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EXECUTIVE SUMMARY

Mathematical models have become essential tools in performance assessment investigations, for
estimating the potential impact of radionuclide migration out of a HLW geologic repository to
the biosphere. These models involve a mathematical description of hydro-geochemical and -geo-
physical processes, and their predictive capabilities are usually commensurate with our
understanding of the various classes of geologic media: porous and fractured rock. Currently,
the candidate HLW disposal site is one which is located in fractured tuff. Since this geological
medium is poorly understood because of its inherent structural uncertainties and currently there
is a limited ability to quantitatively describe geological processes in that medium, the use of
simplified mathematical models for a conservative probabilistic assessment of performance is
appropriate. Moreover, in spite of their limitations the high degree of precision of analytical
models coupled with their computational efficiency have induced many investigators worldwide
(Rosinger and Tremaine (1978), Hodgkinson and Maul (1985), Rasmuson and Neretnieks (1986),
and Burkholder et al., (1976)) to adopt these for addressing some of the critical issues inherent
to the containment characteristics of potential radioactive waste disposal sites.

This report is presented in two parts.

Part 1 reports the derivation and verification of the closed form analytical solutions of the one-
dimensional non-dispersive and isothermal transport of a radionuclide in a layered system of
saturated planar fractures coupled with diffusion into the adjacent saturated rock matrix. In
addition to matrix diffusion effects as reported by Grisak et al., (1981, 1980) and Neretnieks
(1980) (see also Gureghian (1990a) for a comprehensive list of references) on the one hand, and
non-zero initial conditions in both fracture and rock as illustrated by Gureghian (1990b) on the
other, three new features associated with 1) the layered nature of the rock matrix, 2) the length
dependency of fracture aperture, and 3) periodicity aspect of radionuclides released from the
source have been implemented in these new solutions.

Part 2 evaluates and demonstrates the use of several sensitivity and uncertainty analysis methods
using the analytical model developed in Part 1.

The mathematical model "MULTFRAC" associated with Part 1 of this report includes two
modules. The first module predicts the space-time dependent concentration of a decaying species
migrating within the fracture network and the surrounding rock matrix layers, including the
cumulative mass at an arbitrary observation point within the fracture. Note that the steady
unidirectional flow of water through the fracture is normal to the rock matrix layers. Moreover,
the material properties of individual fracture and rock matrix layers assumed to be fully
saturated, are homogeneous and isotropic. The second module predicts the analytical and
numerical local sensitivities i.e., the first order derivatives of the concentration and cumulative
mass with respect to the dependent variables. These are basic requirements for parameter
estimation or sampling design in the case of the concentration, and for uncertainty analysis of
cumulative releases of a typical species from the repository at a typical point in time along the
fracture as illustrated in Part 2 of this report.




The analytical solutions are based on the Laplace transform method where the domains of
radionuclide migration in both fractures and rock layers are one-dimensional and of the semi-
infinite type, implying in this instance that radionuclide diffusion from the fractures wall to the
rock matrix may extend to infinity. The sorption phenomena in both fracture and rock matrix
layers are described by a linear equilibrium sorption isotherm. Two types of radionuclide
release modes are considered: the continuously decaying and the periodically fluctuating
decaying source, which may in turn be subject to step and band release modes. The initial
concentrations in the fracture and rock matrix layers may be assigned spatially varying values
in the case of the first whereas uniform ones may be implemented in both cases.

The verification of the new analytical solutions pertaining to solute transport in fracture and rock
matrix was performed by means of several well established numerical evaluation methods of
Laplace inversion integral proposed by Talbot (1979), Durbin (1974), and Stefhest (1970). Two
test cases involving the migration of Np-237 and Cm-245, in a five-layered fractured rock
system were investigated. An evaluation of some of these inversion methods over the range of
investigated parameters have also been reported. On the other hand, the verification of the
analytical solutions for the local sensitivities of the concentration and cumulative mass in the
fracture with respect to the parameters of the system was performed by means of numerical
differentiation techniques based on the finite-difference method of approximation.

APPLICATIONS

The deterministic solutions presented in Part 1 of this report are primarily related to performance
assessment investigations of potential nuclear waste repository sites restricted to typical scenario
analyses associated with long term migration of radionuclides in an idealized fractured rock
system. The new predictive capabilities imbedded in the derived solutions are expected to
improve the confidence of the investigator performing sensitivity and uncertainty analyses based
on this model.

The model MULTFRAC was written in VAX FORTRAN Version 4.8 using the G floating point
option (REAL*16). The computation was executed on a VAX 8700 under VMS Version 4.7.
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1. INTRODUCTION

For more than a decade analytical solutions have played an important role in assessing the
impact of burying radioactive waste in permeable porous media (Gureghian (1987), Gureghian
and Jansen (1985, 1983), van Genuchten (1982), Pigford et al., (1980), Hadermann (1980),
Burkholder et al., (1976), Rosinger and Tremaine (1978), Lester et al., (1975), and Shamir and
Harleman (1966)), and fractured rock masses (Gureghian (1990(a,b), Ahn et al., (1986, 1985),
Chen (1986), Hodgkinson and Maul (1985), Sudicky and Frind (1984), Grisak and Pickens
(1981), Kanki et al., (1981), Chambré et al., (1982), Sudicky and Frind (1982), Tang et al.,
(1981), and Neretnieks (1980)).

In order to cope with the heterogeneity problem currently witnessed in geologic media, a new
analytical solution of radionuclide transport through an idealized saturated fractured rock system
composed of n number of parallel fractured rock layers is developed. Typically each layer is
assumed to be characterized by constant parameters.

In this instance the geometry of the cross section of such a fractured rock network corresponds
to a series of connected parallel line segments of different thicknesses (see Figure 1-1).
Computationally viable closed form analytical solutions which satisfy some of the requirements
of Part 2 of this report (i.e., the section dealing with the uncertainties issues) are developed after
assuming that transport through the fractures is predominantly caused by advection and that
matrix diffusion may extend to infinity. In a single layer situation, the solution with zero
dispersion in the fracture has been shown by Ahn et.al.,(1985) to yield close enough results to
the one with non-zero dispersion contingent to it satisfying a criterion which will be subsequently
reported. Furthermore, the solution corresponding to the infinite rock matrix diffusion case
(i-e., single fracture) was proven by Gureghian (1990a) to yield similar results to the finite
diffusion one (i.e., parallel fractures), as long as the resulting Fourier number, a dimensionless
parameter, was less than or equal to 0.1.

With the assumption that migration within the fracture is solely by advection, the mass flux F
at the exit or entry face of a typical fracture layer i of unit width may be written as

F* = [2buAl* (1-1)
where
A, is the concentration in the fracture (ML?)
u is the average fluid velocity in the fracture (LT?)
2b, is the thickness of the fracture (L)
+ is the symbol of an entry face

- is the symbol of an exit face

1-1
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Figure 1-1. Description of Migration Pathways in a System of Homogeneous Layers of
Fractured Rock. (See Appendix F for definition of symbols.)
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Note that in Equation (1-1) it is assumed that transport occurs under isothermal conditions and
the fluid density is constant and that concentrations are small such that these do not affect the
properties of the fluid or rock. In addition, the transfer of fluid through the fracture walls is
assumed negligible.

