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ASEISMIC DESIGN OF ELASTIC STRUCTURES
FOUNDED ON FIRM GROUND

L. E. Goodman,! E. Rosenblueth,® and N. M. Newmark®

SYNOPSIS

A rational basis for the design of earthquake-resistant structures is de-
veloped. Structures designed on this basis will have uniform strength in the
sense that each element wiil have an equal probability of successfully with-
standing strong-motion earthquakes of the general type recorded by the U. S,
Coast and Geodetic Survey on the North American continent. The theory is
based on inferences drawn from accelerograms of strong-motion earthquakes
and on the theory of probability. While the general method of approach is
capable of wider extension, conclusions of the present study are limited to
structures whose behavior is elastic 2nd which are founded on ground of stiff-
ness comparable to that of sites at which reliable earthquake accelerograms

have been recorded.

INTRODUCTION

There is an important branch of engineering seismology concernec with
the analysis of slructures subjected tc earth tremors. In recent years im-
petus has been given to this work by the availability of reljable accelero-
grams of some {ourteen strong-motion earthquakes recorded by the U, S.-
Coast and Geodetic Survey. The complexily of the recorded ground motions,
however, has been a handicap to analysis and (even more) to design. Details
of {uture ground motions can hardly be anticipated by the designer. Progress
in analysis has leaned heavily on the construction by means of the torsion
pendulum (1)* or digital and electronic analogy computing machinery (2) of
‘response spectrums’ giving the maximum response (stress, velocity, or dis-
placement) of a single-degree-of-freedom structure as a function of its na-
tural period. More or less idealized spectrum diagrams have been proposed
as a basis for structural design (3, 4).

An entirely different approach to the design problem is suggested hy the
discovery of G. W. Housner A.M. ASCE (5) that, so far as their effects on
structures are concerned, destructive earthquakes may be regarded s suc-
cessions of perfectly random motions. Reference here is to local effects at
surface sites near the epicenter and not to disturbances recorded seismo-
graphically after having been propagated over long distances. The lalter have,
of course, been studied extensively. local effects, on the other hand, deter-
mine whether a given structure will or will not fail. They are influericed in a
complex way by local geological and topographical conditions. The discovery
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that perfectly random pulse sequences produce spectrums which do not differ
significantly from those ol recorded accelerograms opens the way to a syste-
matic analysis of the probable effects of such r.otions on structures.

The chief advantage of the approach advanced here lies in its ability to es-
tablish a basis for design in which every part of a structure will have anequal
probability of successfully withstanding ground motion.®* What that probabili-
ty ought to be—or in other words, the intensity of earthquake for which a
structure should be designed—is 2 question the answer to which will always
depend upon engineering judgment based on accumulated experience of seis-
mic destructiveness in varlous regions of the world, and on the importance
of structural integrity to public safety, as well as on economic considerations,
In this respect aseismic design resembles the design of dams to resist fiood
contingencies. The present approach based on the theory of probability also
makes possible the prediction, in a statistical sense, of the relative magni-
tudes of earthquake effects in different existing structures and in different
paris of any one structure,

Consideration has been limited in the present work to structures whose
behavior can be idealized as elastic or which are subject to viscous damping.
Conclusions presented are applicable only to structures that rest on furma-
tions having a considerable stiffness, comparable to that of the ground where
reliable accelerograms have been recorded. While the method of analysis
has been extended to structures resting on soft formations, the somewhat
different response of such structures and the additional assumptions which
are required indicate the desirabilily of a separate treatment,

STRUCTURAL RESPONSES

For convenience of reference certain relationships of use in connection
with the motion of structures are stated in this section. Developments of the
theorems are available in texts dealing with the theory of structural vibra-
tions (6, 7).

Figure 1 {s a schematic representation of any linearly elastic structure
having a simple degree of freedom. If the system starts from rest at time
t = 0 and the support undergoes a motion xg(t), the displacement, x, of the
mass relative to the support is, at time t,

X = x_,—x. f (-;)Mf,(t-'c)d,'c. )

Here superscript dots indicate dilferentiations with respect to t.
Xe = absolute displacement of the mass
= Yk/m = natural (ci{rcular) frequency of system
k = static force required to produce unjt relative displacement of the mass
and its support
m = mass of system
The natural period of the system is

T = 21r/?:, R (1)

5. Uniform-Safely design has also been advanced in a manuscript “Analysis
of Seismic Forces” 1950, by G. W, Housner, A.M. ASCE.
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The dimensional units in which these quantities are measured must, of
course, be mutually consistent. In the English system of units, for example,
Xg, Xy and X would be measured in inches, p in radians per second, k in [b.
per foot, m in lb. sec? per inch, Xg in Inches per second per second, t and T
in seconds. The dummy variable t, which disappears on integration, stands
for time. ’

Equation (1) can be used for a study of actual structures if the effects of
damping, ground coupling, and higher modes of vibration can be neglected.
Under these circumstances the support in Fig. 1 regresents the foundation of
the structure; the spring represents a group of flexible elements and the con-
centrated mass stands for the mass of the structure and of the loads which it
supports. )

Ideal elastic systems having a single degree of freedom and no energy
losses are referred to as simple structures throughout this analysis.

