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CHAPTER III

SCANDINAVIAN U0 2 -D)0 LATTICE
EXPERIMENTS

Facility

Exponentials for heavy water lattice fueled with natural uranium
in the form of UO2 have been conducted during 1957 and 1958 at
the AB Atomenergi Laboratory in Stockholm, Sweden.0, 2) This
was a joint effort of the Swedish AD Atomenergi and the Dutch-l
Norwegian Joint Establishment for Nuclear Energy Research
(JENER). Both experimental personnel and lattice materials were
contributed by both organizations. One of the incentives in this
Scandinavian effort was obtaining data for clustered lattice likely
to be used in the Norwegian Halden boiling reactor.(3)

Figure 3-1 shows the ZEBRA (Zero Energy Base Reactor Assem-
bly) exponential at the AB Atomenergi Laboratory. It can be seen
that the lattice and source were in a lower room, while the electronics
and loading mechanisms were in a room above. The 15ft dimen-
sions of the lower room gave rise to fast neutron reflections, and
location near reactor, RI, sometimes caused large background effects.
However, these effects were coped with by carefully made corrections,
and the taking of data when RI was not in operation.

The aluminum tank in Fig. 3-1 was 3 m high and 0 999 m inside
diameter. Its I cm wall was covered with 0 4cm of polyethylene
containing 033gns of boron carbide per cm2. This helped to
provide a black boundary for fast as well as thermal neutrons. The
effective radius for thermal neutrons is the sum of the tank inner
radius, Bo = 49 95 cm, and A,. The latter is the sum of the extra-
polation length of D2 0, 1-77 cm, and the boundary's reflector
savings, 0-37cm, or 2-14cm. Hence,

R 49 95+2 14 = 52-09 cm. (3-1)
The effective radius of epithermal neutrons is somewhat larger

because the transport cross-section is smaller. The value of the
radius wanted is, however, forpile neutrons, i.e. a mixture of thermal
and epithermal neutrons, and therefore depends on the lattice
arrangement (or the cadmium ratio). The effective radius of pile

26
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neutrons in different lattices has been calculated by means of two.
group theory.(4)

Fia. 3-1. Experimental arrangement of the Scandinavian exponential.

To allow temperature coefficient measurements the system was
equipped with a 30 kW electric heater, a tap water heat exchanger as
a cooler, and a circulating pump. A temperature range of 1OC to
80'C could be studied.

A fuel rod was suspended from an aluminum wire wrapped around
a roller which rests in grooves in a horizontal beam at the top of the
tank. As shown in Fig. 3-2 these beams are chords of a circle and
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are continuously variable in location. This arrangement allowed a
high degree of lattice flexibility, yet rapid lattice changes.

The source used was a I curie Ra-Be. Its point location at the
bottom of the fuel rods led to flux harmonics in the lower part of the
assembly. However, by using a 35 cm long, 1 cm diameter BF3
proportional counter, it was possible to eliminate the harmonics by

Fjo. .3-2. Details of the suspension of the fuel rods.

integration. This was done during axial flux distributions locating
the counter along a diameter between r1 and r2 such that inner
nodes of the second and third harmonics fall within r1 and r2.

For axial flux distributions the bottom arm of a U-shaped pipe,
shown in Fig. 3-1 contained two counters symmetrically located on a
diameter. Wires leading to a synchronous motor allowed a I cm/min
vertical motion of the probe. Count recordings at 5 to 15min
intervals were automatically made, and statistical accuracy of 0-1 per
cent was readily attainable.

Lattice geometry
The seventy-one lattices investigated by Persson et al. used

clusters of 6, 7, 13 and 19 rods 1-56cm in diameter, and also clusters
of 6, 7, 19 and 27 rods 1-22cm in diameter. Cross-sectional views
of these fuel elements are shown in Figs. 3-3 to 3-7. Efforts were
made to keep the air volumes between U02 and the clad to a
minimum.



SCANDINAVIAN U02 -D 2 0 LATTICE EXPERIMENTS 29

Fla. 3-3. Six and seven rod clusters used in lattices I through 20 of
the Scandinavian exponential (all dimensions are in cm).

of the Scandinavian
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noa. 3-6. Seven rod clusters usedin lattices 37 through 48 of theScandinavian exponential (alldimensions are in cm).
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Fto. 3-7. Nineteen and twenty-seven rod clusters used In lattices 48a
through 53 of the Scandinavian exponential (all dimensions are in cm).

Lattices constructed from these fuel elements had hexagonal
spacings ranging from 12 to 30cm between fuel element centers.
A complete summary of the dimensional specifications of these
lattices is found in Table 3-1. Note that the grams of natural
uranium oxide per unit height is specified instead of a density to
avoid ambiguity. Three conventions exist for the unit of fuel
volume in giving fuel densities:

(a) a volume based on average micrometer measurements of
pellets;
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(b) a volume determined from an average weight loss by weigh-
ing pellets in air and in a liquid;

(c) a volume based on average measurements of the inner
boundary of the cladding.

According to the third convention the 18 and 11-2g of UO2 per cm
of height in Table I correspond to densities of 9-42 and 9-27g/cm3

respectively.

0 0

0
Fue

elemeQt

of basic cell

0 0
Fioa.3-8. Cross-sectional view of the basic lattice cell.

Table 3-2 gives the volume fractions and ratios of these lattices.
The basic lattice cell of Fig. 3-8 is a hexagon of area 0 866 times the
square of the full element spacing. Such a cell has one complete
fuel element cluster at its center.

Table 3-2 also gives the material bucklings. In these measure-
ments (2-4048/R) 2 was in the vicinity of 2100f1B. Although the
statistical error of the bucklings is less than 10p13, the total error,
including possible systematic errors is believed to be less than 20pB.

The exponentials were all of the single zone type except lattices 1,
11 and 12. There were two-zone exponentials in which the radius
of the central zone was varied. The outer zone used 3 05cm dia-
meter natural uranium metal rods in its lattice. In addition lattices 2
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and 13 were measured by both the two-zone and single-zone methods
in order to verify the method of analysis for the former.

Figures 3-9 to 3-15 show the bucklings of these lattices as a
function of the D20 to U0 2 volume ratio. The volume used for the
latter is the space defined by the inner surface of the clad (not the

D20 volume/uronIum metal volume
50 100 1SO

300

200f
0 20 30 40

D1O volume/fuel space

FiG. 3-9. Bucklings of clusters of six 156 cm diameter UOe rods
(shown in Fig. 3-3).

outside diameter of the fuel). Since various experiments use oxides
of various densities and air gaps of various sizes, the abscissae also
show the D20 volume per unit volume of equivalent metal. This
is the volume ratio that would exist in a 18-7g/cm3 uranium metal
- D20 lattice having the same atomic ratio of uranium and deuterium
as the lattice measured. This type of data presentation is con-
ventional, and also convenient for showing effects of heterogeneity.

The maximum exhibited in these curves is quite typical of buckling
measurements in heterogeneous reactors. That an optimum might
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Fia. 3-10. Bucklings of clustes of seven 1*S6cm diameter UO0 rods
(shown in Fig. 3-3).

D20 volume/fuel space

FRo. 3-11. Bucklings of clusters of thirteen l56cm diameter UOg rods
(shown in Fig. 3-4).
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Ro. 3-13. Bucklings ofclusters of six 1 22cm diameter Uoi rods
(shown in Fig. 3-5).
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exist is reasonable from purely physical consideration. At very low
moderator to fuel ratios, resonance capture is very high due to lack
of moderation; at very high moderator to fuel ratios, thermal
migration distances and thermal captures are large in the excessive
moderator volume. Both effects lead to low bucklings. It can be
expected that a buckling maximum is attained at intermediate
moderator to fuel ratios. Chapter IV and Appendix C discuss this
more quantitatively.

In some cases, as for example Fig. 3-11, the data defining the
traditional buckling curve is somewhat sparse. It is nevertheless
possible to pass a curve through the data which is more than just a
guess. Theoretical considerations in Appendix C indicate that in the
vicinity of buckling maxima, the nature of the curve is approximately
of the form:

B A2= lAx+A 2 -l (3-2)

where x is the moderator to fuel ratio. Therefore a curve based on
Equation (3-2) is used to connect the measured bucklings in this as
well as succeeding chapters. When more than three bucklings are.
measured, a reasonable method is to base the connecting curve on
Lagrangian interpolation of the function xB2, as discussed in
Appendix C.

Figures 3-16 and 3-17 show buckling differences obtained from
this data. In the former it is seen that whether there is a buckling
gain or loss by adding a fuel rod to a cluster is dependent on whether
the lattice is overmoderated or undermoderated respectively. Also
the condition for no effect, AB2 = 0, at a moderator to fuel space
ratio of about 20, agrees with the location of the maxima of previous
6 and 7 rod buckling curves. The reason for the higher buckling
of the tighter spacing at low moderator to fuel ratio in Fig. 3-17
essentially stems from decreased resonance capture. This is dis-
cussed further in Chapter IV.

During the course of the experiments, measurements of the purity
of the heavy water were made. It was found that its purity decreased
from 99 75 to 99 65 per cent in two years. Measurements of L2
of this heavy water also decreased from 9600 ± 1200 to 8100 ± 1100.
The buckling values here probably more nearly correspond to heavy
water of the lower purity.

H.W.W. D



D20 volume/urranium metal volume
n O ion I50

I ID

a

-.
I-0

to

O tS6 cm rods speced .

2-37 am. 2
X 1-24 cm rods spaced E

I-Scm. Q
A t194 cm rods aped Z!

2-0cm. 1

0

-.1

*0

in
-v

4 C I-

30 20 I06

3C - - - -

2 - - -2 0

0 6 rods pa duster
X 7 rods pW duster

D20 volume/fuel space for 6rod lotflee 020 vofume/fuel space

Pwo. 3-16. Change in buckling by adding a central rod to a six rod * Fro. 3-17. Buckling difference between lattices of 1*5cm and 2-Om rod
cluster. spacings.



SCANDINAVIAN U0 2 -D 2 0 LATTICE EXPERIMENTS 41

Temperature coefficient
Experimentally it was possible to determine differences in K, the

axial flux attenuation constant, quite accurately. Therefore a
temperature coefficient of buckling measurement was based on this
principle. A differentiation of the basic expression for buckling,
Equation (2-14) gives

d d cB2  dK (33)
j -T - 2i T-. 33

For the Scandinavian exponential, the first term contributes only
about 20 per cent to the total temperature coefficient. Therefore, it
can be treated as a correction and computed from theory.(t

If the background corrected axial flux distributions, #(z) and
02(z) are measured at two temperatures, T1 and T2, then from
Equation (2-4):

01(z)-Al Sinh KL(H-z) (3-4)

q02(z) Al sinh ,c2 (H-z) (3.5)

01(Z) InAl +nsinhKI(H-2)
02(z) A2  sinlih K2 (H-z)

= InAl+ (K 1-K 2 )H+(K 2 -K Z+ (3.6)
A2 )

1 -exp[-2Kl(H-z)]
+In 1-exp[-2K 2 (II-z)]f

In most exponentials, measurements are made in regions where
K(H - z) is somewhat greater than 1. Thus, the last term is small
and IK2 - 1 can be readily had from the linear dependence of
lnI4 1(z)/ 2(z)1 on z. The desired dK/dT is:

dK K2-Kj (3t7)
dT T2 -T(

Figure 3-18 shows the results of determining dK/dTfrom Equations
(3-6) and (3-7), then dB2 /dTfrom (3-3). The lattice chosen was the
19 rod and cluster of Fig. 3-4 in a 22cm square lattice. This is
virtually equivalent to a hexagonal spacing of 23 -64 cm, both in
volume ratios and bucklings. The buckling of 487plB from Table 3-3
compares well with the 4844uB from Fig. 3-12 for the hexagonal
equivalent.

D2
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Figure 3-18 also shows the temperature coefficient of L1 of D2 0.
If a buckling measurement is made in an assembly having no
fissionable material then

B2 =- 2 (3-8

This is because ka, = 0 and T = 0 in Equation (2-5).

) I',

Temperature. .*C

Fxa. 3-18. The temperature coenscient of buckling of the lattice of
Table 3-3, and the temperature coefficient of L2 of DaO.

In regard to the precision obtained, it is believed that dK/dT was
measured to within 3 per cent in the middle of the temperature
range covered. However, dB2/dTis not known quite this accurately
because of errors in dB,2/dTcorrection and perhaps other systematic
errors. Also the temperature coefficient of L2 of D20 is somewhat
less accurate than this.

I

I -
I
i
I
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Void coefficient
Lattices 48a through 48n shown in Fig. 3-15 are seen to display

the effect of the coolant D2 0 within the shroud. (These lattices,
along with 36a through 36d, are presented here prior to their publi-
cation, through the courtesy of R. Persson of AD Atomenergie.)

DO volumoluranium metol volume

D20 volume/fuel space

Roa. 3-19. Void coefficiedt of buckling for the nineteen rod
cluster.