At the interface of two consecutive fracture layers i-1 and i, the steady-state continuity equation
for fluid is given by

s = Wb “w

and from the mass conservation relation of the solute we have

F_~=F" (1-3)

with the notion that the flow rate within a typical fracture segment is constant under steady-state ){
flow conditions, substituting Equations (1-1) and (1-2) into Equation (1-3) yields

A=A (1-4)

i-1 i

which guarantees a continuity of concentration at the interface between fracture layers.
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2. ANALYTICAL CONCENTRATIONS AND CUMULATIVE MASS

2.1. GOVERNING EQUATIONS

The governing one-dimensional equation describing the non-dispersive movement of a
typical nuclide in the ith layer of the fracture and rock matrix respectively (Neretnieks, 1980)
is given by

(a) Fracture

A ad J
R’Ti;! + uigi + ARA, + ;’ =0, x_,<x<x, @-1)
(b) Rock Matrix
oB &B
R! —at-‘ - D, azli + AR/B, = 0 (2-2)

t>0, x>0, z2b, i=123,..,n

where

R, is the retardation in the fracture

A is the first-order rate constant for decay (T™)

A is the diffusive rate of radionuclide at surface of fracture per unit area of fracture
surface (MLT?)

R,.’ is the retardation factor in the rock matrix

B; is the concentration in the rock matrix (ML)

D, is the pore diffusivity (L2T)

X is the spatial coordinate in the fracture (L)

z is the spatial coordinate in the rock matrix (1)

t is the time (T)

i is the index related to the particular layer of fracture and surrounding rock
matrix

n is the total number of fractured rock layers

A complete list of symbols and their meanings is given in Appendix F.
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The diffusive rate of a nuclide into the ith layer of the rock matrix is assumed to obey
Fick’s law of diffusion written as
0B,

Ji = _Delja; Iz = b (2-3)

where D,; is the effective diffusivity in the typical section of the rock matrix (see Neretnieks,
1980) defined as

D, = ¢D, (2-4)

where
¢, is the rock porosity
D, is the pore diffusivity (i.e., D,;= D, gq) (L*T")

m

D, is the molecular diffusion of nuclide in water (L’T™)
gs is the geometric factor (8, /7.2) where
S is constrictivity for diffusion (L°)

T is tortuosity of rock matrix (L.°)

The retardation factor in the ith layer of the fracture (R, and the rock matrix (R,-/ ), respectively
(see Neretnieks et al., 1982), are given by:

K
R =1+ 7’: (2-5)
Rl =1 +[1-9)/®]p,K, (2-6)

where
P is the bulk rock density (ML)
Kq is the surface distribution coefficient in the fracture (L)
K, is the distribution coefficient in the rock matrix (L’M™)

2.1.1. Inmitial and Boundary Conditions

The set of differential equations, Equations (2-1) and (2-2), are subject to the
initial conditions:

A,(x0) = a; +aye ™M, x_ <xxx | (2-7)

where

2-2




Xi = 5
i1 (2-8)
X-X_ =X~ EL]., i>1
i
By(xz,0) = b, x, <x<x;, x>0, z2b, (2-9)

where ay;, ay, by; (all ML?), and o; (L) are constant for each layer i of the fracture rock system
and time invariant, and independent of boundary conditions in the fracture and rock matrix. The
boundary conditions in the fracture are given by

A0 = A@®), t>0 (2-10)

0A (1)

=0, t>0 2-11)

where A(t) is the concentration at the source.

For the ith layer of the rock matrix, the corresponding boundary conditions are:

B;(x,b,t) = A(x,0), t>0, x>0, x,_ <x<x, (2-12)
0B, (x,
;(az_i) =0, r0, x>0, x,_ <x<x, (2-13)

2.1.2. Concentrations of the‘Source

For a step release mode, the concentration of a typical nuclide at the source A(t)
decaying either continuously or subject to periodical fluctuations are given by

@) Exponentially Decaying Source
z‘{(t) = A% -M’ >0 (2-14)
(b) Periodically Fluctuating Source with Exponential Decay
2-3




A = A%e™M[v, - v, sinof], >0 (2-15)

where A’ is the concentration of the species at time equals zero, », and », are constants which
sum corresponds to one, with », < »,, and the time period T, of a complete cycle of variation

is 2n/w. These source types are illustrated in Figure 2-1.

For a band release mode, the boundary condition at the fracture inlet may be written as

A0 = AO[U® - UE-T)], t>0 (2-16)

where T is the leaching time and U(t-T) is the Heaviside function defined as
1, >T
Ue-T) = % t=T | 2-17)

0, <T

The general form of the solutions for the band release mode in the ith layer of
the fracture and rock matrix based on a boundary condition given by Equation (2-16) and which
uses the superposition method (Foglia et al. (1979)) may be written as:

PA, (60 = Ax,1; A®),A(x,0),B(x,2,0))

(2-18)
- e MA(x,t-T; A¢-T)U(-T)
*B,(x2,0) = Bjx,z,t; A®), 4,(x.0), B,(xz,0))
(2-19)
- e™B (x,z,t-T; A¢-T)Ue-T)
where ®A;(x,t) and *B,(x,z,t) correspond to the band-release solutions. .
At the interface of two consecutive fracture layers we have:
A,‘(x’t) = A‘_l(x,t)’ i>1 (2'20)

2.1.3. Solution of Transport Equations for the Rock Matrix and Fracture

2.1.3.1. Rock Matrix

The Laplace transformation of Equation (2-2) with its associated initial
and boundary condition Equations (2-9), (2-12), and (2-13) may be written as
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’B, = /
Dpi? - R s+ VB, = -Rb, (2-21)

with
B(x,b,5) = A(x,5) (2-22a)
and
Bx=9) _ (2-22b)
oz
where
B, - f Be*dt (2-23)
0

The general solution of Equation (2-21) yielding the concentration in
the ith layer of the rock matrix is given by

— J— b -, (z-b‘) b
B.(x,z,5) = |[A, - —2_|¢ ™ + U (2-24)
%29) (‘ s+l) s+ A
with
ry = ¢ (s + W) (2-25)
and
¢, = (R'/D, )" 2-26)

Note that the inverse Laplace transform of B; might be sought once A, is identified as shown in
the subsequent section.

The Laplace transform of the diffusive flux Equation (2-3) prevailing
at the interface of the fracture and rock matrix within a typical layer i is given by
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~ 0B (x,b
J‘=_¢D.__‘£Jf_i’s_).

— b
Dp—— = &,D,1, (A‘(x,s) - _u J 2-27)

s+ A
Note that r,; in the above equation is given by Equation (2-25).
2.1.3.2. Fracture

After proper substitution of the transform of the diffusive flux given
by Equation (2-27) into the Laplace transformation of Equation (2-1)

9A — . .
"‘Exl + [Ri(s +A) +c4ls + VP[4, = Ray, + a6 + R ?‘b;')m (2-28)

with
¢, / 12
%= (R D,) (2-29)
14
Note that the initial condititions given by Equation (2-7) are included into Equation (2-28) by
virtue of Theorem (A.1-4) of Appendix A.

Similarly, the boundary conditions given by Equations (2-14) and (2-15) are obtained using the
appropriate Laplace transforms given in Appendix A. Hence,

(@) Exponentially Decaying Source

—_ A°
A,0y) = oy (2-30)

(b)  Periodically Fluctuating Decaying Source

4,09 =A% —2 - 0 @-31)
s+ A (s + AP + ?

2.1.3.2.1. First Layer
The solution of Equation (2-28) for the first layer

(i-e., with i set to one), subject to its initial and boundary conditions given by Equations (2-7),
(2-10), and (2-11), may be written as
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Ajx,s) = [Fo - F—ll] e ™M + F

where

F, = A,(0,5)

3
F, i/ = Efji(s)

j=1

4
F, = Efji(s)
j=1
j*2
with

Ra,
Sl = —

al

£ = %

Ty — Dy

c,b
J5(8) = 'F

a

f“(x:s) = fz;(s) e "M

and

T = Rs + X) + ci(s + WP

p; = ua;

r, =ry(s + A2

(2-32)

(2-33a)

(2-33b)

(2-33¢)

(2-34a)

(2-34b)

(2-34¢)

(2-34d)

(2-352)

(2-35b)

(2-35¢)




n; = (2-35d)
u;

M, =X (2-35¢)
u

Note that subscript i refers to a typical layer and x; given by Equation (2-8) corresponds to the
distance within the portion of the fracture network stretching between the exit face of layer i-1
and the location of the observation point in layer i.

