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Field-scale transport implications of sorption kinetics with multiple rates 1 

 2 

V. Cvetkovic, Water Resources Engineering, Royal Institute of Technology (KTH), 3 

SE-10044 Stockholm, Sweden (vdc@kth.se). 4 

 5 

S. Painter, Center for Nuclear Waste Regulatory Analyses, Southwest Research 6 

Institute®, San Antonio, Texas 78238. 7 

 8 

Abstract.  Sorption kinetics governed by multiple kinetic rates, a likely consequence of 9 

diffusion limitations induced by fine-scale heterogeneity, has been observed previously in 10 

field tests. Effects of advection, multirate exchange (diffusion–sorption), and spatial 11 

variability in the partitioning (distribution) coefficient, are combined using a simple 12 

probabilistic model for tracer residence time. Kinetic limitations are shown to be 13 

important when a Damkohler number (defined as the product of the geometric mean 14 

sorption rate and the mean advective travel time) is less than approximately 0.1. The 15 

result of kinetics in this situation is earlier arrival and higher expected peak discharge. A 16 

combination of batch and batch-flush laboratory tests on disturbed and undisturbed 17 

samples using multiple tracers with contrasting sorption properties is suggested as a 18 

means for constraining the retention model and associated parameters. An interpretation 19 

of batch tests as equilibrium and subsequent predictive modeling assuming equilibrium 20 

may underestimate retention, depending on the groundwater travel time. Global estimates 21 

of multirate distribution parameters yield a geometric mean of <0.001 1/yr and a 22 

log-variance around 2-3 for strongly sorbing tracers. Assuming a representative 23 
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elementary volume (REV) scale > 1 m groundwater travel times of a few hundred years 1 

are required in this situation to reach equilibrium. A set of type curves link mean 2 

groundwater residence time, sorption coefficient, and REV scale for a rough estimate of 3 

the applicability of the equilibrium approximation for field-scale transport modeling.  4 

 5 

1. Introduction  6 

 7 

Important applications in subsurface hydrology, such as those related to geological 8 

disposal of nuclear waste, require predictions of transport on large scales and over long 9 

time periods. Such predictions help assess the capacity of a geological medium to act as a 10 

barrier to contaminant migration. 11 

 12 

The barrier function of geological media for any type of contaminant rests on a balance 13 

between three interacting and, to some extent, competing processes. First, if significant 14 

flow exists, advection (and the resulting hydrodynamic dispersion) is the main 15 

mechanism to spread a dissolved tracer. As a rule, contaminants of interest (both 16 

inorganic and organic) interact by physical and chemical mechanisms with the solids and 17 

immobile fluids of an aquifer, resulting in tracer retention. With advection spreading 18 

contaminants, and retention slowing down the spreading, a key process from the safety 19 

perspective is decay, or degradation. Thus, the interaction between the three mechanisms 20 

of advection, retention, and decay will ultimately determine the level of risk in most 21 

applications. 22 

 23 
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Given that many contaminants of interest interact strongly with immobile minerals in the 1 

subsurface, retention processes are often key in long-term predictive modeling. When the 2 

retention processes are relatively rapid compared with the transport time scales of 3 

interest, the primary retention parameter of interest is the equilibrium distribution 4 

coefficient, applicable for a given chemical condition. Chemical sorption is the relevant 5 

retention mechanism in this case. Some geological media, however, exhibit a relatively 6 

fine-scale structure that combines high- and low-permeability (porosity) regions. One 7 

possible effect of this local heterogeneity is to introduce potentially significant rate 8 

limitations, because migrating contaminants must first diffuse from mobile zones into 9 

immobile zones before accessing sorption sites. The importance of these kinetic 10 

limitations for field-scale transport has long been recognized, and single-rate, first-order 11 

kinetic models have traditionally been used to represent the effect [e.g., Painter et al., 12 

2001]. 13 

 14 

Significant evidence suggests that retention processes in geological media not only 15 

deviate from equilibrium, but they also exhibit more complex kinetics than implied by the 16 

simplest, first-order model with a single rate. The existence of multiple rates may be 17 

caused by a complex internal structure of geological media on smaller scales, which may 18 

create immobile, or nearly immobile, zones with a range of sizes that inhibit access to 19 

sorption sites.  Multirate kinetic models [Haggerty and Gorelick, 1995; Haggerty et al., 20 

2000,2001; Cvetkovic and Haggerty, 2002] that use a continuous spectrum of rates have 21 

been used to represent processes governed by multiple rates. 22 

 23 
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Although kinetic limitations, including multirate processes, are generally recognized as 1 

being important for transport over short distances, kinetic effects are typically neglected 2 

when considering transport on larger scales. Such an equilibrium approximation is clearly 3 

appropriate when the kinetic effects are governed by a single rate that is relatively rapid 4 

on the time scales of interest. However, the applicability of equilibrium models is less 5 

clear when the kinetic limitations are controlled by a broad spectrum of rate constants. In 6 

this paper, we present a simple modeling tool that couples the effects of microscale 7 

heterogeneity (rate-limited mass transfer) and field-scale heterogeneity (macrodispersion 8 

and field-scale variations in sorption coefficients). This model is used to explore the 9 

implications of multirate kinetic sorption effects on field-scale transport modeling in 10 

generic and site-specific contexts. In addition, issues regarding design of laboratory 11 

experiments for estimating retention parameters are addressed.  12 

 13 

2. Transport with kinetic sorption governed by multiple rates 14 

 15 

2.1 Problem description and assumptions    16 

 17 

Three key processes are assumed to take place in an aquifer: advection (including 18 

macrodispersion), retention, and decay. We consider these processes dominant for 19 

characterizing transport in a mean sense and on large scales. The transport domain is 20 

heterogeneous on a wide range of scales (from cm to km) with spatially varying physical 21 

and chemical properties.  22 

 23 
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A configuration sketch of the transport problem is given in Figure 1. The groundwater 1 

flow in the aquifer is controlled by a steady-state regional gradient and is spatially 2 

variable due to varying hydraulic properties. The longitudinal (transport) scale is denoted 3 

by L, whereas in the transverse direction the plume is visualized as meandering, with an 4 

average width roughly determined by the source size and assumed to be much smaller 5 

than L. The plume can be viewed as advected along “stream tubes” derived from a 6 

spatially variable velocity field with support on the scale  l ; the varying travel times for 7 

the different streamlines lead to macroscopic (field-scale) dispersion. The spatially 8 

variable groundwater flow is resolved on the characteristic scalel of a “representative 9 

elementary volume” (REV). Here we define the REV to be related to the heterogeneity 10 

structure; the REV is the smallest volume for which volumetric averages of the 11 

hydrological properties become approximately independent of the averaging volume. 12 