A quantity somewhat analogous to the temperature coefficient is
the void coefficient of buckling. It can be defined as the increase
in buckling divided by the fraction of the total heavy water present
which is replaced by void or air.

Fig. 3-19 shows this coefficient as obtained by subtracting the
measured bucklings with and without the internal D20. In spite
of the small difference being measured, the scatter of points about
the curve is not excessive. However, this experiment is a difficult
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one to interpret. Small anisotropies due to voided channels, as
seen below in Equation (3-9), can affect results substantially.

Voids can influence the buckling in either a positive or a negative
way, depending on their location in the lattice, and the relative
importance of the various thermal, resonance and fast neutron
processes. Void coefficient experiments such as this can offer rather
stringent tests to theoretical models being used for such things as the i
fast effect and the Dancoff correction for the resonance capturing
surface. These are known from qualitative considerations to explain
positive void coefficients, due to void near the fuel.

Control rods
Although the worth of control rods is generally measured in

critical rather than exponential assemblies, measurements in the
latter do have merit: comparisons can be made with a priori
theories; and extrapolations to critical systems are possible.(t) A
single rod along the entire central axis of the exponential assembly
is the simplest and most meaningful experiment. The difference in
axial bucklings with and without this control rod may be inter-
preted as a change in radial buckling for the particular tank used.

Figure 3-20 shows two control rods used. These were inserted
between the fuel clusters of the lattice of Table 3-3, and also in a

TABLE 3.3. CQARAsmmcs OF LATICAE UsED FOR
TEMPERATURE CoEFIaEwNT MEASUREMENS!

OD. of UOs 1-56cm
I.D. of clad 1I56cm
Thickness of clad 0 08cm
No. of rods within shroud 19
Hexagonal spacing of rods 1 85 cm
ID. of shroud 9 64cm
Thickness of shroud 0-18cn
Square spacing of clusters 22cm
Buckling at 184C 4871B;

tank of D20. It should be noted that there is heavy water internal
to the cadmium. Therefore not only is the cadmium black to
thermal neutrons, but fast neutrons thermalized in the interior are
also captured.

The inferred increase in radial buckling in the 99 .9 cm I.D. tank
due to the insertion of these control rods is given in Table 3-4.
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AL, 4.2cm 1.D., 4.5cm O.D.
-AL, 4.7cm 1.D., 5.0cm o.D.

-Air

D20

-Cd, 0.05cm Ihick

AL, 8.0cm 1.D., 9.0cm O.D.
AL, 10.0cm 1.0., 11.cm O.D.

Air

DOz

Cd, 0.05cm Ohck

hla. 3-20. Cross-sectional views of control rods inserted into the
Scandinavian exponential.

TADtx 3-4. BucLaNa ClAuNOES DUE To CONMOL RoD ImEanoN

i Buckling of lattice O.D. of AB2
in pB Cd in cm inpB

4 6 S104-20
(See Table 3-3) 482

. 91 840 + 30

4 6 7804S0
DsO -105

. 91 1350d 60
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Discussion
The experimental methods used in this set of exponential experi-

ments on the whole proved quite satisfactory. In particular the
motor-driven detection systems using automatically recorded BF3
counters was felt to be quite successful. Good counting statistics

I

ID2 0 volume/uronium metol volume

D20 volume/fucl space

Fno. 3-21. Comparison of Scandinavian and Saclay buckling
measurements of the same thirteen rod clusters (Fig. 3-4).

from a relatively weak source was possible: 01 per cent statistical
accuracy from a 1 curie Ra-Be source.

During most of.the measurements the precision was limited by
hard gamma-rays and fast neutrons from an adjacent reactor, RI.
This is one of the chief reasons the total error of the bucklings is
estimated at ± 20pB. Nevertheless, acceptable accuracy was
attained on temperature coefficient and control rod worth measure-
ments.



SCANDINAVIAN U0 2 -D 2 0 LATTICE EXPERIMENTS 47

The French zero power reactori Aquilon, at Saclay has made some
measurements(5) with the same fuel elements used in Scandinavian
exponential. Except for the fact that the Saclay lattices used square
instead of hexagonal spacing of the clusters, the lattices were
identical. It has already been noted that the square spacing (the
lattice of Table 3-3) is experimentally equivalent to a hexagonal
spacing having the same volume ratios. The comparison is made in
Fig. 3-21. The Saclay bucklings are about 35,uB smaller than the
Scandinavian values. One explanation for this systematic dis-
crepancy could be an uncertainty in radial buckling.

Persson(') has noted that a small anisotropy in neutron diffusion
could also account for the difference. If the migration area,
M' = Tr + L2, is different in the z direction than the r direction,
then Equation (2-14) must be replaced by

M B 2 +MZB 2 = MB_-M.2c2  (3-9)
if an exponential characterized by B,2 and '2 is to be compared
with the same lattice in another geometry characterized by B;2 and
B.2 . Since B,2 _ x2 is about + of B,2 for these Scandinavian lattices
a 2 per cent difference between M,2 and M.2, (if such an amount
exists), is magnified five-fold. This could also account for the dis-
crepancy between these measurements and those of Saclay. In the
latter B,2 and B;2 are of the same order.
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CHAPTER IV

INTERPRETATION OF SCANDINAVIAN
U0 2-D 20 LATTICE EXPERIMENTS ,

Introduction
The experiments performed at Stockholm had as a goal the

obtaining of information necessary for a basic understanding of
uranium oxide fueled heavy water moderated reactors. A purpose
of this nature is encountered in virtually all exponential and critical
experimental programs. It is to be contrasted with the intent of the
so-called " mock-up " experiments. The latter, useful in their own
right, have as a primary purpose the obtaining of some specific
number (such as critical size, enrichment, etc.) applicable only to
the design of a specific reactor.

To obtain a basic understanding of the data of the previous
chapter requires a comparison with reactor theory. The extent to
which a given method is successful in arriving at buckling results
given by experiment, is an indication of the mutual success of the
theory and the experiment. However, another indication of the
trustworthiness of a theoretical model which explains an experiment
has to do with the range of the experiment and the degree to which
the theory contains empiricisms. For example, it is highly satis-
factory if a truly a priori theory gives bucklings in good agreement
with those measured for many fuel elements having many spacings.
At the other extreme, it is rather unsatisfactory if the only theoretical
interpretation consists in determining n parameters empirically to
obtain a fit to n bucklings.

Most exponential experiments are evaluated by an approach
which is a compromise between a completely basic and a completely
empirical approach. al, the number of neutrons per thermal capture
in the fuel, and the resonance integral of the fertile material are
typically chosen as parameters to be determined by fitting the theory
to the experiment. Pershagen, Anderson, and Carlvik(') in their
analysis chose 71 as the parameter to be determined in the age-
diffusion equations,

D. V2qi, , + q(,r) = ° (4-1) !
48
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v2q =r (4-2)

q(O) =&Lfp E, 0, . (4-3)
Here q(r) is the source of neutrons for the thermal group. The four-
factor formula is adopted, in which k*< is the product of: the fast
fission factor, c; i7; the thermal utilization, f; and the resonance
escape, p.

If V20, is taken to be - B2 , and V2q to be - B2 q, then these
equations lead in a straight forward fashion to the following solutions
for the flux and its source:

dr do L 1+22 (4-)

q(r) = k. L 0, e11 2  (4-5)
Elimination of 4, and q(?) leads to the age-diffusion critical equation,

c= Vpf = e'B'(1+L2B2) (s)
With the parameters, E, A, f, r and .2, computed for each lattice
whose buckling, B2, has been measured, it is possible to solve for rl
by means of Equation (4-6).

The methods used in computing e, p,f, r and I) are given in some
detail here. This is necessary for the resulting a determined to have
meaning. It will be the ri, which, if used with the other lattice con-
stants computed by these methods, gives bucklings in more or less
agreement with experiment. The extent to which agreement is
possible depends on:

(a) the average deviation among the 7's determined by the
experiment;

(b) the degree to which the lattice being computed represents
an extrapolation from the lattices measured.

It is also instructive to look at methods of computing lattice
constants as given by various groups: the Swedish and JENER groups
here, and other groups in succeeding chapters. Except possibly for
methods such as monte carlo (which is merely a precise mathematical
simulation of the experiment), it will be seen in this and the chapters
to follow that the variation in reactor calculational techniques is
significant. This stems largely from different groups desiring differ-
ent degrees of balance between theoretical precision and simplicity
of computation. To a lesser extent it is due to judgements concern-
ing approximate methods differing.
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One practical application of the Scandinavian exponential
experiment is to allow accurate calculations to be made for the
Halden boiling reactor.(2) Since the Halden fuel element type was
among those studied, and since the temperature coefficient of
buckling was also measured, it might be expected that this application
would be quite successful. This is especially true if the dispersion
in the r determinations is low, as will be seen to be the case.

Fast effect
As defined for these calculations the fast effect, e, is the number

of neutrons leaving the fuel or slowing down below 100 keY per
neutron born in fission. Because of the wide band of energies
involved it is advantageous to use two energy groups. It has been
shown by Carlvik and Pershagen t 3) that under these conditions E is
given by

e =l *(Vfj a2') Q(VI +__2____ Pi
0 2 1t alI(t/); (4-7)

Vi aie P1

vja, l-(ajj1a1 )P'1

where a = V2 I21 P2  (4-8)
Vim °2 1-[(a2 2 +v2 Uo2 ) 2 ]P(42-8)

V, V,, vf = neutrons per thermal fission, per fission in group i,
and per fission in both fast groups, respectively;

Pi = collision probability in group i for the first generation
of neutrons;

Pi = collision probability in group i for the second and
successive generation of neutrons;

a, = total cross-section in group i;
cri = capture cross-section in group i;
oil = cross-section for the probability that a neutron in

group i will be transferred to groupj after a collision;
°2 = fission cross-section in group 2, the upper energy

group.

Measurements of 9, the fast to thermal fission ratio, can be used
as an indication of the reliability of this method, as well as assist in
the selection of uncertain cross-sections. This has been done and
it is expected that the resulting fast fission factors are accurate.
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To take into account the fact that the rods are present in a cluster,
it is necessary to make three computations:

1. e for the entire cluster treated as homogenized;
2. E for a single rod in the cluster;
3. e for the homogenized medium containing the same amount

of uranium as 2.
The difference between 2 and 3 can be regarded as a correction on 1.

Resoniance escape probability
To obtain a reliably computed value of the resonance escape

probability in a complex heterogeneous lattice requires knowledge
of the effective resonance integral and the so-called resonance dis-
advantage factor, d-the ratio of the resonance flux in the moderator
to that in the fuel. Measurements of the former have been extensive,
while the latter depends primarily on theory. The particular reson-
ance integral measurements used here are those of Hellstrandt 4 ) who
expressed the resonance integral of U23̀ as a linear function of
v/(SeffAm).

The effective surface, Sff, in the fuel's surface to mass ratio,
S~o/M, is given by

Sdf = " rubber band " surface of cluster + (4-9)
+ (I-C) (total fuel surface - " rubber band " surface)

where C is the Dancoff- Ginsburg self-shielding factor."5 ) This
formulation takes into account the shielding of the surfaces of rods
in the internal parts of the cluster by nearby rods.

The task of computing resonance escape from

p = exp V28 as V 23 (4-10)

now merely involves the computation of d. Pershagen's method('
was to use age theory to express d-1 as the sum of two functions:
the first representing the component of this flux ratio due to neutrons
born in the cluster, and the second representing the component due
to neutrons born in other clusters;

Figure 3-17 has shown that tight clustering gives higher bucklings,
especially for undermoderated lattices. This curve represented the
buckling difference between two lattices identical in every respect
except for the inter-rod spacing within a cluster. In undermoderated
lattices resonance escape is low and resonance effects contribute to
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this buckling difference. Thus atighter clustering increases the self-
shielding factor C and reduces oA, thereby. This increases p and
the buckling. It should also be mentioned that the fast effect is
enhanced by tight clustering.

Thermal utilization

The thermal utilization factor, f, is defined here as the ratio of
thermal neutrons absorbed in the fuel, U235 + U238 , to the total
absorption of thermal neutrons. Since

f= (E. 235 V2 35 + &238 V2 3 8)0#aue1 (4-11)

the principal component in calculating thermal utilization is the
calculation of the relative thermal fluxes. It was found sufficient to
compute these ratios by a combination of two methods: the S.
method(') was used to give the flux shape within the fuel, and
diffusion theory, with a transport theory boundary condition at the
fuel's surface, was used to give the flux shape in the moderator. In
treating the cluster, as the central zone of this cell calculation its
cross-sections were obtained from a volume and flux weighted
bomogenization of the fuel, clad, and internal moderator.

Migration areas

The thermal migration area was computed from

L2 = Dj>, (4-12)

where D, and A are volume and flux weighted values for the
thermal diffusion constant and thermal microscopic absorption
cross-section respectively.