2.1.3.2.2. Second Layer
With the assumption that the upstream boundary

condition of the second layer will correspond to the prevailing concentration at the downstream
end of the first layer (see Equation (1-4)), we may write

A,0,5) = A,(L,5) (2-36)

hence the solution of Equation (2-28), related to the second fracture layer, may be written as

Aws) = @ - Fream " o (F - Flye ™™™ + F, @37

2.1.3.2.3. Nth Layer

Applying successively the above approach to the
subsequent portions of the fracture layers, the solution of Equation (2-28) corresponding to the
nth layer may be written as

_ n-1 -
A,(s) = [Fy - F'je =" []e ™"
i=]

(2-38)

n — n-1 - _
* 3y - Fpe = T[4 F,

i=2 j=i

Using the following notations
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n-1
B = D AN + Cpn,
i=m

n-1
Yma = 2L RN, + R,

n-1
- -r.n - + ) - + )2
g (x,S) = @ 'n“ul I e Taif =e Y-(‘ ) 9.“(3 )

(2-39)

(2-40)

(2-41)

the inverse Laplace transform of Equation (2-38) yielding the closed form solution of the
concentration of a typical species in the nth fracture layer is obtained by means of the various
theorems and Laplace transforms reported in Table A of Appendix A. This may be written as

A,.(x9t) = F, oh(x’t) - zn: F /,','n(x’t) +

i=1

E Fl' -lin (x’t) + F "(x,t)

i=2

The various components of the above equation correspond to

Fy (x1) = L7'[Fyg,,x)]

3
Flin®0 = 3 L705) Bun)
]l

3
Fpp@) = 3 L71,(5) 8, () + L7\ [(x,5),,,(x,5)
j=1

jr2

3
F ) = Y L7 + L, (x59)
j=1

j»2

(2-42)

(2-43a)

(2-43b)

(2-43¢)

(2-43d)

where F, , f (8), and g,,(x,8) are given by Equations (2-33a), (2-34), and (2-41) respectively.

07 I
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The components of functions Fy,(X,t), Fiua(X,t), Fua(X,t) and F,(x,t) are now given by:
@ Exponentially Decaying Source

in

— 1 UG - (2-44a)
2(‘ - Yl,,)ln ( Yl")

F, (x)=L '1[7‘0 ‘£ ”(x,s)] = A% ¥ erfc

(d)  Periodically Fluctuating Source with Exponential Decay

elu
Vel ——

v
I:E[E(t—yln’eln’iw) - E(t —Yln,eh,-iw)]]U(t - Yln)

F, (x1)=L7'|F,.8,,(x5)| = A%™

(2-44b)

The reader may refer to Appendix A, Equation (A.2-3) for a full definition of function E(-) .
Note that the second member of the above equation, which includes a combination of
exponential and complementary error functions with complex arguments, has been shown to
yield a real number (see Appendix B, Section B.3).

The inverse Laplace transforms of the the right hand side of Equations (2-43b), (2-43c¢) and (2-

43d) are given by
c.\2
A - .

0
L [fu(s)-gm(x,s')] =e™a, exp'&cfi]exp

R
: : (2-452)
ﬁ - 12 + __0"1”__ U(t-
e’f‘C[Ri(t Ymu) 2 (t _ 'Ymn)m (t Ymn)
2 _
L7 [£) 8ny)] = X (-1Y -qp— eXD{BBn * Bilt ~ Vo))
) j =1

! ‘ (2-45b)

erflByt - Va)? ¢ oy,

Ji mn 2 (t _ Ymn)lﬂ mn
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- -At emn mn
L! [fy(s)' gm(x,s)] = e bl.[erﬁ:(mJ - C‘P{ R,ﬁ .

0

i i 2 - Y,,,,,)m

L7 s 8 x9)] = €% L7 [£(8) s (x5)]

A

gl
-,

L7 [fx9)] = E( -1y £ - B g, 1)

ot

L )] = e Ma,exp t

erfc[ t12

i

L) = "“bh{l - exp[(Rl) t

with

¢, ¥ p
qi = ._L + _i
2R| R

and

2-12

exp[(;:)z(t - ym)Jerfc[R(t - Ym,,)llz + _ﬂ_”U(t-Y,,,,,)

(2-45¢)

(2-45d)

(2-46a)

(2-46b)

(2-46¢)

(2-47)




pn—ﬁ:'z
c
=__.ﬁ_+_.i.

Py 2R, 2

Note that 8; and B,; have dimensions of t2,

Grouping the components of Fi/m (x,8), Fima(X,t), and F,(x,t), one may then write

Flo G0 = H,_ (0 + H,_ (%0

F,,x0 = H_ (0 +e ™ H_(x0)

where
Hopn 1) = €7 b erfe — Om + (a; - b)ex S,
2(t - ¥, R,
e - G -y« —Om ;
and

2-13

(2-48a)

(2-48b)

(2-49)

(2-50)

(2-51)




v @B 2
j=1

q,
(2-52)
12 em
erfc[ﬂ,,(t ~ Yt m ue -v,,)
F 1) = 22: (-1 i""—p"'i—'x—'e“"":"erfcm,-,,rlﬂ) +
Y & 2-53)

t

e“‘[bh + (a,, - b, )exp erfc[%’—t‘”]

2
b
R’l

Note that the evaluation of expressions involving products of exponential and complementary

error functions are presented in Appendix B.

2.1.3.3. Rock Matrix

Substitution of Equation (2-38) in Equation (2-24) gives the Laplace
transform solution of the concentration in the nth layer of the rock matrix

— n-1 _
B:(x,z,s) = [f; - F’,]e'["'"' + 1. (Z-b)] l—I e-,.m‘ .

i=1

— n-1 —
3 (Foy=FlJe T T ERI T e o5
i= j=i

b

18 (] - ¢™mh)

F e"bn(z-bu +
" s+ A

The inverse Laplace transform of the above equation yielding the closed form solution of the
concentration in the nth layer of the rock matrix is then obtained by means of the various
theorems and Laplace transforms reported in Appendix A. This may be written as
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Bn(x’z’t) = Goh(xaz»t) - E G/,',',,(x’z9t) +
o (2-55)

E G,.1ix (02,0 + G (x,2,0)
i=2

The components of functions Gy, (x, z, t), G,-’m x,2,8) , Gi(x, 2z, t) and G,(x, 2, t) are now
given by:

(@  Exponentially Decaying Source

e/
G, (x,2,0) = A% erfC, -2

— = _  lug - (2-56a)
2 - 71,,)1,2 ( Yln)

(b)  Periodically Fluctuating Source with Exponential Decay

G, (%2,0)=L7|F,.8,,(x5)| = A%

’f' e/ln
vV _é —_—
“T 26 - v

_ (2-56b)
v
4_: [E(t - Yln’e/ln’i(‘)) - E(t = Yl,,’e/l,,a‘ iw )]] U(t - Yln)
where function E(+) is given in Appendix A, Equation (A.2-3).
Gl ®20= H' (52,0 + H', . (5,2,0) (2-57a)
G, x,2,0) = H' (%20 +e "* H' (xz10 (2-57b)

where
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e/
H 0 = e"“l bh.erfc[——"'"—

o ¢
+ (a,; - bli)exp{ X ﬂJ.

