
(iii) provide information on overall model structure, such 
as dominant correlation sign between input parameters 
and the model output.  Sensitivity indices based on the 
parameter tree and distribution partitioning intercept 
methods are used to present the technique.  As part of the 
approach, the sensitivity indices are transformed to follow 
a standard normal distribution (zero mean and unit 
standard deviation) as a lack-of-correlation hypothesis 
test.  Provided that the performance assessment model 
includes a large number of stochastic input parameters 
(e.g., hundreds), comparing the distribution of sensitivity 
indices of the complete set of input parameters to the 
standard normal distribution identifies parameters 
strongly correlated to the model output as the distribution 
outliers.  The technique presented in this paper provides 
information that can be used to support global sensitivity 
and uncertainty analyses of performance assessment 
models. 

 
I. INTRODUCTION 

 
Sensitivity analyses of stochastic performance 

assessment models can be used to inform regulatory and 
environmental decisions and to manage programs.  
Sensitivity analyses can help to identify aspects that drive 
the output of a stochastic model thus suggesting where to 
focus additional resources for research and model 
refinement.  Common approaches to identify influential 
parameters to an output of a performance assessment 
model rely on the computation of sensitivity indices. 1  
The most important or influential parameters are those 
with indices of largest magnitude.  Sensitivity indices 
based on the covariance, correlation, partial correlation, 
coefficient of determination, or multilinear regression and 
its residuals are scale dependent and thus provide 
different answers depending on scale or parameter 
distribution transformations.  Sensitivity indices that are 
independent of scale or distribution transformation or 
mappings are referred to as robust sensitivity indices.  

Robust sensitivity indices objectively compare the 
importance of different model input parameters 
(commonly spanning through different ranges and scales).  
The traditional approach to identify the most influential 
parameters to a model output is to select those parameters 
with the largest magnitude of the sensitivity index, above 
a threshold value dictated by a lack-of-correlation 
hypothesis test.  In this paper, it is argued that such an 
approach commonly overestimates the count of the actual 
influential parameters.  Instead, a method that relies on 
identifying outliers is proposed and presented through 
examples.  The robust sensitivity indices studied in this 
paper are based on the parameter tree2 and the distribution 
partitioning intercept3,4,5 methods. 

The paper is divided into five sections.  Definitions 
are provided and the nomenclature is described in Section 
II.  Section III defines sensitivity indices and tests for the 
lack-of-correlation hypothesis.  Examples of the ranking 
approach are presented in Section IV, and conclusions are 
summarized in Section V. 
 
II. DEFINITIONS AND NOMENCLATURE 
 

This paper considers performance assessment models 
with large collections of stochastic input parameters.  A 
realization is an output of the model together with the set 
of input values.  Fig. 1 shows an example 10-realization 
output from a performance assessment model.  Each dose 
versus time curve in Fig. 1 is an output from a particular 
set of input parameter values, sampled from distribution 
functions.  For the sensitivity indices in this paper, a 
single value of the output is selected as the performance 
metric for each realization (e.g., the maximum of the dose 
versus time or the dose at a particular time).  The 
outstanding set is the set of those realizations with a 
defined property in the performance metric.  For example, 
the outstanding set could be the set of realizations with 
the top 10 percent performance metric values. 

A sample is a set of values of a stochastic variable.  
The number of elements in the sample is referred to as the 
sample size.  Two subscripts are used in this paper i and j.  
The subscript i refers to a value in a sample, and the 
subscript j refers to different stochastic variables.  For 
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example, xij is the i-th entry of a sample of stochastic 
variable xj. 

Rank and standardized transformations are defined as 
follows.  If x={xi, i=1, 2, …, N} is a random sample of the 
stochastic variable x with N elements and F is the 
cumulative distribution function (CDF) of x, then the rank 
mapping or rank transformation of the sample is the set 
{pi, i=1, 2, …, N} with entries computed as 
  

)( ii xFp =  (1) 
 
The standardized transformation of the sample x is the set 
u={ui, i=1, 2, …, N} with entries 
 

[ ]1)(2erf2 1 −= −
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The symbol erf is the error function, and erf−1, its inverse.  
The sample u follows a standard normal distribution 
(zero mean and unit standard deviation). 

If xo is a member of a sample of the stochastic 
variable x with K-elements and xo satisfies 
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then xo is considered an outlier of the x distribution. 
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Fig. 1. Multiple-realization output of a performance 
assessment model. 
 