The fast migration area, or neutron age, T. was based on a measure-
ment of 100cm2 from fission energies to indium resonance, 1-44 eV.
However, it was necessary to modify this for four effects:

(a) there is a probability,0&, that a neutron will be inelastically
scattered by the uranium with an age of about 59 cm2 ;

(b) the age from indium to the " top " of the thermal spectrum,
16 kT, must be added (kT is the characteristic energy of
the thermal spectrum);

(c) a correction for resonance absorption during slowing down;
(d) elastic scattering in materials other than D2 0 of volume VM

does not result in energy loss.
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Therefore the age is given by

s c[100(1-9)+59Y+7 1ln(1-44/k7)+3661np] V (4-13)

I

I

i

I
i

i

I

i
i

Analysis of experiments
For complete apriorl calculation of buckling, the remaining factor

in Equation (4-6), ia, would be computed from its theoretical
formula:

i7235 Fas235 V235  4-4

La,235 V235 + Ad 239 V238

However, it was preferred by the AB Atomenergi group to sub-
stitute the experimental bucklings into Equation (4-6) together with
the other computed lattice constants and solve for the corresponding
i's. This has the advantage of giving the reactivity uncertainty of
the theory and experiment since Ar7/I is a reactivity change. It
also provides an average 17 to use with the particular methods of
computation above in order to arrive at results that should agree
with experiment.

Twenty of the bucklings in Chapter III were used to determine
17'S. The result obtained by Pershagen(l) by this process was

1-302 ± 0-006 (4-15)

where 0-006 is the average deviation among the various 17's. This
corresponds to a combined precision of j per cent reactivity in
experiment and theory. It must be pointed out that this type of
analysis is not to be regarded as a determination of 7 for natural
uranium to i per cent accuracy. However, if it were interpreted in
this sense, then the precision is more like 2 per cent, since systematic
errors in the theory and the experiment probably amount to this
much. In fact, Pershagen's analysis of other experiments shown in
Table 4-1 gave r1's ranging from 1-290 to 1-320, although the internal
consistency of the 7's of a given experiment were better than this.

In regard to the specific values of the individual lattice constants,
these are given for similar lattices in Chapter VI for computational
methods somewhat similar to those of this chapter. However, it
has been seen in Fig. 3-21 that lattice No. 23 is approximately mid-
way between lattice Nos. 57 and 58 of Saclay. Therefore, Table 4-2
gives the lattice constants of lattice No. 23 as interpolated from those
calculated by the methods of Chapter VI of Girard et al.('°) All

II
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constants are a priori except j7 and the resonance integral, which
were chosen so that a large number of buckling experiments could
be fit by the theory. It is worth noting that the value of t empirically
chosen by the Saclay group to fit its experiments, 1-294, is quite
close to that obtained empirically by Pershagen, 1 302.

TABLE 4-1. AVERAGE 17S OBTAINED BY ANALYSIS OF BucKLINa f
MEASUREMENTS IN NATURAL URANIUM-1EAVY WATER LAITICES

Number of
Fuel element Measurement bucklings Average i7

analyzed

U rods North American Aviation 22 1-316 + 0 004
exponentiall4 )

U rods and AD atomenergi expon- 32 1-320 4 0004
clusters ential( 7)

U rods and rod Chalk Rivcr,4'. ) and 27 1 303 4 0 003
clusters Saclay( 0) critical

UO rod cluster AB atomenergi expon- 20 1 302 4 0 006
ential(")

Uo0 rod clusters Chalk River criticalt 12 ) 4 1 290 ± 0 003

TABLE 4-2. CoNsTANrs roR LA:ncE No. 23 As INTERPoLATE
PROM SACLAY CALCULATIONS(10 )

v,, In barns
p
11
moderator flux

fuel flux
f
kao
Ls In cm'
r in cm*
BD In AB

Calculated from preceding:
Measured by Persson:

1 0153
109
0 9340
I 294

1 781

0 9628
1-1814

1976
126-8

537
562

The measured buckling in Table 4-2 is a little larger than that
calculated. However, the reason for this can be seen in Fig. 3-21.
The Scandinavian exponential gave slightly larger bucklings than
obtained at Saclay. The latter were used to obtain s and o.,, the
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resonance integral, of Table 4-2, and therefore bucklings calculated
from them are smaller than Scandinavian values.

Maximum of buckling curves
It has already been pointed out in Chapter III that a maximum in

buckling results when an optimal balance between resonance and
thermal neutron parameters exists. Figure 4-1 shows in a qualitative
manner howpf and LI behave for typical lattices encountered here.
The way these combine to maximize buckling can be seen from

B2  cp7f-1 (4-16)

c, ?I and Xr are relatively insensitive to the moderator to fuel ratio.
However, resonance escape probability, p, thermal utilization, f,
and thermal migration area, LI are sensitive to this ratio. As
Fig. 4-1 shows, the low value of p reduces the buckling for under-

0 0
qo vokme/tuel voiene IOvolune/fuel volume

noa. 4-1. A maximum in the buckling due to variations orp,f, and
LI with moderator to fuel ratio.

moderated lattices, while the lowfand large L2 reduces the buckling
for ovcrmnoderated lattices. Appendix C.derives as an approximate
formula for the buckling:

B2 = Al x+A2-A 3 1x (4-17)

Al, A2 and A3 are constants which typically are sufficiently slowly
varying with x, the heavy water to fuel ratio, that the location of the
maximum may be had from

d2dB= Aj+A3 /X2 = 0 (4-18)

H.WJ.
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Temperature coefficient
The theoretical computation of a temperature coefficient of buck-

ling can be based on a differentiation of Equation (4-6).
tide 1di I Ldp 1 dfj

zedT 1 dT pdT fdT,
/ 2 dr dB2  2 dl? L2  dB2  (4-1)

= BdT +TX + 1+LB2dT +1i+L2B2dT) (
e' 52 (1+LB 2)

or
dB2  tIde 1da 1dp 1df dT

= I B2

d \C dT i 1dT p dT f dT dT

B2 dL 2  / (4-20)
1 +L2B2 _T )/ VT + 1 +L2B 2,

The temperature coefficient of buckling here is the algebraic sum of
contributions from the temperature coefficients or the six lattice
constants.

The total temperature derivative d/dT in these equations can be
viewed as being composed of three partial derivatives:

a/aT,, (dpD~o/d7)IDpD.o, and 0/8T,

The effective neutron temperature, T.,, is determined by the shape
of the thermal spectrum as well as the physical temperature of the
heavy water, T. In the experiments discussed here the fuel tem-
perature, T1, is equal to T.

Table 4-3 gives the algebraic sign of each contributing effect.

TADLE 4-3. Tim PRrNCIPAL SOURcES AND SIoNs or EnFECTs
CoNTIRIDnaO TO THE TEmPERATURE COEFFICIENT oF BucICuNo

from T. from PDO from T, Total

d-IdT + +
di1 fdT _
dp/dT _
dJ7dT + + +

-dT/JT
-dL'/dT - _

dB'IdTdn. .
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These may be verified by examination of the ways in which the
neutron temperature, the heavy water density, and the fuel tem-
perature enter into the formulae for the lattice constants. The
positive coefficient in E stems from the reduced density between the
clustered rods. It's negative effect is due to the thermal absorption
cross-section of U235 in Equation (4-14) decreasing more rapidly
than that of U238, with increasing T.,. A decrease in PD2 O is respon-
sible for the negative effects ofp, r and L2 (although the effect can be
positive for p if the Dancoff correction dominates). In addition,
doppler broadening of a., by an increasing Tf reduces p. Since the
ratio of moderator to fuel flux-is reduced as the moderator tem-
perature increases, the thermal utilization is increased. Finally,
another effect increasing L as T., increases stems from 2- being
reduced.

The negative effects dominate the positive, and, as found experi-
mentally in Fig. 3-18, the overall effect is a negative temperature co-
efficient of buckling. In the case of heavy water alone, a numerical
value for the temperature coefficient of buckling is readily had from
its theoretical formula in the form,

1=Lp~~o /D~ T.
PDo 4Ta (4-21)

where the subscript, zero, refers to a reference room temperature
value.

dB2  1 dL2

dTL 4 dT

1 (dpo 2 0 812  0L2

L4 \ dT 8PDZO 8Tr /(4-22)

If 2 dPD20 +1

(_ PDO dT 2Tj)

This expression was evaluated for I) = 8700 cm2 (within the
measured range of L2 for the Scandinavian exponential) in Fig. 3-18,
and is seen to compare favorably with experiment.
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CHAPTER V

SACLAY U0 2 - D 2 0 LATTICE EXPERIMENTS

Facility

The effort of France in the area of oxide -heavy water lattices
took place at the Saclay Center for Nuclear Studies.01 ) Here the
zero power reactor, named Aquilon, was constructed. It is a heavy
water critical assembly using uranium metal and oxide fuels. The
motivation for this facility was the desire to make an extensive study
of natural uranium heavy water lattices. The Aquilon went critical
for the first time in August 1956. From that date to April 1958 the
lattice studies reported here were conducted. In addition, studies
involving natural uranium metal, heavy water moderated lattices
were also made.

The buckling measuring technique chosen by the Saclay group was
of the two region critical type, where the critical water heights rather
than flux distributions were largely used as a measure of buckling.
This technique is quite rapid and lends itself particularly well to
small buckling changes from the buckling of the outer annular
lattice. This experiment also has the advantage of requiring a
relatively small amount of fuel.

A view of the Aquilon is shown in Figs. 5-l and 5-2. A central
zone of 24 elements can be seen, surrounded by the reference lattice
in a square pattern in Fig. 5-2. The aluminum vessel is 280cm high
and 200cm inside diameter, with a 0 6cm thick side wall and I cm
thick bottom. A graphite reflector surrounds the perifery and
bottom of the vessel. Cadmium control blades move between the
reflector and the tank to minimize the effect on the lattice flux and
make possible " bare " cores. Safety rods, also of cadmium,
capable of being dropped into the center of the reactor were also
present.

Fuel handling was readily possible through holes in the reactor's
rotating top cover shown in these figures. A simple crane above the
reactor moved the elements which were suspended from beams
across the top of the tank. Inasmuch as only 20 to 30 per cent of a
critical mass was the most ever present in the central zone, lattice

59
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Fio. 5-1. Vertical cross-section of the Aquilon reactor.



Fia. 5-2. Views of the reactor tank, the reactor room, and the
control room.
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changes were rapid and a buckling could be measured every I or 2
days.

Substitution method
The experimental technique of measuring bucklings by the two

region critical, or substitution method is straightforward. A
reference lattice is selected for the outer zone. It is advantageous
that it resemble the lattices to be measured in the central zone. If
such is the case, analysis of the experiment can be simple and precise.
In particular it is advantageous for the buckling of the outer zone
to be near that of the central zone. Since the experiment measures
a buckling difference (see Equation 2-25), errors in measuring this
difference would in such cases have little importance, and the
central zone's buckling is known as accurately as that of the outer
zone. However, if this buckling difference is measured precisely,
this in itself is also useful information.

The Saclay group chose reference lattices from those in Table 5-1.
In particular the spacing between fuel elements was chosen as that

TABLE 5-1. CAARAcrERIsTnCS OF TuE NATURAL URANIUM METAL
ELZmErs UsED IN TmE SACLAY REFERENcE LATIcEs

Element A Element B

O.D. of Uranium metal 3 56cm 4-4cm
ID. of clad 3-68cm 4 5cm
Thickness of clad 0-08 cm 01 cm
No. or rods per cluster 1 I
Buckling for square pitches of:

15cm 8361iB
17cm 786 IB
19cm 716pB
21 cm 638 pB 731pB
23 cm 558pB 659 1AB
25cm 387pB

to be used in the unknown lattice. As a first step the buckling of the
reference lattice was measured by loading the entire reactor with it.
This involved from about 52 to 88 fuel elements. Manganese foils
located in I cm diameter aluminum cans in the reactor were irradi-
ated to a value of Jo dt c 109 neutrons per cm2 in about l min.
After the counting of these foils, the data were corrected and pro-
cessed by an electronic computer for the buckling:

B 2=Br+B. (5-1)
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The process of determining B2 and B,2 from

0 =AJo(B, r) sin B, z (5-2)

is quite analogous to that involved in exponential assemblies.
The replacement of the reference lattice fuel elements by the fuel

elements to be investigated took place in steps: 1, 4, 12, 16, and
possibly 24 clusters would successively be the cumulative member,
of central substitutions made. After each substitution the reactor
was made critical. The critical water height was compared in each
case with that of the reference lattice. The result, AB,, was pro-
portional to the desired buckling difference between the test and
reference lattice. Details of analysis are given later in this chapter.

Lattice geometry
The Saclay experiment used five categories of fuel elements:

(a) Clusters of 7, 12 and 19 U0 2 rods 1-62cm in diameter,
shown in Figs. 5-3 and 5-4;

(b) Clusters of 13 and 19 U02 rods 1-56cm in diameter from
AB Atomenergie of Sweden, shown in Fig. 34 (however,
the Saclay experiment used no shroud);

(c) Clusters of 13 and 19 U0 2 rods 1-32cm in diameter from
A.E.C.L. of Canada, shown in Figs. 5-5 and 5-6. .

