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ABSTRACT
Stress intensity factors are found for a crack emanating

from a circular hole in an elastic solid which is in a state of
plane deformation resulting from loads applied at infinity or
pressure applied internally at the faces of the crack and the
hole.  The results, including Mode-I (opening) and Mode-II
(shearing) stress intensity factors, are obtained numerically by
means of a dislocation model which conveniently allows for
general loading and, consequently, can easily handle the case
where a crack emanates non-radially from a hole.  Good
agreement is found with published values for the special case
when the crack is radial and the loading consists of remote
tension and uniform pressure at the surface of the hole.  Also
included in the present paper are results for the case when both
the hole and the crack are pressurized.  Although the subject
elastic solid is an infinite medium, the results of this paper
serve as good estimates when the hole is relatively small in a
finite component and is distant from the component edge. 
Since in most circumstances a real crack does not orient itself
radially from a hole, this paper provides analysts information to
decide whether Mode-II fracture needs to be considered in
assessing the structural integrity of a component with a hole. 
Similarly, when the problem is 3-dimensional, the results of
this paper imply that Mode-III (tearing) fracture may also need
to be considered.

1. INTRODUCTION
The study of the problem of a crack emanating from a

fastener hole was originated from the aircraft industry’s
concern, as indicated in the paper by Gran (1971) and that by
Grandt (1975).  However, this problem is also of interest to the
nuclear industry because bolting-hole connections appear in

many nuclear structures, systems, and components (SSCs). 
One idealization of this problem, which is concerned with a
crack originating at the edge of a circular hole in an infinite
plate was first solved by Bowie (1956).  He used a
conventional Kolosov-Muskhelishvili potential formulation
involving a complex mapping function to map the crack-hole
geometry into a unit circle.  A boundary collocation method,
which follows more or less the conventional approach, has also
been used.  Newman (1971) solved many symmetric (with
respect to geometry and loading) crack-hole problems, where
complex-series stress functions were constructed to satisfy the
boundary condition exactly on the crack surfaces and
approximately on the hole.

J. Tweed and D.P. Rooke (1976, 1973) used the Mellin
transform to reduce the same problem to a singular integral
equation.  They then solved the equation numerically by the
method of Erdogan and Gupta (1972).  Although they claimed
their results are of a higher degree of accuracy than Bowie's
results, the authors did not substantiate this point.

A.F. Grandt Jr. (1975) used a completely different approach to
solve this problem.  His method is based on the work by Rice
(1972), which can be explained, in Grandt's words, as "Once
the displacement field and stress intensity factor are known for
one geometry and loading (case 1), KI may be obtained for any
other symmetric loading applied to the same crack geometry
(case 2)."  The application of this method is limited for two
reasons.  First, it can only be used to extend a solved problem
to include cases with different loadings.  Second, it needs
information about the derivative of the crack opening
displacements, which as a rule is not readily available.
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To the author’s best knowledge, all published papers using the
dislocation model addressed problems with a crack in an
infinite boundary, such as that by Atkinson (1972), Erdogan
(1974), and Sheng (1981), except for the one by Sheng (1987). 
There, the author extended the application of this method to a
classical stress analysis of a finite medium (without cracks).  In
spite of its success in solving related crack problems, methods
based upon dislocation density modeling have not been applied
to the area of current interest.  Here the author uses the method
to calculate stress intensity factors for a crack emanating non-
radially from a circular hole subjected to three types of loading. 
The first type (type I) is uniform remote tension which does not
need to be perpendicular to the crack.  The second type (type
II) is a uniformly pressurized cracked hole, which has
implications for problems in hydraulic fracture.  The third type
(type III) is internal pressure applied to the hole but with the
crack surface traction free, which may be considered as the
crack originating from an interference fit in the hole.