2t - v,0"
(2-58)
exp ﬁzt -y erfc&(t -y, )2+ —e/""'— ue -v,,)
R, = Yoa) R, 2(t - v,,)"? Y
- a B / 2
a2 = €™ 3 (= L explB;0, + Bt - 1,1
j=1 i
(2-59)

/

8
erfC[B,,(t V)t ——

U -
26— v

2 “CuXn
(-1y Zabot

F(xz0) = ey exp[Bint + Buutm(z b,

i=1 qn
¢, (z-b)] ) c
erfc|B,t'?) + _t';;z—n) +e M by, + (ay, - bln)em[cm(z_bn) ;{j (2-60)
2 -
exp n t\erfc WP e 5)
R, ) R, 212
o, =6, +c, - b,) (2-61)

2.2. CUMULATIVE MASS

The cumulative mass per unit width at any point within the fracture is given by
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M) = [q,2b,4,5)dr = q.2b, [Qoln(x,t) - E Q'inx)
° = (2-62)

n :
+Y Q0 + Q,.(x,t)]
i=2
where A,(x,t) the concentration in the fracture is given by Equation (2-42). In the above

equation the components of functions Qy,(X,t), Qi(X,t), Quu(X,t) and Q,(x,t) are evaluated based
on the various integrals derived in Appendix C and are given by

(a)  Exponentially Decaying Source

t
6
Q&) = [Fo (dv = AL(6A,—2y ) UE-1,) (2-63a)
Yin

(b) Periodically Fluctuating Source with Exponential Decay

Q) = [F, (1)dr =
Yin

(2-63b)
e .
A° vaII(t,).,—Zl-ﬂ,ym) - vbm14(t,61n,im,l,yln)]U(t—yln)
14
Q@) = [ Flpetr = Q) + ,Qa) (2-642)
Yo
¢
Quue®t) = [ FpyxtMde = Qb (xt) + €% 0l () (2-64b)
L™

where
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/ t emn
Qi) = [ HppsMs = by LEA 2 y,,)

Yan

(2-65)
+ @y - byexp 2o ALY PR U(e -
au 1 exf{z( mn TJ} 2 {E‘) :E,-Z_’Ym ( Ym)
, y 2  ayBy
2Qma®) = [ H, D)t =Y (-1Y ot L R |
=1 i
Yo ! (2-66)
2 em
Iz t’(pﬁ_l)’pﬁ’—é—"ym U(t_Y,m)
1 - i BnbPin e, 2
Qu)=[Fx) = ¥ (-1) s L(04(B%-2).8,)
i=1 n
° (2-67)

b " - c, \? C
fraen sl 2 )

n n

More explicitly, using the definitions of I, through I, reported in Appendix C, Equations
(2-63) through (2-67) may be written as

(@)  Exponentially Decaying Source

+

Qo (x = Alo - e” erfc el'
1 A z(t_yln)lfz

G P .S v -6
22 1n

2(t - v, )"

- 0
e °""/Ierf¢[—1"—-— - A - vy,) }U(t = Y1a)

2(t-v,,)"?
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(b)  Periodically Fluctuating Source with Exponential Decay

Qp, (58) = A°

Ay erfc[z(t_ym)uz

_Lyu e
L eo"ﬁerfc —2 .+ G- v, +
22 2(t - Yln)m

e-e..ﬁ elﬁ{__f_ln_ - m”

2(t-v,)"?

! 1 l' o -A-iok o ~(h+iax

O lhe| i ETYwliwie) *

e E, t-Y10p-i)

e—““‘(/\.sin(iwyln) + iwcos(iwy,,)
2io(A2-0?)

2-68b
e grp O, A1) o
2(t-y, )

+

U(t - Yl,,)

\ T e,ﬂ{J-__ - Wyl—)]

2At-v)"

where functions E,(-) and E,(-) in the above equation are given by Equations (C.4-3) of
Appendix C, and:
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/ e-“ emn +
SR I e

2(t - v,,)?

ehe"“ﬂerfc Om VACG - ¥,)

_2(t—'ym)”2

b {x,ﬁ G Cﬁm” exp{([&]z ) A]t .
(cﬁ)2 L R ™ R, R,

}U(t )

(2-69)
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2
2QI,',,,,,(x’t) = 21 (_l)iaz,_[;ﬂ{exp[ Bﬂ(ﬁm - Bjiym,)] :
7= i

(By-M)t

6
t - 7, _____m
: elf‘[pﬁ( Y ) 20 - Ym)lﬂ]

Ji

-2 ]
_exp( Y"")[ee"'ﬁelf:[ O, N (& . 1] - (2-70)

2(B; - A) 20" J\Wx

_e.'\/' OM Bji -
e le’ﬁ‘{w - l(t-Y,.,.)}(“/—x - 1] J} ue-v,,)

2 -aznp}n -aX 1 (Bj-A)
Q) = X (-1y e e Perpe (g, ) +
j=1

a, (B2 - 1)

%erf[(lt)’”] - 1}

b - ' |
+ ﬂ(l - e'l!) + _(?.m_l,l_")_[exp [(%)2 - l)t . (2-71)

[

Ppn o B efun] - 1
R erf A 9)'"]

erfc
’fR
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Note that when the exponential term in the model describing the initial concentration distribution
in the fracture (see Equation (2-7)) is taken into account, overflow problems are likely to be
encountered when the value of the time parameter becomes excessively large. This state of
affairs is inherent to the presence of parameter 8; (see, for example, Equation (2-52)), which
by virtue of being negative (i.e., when subscript i corresponds to 1, see Equation (2-48a)), tends
to freeze the complementary function at a constant value of approximately 2 (i.e., when its
argument becomes less than or equal to -3), whilst the exponential term will increase positively
with increasing values of time. To mitigate the incumbent overflow problem, the solution is
optimized through an iterative process intended to estimate an acceptable upper limit for the
magnitude of the exponential argument. Consequently, exponential terms witnessing 3,; in their
list of arguments are ignored (i.e., set automatically to zero) when the preset limit is exceeded.
Computationally, this is achieved after initializing the significant absolute limit of the exponential
argument, initially to a value corresponding to 30, the latter affecting exclusively the specific
components of the solutions which include parameter 8,;. The computation is reiterated after
halving the value of the exponential argument, and the absolute relative error in the computed
results is subsequently estimated. This process is continued until when, in two successive
iterations, the preset convergence criteria (i.e., 1% relative error) is said to be satisfied. For
the test cases reported herein a maximum of three iterations were proven sufficient to provide
an optimized value of the exponential argument and yield a highly accurate solution.

2.3. DISCUSSIONS OF RESULTS

The analytical solutions presented in this section of the report were verified by
comparison with three approximate methods of Laplace inversion integral as proposed by Talbot
(1979), Durbin (1974), as modified by Piessens and Huysmans (1984) and Stefhest (1970). All
three methods apply to the case where the source term corresponds to a continuous exponentially
decaying one, in which instance the required inversion of the Laplace transform is strictly
confined to the real domain. However, when a periodically fluctuating and decaying source term
is adopted, then only the first two of these methods are useful for evaluating the Laplace
transform inversion in the complex domain. Note that in the case of Stefhest’s algorithm, 36
summation points were found to produce almost oscillation-free solutions.

As far as the calculation of the analytical solution related to the cumulative mass (i.e.,
the time integrated solution of the concentration at a typical point along the longitudinal axis of
the fracture) is concerned, this is performed by numerically integrating solutions of the Laplace-
transformed equation of the concentration in the fracture. This integration is performed using
a composite Gauss-Legendre quadrature scheme, where 40 integration points were found
adequate to yield a convergent quadrature for the investigated test cases.

