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Abstract

A model is presented to predict the broadband unsteady force spectrum produced by a marine propulsor ingesting turbulent flow. A method is developed to
determine the required model input parameters, the turbulence rms velocity and longitudinal integral length scale, from the turbulent kinetic energy and dissipation rate.
The von Karman spectrum is used to model the inflow turbulence spectrum and correlation functions. The unsteady force acting on a single blade is computed using the
local upwash spectrum, spanwise correlation length, and Sears gust response. The
effects of spanwise variation in the blade geometry and inflow are approximated using
the assumption of local homogeneity. The blade-to-blade correlation is computed by
unwrapping a blade section into an airfoil cascade plane. The hydrodynamic coupling
between blades is neglected, so the force correlation is a result of the inflow velocity
correlation. The blade-to-blade summation produces a hump in the force spectrum
at frequencies slightly higher than the blade passing frequency. The frequency and
level of the hump depend on the blade solidity and stagger angle. The inflow model is
validated for the case of a flat plate turbulent boundary layer, and the force spectrum
model is validated for a simple propeller operating in grid-generated turbulence.
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Chapter 1

Introduction

The unsteady forces produced by a propulsor ingesting turbulent flow can be
an important source of broadband vibration and noise. This is particularly true in
the case of a marine propulsor, which typically operates in the turbulent boundary
layer of the hull. As the turbulent inflow is ingested into the propulsor, the blade
loads fluctuate. The resulting unsteady forces can act as a forcing function producing
vibration, and can also act directly on the fluid to produce sound radiation. Thus,
understanding the production of hydrodynamic unsteady forces is an essential part
of propulsor vibration and noise control.
1.1

Objective
The objective of this thesis is to develop a model to predict the unsteady forces

due to turbulence ingestion. The model will be designed to be used as part of the
propulsor design process. Unlike existing turbulence ingestion models, the model
will be developed with the assumption that computational fluid dynamics (CFD)
is available in the design process.

In order to incorporate these results into the

turbulence ingestion model, a method to predict the turbulence spectrum from CFD
variables will be developed. Also, the model will be designed to include the effect of
spanwise variation of the turbulence in the calculation of the blade unsteady forces.
In addition to providing quantitative prediction of the unsteady force, the model is
intended to provide design guidance, so it will be formulated in a way which provides
insight into the effect of the inflow turbulence and blade geometry on the unsteady
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force. For example, a relatively simple model of the blade-to-blade summation of
the unsteady force will be developed which directly relates the blade geometry to the
shape of the total force spectrum.

1.2

Background
The turbulence ingestion mechanism can be grouped with other hydrodynamic

forcing functions which act on propulsor blades and are produced by unsteady flow.
Analytical studies of these forcing functions are usually carried out in the wavenumber
or frequency domain using Fourier analysis. In order to show the relevance of the
turbulence ingestion mechanism, an overview of the hydrodynamic forcing function
mechanisms will be given. This will be followed by an overview of existing approaches
used in modeling the turbulence ingestion forcing function.
1.2.1

Overview of Hydrodynamic Forcing Function Mechanisms
As shown in Figure 1.1, there are three important mechanisms which produce

unsteady hydrodynamic forces on a propulsor blade. The first two involve the interaction of unsteady inflow with the blade leading edge. The unsteady inflow consists of
deterministic spatial non-uniformities and random, time-varying fluctuations which
are produced by turbulence. The source of both the spatial flow distortions and the
inflow turbulence can be traced back to the turbulent boundary layer from the hull
and the wakes from upstream appendages and blade rows. The third mechanism
producing unsteady forces is the interaction of the trailing edge with the turbulent
boundary layer of the blades. As well as being a source of random forces, the trailing
edge can also produce quasi-periodic forces through the process of vortex shedding.
Each of these three mechanisms is dominant in a certain frequency range.
In general, the spectrum of the hydrodynamic forces will resemble the schematic
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Spatial Flow
Distortions

Blade Boundary
Layer Turbulence

Turbulence

Fig. 1.1.

Sources of unsteady hydrodynamic forces on propulsor blades.

shown in Figure 1.2. The spatial distortions, being steady in time, result in periodic
forces at the blade passing frequency and multiples.

Both the inflow turbulence

and blade boundary layer turbulence produce random forces which act over a broad
frequency range. Since the inflow turbulence generally consists of relatively large scale
turbulence, it dominates the low frequency range, while the smaller scales of the blade
boundary layer turbulence control the high frequency range.
Radiated sound is produced by the hydrodynamic forces through both direct
radiation and re-radiation from structural vibration. In direct radiation, the reaction
of the hydrodynamic force on the fluid acts like a dipole acoustic source in the fluid.
Compared to structural re-radiation, an acoustic dipole is a relatively inefficient radiator of sound at low frequencies and Mach numbers. In structural re-radiation, the
hydrodynamic forces produce vibration which is transmitted through the structure.
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Fig. 1.2.

Schematic of blade unsteady force spectrum.

In this manner, large surface areas can be induced to vibrate, which generally radiate
sound more efficiently than the direct action of the force on the fluid. Also, structural
resonances can be excited, leading to additional amplification.
The total force is usually more important than the distributed force in the low
frequency range where turbulence ingestion forces are dominant. At low frequencies,
the acoustic and structural wavelengths tend to be large compared to the propulsor
dimensions, so the forcing function can be treated as a point force. For direct sound
radiation, the unsteady force can be modeled as an oscillating point body force, which
behaves like an acoustic dipole.
1.2.2

Overview of Analytical Modeling
Analytical modeling of the unsteady force produced by inflow turbulence can

be conceptually divided into three parts. First, the random velocity fluctuations of
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the turbulent flow are characterized using statistical properties such as correlation
functions and spectra. Second, the hydrodynamic response of a single blade to the
inflow is modeled using unsteady airfoil theory. Third, a model of the blade-to-blade
summation is used to compute the total force spectrum. Different turbulence ingestion
models utilize varying levels of sophistication in each of these steps.
One of the earliest models for turbulence ingestion forces was developed by
Sevik [1]. To develop a model for the velocity fluctuations, Sevik assumed that the
turbulence was isotropic and homogeneous. An exponential decay function was used
to approximate the spatial correlation function. The lift frequency spectrum was
computed for a representative blade section using the two-dimensional unsteady airfoil
theory of Sears [2]. The blades were then divided into small strip elements, and the
correlation between elements was modeled using an exponential decay based on the
distance between elements. In order to simplify the problem, rotational effects on the
element correlation were neglected. The thrust spectrum was then found by summing
the contributions from all the elements.
Sevik compared the results of his model to water tunnel measurements of
the unsteady thrust spectrum for a simple free-stream propeller operating in gridgenerated turbulence. The model predicted the overall level of the thrust spectrum
reasonably well, but did not predict the observed hump in the spectrum near the
blade passing frequency. Sevik recognized that blade rotational effects were likely the
cause of the hump.
Jiang, Chang, and Lui [3] developed two methods of modeling the turbulence
ingestion forces. One method, which they called the correlation approach, was an
extension of Sevik's method with two major improvements. The model allowed for
variability in the blade shape and velocity at each strip element, and also included
the effect of blade rotation on the element correlation. The model followed Sevik's
approach in modeling the velocity fluctuations, retaining the assumption of isotropic,

.
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homogeneous turbulence and the exponential decay approximation for the spatial correlation. At each strip element, the Sears response function was used to calculate the
lift frequency spectrum, using the local relative velocity and blade geometry. When
determining the correlation between elements, the effect of rotation was included so
that the effective separation between elements varied with time. The exponential
decay model of Sevik was used for the correlation between elements, but the effective
separation distance was used rather than a fixed distance. By including the rotational
effect, Jiang, Chang, and Lui showed that the predicted thrust spectrum contained a
hump near the blade passing frequency.
In order to implement Jiang, Chang, and Lui's correlation model, the elementto-element correlation is computed in the time domain. A numerical Fourier transform
is then used to convert to the frequency domain. This process must be done carefully
to prevent numerical artifacts from influencing the results. In general, a large number
of strips and small time increment must be used to compute the higher frequencies
accurately. In addition, a long time record is required to compute low frequencies
accurately. A convergence check should be implemented to verify the accuracy of the
results.
Jiang, Chang, and Lui also presented an alternative method, which they called
the spectrum approach. This approach was largely based on the work of Blake [4],
and employed analytical functions for the spanwise and blade-to-blade correlations.
There is some commonality with the correlation approach, since the inflow velocity
correlation function is modeled by an exponential decay and the blade response is
modeled using the Sears function. However, additional models are used for the spanwise and blade-to-blade correlation of the lift. Blake suggested using the assumption
of separability, in order to make the spanwise model independent of the blade-toblade model. The spanwise integration of the lift spectrum is then handled using
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a frequency-dependent correlation length, and the blade-to-blade summation can be
designed to model the hump near the blade passing frequency.
Wojno [5] employed the spectrum approach in a model which used empirical relationships for the spanwise correlation length and blade-to-blade correlation
function. The functions were based on extensive two-point velocity correlation measurements taken in grid-generated turbulence. He also measured the sound radiation
from a propeller operating in this turbulence in an anechoic wind tunnel. The propeller design was the same as that originally tested by Sevik. He found that the thrust
spectrum model, combined with a direct radiation model using a point force, agreed
reasonably well with the measured sound spectrum. Although good agreement was
achieved in the overall spectrum level, the magnitude of the hump near the blade
passing frequency was not predicted as well.
In this thesis, a model similar to the spectrum approach will be developed.
A new method for obtaining the input turbulence parameters based on CFD will be
developed. A model of isotropic, homogeneous turbulence will be used to develop
correlation functions and spectra. The blade response will incorporate some of the
effects of spanwise variation of the inflow and blade geometry, using the assumption of
local homogeneity. The velocity correlation model will lead directly to expressions for
the spanwise correlation length and blade-to-blade summation. A new formulation of
the blade-to-blade correlation will be developed in order to improve the prediction of
the hump near the blade passing frequency. The model can be used in conjunction
with CFD to provide predictions of the force spectrum for a new propulsor design.
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Chapter 2

Turbulent Inflow Characterization and Modeling

When considering the unsteady forces that result from the interaction of a
structure with turbulent flow, it is necessary to adopt a statistical approach. The
velocity in a turbulent flow can be treated as a random variable, and various statistical methods can be used to describe the fluctuations and the relationships that exist
between neighboring points in space and time. Of primary importance in describing ingested turbulence are the spatial correlation function and the spectral density.
With the assumptions of homogeneity and isotropy, a model can be developed to
describe the turbulence using parameters which can be obtained by computational or
experimental methods.
2.1

Statistical Description of Turbulent Flow
The purpose of this section is to review the mathematical tools that are used

in characterizing turbulent flow. Further details can found in general texts on turbulence, such as Tennekes & Lumley [6], Libby [7], and Hinze [8j. Statistical characterization of turbulence is simplified considerably when the turbulence is isotropic
and homogeneous. If these assumptions are used, then two scalar quantities, the
turbulence intensity and integral length scale, can be used as parameters to describe
the turbulence. Additionally, it is assumed throughout this section that the flow is
in a steady-state in which the statistical quantities do not change over time (i.e. the
statistics are stationary).

9

2.1.1

Turbulence Intensity
At each point in space in the turbulent flow, the instantaneous velocity vector

ii can be considered a random variable. Tensor notation will be used such that the
subscript i refers to the component of the velocity vector. The mean velocity is defined
simply as the time-averaged value of the instantaneous velocity,
1

to+T

ii(;, t)dt,

Ui (:) = lim y f

(2.1)

where to is an arbitrary constant since the statistics are assumed to be stationary.
The instantaneous velocity can then be decomposed into mean and fluctuating parts:

iii(;, t) = Ui V) + ui(:, t).