Engineers are agreed that in general several modes of vibration of struc-
tures are transiently excited by earthquakes (8). To take account of additional
degrees of {freedom, the natural modes can be treated separately as individual
simple structures. Total responses-by which {s meant either stresses or
deformations al any point—are, at any glven time, the algebraic sums of those
associated with the several natural modes considered. For example, the dis-~
placement x, relative to the ground, at any point of a structure, can be com-
puted by means ol the expression

N t
A Qs ..
x = E S| (P ain p£-T)aT O
f"’ o 4
e
where N = the number of degrees of freedom of the structure = number of
modes considered,
pj = natural (circular) frequency of the i th mode
aj is a dimensionless number, the excitation coefficient of the mode

and the symbol gl indicates that the sum: of terms of this kind for all the
modes i=1.2,...N is to be taken. This equation can be written in the form

. |
_ ' _ (3)
x = Ix?(t)?(i T)dr

where ¢ is a convenient shorthand symbol for the sum of a number of sine

functions
N .

¢(2-T) = T 2L i p (4-T)dg, G0
iel v -

It may be noted that the first part of the integrand of Equation (3) £g, involves
only the nature of the ground motion and is independent of the structure in
question, whereas the second part, ¢{t-t) depends only on the properties of
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the structure and not on the particulars of the earthquake.
The function ¢ may or may not be periodic. In some inslances, e.g., the
shear deformations of tall uniform structures, the frequencies of all higher
modes are integral multiples of the fundamental {requency. In this case ¢ is
periocdic and ils perfod is then the same as the fundamentul period of the
structure. S
When %g(t) = 0 for all values of t greater than, say, t', Equation (3) can be

written
v .. ,
x() =j xg(t) p(t-t) dT , L = L oo

whereupon, integrating by parts and recalling that the structure starts from
rest, one finds, fort > t'

!

- y ’ ] t . d
(1) = Xo(H) ¢ (-2 f xg(t) FE ar 6o

Setting kg(t') = 1 and letting t' approach zero, one can see that the displace-
ment response x(t) to an fnstantaneous unit increment in ground velocity oc-
currirg at t = 0 is numer{cally identical with ¢(t). Sudden changes of ground
velocily will be referred to as acceleration pulses.

Stresses and bending moments, as well as struclural deformations, can be
obtained, in the usual way in which displacements and stresses are related,
in terms of linear combinations of displacements measured relative to the
ground. Expressions similar to Equation (3) can be established for any of
these types of response or for their first derivatives with respect to time,
The functions ¢ which appear in these expressions will, of course, differ for
different kinds of response.

Similar relationships can be derived for systems subject to viscous damp-
ing. For example, the function ¢ governing relative displacement In a struc-
ture having a single degree of freedom {s, under these conditions

" . -c(Z-T) .
P (t-T) = —% e’ .‘M f’(z;-z;) (sa)

where

f)’: J(k—//ht)"C7 (3e)

and the damping force Is 2mck. Expressions of the form of Equation (3) also
hold for elastic structures coupled to the ground, provided the ground can be
treated as an elastic body (which may have Internal viscous damping).

In all cases the amount that any Individual acceleration pulse, igdt. con-
tributes to the relative displacement, x(t), is independent of the remainder of
the ground motion. For a ground motion consisting of a sequence of such
pulses, x(t) can therefore be obtained by adding the products of all the pulses
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multiplied by a function ¢ whose value is independent ol the ground motion.

3. the The concluslon follows from Equation (3) and it is true also as regards
sigher stresses, bending moments, and shears In the general types of structure
ise & i3 under consideration,
the
RESPONSE OF STRUCTURES TO IDEALLY RANDOM
can be _GROUND MOTIONS
A) Prediction of Response at Any Time
L’ As 2 {irst approximation to true earthquakes we consider motions consist.
(3v) ing of random arrays of concentrated acceleration pulses. There are & -
ber of aspects of the pulses which may be made random. Many of these dUf-
ferent ways of specif{ying random pulses lead to substantially the same (inal
3 from results and at least one of them has been studied previously (9). la view of
the fact that the {inal velocily of the ground after an earthquake is sero, it &
reasonable to Idealize earthquake motions as sets of pulses selected pubject
1o the condition that their sum be zero. The pulses are laken (o be distrib~
uted In time In 2 random order, either at cloeely and uniformly spaced inter.
Ly (3c) vals. or at randomly spaced instants of time, In either case the punber of
pulses {s large and the magnitude of the largest pulse i3 smalil (a comperison
with the sum of the absolute magnitudes of all the pulses. Tuis appears to be
place- true for all reliable strong-motion accelcrograms of destructire earthquakes,
ity oc- Therefore, the probability theory of large numbers may be applied to strece
ground tures affected by them withuut introducing excessive errors.
Displacements relative to the ground are given by Equation (3). Therrfoce,
;, can be when the ground motlion consists of & serfes of pulzes of magnitude
rlated, .
o the u. = z"»"'e .,
ny of ¢ x’_ d.r {4}
time, 4
{fer for i€
s damp- the relative displacement at time t is
a struc-
x = Z., (f(,t-;t,;) T8 t4a)
3
(3d)
Here tj denotes the instant at which the pulse uj occurs. The theorem follows
from Equation (3¢} and the linear relationship betwesn static forces and dis.
placements assumed Lo be valid for the class of structures under discussion.
All individual terms of the type ¢(t-t)uy sre small in comparison with
%:ld’(l-q)uﬂ.' If the fundamental perfod of the structure is small compered
(3e) with t, every such element has practically readom sign. The elements
¢(t-tluj can be likened to the random errors which arise s a series of iade.
(3) also pendent measurements. The respoase £ would correspond tp Lthe s of &
{ can be large number of such errors.
. According to the theary of probability (10,11), the prabability distritxtios
t, €On- of a quantity x determined by 2 serjes of rasdom events is givea by
inder of
such 6. Vertical lines Indicate that the quantity enclosed is to be takes 23 pasitive,
¢ pulses only its magnitude being o! interest, eg., |-3] = 3.
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P(=,,x;) .J — dx (5)
., VT