(d) Single U0 2 rods 3 -00 cm in diameter;
(e) Single U0 2 rods 7-60cm in diameter.

In case (b) the U0 2 rods and the inside diameter of the clad are
reported as having the same dimensions.( 3) (For consistency the
dimensions given here are those determined by the Scandinavian
group, as there is no significant difference with Saclay's determina-
tion of dimensions.) However, in the other cases it can be seen from
Table 5-2 that a 0 -04 or 0-05 cm air gap existed between the rod and
the inside surface of the clad. The linear densities of Table 5-2
correspond to 9-85, 9-52, 9 95 and 9-95 gm/cm3 as the mass per
unit geometric volume of U02 for cases (a), (c), (d) and (e) respec-
tively.

Thirty-six lattices of square spacings between clusters of 15 to
25cm were constructed. The volume fractions and ratios of these.
lattices are given in Table 5-3. Here the basic lattice cell is a square
of area equal to the fuel element spacing squared. One such cell
has a complete cluster at its center.
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Fia. 5-3. Seven and twelve rod clusters used in lattices 54 and 55
of Saclay.

Fxo. 5-4. Nineteen rod cluster used in lattice 56 of Saclay.
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OQ

Fio. 5-5. Thirteen rod clusters
used in lattices 62 through 66 of

Saclay.

M1

jo4p.E~

Fio. 5-6. Nineteen rod clusters
used in lattices 67 through 71 of

Saclay.
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TABLE 5-2. DamrbNsiom oF TzE SAcLAY LArmcEs

OD. I.D. JThick- Gra Spacing Spacing
Lattice ofUso ld ness ofasNumber I frods of fuel

NO. o ~ fca of clad of U 2 of rodsI. elements

incm' i n c ncm per cm in cm in cm

54a
54b
54c
54d
54
S5a
S5b
S5c
55
S5d
56a
56b
56
56c
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
71a
71b
71c
71d
71c
71f
71g

7

1 62 1 1-7 0.1 203 12 2.1

19 2-1'

lF l l l I

13

19
1 56 1 56 008 18

1-85*

1-85*

15
17
19
21
23
17
19
21
23
25
19
21
23
25
21
23
21
23
25
19
21
23
19

23
19
21
23
19
23
IS
17
19
15
17
19
21

13 1 -8'

13 2-00132

300

4-60

1*4

310

470

01

0-1

0-1

13-03

703

1662

19

19

I

1.8*

* These are hexagonal spacings. All other rod and fucl clcment spacings in
this table are square.
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TABLE 5-3. VOLUMES AmD Buc~ruNas oi TiE SACLAY LAUrrces

Volume In
~tiE cm3 in a lattice cell 1 cm high 20 Al

Latticc volume volume B2

No. -Fuel -Fuel In JAB
Fuel space spacc

spc* Clad D20

54a 205-2 12-93 558
54b 269-2 16-96 562
54c 15-89 3-958 341-2 21-48 536
54d 421-2 26-52 491
54 _ 509-3 32-06 439
S5a 255-0 9-37 0-2491 459
S5b 327-0 12-00 539
SSc 27-24 6-786 407-0 14-94 552
S5 495-2 18-18 534
S5d 591-0 26-70 487
56a 307-1 7-12 380
56b 43-13 10-74 387-1 8.98 488
56 475-3 11-02 532
56c _571-1 13-24 517

.57 24-85 5-358 411-0 16-54 544
58 499-0 20-08 511
59 397-0 10-93 0-2156 528
60 36-32 7-831 485-0 13-36 538
61 581'1 16-00 516
62 335-0 16-74 510
63 415-1 20-74 498
64 20-01 6-126 503-1 25-14 445
65 335-0 16-74 505
66 503-1 25-14 0-3061 446
67 322-9 11-04 487
68 403-0 13-78 504
69 29-25 8-954 491-0 16-79 495
70 322-9 11-04 468
71 491-0 16-79 493
71a 216-4 28-66 526
71b 7-55 1-01 280-4 37-17 0-1338 463
71c 352-4 46-68 385
71d 206-1 11-89 657
71e 17-35 1-51 .270-1 15-57 0-0871 645
71f 342-1 19-72 604
71g 422-1 24-32 548

The fuel space is a volume I cm high and bounded by the inner boundary of
the clad.
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Bucklings
All the bucklings were measured by determinations of changes

from the bucklings of Table 5-1. Although the basic measurement
is a buckling change, the results reported here add this change to the
buckling of the reference lattice used. Of the five categories of fuel
elements in the preceding section, all used reference lattices A of
Table 5-1, except the fuel elements of category (b) which used
reference lattices B.

Since in general the fast to thermal flux ratios of the central zone
and the reference lattice are not equal, some refinement of the simple
one group statistical weight interpretation (see Equations 2-21 to
2-25) is desirable. An extension of theone group result,

AB 2  .1 AB' (5-3)

used by the analysts at Saclay is

AB2 = I AB 2 +SG (5-4)

Here W1 is a statistical weight of the central zone. Changes in the
reflector savings of the entire reactor during the measurement are
also taken into account in W1. S is an auxiliary unknown which is
taken to be a function of the characteristics of the two lattices. G is
a function decreasing fairly rapidly as the number of clusters in the
central zone increases. The experimental data to be analyzed
consisted of values of AD2 for various radii of the central zone.
Equation 5-4 was used to find a AB2 and S that best fits this AB12
data.

Figures 5-7 to 5-12 show the bucklings, which also appear in
Table 5-3. Comparison with the reference lattices' bucklings of'
Table 5-1 indicates that the differences measured were typically of
the order of - lOOuB. The lowest and highest difference were - 24
and'- 338pB. It was believed that AB2 was determined to within
an error due to the sum of 3 per cent of AB2 and 2#13. This is
typically a SpB total error. It was felt that the 3 per cent uncer-
tainty stems from analysis techniques, while the 2/B. stems from
effects such as water level determination errors. An experimental
confirmation of the error estimate was made by comparing the
reference lattices with each other by the substitution method. Their
bucklings were independently known from flux distributions and
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their buckling differences were independently known from water .
height differences of one region critical reactors of the same radius.

An additional error in these bucklings stems from an estimated
lOpB uncertainty in the bucklings of the reference lattices as deter-

4

DO vulumeA/nm metaol volume

GoM 2? 510 2

55 70

Soo

450

40c _

Is..

0 7 rods Per cluster
X 12 rods per cluster
A 19 rods per cluster

U Iu 20 Jo

Dt1 volume/fuel spoce

Flo. 5-7. Bucklings of clusters of seven, twelve and nineteen 1-62cm
diameter UO0 rods (shown in Figs. 5-3 and 5.4).

mined from flux distributions; It must be pointed out that the
reference lattices' bucklings used in Table 5.1 represent corrected
buckling measurements. Some inconsistencies which might be
observed in the inferred reflector savings have been eliminated}
These corrections were never larger than 17,uB.
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ho. 5-8. Bucklings of clusters of thirteen and nineteen
1-56cm diameter UOs rods (shown in Fig. 3-4 less

shroud).
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Flo. 5-9. Bucklings of clusters of thirteen 1-32cm
diameter UO0 rods (shown in Fig. 5-5).
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PSo. 5-10. BucklingS of clusters of nineteen 1 32cm
diamcter U02 rods (shown in Fig. 5-6).
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Pro. 5-11. Bucklings of single 300cm diameter UOr rods.
P . .



SACLAY U0 2 -D 2 0 LATTICE EXPERIMENTS 71

Figure 5-13 shows the same effect of rod spacing within a cluster
already observed in Chapter III. The tighter spacings have a higher
buckling, especially at undermoderated conditions.

During this series of buckling measurements, the heavy water
purity decreased from 99-82 to 99-65 per cent. By calculations of the
effect of changes in the lattice constants on buckling it was possible
to correct all bucklings to 99-8 per cent purity.

Discussion
The lattice substitution method of determining bucklings proved

to be quite satisfactory. By being able to measure bucklings to
within 15,uB without the time consuming counting involved in
ordinary exponentials, it competes favorably with the latter as an
experimental tool. Advantages of the substitution method are:

(a) Axial buckling determinations by water height are easier
than by flux distributions.

(b) An adequate flux is available for any lattice experiments
requiring it if desired.

(c) Small buckling differences are easily obtained.
Disadvantages in comparison to ordinary exponentials are:

(a) Analysis and corrections can be more complex.
(b) A critical system is rather expensive, more hazardous, and

requires a larger staff. ;
Confidence in the substitution method was obtained here in two

ways. An internal consistency check indicated that lattices measured
by the substitution method gave bucklings in agreement with those
measured in one zone criticals. Also buckling differences as
measured by lattice substitution and by one zone criticals agreed
well.

A second confirmation of the results here is had by comparison
of the bucklings with those obtained elsewhere by other methods
using the same fuel. This was possible here since the majority of
the lattices used either Scandinavian or Canadian fuel elements.
Already Fig. 3-21 compared square lattices 57 and 58 of Saclay with
hexagonal lattices 21, 22 and 23 of the Scandinavian exponential
involving the same clusters. This systematic difference has also been
observed in uranium metal lattices. The former were seen to be
about 35pB smaller, and a possible explanation stemming from
anisotrophy has been put forth.
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Saclay lattices 67, 68 and 69 correspond to NPD-1 oxide lattices
measured by the Chalk River group in the ZEEP critical assembly.(2)
Again the latter's hexagonal arrangement of clusters must be com-
pared with Saclay's square arrangement having the same heavy
water to fuel ratio. Fig. 5-14 shows the five bucklings from flux

D20 volume/urodum metal volume
0 25 so 75

D20 vogtruel $Pac

FIG. 5-12. Buckling of single 460cm diameter UOa rods.

distributions in the ZEEP lattices. These are corrected to 99 8 per
cent purity. Here the Sactay bucklings are about 20pB lower.
The agreement can be considered quite good, since the errors
indicated on Fig. 5-14 do not include estimates of lOuB and 15,uB
systematic errors for the Saclay and Chalk River experiments
respectively.
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Fia. 5-13. Duckling differencc between lattices of I 8cmt and
2O0 crm rod spacings.
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D20 volume/ircrilum metal volume
25 50

Cbalk Rver

too -

400 130
. 10 20

D20 volume/fuel space

nho. 5-14. Comparison of Chalk River and Saclay buckling measurements
of the same nineteen rod cluster (Fig. 5-6).
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CHAPTER VI

INTERPRETATION OF SACLAY U0 2 - D 2 0
LATTICE EXPERIMENTS

Introduction
It has already been noted in Chapter V that the Saclay lattices

included some investigated by the Scandinavian group as well as
some investigated at Chalk River. The theoretical methods used by
the former have already been presented in Chapter IV. Therefore,
the methods used at both Saclay and Chalk River in the inter-
pretation of these experiments will be given below. It should be
borne in mind that both groups surveyed uranium metal lattices as
well as those of uranium oxide. Therefore, the theoretical inter-
pretation of the latter is somewhat colored by the presence of data
from the former. This tends to add credence to the final results
because of the weight of additional data brought to bear on the
testing of the theory. However, only the oxide lattices arc dis-
cussed here.

In the analysis of experiments both the Saclay and Chalk River
groups recognized that an adjustable parameter is useful in the
theory. The former allowed both tj and the resonance integral to be
determined by the bucklings. The Chalk River analysis used a
theoretical value for ,q, but retained empiricism in the resonance
integral. This was the effective energy of resonance capture. Also
the Chalk River group was assisted in the analysis by measurements
of individual lattice constants in their critical assembly.

Again the use of a particular set of theoretical methods to interpret
an experiment must be viewed with the proper perspective. The
resulting determinations of the adjustable parameters in the theory
can hardly be viewed as direct measurements of these parameters.
Rather the extent to which many bucklings can be fit by just one or
two parameters is a test of the consistency of the theory used. If,
moreover, the parameters so determined are in agreement with
their evaluation by independent methods, then this adds additional
credence to the calculational methods used.

The critical equation used in this chapter is the same as Equation
75
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(2-5): k0, eqpf= (+L2 B2 )(1 +rB 2 ) (6-1)

In its derivation it has been shown to come from two diffusion theory
equations, one for each group, namely Equation (2-1) and (2-2).
On the other hand, the analysis by the Scandinavian group in the
preceding chapter was based on age-diffusion theory. The critical
equation of the latter, Equation (4-6), if rB2 is small, does not differ'
significantly from Equation (6-1) since exp (TrB2) -_1 S+ -r. In
later chapters, a combination of these methods of treating the fast
group will be used.

