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MODELING CONTAMINANT TRANSPORT IN FRACTURED ROCK WITH 

A HYBRID APPROACH BASED ON THE BOLTZMANN TRANSPORT EQUATION 

Roland Benke and Scott Painter 

ABSTRACT 

Fractures often represent the primary transport pathways within low-permeability rock. 

Continuum models based on the advective-dispersion equation have difficulty representing the 

complex transport phenomenology observed in field studies. Discrete fracture network models 

provide greater flexibility at the price of being computationally intensive, which severely limits 

their application to small rock volumes. To overcome these shortcomings for simulating 

transport in fractured rock, the linear Boltzmann transport equation from the kinetic theory of 

gases includes an additional dependencies on the particle speed and direction of travel and was 

evaluated for modeling more complex transport behaviors. Parameters appearing in the 

Boltzmann equation were calibrated using small-scale discrete fracture networks. The calibrated 

Boltzmann model can simulate at spatialhemporal scales that would be prohibitively expensive 

with a discrete fracture network. This hybrid approach was successfully tested in two-dimensions 

for isotropic and anisotropic fracture orientations through comparisons to discrete fracture 

network simulations. 

Keywords: Contaminant transport, Discrete fracture network, Monte Carlo, Boltzmann transport 

equation, Fractured rock 



INTRODUCTION 

Transport in fractures is a key issue in many hydrogeological applications involving low- 

permeability rock. Flow and associated advective transport in the host rock are often not 

significant in these applications, and interconnected networks of rock fractures form the primary 

pathways for release of toxic chemical or radioactive wastes to the accessible environment. 

Applications include safety assessments of land disposal sites and deep disposal wells for 

chemical or low-level radioactive wastes, protection of fractured aquifer water wells, and safety 

assessments of proposed geological repositories for high-level nuclear waste. Fractures provide 

the most plausible pathways to the biosphere for nuclear waste buried at depth, and therefore, it 

is crucial to have quantitative tools for modeling radionuclides movement through these fracture 

networks. 

The advective-dispersion equation (ADE), the conventional approach to modeling 

transport in granular aquifers, is a questionable approximation at the scales of interest in many 

applications involving sparsely fractured rock. Discrete fracture network (DFN) models provide 

a more flexible alternative approach in this situation. However, the DFN models are 

computationally intensive and are not feasible, due to computational limitations, for applications 

involving large rock volumes. In this paper, we evaluate a new hybrid approach for modeling 

transport in fracture networks that combines the convenience and computational expediency of a 

continuum model with the flexibility of DFN simulations. Specifically, we use the linear 

Boltzmann transport equation, a continuum model with considerably more flexibility than the 



ADE, to model transport at large scales. Parameters appearing in this model are extracted from 

the results of small-scale DFN simulation. This hybrid approach provides a computationally 

efficient method for up-scaling the results of expensive DFN simulations to the scales of interest 

in applications. 

The advective-dispersion equation is the simplest approach to modeling transport in 

fractured rock. When applied to fractured rock, the approach involves replacing the fracture 

network with an effective (equivalent) porous medium. Difficulties with the ADE description of 

transport in natural fracture networks are well documented from empirical, theoretical, and 

practical perspectives. The “dispersion coefficient” (resulting from molecular diffusion and 

hydrodynamic dispersion) is found to vary with the scale of the observation, which is in direct 

conflict with the Fickian transport assumption underlying the ADE (e.g., National Research 

Council, 1996). Moreover, the conventional ADE falls short of predicting many of the observed 

behaviors in the field. For example, solutes are often transported over considerable distances in 

highly localized channels in contrast to the more uniform dispersion predicted by the ADE 

(National Research Council, 1996; Dverstrop et al., 1992; Neretnieks, 1993). Numerical 

simulations also show that fracture networks display different effective porosities for transport in 

different directions (Endo et al., 1984) and highly non-Gaussian breakthrough curves (Berkowitz 

and Scher, 1997; Schwartz and Smith, 1988; Andersson and Dverstrop, 1987; Painter et al., 

2002). These and other related behaviors are not captured in the ADE model and are understood 

to be due to the poorly connected nature of many natural fracture networks. In general, the ADE 

is an appropriate model for transport in highly and uniformly fractured rock, but is inadequate for 

many applications involving moderately or sparsely fractured rock. 



Discrete fracture network models provide a more flexible alternative in situations where 

the ADE is inadequate, and have been used in a variety of studies in two dimensions (Long et al., 

1982; Dershowitz, 1984; Endo et al., 1984; Robinson, 1984; Smith and Schwartz, 1984) and in 

three dimensions (Long et al., 1985; Shapiro and Andersson, 1985; Dverstrop and Andersson, 

1989; Cacas et al., 1990). The DFN approach is closely connected to the concept of stochastic 

simulation. The network geometry is characterized by statistical descriptions of fracture 

orientation, location, areal extent, and transmissivity. Given this statistical description, multiple 

realizations of the network are generated and laminar flow equations are solved to obtain 

velocities in individual fractures. Finally, particle tracking methods are used to simulate transport 

of contaminants in the network. By repeating this procedure for each of a large number of 

realizations, inferences can be made in a statistical sense about the expected behavior of the 

system. Obviously, this approach is computationally intensive, and therefore, most applications 

have been limited to relatively small rock volumes. 