where P(x,,x,) Is the probability that x lies between the values x; and x, and
o8 the standard deviation of values of x from the mean. In thls case the
mean s zero; motions In either direction being equally probable. The quan.
tily @ Is a measure of the dispersion or variability of the quantity x from its
mean value,

From & struclural viewpaint, however, one 18 more interested in the aver-
age value of [x| resulting from a very large nuniber of determinations of x.
This quantity is dessignated as the ‘expected’ value of Ix|, Eix]. In & similar
way we may also think of the expected value of x?, E(x¥), This last is related
to the slandard deviation, o.

rz - E (‘zz) (5a)
1t can also be shawn (12,13) that
-xr
L 10
xe
E(x) = J T dx (5b)
- oo
Since E(-x)s E(ex) 11 fulluws that
— o0 _xt
E]x/ s 2E(tx) e [2. xe U odx (6e)
ro? A

= ¢ J2/7 , (5d)

because the tntegral I8 equal to 0%, And §n view of Equations (5a) and (5d)

Elxl = J2e(zV /7, (©)

A quantity which is the product A independent variables can be shown to
have an expected value equal to the product of the expected values of the indi-
vidual variables (14), Since the acceleration pulses that constitute the motions
under examination are independent of ¢, Equation (3) and (4) imply

B = E(Zuf)E (¥
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The number of pulses which have occurred at time t 13 independent of v;.
Denoting this number by Ny, a further separatiun of variables ta possible,

yielding

E (x¥) = E(Ng) E(u?) E(e%), )

1 there are a great many of these pulses. or if they occur 3t randumly spaced
instants, one can write

E (¢2) = Lfbcp"'(t,m)"_ )
£ /o c)ac.

It follows from Equations (6) and (7) that

o ok o
E %l = "‘E(N*)E‘“’fsa‘(t-z),zc ”

mx

This lormula expresses the cxpected magnitude of the displacemient 83 8 lunce

tion of time.

The quantity 2E(N{)E{u?)/m does not depend un the structure but on the pa-
ture of the carthquake motion. This quantity may be demAcd by the syn.bol
K2. Equation (9) then becomes :

',

2 4
Elkl:['-:-f(pa(,e_c)‘c tvs)

The term K%/t appearing in Equation (93) may be meen to be dirrcily relaled
to the average number of pulses occurring in time t, Since the pulres v, oc-
cur at closely spaced instants, this average number Is relatively cuaslant and
independent of time t. Therefore, the factor K/t appearing io Equatios (o¢)
is dependent solely on the magnitudes of pulses (hat comprise the motica. R
can be evaluated, for example, by computing the responnes of & sttwucture sub-
jected to a number of motions consisting of » set of sccelerativn pulses re-
arranged in different orders and then taking the average ol the (stigtaly) dud.
ferent responses.

In particular, if the structure is such thal the function ¢ {8 periudic and M»
perlod, T, is small compared with the times | in which we are interestrd,
Equation (9a) can be put in the form

T T T
Elx] = .’:?_..[¢’(1) de |t ¢

349-7
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The valve of the expected magnitude of displacement is useful {n establish-
ing & basis fur & uniformly nafe design. Knowledge of the deviation from the
*expected” value which may be anticipated Is alzo uselul in this connection as
well as for comparing the eflects of random motions with those of true strong-
mollon earihquakes, The disperston (squared glandard deviation) of |x| canbe
oblained by means of the relationshlp (15)

c2(Ix]) E(x?) - (E 121)%, (10)

From Equation (6) It follows that
4'1(’1') x [(W/i)-[](&'lxl)z (11)

(11a)

= 0.571 (E|x[)?