The two test cases reported subsequently refer to the one-dimensional transport of two
radionuclides: Np-237 (i.e., long half-life) and Cm-245 (short half-life), in a heterogeneous
saturated fractured rock system composed of five layers (the last extending to infinity), with
piecewise constant parameters. In the first test case, the imposed source term corresponds to
an exponentially decaying function (see Equation (2-14)). This is substituted by a periodically
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fluctuating and decaying one (see Equation (2-15)) in the second, respectively. In both cases,
the steady flow rate of water per unit width of fracture corresponds to 0.1 m?/yr. Two types of
solute release modes at the source were investigated namely: step and band. Note that the flow
domain in both fracture and rock layers are assigned non-zero initial concentrations (see
Equations (2-7) and (2-9)).

2.3.1. Case 1 Results

This test case examines the spatial and temporal variation of the concentration
of Np-237, as well as the cumulative release of mass from the fracture. In addition, the spatial
variation of the concentration in the rock matrix is also investigated. The input data pertaining
to this test case is presented in Table 2-1.

Figure 2-2(a) shows the spatial relative concentration profiles of Np-237
calculated in the fracture layers at simulation times of 10°, 5x10° and 5x10* years. A
comparison of our results with the ones obtained from the three numerical inversion algorithms
(see Tables 2-2(a) through 2-2(c)) show that these are in excellent agreement. Note that in this
test case, the observation times were selected in a manner to allow an evaluation of the accuracy
of our solution for both release modes of the radionuclide at the source, it may be added that
in the case of the intermediate observation time, the source strength is reduced by half from its
original value (see Equation (2-17)).

Figure 2-2(b) shows the temporal relative concentration of Np-237 observed in
the fracture at three different observation points: 100, 200, and 500 meters downstream from
the source, located in the second, third and fifth layer, respectively, for a band release. Up to
the leaching time of 5x10° years, the shape of the profiles bears a close similarity with those of
a step release. Past the leaching time, the relative concentrations profiles show a rapid change
of their gradient from positive to negative and concentrations decrease with time to a value lying
within close range to the initial concentrations of the various fracture layers of interest. A
comparison of our results with the three numerical ones (see Tables 2-3(a) through 2-3(c)) show
that with the exception of a portion of the results yielded by Talbot’s solution, these are in
excellent agreement. Note that in this instance, the adoption of three recommended! values of
the constants required by Talbot’s algorithm, seems to have restricted the accuracy of the latter
to simulation times greater than 30, 80 and 100 years. Therefore, it appears that the three
constants in Talbot’s algorithm seem to be correlated with the independent variables, rendering
their selection problem dependent.

Figure 2-2(c) depicts the time-dependent evolution of the cumulative mass (per
unit width of the fracture) profile at three different observation points in the fracture as in the
previous example. Because of its computational viability Stefhest’s algorithm is selected from
this point on as the benchmark. A comparison of our analytical solution results with those

! D. Hodgkinson, personal communication.
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yielded by Stefhest’s solution (see Tables 2-4(a) through 2-4(c)) indicates excellent agreement.
Note that all three profiles tend to become asymptotic to three specific values of the cumulative
mass namely, 4.903 x10%, 4.7 x10% and 4.309 x10> (UA/m)’. The latter may be easily
computed from Equation (2-62) after setting the value of the independent variable t equal to
infinity.

Figure 2-2(d) shows the concentration profiles in the rock matrix at three
positions downstream from the source (i.e., x = 100m, 200m, and 500m) for a step release.
Comparison of our analytical results against those yielded by the Stefhest’s solution method (see
Tables 2-5(a) through 2-5(c)) indicate an excellent agreement. Note that at their downstream
end, all three profiles tend to become asymptotic to a concentration value slightly in excess of
the residual concentration prevailing in their respective layers.

Figure 2-2(e) shows the concentration profiles in the rock matrix at three

positions downstream from the source (i.e., x = 100m , 200m, and 500m) and for a simulation
time of 5x10* years, for a band release with a leaching time corresponding to 5x10° years. Past
the leaching time, the contaminant in a typical rock layer close to the source would begin to
exhibit a higher concentration than in the fracture, which would then initiate its diffusion back
into the fracture. Indeed a quick reference to Figure 2-2(e) shows that the gradient of the
concentration profiles at the fracture rock interface tends to decrease with increasing distances
from the source. As in the preceding case, results reported in Tables 2-6(a) through 2-6(c) show
excellent agreement between the analytical and the numerical solutions.

2 UA: Arbitrary Units of Activity/meter.
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Table 2-1. INPUT PARAMETERS FOR CASE 1 EXPONENTIALLY DECAYING
SOURCE

SPECIES Np-237
T, 23x 108 yr
Release Mode:

Step NA

Band Leaching Time 5x10° yr
A° 1.0°
Q 0.1 (m?%yr)
v, NA
Y NA
T, NA

1 50.0 5.0E-03 10.0 0.01

2 75.0 4.0E-03 12.5 0.008
3 100.0 3.0E-03 16.666 0.006
4 150.0 2.0E-03 25.0 0.004
5 o 1.5E-03 33.333 0.002

1 2.0 0.01 5.0E-03 0.5

2 2.3 0.02 8.0E-03 0.6978

3 2.6 0.06 2.7E-02 1.158

4 2.65 0.05 1.0E-02 1.059

5 2.7 0.03 3.0E-03 0.741
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Table 2-1. INPUT PARAMETERS FOR CASE 1 EXPONENTIALLY DECAYING
SOURCE (Continued)

1 -0.50E-04 0.02 1.00E-05
2 2.00E-04 -0.25E-05 0.02 1.75E-05
3 1.75E-04 -0.20E-05 0.02 1.25E-05
4
5

2.00E-04 -0.15E-05 0.02 1.05E-05
1.50E-04 -0.20E-05 0.02 1.05E-05

. (arbitrary units of activity/L?)
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Figure 2-2(a). Relative concentration of Np-237 vs. distance in the fracture at different times t =

1,000, 5,000, and
50,000 years (Exponentially decaying source and step and band release).



Table 2-2(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 1,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE)

DISTANCE (m) MULTFRAC STEFHEST TALBOT DURBIN
1.000E-01 9.993E-01 9.993E-01 9.993E-01 9.993E-01
1.500E-01 9.992E-01 9.992E-01 9.992E-01 9.992E-01
2.000E-01 9.990E-01 9.990E-01 9.990E-01 9.990E-01
3.000E-01 9.986E-01 9.986E-01 9.986E-01 9.986E-01
4.000E-01 9.983E-01 9.983E-01 9.983E-01 9.983E-01
5.000E-01 9.979E-01 9.979E-01 9.979E-01 9.979E-01
6.000E-01 9.976E-01 9.976E-01 9.976E-01 9.976E-01
7.000E-01 9.972E-01 9.972E-01 9.972E-01 9.972E-01
8.000E-01 9.968E-01 9.968E-01 9.968E-01 9.968E-01
9.000E-01 9.965E-01 9.965E-01 9.965E-01 9.965E-01
1.000E+00 9.961E-01 9.961E-01 9.961E-01 9.961E-01
1.500E+00 9.943E-01 9.943E-01 9.943E-01 9.943E-01
2.000E+00 9.926E-01 9.926E-01 9.926E-01 9.926E-01
3.000E+00 9.890E-01 9.890E-01 9.890E-01 9.890E-01
4.000E+00 9.854E-01 9.854E-01 9.854E-01 9.854E-01
5.000E+00 9.819E-01 9.819E-01 9.819E-01 9.819E-01
6.000E+00 9.783E-01 9.783E-01 9.783E-01 9.783E-01
7.000E+00 9.747E-01 9.747E-01 9.747E-01 9.747E-01
8.000E+00 9.711E-01 9.711E-01 9.711E-01 9.711E-01
9.000E+00 9.676E-01 9.676E-01 9.676E-01 9.676E-01
1.000E+01 9.640E-01 9.640E-01 9.640E-01 9.640E-01
1.500E+01 9.461E-01 9.462E-01 9.462E-01 9.462E-01
2.000E+01 9.283E-01 9.283E-01 9.283E-01 9.283E-01
3.000E+01 8.927E-01 8.927E-01 8.927E-01 8.927E-01
4.000E+01 8.572E-01 8.572E-01 8.572E-01 8.572E-01
5.000E+01 8.219E-01 8.219E-01 8.219E-01 8.219E-01
6.000E+01 7.550E-01 7.662E-01 7.662E-01 7.662E-01
7.000E+01 7.061E-01 7.116E-01 7.116E-01 7.116E-01
8.000E+01 6.558E-01 6.582E-01 6.582E-01 6.582E-01
9.000E+01 6.056E-01 6.064E-01 6.064E-01 6.064E-01
1.000E+02 5.564E-01 5.564E-01 5.564E-01 5.564E-01
1.500E+02 2.491E-01 2.490E-01 2.490E-01 2.490E-01
2.000E+02 5.308E-02 5.308E-02 5.308E-02 5.308E-02
3.000E+02 - 1.400E-03 1.400E-03 1.400E-03 1.400E-03
4.000E+02 3.744E-05 3.761E-05 3.761E-05 3.761E-05
5.000E+02 1.409E-05 1.411E-05 1.411E-05 1.413E-05
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Table 2-2(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 1,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE) (Continued)