Because of the large computational requirements of DFN simulations, a category of approaches, 

referred to as "hybrid methods" (National Research Council, 1996), has emerged for modeling 

both flow and transport. In a hybrid method, a DFN simulation for a sub-domain of the field 

scale domain is used to deduce parameters for a simplier and less computationally demanding 

model (such as a continuum model). For example, equivalent hydraulic conductivity tensors 

were calculated by fitting the results of a large number of discrete fracture network simulations 

in the influential study of Long et al. (1982). These permeability tensors are then available for 

use in a full field-scale simulation of flow using conventional flow models. 



Hybrid models have also been used for solute transport in fractured rock. Schwartz and 

Smith (1  988) collected statistics on particle velocities in DFN simulations, fitted log-noma1 and 

gamma distributions to the velocity distributions, and then sampled these fitted distributions in a 

random walk Monte Carlo simulation. The approach eliminates the need to assign numerical 

values to a dispersion tensor, and accurately reproduced spreading patterns in two-dimensional 

DFNs. Berkowitz and Scher (1  997) also collected statistics on particle velocities from DFNs and 

fitted a model distribution. Instead of using the fitted distribution in a Monte Carlo simulation, 

they used continuous-time-random-walk formalism and obtained semi-analytical results for 

plume evolution that compared well with DFN simulations. 

Williams (1 992) proposed an approach that, although not originally a hybrid method, 

could be converted into a hybrid method with a minor modification. Williams suggested using 

the linear Boltzmann transport equation from the kinetic theory of gases to model transport in 

fractured rock. He noted that particles travel in more or less straight-line paths in between 

fracture intersections and change directions at fracture intersections. This process has a close 

analogy with the motion of high-energy neutrons through radiation shields, typically described 

by the Boltzmann transport equation. In the Boltzmann transport approach, the particle density 

depends not only on physical space and time, but also on the speed and direction that the 

particles are travelling with respect to the mean flow direction. This additional dependence 

allows flexibility in the modeling of considerably more complex transport behaviors. The 

approach was not originally proposed as a hybrid method. Williams rather attempted to derive 

the parameters appearing in the Boltzmann equation analytically from a purely geometric 



V L) 

description of the fracture networks, which limited the applicability of the result. Velocities in 

discrete fracture networks as well as parameters appearing in the Boltzmann equation are 

determined not only by the network geometry, but also by the fluid dynamics in the 

interconnected network. The problem of analytically relating velocities to geometric properties 

of the network is probably intractable. DFN simulations, however, can be adapted to provide a 

numerical solution to this problem, such that Williams' method is effectively modified into a 

hybrid method. Evaluation of this new hybrid approach is focus of this paper. 

THE BOLTZMA" TRANSPORT EQUATION AS A MODEL FOR TRANSPORT IN 

FRACTURE NETWORKS 

The linear version of Boltzmann's transport equation, a classical model from the kinetic 

theory of gases, is a natural approach to describing the collective motion of a large number of 

non-interacting particles subject to random displacements. The linear Boltzmann transport 

equation is used to describe photon transport in the atmosphere and in astrophysics applications. 

It is widely used by nuclear engineers for neutron transport in reactor design and radiation 

shielding calculations. The dependence of the number of neutrons solely on position and time, 

called the neutron density, is an insufficient characterization for neutron transport; more 

variables are needed (Duderstadt and Hamilton, 1976). The dependencies on neutron speed and 

direction of travel were added for a more detailed characterization, called the angular neutron 

density. Furthermore in this paper, references to neutrons are replaced by radionuclide particles, 

such that the anguhr density represents the number of radionuclides at position r, speed v, 

direction P, and time t .  The Boltzmann transport equation is based on the angular density 
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concept and differs from the ADE in that the number of particles is also dependent on particle 

speed and direction of travel. In other words, the Boltzmann equation is a time-dependent 

particle conservation equation in physical and velocity space. The additional flexibility 

introduced by keeping track of the particle number as a function of speed and direction of travel 

allows considerably more complex transport phenomena to be modeled, which is the main 

motivation for using it to describe transport in fracture networks. 

As formulated by Williams (1 992, 1993), the mass conservation equation for solutes in 

fracture networks can be written as 

[ R g t  vi2 . V ,  t vo(r,v,i2)t i lR  C(ryv,i2,t) = 1 

where C(r,v, Q, t )  represents the angular density of radionuclides that is dependent on position r, 

speed v, direction Q, and time t; R represents the retardation factor; arepresents the probability 

per unit distance of travel that the particle will encounter a fracture intersection; R represents the 

radioactive decay constant; S represents a source term; and g represents the redistribution 

function of the particle in speed and direction. More explicitly, when a particle traveling in 

direction Q’ with speed v’ encounters a fracture intersection, g(r,v’-v, Qr- Q, t) dv dL? becomes 

the probability that the particle will be diverted into the solid angle dQ about the new direction Q 

with a new speed between v and v + dv. Note, u is often written as E in nuclear engineering 

texts. The physical representation of the individual terms of Eq. 1 are: 



represents the rate of change in the number of radionuclide particles, dC(r,v,Q , t )  
dt 

v !2 . V ,C(r,v,R , t )  represents removal of particles due to leakage outside a differential 

volume, va(r,v,Q)C(r,v,Q , t )  represents the loss of particles due to changes in velocity at 

fracture intersections, A. RC(r,v,Q , t )  represents loss of particles due to radioactive decay, 
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dQ'J dv' v'o(r,v',Q ')g(r,v' + v,Q ' + Q)C(r,v',Q ' , t )  represents the gain of particles due 

to changes in velocity at fracture intersections, and 

S( r, v,  Q , t )  represents the addition of particles from a source term. 