Fast effect
The method of computing the fast effect used by Girard et al. at

Saclay(1 ) resembles that of Chapter TV, and also takes into account
a proper apportioning of neutron captures between c and p according
to Spinrad.(2 ) Retaining the notation of Equation (4-7), the expres-
sion for e used is

C + - (v,-1-a2 1/u2j)-

(-q/vXvr+a 2i/u2j)air/0'o Pt(6-2)
1-[(r22 + v2 c2 f)1o 2]P2 1-[(Cr1s-UX(6-2P)

Vi crc PI

via, I-[(erx-oaiJ)frfPi
where G =vV2 a2 P2 _ (6-3)

Va 1-2[(D2 2 + V2 cr2f)/a2]P2

Table 6-1 contains the cross-sections used in these equations.
Some care was necessary in choosing the heavy water cross-sections
that would be appropriate for use in the homogenized model for a
rod cluster. The technique for homogenization must likewise be
chosen with care. On the one hand, the rods at the boundary of the
cluster have less opportunity for taking advantage of the compactness
of the cluster. The homogeneous approximation over-estimates
their fast fission. On the other hand, the interior rods by virtue of
their finite size have contributions to e which are ignored in the
homogeneous approximation. It was found that by selecting the
outer boundary of the cluster to be a "rubber-band" surface
touching the outer oxide rods, the homogeneous approximation
works best. In the homogenization process the microscopic cross-
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TABLE 6-1. CROss-sEcnONs USED IN THE CALCULATIONS
or TmE FAsr FISSION FACTOR

Saclay value Chalk River value
In barns in barns

For U:
021 4-62 4*63
Val 210 2'14
en0-532 0-53

e 0-05 0
0 7-3 7-3
Vic 0*14
1 7 95

For 0:
e2l 197 1 97
0121 0-21 021
VZ 0 0
es 218 2-18

For D2O:
V22 1-08 4-15
ol 123 2-65

Vs,2 0-561 0 551

77

sections, a, in Equations (6-2) and (6-3) were replaced by macro-
scopic cross-sections, E, in all the cross-section ratios that appear,
since more than one material was present.

For the fast effect computation of Hone, Critoph et at. at Chalk
River(3) the method proposed by Spinrad(2) was again used. In
terms of the fast to thermal fission ratio, A, they obtained

a 1 0A5F1 -S[1 O243(ert/ffr2) )- 0322]E = 10-t04859 IA124(2LC2r)032 (6-4)
I-9f[0 7245(a2j/u 21)-0.429] (64

R was obtained here by Equation (6-3).
Again the cluster was treated by homogenization, but with cor-

rections for the heterogenuities. The cross-sections used are in
Table 6-1. It can be seen in Table 6-2 that the e's computed for
lattices 67 to 69 are essentially the same, whether from Equations
(6-2) or (6-4). In addition measurements ofr have confirmed these
calculations in ZEEP.(3)

Figures 6-1 and 6-2 show the significant trends in the fast effect.
In the former, larger values of e result for the tighter clusters. In
the latter, where this inter-rod spacing is constant, e is larger as the
rod diameter increases. In both figures as the number of rods per
cluster increases, e becomes larger. These effects are qualitatively
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TABLz 62. CALcULr-noN or LATncE CoNsurAms

Spacing of I ev Mto I Modeator tin B3
Lattice elements g rHal yMthod CkP tr i n

No. water ofeal- cO p I
Square jl~exagonal. purity culations -___ Fuel flux CM2 l' L

i 132 6
54a

54b

54c

54d

55a

55b

55c

55d

56a

56b

56c

57
58
59
60
61
62
63
64

15

17

19

21

17

19

21

25

19

21

25

21
23
21
23
25
19
21
23

99-8% French 1-0140

::

,.

11

1.0146

..

.. 0.

;-0194

0-8883
0-9062
0-9093*
0-9276
0-9239*
0-9425
0-9343"
0-9531
0-8572*
0-8744
0-8829*
0-9006
0-9012*
0-9193
0-92240
0-9409
0-8287"
0-8454
0-8581'
0-8753
0-8915*
0-9094
0-9252
0-9379
0-8922
0-9108
0-9212
0-9292
0-9424
0-9522

1-320"
1-294
1-320*
1-294
1-320*
1-294
1-320"
1-294
1-320*
1-294
1-320"
1-294
1-320"
1-294
1-320
1-294
1-320
1-294
1-320*
1-294
1-320'
1-294

1-450

1-488

1-523

1-556

.1-597

1-650

1-700

1-792

1-803

1-875

2-009

1-750
1-797
1-894
1-958
2-017
1-533
1-570
1-605

0-9649

0-9817

0-9580

0-9540

0-9668

0-9645

0-9617

0-9552

0-9679

0-9660

0-9612

0-9650
0-9617
0-9689
0-9664
0-9635
0-9534
0-9499
0-9460

1-1459

1-1692

1-1834

1-1916

1-1076

1-1380

1-1584

1-1775

1-0763

:11204

1-1496

1-1729
1-1850
1-1407
1-1615
1-1713
1-1602
1-1724
1-1797

120-5

158-7

202-7

252-4

97-6

126-4

159-4

232-8

85-0

108-8

166-6

171-6
211-5
125
155-6
190-0
170-3
212-8
260-3

132-6

129-1

126-7

125-0

138-0

133-6

130-5

126-5

143-5

138-0

131-3

128-0
126-2
132-6
129-7
127-6
130-2
127-9
126-2

5-65

5-72

5-40

4.93

4-50

5-19

5-31

4-74

3-42

4-55

4.95

555
526
529
545
519
514
487
448

1

,. .I

..

P.

..

Is

9.

.9

to

to

P,

of

to

11

1-0153

10198
p.

1-0120

_ _



TABLE 6.2. CALCULATION OF LATTICE CoNSTANrs-contfnued

Spacing of Moderator L2 I
Lattice elements HWeavy MEa flux | f k, L in |

o. Square Hexagonal purity culations Fuel flux eml 1FB

65 19 2 1-0104 0-9272 1-494 0-9538 11564 165-5 j 130-4 510
66 23 . it 0-9509 . 1-564 0-9466 1-1769 253-1 126-4 449
67at 19-0S 99-6% Canadian 1-0158 0-8548t 1-3262 1-569 0-9603 1-1059 101-8 140-9 426
67 19 (20-42) 99-8% French 1-0156 0-8971 1-2940 1-628 0-9574 1-1288 122-5 135-8 484
68at 21-59 99-6% Canadian 1-0158 0-8874? 1-3262 1-626 0-9560 1-1429 136-6 136-4 507
68 21 (22.57) 99-8% French 1-0156 0-9166 1-2940 1-678 0-9548 1-1502 154-4 132-2 506
69at 24-13 99-6% Canadian 1-0158 0-9080S 1-3262 1-682 0-9511 1-1634 177-0 133-4 506
69 23 (24-72) 99-8% French 1-0156 0-9310 1-2940 1-726 0-9518 1-1646 190-5 129-6 495
69bt 26-67 99-6% Canadian 1-0158 0-92151 1-3262 1-735 0-9455 1-1738 223-0 121-4 471
70 i9 99-8% French 1-0133 0-8935 1-2940 1-571 0-9578 1-1221 117-6 136-2 467
71 23 to Pt 1-0133 0-9285 ,. 1-666 0-9524 1-1596 183-1 129-9 492
71a 15 It . . 1-0138 0-9390* 1-320* 1-424 0-9655 1-2133 248-9 123-3 559

0-9579 1-294
71b 17 . . , 0-9483* 1.320" 1-446 0-9595 1-2176 344-0 122-0 479

0-9674 1-294
71c 19 .. .. 0-9547* 1-320' 1-465 0-9526 1-2171 395-3 121-2 405

0-9739 1-294
71d 15 1-0200 0-8892" 1.320* 1-660 0-9802 1-1735 118-9 128-7 673

0-9071 1-294
71e 17 P. . . 0-9100" 1-320* 1-707 0-9769 1-1900 157-5 125-9 664

0-9283 1-294
71f 19 .. .. 0-92440 1-320" 1-749 0-9732 1-2112 201-9 123-9 619

0-9430 1-294
71g 21 .. . .. 0-9347* 1-320' 1-789 0-9690 1-2193 2524) 122-6 559

0-9535 1-294

* 'Results of morc recent caleulations(O) after the 195 Geneva Conference. In these i* is more consistent with a priori methods using
spectral averaging by Westcott.(1)

t The lattices, measured in ZEEP, differ from Saclay lattices only in the spacing of elements and the heavy water purity.
+ ER = 25 eV.
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reasonable and can be summed up by noting that e increases as the
cluster design tends in the direction of a fast reactor design.

Resonance escape
The method of computing p used by the Saclay group was based

on formulae already introduced in Chapter IV:

p = exp(ds' 13 (6-5)

The resonance integral, a,,, was also taken to be a linear function of
/(SI/M), where the effective surface, Sff, is the sum of an external

rod surface and a Dancoff corrected internal rod surface for clusters
of rods. The value which led to bucklings in closest agreement with
those measured is

cr, = 5-18 + 13-51(SffM) barns* (6-6)
Since the Saclay analysis of the buckling experiments was based

on fitting il and Ta, to the data, it was'deemed that detailed precise
calculations of the resonance flux ratio, d, were not essential. How-
ever, the variation of d among lattices was taken into account for the
larger lattice spacings. Thus the a., that best fits the data is one to
be used with d normalized to unity for the smaller lattice spacings
of the experiment.

Figure 6-3 shows the values of p for the lattices of Table 6-2
having nineteen rods per cluster. The exponential dependence of p
on the fuel to moderator ratio is evident. In addition it can be seen
that resonance capture is enhanced by a larger rod diameter or a
tighter inter-rod spacing. This is because these two effects increase
a,, by increasing Sff/M. The rod diameter is a direct effect, while
the spacing manifests itself through the Dancoff- Ginsburg cor-
rection.

However, the method of calculating resonance escape used by
Critoph(3. 4) was somewhat different. The possible need for another
formulation for rod clusters was recognized when attempts at rigor-
ous calculations of d in the historical formula, Equation (6-5),
proved to be difficult. A principal feature in Critoph's method is the
introduction of the concept of a single effective energy of neutrons
for resonance capture, ER. Since resonance capture in fact occurs

v Analysis(") after the 1958 Geneva conference using axl lattices from 54a
to 7lg, instead of just those previously published,(') gives 6-32+ 129 V(Sf/Mf).
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at many discrete energies, the use of ER is therefore a theoretical
simplification. This is somewhat analogous to a similar treatment
given to the Maxwellian distribution of thermal neutrons in which a
mean energy is also defined.

-0.125

o01s56 cm O.D. rods
spaced I-es cm.

______ ______X 1h32 cm 0.0. rods
0.10 spaced 1 8 cm.

+1.32 cm O.D. rods
spaced 20 cm.

-000 .
.5 05 0°075 C l

Fuel spoce/D20 volume

Bio. 6-3. Resonance escape for lattices 59 to 61 and 67 to 71
having nineteen rods per cluster.

For resonance capture at a single energy, ER, by a single rod in
an infinite moderating medium,

'-P ( (6-7)

The flux ratio, d, can be calculated in a straightforward fashion,
assuming, for example, a slowing down density of the form,

q(r) s 0 -6 7 7  exp [* 1214c 1
4n(21- (6-8)

0-323 - r2 /4 1
+ 4n(55;6-A) exp L55-6-A
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This is the sum of two Gaussian distribution functions of Fermi
slowing down") from a line fission source at r = 0, where Ar is
dependent on ER in heavy water:

A1 44eV (6-9)

Next, to obtain po, the probability for escape from resonance
capture in a rod for a neutron born in that rod when the surrounding
medium has similar rods:

-Po = (1-po)(,-Y(1-X) (6-10)
The previous capture probability, 1 -po, ,, is reduced by a computed
escape probability for capture in neighboring rods, I - Y, and cor-
rected for changes in the surrounding medium's moderating ability
by I - X. Finally, to obtainp frompo one adds the effect of source
neutrons born in neighboring rods at distances of ri:

I-p = (I-pA)(q(W) + q(r1))q(O) (6-11)

The a., appearing in Equation (6-7) was based on flux depression
corrected(6) resonance integral measurements,(7 )

10-1rSe + 30'0 barns (6-12)
[K, rf 1o(c, rf)]121,(rc, rig +3-M

where rr is the radius of the fuel, and K, its inverse resonance
diffusion length.

The factor, ,r1 I0 (Ki.r~)/2I 1 (K,r1), is the result from diffusion
theory for the ratio of the surface resonance flux to the average
interior resonance flux for the fuel. Rather than selecting C., to fit
the buckling measurements (as the Saclay group chose Equation 6-6),
Critoph varied ER until he found that Et 25 eV gave a best fit of
theory to ZEEP experiments.

Thermal utilization
Since the formula for thermal utilization is standard,

f= ( -23S V235 + Xa238 V230)0tfuel (6-13)

only the methods of calculating the thermal flux fine structure, 4,,
differ among theoreticians. The Saclay group us'ed the theory of
Amouyal and Benoist, 8") which applies integral transport theory to
the fuel rods and diffusion theory to the larger moderator region.
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This same approach was used by the Chalk River group, although
Kushneriuk(9 ) was followed instead. The latter uses integral
transport theory to compute blacknesses for the central region.

