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Stability of Cylindrical Bubbles in a
Vertical Pipe

Y. Y. HSU F. F. SIMON

ABSTRACT

The stability of cylindrical bubbles rising in vertical
pipes of various diameters (1.27 to 30 cm) is studied
photographically. Single cylindrical bubbles remain stable
in pipes of all sizes for durations up to 10 to 20 seconds,
provided that the flow field is quiescent. Bubble-splitting
occurs when the bubble is in the presence of disturbances
such as pressure pulsation, convection cells, or the wake
of a leading bubble. The wake effect is studied in detail.
The critical bubble spacing for instability increases with
the square of the diameter.

NOMENCLATURE

A

A1 ,A 2 ,B 1 ,B 2

a

c

D

g

Jo,•J 1

k

L

N

p

Po

Q

r

t

u

V

area

coefficients for velocity potential function

pipe radius

constant

diameter of pipe

gravitational acceleration

Bessel functions of zeroth and first order

wave number

length of a bubble or a slug, or a wake

N = Lw/D

pressure

steady state pressure

volumetric flow rate

distance from pipe centerline

time

velocity

volume

w wave period

x vertical coordinate

a number such that Ji(aa) = 0

6 film thickness

7r displacement due to disturbance Xi 7 Xoi

X wavelength

v kinematic viscosity

SI vorticity

q' potential function

,IP stream function

p density

Ap p-p,

u interfacial tension

Subscript:

b bubble

c critical spacing, also critical wavelength

d most dangerous

g gas

1 liquid

m,n order of roots for the Bessel function J 1 (ka)

o reference condition

r radius

v vapor

w wake

x x-direction
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i gas-liquid interface at infinite distance

1 steady state

2 perturbation

Superscript:

* critical size

refer-o vapor phase

INTRODUC TION

Among the various flow patterns encountered in two-
phase flow, slug flow is of particular interest because of
its association with pressure pulsations. It would be
useful if the limiting conditions for the existence of slug
flow in a particular pipe could be determined. Since slug
flow is a train of cylindrical bubbles with spherical caps
(or Taylor bubbles, Ref. (2)) flowing in succession, one
should first examine the individual bubbles. Information
obtained concerning the behavior of the individual Taylor
bubbles, the stability limit of a single bubble, and the
interaction between succeeding bubbles can be used to
draw up the stability criteria for slug flow. This study
attempts to determine:

1. The critical size of a stable single bubble.
2. The effect of disturbances on the stability of a

Taylor bubble, particularly the wake effect of a preceding
bubble.

3. The critical spacing between thestable bubbles as
a function of the pipe diameter.

A motion picture supplement accompanies this report
to help illustrate the findings. To familiarize the reader
with the types of bubbles and flows to be discussed typical
views of a stable Taylor bubble, an unstable Taylor bub-
ble, stable slug flow and unstable slug flow (transitioning
into churn-bubbly flow) are shown in Figs. l(a)., 1(b),
2(a), and 2(b), respectively.

LITERATURE SURVEY

The hydrodynamics of long stable bubbles in a pipe

has been the subject of many studies. The rising velocity
of a bubble in a vertical pipe was found to be directly pro-
portional to the squre root of the diameter. Values of the

proposed a criterion to determine whether or not a bubble
will rise in a capillary tube. A stability criterion has
been proposed by Goldsmith and Mason (Ref. (12)) for the
breakup. of the tail end of a long bubble.

In the area of slug flow, the kinematic relation of the
bubbles and the liquid flow was studied by Street and Tek
(Ref. (13)) and by Nicklin, Wilke, and Davidson (Ref. (14)).
It was suggested that the bubble velocity is
ub = 1.24 (Qg + Q1 )/A + 0.35,If according to the meas-
urement of Nicolitsas and Murgatroyd (Ref. (15)).

A picture of the wake of a large cap bubble showing
strong vorticity was published by Slaughter and Wraith
(Ref. (16)). The circulation of a bubble wake was found
to be approximately 3N/gV according to Walters and
Davidson (Ref. (17)). Detailed measurements of velocity
profiles in the wake of Taylor bubbles were done by
Moissis and Griffith (Ref. (18)). Their results showed that
the wake effect decayed rapidly within 3-5 diameters from
the tail end of the bubble. Moissis (Ref. (19)) further
extended his study to give a criterion for the limiting vapor
flow rate of slug flow.

The instability at the interface between two fluids of
different densities with the heavier fluid being accelerated
toward the lighter fluid is known as a Taylor instability
(Ref. (1)).- It was shown by Taylorthat if a two-
dimensional flat surface is unstable, the critical wavelength
is Xc = 27r\/9_g(p1- Pv)" Bellman and Pennington
(Ref. (20)) later showed that for the condition of maximum
growth rate, the critical wavelength (or "the most danger-
ous wavelength") is Xd= 2v3/- rV//g (p -,- pv).