(2.2)

By definition, the mean value of the fluctuating part is zero. The degree of unsteadiness in the flow can be quantified using the variance of the fluctuating velocity,

uIi () = lim T

u

(2.3)

Often it is convenient to reduce the variance to a scalar by considering the turbulent
kinetic energy (per unit mass),

k=

2

1U2
ui=

1

-

-2

2

(2.4)

If the turbulence is isotropic, then the three components of the variance are equal, and
an alternative scalar quantity can be used to represent the intensity of the fluctuations.
By taking the square root of any one component of the variance, a measure of the
turbulent velocity scale is obtained. The root mean square (rms) velocity can be
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defined for isotropic turbulence as

u=

k.

(2.5)

The lack of a subscript on u distinguishes the rms velocity from the fluctuating velocity
vector. The rms velocity is often referred to as the turbulence intensity when it is
normalized by a mean or reference velocity. Since the turbulent kinetic energy is
widely used in turbulence modeling for CFD, the turbulence intensity serves as a
useful parameter to statistically characterize the turbulence at each point in space.
2.1.2

Spatial Correlation
In addition to the intensity of the fluctuating velocity, it is important to be

able to characterize the relationship between the velocities at two different points in
space. The spatial correlation function is the mathematical tool used to statistically
characterize the relationship between neighboring points.1 In turbulent flow, as with
most random processes, it is found that two points that are nearby tend to experience
fluctuations that are similar, while two points that are far apart tend to have fluctuations that are unrelated. The spatial correlation function quantifies this relationship
and provides a means of describing the length scales in the turbulent flow.
The spatial correlation function of the velocity at point z is defined as

R,(r

=ux)u
=+
(r

,

(2.6)

where 9 is the spatial separation vector. If the turbulence is homogeneous, then
the correlation function is independent of z. In general, the tensor Rij has nine
components. However, if the turbulence is isotropic, meaning that it is unaffected
'The spatial correlation describes the relationship between two locations at the same time. Other
correlation functions discussed later address a time delay between the two locations.
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Longitudinal (a) and transverse (b) correlations.

by coordinate system rotation, then the correlation tensor can be expressed in the
special form,
gf(r)+(ij
(r)]

(2.7)

where r is the magnitude of the spatial separation vector, f(r) is called the longitudinal correlation function, g(r) is called the transverse correlation function, and 6ij
is the Kronecker delta function. Thus, in isotropic turbulence, the entire correlation
tensor can be characterized by the mean square velocity and two scalar functions.
Furthermore, it is shown below that the scalar functions f(r) and g(r) are related
through the continuity equation, so that only one scalar function is needed to specify
the form of the spatial correlation.
The physical interpretation of the longitudinal and transverse correlation func-

tions is illustrated in Figure 2.1. Considering a spatial separation oriented in the
x 1 -direction, the longitudinal correlation function equals the normalized mean value
of the product of the ul velocity components,

f(r) = .. Ru(rij) =
U2

u U()ui(X-+ rij),

U2

(2.8)

where ii is a unit vector in the xi-direction and 1 is an arbitrary spatial point. The
name longitudinal refers to the fact that the velocity components are oriented in the
same direction as the separation vector. The longitudinal correlation is typically a
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Fig. 2.2. Longitudinal and transverse correlation functions.

decaying function approaching zero as r

-*

o, with a maximum value of one at r = 0.

The longitudinal correlation function is plotted in Figure 2.2 using the von KarmAn
model, which is discussed later. The separation distance is normalized by the integral
length scale L11, defined later in this section.
Again considering a spatial separation oriented in the xl-direction, the transverse correlation function is equal to the normalized mean value of the product of the
U2 (or U3 ) components:

g(r) =

1

1
U2
2(Z)U2(Z-+ rHI) = -2 U3 (Z)U3 (9 + ril).

(2.9)

The name transverse refers to the fact that the velocity components are oriented
in a direction perpendicular to the separation vector. The transverse correlation is
also a decaying function, but typically decays faster that the longitudinal correlation
and becomes negative, approaching zero as r

-+

oo from negative values as shown

13
in Figure 2.2. The transverse correlation is used in unsteady aerodynamics since
transverse velocity perturbations are what generate the unsteady lift on an airfoil.
A relationship between the longitudinal and transverse correlation functions
can be obtained using the continuity equation for incompressible flow,

0.

IO_ =

(2.10)

OXj
Taking the derivative of equation (2.6), interchanging the order of the time-averaging
and differentiation, and making use of equation (2.10) yields

o9i)v(Y)uj (

u(

+ ret = ui(Y)

+ r) = 0.

(2.11)

Substituting the isotropic form of RAj(r), equation (2.7), into the left side of (2.11)
gives
(r) + (Jij-

2i)

g(r)]

0-

(2.12)

Carrying out the differentiation, it is found that

9

r df
f + 27r-.

(2.13)

Equation (2.13) is often iused to determine the transverse correlation when the longitudinal correlation function is measured or modeled.
A quantity which can serve as a parameter in specifying the spatial correlation is the integral length scale, which is defined for any arbitrary scalar correlation
function R(r) by

L= R

.yjR(r)dr.

(2.14)

The integral length scale is roughly a measure of the spatial extent to which fluctuations are correlated, which in turbulence is related to the size of the largest eddies.
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Using the longitudinal and transverse correlation functions of isotropic turbulence,
two integral length scales can be defined:

L11 =

1

L2= . 3

j

00

Ruj(rij) dr =

j

00o

R 22 (rii)dr=j

f(r) dr,

(2.15)

(r)dr.

(2.16)

Substituting equation (2.13) into equation (2.16) and integrating by parts yields
1
2

L22 = -Li,.

(2.17)

It is often adequate to model the longitudinal correlation by a function which uses
the longitudinal integral length scale LI, as its only parameter.

Then using the

isotropic relations (2.13) and (2.7), a model of the entire spatial correlation tensor is
obtained. Thus, the two scalar parameters u and L11 become the principle means of
characterizing the turbulence.
2.1.3

Spectral Density
The spatial correlation function is sufficient to describe the spatial velocity

statistics of the turbulent flow field, however, additional physical insight is provided
by the wavenumber spectral density. The spectral density is defined as the Fourier
transform of the spatial correlation. For example, the longitudinal component of the
correlation tensor, RII(rij), can be transformed into a longitudinal spectral density
F 11 (rl.)

by
Fu1(,c) =

-|
R1(rj) exp(-inir) dr,
Tir f co

(2.18)

,A
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where /c is the wavenumber. Similarly, the transverse spectral density can be obtained
by transforming the transverse component of the correlation tensor:

F22(

=

1
21

J

'a

R 2 2 (rii)exp(-ipclr)dr.

(2.19)

These spectral densities represent the wavenumber distributions of the longitudinal
and transverse velocity fluctuations found on a straight line in the xl-direction. Since
the wavenumber equals 27r divided by the wavelength, the spectra could also be viewed
as the contribution from each wavelength, or length scale, to the mean square velocity.
The integral of the spectral density over all wavenumbers returns the variance of the
fluctuations,
;2=
=

J

Fu1(,c1) dK1,

u2

j

-00

F2 2 (i-1 ) dij.

(2.20)

Figure 2.3 illustrates the longitudinal and transverse spectral densities, using the
von Karmx

n model and normalizing by the parameter

ce

discussed later. The spectra

have a decaying high wavenumber asymptote and in the low wavenumbers approach
a constant. The value of the constant can be determined by substituting

iq

= 0

into equation (2.18) and comparing to equation (2.15), which shows that F11 (0) =
u 2 Lx1 /7r. Then using equation (2.17), F2 2 (0) = U2 Lii/27r.
The longitudinal and transverse spectra are examples of scalar spectral densities, which are one-dimensional Fourier transforms of scalar correlation functions.
For the more general case of the three-dimensional spatial correlation tensor, the
three-dimensional Fourier transform yields the wavevector spectral density tensor,
_

1
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Fig. 2.3. Longitudinal and transverse spectral density functions.

The one-dimensional spectra F11 and F2 2 can be obtained from Aij by integrating
over the plane containing the two orthogonal wavevector components:

F11 (K1) =

,J

11(rl, K2, K3) dr2 dr3,

P 2 2(K-1K2,K3) dK2 dK3 .

F22r(K1) = |.

(2.22)

(2.23)

-oO

An alternative scalar spectrum can be obtained by integrating over a spherical shell
of radius r.. A spherical integration of the sum of the diagonal components, ,ii, yields
the energy spectrum,
E(tc) =

,Pii ()ds.

(2.24)

The energy spectrum represents the distribution of the turbulent kinetic energy over
the positive wavenumbers. The factor

a

is included so that the integral of the energy
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spectrum over all wavenumbers equals the turbulent kinetic energy,

k

Vu-u =

J

E(Q) dr.

(2.25)

The energy spectrum has served an important role in the development of the statistical theory of turbulence since it provides the most direct physical insight into the
distribution of length scales in the turbulent flow.
As with the spatial correlation tensor, the wavevector spectral density tensor
can be expressed in a special form when the turbulence is isotropic:

Iij(R) = E(K)

2

(2.26)

This result shows that for isotropic turbulence, the entire wavevector spectral density tensor can be determined from a single scalar function representing the energy
spectrum. Once the wavevector spectral density is known, the longitudinal and transverse spectra can be obtained from equations (2.22) and (2.23), respectively. Also, by
taking the Fourier transform of (2.13), a relationship between the longitudinal and
transverse spectra is obtained:

F22(1s1)= 21

-

Ti

Ful(Kc).

(2.27)

The energy spectrum can serve as a starting point to develop a model of the spatial correlation function for isotropic turbulence. The process is as follows: using
equations (2.26) and (2.22), the longitudinal spectrum is obtained from the energy
spectrum. Then the inverse Fourier transform

R1(rTij) = LFllFlcI)exp(iKclr)dr.l

(2.28)
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yields the longitudinal correlation function f(r) = R 1 (rij)/u2 . Finally, using equations (2.13) and (2.7), the entire spatial correlation tensor is obtained. In Appendix A,
these calculations are carried out for the von Kirman model, which is discussed in
the next section.

2.2

Turbulence Spectrum Modeling Using RANS-Based CFD
Although Reynolds-averaged Navier-Stokes (RANS) -based computational fluid

dynamics (CFD) is typically used to predict the mean flow field, with some additional
assumptions it can also be used to predict the turbulence spectrum. Two-equation
turbulence models, such as the k-e model, are currently the most widely used method
to close the RANS equations. In the k-e model, two additional transport equations
are solved for the turbulent kinetic energy (k) and dissipation rate (e). These two
quantities can be used to parameterize a model of the turbulent energy spectrum.
Furthermore, at higher wavenumbers the turbulence will tend to become isotropic, in
which case the entire velocity spectrum tensor can be obtained.
Such modeling is possible because the form of the energy spectrum is reasonably independent of the class of flow; for example, boundary layers, wakes, jets, and
channel flows all tend to have similar energy spectra. In general, the spectrum can

be divided into a large scale range, inertial subrange, and dissipation range as shown
in Figure 2.4. In the large-scale range, which contains eddies whose sizes are on the
order of the mean flow features, the turbulence receives energy from the velocity gradients of the mean flow. Through the inviscid stretching and distortion of the large
eddies, this energy is cascaded through the inertial subrange. The wavenumber extent of the inertial subrange depends on the Reynolds number; high Reynolds number
flows will contain a large inertial subrange. Above the inertial subrange, the highest
wavenumbers will be affected by viscosity, which dissipates the energy.

f
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Fig. 2.4. Energy spectrum schematic (solid) with von Kzrmin model (dashed).