Since in reality a crack is very unlikely to be initiated and
propagated precisely along the line of symmetry, the author
formulates the problem in such a way that the crack is not
located on this line.  The problem with type II loading is shown
in Fig. 1, where (t1, w1) and (t2, w2) represent the two ends of a
crack of length d; R represents the radius of the hole; and p
represents internal pressure of the hole and the crack-face
pressure.  The location and orientation of the crack are defined
by parameters α and γ, as shown in Fig. 1.  Results for the
special case where α = 0 and γ = 0 are compared with figures
taken from papers by Bowie, Grandt, and Tweed (1976).

2. FORMULATION
     The problem with type III loading is a special case of the
problem with type II loading shown in Fig. 1.  Accordingly, the
latter will be used as an example to describe the method the
author uses here.  The analysis is based upon superposition of
two problems.  The configuration and loading for the first
problem (Prob. I) is similar to that in Fig. 1, but without the
crack.  Thus, in Prob. I, surface traction is developed along the
crack locus.

In the second problem (Prob. II, Fig. 2) all applied loads are
removed.  Instead, there is a continuous distribution of
dislocations along the crack locus.  The author requires that the
tangential components of the surface traction induced by this
distribution cancel their counterparts in Prob. I, while the
negative normal components of the surface traction differ from
their positive counterparts in Prob. I by the pressure p.  The
solutions of these two problems are added to give the solution
of the problem depicted in Fig. 1.

The stress field for an infinite medium with a pressurized hole
was given in Muskhelishvili’s book (1954).  The solution for a
single dislocation in the presence of a circular inclusion was    

   Figure 1 Pressurized crack emanating non-radially from a
                pressurized circular hole

solved by Dundurs (1964).  This paper considers the limiting
case where the inclusion reduces to a hole.  By a simple
manipulation, Dundurs's solution can be used as a Green's
function which is to be integrated over the crack locus for a
continuous distribution of dislocations.  In this manner, two
singular integral equations are obtained which relate the
tangential and normal components of the surface traction  to the
dislocation density components bt(t0), and bw(t0). 

   
  Fig
ure 2 Geometry showing distribution of dislocations along

  the crack locus
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The details of the mathematical derivation are given in the
author’s 1981 paper and will not be reproduced here.  The
resulting integral equations are

 

    (1)

where p1(t) and p2(t) denote the normal and tangential
components of the surface traction along the crack locus; f1(t0)
and f2(t0) are the dislocation density components taking the
negative sign, i.e., f1(t0) = - bt(t0) and f2(t0) =  - bw(t0); and
k11, k12, k21, and k22, which are functions of t and t0, denote the
non-singular portion of the contribution to the surface traction
components p1 and p2 at t from the dislocation density functions
f1 and f2 at t0.  In terms of stresses, the surface traction
components assume the following forms:

 
         (2)

for problem with type I and type IlI loading, where i = I or III. 
For type II loading, the author has

     (3)

The quantities (�tt)i, (�ww)i, and (�tw)i (i = I, II, or III) appeared
in the above two equations are stress components obtained from
solutions to Prob. I, which are available in Muskhelishvili’s
book.  Because the crack is absent in Prob. I, it can be solved
(though not in closed form) for essentially arbitrary loading by
classical methods.

In order to maintain
single-valuedness of the
displacement for points to the left
of (t2,w2), two more equations
are needed.  They are

                                            (4)

3. NUMERICAL METHOD AND STRESS INTENSITY FACTORS
     To further simplify the formulation, the author introduces

the functions:

(5) 

where ξ is given by

                                            (6)

Henc
e, the
integ
ratio
n
inter
val
[t2,
t1]
for t0
beco
mes
[1, -

1] for ξ.  Using (5) and (6) and changing the integration
interval from [1,-1] to [-1,1], Equation (1) can be put in a form
which is convenient for numerical integration:

  (7)

where d is the length of the crack.
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Similarly, the single-valuedness condition takes the form: 

                               (8)

Since there is no stress singularity at the point (t1, w1), Equation
(5) results in two more conditions:

           (9)h jj ( ) ( , )− = =1 0 1 2

Equation (7), (8), and (9) comprise the system upon which the
numerical work is based.