III. SENSITIVITY INDICES 
 
III.A. Correlation Coefficient  
 

The size of samples x and z is represented by N, and 
mx and mz denote the respective means of the samples.  If 
the vectors mx and mz are constructed with N entries as 
mx={mx, mx, …, mx} and mz={mz, mz, …, mz}, then the 
correlation coefficient between the samples x and z, 
corr(x, z), is defined as 
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where · and || || are the dot product and Euclidean norm 
operators, respectively.  The correlation coefficient 
sensitivity index is defined as a function of r as  
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The definition in Eq. (5) is proposed to take advantage of 
the distribution of t.  For example, if the variables x and z 
are independent, the statistic t follows a Student’s t-
distribution with N−2 degrees of freedom.6  Typically the 
number of realizations, N, is at least hundreds, and then t 
tends to a standard normal distribution.6  If the samples x 
or z are transformed (e.g., normalized by a factor, or 
applied a rank or standardized transformation) prior to 
computing a correlation coefficient, the value of t is also 
affected.  Therefore, t is not a robust sensitivity index.  
 
III.B.  Parameter Tree 

 
The parameter tree method was developed to 

highlight parameters affecting high values of a 
performance metric.2  The parameter tree sensitivity index 
is computed as follows.  Let the outstanding set, Oy, be 
defined as the set of realizations with the top 10 percent 
values of the performance metric y.  The set Oy is a 
collection of integers (e.g., realizations 10, 16, 321, 517, 
etcetera).  Thus in this case, if the total number of 
realizations is N, Oy would contain N/10 entries.  The 
number of elements in Oy is denoted as n.  The second 
step in the parameter tree method is to classify 
realizations according to values of a particular stochastic 
variable x.  Let U be the set of realizations with values xi 
above the median of x and L, the set of realizations with 
values xi less than or equal to the median of x.  Both sets, 
U and L, contain approximately N/2 entries.  The 
parameter tree statistic, pt, is defined as2 
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where size() is the number of elements in the set and I  is 
the intersection operator.  The statistic pt is discrete, and it 
is positive or negative depending on which extreme of the 
distribution of x (right or left extremes) causes y to attain 
high values.  Thus, the sign of pt can be interpreted as a 
correlation sign between x and y.  If x and y are 
independent, N and n are large, and n<<N, pt 
approximately follows a continuous probability density 
function, PDF(pt): 
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The number of realizations, N, must be thousands or more 
for this continuous approximation to hold.  In general, if x 
and y are independent, the mean of pt is zero, and the 
standard deviation is approximately5 
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Equation (8) was numerically derived by analyzing a 
range of combinations of n and N values, including values 
of the order of tens.  The parameter tree sensitivity index 
is defined as 
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As a traditional test for the hypothesis of independence, if 
n << N (e.g., n < 0.2 N), the statistic Ipt can be compared 
to a standard normal distribution.  For example, the 
hypothesis of independence between x and y is rejected if 
|Ipt| exceeds a high quantile of the standard normal 
distribution.  Note that the statistic Ipt is independent of 
transformations to samples of x and y (e.g., 
standardization, logarithm transformation, change of 
scale).  The Ipt statistic is a function only of the set sizes N 
and n.  Therefore, the index Ipt is a robust sensitivity 
index. 
 
III.C. Distribution Partitioning Intercept 

 
The distribution partitioning intercept (DPI) method 

was derived as an enhancement of the parameter tree 
method to remove (i) limitations associated with a lack of 
resolution of a discrete statistic, (ii) the dependence of the 
sensitivity statistic on N, and (iii) the parameter branching 
criterion (i.e., comparison to a median value in the 
parameter tree method).3,5  However, the statistic is 
slightly more complicated to compute.  The method is 
described as follows.  If x={xi, i=1, 2, …, N} is the 
multiple-realization sample of parameter x and Oy is the 
outstanding realization set, the first step is to construct a 
set x  as x ={xi | i∈Oy}.  In other words, the set x  is the 
set of values xi of those realizations in the outstanding set.  
Next the CDF of the set x is compared to the 
complementary CDF of the set x .  The probability 
intercept of the CDF and complementary CDF curves is 
denoted as p.  Fig. 2 is a graphic representation of the p 
statistic.  If x and y are independent and n is large, the 
probability density function of p, PDF(p), is 
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This distribution is similar to a normal distribution with 
mean at 0.5.  The standard deviation of p can be 
approximated, in general, as 
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The sensitivity index of the DPI method is defined as 
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The sign of the index Idpi can also be interpreted as a 
correlation sign between x and y.  Likewise the parameter 
tree index, Idpi is positive or negative depending on which 
extreme of the distribution of x (right or left) causes y to 
attain high values.  Because the statistic Idpi is computed 
as a function of cumulative probability values, its value is 
independent of any transformation to samples of x and y.  
Thus, Idpi is also a robust sensitivity index. 

As a practical test for the hypothesis of 
independence, the index Idpi can be compared to a 
standard normal distribution.  For example, the hypothesis 
of independence is rejected if |Idpi| exceeds a high quantile 
of the standard normal distribution. 
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Fig. 2. Graphical representation of the computation of the 
p statistic. 