An indication of the universal nature of the energy spectrum is provided by
Kohnogorov's hypothesis. Kolmogorov [9] showed that the inertial subrange could
depend only on the dissipation rate and the wavenumber

(K)

since all the energy is

supplied by the smaller wavenumbers of the large-scale range and dissipated by the
larger wavenumibers of the dissipation range. Based on this hypothesis, the functional
form of the energy spectrum in the inertial subrange can be written

E(r) = cea .

(2.29)

Using dimensional analysis, it is found that the exponents must be a -

2

and b =-3.

Furthermore, experiments have shown (e.g. Saddoughi & Veeravalli [10]) that the
constant ca 1.5.
An approximation for the energy spectrum valid for the large-scale range and
inertial subrange was developed by von Karmin [11J.

This model asymptotically
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reaches a n-s/ 3 dependence for large wavenumbers, and follows von Karman's proposed

i.4

dependence for small wavenumbers.

In between, the two functions are

blended by the formula
F

4

/
L

/

-17/6

(Cce)
[1 (

E(I) =

)J

(2.30)

where ie is a wavenumber associated with the energy-containing eddies. The constant a can be determined-since 2
00

j

E(K) dr.= k,

(2.31)

by which it is found that

110 r(5/6)

0 97'

27~,/- 17(1l/3)-

fO

where r is the Euler Gamma function, r(x) =

(2.32)

t'-le-tdt. The parameter Ice

can be expressed in terms of the dissipation rate by equating the high wavenumber
asymptote of von KArmAn's model with the result of Kolmogorov's hypothesis,

a

k (c)5/
Ke

C2/3
-5/3
c 2C3 5 1 3 .

Ate

(.3

(2.33)

Solving for Ice, it is found that
K,=C3/2

a)

E

k 3/ 2

(.4

.

1

3 2

k /

(2.34)

Therefore, a RANS solution of a two-equation turbulence model, along with von KMrmAn's
model, provides a prediction of the turbulent energy spectrum.
2

Note that although the von Karmin model overestimates the energy in the dissipation range, the
energy contained in the dissipation range can be considered negligible.
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The entire velocity spectrum tensor can be obtained from the energy spectrum
when the turbulence is isotropic. Since the smaller scales of the inertial subrange
are usually not directly related to the mean flow, they tend to become isotropic.
Therefore, by assuming the turbulence is isotropic, a reasonable approximation to
the velocity spectrum over most of the wavenumber range can be obtained. Using
equations (2.26) and (2.22) to obtain the longitudinal spectrum from von Kxrman's
model of the energy spectrum, it is found (see Appendix A) that

55

(Žt)]

[+

(2.35)

-5/6,

It is somewhat more revealing to express the longitudinal spectrum in terms of the
rms velocity (u) and longitudinal integral length scale (L11 ). Since the turbulence is
assumed to be isotropic,
F2
k.
3

u=

(2.36)

Also, since the longitudinal integral length scale is defined by
7T

LI, = -Flu(O),

(2.37)

U2

the longitudinal spectrum can be written

U2 Llu

F()

r1
I

/

( e)

2

-5/6

(2.38)

\KeJ

Equating (2.38) with (2.35) and using equation (2.34), the longitudinal integral length
scale can be obtained from the turbulent kinetic energy and dissipation rate,

L-1 = l

a

_

=

27ir (a5/2

ice
~?/2 1

k3 /2
C

k3 /2

'E

-

0.39-.

(2.39)

I

.
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Through this analysis, a new approach has been developed to obtain the turbulence correlation tensor and spectral density tensor based on CFD results. An outline
of the method is as follows:
1. Use RANS-based CFD to obtain the turbulent kinetic energy (k) and dissipation
rate (e).
2. Based on the assumption of isotropy, obtain the rms velocity (u) from the
tuibulent kinetic energy.
3. Using the Kolmogorov model of the energy spectrum in the inertial subrange and
von Kxrm6in's velocity spectrum model, obtain the characteristic wavenumber
Ke and the longitudinal integral length scale (LuI) from k and e.
4. Use u,

te,

and LI, as parameters in the von Kaxrman model of the longitudinal

velocity correlation and spectral density functions.
5. Use the isotropic relations to obtain the transverse correlation and spectrum,
as well as the remaining components of the correlation and velocity spectrum
tensors.
This method provides the link between CFD and the analytical models used later
to calculate the turbulence-induced forces. The universal behavior and isotropic tendency of the inertial subrange make it possible to reasonably approximate the velocity
spectrum using this approach. A validation of this method will be provided in Chapter 6.

V
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Chapter 3

Unsteady Force Produced by Inflow Turbulence

Inflow turbulence produces fluctuating loads on propulsor blades. The problem
is similar to the gust response of an airfoil flying through a turbulent atmosphere.
Analytical theories exist to calculate the forces produced on an airfoil encountering
a sinusoidal upwash. In turbulent flow, the airfoil or blade section encounters a
random, time-varying upwash. The upwash can be characterized by a frequency
spectral density which is related to the wavenumber spectral density of the turbulence
by a convection velocity. The airfoil responds to each sinusoidal component of the
upwash spectrum, resulting in an unsteady lift spectrum. The gust response of the
airfoil acts as an aerodynamic transfer function relating the unsteady upwash to the
unsteady lift.

3.1

Assumptions
In order to develop an analytical model for the gust response, several sim-

plifying assumptions are typically made. First, the turbulent velocity fluctuations
are considered to be small compared to the mean velocity. This permits the use of
small perturbation theory by which the aerodynamic response can be linearized. It
also allows the frozen convection model to be used, in which it is assumed that the
self-distortion of the turbulence can be neglected. If the turbulence convects past a
point in a frozen pattern, the frequency spectrum of the turbulence depends only on
the wavenumber spectrum and convection velocity.

I

.
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The second assumption used in the aerodynamic response is that the flow is
considered inviscid and incompressible. As in steady airfoil theory, it is assumed that
the lift forces can be calculated from potential flow theory. Physically this is justified
since for high Reynolds number flows the viscous effects are confined to thin boundary
layers on the airfoil surface, which can be represented by vortex sheets in a potential
flow model. Also, in hydrodynamic flows, the Mach number is usually very small
and the acoustic wavelength is typically large compared to the airfoil chord, so the
flow in the vicinity of the airfoil can be treated as incompressible. Finally, it is also
assumed that the gust response can be modeled using thin airfoil theory, in which the
effect of streamline perturbations due to the airfoil thickness and camber on the gust
convection is neglected. Although some theories consider this effect (e.g. Atassi [12]),
its importance is generally considered to be of second-order.
Even with these simplifications, the gust response of a three dimensional rotating blade with twist and skew is likely to be quite complicated. To further simplify the
problem, the gust response of the blade will be approximated using two-dimensional
airfoil strip theory. The gust response of a two-dimensional, infinite span airfoil in
isotropic, homogeneous turbulence has an analytical solution which will be used for
each strip. The gust response of the actual blade will be approximated by piecing

together the unsteady force from several blade sections, so that spanwise variation in
the blade geometry and inflow is included in the model.

3.2

Gust Response of an Infinite Span Airfoil
First, consider the gust response of an infinite span airfoil. The airfoil moves

through a turbulent velocity field which is characterized by a wavevector spectral
density function ibij(g). The velocity of the airfoil C7 = Urli is large compared to
the turbulent perturbations, and the turbulence is considered to be frozen as the

I
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Fig. 3.1.

Infinite span airfoil moving through a two-dimensional sinusoidal gust.

airfoil passes by. The variation in the velocity component normal to the surface, or
upwash, produces unsteady lift on the airfoil. The upwash can be described by a
two-dimensional wavenumber spectral density

Ov (NI crK3)

|j 0= >
2 2 (Kl, K 2 , K3) dK 2 ,

(3.1)

which represents the distribution of the u2 velocity component over the streamwise
(r.1) and spanwise (r3) wavenumbers. Appendix A shows the formula for Xv using
the von Karmdn model.
Since the response of the airfoil to the upwash variation is linear, the unsteady
lift is a superposition of the response to each streamwise and spanwise wavenumber
component. Therefore, it is useful to consider the unsteady lift acting on an airfoil
moving through a two-dimensional sinusoidal gust. Figure 3.1 illustrates a flat plate
airfoil of chord 2a encountering a sinusoidal upwash with streamwise and spanwise
components. As the airfoil moves along the xl-axis, the lift changes as a function
of position. A gust response H(KI, r3) can be defined to act as a transfer function
relating the lift

e(XI, X3)

to the upwash u2(Xl, X3). Figure 3.2 shows the input-output

1A
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U2 (XI1, 3) i

Fig. 3.2.

_

H(:r.1, r3)

A1

3

Two-dimensional gust response viewed as a transfer function.

behavior of the gust response in a block diagram. The unsteady lift i(XIX

3

)

has

units of force per length, and represents the integration of the pressure jump over the
airfoil chord at spanwise position

X3.

There are two additional physical effects that occur in the generation of unsteady lift that are not found in steady airfoil theory. First, in unsteady motion, the
airfoil is continuously shedding vorticity into its wake. As with steady airfoil motion,
vorticity in the boundary layer creates a circulation about the airfoil, and the strength
of the circulation is related to the upwash. When the upwash changes over time, the
instantaneous circulation about the airfoil changes. According to the law of conservation of circulation, the rate of change of circulation about the airfoil must be matched
by an opposite rate of vorticity shed into the airfoil wake. The vorticity in the wake
in turn induces velocity on the airfoil, so that the instantaneous lift depends on the
history of the upwash that the airfoil has encountered (although for wavelengths small
compared to the chord the wake-generated upwash becomes negligible away from the
trailing edge). Second, in unsteady motion the pressure jump across the airfoil is
determined using the unsteady Bernoulli equation, which contains an additional term
due to the rate of change of the velocity potential. Because of this term, the unsteady
pressure distribution depends not only on the local surface velocity, but also on the
frequency of changing circulation. At very low wavenumbers, these effects become
unimportant and the lift can be determined from a quasi-steady model in which the

'a

T.
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angle of attack slowly changes over time. However, at higher wavenumbers an entirely
different mechanism controls the production of unsteady lift.
The transfer function for an infinite span flat plate airfoil encountering streamwise and spanwise gusts has been determined by Filotas [131:

H(K;1, I3) =

2irp a U1 T(rl a, n3a).

(3.2)

The non-dimensional function T represents the wavenumber response for the normalized streamwise and spanwise wavenumbers. The squared magnitude of the response
can be approximated by

IT(r1,
jr3a)|

where

ic

=

2

- {1+irra

+ (rK )2 + lK31a]

}

(3.3)

f/;Tj34. The non-dimensional response versus normalized streamwise

wavenumber is plotted for several values of r3a in Figure 3.3. The function resembles
a low-pass filter whose overall attenuation increases with the spanwise wavenumber.
The transfer function concept is very useful when dealing with random functions, since it provides a simple way to relate the spectrum of one quantity to another.
In particular, the wavenumber spectrum of the lift Oe(r.1, n3) is related to the upwash

spectrum by the squared magnitude of the gust response:

01(r.1, r3) = IH(rI, S3)1 2 4),,(r.1,Kr3).