A numerical method due to Ioakimidis and Theocaris (1977)
reduces (7) to 2(n-1) linear algebraic equations with 2n
unknowns (n is the number of abscissas for the numerical
integration).  Unfortunately, (8) and (9) give four equations
instead of two.  Therefore, two equations have to be discarded.

It is clear that (9) concerns dislocation densities at a point,
whereas (8) concerns dislocation densities along the entire
crack locus.  If two equations have to be dropped, (9) will be
the first choice.  The numerical results which are discussed
later confirms the rationale.  The stress intensity factors at the
crack tip (t2, w2) are defined by

            (10)
K t t p t

K t t p t

I t t

II t t

= −

= −
→

→

lim[ ( ) / cos ] ( )

lim[ ( ) / cos ] ( )

/

/
2

2

2

2

2
1 2

1

2
1 2

2

γ

γ

By a procedure similar to the one employed by Erdogan (1974),
the author arrives at

      (11)

K t
p d

h h

K t
p d

h h

I

II

( )
( )

[sin ( ) cos ( )]

( )
( )

[cos ( ) sin ( )]

/ /

/ /

2
1 2 1 2 1 2

2
1 2 1 2 1 2

1
2

1 1

1
2

1 1

π γ γ

π
γ γ

= +

= −

4. RESULTS AND DISCUSSION
     The results for the stress intensity factors for various d/R
values are tabulated in Table 1 for the three types of loading
considered here.  Also listed in this table are results taken from
the literature.  Bowie’s results in Table 1 are generated from
the following equation suggested by Grandt,

      (12)
K

p d d R
I

( )
.

. /
./π 1 2

08733
0 3245

0 6762=
+

+

which was based on a least squares approximation to Bowie’s
original solution.  The remaining cited results are inferred
indirectly from figures.  Therefore, an error as large as ± 3%
may occur.

Since the difference among the results of various investigators
for type I loading is small, the author plots only Bowie's results
along with the author’s results in Fig. 3.  Figures 4 and 5
contain similar plots for the remaining load cases.  Tweed's
results (1976) are presented in Fig. 5 for comparison.  To the
author’s knowledge, the results illustrated in Fig. 4 are new.

It is interesting to note from Table 1 that the current results are
very close to those of Tweed (1976), which may be due to the
fact that although the approaches are different, they probably
end up with very similar singular integral equations. 
Furthermore, even though the author dropped two equations,
(9), no significant effects are experienced for stress intensity
factors for any value of d/R.
 
   Table 1 Summary of stress intensity factors KI/p(πd)1/2 for
                 three types of  loading considered

Type I Type II Type III

d/R Bowie Grand
t

Tweed Author Author Tweed Author

.01 3.29 ---- 3.28 3.33 2.22 1.10 1.10

.05 3.01 ---- 3.01 3.04 2.11 1.02 1.02

.10 2.73 2.62 2.73 2.78 1.99 .938 .937

.30 2.07 2.08 2.03 2.09 1.67 .700 .698

.50 1.74 1.68 1.65 1.73 1.48 .560 .551

.75 1.49 1.38 1.45 1.46 1.33 .440 .432

1.0 1.34 1.23 1.28 1.31 1.23 .358 .352

1.25 1.23 1.15 ---- 1.20 1.15 ---- .294

1.50 1.15 1.12 ---- 1.13 1.10 ---- .251

1.75 1.10 1.04 ---- 1.07 1.06 ---- .218

2.00 1.05 1.00 ---- 1.03 1.02 ---- .192
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   Figure 3 Stress intensity factors for a crack emanating from a
               circular hole in remote tension (Type I loading)

Figures 6 and 7 show the variation of KI/p(πd)1/2 and
KII/p(
πd)1/2

for �
= 5 E
when
the
dimen
sionle
ss
crack
length
d/R is
varied
from
.01 to
3.0. 
In this

calculation, the variable � is set to be zero.  These two figures
reveal that when the crack is offset from the radial line by only a
small amount, KII may be as large as 15% of KI under Type III
(bolting pressure) load.  This implies that, depending on the
specific engineering applications,  KII may not be negligibly
small. 