Note that the REV defined this way is much larger than the scale associated with the 13 

transition from microscopic deterministic fluid mechanics to the porous media flow (the 14 

Darcy scale in Figure 1).  15 

 16 

We have       l L <<1 with macroscale heterogeneity on the scale  > l . Macroscale 17 

heterogeneity is assumed to be represented in the flow model. If sufficient data are 18 

available, it may be possible to construct an explicit (deterministic) representation. 19 

Otherwise, statistical representations are necessary. For the generic analyses presented 20 

here, statistical representations of the macroscale heterogeneity are adopted. Microscale 21 

heterogeneity is on the sub-REV scale  < l  and is not resolved.  22 

 23 



DRAFT 

6 DRAFT 

The effect of microscale heterogeneity is presumed to affect the retention processes 1 

within an REV. Typically, equilibrium sorption is assumed and a sorption coefficient (Kd) 2 

is obtained from a batch test by saturating samples whose internal structures have been 3 

disturbed (destroyed or homogenized), with chemical sorption being the dominant 4 

exchange mechanism. In heterogeneous media, however, the scale of an REV may be on 5 

the order of meters or larger, with an internal (microscale) heterogeneous structure that 6 

combines high and low permeability (porosity) regions. An undisturbed sample that 7 

preserves the internal (microscale) heterogeneous structure would therefore exhibit 8 

potentially significant rate limitations due to combined effects of diffusion and sorption, 9 

but, given sufficient time would ultimately yield the same Kd as batch tests on disturbed 10 

samples. 11 

 12 

For the present analysis the following is assumed.  13 

 14 

• On the macroscale, hydraulic and retention properties are heterogeneous; set in the 15 

context of the problem scale and the scale of hydraulic field measurements, the REV 16 

scale for the flow (on which groundwater velocity is resolved) is on the order of meters or 17 

larger. 18 

 19 

• On the microscale (sub-REV), the medium is heterogeneous with potentially high 20 

contrasts in permeability and porosity. 21 

 22 

• Due to the microscale heterogeneity, flow within an REV is conceptualized as a dual-23 
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porosity system, where a tracer is advected more quickly in high-permeability regions 1 

and slowly advected through or diffused into the low-permeability regions. 2 

 3 

• Mass transfer takes place between the high-permeability (“mobile”) and low-4 

permeability (“immobile”) zones within an REV; we capture this by assuming a multirate 5 

diffusion/sorption retention model with Kd that is variable on the macroscale.    6 

 7 

2.2 Theory   8 

 9 

The groundwater velocity is assumed to be steady in time, but spatially variable due to 10 

the spatial variability of the hydraulic conductivity, K(x). A dissolved tracer is injected at 11 

a given location x0, and is transported downstream toward a monitoring boundary. For 12 

simplicity, the mean groundwater flow direction is aligned with the x1-axis of a three-13 

dimensional coordinate system, x(x1 , x2 , x3). The transport distance from the injection 14 

point to a monitoring location is x1 = L, where the monitoring surface is orthogonal to the 15 

mean flow.   16 

 17 

For predicting field-scale tracer discharge across the monitoring surface at L, an estimate 18 

of the groundwater residence time density from the source area to the monitoring location 19 

is required. If the transport problem is on a relatively large scale where tracer tests are not 20 

feasible, the distribution of groundwater residence time, τ, may be estimated based on the 21 

statistics of the hydraulic properties.  22 

 23 
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The injected tracer is advected by groundwater along stream tubes defined on the 1 

macroscale by Z(t) [Dagan, 1984]. The dimensionless partitioning (distribution) 2 

coefficient (once equilibrium is reached) is Kd (x). To account for spatial variability in Kd, 3 

we require the statistics of a global Lagrangian random variable B defined by Cvetkovic 4 

et al. [1998] as  5 

 6 

( ) ττ
τ

′′≡ ∫ dKB d0
 (1) 

 7 

where Kd(τ) follows Z(t) as Kd(τ) = Kd[Z(τ)] where x0 = Z(0). Random variables τ and B 8 

will be correlated to some extent; hence, in the general case we require a joint density for 9 

τ and B. If K and Kd are uncorrelated or weakly correlated, it is reasonable to assume τ 10 

and B as uncorrelated [Painter et al., 2001].   11 

 12 

Unconditional residence time density of a tracer at a monitoring boundary at L is defined 13 

by Cvetkovic et al. [1998] as 14 

 15 

( ) ( ) ( ) ( ) dBdBffBtLth τττγ∫∫= ,;;  (2) 

 16 

where f (τ) and f(B) denote densities for τ and B at L, respectively, and  γ quantifies the 17 

conditional residence time density, which can be derived from mass balance equations 18 

(Appendix A). Expected tracer discharge across the monitoring location at x1 = L is 19 

proportional to h; if continuous tracer injection is applied, expected tracer discharge is 20 

obtained from equation (2) by convolution with the specified injection function.  21 
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Previous work has shown that for generalized linear retention processes (Appendix A) 1 

 2 

( )[ ]gBs ˆexpˆ +−= τγ  (3) 

 3 

where ˆ g  is the Laplace transform of the so-called “memory function” that characterizes 4 

diffusion-sorption kinetics. A convenient form of g is obtained using a distribution of 5 

kinetic rates as ( ) ( )dkkskkg ∫ += ϕˆ   [Haggerty and Gorelick, 1995; Cvetkovic and 6 

Haggerty, 2002]. In this study, we use a discrete version defined by 7 

 8 

∑
= +

=
N

i i

ii

ks
kg

1

ˆ ϕ  (4) 