The fracture geometry and fluid dynamics of the interconnected fracture network are 

contained within the aand  g terms. Calculating these from DFN simulations is one key aspect in 

applications of the methodology. Numerical solution of the linear Boltzmann equation for the 

particle number (to obtain solute concentration) is a second key aspect. 

NUMERICAL SOLUTION OF THE BOLTZMA" EQUATION 

Modem methods for numerical solution of the linear Boltzmann equation fall into two 

main groups: Monte Carlo methods and discrete-ordinates methods (e.g., Duderstadt and 

Hamilton, 1976). The Monte Carlo method attempts to track the motion of a large number of 

individual particles moving through the medium by simulating the processes causing changes in 

velocity. The angular density can then be built up from the individual particle histories. The 

discrete-ordinates method, by contrast, attempts to solve directly for the angular density by 



numerical methods. The general approach is to discretize particle speed, direction of travel, time, 

and the spatial variable. The result is a coupled set of discrete mass conservation equations that 

can be solved by iteration. 

Discretization of the Velocity Space 

The discrete-ordinates solution to Eq. 1 is straightforward yet involves lengthy notation. 

Simplifications are made here to illustrate the discrete-ordinates solution, specifically: particles 

are constrained to move in the x-y plane (i.e., a two-dimensional system is considered); 

radioactive decay is neglected; the retardation factor is set to unity; and the spatial dependence in 

the aand g terms are neglected. Under the simplifications just described, Eq. 1 can be written as 

2n 

jd6' jdv' vo(v',B)g(v'+ v , B +  6)C(r,vr,B,t) t S(r,v,O,t) 
0 0  

where 0 represents the angle with the x-axis. The two-dimensional neutron transport equation 

differs from Eq. 2 because neutrons are not constrained to move in the x-y plane. To discretize 

the speed v, the multigroup approach is used. Specifically, the speed variable is partitioned into 

N, groups and Eq. 2 is integrated over each group to obtain N, equations: 



vg vg 

where C,(r ,O,f)  = IC(r ,v ,B, f )  v d v  and S,(r ,B, f )  = IS( r , v ,B , f )  v d v  . The term 
vg -1 vg-1 

represents a conditional probability. Specifically, gGtG (0' + 0) dB represents the probability that 

a particle reaching a fracture intersection with velocity in velocity group G' and direction of 

travel given by 17 will reappear in velocity group G with direction in the interval dB about 0, 

Discretizing the angle variable into Nd bins, and replacing the angle integration with a 

quadrature, results in the following approximation: 

where the gG,n,G, represents the probability that a particle will emerge from a fracture 

intersection in velocity group G and direction bin n given that it enters in velocity group G' and 

direction n';8,  represents the angle associated with the n-th direction bin; A@, represents the 

width of direction bin n; and C,  and S ,  represent the discretized fluxes and sources. 



Numerical Solution 

The system in Eq. 4 represents Nd x N, coupled hyperbolic mass conservation equations. 

If the coupling term were known, then numerical solution of each of these equations would be 

fairly straightforward using standard finite-difference methods. It would appear reasonable, then, 

to employ a solution scheme wherein each equation is solved in turn with a fixed guess at the 

coupling term. The coupling term is then updated as new estimates of C, become available. If a 

time-explicit evolution scheme is used, then the coupling term is simply calculated using C, at 

the beginning of each time step. If an implicit scheme is used to allow larger time steps, then 

iteration is required at each time step. This is related to the approach used in radiation shielding 

calculations where it is the method is referred to as “outer iterations”. 

Independent of whether an implicit or explicit scheme is used, numerical diffusion is an 

important issue. Hyperbolic equations are well known to suffer from this numerical artifact, 

which causes an initially sharp front to artificially broaden as the calculation continues. 

Numerical diffusion is rarely an issue for radiation shielding calculations where steady-state 

approximations are typically performed for sources that are spatially distributed, conditions that 

tend to lessen the effects of numerical diffusion. For the current application, numerical diffusion 

is a more serious consideration. The scenario of most interest considers failure of a single waste 

package in a geologic repository, which essentially represents a point source at the scale of the 

repository geosphere. Further, time dependence is of vital interest because the “early arrivals” 

representing the leading edge of the contaminant plume is of interest from a regulatory 
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perspective. Numerical diffusion would cause the radionuclide concentration to artificially 

increase ahead of the physical front, obscuring the calculation of early arrival flux. 

Because of the numerical diffusion issue, we did not attempt finite-difference solutions to 

the discrete-ordinates equations in this initial evaluation of the Boltzmann model. Fortunately, 

hyperbolic equations are easily solved with particle tracking methods, which avoid the numerical 

diffusion problem. We use this approach for an initial test of the feasibility of the new 

Boltzmann approach, and use Monte Carlo particle tracking to solve the system in Eq. 4. The 

method is stochastic in nature, since it involves tracking a large number of particles that are 

constrained to move in discrete directions with discrete speeds. 