(3.4)

The two-dimensional lift spectrum represents the distribution of the lift over both
streamwise and spanwise wavenumbers.

This abstract quantity can be related to

a physically measurable quantity by transforming to a one-dimensional frequency
spectrum. For example, if the instantaneous section lift was measured and processed
by a spectrum analyzer, a lift frequency spectrum would be obtained. The frequency

I.
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Fig. 3.3.

Non-dimensional airfoil response function for a two-dimensional gust.

axis of the spectrum is related to the streamwise wavenumber K1, since the rate at
which gusts pass the airfoil leading edge depends on the convection velocity U1 such
that f = U1Kc1/2ir.

Since the lift frequency spectrum Gt(f) is a one-dimensional

spectrum, it includes the contributions from all spanwise wavenumbers. It can be
obtained by integrating the two-dimensional spectrum over all spanwise wavenumbers
and converting from streamwise wavenumber to frequency:

Gc(f)=

J
|

Qe(27rf/Ul,K-3)dr-3.

(3.5)

The frequency spectrum GI(f) has been defined in equation (3.5) as a one-sided
spectrum such that integration over all positive frequencies returns the mean square
section lift:

j

GI(f) df = 1(t)2.

(3.6)

>I5
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The lift frequency spectrum describes the frequency distribution of the intensity of
the lift fluctuations at each section of the airfoil. However, it is only part of the
formulation for the total unsteady force, since it does not specify how the fluctuations
at neighboring sections are related.
The net force produced by the turbulent inflow depends both on the intensity
of the lift fluctuations and the spanwise correlation of the fluctuations. The twocontains both pieces of information, however,
dimensional lift spectrum 0, rc3)
1,
it is useful to express the spanwise correlation in a more intuitive way. Following
the approach of Amiet [14], a frequency-dependent correlation function, ye(fr3),
can be defined to represent the correlation of the lift frequency spectrum between
two points along the span,

X3

and X3 + r 3 .

This function is obtained in a way

similar to Ge(f) in equation (3.5), except that instead of merely integrating over
all spanwise wavenumbers, the inverse Fourier transform is taken to convert from
spanwise wavenumber to spanwise distance:

7e(fr3) = U |

qe(27rf/Ul, K3)exp(i-3r3)drd3.

(3.7)

It should be noted that ye(f, r3) could also be interpreted as a cross-spectrum between two lift transducers separated by spanwise distance r3. Whichever viewpoint is
taken, -ye(f, r3) will decay with increasing separation distance r3. The rate at which
this decay occurs depends on the frequency: low frequencies associated with large
length scales will decay more slowly than high frequencies. Interpreting -ye(f, r3) as a
correlation function, a correlation length can be defined at each frequency:

AI

1 =(
U 0

N(f, rs)drs.

(3.8)

I
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The quantity Ae(f) represents half the effective span over which the lift frequency
spectrum is fully correlated. In other words, the contribution to the total force spectrum by a given spanwise section equals 2AI(f)Ge(f).
Next, it will be shown how the quantity 2At(f)Ge(f) can be related to the
gust response and upwash spectrum. Noting from equations (3.5) and (3.7) that
-yt(f, 0) = GI(f), and using the symmetry of -ye(f, r3), equation (3.8) can be written
as
2Ae(f)Ge(f) = f 0

(f, r3)dr3,

(3.9)

Substituting equation (3.7) into equation (3.9) yields

2Ae(f)Ge(f)

1

= U |
=

|

[I0

0(2rf/Ul

e(27rf/Ul, r3) [|

K3)eXp(iK3r3)dKs]

dr 3

exp(ir-3r3 ) dr3 ] dr-3

Pe(27rf /UI, K3) [21r6(K3)] dK 3

=

-4 Qe(27rf/Ul, 0)

=

U IH(2rf/Ui, 0)12 0(2irf/Ui, 0).

(3.10)

Thus, the infinite span airfoil effectively filters the lift fluctuations such that only the
spanwise wavenumber

K3

= 0 contributes to the net force. Physically, this implies

that all other wavenumbers have equal amounts of positive and negative lift, which
when integrated along the span cancel to zero.
Additional physical insight can be gained by examining the r.3 = 0 components
of the gust response and upwash spectrum. First, the gust response becomes

IH(2irf/U1, 0)12 = (27rpa U 1)2 IS(2irfa/U0)12 ,

(3.11)
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where S(KI a) is the Sears function from the one-dimensional gust response [2]. The
squared magnitude of the Sears function can be very closely approximated by the
formula

IS(Kja)j2

[1+(2r)n

11/n

I,

(3.12)

with n - 1.3. Thus, it is not necessary to use the more complicated two-dimensional
gust response of Filotas when evaluating the total lift force.
Second, the K3 = 0 component of the two-dimensional upwash spectrum can
be expressed as the product of a spanwise correlation length and a one-dimensional
spectrum. Applying the same approach used in equation (3.10) for v instead of E
gives
_U1 0(27rf1U1, 0) = 2AV(f)Gv(f).

(3.13)

The two quantities Av(f) and Gv(f) can be determined given a model of the turbulence spectrum. The one-dimensional upwash frequency spectrum Gv(f) is found
from the transverse velocity spectrum F2 2 (K). Using the von Karman model (see
Appendix A),

G,,(f)

=

U F22(27rf/Ul)

2u

f2 +f

2

(3.14)

where u is the rms velocity, L 11 is the longitudinal integral length scale, and fe
0.12Ut/Lu1 is the frequency associated with the passage rate of large eddies. The
spanwise correlation length can be found from the von KdrmAn model of 4<22(K), using
equations (3.1) and (3.13). Details of this calculation are carried out in Appendix A,
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Fig. 3.4. Upwash spectrum and spanwise correlation length.

with the result

A,(f)

L

[r(1/3) ]2 [f2]

[+

(f )2 ]

-*/2

(3.15)

The upwash frequency spectrum and spanwise correlation length are plotted nondimensionally in Figure 3.4. The frequency fe acts as a breakpoint in the shape of
the upwash spectrum, dividing the flat low frequency region from the -3-decay high
frequency region. The spanwise correlation length reaches its maximum value near
when it approximately equals L11.

fe

3.3

Approximate Unsteady Lift for a Propulsor Blade
Next, the unsteady force acting on a propulsor blade will be considered. A

rigorous model of this situation is complicated by several factors:
1. The inflow turbulence is likely to be inhomogeneous.

I

.
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2. The blade is three-dimensional with airfoil sections that vary over the span.
3. The relative velocity between the fluid and the blade varies over the span.
4. The blade has a finite span.
Major obstacles prevent a simple resolution of these issues. First, a general model for
the velocity spectrum in inhomogeneous turbulence is not available. The turbulence
modeling used in the k-e model is consistent with the notion of local homogeneity, in
which the properties of the turbulence (intensity and length scale) vary slowly over
position but can be considered constant within some "correlation zone". Second, the
gust response of a three-dimensional blade is also unavailable. Although it may be
possible to numerically calculate the gust response using an unsteady panel method
(e.g. Kerwin & Lee [15]), considerable effort would be required to obtain a robust
solution, making it less attractive for use in propulsor design. Therefore, for the
present purpose, the simpler approximation of two-dimensional strip theory will be
employed.
Referring to equation (3.8), it was noted that the contribution to the total force
by a section of an infinite span airfoil equals 2At(f)Gt(f). This implies that the lift
Ge effectively acts over a span 2Ae. Then, if the local homogeneity approximation is
used, and the blade section over span 2At can be approximated by a constant geometry
airfoil, the force spectrum generated by a strip of span dr3 equals 2AI(f)GI(f)dr 3 .
The local homogeneity approximation will be best when the spanwise correlation
length of the upwash, A,(f), is small compared to the size of the large eddies. This
is most likely to occur in the inertial subrange, where A, decreases with increasing
frequency. The assumptions used to model the inflow spectrum are also likely to be
most valid in the inertial subrange, since the turbulence tends to become isotropic in
this range. At the highest frequencies, where the gust wavelength is small compared
to the blade thickness, the thin airfoil approximation will likely break down.
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Using this approximation, the total unsteady force acting on the blade can be
obtained by integrating the contributions from each section:
b
GF(f)

= X

2Av(f)G(f )(27rpa U1 )2 IS(2irfa/Ul)12 dr3,

(3.16)

where b is the blade span. Inside the integral, the blade chord and mean velocity
can vary across the span. Spanwise variation in the upwash spectrum G, and correlation length A, can be due to changes in the convection speed (U1 ), as well as
spanwise variation in the turbulence intensity and integral length scale. In addition, the mean velocity shifts the upwash spectrum in frequency at each section since
fe - 0.12Ul/L11.

The strip theory approximation provides a relatively simple method to account
for some of the effects of an inhomogeneous inflow and three-dimensional blade geometry. Essentially, the solution for an infinite span airfoil in homogeneous turbulence
is pieced together across the blade span using the notion of local homogeneity. In
this way all of the length and velocity scales present in the inflow are included in
the calculation of the unsteady force. In Chapter 5, a more detailed model of the
propulsor blade geometry and flowfield will be considered.
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Chapter 4

Blade-to-Blade Summation of Unsteady Lift

In Chapter 3, a model of the section lift frequency spectrum and spanwise
correlation was discussed.

However, the net unsteady force produced on a blade

row by inflow turbulence also includes a summation of the force over all the blades.
This summation can produce a hump in the thrust spectrum near the blade passing
frequency. In this chapter, a model will be developed to account for the blade-toblade correlation of the section lift. The model will clearly show that the amplitude
and frequency of the hump depend on the integral length scale of the turbulence, the
blade-to-blade spacing, and the blade stagger angle.
In developing the model of the blade-to-blade summation, the hydrodynamic
coupling between the blades will be neglected. In other words, the blade gust response
will be treated as that of an isolated airfoil, which is an appropriate assumption when
the spacing-to-chord ratio is large. The blade-to-blade correlation will then be entirely
due to the correlation of the turbulent velocity between the blades. The determination
of the net unsteady thrust can be treated as a summation of multiple random sources.
In performing the summation, the cross-spectra between sources (blades) will be based
on the correlation of the turbulent velocity.
It will also be assumed that the spanwise integration of the unsteady lift and
blade-to-blade summation can be treated separately.

Using this assumption, one

airfoil section, or radius, will be handled at a time. Furthermore, the airfoil sections
will be unwrapped into a planar cascade of airfoils. This simplification allows a twodimensional geometry to be used when determining the velocity correlation.

1.

36
v (O)
V2 (r)

\V2(7m)

o.'

V2 (0)

LE
I

Fig. 4.1.

4.1

2irr

Airfoil cascade geometry for two adjacent blades.

Upwash Cross-Correlation and Spectrum
The airfoil cascade geometry for two adjacent blades is shown in Figure 4.1.