 9 

where ki[1/T] is a mass transfer rate and iϕ [-] is a weighting function for sorption sites 10 

associated with the mass transfer rate ki. In other words, we view diffusion–sorption 11 

(mass transfer) as taking place between mobile and immobile zones within an REV 12 

through a finite number N of sites types, each type with its own rate ki, weighted by a 13 

specified (discrete) function iϕ  that reflects the internal (microscale) heterogeneity; we  14 

require 1
1

=∑ =

N

i iϕ . The classical single-site (first-order linear) sorption model considered, 15 

for example, by Painter et al. [2001] is recovered with N = 1, where k1Kd is the forward 16 

rate and k1 is the reverse rate.  17 

 18 

Combining equations (2–3) and (4), the unconditional residence time density h can be 19 

written in the Laplace domain as   20 
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( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

= ∑
=

n

i i

ii
B ks

ksfsfLth
1

ˆˆ; ϕ
τ

1-‹  (5) 

 1 

where 1−‹   denotes inverse Laplace transform. Equation (5) is to be used for predicting 2 

expected tracer discharge across a monitoring boundary at x1 = L for given forms of  3 

f(τ ), f(B) and iϕ . For a decaying tracer, s should be replaced in equation (5) by s + λ, 4 

where λ is the decay rate. 5 

 6 

Different models for the weights iϕ  have been suggested in the literature, such as 7 

log-normal, gamma, and power-law. In the following analysis, the iϕ are assumed to 8 

follow the discrete version of the log-normal distribution with a geometric mean kG and 9 

log-variance     σ ln k
2 . 10 

 11 

The advective travel time density to be used in this study is the one derived from the 12 

advection-dispersion equation for a tracer pulse in a semi-infinite domain 13 

 14 

( ) ( )[ ]2/12/1expˆ sccsf +−= τττττ αα  (6) 

 15 

where   aτ  and    cτ   are parameters related to the mean groundwater velocity U and the 16 

longitudinal macrodispersion coefficient  Dx as  xDUa 42=τ   and   xDLc =τ  [Kreft 17 

and Zuber, 1978]. Note that this distribution can be generalized as the “truncated one-18 

sided stable” distribution where 1/2 in equation (6) is replaced by an exponent between 0 19 
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and 1 [Cvetkovic and Haggerty, 2002], suitable for studying non-Fickian transport (with 1 

aτ ≠ 0) or anomalous transport (with aτ = 0) [e.g., Scher et al., 2002].  2 

 3 

Given the definition in equation (1), we shall assume that B has a distribution analogous 4 

to τ; i.e., 5 

  6 

( ) ( )[ ]2/12/1expˆ sccsf BBBBB +−= αα  (7) 

 7 

2.3   Generic sensitivities  8 

 9 

Transport results are illustrated in this section using dimensionless quantities. The mean 10 

groundwater residence time from the source to the monitoring boundary, denoted by τm, 11 

is used as the normalization time for transport. Because τ and B both have dimensionless 12 

time, c is normalized in equations (6) and (7) as c τm
1/ 2 and a as aτm.  The dimensionless 13 

parameters a and c in equations (6) and (7) are defined in terms of the coefficient of 14 

variation as 15 

  16 

c = 2
CV

                    a = 1
2 CV2  (8) 

 17 

where CV is either mτσττ ≡CV or mB Bσ≡BCV ; first-order expressions for Bm,     σ B
2  are 18 

given in the work of Cvetkovic et al. [1998]. 19 

 20 
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The Laplace transform variable is also normalized with τm, implying that h is 1 

dimensionless. Finally, the normalization of retention rates ki with τm implies that for a 2 

log-normal   ϕ i , dimensionless kG sets kinetics relative to advection and corresponds to the 3 

Damkohler number. Note that the normalized Bm is the arithmetic mean sorption 4 

coefficient   Kd
A = Bm τ m (Appendix B).    5 

 6 

For illustrating potential effects of field-scale advection and multirate sorption, under 7 

conditions of spatial variability in the sorption properties, we shall use equations (6) and 8 

(7) for τ and B, respectively. For pulse injection of a nondecaying tracer, the 9 

dimensionless tracer discharge is equivalent to h in equation (2). In computing h from 10 

equation (2), Laplace inversion is carried out numerically. In these computations, we 11 

assumed a generic value λ = 0.01. As already noted, all time-related quantities in this 12 

section are normalized with τm. 13 

 14 

The impact of the geometric mean rate (Damkohler number) kG is illustrated in Figure 2 15 

where we set CV τ( )≡ CVτ = 0.5 andCV B( )≡ CVB = 0.9, and assume σ ln k
2 = 2 with 16 

Kd
A =1000. The geometric mean rate is considered in the four-order of magnitude range 17 

kG = 0.0001−1. The kinetic effects are apparent for kG = 0.0001−0.01, whereas for kG = 1 18 

the breakthrough curve (BTC) can be well approximated by an equilibrium model; for 19 

kG = 0.1, the BTC deviates only slightly from the equilibrium model. The BTC is quite 20 

sensitive to kG in the range kG = 0.001−0.1, where the shape of the BTC can change 21 

significantly. 22 

 23 
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We also tested the sensitivity of the BTCs to the microscale heterogeneity as quantified 1 

by the multirate variance     σ ln k
2  and found that for σ ln k

2  between 1.5–3, the BTCs of 2 

Figure 2 were relatively unaffected; a slight impact could be seen in the tail parts of the 3 

BTCs for kG in the kinetic range 0.0001–0.01. 4 

 5 

3. Physical model for the kinetic rate distribution  6 

 7 

We wish to estimate the multirate distribution parameters for a given aquifer. Significant 8 

for our choice of a log-normal multirate distribution  ϕ k( ) is the fact that it can be 9 

parameterized using a spherical model for the low-permeability (immobile) zones. To this 10 

end, the REV of a real medium is replaced by an idealized equivalent medium, with the 11 

same REV velocity but spherical immobile zones (Figure 3). We emphasize that by 12 

introducing spheres we are not intending to capture the actual shape, but rather the scale 13 

of the low-permeability zones in which a potentially substantial part of the sorption sites 14 

is present. The spheres (or “sites”) within an REV are of varying diameters, with varying 15 

physical-chemical properties.  16 

 17 

Comparing spherical and multirate models, it can be shown that ki ≈ 3Di Ri Ai
2                 18 