 
IV. APPROACH AND RESULTS 

 
The performance assessment model considered in 

this analysis is a contaminant transport model to evaluate 
long-term consequences of radionuclide releases in a 
potential geological repository of high-level waste.  The 
model accounts for sources of radionuclide release due to 
degradation processes affecting packages to isolate the 
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radioactive waste, including corrosion of metallic 
materials, interactions driven by seismic events, and 
igneous activity.  If released, radionuclides are assumed 
transported in the groundwater to a distant location, where 
water could be extracted for human activities (e.g., for 
drinking, or raising crops or animals).  Dose 
consequences to individuals are estimated assuming given 
exposure scenarios.  Uncertainty and variability in input 
parameters (e.g., corrosion rates, waste form degradation 
rates, thermal properties, retardation and retention in 
geologic stratigraphic layers, exposure rates, etcetera) are 
addressed by sampling from distribution functions and 
estimating dose consequences for particular selections of 
input parameters.  For example, Fig. 1 shows 10 dose 
estimates for 10 different realizations.  In each realization, 
a different combination of input parameter values was 
considered.  Multiple-realization dose estimates are used 
to compute statistics and confidence intervals in the 
estimated consequences.  A detailed description of the 
model used is available elsewhere. 7   A total of 400 
stochastic input parameters were considered in the model.  
Five hundred realizations (N=500) of the seismic 
disruptive scenario were executed to derive statistics in 
the consequence estimates. 

The novel approach proposed in this paper is the 
analysis of the set of 400 sensitivity indices (one index 
per stochastic input parameter) as a sample of a stochastic 
variable.  The sample outliers indicate the input 
parameters most influential to the performance metric.  
For example, Fig. 3 is the cumulative distribution function 
of the correlation coefficient sensitivity index, t, Eq. (5).  
The performance metric, y, was the maximum 99Tc dose 
during the simulation time.  The 500 sampled values for 
each parameter and the output 500 performance metric 
values were standardized according to Eq. (2) before 
computing t [Eq. (5)].  Each point in Fig. 3 represents a 
stochastic input parameter.  The dotted lines, at the 1/400 
and 399/400 quantiles of the standard normal distribution 
[see Eq. (3)], were drawn to visually facilitate the location 
of the outliers [outliers as defined in Eq. (3) are outside 
the region bounded by the dotted lines].  Fig. 3 also 
includes a standard normal distribution as a continuous 
line as reference.  Fig. 3 (B) is the numerical cumulative 
distribution function (dots) computed ignoring the outliers 
and compared to a standard normal distribution (line).  
Deviations from the normal distribution in Fig. 3 (B) 
suggest the existence of parameters weakly correlated to 
the performance metric; however, it is not possible to 
separate those weak correlations from the random 
correlations.  Interestingly, the deviation from the normal 
behavior is more evident on the positive side of the 
abscissa in Fig. 3 (B).  It could be interpreted that the 
performance assessment model was parameterized in such 
a manner that correlations between the input parameters 
and the performance metric are most likely positive.  
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Fig. 3. (A) Cumulative distribution of the set of sensitivity 
indices for the stochastic input parameters (a total of 400); 
(B) cumulative distribution ignoring the outliers.  The 
data were standardized before computing the correlation 
coefficient.  The continuous line is a standard normal 
distribution (zero mean and unit standard deviation).  The 
vertical dotted lines q1 and q2 are located at the 1/400 and 
399/400 quantiles of the standard normal distribution, as 
defined in Eq. (3). 
 

In the example in Fig. 3, a total of 13 outliers were 
identified according to the definition in Eq. (3).  If the 
traditional hypothesis test was applied, for example, by 
comparing the sensitivity index to the 0.95 quantile of the 
standard normal distribution, a total of 31 parameters 
would be identified as possibly influential to the 
performance metric.  Fig. 3 shows that many of those 
correlations are not clearly distinguishable from random.  
In traditional approaches, a second filter relying on 
physical intuition or on the parameters with the highest 
magnitude of the sensitivity index is commonly applied to 
narrow the influential parameters into a smaller set.  In 
the present proposed approach, this second step is not 
needed.  The set of parameters correlated to the 
performance metric are directly visualized as outliers.  
Given that outliers do occur in random samples, but are 
limited in extent, the identification of spurious 
correlations is not statistically avoidable.  The present 



 5

approach minimizes the identification of those spurious 
correlations.  