As a conclusion, the author emphasizes that except for the
present method and collocation method, none of the methods
mentioned in this paper can be used or extended to solve the
problem with a crack extending non-radially from a circular 

   Figure 4 Stress intensity factors for a crack emanating from a
                  circular hole subjected to hydraulic pressure (Type
                  II loading)

  
Figur
e 5
Stress
intens
ity
factor
s for a
crack
emana

ting from a
                  circular hole with uniform pressure applied to

    hole only (Type III loading)

hole.  The dislocation model thus furnishes a versatile tool for
the analysis of cracked hole problems.  Since the current
approach results in a reasonable number of linear algebraic
equations, complex schemes in matrix manipulations which are
common in finite element method codes are not necessary here. 
Consequently, most commercial software without complex
schemes in solving a system of linear algebraic equations can be
used here.  For example, Newman (1971) used 160
coefficients 
in the stress function to bring his results within 2 percent of
Bowie's approximate solution.  Since the problem he dealt with
was symmetric about both coordinate axes, more coefficients are
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likel
y
nee
ded
for
the
pro
ble
m
wit
h
only
one
crac
k
ema
nati

ng from the hole.  He has to solve a system of at least 160
equations.  For the current study, 20 abscissa points are used to
get the results listed in Table 1.  This means the author 

   

   
   Figure 6 Opening-mode stress intensity factors for a crack

  emanating non-radially from a circular hole

  Figu
re 7
Sh earin
g- mod
e stres
s inten
sity facto
rs for a
cra ck
  ema
na ting
n on-
ra diall
y from
a circu
lar hole

has a linear algebraic system of only 20 equations to solve.

Alt hough
inf ormati
on about
str ess
int ensity
fac tors
for a new
pr oblem
is of
int erest
in itself,
th e
au thor’s
ult imate
ob jective
go es
be yond
this.  It is to reexamine the established fracture mechanics
methodologies which calculate crack growth and use failure
criteria based on only Mode I fracture.  In recent years, an
approach of also considering KII and KIII has been developed to
evaluate the crack growth of a flaw in reactor vessel control rod
drive mechanism (CRDM) nozzles, as evidenced by the NRC-
sponsored work of Rudland (2003) and the nuclear industry-
sponsored work of Broussard (2003); and pressurizer heater
sleeves, as evidenced by a non-proprietary Westinghouse report
(2003).  Theoretically, this approach of considering KII and KIII

can also be used in establishing the failure criteria for elastic-
plastic fracture mechanics (EPFM) applications.  However, due
to the high ductile material property of the CRDM and
pressurizer heater penetrations, limit load analysis had been
used to develop their failure criteria, and the new approach of
considering KII and KIII in addition to KI had been applied to only
crack growth calculations for these two applications.

5. CONCLUSION
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     Stress intensity factors KI and KII are found for a crack
emanating from a circular hole in an infinite elastic solid under
three types of loading conditions, using a dislocation model.
The results indicate that a slight out of symmetry regarding
component geometry and loading could result in KII values which
are not as small as originally thought for many applications. 
Therefore, it may be worthwhile to consider KII and KIII in
estimating the crack growth for SSCs other than CRDM and
pressurizer heater penetrations.

Although considering KII and KIII in the crack growth calculation
represents an improvement over the conventional approach of
considering only KI, this new approach does not address all
effects caused by KII and KIII.  Sheng (1981) pointed out that
whenever a significant KII exists, the crack will grow off its
original orientation after initiation (i.e., KI $KIc, where KIc is the
plane strain fracture toughness).  Likewise, it is reasonable to
assume that KIII also plays a role in determining the crack
growth path.  So far, consideration of KII and KIII in determining
the crack growth path has not been attempted in nuclear
industry applications.  The need to further modify this new
approach to include crack direction change should be judged by
operating experience.  In other words, operating experience will
determine whether the conventional approach with its specific
structural (safety) factors, which does not consider crack path
change, is adequate to assess structural integrity of nuclear
SSCs.
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