The blades are rotated by a stagger angle /8. Since steady loading effects are neglected,
only the mean streamline will be considered, and this forms a straight line oriented
with the stagger angle. The blade-to-blade separation distance in the circumferential
direction is so = 2irr/B, with r being the blade section radius and B the number of
blades. The minimum separation between the streamlines of two adjacent blades is
smaller than the blade-to-blade separation by a factor cos(t).
To develop the blade-to-blade correlation, the assumption of frozen convection
will be used so that the velocity distortion produced by upstream turbulence is assumed to simply convect along the mean streamline at speed W, which is the mean
relative velocity between the blade and the fluid. Then, a spatial coordinate can be
defined with an origin at the leading edge (LE) and an orientation upstream along
the streamline. The distance ( is related to a time delay by ( = Wr. The time
cross-correlation between the upwash at the leading edges of blades 1 (top) and 2
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(bottom) is defined as
12(TR) =

(4.1)

lv(t)v2(t + r),

where T is the time delay. Because of the assumption of frozen convection, the time
cross-correlation is related to the instantaneous spatial correlation of the turbulence.
The instantaneous upwash at the leading edge of blade 1 becomes the reference point
corresponding to r = 0. The second point is located along the blade 2 streamline.
Different points

(

along the streamline relate to different values of

-

in the cross-

correlation. In this way, the time correlation VI (t)v 2 (t + r) is equivalent to the spatial
correlation between a point located at the leading edge of blade 1 and a point located a
distance Wr upstream of the leading edge of blade 2. Based on the decaying nature of
the spatial correlation function, the time correlation will be maximized when the two
points are closest together. The minimum effective separation distance corresponds
to a time delay Tm, which can be determined from the geometry to be

s0 sin(/3)

(4.2)

The minimum separation distance is similarly found to be

Sm
= acos(/3).

(4.3)

It is seen that both the minimum separation distance and the time delay for the
maximum value of the cross-correlation depend on the blade-to-blade spacing and
the stagger angle. For a stagger angle approaching 90 degrees (when the rotational
speed is much greater than forward speed), the minimum separation distance becomes
small and the time delay approaches the blade passing period. As the stagger angle decreases, the minimum separation distance becomes greater and the time delay

4.
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becomes less than the blade passing period. As will be discussed later, the blade-toblade summation of the force spectrum contains a hump whose magnitude decreases
with decreasing stagger angle and whose frequency increases with decreasing stagger
angle.
Next, the time cross-correlation will be derived in terms of the longitudinal
and transverse correlation functions f(r) and g(r). Using equation (2.7), the spatial
correlation tensor for isotropic turbulence can be expressed for an arbitrary separation
vector i by

R,,j(r-) = u2 [aa~f (r) + (asj - ~j g(r)] .

(4.4)

Applying this equation to the cascade geometry, the distance r becomes the distance
s(r) between the leading edge of blade 1 and any point on streamline 2. This distance
is seen with the aid of Figure 4.1 to be

s(r)

Since

2?12

=

am

+ W 2 (r-r

m) 2

(4.5)

is the cross-correlation between the upwash velocity encountered by blades

1 and 2, the i and j directions are oriented normal to the blade. The projection of
the separation distance normal to the blades equals sm, so si =

= s.msj at all times.

Therefore, the cross-correlation function becomes

Z12(r) = u

[2

!(s)

+ (1

-

2

9 (S)]

with s = s(r). The correlation changes from a longitudinal correlation at r
a transverse correlation as r

-*

(4.6)

=

rm

to

oo. Figure 4.2 shows two example cross-correlation

functions using the von KarmAn model for the spatial correlation functions. The
cross-correlation is a symmetric function about

Tm,

which decreases with the stagger

a.
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Example blade-to-blade cross-correlation functions.

angle. The maximum value of the cross-correlation decreases as the blade-to-blade
spacing becomes large compared to the longitudinal integral length scale L 11.
Next, the cross-spectral density of the upwash between two blades will be
determined. The cross-spectrum is defined by the Fourier transform relation

G 12 (f) = exp(i2-7rfrm)

j

12(r + rm) exp(-i2irfr) dr,

(4.7)

in which the time-shifting property of the Fourier transform has been used to take
advantage of the symmetry of the correlation function. The time delay produces
the complex exponential factor in front of the Fourier integral. Since the shifted
cross-correlation function is symmetric, the Fourier integral itself will be real-valued.
Thus
IG12 (f)l

L

7Z12 (r +
-oo

Tm)

exp(-i2irfr) dir.

(4.8)
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The magnitude of the upwagh cross-spectrum can be evaluated using the von K6xm6an
model. Although the interpretation is clearest in the time domain, the result is
obtained most readily in the wavenumber domain and details are provided in Appendix A. The cross-spectrum magnitude can be expressed in the form
IG 12 (f)l =

r2/6

[h5/6K 5/ 6 (h) + (f2'
x(fe2+
2)
f

f2) hll/6Ki1/6(h)] x

in which K1 l/ 6 and K5 /6 are modified Bessel functions of the second kind.

(4

The

argument to the Bessel functions is a non-dimensional function of frequency and
spacing

h(f)1±

(

(4.10)

where n, = 0.75/L1l is the wavenumber of the energy-containing eddies and
2irr.e/W. As the minimum separation distance sm

-*

magnitude reduces to the upwash spectrum Gv(f).

fe

=

0, the upwash cross-spectrum
As sm increases, the cross-

spectrum magnitude decreases and the higher frequencies decay rapidly, as shown
in Figure 4.3.
4.2

Summation of Multiple Sources
Once the blade-to-blade cross-spectrum is obtained, the unsteady lift at each

section can be summed over all blades in the frequency domain. Since each blade is
identical, the gust response transfer function can be taken outside of the summation,
and the summation can be performed over the upwash spectra. To illustrate the
summation concept, first consider the summation of two random sources:

G8.,

= Olu + G1 2 + G21 + G2 2 ,

(4.11)

0
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Fig. 4.3. Example blade-to-blade cross-spectra.

which shows that both the autospectra of the sources and the cross-spectra are included in the sum. If both sources are statistically identical, then G11 = G2 2 and
G21 = G1 2 , where

*

represents the complex conjugate. Using these relations, the

summation simplifies to
Gsum = 2[G1I + Re(Gl 2 )].

(4.12)

Furthermore, when the cross-spectrum satisfies the special form of equations (4.7)
and (4.8), then
Re(GI2 ) = IGl 2IcOs(2irfTm).

(4.13)

The two-source (blade) example reveals the mechanism which produces humps in
the net force spectrum. Near frequencies of n/Tm, where n is an arbitrary integer,
the cosine factor is positive so the cross-spectrum term adds to the net spectrum.
However, in between these frequencies, the cosine factor becomes negative and the
cross-spectrum term subtracts from the sum. Since 1/Tm represents a frequency

.a

I

A
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slightly higher than the blade passing frequency, the summed spectrum will contain
humps centered at frequencies slightly higher than the blade passing frequency and
multiples. However, as illustrated in Figure 4.3, the magnitude of the cross-spectrum
tends to fall off with frequency much more rapidly than the autospectrum. Therefore,
the contribution of the cross-spectrum term to the sum becomes negligible at high
frequencies, so humps are less likely to occur at higher multiples of the blade passing
frequency.
The magnitude of the humps will depend strongly on the value of sm. The
closer the streamlines of adjacent blades come to each other, the higher the blade-toblade correlation and the more the cross-spectrum term contributes to the summed
spectrum. Small values of sm can occur either from closely spaced blades, as in a
high solidity cascade, or from high stagger angles. The stagger angle also influences
the amount by which the hump is shifted from the blade passing frequency. Lower
stagger angles will cause the humps to be smaller in magnitude and occur at higher
frequencies.
The blade-to-blade summation can easily be generalized from two blades to an
arbitrary number of blades. In general the summation of B random sources can be
written as
B

B

G. = E E

Gij.

(4.14)

i=1 j=1

Using the relation GJi = G-,, the summation simplifies to
B

B

GsOm = E

Re(Gij).

(4.15)

i=1 j=1

Since the cross-correlation of the upwash between any two blades will be symmetric
about a time delay,
Re(Gij) = JcijIcos(27rfrij),

(4.16)
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where -rij is the time delay between blades i and j.

The upwash cross-spectrum

magnitude for a blade offset n is
G,,lj=

21(/6)

[(nh)5/6K 5/ 6 (nlh) +
fe2

f 2)

(nh) 1116 K1 1 /r(h

(2P2

)2 +
f<(
G,(4.17)

f2

,(nh

with h defined in equation (4.10). Likewise, the time delay for a blade offset n is
rln+l = nTm. For example, the time delay between blades 1 and 3 is
time delay between blades 1 and 4 is

3

1rm.

2

Tm

and the

If the cross-spectrum between these blades

was significant enough to contribute to the sum, humps would occur near multiples
of 1 and 1 the blade passing frequency. However, the cross-spectrum will get smaller
for increased blade separation, so it is unlikely that these sub-harmonic humps will
contribute strongly to the summed spectrum.
Further simplification of the summation occurs since each blade is statistically
identical and a periodicity over the number of blades (B) exists:

Gil = G22

= G33 =

G12 = G23 = G 3 4 =
G 13 = G2 4 = G35=

.-.

...

..

= GB,B,

(4.18)

= GB,1,

(4.19)

= GB,2-

(4.20)

Using these relations, the summation reduces to
N-1

Gsum = BGll + 2B E

IGI,n+II cos(2irfnrm) +

n=l
+ (B mod 2) B IG1,N+iI Cos(2irfNrm),

(4.21)
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where N = B/2 if B is even or N = (B

1)/2 if B is odd. The factor (B mod 2)

acts as a switch such that the last term only contributes when B is odd. An example
of the spectral hump produced by this summation will be shown in Chapter 5.
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Chapter 5

Calculation of Propulsor Unsteady Thrust

In Chapters 2-4, the characterization of the turbulent inflow, gust response,
spanwise integration of unsteady lift, and blade-to-blade correlation has been addressed. In this chapter, these elements will be combined into an algorithm to predict
the unsteady thrust spectrum produced by a propulsor. A relatively simple model
will result which can be used as part of the propulsor design process.

5.1

Blade Sections
The unsteady lift at each blade section was found in Chapter 3 to depend

on the blade chord, mean velocity, and turbulence spectrum. Therefore, the input
to the propulsor unsteady force model consists of a series of two-dimensional blade
sections and the corresponding mean flow and turbulence characteristics at each of
these sections. The blade section consists simply of values for the chord and stagger
angle, and the blade profile is defined through the radial distribution of these values.
Since a flat plate airfoil model is used for the gust response, geometric details such as
blade skew, rake, thickness, and camber are not included in the blade model.
At each of the blade sections the mean inflow is described by axial, radial,
and tangential components in a cylindrical coordinate system. Since the steady blade
loading is not considered, the inflow effectively represents a circumferential average
of the velocity. Also, at each blade section, the turbulence is characterized by the
rms value and the longitudinal integral length scale. These quantities can easily be

t-
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determined from k and e using the method described in section 2.2, or could be based
on experimental data.
In order to apply the flat plate gust response, a coordinate system aligned with
the blade chord line at each section must be defined. First, a cone surface is formed
by the mean axial and radial velocity vectors, as illustrated by the velocity triangle
in Figure 5.1. The streamline cone angle is defined by

tan

(5.1)

V()

and and the mean meridional velocity equals

m

=

i(5.2)

The cone surface is unwrapped into the airfoil cascade plane. Although there will be
some distortion associated with unwrapping a cone onto a flat surface, this will be
minimal as long as the cone angle is small.
Next, in the cascade plane, the tangential and meridional directions form two
orthogonal directions as shown in Figure 5.2. The blade chord line is rotated from the

,X
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meridional direction by the blade stagger angle s. In addition to the mean meridional
velocity V1m, the inflow could contain a mean tangential inflow VO in the case of a
multiple blade row propulsor. Using the velocity diagram shown in Figure 5.2, the
relative velocity W is seen to be

W = /V±2

+ (Vo + 2rrn)2 .