THEORETICAL ANALYSIS FOR SINGLE BUBBLE

in the present study a small perturbation will be math-
ematically imposed on the steady-state velocity potential
function and the profile of a bubble moving in a vertical
pipe. A critical condition will be established to determine
if such a perturbation will grow or decay with time. This
critical condition will be used as the criterion for bubble
stability. A detailed derivation can be found in Ref. (21).
Only a general outline of the approach will be sketched
here.

The steady-state velocity potential of a liquid in rela-
tive motion with a bubble confined in a vertical pipe was
proposed by Davies and Taylor (Ref. (2)) as follows:

u = C NrD-/ (1)

coefficient C were proposed by Davies and Taylor
(Ref. (2)) and Dumitrescu (Ref. (3)) and were found to be a
function of bubble Reynolds number and pipe Reynolds
number according to Griffith and Wallis (Ref. (4)). The

case of a rising plane bubble was studied by Birkoff and
Carter (Ref. (5)), Garabedian (Ref. (6)), and Collins

(Ref. (7)). Collins also related the rising velocity of a
large cap bubble to the bubble volume and the wall effect
(Ref. (8)). Davies and Taylor (Ref. (2)) studied the effect
of flow field on bubble shape, based upon an earlier work
of Taylor (Ref. (9)). The shape of and the film flow
around a Taylor bubble were studied by Brown (Ref. (10))
by considering viscosity effects. Bretherton (Ref. (11))

ax
=° -uox + Alen= nJo(Onr)

n=1

(2)

The coordinates and symbols are shown in Fig. 3. Note
that the coordinate is fixed with respect to the bubble, i.e.,
the bubble is considered stationary while the liquid moves
toward the bubble at a velocity u., which is actually the
rising velocity of the bubble.

The value of Cn is such that Jl(ana) = 0 to satisfy
the boundary condition that
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u a-lp A, eanxi aJ(ar)
r = - "--r in in

n=1

vanishes at r = a.

INote that 92 in Eq. (8) vanish when x-*+oo, to satisfy the

(3a) boundary condition.

The kinematic condition at the interface is

The evaluation of the Aln corresponding to an

requires the matching of one boundary condition for each

an. Davies and Taylor only tried to match the boundary
condition at the stagnation point, and thus, only the first

nonvanishing root of the Bessel function Ji(ana) was re-

tained. This approximation was found to be sufficiently

accurate (Ref. (2)). The first root of the Bessel function
is in the neighborhood of the stagnation point.

ax at

ax a+u rII8x at ra8r

in the vapor phase

in the liquid phase

(9)

(10)

Now, since an instability grows most rapidly at the extrema

of the displacement, the mathematics can be simplified if
we are only concerned about the extrema where aN/ar = 0,

then Eq. (10) is reduced to
3.832

a (4)

ax at
(10a)

Accordingly, in Ref. (2), only the first terms in the sum-
mation were retained (the subscript n is dropped) and

Eqs. (2a) and (3a) are thus reduced to
The disturbance on the interface will be represented

by

9 1,=-ux +Ale axJo(ar) (21

ax.

ur = A 1 e laJl(ar) (31

The bubble profile in the neighborhood of stagnation point
xi(r) in steady-state was evaluated (Ref. (2)) from the
condition of zero streamline function

b) = (xi-xio) me Jo(kmr)

m

(11)

to be compatible with 'p and 9', in Eqs. (6) and (8). The

pressure at both sides of the interface is assumed to obey

Bernoulli's equation, hence

P = g(7+xi)P (U+U) + P 2 2 (12)
2 r x at

r(xi, r) = - Ular2 + Aire axiJ1 (ar) = 0 (5)2

In this study, a disturbance is superimposed on the station-
ary condition developed in Ref. (2). The disturbance part
of the velocity potential is assumed to be

The pressure difference on the two sides of the inter-
face is balanced by interfacial tension. The resulting

equation of pressure balance is:

ar 2 r arj\ar/\ar]

•2 2me m e km(X-X) Jo(kmr)

m

la_9 1\ a 92) a 9 2 ,Pa9 2
Sa"x/) x/+ at at

(13)

(6)

Where km is the mth wave number and wm is the mth
frequency. Such a form is selected so that 9 2-'0 as

x-0- to satisfy the boundary condition and Jo(kr) is

used to satisfy the LaPlace equation V 'p = 0 in cylindrical
coordinates. In Eq. (6), the use of Jo(kmr) is based upon
the assumption of axisymmetry.