[Appendix B, Haggerty et al., 2000]. In other words, Di, Ri, and Ai may be used to 19 

parameterize the log-normal multirate distribution, where Ai [L] is the diameter,  20 

Di  [L2 /T] is the diffusion coefficient into a “sphere” (or site type i), and Ri = 1 + Kdi with 21 

Kdi being the dimensionless distribution coefficient once equilibrium is reached for site i.   22 

 23 
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To make useful estimates, it is first recognized that the diffusion coefficient can be 1 

expressed as 2 

 3 

i

wi
i

DFD
φ

=              im
iiF φ=         (9) 

 4 

where Fi is the formation factor, Dw is the diffusion coefficient in water,   φi is the 5 

porosity; for site i and we have used Archie’s law [Clennell, 1997], with mi being the  6 

cementation exponent, typically in the range 1.3−2. Thus w
m
ii DD i 1−= φ  and the diffusion-7 

sorption rate becomes 8 

 9 

2

13

ii

w
m
i

i AR
Dk

i −

≈ φ                      (10)

 10 

where ( ) idiii KR φρφ ′−+= 11  with  ′ K di [L
3/M] being the partitioning coefficient at site 11 

type i; ρ is the solid material density assumed approximately constant. Global estimates 12 

of ki statistical parameters are made using equation (10) in the following.   13 

 14 

To provide global estimates, we recognize the following. 15 

 16 

• Data from boreholes taken, for instance, from alluvial aquifers typically indicate zones 17 

of diverse material, from sand and gravel to clay, with varying porosity on a relatively 18 

small scale [e.g., Sun  et al., 2007]; such heterogeneity could imply a relatively wide sub-19 

REV porosity range. 20 
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 1 

• Formation factor has been studied in detail for glacial sediments [Salem, 2001]; the 2 

cementation exponent m has been found to vary in the range 1.5–2. For our illustration 3 

purpose, we assume m = 1.7. 4 

 5 

• The spherical diameter A, central to the idealized concept of the microscale 6 

heterogeneity (Figure 3), should be understood as a characteristic scale of sub-REV 7 

heterogeneity and it depends on the scale of the REV. We assume a uniform distribution 8 

in the range Amin < A < Amax with Amin = 0.03 m and    Amax ≈ l /3, where  l  is the REV scale; 9 

l is treated as a sensitivity parameter. In applications, detailed analysis of well logs or 10 

outcrops might provide some constraints on realistic range Amin or Amax.  11 

 12 

With ranges of A and φ  specified (assumed), k can be computed/sampled using equation 13 

(9), and a global estimate of the multirate distribution of k can be obtained. A 14 

straightforward Monte Carlo methodology is implemented where A is sampled uniformly 15 

in the range 0.03-  l /3 m with Dw = 0.03 m2/yr, m = 1.7, and solid phase density of 16 

1800 kg/m3 ; for these estimates, Kd is to be assumed constant. The geometric mean kG 17 

and log-variance σ ln k
2  are shown as a function of the REV scale  l  in the range 18 

  l =1−10 m in Figure 4. With increasing  l , kG  decreases and σ ln k
2  increases  19 

monotonically. Clearly these ranges could be further explored by considering the porosity 20 

and the cementation exponent as random (possibly correlated) variables; the values in 21 

Figure 4 provide a rough estimate of the multirate parameters as a function of the REV 22 

scale. 23 
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 1 

4. Possible strategies for ex-situ experiments 2 

 3 

In-situ tracer tests using either weakly sorbing tracers [e.g., Meigs and Beauheim, 2001; 4 

Haggerty et al., 2001; McKenna et al., 2001; Reimus et al., 2003; Reimus and Callahan, 5 

2007] or multiple tracers with strongly contrasting sorption properties [Widestrand et al., 6 

2007; Cvetkovic et al., 2007] are indispensable for detecting and understanding diffusion-7 

controlled retention processes. However, such tests are resource-demanding, difficult to 8 

interpret, and generally limited by practical considerations to relatively small subsurface 9 

volumes. For large subsurface volumes exhibiting significant spatial variability in 10 

retention properties, such as would be typical for a high-level radioactive waste 11 

repository, in-situ tracer tests alone are unlikely to be sufficient for inferring model 12 

parameters.  13 

 14 

One practical approach for characterizing retention properties of large subsurface 15 

volumes in fractured or granular media is to extract multiple samples from different 16 

locations and perform ex-situ tests. Typically, tracers in solution are added to repacked 17 

samples and allowed to partition over a given time; the sorption coefficient is then 18 

inferred assuming equilibrium. The relative simplicity of this approach makes it feasible 19 

to sample multiple locations, thus generating information about large-scale variability in 20 

the region of interest. However, batch sorption experiments on samples that have been 21 

repacked yield no information on diffusion-limited rates because the internal 22 

microstructure that is responsible for the rate limitations is destroyed in the repacking. An 23 
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alternative approach [Turner et al., 2002] that does not require sampling aquifer material 1 

is to extract groundwater and determine the sorption coefficient based on the water 2 

chemistry and a geochemical model, again implicitly assuming equilibrium.   3 

 4 

A more ambitious laboratory testing campaign might be based on (relatively) undisturbed 5 

samples that arguably provide a more realistic picture of the retention processes because 6 

the structure of aquifer material is preserved. Even more advanced ex-situ methods could 7 

involve combinations of batch and flushing tracer tests, and ultimately, column tracer 8 

experiments. How parameters in a field-scale multirate model might be inferred from 9 

such small-scale, laboratory experiments or samples is not a straightforward question. 10 

Practical limitations on the experiment duration and sample size may prevent the full 11 

spectrum of relevant rates from being observed. Clearly, the existence of multiple kinetic 12 

rates has the potential to introduce biases in parameters inferred from laboratory 13 

experiments, with as yet unexplored consequences for field-scale transport modeling.  14 

 15 

Here we consider a series of hypothetical laboratory experiments using undisturbed 16 

samples, and compare potential outcomes to classical disturbed sample experiments.  17 