Details of the particle tracking method are given in Appendix A. The simulation is 

controlled by discrete probability distributions for the a, g,  and S terms in Eq. 1. These 

probability distributions encode information about the geometry of the fracture network and the 

hydrodynamics of flow in the network. Calculation of these quantities from DFN simulation is 

described in the following section. Particles travel in straight-line paths until reaching a fracture 

intersection. At the fracture intersection, particles are allowed to change speed and direction. The 

transition probabilities maintain the dependence of the outgoing speed and direction on the 

incoming speed and direction. To construct a particle history, a particle is first launched in a 

given speed-direction class. The speed-direction class is selected by randomly sampling the 

source term S ,  . The particle travels in the given direction with the given speed until it reaches a 

fracture intersection (a “collision”). The distance that a particle travels before suffering a 

collision is a random variable with an exponential probability distribution (the process is 



Markovian). The mean travel distance to a collision is the reciprocal of the interaction cross 

section, and is a function of speed and direction of travel. Once the distance to the next collision 

is sampled, the particle is displaced that amount and a new direction and speed are selected by 

sampling the redistribution function, g. Recall that the redistribution function, g, is simply a 

conditional probability density. It is the probability that a particle emerges from a fracture 

intersection with speed VG and travel direction 8, given that it reached the collision with speed 

V G ~  and direction 8,t. This process of random displacement and random reassignment in speed 

and direction is repeated a large number of times to construct the particle history. The 

calculations are very fast and a large number of particles can be simulated to estimate solute 

concentration evolution in large domains over long time scales. 

Calculating Model Parameters from the Discrete Fracture Network Simulations 

Numerical solution to Eq. 4 requires three sets of model input: the particle source, the 

interaction cross-section, and the transition probabilities. Discretized in speed and direction, 

these inputs correspond to discrete probability distribution functions that must be extracted from 

DFN simulations. 

To calculate the required model inputs, we perform a standard DFN flow simulation, 

trace particles through the network, and record time and position each time a particle reaches a 

fi-acture intersection. Particle speeds are binned according to the velocity space partitioning. The 

particle source is calculated as the discrete probabilities for the velocity classes in the first 
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fracture. The interaction cross-section is calculated as the reciprocal of the mean travel distance, 

which depends on the velocity class. 

The transition probabilities are discrete versions of the redistribution functions. They are 

simple conditional probabilities and are straightforward to calculate. The value gCitrGn is 

calculated by counting all particles that reached a fracture intersection in class G'n' and exited 

the intersection in class Gn. This number divided by the total number in class G'n' gives the 

value for gGyGfl . 

COMPARISON BETWEEN DFN AND BOLTZMA" SIMULATIONS 

We used two-dimensional DFN simulations to test the capability of the Boltzmann 

equation to describe transport in fracture networks. Specifically, we performed standard DFN 

simulations in two dimensions and collected statistics on particle velocities in these networks. 

These particle histories were used to calculate the Boltzmann parameters. A Monte Carlo method 

was developed to use these Boltzmann parameters. The Boltzmann Monte Carlo method was 

tested against a well-known analytical solution (see Appendix B). Boltzmann-based Monte Carlo 

simulations were then compared with the original DFN simulations. Two sets of simulations 

were performed, one based on an isotropic network and one based on an anisotropic network. 

There is no preferential direction for the orientation of fractures in an isotropic network. 

Conversely, an anisotropic network indicates the presence of fracture orientation(s) in 

preferential directions. 



Description of the DFN Simulations 

In two dimensions, our discrete fracture network simuiations closely follow the standard 

approach (e.g. Long et al., 1982; Dershowitz, 1984; Endo et al, 1984; Robinson, 1984; Smith and 

Schwartz, 1984). The two-dimensional DFN simulator was constructed using the Mathematics@ 

4.1 (Wolfram Research, Inc., www.wolfram.com, 100 Trade Center Drive, Champaign, IL 

61 820-7237) computational system. The algorithm of the DFN simulator is described next. 

1. 

2. 

3. 

4. 

Given a statistical model for fracture intensity, orientation, length, and transmissivity (or 

aperture), a random realization of the fracture network is created by Monte Carlo sampling. 

Intersections between fractures are identified as nodes of the network, and connections 

between nodes are recorded. The result is a connectivity list, which lists the neighbors for 

each node in the network. 

The network backbone, defined as the connected cluster that is connected to both the 

upstream and downstream boundaries, is identified. Other isolated clusters are discarded. 

Boundary conditions on hydraulic head are applied and a system of equations is solved to 

obtain steady state hydraulic head at each node. The system of equations is obtained from 

conservation of fluid mass at each node coupled with a laminar flow law that makes flux 

proportional to differences in hydraulic head. The procedure is completely analogous to 

solving for voltage and current in resistor networks by applying Kirchoff's law to each node 

http://www.wolfram.com


in the circuit. The system of equations is generally large, sparse, without regular structure, 

and requires iterative solution method. A general unsymmetric sparse linear solver based on 

conjcgate gradient methods was used. 

5. Volumetric flow rates and fluid speed in each link is calculated from the hydraulic heads, and 

particles are then released at the upstream boundary and traced through the network. For the 

simulations described here, we release particles from the center half of the upstream 

boundary, one particle per upstream node. Particles move with the fluid speed in each link. 

Perfect mixing at each node is assumed. Thus, the probability that a particle takes one of two 

downstream links at a node is proportional to the flow in that link. 

6. Information on particle trajectories and speeds are recorded for each particle. This completes 

one realization of the discrete fracture network simulation. 

7. Steps 1-6 are repeated several times to obtain ensemble statistics. 

An example DFN simulation for a system with 150 fractures is shown in Figure 1. DFN 

simulations are used for comparisons with the hybrid approach. For these feasibility studies, a 

generic stochastic model was used for the fracture network geometrical parameters. Similar 

models are widely used in theoretical studies. We note, however, that natural fracture networks 

may be considerably more complicated. 