By combining the steady-state velocity potential with
the perturbation velocity potential, the velocity potential
for the liquid around a bubble becomes

The combination of Eqs. (2) to (13) results in an equation
for the wave period wm. The stability criterion for a

bubble is that the wave will not grow with time, or math-
ematically, that the wave period wm should have no
positive real part in the root. This condition is equivalent
to

k > .km = (14)

Since the smallest root of the Bessel function Jo(kma) is
kala = 3.832

ýO= (P + 2
(7)

a < a* =3.832 -fr (15)

For the gas-phase inside a bubble, the steady-state

velocity potential is assumed to be zero. Thus, only the
perturbation part will exist

For an air-water system the critical size is

a* =1cm

For a N2-CC1 4 system, the critical size is

a* = 0.46 cm

-k (x-x.) iw t

Z= B 2 mJok r 0m m1

9' = 9 I e
m

(8)
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(a) Stable. (b) Unstable.

Figure 1. Typical bubbles.

CS-48927

Figure 3. - Coordinates and
flow model.

,-LUCITE PIPE

-QUICK OPEN VALVE

(a) Stable. Mbi Unstable.

Figure 2. - Typical slug flow. .-- DRAIN
CS-48929

Figure 4. - Apparatus (on ground).
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EXPERIMENTAL STUDY OF A SINGLE BUBBLE

Experimental Setup

Test were carried out for pipes of various sizes
ranging from 1. 27 cm to 25.4 cm in diameter. * The
apparatus is shown in Fig. 4. The basic components were
a tra~nsparent pipe to hold the liquid column and a gas
reservoir chamber. The pipe height was about 20 to 30

Ktimes the respective diameter. The liquids used were
mostly water, with a few runs of carbon tetrachloride. The
air or nitrogen gas was introduced from the reservoir
through a quick-opening valve. The reservoir was con-
nected to a supply of gas through a regulating valve so that
the gas pressure could be maintained at any desired level.
For large pipes a fine screen and a cone shaped entrance
section were provided at the bottom of the column to ensure
even distribution of gas.

Results and Discussion

The single bubbles were introduced under two kinds of
conditions: those introduced into a quiescent liquid, void
of disturbance, and those introduced into a liquid with dis-
turbances. For the former case, a liquid column was given
a long calming period before a new bubble was introduced.
Also, the motion of the liquid was visually checked by the
use of tracers to insure no discernable motion was present.
For the liquid with disturbances, three types of distur-
bances were noted: (a) pressure pulsations; (b) convective
cells; and (c) bubble wakes. Each of these cases will be
discussed individually.

A. Single bubble without disturbance: When a single
bubble was introduced into a liquid column without distur-
bance, the bubble maintained its stable form, while rising
to the top of the column. This is true for all the pipes up
to 25. 4 cm (and a few bubbles in a pipe of 35. 6 cm in diam-
eter. Unfortunately, this pipe broke before more data
could be taken with it).

Such persistance of a stable configuration of a Taylor
bubble in pipes much bigger than the analytically predicted
critical pipe diameter was surprising. The discrepancy
between the analytical and experimental result might be due
to one of two possible reasons: (1) The small perturbations
that naturally exist in a quiescent flow would need time to
grow. Since in the present study a bubble rose to the top of
a column in a time span of about 10 to 20 seconds, the time
might be too short for the perturbation to grow into an
appreciable magnitude. The analysis only gives a stability
criterion but does not specify how soon the instability will
set in. To determine the rate of growth of instability,
more analysis is needed. (2) It was observed that, some-
times, a small deformation would develop at the interface,

and as the bubble was rising, the flow field around the
bubble would sweep the deformation to the side of the bubble
before it could cause instability. This observation might
indicate that the displacement should be expressed in some
form other than that of Eq. (11), which is a result of the
simplification of Eq. (10a).

It will be shown later that although the bubble stability
criterion failed to predict the result of single bubbles in a
quiescent flow, over the time span of 10 to 20 seconds, the
criterion is still useful.

B. Single bubble with disturbances: Since the singleI

bubbles remained stable in a quiescent flow during the res-
idence time in a pipe, it is interesting to observe the effect
of a disturbances on the bubble stability. As mentioned
previously, three types of disturbance were imposed:

1. Pressure pulsation: When a bubble was introduced
into a liquid column from a gas reservoir with a pressure
somewhat higher (say, 1/3 atmosphere higher) than that at
the base of the column, the bubble would go through ex-
pansion and contraction cycles. The pressure pulsation
was dramatized by the appearance and disappearance of
fog in the bubble (Fig. 5). The bubble nose and the liquid
in front of it went through acceleration and deceleration
stages. The body force and the flow field apparently were
so affected that bubble instability was readily observable.
This instability was observed for all the pipe diameters
down to 5 cm in diameter.