Up to this point the structural response—primarily the expected magnitude
of the displacement~has been consldered as a function of time, That is,
formulas xuch as Equations (7,8,9) refer teo the response at a specified in-
stant. Thesc quantitice are of no iInterest in themseelves for design purposes.
What is wanted is the probable maxinium numerical value reached by these
responsex, The delerminalion of these maxima is trealed in the following

section,
B) Maximum Response

At present no completely general solution {8 available for calculating the
value of maximun, response as & funclion of §. Approximate conclusionsare
developed here for ¢ functions which characterize two classes of structures.
Quatjtative conclusions are reached for other cases.

When ¢ Ix periodic the process of selecting the maximun: |x| In response
to & given ground motion cen be done In two operations. The first consists In
dividing the time interval between the {irst and the last acceleration pulse in-
to portions of duration T, the perlod of ¢,—~at most the last portion need have
a duration different from T~then {inding the response at all division polnts
and selecting the maximuns numerlcal value. This maximum may be denoted
by max|xp|. The ratio E[max|xTD/E|x(s)] where x(s) 13 the response that oc-
curs at the end of the ground motlon, t=tg, 18 designated by the symbol C,.

E (max | X4])
E | xts)}

(12)

C =

The sccond operation consiats ia Introducing & phase shift, say §, smaller
than T and then selecting that value of § which maximizes max|xT|. The
largest max |x1|, found in this operation {8 evidently the absolute maximun,,
max |x|], of response to the motion, For aimplicity it will be designated by Lhe
symbol X, We further define the symbols C, and C by Equations (13) and (14)

349-8
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C = CCqs E(X) (14)
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As noted in the Introduction, a graph glving values of X as ordinates vs,
the period T as abscissa can be designated a ‘dlsplacement speclrum’, In.
stead of plotting values of max{x| as ordinates, one can plot max|kl, The
resulling graph Is known as a ‘velocity spectruni’. It can be shown that the
ordinates in a graph of pX vs. T have the same probabllity distributions zs
those In a velocity spectrum. This relationship Is useful In studying the
characteristics of destructive earthquakes since the important character-
Istics of the graph are more noticeable In velocity than in displacement apec-
tra.

When |¢[ has a period T/2, or is symn:etric at intervals of T/2, the first
operation may consist of dividing the earthquake duration s Inlo Intervals of
duration T/2 instead of T. Under these circumstances the phase shift 8 in-
troduced in the second step need only vary between zero and T, 2. This Isthe
case for the sinusoidal and square-wave functions ¢ considered below,

The quantity C, can be determined by refercnce to the theory of probablll.
ty. It is analogous to the probable maximum amount held by a player in a
game of chance at any one of a number of instants during the game, divided
by his probable final holdings. Proceeding along the linces suggested by the
theory it is possible to show that for structural periods small compared with
the duration of the temblor (T<<s), C, Is nearly constant, independent of ¢
and equal to 7r/2, The dispersion of max|xT} Is found to be 0,17[E{n.ax|xg])]*.

The value of C, can be calculated for sinusoidal functions ¢ Ly means of a
simple trigonometric transformation. Equation (1) can be put in the form
(16,17)

X = ;7'; [!f‘ia(t)wrt .tz]

2

(15)
L
1

t . %
' U ia(r)coaf»r .L-p] aia (pi-ot)

in which o is a phase angle. If &g is assumed to be zero in the Interval from
t{o ¢+ T/2,the maximum X during this interval Is obtained when sin{pt - a)s 1.
When the period of the structure is small compared with the duration of the

temblor {T<<s), neglect of the acceleration pulses falling within any one inler-
val of duration T/2 does not {ntroduce appreciable error. Confining attention

349-9




te & ningle interval it can be seen tha! C, In very nearly equal o the rallo
betwren (he erpecied value of [x] computed fram Equation (18a)

8 Jr- {”:i#(t)u' ftlt]

2

(1%2)

’[_[c;-’w)m pT Jvlt}*

and the vaive compuird {rom Equation (9s).
From Keuation (6)

E |=] JIEGD /7

sad from Equalion (154)

E |=|
] ? [ g(f“""rm ffm’fm)Jt- %"w

The denomiasior as cbtalned [rom Equation (9c) ta

E |“|v . %[‘;[&’73 dc]yz. 1:[2 |

Taking the ratio of Ihe expresaions (16a) and (160) we have

Coa(krp)/ (RpT) o 7
C =5/VZ =222, ()

Ia connection with tsll teiidings of relatively uniform cross section, func.
lions ¢ having o sqware-wave shape are of special Interest (Fig. 22). For
these ¢ fuactions a somewhal groater value of C, Is found than in the case of
sisuacidal ¢ functions, Therefore, In thin case C, o C,» /2 and Co MT1/4
247,

349-10
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Another ¢ function which occurs in the analysis of tall buildings 1s shown
In Fig. (2b). It colncides with a square-wave over some range, say t,, of its
period, and 13 equal to zero elsewhere. Although in this case C, is still ap-
proximately equal to 77/2,C, may be considerably greater than tn the case of
the functions previously considered, The difference in C, Is caused by the
fact that, @ belng zero part of the time, certain pulses affect the xT while
others do not. The phase shift @, which is greater than t,, may introduce
sels of pulses which had not previously entered the computation, The sharp-
er the function ¢, the more pronounced will be the effect of the phase shift op-
eration, In other words, C, and hence C Increase as the interval of time dur-
ing which ¢ differs {rom zero decreases.

