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ABSTRACT
While benchmarking the integrated finite-volume code
MULTIFLO against the analytical solution of Philip et al.
(1989) for cylindrical underground openings, we found
numerical simulation of dripping threshold flux
consistently higher than the analytical solution for both
rectangular and unstructured grids. The magnitude of
error is proportional to the alpha parameter characterizing
capillarity. This may bias estimates of repository
performance towards non-conservatism.
INTRODUCTION
Performance calculations for the proposed repository at
Yucca Mountain, Nevada, are sensitive to estimates of
water dripping into waste emplacement drifts. In the
performance assessment for the Viability Assessment
(DOE,1998), abstraction for seepage flux magnitude and
fraction of affected waste packages was based on a 3-D
heterogeneous porous continuum representation of flow
through the fracture network in Topopah Springs welded
tuff. Simulations using the TOUGH code (Birkholzer et
al. 1999) showed reasonable agreement with analytical
solutions. While testing the integrated finite-volume
tw-phase water-energy flow and reactive transport code
MULTIFLO 1.2P. developed at the Center for Nuclear
Waste Regulatory Analyses (Lichtner and Seth, 1998),
we benchmarked it against the analytical solution of
Philip et al. (1989) for horizontal cylindrical
underground openings. This analytical result gives the
magnitude of infiltration and deep percolation flux that is
the threshold for dripping to occur into the cavity,
assuming a homogenous porous medium characterized by
an exponential relative permeability model (Gardner,
1958) and steady state flow. The focus of this work is a
comparison between the analytical solution and
numerical simulations using unstructured and rectangular
element grids for varying Gardner a parameter in the
relative permeability model. Comparisons were made
using a 2-D grid of rectangular elements and an
unstructured grid with several refinements of node
placement around a circular interior no-flow boundary.
Our results indicate that numerical simulations, using
both grid types, tend to predict a greater dripping
threshold than the analytical solution and that this error
increases with increasing a.

Figure 1. Rectangular element grid 1. Saturation is
contoured and arrows denote locations of the first drips.
direction, with each element a cube 0.5 m on each side,
is shown in Figures 1 and 2. A 5 m diameter circular
drift, centered between no-flow side boundaries and
7.5 m above the bottom prescribed state boundary, is
approximated by using a material property such that
capillary pressure PC= 0 for all saturations. For flux to
cross the boundary between material properties, the rock

MODEL GRIDS
Rectangular Grids
The vertical 2-D grid consisting of 30 elements in the
horizontal direction and 40 elements in the vertical

Figure 2. Rectangular element grid 2. Saturation is
contoured and arrows denote locations of the fist drips.
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immediately adjacent to the drift wall must be saturated
with a capillary pressure of zero. Gravity then causes
flow to cross the boundary and enter the opening.
However, since the rock and drift are represented by
elements of finite volume, there is a gravitational
component of head difference equal to the vertical
distance between the nodes of these elements. This
causes flux in the discretized domain to cross the
material property boundary when capillary pressures in
the rock are negative. We examined two different
strategies for minimizing the gravitational component of
head difference between nodes above and below the drift
wall due to element size. The first, used with grid 1
shown in Figure 1, is to assign the connection distance
between the boundary and the node above a value of zero
and the distance between the boundary and the node
below a comparatively small value of 1 mm. Each
element of the grid is a cube 0.5 m on a side with a
volume of 0.125 m’, interfacial areas of 0.25 m2,and
distances of 0.25 m from the centered nodes to the
interfaces between. Adjustments to node connections
made for the second strategy, grid 2, are detailed in
Table 1 with reference to Figure 3. For example, the
block volume of element number 4 in Figure 3 was
reduced to 0.03125 m3, as indicated by the quarter of
element 4 that is shaded. The distances from the node of
element 4 to the interface with element 3, and vice versa,
were left as 0.25 m but the distance to the interfaces with
elements 5 and 7 were set to zero. Likewise the distance
from the node of element 5 to the interface with element
4 was left as 0.25 m but the distance from the node of
element 7 to the interface with element 4 was set at
0.0001 m. The small connection lengths between nodes
result in large conductances between those elements.
However, since the drift elements are at residual
saturation, “upwinding” results in zero relative
permeability while capillary pressures in the rock
elements are negative.
Table 1. Nodal connection details for elements defining
the drift in grid 2. A and B refer to numbers in Figure 3.
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Figure 3. Close up view of the upper portion of the drift
in Figure 2. Details of nodal connections for the
numbered elements are given in Table 1.

Unstructured Grids
Nodal placements were generated with transcendental
functions and further refined by placing rings of nodes
slightly larger than the 2.5 m radius interior no-flow
boundary. The base-case refinement, grid u0 shown in
Figure 4,was to place a ring of nodes at 2.501 m so that
the gravitational component of gradient at the drift crown
was 1 mm. An additional refinement of 2 rings, one with
a radius of 2.55 m and the other 2.6 m, was required to
reduce error to a magnitude similar to that of grid 2. The
drift in these unstructured grids is represented by a 2.5 m
radius circular no-flow boundary made up of 0.01 m
segments. Nodal and interfacial dimensions for
hexagonal elements were generated using the code
AMESH (Haukwa, 1998).