With undisturbed samples, one can run various types of tests:  batch, batch followed by 18 

flushing of tracers, or column experiments. Single or multiple tracers can be used, where 19 

a strong contrast in sorption properties of the tracer can be critical for interpreting the 20 

outcome [Cvetkovic et al., 2007]. Once tests are carried out on undisturbed samples, the 21 

same samples can be used by breaking the internal (microscale) structure and running 22 

them in a classical (disturbed) batch mode. A combination of these tests can provide 23 
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information for characterization of multirate sorption. In the following, we limit the 1 

discussion to the batch and batch-flush tests with multiple tracers of strongly varying 2 

sorption properties, illustrating a few interesting possible outcomes. 3 

 4 

4.1 Batch test   5 

 6 

Classical batch tests are carried out by saturating a sample with a tracer solution and 7 

leaving it for some time (denoted by T0 [T]) to equilibrate. The concentration in the 8 

aqueous phase can be monitored over time t < T0; from the concentration versus time 9 

curve, sorption parameters (usually assuming a first-order model) can be inferred. 10 

Alternatively, one measures concentration only at t = T0 when the test is terminated; from 11 

the partitioning of the tracer between the mobile and immobile phases, an equilibrium 12 

sorption coefficient can be inferred. 13 

 14 

If the exchange is controlled by the diffusion-sorption that is described with multiple 15 

rates, then the actual outcome of a batch test can be quantified from the mass balance 16 

equations. Specifically, we arrive at the following system of equations in the Laplace 17 

domain: 18 

   19 
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where X [-] is the normalized tracer mass in the mobile phase,   X i
*[-] is the normalized 1 

tracer mass on the immobile phase on site type i, ki is the backward rate for site type i,  ϕ i  2 

is as before a weighting function (probability) for site type i, and Kd is the dimensionless 3 

partitioning coefficient once equilibrium is reached. 4 

 5 

The solution of equation (11) is 6 

 7 
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 8 

Inverting equation (12) yields the partitioning  ∑
i

i XX /*  that would actually take place 9 

in a batch test on an undisturbed sample, assuming that exchange is controlled by a 10 

multirate diffusion–sorption process. 11 

 12 

The ratio 
d

d

K
K *

≡κ  is shown in Figure 5 as a function of the dimensionless group     kGT0 13 

with     σ ln k
2 = 2. Here Kd

* ≡ Xi
* / X

i
∑  is the estimate that would have to be obtained from 14 

undisturbed samples by measuring the partitioning between mobile and immobile phases 15 

at time T0 (for a given kG); Kd is the (actual) sorption coefficient as inferred from a 16 

disturbed batch sample. For small   kGT0, κ is small, thus demonstrating that if an 17 

equilibrium assumption is used to interpret results of an undisturbed sample with 18 
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microscale structure and multirate sorption, Kd will be underestimated considerably. Only 1 

for sufficiently large    kGT0 is κ close to 1. A slight dependence of κ versus     kGT0 on Kd is 2 

observed, here computed for Kd = 1 and Kd = 100. Figure 5 shows that batch tests on 3 

undisturbed samples with different durations, combined with subsequent batch tests on 4 

the same disturbed samples, should clearly indicate multirate sorption, as well as a first 5 

estimate of kG.  6 

 7 

4.2 Batch-flush test 8 

 9 

Next, we consider a combination of a batch test with flushing (or “batch-flush” test for 10 

short). After letting the batch test run for a period T0, the tracer is flushed out by applying 11 

a flow Q0 [L3/T] with (zero tracer concentration) discharge; tracer concentration is then 12 

monitored in the effluent. Assuming a given kinetic model, exchange rate can be inferred 13 

based on the breakthrough of the tracer from the sample. 14 

 15 

If exchange is governed by a multirate process, then mass balance equations yield the 16 

following system in the Laplace domain  17 

 18 
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where X0 and X0i is the normalized mass at time T0 as obtained from a batch test in the 20 
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mobile phase and on site type i of immobile phase, respectively, and ω ≡ 1/∆τ where 1 

∆τ is the turnover time in the sample for the flushing. In other words, after running a 2 

batch test for t = T0 as described by equation (12), the partitioning becomes an initial 3 

condition for the flushing that turns the batch into a flow reactor. Note that we have 4 

    
X0i

i=1

N

∑ + X0 ≡1. 5 

 6 

The solution for the normalized tracer mass in the mobile phase for a batch-flush test is 7 

obtained from equation (13) as 8 

 9 
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 10 

With ω specified, and  ϕ i  assumed as log-normal, numerical inversion of equation (14) 11 

yields the result of the batch-flush test when exchange is controlled by a multirate model.   12 

 13 

An example of the normalized mass recovery in the flushing phase is shown in Figure 6. 14 

The cumulative breakthrough (flushing) curves start from values of X that reflect the 15 

partitioning at time T0 and increase monotonically to 1; the batch phase had a duration of 16 

T0 = 1000 h in this example. Four tracers were considered with a wide ranging Kd from 0 17 

to 1000, and two values of     σ ln k
2  were considered: 0.5 (as would be computed under 18 

identical conditions as those in Figure 3) and a higher value 3, which would be obtained 19 

by using the model equation (9) but assuming that porosity and the cementation 20 
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exponent vary independently. The sample size for this illustration is  l = 30 cm, 1 

whereby Amax ≈10 cm. The turnover time is assumed 10 h (ω = 0.1 1/h). Thus, if we 2 

imagine a sample of 30 cm diameter and 50 cm length, ω = 0.1 1/h would imply a 3 

volumetric flushing flow rate of approximately 0.034 m3/day. 4 

 5 

Even for Kd = 0 it can be seen that after T0 = 1000 h, pure diffusion leaves a clear trace in 6 

the flushing, taking more than 20 h for the tracer to be completely flushed from the 7 

sample (Figure 6). For the lower log-variance (solid curves in Figure 6), the three sorbing 8 

tracers leave a weak signal up to about 500 h of flushing, after which the signal becomes 9 

more distinct as the cumulative curves start diverging (Figure 6). Clearly, the most 10 

strongly sorbing tracers would take a very long time to be flushed out of the sample; for 11 