The estimates of C, and hence of the ratlo of the probable absolule maxi-
mum dleplacement or stress to Lthe probable final displacement or stress, de-
rived from theoretical considerations based on the theory of probability have
been confirmed by empirical studfes. For this purpose a number of motions
having pulses of random sign were constructed. The resulls of these studies
were {n good agreement with the conclusions presented in the previous part
of this section. However, to interpret the results of this and other investiga-
tions of a like nature it is necessary to take account of the limited number of
acceleration pulses employed, It {s generally impractical to investigate fic-
titious motions having a large number of acceleration pulses; the computation-
al labor is too great, even for 2 structure of only moderate complexity. Val-
ues of C;, C,, and therefore C, determlined in this way are and ought to be
slightly lower.than the predicted values given above which are based on a
theory which presumes a very large number of closely spaced pulses, Ac-
tually, within a cnnsiderable range of moderately large numbers of pulses,

C, was found to be approximately 1.41 for both sine and square-wave ¢ func-
tions as compared with the theoretical estimate of 1.£7 in both these cases.
The ratio Cy was also found to be about 1.41 as compared with theoretical
cstimates of V2 in the case of sine-wave and a slightly greater value inthe
case of square-wave functions, The value of C found in this way was 2.00for
both cases as compared with estimates of 2.22 and a somewha! greater value,
The check on the estimales of maximum response oblained in this way ap-
pears to be satisfactory. It should be remembered that what are being ob-
talned are essentlally estimates of the probable maxirmum response and it
must not be expected that these will agree precisely with calculations based
on a2 particular motion or motions,

The dispersion of X in the case of sinuscidal function Is of some Interest
in connectlon with comparisons of structural effects of true earthquakes with
those predicted by possible ‘substitute’ motions, including the class examined
herein, Since a complete analytical solution is not available, the disperaion
was Investigated by compuling the response of a structure having a sinusoidal
¢ function (¢ = -p-!sinpt) to motions of the type shown in Fig. 3. This motlon
conslsts of 48 unit pulses, equally spaced at intervals of 0.25 gec., and having
random sign. Responses to this motiun were calculated by means of a graph-
ical procedure (18). The maximum numerical values of there responses
{pX and X spectra) are shown iu Fig. 4. The dispersion was found o be
ot (p’X?) = 0,043p*X? where X Is the average value of X for all perfods of
struclures investigated.
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RESPONSK OF BSTRUCTURES TO TRUK RARTHQUAKES

The random motiunn treated Ia the foregoing sections difler from true
eerthguakeon ta poversl respects, The principal difierencen are considored
belvw,

(A) In reality accelersiion pulees cannot be (nstantancous, This would (m.
ply acceloralions of intfinle magnitude lasting for Infinitenimal intervals of
time, Actually grovnd accelerstions are {inite as are slso (he durations of
seiamic wives, A meihad of correcting the campuled expectod specirum or-
dinaton Lo account for Lthin effect tn prenented In the next section, It may be
seid here (hsl the correciion 18 el large,in genersl,

(D) The various kinde of setamic waves have different velocities. This
situslion gives rise (o (Aree dinlinct phases or segments {n recorded accelere
ograma, The {irm or ‘primsry’ phase conlains the waves of shortest period,
The necomdary phase Inchudes the waves having the largeat avorage amplitude.
Fimtily the tertisry nr anding-wave phase fnchudes the ground motions have
fng the longest period and amaliest average amplitude of selsmic wavens, As
a2 approximsiion (o the varislion of seismic Intensily with time, Il 15 reason-
sble (0 aspume & sequeace of Lhree reginwe each having uniform intensity, as
shown schematically ia ¥ig. 9.

A quantity which 1o the sum of varisbles harving a Caunsinn probability dis.
tritmiion with respect to lime will (taelf have & Caussian distribution with re-
spoct (0 lime, Conclusions drawn in previous sections relerring to responses
8l mpecifiod 1astants have been tnferred [rom the Caussian distribution uf
these responnes, Biace Lhe contribution of any une phase Lo Lthe tolal struc-
tursl response has this distribution, these conclunions nre nol allected by the
oxistonce of distinct phases,

(C) The accelerograms of strong-niution carthquakes publiahed by the
U. 5. Coss! and Geodetic Burvey Indicate that {n duriructive earthquakes the
ground acceloralion ooclilates rapidly from poeitivs to nogative values. If
ground motloas were (rvly random, une would be entltled 1o expect Intervala
ol single-aigned pulses. The perlectly random molion thoury (n therefore
st completely justified evenr within each phase of an sarthquake, The Im-
portance of Lhis and olher departures [rom per{ect randomnesx, as Lhey af-
foct slructural respoases, can be aasessed by comparing predicted with cal-
cvlated structural responses In actual earthquakes,

The ten velocily spectra studied by O, W. Housner A.M. ASCE (19) have
been selecled lor comparison with Lhe specira predicled by the foregolng ran-
dom maotion theory, According to Equation {16b), for simple structures,