(5.3)

The shaft rotation rate n is defined such that positive corresponds to rotation opposite
to the tangential direction. In a multiple blade row propulsor, a stationary blade row
can be handled simply by setting n = 0. The relative velocity acts as the convection
speed for the ingested turbulence and controls the magnitude of the gust response.
Several other quantities can be associated with each blade section. First, the
wavenumber of the energy-containing eddies is (see Appendix A)

v=/F

'r(5/6)

Li, Ir(1/3)

-L

0.75

54

11
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where L11 is the longitudinal integral length scale. To switch to the frequency domain,
the relative velocity W of each blade section replaces the free-stream velocity U1 used
in Chapter 3. The passing frequency of the energy-containing eddies then equals
f

W_

0.12 W
Ll1,

1 r(5/6) W

e-2

2N;ir I(1/3) AL1

(5.5)

so the breakpoint frequency of the inflow turbulence spectrum is proportional to the
relative velocity. The upwash frequency spectrum represents the velocity component
normal to the streamline, so it is always a transverse spectrum regardless of the
stagger angle. Replacing U( with W in equation (3.14) yields

G. (f) =-2u2Li [ t2 + .8f22
W

]

[f,2+f

+ (

(5.6)

e)2]

kf I

Similarly, the spanwise correlation length of the upwash is obtained using equation (3.15)

8L1 rr(1/3) ]2
4(f)=

9

Lr(5/6)]

-

[f2

[f2+ f2

fe

The gust response at each blade section is proportional to the blade chord c and the
relative velocity, and is found using the approximation to the Sears function given in

equation (3.12)
JH(f)12 = (rp cW) 2 [1 + (2jr2fc/W)n]

'

(5.8)

with n - 1.3. From these results, the unsteady force spectrum per span acting on
each blade section can be determined from 2AVGVIH12 .
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5.2

Summation Over All Blades
Using the results of Chapter 4, the blade-to-blade summation can be carried

out at each radial section. The summation can be performed by summing the upwash
spectrum and then applying the gust response and spanwise correlation length to the
sum. At each section, the blade-to-blade spacing of the airfoil cascade equals

so =

2irr

B,
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(5.9)

where B is the number of blades. The effective minimum separation distance between
adjacent streamlines was given in equation (4.3)

Sm = s~cos(13),

(5.10)

and the corresponding time delay in equation (4.2)

Tms,

sin(/3)

W

(5.11)

The magnitude of the cross-spectrum for a blade-to-blade offset n was given in equation (4.17)

iGln+I

=

r(2/6) [(nh)5/6K 5/ 6 (nh) + (f2{f2) (nh)11/6Ku1/ 6 (nh)] x
X

f2+

f2JG,
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with h(f) = resm

l + (f/fe)2.

The summation of the upwash spectrum over all

blades can then be performed using equation (4.21)
N-1

IGI,n+ I cos(2irfnrlm) +

Gsum = BG1 1 + 2B E
n=1

(5.13)

+ (B mod 2) B IG1,N+lI cos(27rfNrm),
where N = B/2 if B is even or N = (B

-

1)/2 if B is odd. The force spectrum per

span at each blade section, including the contribution from all blades, then equals
2AVGSUn
,H1

5.3

2

.

Spanwise Summation of Blade Elements
Finally, the total unsteady thrust spectrum is computed by integrating the

axial component of 2AvGsumlH12 over the blade span. The instantaneous lift force at
each blade section acts normal to the blade chord and in the plane of the meridional
flow direction (see Figure 5.1). Therefore the axial component of the instantaneous
lift is
f4(t) = e(t) sin(/3) cos(IL).

(5.14)

f

GI df), the direction factors

For the mean square value (and spectrum since

£2

=

are squared:
1=2

si2(n)cos2(,)

(5.15)

The unsteady thrust spectrum then becomes

GF(f) =]

tip
r"oot

2A.(f)G..(f) JH(f)12 sin2 (13) cos2 ((p)dr.

(5.16)
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r/Rref
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.90

0.95
1.00

c/Rref
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25

stagger
33.87
43.22
50.39
55.90
60.19
63.59
66.34
67.52
68.59
69.57

Vx/Vref
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

Vr/Vref
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Vt/Vref
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

u/Vref
0.055
0.055
0.055
0.055
0.055
0.055
0.055
0.055
0.055
0.055

L/Rref
0.12
0.12
0.12
0.12
0.12
0.12
0.12
0.12
0.12
0.12

Fig. 5.3. Sample input file.

This integration can be achieved by using trapezoidal-rule integration of the blade
elements
N-1

GF(f) = E

(I. + I.+l)(rn+l

-T),

(5.17)

n=1
where In is the integrand of equation (5.16) at blade section n.

5.4

Implementation
To implement the algorithm on a computer, a unit system is defined based on

a reference radius Rref, velocity Vref, and fluid density p. Typically these values would
be chosen such that Rref = 2Dref is the propulsor radius and Vref is the forward speed
of the propulsor. The non-dimensional rotation rate is specified through the advance
ratio
J

=f

nDref'

(5.18)

where n is the rotation rate. Also, the normalized blade section geometry and inflow
is read from a simple input file, such as the example shown in Figure 5.3.

1-
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Fig. 5.4. Sample normalized thrust spectrum.

A MATLAB implementation of the algorithm is listed in Appendix B. An
option is included to enable the thrust spectrum to be computed for a stationary
blade row as well as a rotating blade row, simply by altering the calculation of the
relative velocity. The thrust spectrum is returned as a non-dimensional quantity
normalized by p2 n3 D8f. The frequencies are likewise normalized by n (note that n
must also be specified for a stationary blade row in order to normalize the results).
A plot of the output for the example input file with B = 10 and J = 1.14 is shown in
Figure 5.4. The thrust spectrum contains a hump near the blade passing frequency
(f/n = 10) due to the blade-to-blade summation.

X
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Chapter 6

Model Validation

In this chapter, the turbulence ingestion model will be validated against experimental data. First, the model of the turbulence spectrum will be validated by
comparing CFD-based spectra to wind-tunnel measurements. Then, the unsteady
force model will be validated by comparing the calculated direct noise of a propeller
operating in grid-generated turbulence to anechoic wind tunnel measurements.

6.1

CFD-Based Velocity Spectrum
Since the velocity spectrum can be considered the input to the calculation of

the unsteady force, it is important to verify that the spectrum can be adequately
predicted using CFD. As described in Chapter 2, the steady-state values of turbulent kinetic energy and dissipation rate are used to calculate the rms velocity (u)
and longitudinal integral length scale (LI,), using the assumption of isotropy. The
von Karmgn spectrum then uses u and LI, as parameters for the longitudinal and
transverse spectra. Since the smaller scales of the turbulence tend to become isotropic,
it is anticipated that the spectrum model will work reasonably well even in cases where
the turbulence is not isotropic. The effects of anisotropy should be confined mainly
to the low wavenumbers.
To test this methodology, a turbulent boundary layer with zero pressure gradient was calculated using the commercial CFD package CFX-TASCflow. A model of a
large two-dimensional channel was used for the calculations, with the solution domain
extending to the channel centerline and symmetry used for the other half. In order
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to simulate a zero pressure gradient, the channel half-height was specified so that it
was approximately 100 times the maximum boundary layer thickness. A 200 by 131
grid was built, with the grid points clustered near the leading edge and the channel
wall. A uniform inflow was specified for the inlet boundary condition. The boundary
layer was modeled as fully turbulent beginning at the channel inlet. The k-e turbulence model was used, with wall functions for the boundary condition at the channel
wall. A constant pressure outlet boundary condition was specified well downstream
of the area of interest. To compare to experimental data, a streamwise station was
extracted where the Reynolds number based on momentum thickness equaled 7800.
The station was located about 5 percent of the channel length from the leading edge.
The CFD results were compared to the experimental data of Klebanoff [16],
who used hot-wire anemometry to measure the mean and fluctuating velocity in a zero
pressure gradient turbulent boundary layer. The boundary layer Reynolds number
based on momentum thickness was about 7800, based on a calculation using the
measured mean velocity profile. A comparison of the measured mean streamwise
velocity profile to the CFD result is shown in Figure 6.1, with the velocity normalized
by the free-stream velocity UOO and the height above the wall normalized by the
boundary layer thickness 6. The CFD-predicted mean velocity profile is slightly fuller
than the measured profile, but the results agree to within 5 percent. At y/8 = 0.58,
where the velocity spectrum will be compared, the agreement is even better.
The fluctuating velocity is compared in Figure 6.2. The rms velocity is determined from the CFD results by assuming that the turbulence is isotropic, so
u = N/3 k. The measured rms velocity is not isotropic, with the largest fluctuations
occurring in the streamwise (ul) direction and the smallest in the spanwise (U3) direction. The CFD predicted rms velocity is very close to the measured wall-normal (u2)
component, which lies about halfway in-between the ul and U3 components. Thus,
the CFD result is a good representation of the average rms velocity.
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Next, the longitudinal and transverse wavenumber spectral densities were calculated based on k and e using the method described in section 2.2. The longitudinal
spectrum is compared to the measured ul-velocity spectrum for the location y/b =
0.58 in Figure 6.3. The wavenumber is normalized by 1/6 and the spectral density is
normalized by U2 6. Overall, reasonable agreement was achieved. For low wavenumbers, the effect of anisotropy is apparent, as the measured spectrum is higher than
the predicted spectrum in the same way that the measured ul-component was higher
than the predicted rms velocity. As expected, this discrepancy goes away in the inertial subrange, where the agreement is excellent. At high wavenumbers, the measured
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spectrum shows the roll-off of the dissipation range, which is not modeled by the
von KArmAn spectrum.
Similar results are obtained for the transverse spectrum, shown in Figure 6.4.
The measured spectrum in this case is the u2-component of the velocity. The effect of
anisotropy is again apparent in the low wavenumbers, where the measured spectrum is
lower than the predicted spectrum. As with the longitudinal spectrum, the agreement
is excellent in the inertial subrange and begins to deviate in the dissipation range.
Overall, it is expected that the inflow model should be adequate for use in
unsteady force calculations. In a rotating blade, the velocity component related to
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the upwash will be constantly changing. Using the isotropic assumption, the predicted
low wavenumber spectrum will represent an average of the intensity in the different
directions. In addition, for high Reynolds number flows, the inertial subrange will
extend over a wide wavenumber range, so the inflow model should be accurate over a
large frequency range in the unsteady force calculations.