Kd = 1000 and 10,000 h of flushing, only about 25% of the tracer mass has been flushed 12 

out of the sample. If the multirate variance is larger (dashed curves in Figure 6), then the 13 

different sorbing tracers leave a much more distinct signal from the onset of the flushing.  14 

Curves in Figure 6 indicate that batch-flush tests would be a useful complement to the 15 

batch tests for estimating kG, and possibly   σ ln k
2 , by varying sample size, batch test 16 

duration, and flushing rate. Use of multiple tracers with sufficiently large difference in 17 

sorption properties is also advantageous. 18 

 19 

Finally, note that the batch-flush test is an ex-situ laboratory analog for the in-situ single-20 

hole injection-withdrawal (SWIW) tests [Tsang, 1995; Haggerty et al., 2001]; the main 21 

idea with SWIW tests is to create a (spatially distributed) tracer source in the medium 22 

through injection (and possible delay until withdrawal) and then to use that source for 23 
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tracer transport during withdrawal. Because the SWIW tests are by definition insensitive 1 

to macroscale dispersion, the main focus is on the kinetic features of retention; the signals 2 

to be found in SWIW breakthrough curves could therefore resemble the ones seen in 3 

Figure 6.  4 

 5 

5. Field-scale example and potential biases 6 

 7 

Potential biases in transport predictions caused by ignoring multirate sorption in batch 8 

experiments are explored in this section. To explore the potential biases, a numerical 9 

experiment was performed. This experiment involved a hypothetical aquifer in which 10 

sorption is presumed to be governed by the multirate model with given parameters. Fifty 11 

undisturbed samples were “collected” from the aquifer by sampling from the Kd 12 

probability distribution that quantifies large-scale variability. A numerical batch 13 

experiment was then performed for each sample and a new Kd inferred by assuming 14 

equilibrium partitioning (naive interpretation). As discussed in subsection 4.1, this 15 

estimated Kd was biased because of the neglect of kinetic effects. The Kd sample moments 16 

from the tests were then used in field-scale transport predictions, again assuming 17 

equilibrium partitioning. The result of this biased prediction was then compared with the 18 

results of the multirate (unbiased) model.  19 

 20 

The generic statistical parameters for Kd were  Kd
G  = 664 and 2

ln dKσ = 0.82, corresponding 21 

to an arithmetic mean of 1000. The integral scales of permeability and log Kd were both 22 

assumed to be 700 m, and the transport distance was set at L = 6000 m. This parameter 23 
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set was considered “synthetic truth” for the purposes of numerical experiments and was 1 

selected to be consistent with values used in previous analyses [Painter et al., 2001] of 2 

transport in the alluvial aquifer near Yucca Mountain, Nevada. The value   Kd
G = 664 is 3 

intermediate between estimated values for neptunium and plutonium, whereas the log-4 

variance of 0.82 has been established for neptunium based on geochemical data [Turner 5 

et al., 2002]. Two values of the mean groundwater travel times were considered: 100 yrs 6 

and 500 yrs. These two values are near the 25th and 60th percentiles of the groundwater 7 

travel time distribution estimated previously [Painter et al., 2006]. For illustration, we 8 

considered a generic tracer with a decay rate of λ = 0.0001 1/yr. 9 

 10 

To create the biased estimates of Kd, a “synthetic truth” but hidden value of Kd was 11 

sampled from a log-normal distribution with geometric mean 664 and log-variance 0.82. 12 

Sorption was assumed to be governed by the multirate model with rate constants given by 13 

equation (10) with A in the range between Amax = 0.01 m and Amin = 0.1 m—the latter 14 

estimated as approximately 1/3 of the hypothesized sample size of 30 cm. Three 15 

numerical batch experiments with durations T0 = 1/12 yr, T0 = 1/2 yr, and T0 = 1 yr were 16 

then performed for each sample. The biased Kd was then computed as X*/X for each batch 17 

test; the shorter the test, the smaller the inferred Kd as already indicated in Figure 5. 18 

Geometric mean and log-variance of the biased Kd are summarized in Table 1 for the 19 

three selected T0 values. 20 

 21 

Using the biased estimates of Kd geometric mean and variance as given in Table 1, the 22 

moments of B were computed for a given mean groundwater velocity, U.  First-order 23 
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expressions of Cvetkovic et al. [1998] were used to obtain the Bm and CVB reported in 1 

Table 1. Using these B moments with τm = 100 yr (U = 60 m/yr) or τm = 500 yr 2 

(U = 12 m/yr), and CVτ = 0.567 (obtained from first order expressions [Shapiro and 3 

Cvetkovic, 1988]), the expected tracer discharge at a monitoring boundary at L = 6000 m 4 

was computed from equation (5) with ˆ g = ϕ iki

s + kii=1

n

∑ →1. This presumes equilibrium 5 

sorption with spatial variability in Kd and variable travel time (macrodispersion). Results 6 

of this calculation are summarized in Figure 7a.   7 

 8 

The curves in Figure 7a (shown for T0 = 1 month and T0 = 1 year) indicate that batch tests 9 

on undisturbed samples of varying duration may create a bias by underestimating 10 

retention if the results are interpreted as equilibrium. Plotted in Figure 7b are the 11 

expected BTCs with multirate sorption accounted for, under the same transport 12 

conditions as in Figure 7a, and using the “hidden” moments of B from Table 1. Three 13 

BTCs are shown for three values of the REV scale (1m, 4m, and 10m) assuming either 14 

τm = 100 yr or τm = 500 yr. 15 

 16 

For each REV scale in Figure 7b, the parameters of the multirate distribution were 17 

estimated using equation (9) and are summarized in Table 2. Note that the relatively low 18 

estimated values of kG are primarily due to the high sorption coefficient; as implied by 19 

equation (9), large Kd yields long times for the saturation of the immobile zones by 20 

diffusion. With a shorter mean groundwater travel time τm = 100 yr, Case 3 (low kG) is of 21 

greatest concern for risk assessment because of the high peak value (Figure 7b); 22 

coincidently, this peak would be well predicted with a short batch test on undisturbed 23 