¢ cC K
E(X) « Elxe)| Cicy = _Fl -J:f (19)

R (ullows that pE(X) and consequently E(X) wight to show no conslstent varia-
tion wilh T, st least 8o long a8 T/8 ts small, This is {Adeed the crse for the
spectrs of actunl earthquakes, Furthermore, if the ten spectra compuled by
Housper, from actual earthquake accelerograms are averaged, the mean is
vory nearly & horizontal line within the range of atructural poriods for which
the spectirs have been obtained (spproxtmately 0.2 lo 3.0 seconds), This ave
erage Bh-uld exhibit, approximstaly, the characteristics of the expected or
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probable spectrum ordinates. The agreement between spectra of actual
earthquakes and ‘expected’ epedtra generated by random motions is very
satisfactory.

On the other hand, the dispersions in velocily spectrums of actual earth-
quakes have been found to be approximately 0.125p°X?, compared with a value
of 0.043p?Xfor purely random motions, as discussed in the previous section,
Figure 6 shows the way in which the relative dispersion, o*(p?X?) / E(p*X?)},
varies with the sharpness of the variation in X {(or in &, or Ia the product
C,C,). The comparison between responses to actual recorded earthquakes
and to random acceleration pulses has indicated a good agreement in expected
responses, but a discrepancy In expected deviations from the average. From
this it seems justified to conclude that the expected responses at specified
instants are practically unalfected by the lack of perfect randomness in ac-
tual earthquakes, but that this lack does have an influence on the ratio C,
tending to reduce it. Since any increase in C is altritutable to the possibiif.
Lty of selecting belween independent sets of pulses, it may be concluded that C
is actually more nearly a constant for true earthquakes than it is when the
pulces have perfect randomness.

CORRECTION FOR FINITE WAVE DURATION

The velocity spectra of true earthquakes computed by G. W. Housner (19)
permit an estimate of the eflect that the finite duration of selsmic waves has
upon structural responses, From what has been satd about the agreement
between these computations and the spectra predicted by & random motion
theory employing inlinitely sharp pulses, it may be concluded that the eflect,
in the case of simple structures, is negligible, at least down to natural struc-
tural periods of 0.2 secs. Below this natural perjod there 12 not suflicient
information available to permit definite conclusions. Such small fundamental
periods, however, are not of much structural interest. In the care of struc-
tures which are not simple it Is of some interest (o correct for the effect of
finite duration of selsmic waves, ’

It has been suggested (20) that, as an approximation to true earthquakes,
concentrated pulses be replaced by hall-sine waves, The general appeatance
of accelerograms discloses important deviatlions from sinusolda) shape, For
this reason other wave shapes such as square and triangular have been In-
vestigated. In this way it has been possible to assers the importance of the
wave shape as well as the duration.

The effect of changing concentrated pulses inlo {inite pulses can be taken
into account by replacing the function ¢ with a ‘corrected’ function ¢e. The
latter must be such that the eflects of a concentrated pulse on a structure
charucterized by the function ¢¢ are the same 258 the effects of a finite pulse
on the structure characterized by ¢. The area under the finite pulse acceler-
ation-time graph must, of course, be equal to the magnltude of the instantan.
eous pulse,

In accordance with the foregolng specification, the corrected functioa {or
hall-sine waves of durationt, (Rg = (7/2 t;) cos i/, for -1,/2 <t < X/3) 1n

. b
‘fu('t)- "z ¢ [} 29)
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where p, = 7/t 18 the circular frequency of the scismic wave. For simple
structures, ¢ 1s also sinusaldal and Equation (20) reduces to

fe ces [T X b/ P')J (21)
I = ‘F/Po)z '

Consequently, if X, denotes the uncorrected maximum relative displacement
of a simple structure,

E(x) _ | exlt/2)t/p)] 22)
E (Xs) L= (pl o)t

Proceeding in a like manner for triangutar shaped waves,

,E_((i% z _fﬁ(‘%)z,'-w(%—%)l (23)

Similarly, square-shaped waves give, for siniple structures

.E;L)Sz: }-.t._ A .F_.h . 24
E(x) T P (zp.> -

The principal efrror associated with Equations (22, 23, 24) arises from the
tacit assumption that t, 15 a constant. Alternatively, a frequency distribution
of t, such as that shown in Fig. 7 could be investigated. In this Figure tg rep-
resents the duralion of any selsmic wave, the ordinates F are proportional to
the corresponding amplitudes multipiled by the number of times Lhat & wave
of duration t) occurs before the maximum response takes place, and t, Is now
the weighted average of t), using the ordinates F as welighting factors. Since,
for any ), the response at a specifled instant, |x(t)], has &8 Gaussian probabil-
ity distributlon, the square of E|x| Is proportional to E(x*). Therelore, In the
case of variable t!, E[x| is equal to the square root of the weighted average of
the squares of E|x] that correspand to each t;. The weighling factors are
again the ordinates F in the frequency curve.