Uncorrelated log-normal distributions, characterized by their geometric mean and log- 

variance, were used to specify the fracture length and aperture distributions. Transmissivity of 

individual fractures is calculated from the cubic law as T = C b3, where C is a constant and b is 

the fracture aperture. All cases used the same fracture length geometric mean (2.7 meters), 

aperture geometric mean (1 0-4 meters), and hydraulic head gradient (0.0 1). Two-dimensional 

discrete fracture networks were created for isotropic and anisotropic fracture orientations with 

domain sizes of 40 m by 40 m and 50 m by 50 m, respectively. The anisotropic case was 

constructed from three fracture sets: one quarter of the fractures were oriented at an angle of 

+7r/8 from the direction of the hydraulic gradient, one quarter of the fractures were oriented at an 

angle of -n/8 from the direction of the hydraulic gradient, and one half of the fractures were 

randomly (isotropically) oriented. 

For each realization of the DFN simulation, particles were launched from the upstream 

side of the simulation domain and tracked through to the downstream side. The trajectory and the 

global travel time across the network for each particle was recorded for further analysis. 

A key result from these simulations is that the velocity in individual fractures appears to 

approximate a power-law distribution over a wide range of velocities and for a wide range of 

parameter combinations. This finding of a power-law distribution has some fundamental 

implications for estimating contaminant transport (Painter et al., 2002). 

Results 



To test the performance of the hybrid method based on the Boltzmann equation, the 

group constants gG;l,Gn and oGn were extracted from the results of a small-scale DFN simulation. 

These group constants represent statistics on particle motion at the scale of individual fractures. 

Eleven logarithmic speed bins, spaced equally in log v, and eight direction bins, equally spaced 

in 8, were used. An alternative linear speed binning, spaced equally in v, was also tested. The 

group constants were estimated by simply tallying the data on individual trajectories according to 

these bins for speed and direction. Once the group constants are extracted from the DFN 

simulations, the Boltzmann Monte Carlo method was executed forward in time with particles 

starting at the location (0,O). 

The Boltzmann Monte Carlo method was initially applied to an isotropic fracture network 

in two dimensions, where the results were compared with the DFN simulations. Figures 2,3, and 

4 compare the tracer plume results for simulation times of 1 1, 22, and 55 days, respectively. In 

Figures 2 and 3, the increased lateral spreading of particles near the source from the Boltzmann 

results is the main difference with the DFN result at short times. The increased lateral spreading 

near the source arises from the fact that the cross-sections used in the Boltzmann Monte Carlo 

simulation were calculated for the entire domain of the DFN, which introduces error in the cross- 

sections near the source. The lateral spreading appears to be more significant for the linear speed 

binning. At longer times (see Figure 4), the Boltzmann Monte Carlo method with the logarithmic 

speed binning reproduces the lagging of particles near the source by the discrete fracture network 

simulation. The results from the Boltzmann Monte Carlo method with the linear speed binning 

does not show this effect, and the conventional ADE model does not represent this lagging of 



particles. Therefore, logarithmic speed binning is preferred over linear speed binning for the 

hybrid approach presented here. 

To evaluate the performance more quantitatively, the distribution of arrival times at the 

downstream boundary was compared for the two methods in Figure 5. The arrival time 

distribution is important for evaluating the performance of geological barriers, so this 

comparison is particularly relevant from a practical perspective. The cumulative and the 

complementary cumulative distributions are both plotted on a log scale to show both tails of the 

distribution clearly. The solid curves are the result of the Boltzmann simulation and the 

individual points are from the DFN simulations. There is adequate agreement between the two. 

The Boltzmann simulation does create an arrival time distribution that is a little narrower than 

the DFN simulation. The cause is likely the discrete binning required by the Boltzmann Monte 

Carlo method. 

Having confirmed that the Boltzmann method is able to reproduce the arrival time 

distributions, the results of a much larger simulation are displayed in Figure 6. In this simulation, 

the particles were not terminated, effectively making this a simulation in an infinite domain. The 

simulation time is 6 years (opposed to the 55 days or less for the DFN simulations used to train 

the Boltzmann Monte Carlo method). The results show a distinct skewing of the plume in the 

primary direction of flow, which can not be represented by the conventional ADE model, and 

highlight the predictive advantage of the hybrid approach presented here. In addition, the 

conditions for this simulation are very similar to the geosphere settings of a hypothetical 

repository being studied in Sweden, thereby clearly demonstrating the utility of the method at 



least in two dimensions. The slight vertical asymmetry in the large scale simulation results is 

probably due to statistical error in the generation of the transition probabilities. It is important to 

note that a DFN simulation of this size could not be performed because of the enormous 

computational requirements. 

The Boltzmann Monte Carlo method was also tested for an anisotropic fracture network 

in two dimensions. Simulations were performed with twelve logarithmic speed bins for the 

Boltzmann Monte Carlo method. Figures 7, 8, and 9 compare the tracer plume results for 

simulation times of 14,28, and 69 days, respectively, and again show good agreement between 

the Boltzmann Monte Carlo and DFN simulations. 