DISTANCE (m) MULTFRAC STEFHEST TALBOT DURBIN

6.000E+02 1.201E-05 1.202E-05 1.202E-05 1.204E-05
7.000E+02 1.171E-05 1.171E-05 1.171E-05 1.174E-05
8.000E+02 1.159E-05 1.159E-05 1.159E-05 1.161E-05
9.000E+02 1.154E-05 1.154E-05 1.154E-05 1.156E-05
1.000E+03 1.152E-05 1.152E-05 1.152E-05 1.155E-05
1.500E+03 1.152E-05 1.152E-05 1.152E-05 1.154E-05
2.000E+03 1.152E-05 1.152E-05 1.152E-05 1.154E-05
3.000E+03 1.152E-05 1.152E-05 1.152E-05 1.154E-05
4.000E+03 1.152E-05 1.152E-05 1.152E-05 1.154E-05
5.000E+03 1.152E-05 1.152E-05 1.152E-05 1.154E-05
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Table 2-2(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 5,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND BAND

RELEASE MODE)

DISTANCE (m) MULTFRAC STEFHEST TALBOT DURBIN

1.000E-01 4.612E-05 4.660E-05 4.660E-05 4.660E-05
1.500E-01 6.943E-05 6.990E-05 6.990E-05 6.990E-05
2.000E-01 9.273E-05 9.320E-05 9.320E-05 9.320E-05
3.000E-01 1.393E-04 1.398E-04 1.398E-04 1.398E-04
4.000E-01 1.859E-04 1.864E-04 1.864E-04 1.864E-04
5.000E-01 2.325E-04 2.330E-04 2:330E-04 2.330E-04
6.000E-01 2.791E-04 2.796E-04 2.796E-04 2.796E-04
7.000E-01 3.257E-04 3.262E-04 3.262E-04 3.262E-04
8.000E-01 3.723E-04 3.728E-04 3.728E-04 3.728E-04
9.000E-01 4.189E-04 4.194E-04 4.194E-04 4.194E-04
1.000E+00 4.655E-04 4.660E-04 4.660E-04 4.660E-04
1.500E+00 6.986E-04 6.990E-04 6.990E-04 6.990E-04
2.000E+00 9.316E-04 9.321E-04 9.321E-04 9.321E-04
3.000E+00 1.398E-03 1.398E-03 1.398E-03 1.398E-03
4.000E+00 1.864E-03 1.864E-03 1.864E-03 1.864E-03
5.000E+00 2.330E-03 2.330E-03 2.330E-03 2.330E-03
6.000E+00 2.796E-03 2.797E-03 2.797E-03 2.797E-03
7.000E+00 3.262E-03 3.263E-03 3.263E-03 3.263E-03
8.000E+00 3.728E-03 3.729E-03 3.729E-03 3.729E-03
9.000E+00 4.195E-03 4.195E-03 4.195E-03 4.195E-03




Table 2-2(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 5,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND BAND
RELEASE MODE) (Continued)

DISTANCE (m) MULTFRAC STEFHEST TALBOT DURBIN

1.000E+01 4.661E-03 4.661E-03 4.661E-03 4.661E-03
1.500E+01 6.992E-03 6.992E-03 6.992E-03 6.992E-03
2.000E+01 9.322E-03 9.323E-03 9.323E-03 9.323E-03
3.000E+01 1.398E-02 1.398E-02 1.398E-02 1.398E-02
4.000E+01 1.863E-02 1.863E-02 1.863E-02 1.863E-02
5.000E+01 2.327E-02 2.327E-02 2.327E-02 2.327E-02
6.000E+01 3.064E-02 3.064E-02 3.064E-02 3.064E-02
7.000E+01 3.796E-02 3.796E-02 3.796E-02 3.796E-02
8.000E+01 4.520E-02 4.520E-02 4.520E-02 4.520E-02
9.000E+01 5.234E-02 5.234E-02 5.234E-02 5.234E-02
1.000E+02 5.938E-02 5.938E-02 5.938E-02 5.938E-02
1.500E+02 1.080E-01 1.080E-01 1.080E-01 1.080E-01
2.000E+02 1.525E-01 1.525E-01 1.525E-01 1.525E-01
3.000E+02 1.642E-01 1.642E-01 1.642E-01 1.642E-01
4.000E+02 1.352E-01 1.352E-01 1.352E-01 1.352E-01
5.000E+02 1.135E-01 1.135E-01 1.135E-01 1.135E-01
6.000E+02 9.129E-02 9.129E-02 9.129E-02 9.129E-02
7.000E+02 7.056E-02 7.056E-02 7.056E-02 7.056E-02
8.000E+02 5.256E-02 5.256E-02 5.256E-02 5.257E-02
9.000E+02 3.784E-02 3.784E-02 3.784E-02 3.784E-02
1.000E+03 2.638E-02 2.638E-02 2.638E-02 2.638E-02
1.500E+03 2.836E-03 2.836E-03 2.836E-03 2.837E-03
2.000E+03 1.703E-04 1.703E-04 1.703E-04 1.702E-04
3.000E+03 1.087E-05 1.087E-05 1.087E-05 1.089E-05
4.000E+03 1.079E-05 1.079E-05 1.079E-05 1.081E-05
5.000E+03 1.079E-05 1.079E-05 1.079E-05 1.081E-05

TABLE 2-2(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 50,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE)

DISTANCE (m) MULTFRAC TEFHEST TALBOT DURBIN

1.000E-01 2.479E-06 2.689E-06 2.689E-06 2.689E-06
1.500E-01 3.824E-06 4.034E-06 4.034E-06 4.034E-06
2.000E-01 5.169E-06 5.379E-06 5.379E-06 5.379E-06
3.000E-01 7.859E-06 8.068E-06 8.068E-06 8.068E-06
4.000E-01 1.076E-05 1.076E-05 1.076E-05

1.055E-05
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Table 2-2(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 50,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE) (Continued)