Table 6-2 indicates virtual agreement of these methods for the
calculation of moderator to fuel flux ratio, although the Amouyal
method seems to have given slightly higher results than Kushneriuk's.
It is also worth noting that the heavy water purity differs slightly
for these two analyses.

In these lattices the dominating parasitic absorption occurred in
the aluminum clad. It can be seen in Table 6-2 that the values of
1 -f for lattices 57 to 61 range around 0035, while lattices 62 to 71
have I -f values about 50 per cent higher. This can be correlated
with the aluminum volume to fuel space ratio in Table 5-3. This is
0 2156 and 0-3061 respectively for these lattice groups. Equation
(6-13) indicates that I-f should be proportional to this ratio, for

E= Al VAX do Al + E. MMIU OM'

A1 A Al(6-14)

* L.fueel Os fuel "Yfuel

Migration areas
The method of computing the thermal migration area, L2, from

L 2 = DJE. (6-15)

is primarily a matter of the technique used to calculate D,. The
calculation of the average thermal absorption microscopic cross-
section, YS, is merely a volume and flux weighed average of the
E,., in the i materials. The Saclay group, as an approximation of
an unpublished rigorous investigation of D, by Benoist, used

1- = Ets ~ +S~ V~~(YU +V 1M
3D, 2(" L Y vu +v ) (Vu+ MY)+ 1~ (6.16)

+ D. At VA ] /(vu+ +vU+ VA)]

This is seen to represent a volume weighing of the aluminum and
the uranium - heavy water mixture cross-sections. The former
actually is negligible in practice. The latter in Equation (6-16) is
seen to be determined by a volume and flux weighing of mean free
paths.
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Figure 6-4 shows L2 to be almost linear in the moderator to fuel
ratio. This is because the E, in the denominator of Equation (6-15)
is very nearly proportional to the fuel to moderator ratio in these
lattices. The fact that L2 is larger for the larger diameter rods and
tighter rod spacings stems from the effect of the disadvantage
factor on L'.

tj

9
.4.

VUL

120

22(

0 1s56 cm O.D. rods
spaced IBS cnm

X 1 32 cm O.D. rods
spaced 18 cm

+ 2 32 cm O.D. rods
spaced 2 0 cm

-10 12 14 16
DzO volume/tuel spOce

Fla. 6-4. LI for lattices 59 to 61 and 67 to 71 having nineteen rods
per cluster.

On the other hand the method of computing D, used in the Chalk
River analysis was

_ = E; _ -='I .A1 + E_ s (6-171
D.'"'\ VU+ VAI+VM /

Since the uranium and heavy water cross-sections in these formulae
are quite close in value, and since the volume fraction of aluminum
is small, close agreement between Equations (6-16) and (6-17) can
be expected, as is the case in L2 as well.

II
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In the age calculation, a formula somewhat similar to Equation
(4.13) was used:

E VI E o
DIM ~ V,7o) + r '(- i,, (6-18)t tMlS)TlDogfu VD I Di' V,(

The probability, .9, that a neutron will be inelastically scattered by
the uranium can be computed quite readily when the component
parts of the fast effect calculation are known, -r,,f and rF the moderator
and fuel ages, were taken to be respectively 120 and 72cm2 at
Saclay, and 125 and 103 cm 2 at Chalk River. The former also made
the simplifications: the aluminum has no diffusion or slowing down;
the fuel has a Do equal to that of heavy water; the {S, of the fuel is
taken to be zero.

The Saclay analysis of bucklings
As mentioned above, the philosophy of analysis used was to find

a best fit of t' and a;, to the measured bucklings. It was expected
that these two parameters could be taken as constant for a given fuel
element in a series of measurements in which only the spacing
between fuel elements changes. That this is true of tj is apparent
from considerations of neutron spectra. According to Equation
(4-14), i7 is a function of the ratio of U235 and U238 absorption
cross-sections. The latter decreases with neutron energy in a l/E
manner, and the former almost so. The quotient of these cross-
sections is therefore only slightly dependent on the mean thermal
energy. The spectra in lattices studied here are virtually Maxwellian
of energy 0-025 eV and change very little in nature as the lattice
spacing changes. Therefore, ?I is a constant.

On the other hand c,, of U238 is a function of Sff/M for the fuel
clement in question. However, for a given fuel element, changes in
element spacings have a negligible effect of a,,,. Thus one a,, can
be found for each fuel element that results in a best fit to the bucklings
measured at different pitches.

The method of fitting rl and a,, to a set of bucklings was based on
a manipulation of the critical equation, Equation (6-1):

In u+inp l(ln LB)(I+rB) (6-19J
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But from Equation (6-5)

In p- c N238 Y238 a,, (6-20)

Hence (I +L2 B2)(1+ B2) N23 8 V238

In f d WC DI, a~n i (-1

Therefore, a plot of the expression on the right-hand side of
Equation (6-21) against N238V238 /d1 V5(4Xj 1 was expected to be a

straight line of slope - a, and intercept, In rl. All quantities were
calculated from theory except B2 which was measured, and of
course a,, and 17, which were determined from the plot.

Cl

a, I \ . I
o i RNUds of o bat ayes" fib

= 4reps*@ 1. *n i.291

0.rSS

11 .

TU ~ o .(0 I
N23,Vzt3l fM 'Ir

Fla. 6-S. An example of the determination of 7 and car from the measured
bucklings of lattices 67, 68 and 69.

Figure 6-5 is a typical example of this type of analysis. An almost
perfect linear fit is seen to be had, indicating that the relative pre-
cision of buckling measurements as well as lattice constants cal-
culations is good. The value of a7 and a, obtained in Fig. .6-5
correspond closely to the average results of determinations from the
lattices 57 to 71 studied, namely:

2 = 1-294 (6-22)

a, 5-18+13-5j1(SffM/) (6-23)
H.W.L a
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which for the fuel element used in Fig. 6-5 is 11 36 barns. If lattices
54a to 56c and 71a to 71g arc incorporated into this analysis, the
result for a., is(lO)

a,, - 6-32+ 12 9(SffIM) (6-24)

TABLtz 6-3. COMPARISON OF CALCULATED AND MEsAURED
BUCIICNS I

Lattl No ed buckling in fl3 Measurcd* buckling in pB
ce ER -25cV ER - IOOcV At Chalk River At Saclay

54a 565 558
54b 572 562
54c 540 536
54d 493 491
55a 450 459
55b 519 539
S5c 531 5S2
55d 474 487
56a 342 380
56b 455 488
56c 495 517
57 S55 544
58 526 511
59 529. 528
60 545 538
61 519 516
62 514 510
63 487 498
64 448 445
65 510 505
66 449 446
67a 441 423 436
67 484 487
68a 526 498 523
68 506 504
69a 527 493 521
69 495 495
69b 493 458 467
70 467 468
71 492 493
71a 559 526
71b 479 463
71c 405 385
71d 673 657
71e 664 645
71f 619 604
71g 559 548

AlAU bucklings have been corrected to a heavy water purity of 99 8%.
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Lattices 57 to 71 of Table 6-2 have their bucklings calculated by
the use of the theoretical formulae and methods above plus the
empirically determined constants, Equations (6-22) and (6-23). The
latter relationship was had by determinations of a,, for various fuel
elements having various values of Sf/M. Since Equations (6-22)
and (6-23) were obtained by a best fit of the theory to the measured
bucklings, as demonstrated by Fig. 6-5, it is expected that the cal-
culated bucklings should agree well with the measured values. This
is in fact the case in Table 6-3 for the average buckling difference of
the empiracized theory and experiment is only 5pl]. The other
lattices (54a to 56c and 71a to 71g) have an average discrepancy of
17pIB.

The Chalk River analysis of bucklings
The analytical approach used by this group was to regard the

mean resonance energy, ER, in Equation (6-9) as the parameter in
the theory to be fitted to experiment. It can be seen that ER influ-
ences AT, the age from ER to the indium resonance energy. There-
fore, it affects the spatial distribution of the slowing down density,
q(r), in Equation (6-8). This in turn influences the value ofp accord-
ing to Equations (6-7) and (6-11).

Table 6-4 shows the effect of ER on p numerically for the lattices

TABLE 6-4. EiFnEcT oF TEE ME4N P.2ovANCB ENoRoy oN
LArrcE CONSrAIM

lAttice p inB2
No ER-25eV ER-100eV Es-25eV E.-=100Ve ER=25CV E4-100eV

67a 0 8548 0-8513 1*1059 1*1013 426 408
68a 08874 0-8808 1-1429 1-1344 507 479
69a 0-9080 0-8990 1*1634 1-1519 506 472
69b 0-9215 0-9108 1*1738 1-1609 471 436

studied. It is seen that increasing ER from 25 to 100eV reducesp by
about I per cent for the larger lattice spacings. In this manner,
calculating p for various ER's, it was found that ER = 25 eV results
for the best fit to the measured bucklings in ZEEP. This obviously
is not a direct measurement of the mean energy of resonance capture.
Rather the meaning of the result is that this resonance energy, if
used in the above method of calculation, gives bucklings in agree-
ment with experiments in ZEEP.

a2
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However, Fig. 5-14 has shown ZEEP experiments to be about
2OptB larger than those of Saclay, after correction to the same heavy
water purity. If the Saclay measurements were used instead to
choose the best value of ER., it can be seen from Table 6-3 that a
value slightly under 100eV might be chosen in that case. In any
event, the fact that ER does fall approximately in the energy region
where there are indeed resonances (rather than having some artificial
value outside the logical range), is an indication of the self-consistency
of the theory and the measurements.

It can be seen In summary that more than one self-consistent set
of theoretical methods can be used to correlate the buckling data.
Those presented here differ somewhat in their treatment of 7 and p.
In fact, the 17's in Table 6-2 differ by only 2j per cent, but, as the
differences in resonance escape are in a direction opposite to this,
both theories agree with measured bucklings quite well.
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CHAPTER VII

SAVANNAH U02 - D 2 0 LATTICE EXPERIMENTS

Facility
Two Savannah River facilities have been used for buckling

measurements: the SE (Subcritical Experiment), and the PDP
(Process Development Pile). A third, the PSE (Pressurized Sub-
critical Experiment) was underway in 1958 and has a program of
extending the low temperature data in uranium - heavy water
systems to the high temperatures used in power reactors.

Most bucklings reported by Savannah River(l, 2, 3) were per-
formed in the PDP used as a two-region critical. The bucklings were
measured from water heights. As in European facilities, the fuel
elements hung vertically. The ease of making these measurements
allowed more than 250 lattices to be studied in a couple of years.
However, only 34 are reported here, and these were measured in 1957.
The other lattices were principally of uranium metal rods and plates.

The central region of the PDP allocated to lattice substitution
experiments was of sufficient size to accommodate seven fuel
clusters in a 7 in. hexagonal spacing, and three clusters in a 10-7 in.
spacing. It might be noted that the size of this zone, about 21 in.
in diameter, is somewhat smaller than the typical 40in. x 40in.
central zone of the Aquilon. Therefore, the Savannah experiment
required more careful analysis, particularly in regard to corrections
stemming from resonance neutron capture effects at the boundary.
However, as with the Saclay experiments, the Savannah experiments
had some confirmation of the analytical methods by comparison
with bucklings by other methods, such as from the SE.

Lattice geometry
Thirty-four lattices were investigated by the Savannah group using

natural uranium oxide pellets provided by the Atomic Power
Division of the Westinghouse Electric Corporation. These were
0-37 in. diameter pellets for all the lattices. Essentially three cate-
gories of lattices were constructed:

(a) Clusters of 13 to 61 rods, unshrouded, and having hexa-
gonal pitches of 7 to 10-7in. between clusters;

91
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(b) Clusters of 19 to 37 rods having shrouded heavy water as
coolant, and having hexagonal pitches of 9-26 and 10-7 in.
between clusters;

(c) Clusters of 19 to 37 rods, having shrouded helium as
coolant, and having hexagonal pitches of 9-26 and 10-7in.
between clusters.

TABLE 7-1. DImsNsoNS OP nip SAVANNAH LArricEs

L OD.o. I0 J Scing I.D. of ThlckncFnfIpacng.o
No. in. clad In of clad of UO, on rods shroud of shroud ueelI.

in.I inI. pe i i n In In. nin I. 1mentsin in.