6.2

Propeller Unsteady Force
Next, the turbulence ingestion model will be compared to experimental mea-

surements for a simple propeller operating in grid-generated turbulence. The data
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obtained by Wojno [5J will be used for the comparison. The propeller is a ten-bladed
free-stream propeller with radial blades of constant chord, and was originally used by
Sevik [1J in his turbulence ingestion experiments. Wojno measured the sound radiation from the propeller in an anechoic wind tunnel. Since the propeller was operated
in air, the blade vibration was minimal and the sound production was due to the
direct action of the unsteady force on the fluid.
In order to calculate the unsteady force produced by the propeller, the inflow
turbulence must be determined. Wojno measured the inflow using hot-wire anemometry and developed empirical cross-correlation functions. Here, however, instead of
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using measured data for the model input, the inflow will be predicted from the grid
geometry. This approach will demonstrate the utility of the model as a design tool.
The predicted rms velocity will be compared to the measured result as an intermediate
check, but the longitudinal integral length scale was not reported.
For isotropic, homogeneous grid turbulence, the rms velocity (u) can be estimated using a decay law based on the assumption of self-preservation:
(U)2

=

A (x -o)-n

(6.1)

where U is the mean velocity, x is the distance downstream of the grid, M is the mesh
size, and A, xs, and n are empirical constants. Mohamed and LaRue [17] found that
the data from many grid experiments could be fit well using xz = 0, n = 1.3, and
A ranging from 350-550 depending on the drag coefficient of the grid bars. For the
calculations below, the value A = 450 will be used since the drag coefficient is not
known. Next, assuming that the turbulence is isotropic, the turbulent kinetic energy
becomes k = 3/2 u2 . The dissipation rate can then be determined from the kinetic
energy transport equation,
e=-U ,

(6.2)

from which the longitudinal integral length scale can be found (see section 2.2):
k3/2

L11

0.39-

(6.3)

Using equations (6.1) and (6.2), the longitudinal integral length scale can be expressed
as

L

(0.39M )

(6.4)
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Thus, the integral length scale increases downstream of the grid while the rms velocity
decays.
Propeller noise was reported for a grid with a mesh size of 3 inches. The method
described above can be used to generate the input for the turbulence ingestion model.
In the experiment, the propeller plane was located 8 mesh sizes downstream of the
grid. At this location, the turbulence intensity is calculated to be 5.5 percent, in
excellent agreement with the reported values of 5 to 6 percent, and the longitudinal
integral length scale is calculated to be 0.48 inches. The input file for the unsteady
force calculation has already been shown as Figure 5.3, with the non-dimensional
thrust output in Figure 5.4. To compare to the experimental measurements, the
thrust spectrum is dimensionalized using reference dimensions Rref = 4 inches and
Vref = 42 ft/sec. Given the advance ratio J = 1.14, the corresponding rotation rate
is 3300 RPM.
Assuming a compact source, the sound radiation can then be estimated using
the acoustic dipole formula for a point body force (see Howe [18]):

rIcos(O) 12

Gp(f) = I. 2rc I GF(f)

(6.5)

where 0 is the angle of the observer relative to the force axis, r is the distance from the
force to the observer, and c is the speed of sound. The sound pressure measurements
were made a distance of 3 feet from the propeller hub, oriented at an angle of 45
degrees. The calculated sound pressure spectrum using these values is shown in
Figure 6.5, with the frequency axis normalized by the blade passing frequency (BPF)
and the sound pressure level shown in decibels. Also shown on the plot are the upper
and lower bounds of the experimental data. The agreement between the model and
experiment is excellent in the region where the turbulence ingestion noise dominates
the measured pressure. The model accurately predicts both the level of the spectrum

61

In

I

I

I

I

I

45
40
Background

Trailing Edge

LUnited

CD35

Noise

d 30
C4

E 25
X 20
%-O

Measured Upper Bound
Measured Lower Bound
Model

O- 15
10
5
I

I i.

-o

I-

I.

..

I1

l.

l.

l.

l.

I

I

2

Frequency IBPF

I

I

.

3

4

Fig. 6.5. Validation of the turbulence ingestion model.

and the shape of the spectrum, including the magnitude and location of the hump
near the blade passing frequency. The accuracy of the model surpasses earlier models
which had difficulty in predicting the shape of the hump. Also, unlike earlier models
which relied upon measurements of the inflow turbulence, the result was achieved
starting only with the geometry of the propeller and the grid.
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Chapter 7

Conclusion

In this chapter, the formulation and capabilities of the turbulence ingestion
model are summarized. In addition, several areas are identified where the model
could be extended and improved by further research.

7.1

Model Summary
A model has been developed to predict the unsteady force spectrum in a propul-

sor due to inflow turbulence. One unique aspect of the model is the use of computational fluid dynamics (CFD) to predict the turbulent inflow. In order to make use of
CFD results, a method was developed to relate the turbulent kinetic energy and dissipation rate to the rms velocity and longitudinal integral length scale. The velocity
spectrum and correlation functions can be determined from these parameters using
the von KarmAn model. Prediction of the velocity spectrum for a flat plate turbulent
boundary layer using this method showed good agreement with experimental data.
The unsteady force acting on a single blade is computed using the local upwash spectrum, spanwise correlation length, and Sears gust response. The effects of
spanwise variation in the blade geometry and inflow are approximated using the assumption of local homogeneity and two-dimensional airfoil strip theory. A new model
of the blade-to-blade correlation was developed by unwrapping a blade section into
an airfoil cascade plane. The hydrodynamic coupling is neglected, so the force correlation is a result of the velocity correlation. It has been shown that the blade-to-blade
summation produces a hump in the force spectrum at frequencies slightly higher than
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the blade passing frequency, and that the location and magnitude of the hump depend
on the blade solidity and stagger angle. The force spectrum model has been validated
for a simple propeller operating in grid-generated turbulence. Excellent agreement
was achieved starting only with the geometry of the problem, including better prediction of the hump than earlier models. Since it is formulated analytically, the model
is straightforward to execute and can easily be run as part of the design process.

7.2

Recommendations for Future Work
There are several areas in which this research can be extended and improved

by further work. First, validation of the effect of spanwise variation of the inflow is
needed. Although the model has been validated for homogeneous grid turbulence, it
is intended to be used for wake-adapted propulsors, which contain radial variations
in the mean velocity and turbulence. Experimental force or sound measurements for
a wake-adapted propulsor could provide the needed validation.
Second, the effects of more complicated blade geometries could be investigated.
The model has been validated only for a simple blade geometry with constant chord
and no skew. The blade gust response could be re-formulated to more accurately
model a three-dimensional blade. Such a formulation would most likely be numerical,
such as an unsteady panel method. With a more complete representation of the
blade geometry, the effects of blade skew and rake could be explored. In addition,
the effect of the three-dimensionality of the blade tip could be addressed. It may also
be worthwhile attempting to include some of these effects in the current strip theory
formulation.
Finally, the model could be extended to the case of a non-rigid blade. In
this case, the formulation would need to be changed to consider the distributed force
rather than the net force. The forcing function could be combined with finite element
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vibration analysis to look at issues such as blade fatigue and excitation of blade
resonances.
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Appendix A

von Karmain Spectrum and Correlation Model

The von Karman model can be used to describe the velocity spectral density
and correlation functions in isotropic, homogeneous turbulence. In this Appendix,
expressions will be derived for wavenumber spectra, spatial correlation functions, and
frequency spectra.
A.1

Wavenumber Spectral Densities
The wavenumber spectral densities include scalar spectra, such as the energy

spectrum, longitudinal spectrum, and transverse spectrum, as well as the threedimensional spectrum tensor. First, the energy spectrum is modeled by

E(K)
P =

[4
[1 +

k

-

ace

Kce

&21

-17/6,

(A.1)

K,

where
a = 27
is defined to satisfy

foX E(K.) dK = k.

r(51/6)

0.97

(A.2)

Since the turbulence is isotropic, the turbulent

kinetic energy is related to the rms velocity:
k

3u2

(A.3)

The parameter Ke represents the characteristic wavenumber of the energy-containing
eddies and will be related to the longitudinal integral length scale below.
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For isotropic turbulence, the velocity spectral density tensor can be expressed
in terms of the energy spectrum:

i

)

() (6j

=

(A.4)

Then the longitudinal spectral density can be found by integration:

Ful(rcl) =

I

ll(rl,K 2, K 3 ) dt2 dr-3,

(A.5)

-00

Using the von KArmAn energy spectrum model,
=a

(r-2/I e) 2 + (r-3/re) 2
17/'
(.11/Ke) 2 + (K2/lce) + (K3/e)2]17/6

k

4ir,K3 [1 +

(.6)

The double integration of this function can be performed using polar coordinates.
Letting r2 = (K2/Ke) 2 + (IC3/re) 2 ,

F (

=- a k

=

47re

I

(27rr)r.2r 2 dr

(A.7)

.

[1 + (Ml/tCe) 2 + r2117 / 6

This integral can be evaluated using the general form [19]

oo

Jo

r (a) r(cr
br(c)

XadX

(M + Xb)c

(valid when a > -1, b > O. c >

(a+l-bc)/b

and m > O) with a = 3, b

m = 1 + (rK1I-e)2 . Using the relation r(1 + x) =

xr(x),

(

)]

F5l(5l) =

T

[1+

(A.8)

,

2, c =7,

and

the result simplifies to

(A.9)

67
The spectrum can also be expressed in terms of the longitudinal integral length scale.
Noting that F11(O) = u 2 L11/7r, the longitudinal spectrum can be written

FI(i)

= U2

(A.10)

[If ()e)2

Equating the two forms for Fil, it is seen that

Li1 r(1/3)

(

L1

Thus the longitudinal spectrum can be parameterized by u and Lu,.
Next, the transverse spectral density can be obtained using the isotropic relation
F2 2 (rKl) = 2 (-

) F11(Kl),

(A.12)

by which it is seen that

(
F 1 1L
22 (r1) =

A.2

2LIr. id.1 2 ][
r-e+i
27'r

(t)

2

K

(A.13)

Spatial Correlation Functions
The longitudinal and transverse correlation functions can be obtained from

the corresponding spectra using the inverse Fourier transform. Since in homogeneous
turbulence the longitudinal and transverse correlation functions must be symmetric,
the Fourier cosine transform can be used to relate the longitudinal spectrum to the
longitudinal correlation:
2
FII(KcI) =urA

oo
f (r) Cos(rjr)dr.

(A.14)

I

68
Then the following Fourier transform pair [201 can be used:

f(x)

F(K)

=

21-/ (a1)K(ax)
jr-(va
which is valid when Re(v) >

=

f(x)cos(rx))dx

Tr()

)2

avKir(rx)

[I

I

+ (C)]-)]
a

(A.15)

Noting that the longitudinal spectrum can be

-2.

written

[

F11(r1) = Ue/Wr(5/3)
then by setting v

=

(A.16)

e) 2

and a = re the longitudinal correlation function is obtained:
22/3

)/

f(r) = (1/3) (Ker

(A.17)

KI/3(rr).

The transverse correlation function can be determined using
r df
f

27dr-

(A.18)

Using the recurrence relation
d

(A.19)

X-K
1 (x) = -K1 / +l(x) + - K1/(x),

the transverse correlation function can be written

g(r) =

2/3

3r7(1/3)

[,
L8e,

l/3K

isKr

,r)

4/3K

/

(icr)].

(A.20)

Since the turbulence is isotropic, the spatial correlation tensor can be determined
from the longitudinal and transverse correlation functions:
=2
=

[Mi~Jf(r) + (6

ij r) g(r)]

(A.21)
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A.3

Frequency Spectral Densities
Using the assumption of frozen convection, frequency spectra for the velocity

fluctuations at one point in space can be obtained. Setting the convection velocity
equal to U1 , the characteristic frequency associated with the energy-containing eddies
becomes
e=

U1 ,s
2ir

1 r(5/6) U1
21 /WFr(1/3) L11

0.12 U

(A.22)
(A-,

The frequency spectral densities G are one-sided spectra, so they include only positive frequencies, unlike the wavenumber spectra which include both positive and
negative wavenumbers. The streamwise frequency spectrum can be obtained from
the longitudinal spectrum:

G.(f) =
=

U Fu(27rf/Ui)
4

uL

1

+

(A.23)

2-5

Similarly, the upwash frequency spectrum is found from the transverse spectrum:

G.(f) 2

A.3.1

Uj

[ f2+

2

][

1

(A.24)

(e)2]

Spanwise Cross-Spectral Density and Correlation Length
Cross-spectral densities represent the correlation of the upwash spectrum for

spanwise (r3) and blade-to-blade (r2) separations. The cross-spectra are determined
most readily by starting with the upwash component of the spectrum tensor:

P22(IC

3)

cK2,

+ (la/Ke) 2 + (K2/Ke)

2

(r+

)

]

(A.25)
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First considering spanwise separations, the two-dimensional wavenumber spectral
density in the

plane can be found by integration over

KI-K3

X,
K3

XS(K

) =

f

K2:

dr 2 -

22(K1, N2, K3)

(A.26)

-00

Because of symmetry, the lower limit of integration can be changed to zero and the
result multiplied by two, so that the integral becomes
k
~v(
21K
a

[(K1/K)

[

Jo [1 + (K1 /?e)

2

2

+

(K3/Ke)

+ (K2/Ke)

2

2

] dK2

+ (K3/Ke)2] 17 /6

(A.27)

Then using equation (A.8) with x = K2/K,, a = 0, b = 2, c = 167
6' and m =1+
(K1/Ke)

2

+ (r-3/Ke) 2 ,

the integral becomes
v

4a r(1/3) k
(K1/Ke) + (K3/A2e) 2
)55Vr r(5/6) Kr [1 + (KI/r.e) 2 + (
r3/Ke)2]

(A.28)

Note that the relations r(1/2) = N and r(1 +x) = xr(x) have been used to simplify
the result, which can be further reduced to

Oe(r

=

(K1/3e) +(K3/Ke)
~[++7 (K1 IKe)2 ± (Ks3/Ke)2]7/3'

(A.29)

The spanwise cross-spectrum is then found using the inverse Fourier transform in
and converting from wavenumber to frequency in

-y0fr3)

=

UJ

K3

K1:

v(2irf/U 1 , K3)exp(ir-3 r3)dr 3.