2. C 'onvective cell: When the liquid in one section of
the column was warmer than the rest or when ice was
floated at the top of the column (Fig. 6), an inverted den-
sity gradient was present which caused convective circu-
lation. The convective cell was made visible through the
use of fine tracer particles. This test was carried out
only in the 25.4 cm diameter pipe. (In the movie, the
sequence with tracers was filmed at 12 frames per second
to dramatize the motion of the circulation.) It was ob-
served that the bubble broke up whenever it passed through
the circulation region. For the ice-cooled column, the
dens ity-inver sion zone diffused downward gradually from
the top. Consequently, the location of the bubble instability
also shifted downward each time a new bubble was intro-
duced.

3. Wake effect: When a Taylor bubble rises, a wake
is formed behind the bubble. This is shown in Fig. 7. It
appears to have two regions: (1) a strong wake region, of
3 to 5 diameters long and (2) a weak wake region beyond
the strong wake region.

*For the large pipes, preliminary tests were carried out by using stove pipe construction (diameter 18 cm to 25 cm)
rolled from 1 mm thick clear plastic sheets. These pipes were put vertically in a swimming pool (5. 6 m deep). The near
balance of the hydrostatic heads inside and outside of the underwater pipe enabled the use of thin-walled pipes. An inflated
balloon was pulled in a net to the bottom end of the pipe and allowed to rise slowly. The rising balloon was punctured by a
needle to release the air and a Taylor bubble was formed. The activity of the Taylor bubbles were recorded using an
underwater camera. The Taylor bubbles, even in large pipes, were found to be both stable and unstable, depending upon
the test conditions. The preliminary study showed that more interesting and meaningful results could be expected if tests
were conducted under more controlled conditions. Consequently, thick-walled plastic or glass pipes of various diameters
were used for more tests.
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As a trailing bubble was introduced into the wake
region, the bubble was stable or unstable depending upon
the spacing time (or spacing length) between the two bub-
bles. The situation is rather complicated. In order to
obtain a more definitive view of the wake effect, the bub-
ble interaction is studied more closely in the next sections.

I

ANALYSIS OF BUBBLE INTERACTIONS,

Since the effect of a preceding bubble on a trailing
bubble is transmitted through its wake vorticity, it is log-
ical to first study the decay of the wake vorticity.

Consider the situation at a given location, the wake
vorticity gradually decays with time due to viscous dissi-
pation. The attenuation of vorticity can be expressed as
(Ref. (22), p. 54)

I2 = vV 2 Q (16)

Dt

Since there is no net flow in the liquid after the bubble
has passed, the equation can be simplified to read

-2 = vV 2i2 (16a)

at

was determined from the spacing length recorded by the
motion picture through the relation

L
tc = u'C

c b

The critical spacing between bubbles was taken when a

trailing bubble just began to show instability somewhere on

its nose.
Results and Discussion. - For a given pipe diameter,

there is a narrow range of critical spacing: for spacings

less than critical the bubble was always unstable, and for

spacings larger than critical the bubble was always stable.
Within the narrow range of critical spacing (or marginal
spacing), the result was statistically random. In general,
the result is: (a) The bubbles in pipes of subcritical size

were stable in the weak wake but deformed or merged with
the preceding bubble once they reached the strong wake
region: (b) The bubbles in the pipes of critical size were
stable in the weak wake region but broke down -upon reaching
the strong wake region. This was observed for both water-
air and CC14 -N 2 systems. The strong wake region length
could vary anywhere between 3 to 5 diameters. (c) For
bubbles flowing in pipes larger than the critical size, the
bubble began to breakup even in the weak wake region. The
critical spacing increases with pipe diameter.

The boundary conditions are

Q =o 0at t=0

2=0 at r=R

The solution can be found in Ref. (23) by Carslaw and
Jaeger.

If we take the product of the kinematic viscosity and
the experimental values of the spacing interval for mar-
ginal stability of the trailing bubble, and plot this product

(17) against diameter, it should result in a line of

vtc (D) 2Vtc = CD2 or (Vc 0= O (19)

co

.2.2. -je-Vt/r2 c2 Jo(cnr)

cn T rS20 Cna J (C r)

a a
n=l

(18)

Inspection of Eq. (18) reveals the decay ratio Q/Qo is the
same if the parameter vt/a 2 or vt/D 2 does not change.
Now we may hypothesize that there exists a critical vor-
ticity ratio (Q/2o)c which is strong enough to initiate the
instantaneous instability at the nose of the Taylor bubble.
This assumption implies a critical parameter (vt/D 2 )c so
that for a given pipe diameter and fluid viscosity, there is
a critical spacing interval tc 'between two consecutive
bubbles. If the second bubble is introduced after the tc,
the wake effect is sufficiently decayed and the bubble in-

stability cannot be tripped instantaneously.