CONCLUSIONS 

In the initial tests of the linear Boltzmann transport equation as a model for solute 

transport in fractured rock, the approach was able to accurately reproduce the results of DFN 

particle tracking simulations. Specifically, the flexibility inherent in the Boltzmann equation was 

sufficient to reproduce highly non-Gaussian plume spreading and breakthrough curves, 

behaviors that are not reproduced with the advection-dispersion equation. Two small 

discrepancies were noted. The Boltzmann equation produced some increased lateral spreading 

near the source at very early times in the simulations, and also produced a residence time 

distribution that is a little narrower than that of the DFN simulations. The latter discrepancy is 

small and the former disappears for simulation times in line with those required in applications. 
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Tests of different speed discretizations show that logarithmic spacing is much more accurate than 

a constant spacing for the speed bins. 

The computational requirements for the Boltzmann method are a tiny fraction of those 

required for DFN simulations. Although the Boltzmann Monte Carlo method had not been 

optimized for computational speed unlike the DFN simulations, the computational time required 

for the Boltzmann Monte Carlo method was estimated to be two orders of magnitude less than 

that required for its corresponding DFN simulation. Differences in the computational 

requirements between the two approaches would increase for larger simulations but may also 

depend on other factors. At this stage, however, it does not appear feasible to determine the 

parameters required for the Boltzmann equation directly from fracture geometric properties. 

Instead a set of modestly sized DFN simulations are required to collect statistics on particle 

velocity and change in velocity, from which the Boltzmann parameters can be calculated. Thus, 

the main application of the approach would be as an extrapolation or upscaling method. To use 

the method, DFN simulations would be performed on a modest spatial scale to collect statistics 

on particle velocity and change in velocity. The Boltzmann parameters are extracted from the 

results of these simulations. After this model calibration step is completed, the Boltzmann 

transport equation could then be used to simulate solute transport for longer time scales and 

larger spatial domains. For example, one might use the method to simulate transport at the spatial 

scale of a repository geosphere, which would be impractical for DFN methods alone. Once 

calibrated, the Boltzmann transport equation could also be used to efficiently simulate transport 

under different boundary conditions or solute source conditions. 



In the initial tests of the approach, we used a particle tracking method to solve the 

Boltzmann transport equation discritized in velocity. While this is clearly a practical option for 

applications, there may be some advantage in also discretizing the space and time variables and 

employing a full deterministic numerical solution. The overall approach would be to solve in 

turn each of the hyperbolic equations generated by discretizing in velocity, and then iterate until 

a self-consistent solution is obtained. For most source configurations of interest in applications, 

this would require the use of numerical methods specifically designed for hyperbolic equations 

to minimize numerical dispersion. 

Several enhancements to the method can be envisioned. Clearly, the Boltzmann method 

could be extended to three dimensions. This would require discretizing the three-dimensional 

velocity space (i.e. adding another angle variable) and calculating transition probabilities arrays 

in a 9-dimensional space (3 incoming variables by 3 outgoing variables). Although conceptually 

straightforward, statistically accurate construction of these transition probability arrays would 

require a large number of realizations of the DFN simulations unless simplifications can be made 

based on the symmetry of the problem. Including radionuclide decay and decay chains is also 

straightforward. Extending the method to allow for different DFN properties in different 

hydrostratigraphic units should also be possible, but some additional work on the coupling 

between the different units may be required (Buckley et al., 1994). 

The main limitation of the Boltzmann method is that it does not allow complex retention 

processes to be modeled in a straightforward way. The approach does include equilibrium 

sorption through the use of a retardation factor. However, more complex retention processes 
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such as matrix diffusion and kinetically controlled sorption are often important in applications 

(Neretnieks, 1980). It remains to be seen whether the method can be extended to include more 

complex retention processes. 

APPENDIX A: Detailed Description of the Monte Carlo Process for Solving the Boltzmann 

Transport Equation 

Each Boltzmann Monte Carlo simulation is run for a predetermined number of particles 

and simulation time. All particles are emitted at the start of simulation from the source located at 

the origin. Initially, the simulation samples a speed and direction at the source. The interaction 

cross-section is determined from the particle speed and direction. The interaction cross-section 

relates to the reciprocal of the mean free distance between fracture intersections. As shown in 

Eq. A-1 , the distance to the next fiacture intersection is calculated from the interaction cross- 

section and another random number selection. The travel time to the next intersection is 

calculated using the particle’s velocity and compared to the time remaining in the simulation. If 

the travel time is less than the time remaining in the simulation, (1) the particle reaches the 

fracture interaction and is assigned an outgoing speed and direction, and (2) the distance to the 

next fracture intersection is computed. If the travel time exceeds the time remaining in the 

simulation, the particle does not reach the fracture interaction, and final location of the particle is 

calculated based on the time remaining and particle’s current speed and direction for a straight- 

line path from the location of the last fracture intersection. In addition to plotting the location of 

all of the particles at the end of the simulation time, the Monte Carlo simulation also plots the 
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arrival time distribution. In a two-dimensional simulation, the arrival time relates to the time 

required for particles emitted from the source to break through an imaginary line. 

The Monte Carlo simulator was coded in Mathematics'@ 4.1 (Wolfram Research, Inc., 

www.wolfram.com, 100 Trade Center Drive, Champaign, IL 61820-7237). For a particle emitted 

from the source at the origin, the time, x-coordinate, and y-coordinate are initially zero. The 

particle speed and angle as emitted from the source are extracted by sampling fi-om the results of 

the discrete fracture network. Specifically, a random real number is sampled between zero and 

one, and the element corresponding to location of the value of in the discrete cumulative 

distribution function of the source is selected. The selected element is converted into the 

corresponding speed and direction in the discrete probability distribution function for the source. 