As will be seen subsequently, it i justifiable to assume that E(X) is pro-
portional to Elx|. Therefore the square of the ratio E(X)/E(X,) can be ob-
tained by averaging the squares of the ratlos given by Equation (22) and using
28 welghting factors the ordinates in Fig. 7.

In Fig. 8 18 shown the value of Z(X)/E(X,) as a function af the ratlo of the
period of the structure to the duration of selsmic waves, T/t,. Curves have
been plotted for half sine-wave, triangular-shaped, and square-wave pulses
of constant duration as well s for half sine-wave pulses having a distribution
of durations as shown {n Fig. 7. For structures having a fundam.ental period
greater than gix times the duration of the seismic wave the ratio between
corrected and uncorrected expected maximum responses Is practically unity

for all the wave shapes {nvestigated,
349-14
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Judging {rem published strong-motion accelerograns and velocity spectira
2 reaconable design value of t, would fle between 0.05 and 0.10 sec. The
former value I8 conservalive and may be adopled in ihe absence of accurate
computations baced on measurcd accelerograms. Prelersbdly {, should be de-
duced [rom the ordlinates of velocity spectra withia the range 0 - 0.20 sec.,
when Lhese 2re avatlable. The value ol L, to be used In deslgm can then be ob-
talned by adjusting the time scale In Fig. & 8o &8 ta et the best possible

AL NV S

e

Y

a3 YO0,
‘% 2greement with average apectra. rff\ = ﬁ"‘i
P As may be lnferred [rom Flg. 8, the ware shape telected for Uus purpose 1~$>:“§:£1_~(; R
; Is not critical. U the time scales of the curver of Fig. 8 are properly ad- \;:ﬁas\m‘:gi;_g:g?g
o Justed, all the curves can be made o agree within three percenl »ith the one SN 'ﬂ

corresponding to half-sine waves of constant duralicy down 1o natural perjods
T = tg, or about .05 sec. Shorler natural periada have Liltle structural sig-
nificance. The azsumption of half-aine wave shapes of constant Guraliona is
satislaclory lor practical applications,

APPLICATIOR TO DESICN

From the point of view of Lhe designer, intereat conlers in the displace.
menls or forces which the struclure under constder:tion must withstand. Foe
the present, the polint of view adopled Ls Lthat of desi;n (or certala diaplace-
n.ents, bul {f the #tructure behaves elastically, displacements axt siresses
are proportional and can be converted to equivalent ntalic forces. Dvoding
by Xp Lhe displacement which r poinl of the structus v should be desiomed to
withstand, It {ollows [rom Equations (9) and (93) tha: Xp Is given by the right-
hand #idcs of these cquations when L 1s chosen 80 &2 to make there lerms s
large as poszible. That I=,

s

25,

Tzl
R

Xop 3 i, K J%J'c'fc?lt"t)a{t as)

The corrected function, ¢¢, 13 used la place of ¢ lo (ake sccount of (e {1~
nite duration of sclamic waves. This function 18 deftned In teyms of ¢ by
Equation (21). When ¢ (and hence @c) is perfodic a:xd, as is often the case,
the fundamental period T {8 small compared with (s duration of tbhe esrth-
quake, the criterion expressed by Equation (23) can be writtes 1o & simpler
form. Following Equation (9¢)

Xp = K HJ,T fo(T) AL, as)

Herc K 15 deflned a3 In Equatton (8b)

K* s E(Ng) = E(«*).

The quantity K (f1. per sec.) 15 a measure of the earthquake inteasity. It
can and should be determined from accelerogram records of etrong-motion
carthquakes such 23 those obtained by the U. S. Coust and Geodetlc Survey.
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It may be noled that the function @ depends upon the natural {requencles
and mode shapes of Lhe alructure. In preclice Lhis means that the preliminary
derign muat be carrled to a point al whicii the frequencies of the structure
can bo extimaled bofure the derign dellectionn, Xpy, are determined, This
swkardness Ia commm to atructural doxigm [n generat, Even a nimple truss
rubijected Lo mlatic loadn cannid be derigred until ite dead weight Ix known,
Thin infarmation in turn can be oblained only [rom a prellminary design, or
[room the examinallin of similar alruclures.

S, f courne, (0 Do underatood that in destgning for the displacement Xp
ar {ur the correrponding equivalent stali« forcen, & factor of safctly appropri-
ale lo the uncertainty tn malerial properties and slatlc lcadings is to be In-
cluded, In eddition, the earthquxke Intenrity factor, K, ought also to contain
afuriher [aclor of axlely, As noted (n tha Introduclion, tho Inlensily of carth-
Quake [nr which B structure should be derigned Iz dependent upon the actemlc.
record of 1ta site, the public tmpottance of (he structure, and on ccononidc
conniderstionn, When (his cholce han been misde, however, design by means
of Fqustions (235) and (20) Inmures w uniform atrength sn the nenae that nopart
of the xtructure In overdesigned or underdesigned. All have an equal proba.
bility of succenafully rerialing ground molion. By selecting a deaign Inlens:-
ty, K, corresponding 10 an Intense lomblor that probabilily may be made very
high.