(A.30)

In order to evaluate the inverse transform, it is useful to consider only positive values
of r3 . Then using symmetry, the cross-spectrum can be seen to be part of the Fourier
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cosine transform pair

if

0lt,(27rf/ui, ,3) =

r3) coS(r-3r3) dr3 -

(A.31)

Several steps are needed to express the two-dimensional spectrum in the form of the
transform pair (A.15). First, a function 77(f) is defined such that

772

=KN2

i1+

,(A.32)

(6

Substituting 7 and using equation (A.11) to replace

Ke,

the two-dimensional wavenumber-

frequency spectrum can be written
47 ¢,,(27rf/Ui, -3)

=

16 r(1/3) u2 L 11 [(ff

9V/r(5/6)
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2

(KN32]

fce
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X1 ( 77 ) -11,/3

-

'

(A.33)

7/3

Next, noting that the streamwise spectrum can be written

Gu(f) = 4 u2LL

( 77 )-5/3

(A.34)

the two-dimensional wavenumber-frequency spectrum becomes

U5¾v(27rf/UlI, K3)
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The equation can be split into two terms by rearranging:
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(A.36)

-7/3

= 1 + (3
Finally, using the relation r(1 + x) = xr(x), the two-dimensional wavenumberfrequency spectrum becomes
-4/3
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Then using the Fourier transform pair (A.15), the cross-spectrum can be obtained:

-Yv
U

2-5/6
r3) = r(5/6 )GU(f) X

x [ 8(7r3)5/ 6 K5 /6 (77r 3 )

(A.38)

-

(2fe

2) (qr3) 11/6Kil/6(qr3)] .

The result can also be expressed in terms of the upwash spectrum instead of the
streamwise spectrum:
2 1/6
'Y."(f'r3)
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f (5/6)
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+ 13
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The spanwise correlation length of the upwash is defined as the spanwise integration
of the cross-spectrum at each frequency:

(ff °Y
Y
)

.A,,

r3 do

(A.40)

t-3 =

0 component of the two-

However, the result can also be obtained from the
dimensional spectrum:
47r2 0~ (24/fUi,

Av(f) = U1

G,,(f)

0)
(A.41)

Using equation (A.35),
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feJ

so the spanwise correlation length becomes

9 I [J
r(5/6)]
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+

fe2 +

)

(A.43)

]

Blade-to-Blade Cross-Spectral Density
The cross-spectrum of the upwash for unstaggered blade-to-blade

(r2)

separa-

tions can be found in a manner similar to the method used for spanwise separations.
First, the two-dimensional wavenumber spectral density in the m1-r.2 plane is found
by integration over

IC3:

Ov(K1,K 2)

=

J

22 (2fKlI

K

2

,

Ks) drs.

(A.44)
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Using symmetry, the integral can be written
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Equation (A.8) can then be applied with x = r-3/r..
terms, with a = 0 for the first term and a
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The integral is split into two

2 for the second term:
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+ (K2/,e)1]

The cross-spectrum for r2 separations is then found by converting in to frequency
and taking the inverse Fourier transform along

-tv(f,r2) =

47r f0
;|
Ov(2irf/Ul,

r,2:

K2) exp(iK2 r 2 ) dr 2.

(A.47)

In order to evaluate the inverse transform, it is useful to consider only positive values
of r2. Then, using symmetry, the cross-spectrum can be seen to be part of the Fourier
cosine transform pair

Uv(27rf/U',K2) =

Ij

V(f, r2) cos(r 2 r 2) dr2 .

(A.48)

Next, defining a function i7(f) such that

72 =

2 [l+(f) ]

(A.49)
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and using equation (A.11), the two-dimensional wavenumber-frequency spectrum can
be written
U
7 - 0,(2irf/Ui, K2) =
16 r(1/3) u2 LI

f'

U1

fe,

9sAF2r(5/6)

2 1 ( 77 )
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+
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(A.50)

(77)]

Furthermore, using the relation r(1 + x) = xr(x) and noting that the streamwise
spectrum can be written

t t d n)
=d

nunlspectru)
(Ke
n

(A.51)

the two-dimensional wavenumber-frequency spectrum becomes
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]7

Finally, using the Fourier transform pair (A.15), the cross-spectrum can be obtained:
2-5/6

= r(fr2)
( 5 / 6 )G()
x [(77r 2)5/6K 5/6 (77r2) + (

(A.53)
f

p)

(77r2)1/6KII/6(77r2)] -

76
Appendix B

MATLAB Program Listing

function [f_n, GF, dB] = ...
TurbIngest(datafile, nBlades, J, stationary, fmax, nPoints);
% TurbIngest - calculate normalized thrust autospectral density due
X to turbulence ingestion

% Usage: [fn, GF, dB] - ...
A/, TurbIngest(datafile, nBlades, J, stationary, fmax, nPoints);
A Parameters:
A/ datafile - string containing the input file name
A/ nBlades - number of blades
% J - advance ratio = ref. velocity / (rotation rate * ref. dieameter)
A/, stationary - 0 for rotating blade row, 1 for stationary bladea row
A/ fmax - maximum frequency to calculate, normalized by rotatioia rate
'
nPoints - number of frequency points to calculate

/.
X Output:
%
%

'4
'I

f-n - frequency, normalized by rotation rate Cn)
GF - thrust autospectral density, normalized by
density-2 n-3 diameter-8
dB - 1O*logIO(GF)

'4 Written

by P. D. Lysak, 9-7-01

'%Read input file, data normalized by reference radius and velocity
data = ReadTxt(datafile);
r - data(:,1);
c - data(:,2);
beta = data(:,3) * pi/180;
Vx - data(:,4);
Vr - data(:,5);
Vt - data(:,6);
u - data(:,7);
L - data(:,8);
X Shaft rotation rate normalized by reference radius and velocity
n-shaft - 1/(2*J);

'4 Linearly-spaced

frequency points, normalized by shaft rotation rate

77
f-n = tl:nPoints]/nPoints * fmax;
%,Frequency points normalized by reference radius and velocity
f = f-n * n-shaft;

7. Streamline flow angle, meridional velocity, and relative velocity
mu = atan(Vr./Vx);
Vm = sqrt(Vx.^2 + Vr.^2);
if stationary
W = sqrt(Vm.^2 + Vt.^2);
else
W = sqrt(Vm.^2 + (Vt + 2*pi*r*n-shaft).^2);
end

7 Characteristic wavenumber and passing rate of energy-containing eddies
ke = Gamma(5/6) / Gamma(1/3) * sqrt(pi) ./ L;
fe = W .* ke / (2*pi);
% Blade-to-blade spacing, minimum streamline separation, and time delay
so - (2*pi*r) / nBlades;
sm = so .* cos(beta);

tm - so

.*

sin(beta) ./ W;

7,Convert ID arrays to matrices with row

= radius, col = freq;

c = repmat(c, 1, nPoints);
u - repmat(u, 1, nPoints);
L - repmat(L, 1, nPoints);
W = repmat(W, 1, nPoints);
ke - repmat(ke, 1, nPoints);
fe = repmat(fe, 1, nPoints);
so = repmat(so, 1, nPoints);
sm = repmat(sm, 1, nPoints);
tm - repmat(tm, 1, nPoints);
f - repmat(f, length(r), 1);

% Upwash spectral density
factorl - (fe.^2 + 8/3 * f.^2) ./ (fe.^2
factor2 - ( 1 + (f./fe).^2 ).-(-5/6);

+

f.^2);

Gv - 2 * u.^2 .* L ./ W .* factorl .* factor2;

% Spanwise correlation length of upwash
factorl = (f.^2) ./ (fe.^2 + 8/3 * f.^2);
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factor2

=

Lv = 8/9

( 1 + (f./fe).^2 ).^(-1/2);
* ( Gamma(l/3)/Gamma(5/6) )^2 * L .* factorl .* factor2;

% Gust response magnitude squared
const = 1.3;

factorl =-

1 + (2 * pi^2 * f

H2 = (pi * c .* W).^2 .*

.* c ./ W).^const ).^(-l/const);

factorl;

% Initialize blade-to-blade summation with incoherent power sum of upwash
Gsum - nBlades * Gv;

% Add contributions from blade-to-blade cross-spectra
h - ke .* sm .* sqrt( 1 + (f./fe).2 );

const - 2^(1/6) / Gamma(5/6);
factorl = const * (fe.^2 + f.^2) ./ (fe.^2 + 8/3 * f.^2) .* Gv;

factor2 - (f.^2) ./ (fe.^2 + f.^2);
N = floor(nBlades/2);
for n - l:N-I
terml = (n*h).^(5/6) .* BesselK(5/6, n*h);
term2 - (n*h).^(11/6) .* BesselK(11/6, n*h);
GI = factorl .* (terml + factor2 .* term2) .* cos(2*pi*f*n.*tm);
Gsum - Gsum + 2 * nBlades * Gi;
end
% Add last term if

number of blades is odd

if mod(nBlades,2) -- 1
terml - (N*h).^(5/6) .* BesselK(5/6, N*h);
term2 - (N*h).^(l1/6) .* BesselK(11/6, N*h);
Gi - factorl

.*

(terml + factor2

.* term2)

.*

cos(2*pi*f*N.*tm);

Gsum - Gsum + nBlades * Gi;

end
% Axial force spectral density per span (integrand of axial force spectrum)
sinb2 = repmat(sin(beta).^2, 1, nPoints);

cosm2

- repmat(cos(mu).-2,
I = 2 * Lv .* Gsum .* H2 .*

1, nPoints);
sinb2 .* cosm2;

% Thrust spectral density using trapezoidal integration
GF - trapz(r, I);
% Thrust spectrum is currently normalized by density^2 * velocity^3
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X.* radius-5. Change normalization to density^2 * rotation rate-3
X * diameter-8
GF = J^3 / 32 * GF;
dB - 10*loglO(GF);

7/Plot

thrust spectral density in dB

plot(f-n, dB)
title('Normalized Unsteady Thrust Autospectral Density')
xlabel('f / n')
ylabel('10 log( G({F} / \rho-2 n-3 D-8 )')
grid on

T

It
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