In general, the distance to the next fracture intersection, from the ith fracture intersection to the 

(i+l)* fracture intersection, is determined as 

where 6 represents a random number sampled between zero and one for the i* fi-acture 

intersection and (Oy,o)j, represents the total interaction cross-section in units of inverse length for 

a particle with an outgoing speed v and at an outgoing angle 0 from the i* fracture intersection 

and is obtained from the interaction cross-section results of the DFN simulation. For the source, i 

= 0. 

http://www.wolfram.com


The travel time to the next interaction is calculated as 

di 
ti+l = ti t - 

vi 
(A-2) 

where vi represents the outgoing speed of the ifh fracture intersection and incoming speed of the 

(i+l)'h fracture intersection. This travel time, ti+l, is compared to the time remaining in the 

simulation. If the travel time is less than the time remaining in the simulation, the particle 

reaches the (i+l)'h fracture interaction, whose position is calculated as 

xi+l = xi t di .  COS(^) 
yi+, = yi t di * sin(B,) 

where 6 represents the outgoing angle of the ith fracture intersection and incoming angle of the 

(i+l)'h fracture intersection. The particle speed and angle emitted from the fracture intersection 

are extracted by sampling from the results of the discrete fracture network. Specifically, a 

random real number is sampled between zero and one, and the element corresponding to location 

of the value of in the discrete cumulative distribution function of the transition probabilities is 

selected. The selected element is converted into the corresponding speed and direction in the 

discrete probability distribution function for the transition probabilities. Using Eq. A-1, the 

distance to the next fracture intersection is calculated and the process is repeated until the 

particle travel time to the next fracture intersection exceeds the time remaining in the simulation, 

T. When the particle does not reach the next fracture interaction before the end of the simulation, 

the final location of the particle is calculated based on the time remaining and particle's current 



speed and direction for a straight-line path from the location of the last fracture intersection. The 

final position of the particle is calculated as 

Xend = x i  t (T - t i )  * v i  . cos(B,) 

Y e n d  

(A-4) 

where i represents the number of the last interaction before the simulation time is exceeded. 

The Monte Carlo simulation allows computations of the particle locations for multiple 

user-specified times. For each particle interaction progressing through the simulation, if the time 

to the next interaction exceeds any of the additional times and if it is the first occurrence for that 

additional time, the particle position at the additional time is calculated from the time difference 

between the last interaction and the additional time, the outgoing direction and speed from the 

last interaction, and the location of the last interaction. 

As an output of the Monte Carlo simulation, the arrival time of particles at an imaginary 

barrier with a predetermined x-coordinate were calculated. Particles were only allowed to arrive 

once. The arrival time for each particle is initialized to the simulation time and is overwritten 

when the particle arrives. Therefore, those particles that never arrive during the simulation time 

retain an arrival time equal to the simulation time and can be identified by the vertical line at the 

tail of the arrival time distribution. 

APPENDIX B: Testing of the Two-Dimensional Boltzmann Monte Carlo Simulator 



Arbitrary units were used in testing of the Boltzmann Monte Carlo simulator and should 

be assumed throughout this section only. A one-speed, two-dimensional simulator was 

developed for isotropic scattering with a mean free path length of 200 (arbitrary units) and 

compared to analytical solutions of the diffusive problem. After a long simulation time of 20,000 

(arbitrary units), the simulator computed the number of particles per unit area in six radial rings 

for comparison against the flux shape calculated from the solution of diffusion differential 

equation with a constant source at the origin releasing one particle per unit of time with a 

vacuum boundary located at a radial distance of 1000 (arbitrary units). Because speed was set 

equal to 1 .O (arbitrary units), the number of particles per arbitrary unit of area is equivalent to the 

particle flux for the 1 -speed simulation. A well-known solution to the steady-state neutron 

diffusion equation in cylindrical coordinates is a Bessel function (Lamarsh, 1983) of the form: 

where JO represents an ordinary Bessel function of the first kind and A and B represent constants. 

A boundary condition on the diffusion equation was established based on the fact that the 

particle flux must be zero at a radius just larger than the product of the largest particle speed, 

v,,,,, and the total simulation time, T. Therefore, the constant B can be replaced by vo/(v,,,, T), 

where vo represents the first zero of Jo (approximately 2.4048). The flux shape, q5, from the 

neutron diffusion equation becomes 



2.404 8r ( v,,T 
~ r )  = A .  J,, 

where the constant A was determined by minimizing the chi-squared fit to the simulated data. 

The statistical error in the simulated data was approximated by the square root of the number of 

particles divided by the area of the radial ring. Figure B-1 displays the results of the comparison. 

Because the diffusion equation is not an exact solution and breaks down close to the source and 

medium boundary (Lamarsh, 1983), the Boltzmann Monte Carlo simulator was compared to the 

diffusion equation at radii of 300,400, 500, 600, 700, and 800. 
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FIGURE CAPTIONS 
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Figure 1. Example of a two-dimensional discrete fracture network simulation. Shown are: (a) the 

set of discrete fractures modeled as line elements, (b) the network backbone after trimming dead- 

end elements, and (c) six particle trajectories. In (b) the segments are color coded according to 

the amount of flux each carries; warm colors indicate large flux. In (c) each trajectory is assigned 

a different color. Some trajectories share common segments and the last trajectory to be plotted 

obscures the previous ones. 

Figure 2. Comparison plots for a simulation time of 11 days with an isotropic fracture network: 

(a) Monte Carlo Particle Tracker with 11 linear speed bins, (b) Monte Carlo Particle Tracker 

with 11 logarithmic speed bins, and (c) discrete fracture network. 