DISTANCE (m) MULTFRAC STEFHEST TALBOT DURBIN
5.000E-01 1.324E-05 1.345E-05 1.345E-05 1.345E-05
6.000E-01 1.593E-05 1.614E-05 1.614E-05 1.614E-05
7.000E-01 1.862E-05 1.883E-05 1.883E-05 1.883E-05
8.000E-01 2.131E-05 2.151E-05 2.151E-05 2.151E-05
9.000E-01 2.400E-05 2.420E-05 2.420E-05 2.420E-05
1.000E+00 2.669E-05 2.689E-05 2.689E-05 2.689E-05
1.500E+00 4.013E-05 4.034E-05 4.034E-05 4.034E-05
2.000E+00 5.358E-05 5.379E-05 5.379E-05 5.379E-05
3.000E+00 8.048E-05 8.068E-05 8.068E-05 8.068E-05
4.000E+00 1.074E-04 1.076E-04 1.076E-04 1.076E-04
5.000E+00 1.343E-04 1.345E-04 1.345E-04 1.345E-04
6.000E+00 1.612E-04 1.614E-04 1.614E-04 1.614E-04
7.000E+00 1.881E-04 1.883E-04 1.883E-04 1.883E-04
8.000E+00 2.150E-04 2.152E-04 2.152E-04 2.152E-04
9.000E+00 2.419E-04 2.420E-04 2.420E-04 2.420E-04
1.000E+01 2.688E-04 2.689E-04 2.689E-04 2.689E-04
1.500E+01 4.032E-04 4.034E-04 4.034E-04 4.034E-04
2.000E+01 5.377E-04 5.379E-04 5.379E-04 5.379E-04
3.000E+01 8.066E-04 8.068E-04 8.068E-04 8.068E-04
4.000E+01 1.075E-03 1.076E-03 1.076E-03 1.076E-03
5.000E+01 1.344E-03 1.344E-03 1.344E-03 1.344E-03
6.000E+01 1.774E-03 1.774E-03 1.774E-03 1.774E-03
7.000E+01 2.203E-03 2.203E-03 2.203E-03 2.203E-03
8.000E+01 2.632E-03 2.632E-03 2.632E-03 2.632E-03
9.000E+01 3.060E-03 3.060E-03 3.060E-03 3.060E-03
1.000E+02 3.486E-03 3.486E-03 3.486E-03 3.486E-03
1.500E+02 6.700E-03 6.700E-03 6.700E-03 6.700E-03
2.000E+02 1.082E-02 1.082E-02 1.082E-02 1.082E-02
3.000E+02 1.656E-02 1.656E-02 1.656E-02 1.656E-02
4.000E+02 2.018E-02 2.018E-02 2.018E-02 2.018E-02
5.000E+02 2.174E-02 2.174E-02 2.174E-02 2.174E-02
6.000E+02 2.300E-02 2.300E-02 2.300E-02 2.300E-02
7.000E+02 2.398E-02 2.398E-02 2.398E-02 2.398E-02
8.000E+02 2.467E-02 2.467E-02 2.467E-02 2.467E-02
9.000E+02 2.508E-02 2.508E-02 2.508E-02 2.508E-02
1.000E+03 2.521E-02 2.521E-02 2.521E-02 2.521E-02
1.500E+03 2.248E-02 2.248E-02 2.248E-02 2.248E-02
2.000E+03 1.642E-02 1.642E-02 1.642E-02

1.642E-02
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Table 2-2(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 50,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE) (Continued)

DISTANCE (m)

3.000E+03
4.000E+03
5.000E+03

MULTFRAC

5.311E-03
9.475E-04
1.046E-04

STEFHEST
5.311E-03

9.475E-04
1.046E-04
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TALBOT

5.311E-03
9.475E-04
1.046E-04

DURBIN

5.311E-03
9.474E-04
1.046E-04
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Figure 2-2(b). Relative concentration of Np-237 in the fracture vs. time at different positions x = 100 meters, 200
meters, and 500 meters (Exponentially decaying source).



Table 2-3(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 2, AT DISTANCE x = 100 METERS (EXPONENTIALLY DECAYING SOURCE
AND STEP RELEASE MODE)

TIME t(yr) MULTFRAC STEFHEST TALBOT DURBIN

1.000E-01 1.370E-04 1.370E-04 3.453+248 1.370E-04
1.500E-01 1.278E-04 1.278E-04 -1.309+258 1.278E-04
2.000E-01 1.209E-04 1.209E-04 -1.006+263 1.209E-04
3.000E-01 1.109E-04 1.109E-04 -1.457+232 1.109E-04
4.000E-01 1.037E-04 1.037E-04 -3.245+266 1.037E-04
5.000E-01 9.806E-05 9.806E-05 2.308+235 9.807E-05
6.000E-01 9.353E-05 9.353E-05 1.153+253 9.354E-05
7.000E-01 8.975E-05 8.975E-05 8.592+213 8.976E-05
8.000E-01 8.652E-05 8.652E-05 2.367+243 8.653E-05
9.000E-01 8.371E-05 8.371E-05 1.139+213 8.372E-05
1.000E+00 8.124E-05 8.124E-05 -1.166+254 8.125E-05
1.500E+00 7.215E-05 7.215E-05 1.420+223 7.216E-05
2.000E+00 6.617E-05 6.617E-05 -3.639+234 6.618E-05
3.000E+00 5.850E-05 5.850E-05 -1.693+237 5.848E-05
4.000E+00 5.362E-05 5.362E-05 -3.822+167 5.360E-05
5.000E+00 5.016E-05 5.016E-05 -1.900+125 5.014E-05
6.000E+00 4.753E-05 4.753E-05 -1.166E+97  4.752E-05
7.000E+00 4.546E-05 4.546E-05 3.444+168 4.544E-05
8.000E+00 4.376E-05 4.376E-05 -5.676+136 4.375E-05
9.000E+00 4.234E-05 4.234E-05 1.595+112 4.232E-05
1.000E+01 4.113E-05 4.113E-05 -5.187E+93  -4.111E-05
1.500E+01 3.694E-05 3.694E-05 7.614E+34 3.693E-05
2.000E+01 3.440E-05 3.439E-05 4.816E+05 3.439E-05
3.000E+01 3.129E-05 3.111E-05 3.122E-05 3.131E-05
4.000E+01 4.396E-05 4.359E-05 4.372E-05 4.373E-05
5.000E+01 5.396E-04 5.394E-04 5.392E-04 5.389E-04
6.000E+01 2.886E-03 2.885E-03 2.885E-03 2.885E-03
7.000E+01 7.987E-03 7.987E-03 7.987E-03 7.987E-03
8.000E+01 1.580E-02 1.580E-02 1.580E-02 1.580E-02
9.000E+01 2.580E-02 2.580E-02 2.580E-02 2.580E-02
1.000E+02 3.739E-02 3.739E-02 3.739E-02 3.739E-02
1.500E+02 1.042E-01 1.042E-01 1.042E-01 1.042E-01
2.000E+02 1.682E-01 1.682E-01 1.682E-01 1.682E-01
3.000E+02 2.702E-01 2.702E-01 2.702E-01 2.702E-01
4.000E+02 3.443E-01 3.443E-01 3.443E-01 3.443E-01
5.000E+02 4.003E-01 4.003E-01 4.003E-01 '4.003E-01
6.000E+02 4.444E-01 4.444E-01 4.444E-01 4.444E-01
7.000E+02 4.800E-01 4.800E-01 4.800E-01

4.800E-01
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Table 2-3(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 2, AT DISTANCE x = 100 METERS (EXPONENTIALLY DECAYING SOURCE
AND STEP RELEASE MODE) (Continued)