Figure 4. Unstructured grid u0.Side length is 25m. A 5 m
diameter internal no-flow boundary represents the drift.
Grid u2 has nodes for grid refinement around the drift
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RESULTS
Steady state flow was simulated with prescribed flux at
the top boundary, prescribed state at the bottom
boundary, and no-flow along the sides. Rock permeability
was i . o ~ i 0 "m2
~ with a porosity of 0.1. Saturation
contours at dripping threshold for grids 1 and 2 are
shown in Figures 1 and 2 for a = 3.3E-3 Pa". Locations
in the dnft where drips first form are indicated by
arrows. Dripping threshold for the rectangular grids 1 and
2 was taken to be the boundary flux that resulted in a nonzero vertical flux vector at the drift wall boundary. For
the unstructured grids, dripping threshold was taken to be
the boundary flux that resulted in a saturation of 0.9999
for at least one node on the drift wall boundary. With
a = 3.3E-3 Pa" and a drift radius of 2.5m the solution of
Philip et al. (1989) for threshold flux is 372.7 mmlyr.
Percent error is calculated as

Error =

numerical - analytical
x 100
analytical

Flux into the drift, at the locations indicated by arrows in
Figure 1, occurred with a uniform flow condition of
780.3 mm/yr imposed along the top boundary, which is
an error of 109%. By adjusting element volumes,
interfacial areas, and nodal connections distances, as
shown in Table 1, the error was reduced to 49% and drips
formed at the locations indicated by arrows in Figure 2
with a flux boundary condition of 556 d y r .
For a small pore size distribution parameter of
a = 1.OE-5 Pa'', dripping threshold estimated using the
unstructured grid in Figure 4 results in an error of 1.2%.
For larger a, however, the error increases substantially
reaching 453% for a = 3.3E-3 Pa-'. The inverse of a is
approximately equivalent to the height of capillary rise,
or the pressure head at which the larger pores de-water.
For a=l.OE-5 Pa-', this is about 10 m and for a = 3.3E-3
Pa-' this is about 0.03 m. Clearly, additional grid
refinement is needed to capture the sharp gradient in the
3 cm boundary layer that forms at the drift crown. Adding
an extra ring of nodes between the inner ring 1 mm from
the inner boundary and the next 0.33 m from the inner
boundary decreases error depending on its location. With
the extra ring of nodes placed at 0.1 m from the inner
boundary, error in simulated dripping threshold was
109%. Further reduction in error, to 4 9 8 , was attained
by adding yet another ring of nodes at 0.05 m from the
inner boundary. Saturation contours at dripping threshold
for a = 3.3E-3 Pa-' are shown in Figure 5 for this
additional refinement, referred to as grid u2. The arrow
in Figure 5 indicates the location where the fiist drip
forms. Dripping threshold flux as a function of a for a
horizontal 2.5 m radius cylindrical tunnel in a
homogeneous porous medium is shown in Figure 6
compared to the analytical solution. Except for the
rectangular element grids 1 and 2 at the small
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Figure 5 . Saturation contours and location of f i t drip
with the refined unstructured grid u2

a = 1.OE-5 Pa-', results from the numerical simulations
over-predict dripping threshold and this error increases
with a.Percent error compared to the analytical solution
for rectangular and unstructured grids is shown in
Figure 7. Error resulting from the unstructured grids
approaches zero as a becomes small. The unstructured
grid is also apparently sensitive to grid refinement. Error
increases markedly with a for grid u0. Refinement with
two additional rings of nodes in the region adjacent to the
drift wall boundary (grid u2) resulted in an error of 49%
for a = 3.3E-3 Pa''. Error with the rectangular grids also
increases with a but less than the unstructured grid u0.
For the rectangular grids, error also becomes negative at
small a.
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Figure 6.Dripping threshold as a function a obtained from
numerical simulations compared to the analytical solution of
Philip et al. (1989).

4

-

/

-*- grid 1

/

grid2

4grid
7

/
/

u0

/

grid@

/

/
/

/
/

V
and result in a better match to theory both in location and
threshold for dripping. Grids with rectangular elements
have the advantage of simplicity in assigning property
values from random field generation for heterogeneous
models. Future work with the unstructured grids will
involve defining the drift by a change in material
properties to estimate not just dripping threshold but also
flow rate into the drift after the threshold has been
exceeded. An unstructured grid will probably be
necessary to accurately characterize the effects of
irregularities in drift shape, perhaps due to partial drift
collapse, on seepage into waste emplacement drifts.
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Figure 7. Percent error resulting from numerical
simulations as compared to the analytical solution.

DISCUSSION
The presence of an underground opening creates a
boundary layer at the drift wall with sharp gradients in
pressure and saturation, as shown in Figures 1.2, and 5.
The thickness of this boundary layer is proportional to a-'
and is on the order of 3 cm for a = 3.3E-3 Pa". It follows
that to obtain an accurate numerical solution, node
spacings in this region must be smaller than the boundary
layer thickness in order to resolve the sharp gradients.
The effect of grid refinement is clearly shown by the
dramatic reduction in error obtained from grid u2 as
compared with grid u0. Attempts at further grid
refinements within the boundary layer formed by
a =3.3E-3 Pa-', however, resulted in increased error
apparently caused by truncation to fixed decimal formats
in the meshing and input formatting codes.
Rather surprisingly, the ad hoc arrangement of nodal
connections in the rectangular elements defining the drift
wall boundary, as detailed in Figure 3 and Table 1, results
in comparatively reasonable error over the range of a
values considered here. The first drips form and leakage
into the drift subsequently develops at nodal connections
away from the crown of the drift. The theoretical analysis
by Philip et al. (1989) shows that, for a horizontal
cylindrical opening, the first drips form when a saturation
of 1 is attained at the top center crown of the drift. In this
respect, the unstructured grids with the drift wall defined
by a circular boundary are consistent with theory. In the
rectangular element grids 1 and 2, the elements above the
drift crown remain unsaturated while leakage into the
drift occurs from elements away from the drift crown.
This suggests the possibility that additional nodal
connection adjustments could further reduce the error
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