72 13 7
73 19 7
74 19 9-26
75 7
76 31 9-26
77 10-7
78 0-632 - 0 7
79 37 9-26
80 10-7
81 4 9 26
82 4310-7
83 55 10-7
84 61 10-7
85 13 7

86. ~19 92
87 92
88 0-37 0-402 0-049 7-01- 0 7
89 31 0-795 9-26
90. 10-7
91 7
92 37 9-26
93 __ _ _ _ _ _10-7

94 199-26
19 10-7

96 9-26
97 31 10-7
98 379-26
99 3 0-632 4-773 0-051 10-7

100 199-26
101 1910-7
102 31 9-26
103 1-

104 379-26
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TOBLE 7-2. VOLUMES AND BucK-uNGs Or TM SAVANNAU LATnCCE

93

Volume In In. in a lattice cell I In. hIgh

Lattice D Ovol- Al volumec
No. SDO urmelfuel fuel B' In spD

Fuel Clad Shroud space, space,

Internal External

72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100
101
102
103
104
105

1-65

2-412

3-935

.0-9025

1-319

2-152

39-88

4-696

5-458

6-981
7-742
1-65

2-412

2-569

2-985

3-818
4-235
0-9025

1-319

0

3.935 1 2-152

38-70
70-52
36-35
68-17
93-07
35-17
66-99
91-89
65-81
90-71
88-33
87-18
39-88
38-70
70-52
36-35
68-17
93-07
35-17
66-99
91-89

16 55-59
16 80-48
81 55-59
81 80-48
53 55-59
53 80-48

55-59
80-48
55-59
80-48
55-59
80-48

24-17
16-05
29-25

9-238
17-33
23-65

7-489
14-27
19-57
12-06
16-62
12-66
11-26
24-17
16-05
29-25

9-238
17-33
23-65

7-489
14-27
19-57
28-92
39-24
17-12
23-45
14-10
19-40
23-04
33-37
14-13
20-45
11-84
17-14

4-696 2-569

0-5470

0-8673

0-7440

0-7116

0-8673

0-7440

0-7116

*466
452
429
221
433
417
71

408
418
367
409
356
320
444
409
413
116
402
403

-94
356
395
320
266
349
345
334
343
211
209

*240
280
242
302

1-319

2-412

3-935

4-696

2-412

3-935

4-696

1-3 19

2-152

2-569

1-319

2-152

2-569

0-7729

147-
14-:
11-1
11,1
10-i
10-

0

_ Z-

* The fuel space is a volume I in. high and branded by the Inner boundary of
the clad,

In addition, the first category used two spacings of rods within the
clusters. It is evident that buckling data were obtained here for
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both heavy water cooled and helium cooled reactors. Furthermore,
these data are of value for the boiling heavy water reactor, since the
latter's coolant is of a density which is between that of (b) and (c).

Tables 7-1 and 7-2 give the dimensions and volumes of these
lattices. The corresponding fuel elements appear in Figs. 7-1 to 7-6.
The mass per unit geometric volume of UO2 and mass per unit
internal clad volume are respectively 101 and 8-56g/cm3. Thist
substantial difference is due to the sizeable gap between the fuel and
the clad. Again the basic cell in Table 7-2 is a hexagon of area equal
to 0-866 times the square of the lattice spacing.

D2o for lattice 73,74,94 ond 95
* X He for lottice lOQond 101

o for lattice 73 And 74

4.O75 CD. 0.51 forloltice 94,95,100ond 101

0 0 0.632

056-6 0.049

Fla. 7-1. Thirteen and nineteen rod clusters with 0 632 in. fuel spacings
used in lattices 72 through 74, 94, 95, 100 and 101 of the Savannah

experiments (aS dimensions are in inches).
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D for lattice75 through77,96and97
/He for lotticc 102 and 103

/ 0000.
00000

00080.0:
-0 for lottice78 through80,96 and 99

* 0 C * He for lattice 104 and 105

rO00

4.875 O.D. / \0 for lottlce 7 through 77 (D 0 (D'
0.05I for lattice96,97,102 ___

ond 103 * 00 0 ° O
00000001

o for lattice78through0BO 0 Q 0 0Q
0.05f for lottice 98,99.104

and 105

0.500

Fla. 7-2. Thirty-one and thirty-seven rod clusters with 0-632 in. fuel
spacings used In lattices 75 through 80, 96 through 99, and 102 through

105 of the Savannah experiments (all dimensions are in inches).
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*0*0

00.000

~00500000

00.049 0000 &63

Flo. 7-3. 1Forty-three and fify-five rod clusters with 0*632 in. fuel
spacings used in lattices 81 through 83 of the Savannah experiments

(all dimensions are in inches).



0~0*@
eeeoo0

0.049

Fio.7-4. Sixty-onc rod cluster with O6321n. fuel spacing used in lattice
84 of the Savannah experiments (all dimensions arc in inches).

0
0
*09

0D0

0

O

0
0
0

sQQ

O0

0.500

G0o .-
O Q .049

0 (

Flo.7-5. Thirteen and nineteen rod clusters with O795In. fuel spacings
used In lattices 85 through 87 of the Savannah experiments (all dimen-

sions are in Inches).
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0*
000000

G OD 0: (8

@ 0' (

0.500

FDo. 7-6. Thirty-one and thirty-seven rod clusters with 0-795 in. fuel
spacings used in lattices 88 through 93 of the Savannah experiments

(all dimensions are in inches).
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Bucklings
Because of the relatively small size of the test zone and the rela-

tively small number of clusters present, a rather detailed and careful
analysis was required. The Saclay lattice substitution experiment,
although having data available for several sizes of the test zone, was
guided somewhat by theory in obtaining buckling changes. How-
ever, the Savannah experiment must depend more heavily on reactor
theory because of both the small size of the test zone and the fact
that this size was held constant.

The basic approach of Dessauer's analysis(3) was to consider both
resonance escape, p, and the buckling, B,, of the central test lattice
as unknowns, but related by either of the following critical equations,

el7i1f 1p1 =(1+L'jB?2)(1+0378rBj) exp(O-622r1 BL?) (7-I)

eli1 f p, = (1+L'B1)(l+T1 B2) (7-2)

The former was used for metal fueled lattices, and the latter for
oxide lattices presented here. Criticality of a two-group diffusion
theory problem on the IBM 650 computer using the experimental
geometry of the two-zone reactor was then a second condition to
be satisfied. When B2 and p, of the central zone satisfied both
conditions, the buckling of the lattice had been determined.

If all the non-geometric parameters in the computer problem were
obtained solely from reactor theory, the resulting B, would be
strongly dependent on theory. Howevcr, fortunately P2, L2 and B.2
arc known experimentally, for they arc measured with the reference
lattice occupying the entire PDP. Therefore, since B21 depends
strongly on B2' and zone geometry and only to a lesser extent on
other parameters, it can be said that Bl is experimentally deter-
mined by this method, although theoretical corrections are far from
negligible.

Typically the diffusion constants of the two regions are virtually
equal in both groups, Dot = D1 2 and D, = D,2, and therefore do
not influence the calculation. - Although in the helium cooled
lattices the non-equality of these was taken into account, this,
nevertheless, represented a source of inaccuracy in the results for
these lattices. Also, because of the small size of the central zone,
care was taken to distinguish between the infinite lattice's resonance
escape probability, pl, and the finite lattice's value for this para-
meter to be used in the computation. These corrections have been
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made on all the results reported here, though absent in some pre-
liminary publications.(2)

Figures 7-7 to 7-10 display the results of these experiments, which
are also given in Table 7-2. It is found more convenient here to
show buckling variations at a constant cluster pitch, rather than for
a constant number of fuel rods as in previous chapters. Buckling
maxima are still exhibited. The gain in buckling of the 0-632in. rod
spacing over that of the 0-795in. spacing against moderator to fuel

020 volome /uranium metal volume

It.

0D0 volumelfuet space

Fio. 7-7. Bucklings of 0-6321n. spaced rods in cluster spaced 7 in.
(shown In Figs. 7-1 and 7-2).
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in

Doa. 7-B

D;O vome Auronium metof volume

5ot 7 50 y I

400-

30

200

10 l

U I 40

B.

D20 vdmifel space

o no shroud X shrouded D 10 & shrouded He

Bucklings of 0 632 in. spaced rods In clusters spaced 9 -26 in.
(shown In Figs. 7-1 to 7-3).
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DZO volume/uranium meldl volume

C;

DZO wolr/Jua space

0 no shroud X shrouded D,O A shrouded He

Fla. 7-9. Bucklings of 0632in. spaced rods in clusters spaced 10-7 in.
(shown in Figs. 7-2 to 7-4).
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influenced by voids in the coolant than outside the shroud. Negative
void coefficient effects are dominating for these lattices.

Mo

ZkL

DzO2umehoAmwum meld volume

25 - 075 D-7r 2s I I

.
-600a

4i 31 Pods Aimelesw

I I
.$ .ods/eelmwl

%37fods/eemen\

-400 .

, I"U
--- 0 10 ic

D20 wvoh /fuel spoWe

O0 4

Fjo. 7-12. Void coeficient of buckling for 0632in. spaced rods.

It is believed that the standard deviation of the buckling results is
± 25pB. This was obtained by a statistical combining of random
and systematic errors of all sources, particularly the following:

(a) lack of perfect reproducibility of moderator heights;
(b) assuming constant vertical reflector savings;
(c) using theoretical constants in arriving at bucklings;
(d) error in measuring the buckling of the outer region;
(e) errors in the corrections made.

Lattices 100 to 105 inclusive probably have a larger uncertainty
than this ± 25#B because of their high void contents.

x2
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A systematic error in the. use of the PDP to measure bucklings
has been found, however, by Baumann.(4 ) In its ideal form the
lattice substitution method of measuring bucklings uses a lattice in
the outer zone which closely resembles the lattice being measured in
the central zone. However, in the PDP the outer zone contained a
heterogeneous mixture of poison rods and fuel rods. The relative
thermal absorption between these poison rods in the outer zone ad
the fuel near the boundary of the central zone is influenced by the
value of L2 in the test lattice. This effect has not been corrected for
in any of the data presented, but the corrections to be applied appear
in Table 7-3.

TABLE 7-3. CoRREcnoNs TO Smm PDP BucK~uNo MEASUREMEMnS
SThEMrNo PRou THs PoIsoN RoD EFmacr

The corrections, dBR,
LX of test lattice in cAd' in pB to be added to

the measured buckling

45 10
80 0

180 -15
400 -30

The experiment was conducted with heavy water purities of 99-3
to 99-1 per cent, but all results reported have been corrected to
99-75 per cent. The temperature in all cases was 22TC.

Discussion
The purpose of the Savannah experiments was to make an

extensive experimental buckling survey of a large number of lattices
of practical interest to natural uranium fueled heavy water moderated
power reactors. In order to survey more than 250 lattices in a
relatively short time the most rapid technique compatible with
adequate precision was used. This method is the lattice substitution
experiment. Substitution of lattices into a central zone only 21 in.
in diameter, though rapid, required as a consequence careful
theoretical analysis and many corrections. Since the numerous
results are believed reliable to :1 25pB, it appears that the experiment
has achieved its goal.
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Unfortunately, no direct comparison of bucklings of the lattices
here with results for the same lattices by other techniques is possible.
However, during the course of the experiment some uranium metal
fueled lattices were measured, and compared favorably with their
bucklings as determined by the SE.
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CHAPTER VIII

INTERPRETATION OF SAVANNAH
U02 - D2 0 LATTICE EXPERIMENTS

Introduction
As pointed out in Chapter VII, the purpose of the Savannah

experiments was to make an extensive survey of natural uranium-
heavy water lattices. It follows, therefore, that the theoretical inter-
pretation would, like the experiments, tend to be extensive in nature.
This means simple, yet reasonably accurate, approximations would
be used. It became possible to calculate many lattices with adequate
precision without too much effort.

An important factor in the selection of the theoretical methods
used was an immediate practical application of the study. The du
Pont Company, at the request of the United States Atomic Energy
Commission, was investigating power reactors moderated by heavy
water and fueled with natural uranium.l1 ) The economics of
particular reactor type is quite sensitive to criticality and fuel life
physics calculations. Therefore, a theory was used which not only
would correlate all the buckling measurements, but also would allow
accurate extrapolation to conditions encountered in the power
reactor being studied.

Buckling measurements unfortunately were made at room tem-
perature in lattices free of fission products and plutonium. However,
the buckling most needed in power reaction design is that at operat-
ing conditions at the end of the core's life. This is more important
than knowing the " clean " (i.e. free of fission products and plu-
tonium) lattice's buckling at room temperature or even at the
operating temperature. 'In fact, the latter bucklings are rarely
attained in practice due to the presence of control materials in the
lattice initially. Thus it becomes the task of reactor physics not
only accurately to correlate room temperature clean bucklings, but
also to extrapolate these to bucklings of interest. Techniques used
for the latter are beyond the scope of this chapter, but are as impor-
tant as the former insofar as the ultimate practical application of the
experiments is concerned.

S08
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The basic technique of analysis of the bucklings used by Dessauer
et al. 2) is another variation on those already presented. Lattice
constants calculated for the four factor formula were used with the
experimental bucklings to determine an empirically adjusted para-
meter-in this case the resonance integral. With an eye towards
future usefulness, simple, yet reasonably reliable, methods of
arriving at the individual lattice constants were chosen. Upon
obtaining the resonance integral for each fuel element, these could
then be correlated with the effective surface to mass ratios of the
fuel elements. The desired correlation of the experimental bucklings
was thereby had in terms of an empirical formula for the resonance
integral. Therefore this, used with the calculational methods, here
gives a " best fit " to the measured bucklings.

