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Data for the 18 largest Tennessee Valley Authority (TVA) reservoirs are compared with previously de- 
veloped models for predicting steady state phosphorus concentrations in lakes. A plug flow model is pre- 
sented for lakes and reservoirs which have significant longitudinal variation in phosphorus concentra- 
tion. The results indicate that phosphorus sedimentation and retention coefficients developed for natural 
lakes are not directly applicable to TVA reservoirs. The apparent settling velocity of phosphorus in TVA 
reservoirs was substantially higher than previously reported values for natural lakes. Application of the 
plug flow model to Cherokee Reservoir showed good agreement with measured in-lake phosphorus con- 
centrations. 

INTRODUCTION 
Vollenweider [ 19761, Dillon and Rigler [ 19741, Larsen and 

Mercier [1976], and others [e.g., Dillon, 19741 have used con- 
tinuous stirred tank reactor (CSTR) models to predict steady 
State phosphorus concentrations in lakes. These models have 
been used in preliminary analyses to characterize the trophic 
status of lakes, to compare various lakes, and to predict ac- 
ceptable phosphorus loading rates. These previous studies 
were based largely on data for natural lakes. The resulting 
empirical constants may not be directly applicable to man- 
made impoundments, which generally have different hydro- 
logic and morphologic characteristics [ Walker and Kiihner, 
19781. 

This paper presents data for the 18 largest Tennessee Valley 
Authority (TVA) reservoirs, examines previously developed 
CSTR models and empirical constants, and presents a plug 
flow reactor (PFR) model for describing longitudinal varia- 
tions in phosphorus concentration. The purposes are to com- 
pare phosphorus removal rates in TVA reservoirs with pre- 
vious findings for natural lakes and to illustrate use of a PFR 
model. 

RESERVOIR MORPHOMETRY 
The Tennessee River and its tributaries drain an area of ap- 

proximately 106,000 km2 (41,000 mi’) in the southeastern 
United States (Figure 1). Land surface elevations vary from 
2037 m (6684 A) at Mount Mitchell, North Carolina, to 90 m 
(300 ft) at Paducah, Kentucky. Approximately four million 
people live within the basin. 

Table 1 summarizes morphometric characteristics of the 18 
largest TVA reservoirs. Although the reservoirs vary greatly in 
size and flow characteristics, there are two obvious groups: 
main stem reservoirs and tributary reservoirs. The nine main 
stem reservoirs generally have greater flows, shallower depths, 
and shorter residence times than the nine tributary reservoirs. 
All of the reservoirs are used for hydroelectric power genera- 
tion and discharge over 90% of their flow through fixed, low- 
level, turbine intakes (i.e., the water is withdrawn from the 
hypolimnion). 
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PHOSPHORUS BUDGETS 
Monthly phosphorus (P) data from the TVA water quality 

monitoring network and daily TVA and U.S. Geological Sur- 
vey records for reservoir releases, reservoir volumes, and ma- 
jor tributary inflows were available for calculating P budgets 
for the 18 TVA reservoirs. These data were used to calculate 
quarterly P inflows and outflows for the period 1974-1976. A 
3-year period was used to obtain a more realistic estimate of 
steady state conditions (i.e., to include variations from year to 
year). Phosphorus budgets were calculated quarterly in order 
to include seasonal variations in flow. Monthly calculations 
were considered but were not believed to improve the 3-year 
estimate sufficiently to justify the additional detail. Since P 
data were generally not available for minor tributaries, the 
difference between the total inflow to each reservoir (as deter- 
mined by outflows and changes in storage volume) and the 
measured inflow was treated as local inflow. The local inflows 
averaged 9.9 and 39.9% of the total inflow for the main stem 
and tributary reservoirs, respectively. Concentrations of P for 
the local inflows were estimated from available tributary data 
within the watershed. The P contribution of large wastewater 
treatment plants which discharge directly to a reservoir (e.g., 
Knoxville and Chattanooga) were estimated from average ef- 
fluent concentrations and flows. 

Table 2 summarizes the results of the calculated P inflows 
and outflows. The tributary reservoirs generally retain a 
greater portion of the inflowing P, as would be expected for 
the longer residence times. Negative values for P retention 
were observed in five of the nine main stem reservoirs. This 
may be due to flushing caused by higher than normal flows 
during 1974-1976 (flows averaged 15 to 32% above 1958-1977 
averages for all reservoirs except Tims Ford, which had flows 
slightly less than normal). It is also possible that the method 
used to calculate local P inflows underestimated the contribu- 
tion of point and urban nonpoint sources along industrialized 
sections of the Tennessee River (e.g., Wheeler Reservoir). 