Figure 3. Comparison plots for a simulation time of 22 days with an isotropic fracture network: 

(a) Monte Carlo Particle Tracker with 11 linear speed bins, (b) Monte Carlo Particle Tracker 

with 11 logarithmic speed bins, and (c) discrete fracture network. 

Figure 4. Comparison plots for a simulation time of 55 days with an isotropic fracture network: 

(a) Monte Carlo Particle Tracker with 11 linear speed bins, (b) Monte Carlo Particle Tracker 

with 11 logarithmic speed bins, and (c) discrete fracture network. 

Figure 5. Residence (arrival) time distributions calculated by the DFN simulations (individual 

points) and the Boltzmann method with logarithmic speed bins (solid curves). The cumulative 

and complementary cumulative distributions are both shown to emphasize both tails of the 

distribution. The Boltzmann method produces a residence time distribution that is a little 
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narrower than the DFN simulation, but the discrepancy is relatively small. The vertical line at the 

tail of the CCDF for the Boltzmann method is an artifact of the simulation ending before the last 

few particles arrived. 

Figure 6. Example extrapolation of small-scale DFN simulations using the Boltzmann method 

with logarithmic speed bins. Parameters appearing in the Boltzmann model were extracted from 

the small-scale DFN simulations (40 m x 40 m), and the Boltzmann model was then used to 

extrapolate to much larger spatial scales. The plume is shown at 6 years. Note that a DFN of this 

scale could not have been simulated because of the enormous computational requirements. 

Figure 7. Comparison plots for a simulation time of 14 days with an anisotropic fracture 

network: (a) Monte Carlo Particle Tracker with 12 logarithmic speed bins and (b) discrete 

fracture network. 

Figure 8. Comparison plots for a simulation time of 28 days with an anisotropic fracture 

network: (a) Monte Carlo Particle Tracker with 12 logarithmic speed bins and (b) discrete 

fracture network. 

Figure 9. Comparison plots for a simulation time of 69 days with an anisotropic fracture 

network: (a) Monte Carlo Particle Tracker with 12 logarithmic speed bins and (b) discrete 

fracture network, 
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Figure B-1. Comparison of the One-Speed Monte Carlo Particle Tracker to the Flux Shape from 

the Solution of the Diffusion Equation for a Constant Source at the Origin with a Vacuum 

Boundary at a Radius of 1000. 
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Figure 1. Example of a two-dimensional discrete fracture network simulation. Shown are: (a) the set of discrete 
fractures modeled as line elements, (b) the network backbone after trimming dead-end elements, and (c) six particle 
trajectories. In (b) the segments are color coded according to the amount of flux each carries; warm colors indicate 
large flux. In (c) each trajectory is assigned a different color. Some trajectories share common segments and the last 
trajectory to be plotted obscures the previous ones. 
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Figure 2. Comparison plots for a simulation time of 11 days with an isotropic fracture network: (a) Monte Carlo 
Particle Tracker with 11 linear speed bins, (b) Monte Carlo Particle Tracker with 11 logarithmic speed bins, and (c) 
discrete fracture network. 
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Figure 3. Comparison plots for a simulation time of 22 days with an isotropic fracture network: (a) Monte Carlo 
Particle Tracker with 11 linear speed bins, (b) Monte Carlo Particle Tracker with 11 logarithmic speed bins, and (c) 
discrete fracture network. 
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Figure 4. Comparison plots for a simulation time of 55 days with an isotropic fracture network: (a) Monte Carlo 
Particle Tracker with 11 linear speed bins, (b) Monte Carlo Particle Tracker with 1 1 logarithmic speed bins, and (c) 
discrete fracture network. 
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Figure 5. Residence (arrival) time distributions calculated by the DFN simulations (individual points) and the 
Boltzmann method with logarithmic speed bins (solid curves). The cumulative and complementary cumulative 
distributions are both shown to emphasize both tails of the distribution. The Boltzmann method produces a residence 
time distribution that is a little narrower than the DFN simulation, but the discrepancy is relatively small. The 
vertical line at the tail of the CCDF for the Boltzmann method is an artifact of the simulation ending before the last 
few particles arrived. 
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Figure 6. Example extrapolation of small-scale DFN simulations using the Boltzmann method with logarithmic 
speed bins. Parameters appearing in the Boltzmann model were extracted from the small-scale DFN simulations (40 
m x 40 m), and the Boltzmann model was then used to extrapolate to much larger spatial scales. The plume is 
shown at 6 years. Note that a DFN of this scale could not have been simulated because of the enormous 
computational requirements. 
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Figure 7. Comparison plots for a simulation time of 14 days with an anisotropic fracture network: (a) Monte Carlo 
Particle Tracker with 12 logarithmic speed bins and (b) discrete fracture network. 
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Figure 8. Comparison plots for a simulation time of 28 days with an anisotropic fracture network: (a) Monte Carlo 
Particle Tracker with 12 logarithmic speed bins and @) discrete fracture network. 
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Figure 9. Comparison plots for a simulation time of 69 days with an anisotropic fracture network: (a) Monte Carlo 
Particle Tracker with 12 logarithmic speed bins and @) discrete fracture network. 
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Figure B-1. Comparison of the One-Speed Monte Carlo Particle Tracker to the Flux Shape from the Solution of the 
Diffusion Equation for a Constant Source at the Origin with a Vacuum Boundary at a Radius of 1000. 