The rino funclions whuse rum gives thy é. of Equation (206) may be re-
garded a8 the Fourier expansion of @.. “The integralr of the products of dif-
{erent termn cancel over an Inlerval T. iquation (27) can therefore Le writ-
{rnin the form

£,

e
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Xo = 2 XD (23) %

¢ &

%

wvhere Xfy; denctes the aquare of the deripn displacoment Lhat the point under }2;
consideralion wenid have, with respect lo the ground, ¢ the struclure vibrated o)
i

in Uw i'th mode slooe. The symbol Iﬁl Indicates that Lhene quantities &re to be
L

summed for sl of (de maodes of the sictuciare which sre to be connldered.
Lquations (28) and (28) are applicable {o struclures whose fundamental
perioda are shutt compared with the eariiquake durstion. Although this re-
slriction atill inclades the majority of str:actural canes, the use of Lhese equa-
tions when T Is large or ¢ 13 markedly sporiodic may reault in error on the
snoafe nide. Ia lhia case, Equalion (23) n:ust be used., The une of this equa-
lian i» romewhal hampored by the presen: lack of quantilative data on the
linw.varistion of E(¢') which enters tnto £, 1l ia porsible, however, Lo (ind
. anupper limil {or the design reaponse. /.8 wanr noled, Fig. 5 constiluten &
gied approaimation to the varistion of K(:') with time. [t ta conservative to
aegloct (b firet and (AIrd phanes of earthpurkes and (o Exrume & conatant ir.-
tenaily fur tho secondary ptase which s (mosl peyere, Thix aasumption temds
(o predict propurtionalely grester responses for structures in which T/s (s
arge, ¥ the durslion of the secundary phiase Ia destructive carthquakes Is
designaled L', heso simplifications give 28 an eatimate for denign purpuser,
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where t, in seconds, I5 sclected 80 as to maximize the radical.

Equations (25, 20, 28, 29) have been dertved from Equatlon (1) for dis-
placements relative to the ground. Since expressions stmflar to Equation (1)
can be established for stresscs, bending moments, and equivalent sialical
forces, 1t I8 elear that the deslgn values of these types ol response can be
ohtalned from Equalions (25, 26, 28, 29) by substituting Lhe response In quea-
tion {or Xp. It {3, of course, necessary Lo sudstitute the correaponding d¢
in the right hand members.

CONCLUSIONS

The preosent work has led to a basils for the dealgn of carthquake-reslatant
structures, The scope of the material daveloped here {8 lin.ited Lo canes In
which the design distortiony are small enough fo that the behavior of the
structure s cusentlally clastic and to structures founded on (Irm ground.
The structures may have any numiber of degrees of [recedom. Both atructure
and ground may have internal viscous dampling. Under these condilions
structural responses, at any time t, can be obtalned from expresalona of the
form

.

T..
R(Jt) = 5 xa ('C_:“P(-t" T)AT (o)

in which the response R can be a displacement relalive to the ground, a stress,
or a bending moment; xg 13 the ground motion; ¢ 18 a function of the structure,
independent of the ground motion and equal to the response generated by a
gsuddch unit change of ground velocity.

Canslidering the oripln and propertles of carthquake motlons it has beer
concludced that they can be replaced for purposes of structural deslIgn by near-
ly random motlons. This conclusion has Leer substantiated by comparisor. of
the spectra predicted by a random motlun theory with these of actual dertruce
tive strong-motion earthquakes recorde:d by the U. S, Caast and Geodetle Sur-
vey.

By mezans of the theory of probabtlitly, a method for compullng deslgn val-
ues of responses has been developed. Siructures designed to wilhstand thene
reaponses will be of uniform strength Ir: the sense that all parts will have
cqual probabllity of successfully withstanding a temblor. Dilferent parts of a

structure will not be relatively over- of under-deaigned. When the ratio

T/ (T = fundamental period of struclure, s = carthquake duration) is xmall,
the design value of 1 18

RD = K \/“%.‘*[T‘P:(t)u (31}

where K ({t. per sec.) s 4 measure of the earthquake intensity and ¢ Is given,
approximately, by
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In this equation L, I8 the average sclrmic wave duralton, and p, = 7/t,.
The denign value given shrve fur T can be put 1a the form

-

N
a
Z Rp‘ {33)

vul

~"<,....‘.. Y .~. :

fé!

in which Itpy in the design respunne associsled wiih the | *th natural mode
and M 1a the umber «f degrees f [reedum of the alruclure.

These nxpresajons ussally give satiafaciory remita. llowever, when T/a
15 <A amal) they err on the unsale side. An upper imlit to the design value
¢an be compuled (rom Lhe exprexsion

R

R 8 YA -L—‘tl
D + ] K ‘tZ‘L P (L-T)dT (34)

tn which t, {+ spprux. 10 mec.) {x the durativn of (ke secund phase of the earth-
Quake mution and 1 Jn selected a0 a8 Lo maximize the right hand salde,
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IDEALIZATION OF SEISMIC INTENSITY
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ASSUMED DISTRIBUTION OF WAVE DURATIONS
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