EXPERIMENTAL RESULTS OF BUBBLE INTERACTION

Thesame apparatus described previously was used for
*the bubble interaction study. The procedure was the same
except that the spacing between two consecutive bubbles was
controlled and recorded. During the test for the large
pipes (> 10 zcm), a leading bubble was first introduced, then
a second bubble was introduced at a preset time spacing.
The camera was activated to follow the motion of the second
bubble. For small pipes, it was more convenient to intro-
duce two bubbles at close sequence and the spacing time

Where the subscript o refers to some reference condition.
The comparison of the experimental result with Eq. (19) is
shown in Fig. 8.

Equation (19) shows that the critical spacing time tc
for the bubble in a pipe diameter D can be scaled if the
values of to and Do at some reference condition are
available. However, recall the data for bubble stability
inside pipes of critical diameters for both water-air sys-
tems and CC14 -N 2 systems. In both cases, instability sets
in when the trailing bubble entered the strong wake region,
which was observed to be about 3 to 5 diameters long. It
was interesting to note that the strong wake region corre-
sponds favorably with the region of large 'enhancement of
velocity -of the trailing bubble as reported in Ref. (18) and
shown in Fig. 9. In this figure, again the wake effect was
nea:r the tail but quickly declined to small values within the
separation distance of 3 to 4 diameters. Therefore, it is
logical to use the critical -pipe diameter D* and the
spacing of the strong wake region Lw/D = 4 or

= 4D*/ub as the reference condition to and Do. The

resulting correlation for critical spacing is

tc =(- T) (20)

Where N = 4 for the present study, and it might be a
function of fluid properties and pipe geometry if the con-
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Figure 5. - Bubble under pulsating condition. (Note the fog inside the
bubble.) Figure 7. - Wake regions behind a bubble.
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Figure 8. - Critical spacing as a
function of diameter.

I

Figure 6. - Convective cells in the inverted
density - gradient zone.
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dition is considerably different from what was encountered

in the present study.

Implication of Correlation to Slug Flow

The correlation of critical spacing time tc and the
corresponding critical spacing length Lc = tcub serves as
a limit to slug flow stability. The implications are: (1) If

the intermittancy of bubbles admitted into a two-phase
flow is less than the critical spacing time, no stable slug
flow can exist. The trailing bubbles will breakdown and
form churned bubbly flow. (2) If the bubble length Lb is
known, then the void fraction a = Lb/(Lb + LL) of a slug
flow should be limited by the value Lb/(Lb + Lc) since
LL should be less than Lc (3) For a pipe length Lp, if
Lp > Lc there cannot be two consecutive bubbles flowing
simultaneously in the pipe, and therefore slug flow cannot
be expected.

CONCLUSION

The stability of Taylor bubbles in pipes of diameters
ranging from 1.27 cm to 25.4 cm was studied. The pipes
were 20 to 30 diameters long. Both air-water and N2 -CCI 4

bubbles were studied. The findings can be summarized as:

1. For a single bubble in a quiescent liquid column, the
critical size for a stable bubble was predicted to be
3.832-Vu~g from a small-perturbation analysis. But

bubbles in pipes 12 times larger than the critical size were
found to remain stable, at least for the duration of their

residence time which was of the order of 10 to 20 seconds.

2. For bubbles flowing in a liquid column the following
imposed disturbances were considered:

(a) pulsating bubbles
(b) convective cells
(c) wakes of bubbles

The bubble was unstable under those conditions.

3. A quantitative study of wake effects in pipes showed
that:

(a) For bubbles less than the critical size, the bubbles
were stable unless they happened to be inside the strong
wake region. If so they soon merged with the leading bub-
ble.

(b) For the pipe of critical size, the bubble was stable
throughout the weak region but broke up at the entrance to
the strong wake region.

(c) For the pipes larger than the critical size, the bub-
bles broke up at a distance (or interval) from the leading
bubble. The critical spacing time increases roughly with
square of the diameter. It can be correlated using Eq. (19).

(d) A stable slug flow cannot be maintained if the
spacing between bubbles is less than the critical value..
Such information sets a limit for the stable operation of
slug flow.
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Figure 9. - Velocity-separation distance data (ref. IS.
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