One type of diffusion theory, leading to Equation (7-1), is a
mixture of the two types already presented as leading to the critical
equations, Equations (2-5) and (4-6). In the former a single group
of fast neutrons diffused at constant energy. In the latter the Fermi
ageing process was assumed to hold form fission energies down to
thermal energies. In the following equations both processes are
allowed in sequence:

DV 24+,-,,+q,(,) =0 (8-1)

VI 1q, c(8-2)
dO

q,(0) p ,f f (8-3)

D, 2  'I f o + kr , 0 (8-4)
p

If V2' and V2q are replaced by - B2 # and - B2q respectively,
these equations are readily solved for the fluxes 0, and Adz and the
slowing down density, q,:

0. q,(r,) 85
- = _(l + ) (8-5)

q,(sr,) =q,(0) e *B2 (8-6e

q,(0) pE (8-7)

p , (I + -; B2)
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The critical equation had by the elimination of the fluxes and slowing
down density is

ken . (I+L 2 B2 ) e,' 1 (1+.r B2 ) (8-9)

There is some evidencet3 ) that the ageing process may be better
described in the dual form of Equation (8-9) than that used in
previous chapters,

k= (I+L 2 B2)(1+rB 2 ) (8-10)
or km (I +L2B2) eB (8-11)
It is evident that with

t ,(812)

Equation (8-9) is bracketed by the other forms, Equations (8-10)
and (8-11).

To estimate the effect of using different critical equations, consider
the latter pair for a typical natural uranium lattice in which

L2 '= 150 cm2  (8-13)
- = 130 cm' (8-14)

B2 = 200 pB to 600 jB (8-15)
The quotient of the right-hand sides of Equations (8-10) and (8-1 1) is

1-03 x 1-02600103x 264 °99967 (8-16)
1-03 x 1-02634
1-09 X 1-07800

and 1=9x10871120-99711 (8-17)

for these two bucklings. Thus, reactivity differences as low as
0 033 per cent or as large as 0-29 per cent can be had. The differences
in calculating buckling from Equations (8-10) or (8-1 1) are

0-033 x 10 -2
* 20 c1.2 ~iB (8-18)280

and -29x10 = 10 pB (8-19)
280

if M2 - 280cm2 is typical.
Thus, the various interpretations of the ageing process differ

typically by less than the precision to which the lattice constants are
known. It is only for lattice types having a large value of rB2 that
these differences become important. As mentioned in Chapter VII,
the oxide lattices treated here were analyzed by Equation (8-10),.
while other metal fueled lattices were analyzed by Equation (8-9).
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Fast effect
The formula used for calculating the fast fission factor, e, is

E= 1+!C9P
V

(8-20)

where A is the fast to thermal fission ratio. f was computed by
essentially Spinrad's method,(4 I after homogenizing the fuel element.
For uranium metal rods, measurements of a were useful in verifying
the calculational technique.

Comparison of Equation (8-20) with either Equations (4-7) or (6-2)
indicates that simplifying assumptions have been made. In
particular, the non-fission capture that was not taken into account
in calculating c was subsequently included in the calculation of p.
This was convenient, because the resonance integral was empirically
determined in this analysis.

Values of e in Table 8-1 are plotted in Fig. 8-1. The fast effect

TADLE 8-1. CALCULATD LATTiCe CONSTANTS AND EXPenIMENTAL
BUCrCuNoS OF TnE SAVANNAii LATTnCES

Lattice e L2 Bs
No. f in cm in cm' injuB

72 1 01X 0929 0931 196 135 466
73 1 013 0-934 0 901 139 142 452
74 1-013 0-923 0-945 255 133 429
75 1*014 0-939 0 835 87 156 221
76 1-014 0-932 0 907 166 140 433
77 1-014 0 925 0 930 231 136 417
78 1 015 0 940 0 803 74 163 71
79 1 015 0 934 0 890 141 144 408
80 1 015 0-929 0 916 198 138 418
81 1 015 0-936 0-875 123 148 367
82 1*015 0-931 0-903 173 141 409
83 1-016 0-934 0-877 139 147 356
84 1-016 0-935 0'865 126 150 320
85 1-007 0-929 0-924 184 135 444
86 1-007 0*934 0'892 128 142 409
87 1 007 0-924 0 938 236 133 413
88 1-008 0 939 0 818 78 156 116
89 1*008 0 932 0*898 149 140 402
90 1-008 0-926 0-922 208 136 403
91 1X008 0 940 0-779 65 163 -94
92 1-008 0-934 0*879 125 144 356
93 1-008 0 929 0-907 176 138 395
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increases with the number of rods in the cluster and is larger for the
tighter spacing. i

NAMn of rods/cluster

Fno. 8-1. The fast effect for lattices 72 to 93.

Resonance escape
The method used for calculating p was the single energy method of

Critoph,t 51 already introduced in Chapter VI. In this method all the
resonance capture is assumed to occur at a single energy, ER. By
this simplification it is possible to treat heterogeneous effects quite
accurately. However, since ER is an unknown, it was necessary to
perform the resonance escape calculations for more than one assump-
tion for ER.

o,,, the resonance integral, was taken to be the parameter to be
determined in order to fit the theory to the experiment. It was had
by first obtaining 1 -p from the experimental buckling and the
calculated values for the other lattice constants. Then for a given ER
by using Critoph's method, a,, could be determined.
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In order to correlate the a,,'s of the various fuel elements som
dependence on the fuel element parameters must then be assumed:

[KrrIo(Krj)] /[2Ij(K1 Qr)] M (8-21)
Here Kc,rf o1c0rf)I2Ii(K,rr) is the surface to average interior resonance
flux ratio, and d and J are constants to be determined from a plot
of 'a.,'s evaluated against S/ffM. The effective surface of the fuel
in a cluster was taken to be the outer surface plus the corrected
inner surface. The latter is the Dancofif corrected inner surface
times the interior to surface flux ratio.

Thermal utilization and t
In the formula for thermal utilization,

f = '.X023.5 V2 3s + E.238 V2 38)00.u1  (8-22)

Dessauer et al. chose the P3 spherical harmonics method' 6) as the
means for computing the flux ratios; 4, JI, fuel For those lattices
in which this quantity was measured, agreement was found with the
results of the P3 method, within the experimental error. Table 8-1
contains the values off computed.

Motivated by the desire for simple methods that would be of
practical use for extensively surveying many lattices, the Savannah
group chose V to be its value in awellthermalized spectrum fornatural
uranium, namely 1 327.0) However, according to Equation (4-14),
q in fact depends on the ratio of U235 to U238 absorption cross-
sections. Since the former falls off with energy faster than l/v,
lattices having " harder " spectra tend to have lower effective values
of rj. The more tightly spaced lattices have harder spectra, i.e. a
higher mean neutron temperature, because the higher thermal
absorption tends to remove the lower energy neutrons from the
approximately Maxwellian spectrum.

It was within the spirit of the approximations made to use a
constant ;1, and allow its variation with spectra to be reflected as a
variation in ad,. This is because not only is the spectral dependence
of q approximated as a constant here, but the relative effectiveness
of epithermal and thermal fissions is also taken to be the same. The
latter is a consequence of the assumption of a single fissioning
group in Equations (8-1) to (84).
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Migration area
An approximate formula for age can be had by setting 9 = 0 in

Equation (6-18), and instead taking into account the uranium
moderation by an approximate assumption about cross-sections:

VI jV,

ITM1 + Yu ) (I + 2 V+ Vv) (8-24)

Here Vu is the volume of equivalent uranium metal obtained from
VY by requiring the equivalent metal to occupy a volume having
the same number of uranium atoms; Vy is the sum of the actual void
volume and V. - Yu.

In these equations the transport and slowing down cross-sections
of the uranium are taken to be half those of the heavy water, while
those of the aluminum are ignored. In addition, terms of order
(YVu/V 1)2 are ignored. 120cm2 is the value used for the heavy
water age, Tr. The division of the total age, T. into 'r, and so was
accomplished by(3):

T. = 0-622T (8-25)

To = 0-378r (8-26)

L was computed from the flux and volume weighed transport
and absorption cross-sections:

1. = (8-27)
3 r's. .

According to Table 8-1 there is an appreciable variation in L2 among
the lattices. r does not appreciably exceed the age of pure heavy
water because the uranium and aluminum occupy such a small
fraction of the lattice. However, LI by virtue of its inverse depend-
ence on 2a is approximately proportional to jM"MI+PVp. This is
shown in Fig. 8-2. The larger fuel element spacings have a larger
ratio of ,mlj., for a given VM/wYF, and hence a larger L2.

Since the Savannah lattices 100 to 105 contained helium, a cor-
rection of both r and L2 must be made for the effect known as steam-
ing. Basically the above formulae are applicable to a homogeneous
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mixture of materials, although in L2 the thermal flux heterogenuities
are taken into account. However, in practice the discrete lumping
of the fuel in all lattices and of the helium in a few lattices leads to
two effects,

(a) Anisotropic leakage: The leakage in the direction parallel
to the fuel or void axis tends to be enhanced, as illustrated
in Fig. 8-3.

u926hlel demen
10.7 h fuelleyfnt w wadnat

6 awl7 u Ah kv spaekig

I 20.

C1O Frk"audl spy

Fio. 8-2. The dependence of Ls on the moderator to fuel ratio for
lattices 72 to 84.

(b) Enhanced leakage: If two lattices have the same volume
ratios among materials, the one having the larger degree
of lumping has the larger leakage. This is due to the
larger migration area as illustrated in Fig. 84.

Correcting T and L2 for the heterogenuities of the fuel and
aluminum is complex, and probably negligible for most lattices.

.1

I.
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Fo. 8-3. Neutron streaming causing greater axial leakage than radiaLThose neutrons which are oriented mostly In the z direction tend totravel further than those radially oriented because of the probabilityof long unimpeded paths almost vertically in the voided region.

o 0

Fo. 8-4. Larger migration area due to void heterogenulties. Althoughthe two lattices have the same void fraction, the lower has the largermigration area because of the increased probability of the neutrons
having long unimpeded paths through the void.

However, the lattices with the gas coolant are readily corrected bythe formula of Behrens ts1: .
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corrected L 1 I +2F+F n a [(cotanh SFa) +
homogeneous L2 1+2F+F2 (

corrected L2  1 +2F+F F a cotanh S
homogeneous L. 1+2F+F2  (8.29)
where F is the void to non-void ratio in the lattice having voided
cylinders of radius, a. The age is corrected by a similar formula.
This anisotropic migration is used to compute leakage as already
shown in Equation (3-9).

24

borne - -~ om1- s 63(i320

l FM/X- bed +1 O01f -/-f
If/ 60 Mm2  ff
by MASS OF OXIDE.i

0 .1 O.Z 0.3 a

\7N/,ff' gmn

Fia. 8-5. e.,, the effective resonance Integral of uranium oxide, (RI).

Analysis of bucklings
The steps used in the analysis of the measured bucklings con-

sisted in: obtaining p and the buckling as previously described;
then obtaining a., from the formula for p, using various values for
ER. Figure 8-5 shows a plot of the ae,s obtained for ER = 30eV
and the determination of dand 9 in Equation (8-21). It was found
that ER = 30 eV gave the least scatter of points in this type of plot. ¶

The resonance integral obtained differs significantly in Sf/M1
dependence had from direct measurements( 9 ) used by Critoph in
Chapter VI, which give

10'1 +3 bn
Car [xro1(' )/[IQ +1 )____________ 3-0-~'f barns (8-30)
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However, for Sf/M 0-25, Fig. 8-5 gives 16-7, while Equation
(8-30) gives 17 6 barns. This is some indication of the overall
consistency of the Savannah methods of calculation.

Another indication of the combined consistency of the buckling
measurements and theoretical methods is the average deviation of
the points in Fig. 8-5, which is about ± 0-6 barn in 17 barns. This
corresponds to about a ± 0-6 per cent dispersion in kco,.a typIcal
value of which is 1 1. This in turn, corresponds to about a ± 6 per
cent dispersion in bucklings in the vicinity of 400,uB. It has already
been noted in Chapter VII that buckling measurements are accurate
to ± 25/B. Thus, Fig. 8-5 is a further confirmation of this degree
of precision. It is interesting to note that correlations as Fig. 8-5
(or q calculations as in Chapter IV) show very nicely the statistical
uncertainties in buckling measurements, provided fluctuations due
to the theory are small. Whereas the conventional presentations of
buckling versus moderator to fuel ratio do not show this.

Dessauer has actually tested the dispersion of the experimental
bucklings in a more precise way. When the bucklings calculated by
the use of the resonance integral formula found in Fig. 8-5 were
compared with those measured, a standard deviation of 21pB was
had.
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