DRAFT 

26 DRAFT 

samples (T0 = 1 month) for which the retention is significantly underestimated. The 1 

kinetic effects are considerably less important for Case 3 if τm = 500 yr, with a 2 

diminished peak in spite of relatively early tracer arrival (thick dashed curve in 3 

Figure 7b). The corresponding biased estimate with τm = 500 yr and a short batch test 4 

duration overestimates the peak discharge by more than two orders of magnitude (thick 5 

dashed curve in Figure 7a)—a fact that would clearly have consequences on the 6 

estimated risk. Kinetics of multirate sorption does not seem to affect transport for Case 2 7 

and τm = 500 yr (medium dashed curve in Figure 7b). Thus we may set a limit for the 8 

Damkohler number (i.e., kGτm) of around 0.1; above 0.1, the equilibrium assumption 9 

seems applicable. However, if the Kd is inferred from batch tests of relatively short 10 

duration, then the equilibrium prediction could significantly underestimate retention.  11 

 12 

The curves in Figure 8 may be used as a quick reference for assessing the potential 13 

impact of kinetics as governed by multirate sorption for a wide range of the key 14 

parameters τm, Kd , and the REV scale. In Figure 8, the Damkohler number kGτm was set 15 

at 0.1 as the threshold value for significant kinetic effects; τm was then computed from 16 

equation (9) as a function of Kd for different REV scales with only A as random. Kinetic 17 

effects depend not only on groundwater transport time, REV scale, and retention material 18 

properties (diffusivity and porosity), but also on the distribution coefficient of a given 19 

tracer as clearly seen in Figure 8. For instance, neptunium (with Kd roughly 100) and 20 

plutonium (with Kd roughly 1000) would be subject to retention kinetics quite differently. 21 

With an REV scale of 10 m, neptunium may require 100 yr to reach equilibrium; for 22 

plutonium, close to 1000 yr would be required. 23 
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 1 

6. Summary and conclusions   2 

 3 

We implemented a framework for coupling the field-scale transport effects of microscale 4 

(sub-REV) and macroscale heterogeneity. The microscale heterogeneity is 5 

conceptualized as a mixture of mobile and immobile zones; transport effects are 6 

represented by a multirate kinetic model that accounts for the exchange (diffusion–7 

sorption) between these zones. Macroscale heterogeneity leads to field-scale dispersion 8 

and is represented by the distributions of two random variables resolved on the REV 9 

scale: the groundwater travel time, τ, and B, which integrates the spatially variable 10 

sorption coefficient Kd along stream tubes from the injection point to a monitoring 11 

boundary. The coupling between advective transport and retention is quantified by 12 

equation (2) [Cvetkovic and Dagan, 1994;  Cvetkovic et al., 1998] using the distribution 13 

of rate parameters and the τ and B distributions.  14 

 15 

Clearly, kinetic effects will become unimportant and transport will approach equilibrium 16 

if the transport time is sufficiently long. The analysis presented here explored the 17 

approach to equilibrium quantitatively. The relative importance of kinetic effects is 18 

determined by a Damkohler number, which is defined as the product of the mean travel 19 

time and geometric-mean rate constant. When the Damkohler number is greater than 20 

about 0.1, equilibrium sorption is an adequate approximation.    21 

 22 

The conventional view of sorption kinetics is that the kinetics may be important for 23 
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laboratory experiments or short-duration field tests, but not for field-scale transport, 1 

because of the long periods of time involved. Our model for the multirate distribution 2 

suggests that the geometric mean rate may be rather small for strongly sorbing species. 3 

This small rate implies that the time required to reach equilibrium may be longer than 4 

generally recognized if the species of interest is strongly sorbing. The curves in Figure 8, 5 

for example, show that kinetic effects may be important for travel times as long as 60 yrs 6 

when the dimensionless distribution coefficient Kd is 1000 and the REV scale is 1 meter. 7 

Note, however, that the weakly to moderately sorbing species that are generally of greater 8 

risk significance in nuclear waste repository studies approach equilibrium after much 9 

shorter travel times. 10 

 11 

Laboratory experiments using intact samples (i.e., “undisturbed”) and multiple tracers 12 

may be used to establish kinetic effects due to diffusion and sorption. In particular, a 13 

batch-flush test with varying sample size and flushing rates on undisturbed samples may 14 

help assess possible kinetic effects. Such tests are ex-situ analogs of the in-situ single-15 

well injection-withdrawal tests. However, extrapolation of both short-duration in-situ 16 

tests and their ex-situ analogs should be done with care. Both types of tests may 17 

significantly underestimate Kd if an equilibrium interpretation is used. Augmenting these 18 

tests with conventional batch tests on repacked samples to obtain Kd would avoid that 19 

bias. In addition, ex-situ tests suffer from potential biases associated with the fact that the 20 

limited sample size may truncate the distribution of rates. Moreover, that the approach to 21 

equilibrium is strongly dependent on Kd should be considered in efforts to extrapolate 22 

short-duration tests using weakly sorbing tracers to the field scale. 23 
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 1 

The goal of this work was to explore the interplay between microscale and macroscale 2 

heterogeneity in the context of field-scale transport. To that end, several plausible but 3 

generic approximations were adopted. The computed values of CVτ and CVB were based 4 

on first-order approximations of the flow equation [Cvetkovic et al., 1998], which may 5 

underestimate the variability. In a site-specific application, numerical simulations 6 

conditioned on all available hydrogeological information would be useful for further 7 

constraining CVτ and CVB. The method for inferring field-scale values of Kd based on 8 

geochemical data [Turner et al., 2002] is particularly useful for obtaining a broader 9 

geostatistical database for Kd. Analysis of microscale structures from outcrop or borehole 10 

data may be useful to constrain the sub-REV internal structure (porosity, size variations, 11 

and diffusion) and thus the diffusion-controlled retention models. 12 

 13 

Numerical simulations using different heterogeneous structures can significantly improve 14 

understanding of flow and advective transport in highly heterogeneous formations on a 15 

wide range of scales. In particular, the work of Fiori et al. [2006, 2007] could be 16 

extended to address the interplay between advection and diffusion into low permeability 17 

zones. An important and yet unresolved aspect is the consequence of multirate sorption 18 

for higher-order moments of the tracer discharge, particularly the variance. Extending the 19 

results of Fiori et al. [2002] to include multirate sorption is one possible avenue for 20 

exploring this consideration. 21 

 22 
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Appendix A: Mass balance formulation  1 