The coefficient of variation for inflow and outflow concen- 
trations ranged from 15 to 55% for the main stem reservoirs 
and from 20 to 68% for the tributary reservoirs. The coeffi- 
cient of variation for inflow and outflow loads ranged from 45 
to 79% for the main stem reservoirs and from 32 to 99% for the 
tributary reservoirs. Loads were more variable than concen- 
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TABLE 2. Mean Values of Phosphorus Inflows and Outflows (1974-1976) 

Phosphorus as P 

Inflow outflow 
Concentration, Zoncentration, 

Reservoir mg/l mg/l 

outflow ~ 

Load, Percent 
lo3 kg/d Retained 

Kentucky 
Pickwick 
Wilson 
Wheeler 
Guntersville 
Nickajack 
Chickamauga 
Watts Bar 
Fort Loudoun 

0.074 
0.05 1 
0.056 
0.035 
0.038 
0.036 
0.026 
0.040 
0.044 

~ 

Main 
0.075 
0.064 
0.052 
0.056 
0.029 
0.035 
0.027 
0.027 
0.050 

stem 
15.03 
8.70 
8.99 
5.24 
4.7 1 
3.71 
2.55 
3.34 
1.80 

15.65 
10.93 
8.36 
8.41 
3.59 
3.67 
2.70 
2.25 
2.03 

~~ 

-4.1 
-25.6 

6.9 
-60.5 

23.7 
1.1 

-5.9 
32.6 - 13.1 

Tributary ~ 

Chatuge 0.02 1 0.0 16 0.030 0.023 24.4 
Cherokee 0.155 0.033 2.068 0.450 78.3 
Douglas 0.067 0.033 1.316 0.666 49.4 
Fontana 0.045 0.0 15 0.509 0.171 66.4 
Hiwassee 0.02 1 0.017 0.127 0.1 05 17.5 
Noms 0.038 0.014 0.446 0.177 60.4 
South Holston 0.034 0.01 1 0.103 0.033 67.8 
Tims Ford 0.024 0.022 0.067 0.065 3.4 
Watauga 0.05 1 0.012 0.108 0.027 75.2 

Loads were calculated quarterly from daily flow records and monthly P measurements. Mean concen- 
trations were calculated by dividing total loads for the 1974-1976 period by total flow volumes. 

The basic equation can be written as 0.025 mg/l to distinguish between lakes with expected differ- 
ences in phosphorus removal. The 0.025 mg/l inflow concen- 
tration is not considered an absolute breakpoint but is used 
for consistency with previous studies. The resulting 10 TVA 
reservoirs yielded the relationship a = 92/i. Confidence limits 

V- dC0 = C,Q - CoQ- r V =  0 dt 

in which 

V lake volume; 
t time; 

TABLE 3. Rate Constants (I and Apparent Settling Velocities Y for 
Phosphorus Removal in 18 TVA Reservoirs Co steady state lake and outflow concentration of phos- 

Dhorus: 
Ci inflow concentration of phosphorus; 
Q inflow and outflow rate; 
r phosphorus removal rate. 

Vollenweider [ 19761 assumed that the phosphorus removal 

Completely 
Mixed Model Plug Flow Model 

Apparent 
Rate Settling 

Constant, Velocity, 
rate was a first-order reaction where r = aC, and a is the phos- ~ Reservoir yr- m/yr 
phorus sedimentation coefficient. Substituting this formula- Main stem 
tion for r and the residence t h e ,  T = V/Q,  into (1) yields Kentucky -0.35 -1.7 -0.35 -1.7 

Pickwick -12.02 -77.9 -13.43 -87.0 

-17.13 -90.5 -21.47 -113.4 
Wilson 5.84 71.6 5.63 69.0 

Guntersville 12.64 53.5 11.01 46.6 

c, c, = - (2) Wheeler 1 + a7 
Vollenweider proposed approximating the sedimentation co- 
efficient by u = v/i, where i = V / A  = mean lake depth. 
Chupru [ 19751 and Dillon and Kirchner [ 19751 showed that v is 
the apparent settling velocity of phosphorus. Using this for- 
mulation, the apparent settling velocity for the 18 TVA reser- 
voirs (Table 3) ranges from -90 to 269 m/yr (median value = 
42.2 m/yr). Walker and Kiihner [ 19781 reported values ranging 
from -1 to 125 m/yr for 27 midwestern impoundments (me- 
dian value = 12.7 m/yr). 
In examining the relationship between a and P for TVA res- 

ervoirs the five reservoirs with negative phosphorus retention 
were excluded (i.e., Kentucky, Pickwick, Wheeler, Chick- 
amauga, and Ft. Loudoun). Chatuge, Tims Ford, and Hi- 
wassee were also excluded due to low inflow concentrations 
(C, 5 0.025 mg/l). Larsen and Mercier [1976] also used C, c 