In deriving the data in Fig. 3, the input parameter and 
the performance metric values (500 realizations) were 
standardized according to Eq. (2).  In other words, the 
correlation coefficient sensitivity index was computed 
using standardized data.  The standardization 
homogenizes the scales of the input parameters and output 
data, so that parameter scales do not drive the magnitude 
of the sensitivity index.  The correlation coefficient is 
equally influenced by low and high values of the 
performance metric.  To distinguish what causes a 
performance metric to attain high values, the parameter 
tree and DPI sensitivity indices can be computed.  
Example results are presented in Fig. 4.  
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Fig. 4. (A) Parameter tree sensitivity index (dots) and (B) 
distribution partitioning intercept (DPI) sensitivity index 
(dots), compared to a standard normal distribution 
(continuous line).  The q1 and q2 dotted lines are defined 
in the same manner as in Fig. 3.  

 
Fig. 4 (A) obviates the discrete nature of the 

parameter tree sensitivity index.  Comparison of the 
numerical cumulative distribution to a standard normal 
distribution can effectively isolate the outliers.  A total of 
five outliers were highlighted based on the definition in 
Eq. (3).  However, in Fig. 4 (A) only two parameters are 
clearly visible outliers, labeled as a and b [these labels in 
Fig. 3 (A) represent the same parameters].  In Fig. 4 (B), a 
total of two parameters were identified as outliers.  

However, visually only one parameter is clearly an 
outlier, labeled as a [corresponding to the same parameter 
in Fig. 4 (A) and Fig. 3 (A)].  The deviation in Fig. 4 (B) 
from the standard normal distribution in the region 
bounded by the dotted lines q1 and q2 [located at the 1/400 
and 399/400 quantiles of the standard normal distribution, 
following the definition in Eq. (3)] is minimal.  The data 
in Fig. 4 indicate that the number of potentially influential 
parameters to the performance metric would be greatly 
overestimated in this example using traditional methods 
based on hypothesis tests. 

In the performance assessment model considered, the 
parameter a is associated with a rate of waste form 
degradation and b is related to water flow rates mobilizing 
waste forms.  A scatter plot of the standardized maximum 
dose versus parameter a is shown in Fig. 5.  A number of 
realizations produced a zero dose, and this caused the 
truncation in the lower range of the vertical axis.  The 
horizontal dotted line in Fig. 5 is used to mark the 
realizations with the top 10 percent maximum dose 
values.  A positive correlation between parameter a and 
the performance metric is evident, which is consistent 
with the positive values of the parameter tree and DPI 
sensitivity indices in Fig. 4.  Both the parameter tree and 
the DPI indices measure the imbalance of points in the 
positive and negative abscissa regions (first and second 
quadrants, respectively, in Fig. 5) in the outstanding set.  
There are more points in the first quadrant in the 
outstanding set than in the second; therefore, the 
performance metric is more likely to attain high values at 
high values of the parameter a. 
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Fig. 5. Scatter plot of the performance metric versus a 
relevant input parameter. 
 

To summarize the method, the set of sensitivity 
indices for the population of stochastic input parameters is 
compared to an expected distribution in case of random 
correlation and the relevant parameters are identified as 
the outliers.  This technique minimizes the isolation of 
spurious correlations.  Three sensitivity indices were 
considered based on the correlation coefficient, the 
parameter tree, and the distribution partitioning intercept 
methods.  The correlation coefficient is useful and has a 
clear geometric interpretation.  However, rankings are 
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dependent on parameter scales and ranges.  In this paper, 
the data were standardized before computing of 
correlation coefficients to homogenize scales and 
pronounce correlation trends.  Two indices that derive 
parameter rankings independent of parameter 
transformations are the parameter tree and the DPI 
sensitivity indices.  In the example analyzed, both 
techniques outlined a smaller number of parameters 
driving high values of a performance metric compared to 
the number identified by the correlation coefficient 
method.  The outlier technique to identify influential 
parameters can be used on any sensitivity index provided 
that (i) the stochastic model includes a large number of 
stochastic input parameters and (ii) the random 
distribution of the sensitivity index is known.  Deviations 
of the set of sensitivity indices for the collection of 
stochastic input parameters from the random distribution 
yield insights on the overall model parameterization 
structure.   

 
V. CONCLUSIONS 

 
      A technique was described to isolate parameters 
influential to a performance metric that extends traditional 
lack-of-correlation hypothesis tests.  The set of sensitivity 
analyses for all of the stochastic input parameters of a 
performance assessment model is regarded as a sample of 
a statistical population.  Sample outliers are identified by 
comparing the numerical distribution of the sample to a 
known random distribution of the sensitivity index; these 
outliers indicate the output parameters most influential to 
the performance metric.  The method generally results in 
a smaller number of influential parameters than outlined 
with a traditional lack-of-correlation hypothesis test, 
minimizing the identification of spurious correlations.  

The technique was presented with examples 
considering sensitivity indices based on the correlation 
coefficient, the parameter tree, and the distribution 
partitioning intercept methods.  Lack-of-correlation 
hypothesis tests for these methods were presented and 
tested with results of a performance assessment model for 
a geological repository of high-level waste. 
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