 2 

 The mass balance equations for a non-decaying tracer are 3 

 4 
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 5 

where C [M/L3] is the tracer concentration in the mobile phase averaged over the REV, 6 

C* [M/L3] is total tracer concentration in the REV immobilized on the porous matrix and  7 

the immobile water, and J [M/TL2] is a tracer mass flux vector. The quantities    Ci
*  [M/L3], 8 

ki [1/T], and   Φi  are immobilized tracer concentration, associated mass transfer rates, and 9 

relative weighting, respectively, for site type i. We have  10 

 (A-2) 

 11 

where Kd [-] is the spatially variable dimensionless sorption coefficient for the REV. 12 

Focusing on advection only, we have   J = VC , where V [L/T] is the spatially variable 13 

fluid velocity vector at x. A corresponding Lagrangian mass balance system along a 14 

stream tube is [Cvetkovic and Dagan, 1994]  15 

 16 
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 1 

where X is the normalized tracer discharge [1/T] and Kd τ( )≡ Kd Z τ( )[ ]. Alternatively, we 2 

can write [Carrera et al., 1998] 3 
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 5 

where ĝ is defined in equation (4). The solution in the Laplace domain is 6 

 7 
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 8 

where B is defined in equation (1) and γ   in equation (3). Thus, γ  and X are equivalent 9 

where g was introduced in Section 2.  10 

 11 

 12 

 13 

 14 

 15 
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Appendix B: Multirate and spherical models  1 

 2 

Consider a spherical diffusion-sorption model, and let  ′ K G  and   σ ln k
2  denote the geometric 3 

mean and log-variance of     D RA2 , respectively, where D is the diffusion coefficient, R is 4 

the retardation coefficient in the spheres, and A is the sphere diameter. Then it can be 5 

shown that the equivalent multirate mode is defined by the following distribution of rates 6 

[Haggerty et al., 2000] 7 
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Table 1: Biased estimates of Kd  and B moments using batch tests of varying duration T0. 1 

“Actual” denotes assumed true values for the considered aquifer. Note that the log-2 

variance of Kd decreases with increasing T0 because the immobilized mass as a function 3 

of T0 exhibits a steep gradient around T0 = 1 month and a comparatively mild gradient for 4 

T0 = 1/2 yr and T0 = 1 yr. First-order expressions for τ and B moments are given [e.g., in 5 

Cvetkovic et al., 1998]. 6 

 7 

 8 

 Batch 

duration 

time 

T0  

 

G
dK  

 

2
ln dKσ  

Bm 

(τm=100 yr) 

 Bm 

 (τm =500 yr) 

CVB 

 1 month 

 

10.9 3.13 5 213 26 066 2.1 

Biased 

estimates 

½ year 197 0.8 29 383 146 945 0.84 

 

 

1 year 238 0.51 30 713 153 565 0.74 

Actual 

values 

 

- 

664 0.82 100 000 500 000 0.85 

 9 

 10 
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Table 2: The multirate parameters obtained by sampling (9) that are used in Figure 7b, 1 

given for different REV scales.   2 

 3 

 4 

Case REV scale 

[m] 

kG [1/yr] σ2
lnk 

1 1 0.00162 1.47 

2 4 0.00014 2.67 

3 10 0.000024 3.17 

 5 

 6 

 7 

 8 

 9 

 10 

 11 

 12 

 13 

 14 

 15 

 16 

 17 

 18 
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Figure captions 1 

 2 

Figure 1: Configuration sketch of the problem scale, the underlying REV, and the 3 

Darcy scale. The flow is resolved on the REV scale, which can be on the order of meters 4 

or larger. The REV is internally heterogeneous with contrasts of high- and low-5 

permeability porosity zones constituting mobile and immobile regions. The problem scale 6 

illustration of advection flow paths is from a numerical simulation with stochastically 7 

generated permeability.  8 

 9 

Figure 2: Expected tracer discharge across a monitoring boundary with varying 10 

Damkohler number for a strongly sorbing tracer. 11 

 12 

Figure 3: Conceptual model of the mobile-immobile zones within an REV; the internal 13 

heterogeneous structure is simplified as spheres of varying diameter. 14 

 15 

Figure 4: Global estimates of geometric mean and log-variance of kinetic rates as 16 

functions of the REV scale for a strongly sorbing tracer (the arithmetic mean of Kd is 17 

1000). 18 

 19 

Figure 5: Naive (equilibrium) interpretation of batch tests of varying durations for two 20 

tracers. The ratio κ ≡ Kd
* /Kd  is illustrated as a function of kGT0, where T0 is the test 21 

duration and Kd
* = Xi

* / X
i
∑  is the estimated sorption coefficient assuming equilibrium. 22 

 23 
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Figure 6: Cumulative flushed tracer mass in a batch-flush test; the batch test is run for 1 

1000h and then the tracer is flushed with a turnover time of 10h. The cumulative mass is 2 

shown for four tracers with strongly varying sorption properties, with Kd between 0 and 3 

1000. Also, we show results for two values of the log-variance for the multirate 4 

distribution. 5 

 6 

Figure 7: Expected tracer discharge across a monitoring boundary: a) “Biased” 7 

predictions assuming equilibrium sorption, based on biased estimates of the sorption 8 

coefficient Kd for different batch test durations, as summarized in Table 1; b) “synthetic 9 

truth” predictions for different REV scales accounting for multirate sorption; the 10 

corresponding global estimates of the multirate parameters are given in Table 2. In both 11 

cases, we compare the BTCs for mean groundwater travel times of 100 yr and 500 yr. 12 

 13 

Figure 8: Type curves obtained by setting the Damkohler limit for kinetic effects as 0.1.  14 

These curves can be used for a first assessment whether equilibrium assumption is 15 

appropriate, for a given mean groundwater travel, sorption coefficient, and REV scale. 16 

The curves are applicable for the specified set of physical parameters but can be easily 17 

generated for any other set. 18 
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