Nickajack 
Chickamauga 
Watts Bar 
Fort Loudoun 

Chatuge 
Cherokee 
Douglas 
Fontana 
Hiwassee 
Norris 
South Holston 
T i m  Ford 
Watauga 

3.76 
-2.20 
13.69 

-4.46 

n 
0.73 

17.06 
8.85 
7.11 
1.54 
4.59 
3.80 
0.16 
4.72 

25.3 
-11.0 

99.9 
-32.7 

Fibutary 
6.9 

237.5 
95.1 

268.8 
31.3 
74.9 
89.0 
2.4 

115.5 

3.71 25.0 

11.18 81.6 
-2.24 -11.2 

-4.75 -34.8 

0.62 5.9 
7. I4 99.4 
6.08 65.4 
3.91 147.7 
1.39 28.1 
2.67 43.6 
2.05 48.0 
0.16 2.3 
2.10 51.4 

Rate constants were calculated from (2) and (7) using the data in 
Tables 1 and 2. Effective settling velocity is the product of the rate 
constant and mean depth. 
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Fig. 2. Comparison of TVA data with rate constant relationship of 
Vollenweider [1976]. 

on the apparent settling velocity of 92 m/yr were 42.8 and 
199.5 m/yr at = 0.05. This apparent settling velocity is sig- 
nificantly higher than the 10 m/yr found by Vollenweider 
[1976] for natural lakes (Figure 2). It also agrees with Vol- 
lenweider's observation of higher u values in lakes of consid- 
erable surface extension (i.e., TVA reservoirs are generally 
long and narrow). The implications of this difference are illus- 
trated in Figure 3, where the new sedimentation rate coeffi- 
cient shifts the criteria curves proposed by Vollenweider. 

Larsen and Mercier [1976] and Dillon and Rigler [1974] used 
a somewhat different approach based on the fraction of phos- 
phorus retained ( R  in (3)). This formulation implicitly de- 
scribes the phosphorus removal rate in (1) as rV = CiQR: 

Co= Ci(1- R) (3) 

Lmsen and Mercier [1976] used data for natural lakes to de- 
velop relationships between R and the areal hydraulic load- 
ing, qs = f / r ,  and between R and the hydraulic washout coef- 
ficient, pw = 1/2. In examining 20 lakes with C, 5 0.025 mg/l 
they found R = 0.86 - 0.143 In 4.. For the 10 TVA reservoirs 
with positive R values and Ci > 0.025 mg/l, R = 1.54 - 0.22 In 
4,- For selected lakes with Ci 5 0.025 mg/l they also found R 
= 1/(1 - pw)' /z ,  as compared with R = 1/(1 - 0.19 p,,Jo.'*, for 
the 10 TVA reservoirs. Figure 4 compares the TVA data with 
the findings of Larsen and Mercier. The three TVA reservoirs 
with C, < 0.025 mg/l are plotted on Figure 4 for comparison. 
The fact that these reservoirs are closer to the Larsen and 
Mercier relationship appears to support Larsen and Mercier's 
decision to distinguish lakes on the basis of inflow phosphorus 
concentration. 

Larsen and Mercier excluded eutrophic lakes from their 
analysis, indicating that increasing levels of productivity 
might decrease the P retention capacity by increasing the in- 
ternal supply of P as anaerobic conditions develop. This de- 
crease in P retention capacity was not observed in the TVA 
reservoirs, however. Even though 6 of the 10 TVA reservoirs 
experience anaerobic conditions during the summer months 
[Zwunski el ab, 19801, Figure 4 indicates that P retention in the 
TVA reservoirs is greater, not less, than that found in the 

lakes examined by Larsen and Mercier. Other factors are ap- 
parently more important than the internal supply of P under 
anaerobic processes (e.g., inflow concentration, type of in- 
flowing materials, and length to width ratio). 

The wide variations in sedimentation coefficients, apparent 
settling velocities, and retention coefficients between lakes and 
reservoirs, and within the TVA reservoirs, indicate the limita- 
tions of using average values for a wide range of lakes and res- 
ervoirs. Possible reasons for the variations include (1) differ- 
ences in settling materials and hydrodynamic conditions, (2) 
weakness of the first-order settling assumption, and (3) failure 
of the steady state, CSTR model to represent adequately lon- 
gitudinal and seasonal variations in phosphorus inflow and 
sedimentation. 

PLUG FLOW REACTOR (PFR) MODEL 
Most of the limitations mentioned above require additional 

model parameters and complexity. One improvement which 
can be made without added complexity is consideration of 
longitudinal variations in phosphorus concentration. Reser- 
voirs often have greater length to width ratios than natural 
lakes. As noted above, this appears to influence the empirical 
rate constant for phosphorus removal. For reservoirs with a 
significant longitudinal concentration gradient a PFR model 
would be more appropriate. Assuming a rectangular channel 
of uniform width and depth, as shown in Figure 5, a mass bal- 
ance equation for steady state conditions can be written as fol- 
lows: 

dC 
WZAX -= dt CQ - ( C +  A Q  Q - WAX = 0 -(4) 

or 

dC 
dw Q - + w z = O  

where w is the width, z is the depth, and x is the distance from 
the inlet. 

A- TVA DATA 
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Fig. 3. Comparison of the 18 largest TVA reservoirs to the I'd- 
lenweider [ 19761 lake eutrophication model. 
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\ FOR ci > 0.025 mg/l 
\ 0 FOR Ci < 0 . 0 2 5 m p / l  

1.0 

a 
0.2 - 

0 2 4 6 8 

In qs 

Fig. 4. Comparison of TVA data with phosphorus retention rela- 
tionship of Larsen and Mercier [ 1976). 

Assuming first-order phosphorus removal, r = oC, and by 
integrating, 

or 

C, = C, exp [- UT,] (7) 

where C, is the concentration at x and T~ is the residence time 
between zero and x. Using the inflow and outflow phosphorus 
concentrations in Table 2, u values for the PFR model were 
calculated as shown in Table 3. The relationship between u 
and i for the selected 10 TVA reservoirs is u = 61/f (con- 
fidence limits are 3 1.1 and 118.6 at a = 0.05). By using a t-test, 
the apparent settling velocity of 61 m/yr for the PFR model 
was found to be significantly different from the 92 m/yr for 
the CSTR model at the a = 0.2 level. The lower value for the 
PFR model is probably due to the longitudinal concentration 
gradient, which allows the removal rate r to vary from high 
near the inflow to low near the outflow. 

The results of the CSTR and PFR models are compared in 
Figure 6 for 1978 conditions in Cherokee Reservoir. Although 
additional data are needed to compare the two models fully, 
Figure 6 illustrates the problems associated with using average 
values for apparent settling velocity and the CSTR model for 
reservoirs with significant longitudinal variation in phos- 
phorus concentration. The apparent settling velocity of 10 m/ 
yr found by Vollenweider [ 19761 in lakes greatly overestimates 
the in-lake and outflow P concentration in comparison to the 
more site-specific 92 m/yr for TVA reservoirs. In addition, the 
CSTR model assumes that the in-lake P concentration is con- 
stant along the longitudinal axis and equal to the outflow con- 
centration (i.e., = C,,). The PFR model allows the in-lake P 
concentration to vary along the longitudinal axis and provides 
a better estimate of in-lake P concentrations. Integration of (7) 
yields an average in-lake concentration for P, as shown in (8). 
In this case, # C,. 

Ci 
UT 

C = - (1 - exp [-uT]) 

I Fig. 5. Schematic diagram for plug flow model. 

SUMMARY AND CONCLUSIONS 

Differences between natural lakes and man-made reservoirs 
limit the applicability of previously developed CSTR models 
and empirical sedimentation rate coefficients. The following 
items summarize differences noted in this study and their im- 
plications. 

1. Data for the 18 largest TVA reservoirs illustrate the im- 
portance of morphometric differences among reservoirs. Phos- 
phorus removal efficiencies were lower in the nine main stem 
reservoirs due to higher flows and shorter residence times. 
Five main stem reservoirs showed negative removal coeffi- 
cients, probably due to higher than normal flows during the 
sampling period and/or inaccurate estimates of local phos- 
phorus inflows. 

2. The phosphorus removal relationships developed by 
Vollenweider [1976] and by Larsen and Mercier [1976] are 
based primarily on lakes with C, 5 0.025 mg/l. Phosphorus re- 
tention in the three TVA reservoirs with positive retention 
and Ci < 0.025 mg/l is more closely approximated by these 
relationships than by the relationships developed for the 10 
TVA reservoirs with C, > 0.025 mg/l (Figures 2 and 3). This 
supports the decision of Larsen and Mercier to distinguish 
phosphorus retention in lakes on the basis of inflow phos- 
phorus concentration. 

3. The apparent settling velocity in the 10 TVA reservoirs 
with positive phosphorus retention and C, > 0.025 mg/l was 
found to be 92 and 61 m/yr for the CSTR and PFR models, 
respectively. Both of these values were significantly different 
from the 10 m/yr found by Vollenweider [1976] (a = 0.01). 
This illustrates the importance of factors not included in the 
model (e.g., morphometry, inflow phosphorus concentration, 
or settling characteristics of the inflowing phosphorus). 

4. Apparent settling velocities for phosphorus vary greatly 
among the reservoirs and between reservoirs and natural 
lakes. These variations could be the result of one or more of 
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Fig. 6. Comparison of model results with 1978 field data for Chero- 
kee Reservoir. 