TIME t(yr) MULTFRAC STEFHEST TALBOT DURBIN

8.000E+02 5.097E-01 5.097E-01 5.097E-01 5.097E-01
9.000E+02 5.348E-01 5.348E-01 5.348E-01 5.348E-01
1.000E+03 5.564E-01 5.564E-01 5.564E-01 5.564E-01
1.500E+03 6.322E-01 6.322E-01 6.322E-01 6.322E-01
2.000E+03 6.789E-01 6.789E-01 6.789E-01 6.789E-01
3.000E+03 7.355E-01 7.355E-01 7.355E-01 7.355E-01
4.000E+03 7.697E-01 7.697E-01 7.697E-01 7.697E-01
5.000E+03 7.932E-01 7.932E-01 7.932E-01 7.932E-01
6.000E+03 2.550E-01 2.550E-01 2.550E-01 2.550E-01
7.000E+03 1.462E-01 1.462E-01 1.462E-01 1.462E-01
8.000E+03 1.005E-01 1.005E-01 1.005E-01 1.005E-01
9.000E+03 7.528E-02 7.528E-02 7.528E-02 7.528E-02
1.000E+04 5.938E-02 5.938E-02 5.938E-02 5.938E-02
1.500E+04 2.650E-02 2.650E-02 2.650E-02 2.650E-02
2.000E+04 1.583E-02 1.583E-02 1.583E-02 1.583E-02
3.000E+04 1.972E-03 7.972E-03 7.972E-03 7.972E-03
4.000E+04 4.986E-03 4.986E-03 4.986E-03 4.986E-03
5.000E+04 3.486E-03 3.486E-03 3.486E-03 3.486E-03
6.000E +04 2.610E-03 2.610E-03 2.610E-03 2.610E-03
7.000E+04 2.046E-03 2.046E-03 2.046E-03 2.046E-03
8.000E+04 1.658E-03 1.658E-03 1.658E-03 1.658E-03
9.000E+04 1.378E-03 1.378E-03 1.378E-03 1.378E-03
1.000E+05 1.168E-03 1.168E-03 1.168E-03 1.168E-03
1.500E+05 6.188E-04 6.188E-04 6.188E-04 6.188E-04
2.000E+05 3.936E-04 3.936E-04 3.936E-04 3.936E-04
3.000E+05 2.067E-04 2.067E-04 2.067E-04 2.067E-04
4.000E+05 1.300E-04 1.300E-04 1.300E-04 1.300E-04
5.000E+05 9.011E-05 9.013E-05 9.013E-05 9.013E-05
6.000E+05 6.647E-05 6.649E-05 6.649E-05 6.649E-05
7.000E+05 5.116E-05 5.118E-05 5.118E-05 5.118E-05
8.000E+05 4.063E-05 4.064E-05 4.064E-05 4.064E-05
9.000E+05 3.304E-05 3.305E-05 3.305E-05 3.305E-05
1.000E+06 2.738E-05 2.739E-05 2.739E-05 2.739E-05

2-35




Table 2-3(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 3, AT DISTANCE x = 200 METERS (EXPONENTIALLY DECAYING SOURCE

AND BAND RELEASE MODE)
TIME t(yr) MULTFRAC
1.000E-01 1.266E-04
1.500E-01 1.189E-04
2.000E-01 1.131E-04
3.000E-01 1.045E-04
4.000E-01 9.819E-05
5.000E-01 9.321E-05
6.000E-01 8.913E-05
7.000E-01 8.568E-05
8.000E-01 8.270E-05
9.000E-01 8.010E-05
1.000E+00 7.779E-05
1.500E+00 6.915E-05
2.000E+00 6.334E-05
3.000E+00 5.574E-05
4.000E+00 5.081E-05
5.000E+00 4.728E-05
6.000E+00 4.458E-05
7.000E+00 4.243E-05
8.000E+00 4.066E-05
9.000E+00 3.918E-05
1.000E+01 3.790E-05
1.500E+01 3.349E-05
2.000E+01 3.079E-05
3.000E+01 2.753E-05
4.000E+01 2.555E-05
5.000E+01 2.420E-05
6.000E+01 2.319E-05
7.000E+01 2.240E-05
8.000E+01 2.177E-05
9.000E+01 2.124E-05
1.000E+02 2.080E-05
1.500E+02 1.928E-05
2.000E+02 1.856E-05
3.000E+02 1.101E-04
4.000E+02 1.144E-03
5.000E+02 4.388E-03
6.000E+02 1.032E-02

STEFHEST

1.266E-04
1.189E-04
1.131E-04
1.045E-04
9.819E-05
9.321E-05
8.913E-05
8.568E-05
8.270E-05
8.010E-05
7.7T79E-05
6.915E-05
6.334E-05
5.574E-05
5.081E-05
4.728E-05
4.458E-05
4.243E-05
4.066E-05
3.918E-05
3.790E-05
3.349E-05
3.079E-05
2.753E-05
2.555E-05
2.420E-05
2.319E-05
2.240E-05
2.177E-05
2.124E-05
2.080E-05
1.928E-05
1.856E-05
1.102E-04
1.144E-03
4.388E-03
1.032E-02
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TALBOT

3.773+263
-2.483+248
-6.383+224
1.549+232
-3.547+269
-1.915+271
-9.269+254
-7.268+257
4.472+262
3.029+267
-6.074+236
1.481+256
-5.650+263
5.634+226
-7.401+231
2.485+213
-2.428+255
1.182+214
1.540+183
-2.004+216
-2.717+231
-1.524+152
-3.934+163
-2.499+110
3.674E+61
9.401E+32
2.380E+13
1.140E+00
2.176E-05
2.124E-05
2.080E-05
1.928E-05
1.856E-05
1.102E-04
1.144E-03
4.388E-03
1.032E-02

DURBIN

1.266E-04
1.189E-04
1.131E-04
1.045E-04
9.821E-05
9.323E-05
8.914E-05
8.569E-05
8.272E-05
8.011E-05
7.780E-05
6.916E-05
6.332E-05
5.572E-05
5.080E-05
4.726E-05
4.456E-05
4.241E-05
4.064E-05
3.916E-05
3.789E-05
3.348E-05
3.078E-05
2.751E-05
2.554E-05
2.428E-05
2.326E-05
2.248E-05
2.184E-05
2.131E-05
2.086E-05
1.934E-05
1.853E-05
1.102E-04
1.144E-03
4.388E-03
1.032E-02




Table 2-3(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 3, AT DISTANCE x = 200 METERS (EXPONENTIALLY DECAYING SOURCE
AND BAND RELEASE MODE) (Continued)

TIME t(yr) MULTFRAC STEFHEST TALBOT DURBIN
7.000E+02 1.869E-02 1.869E-02 1.869E-02 1.869E-02
8.000E+02 2.896E-02 2.896E-02 2.896E-02 2.896E-02
9.000E+02 4.058E-02 4.058E-02 4.058E-02 4.058E-02
1.000E+03 5.308E-02 5.308E-02 5.308E-02 5.308E-02
1.500E+03 1.190E-01 1.190E-01 1.190E-01 1.190E-01
2.000E+03 1.796E-01 1.796E-01 1.796E-01 1.796E-01
3.000E+03 2.761E-01 2.761E-01 2.761E-01 2.761E-01
4.000E+03 3.469E-01 3.469E-01 3.469E-01 3.469E-01
5.000E+03 4.009E-01 4.009E-01 4.009E-01 4.009E-01
6.000E+03 3.905E-01 3.905E-01 3.905E-01 3.905E-01
7.000E+03 2.988E-01 2.988E-01 2.988E-01 2.988E-01
8.000E+03 2.314E-01 2.314E-01 2.314E-01 2.314E-01
9.000E+03 1.853E-01 1.853E-01 1.853E-01 1.853E-01
1.000E+04 1.525E-01 1.525E-01 1.525E-01 1.525E-01
1.500E+04 7.499E-02 7.499E-02 7.499E-02 7.499E-02
2.000E+04 4.647E-02 4.647E-02 4.647E-02 4.647E-02
3.000E+04 2.418E-02 2.418E-02 2.418E-02 2.418E-02
4.000E+04 1.535E-02 1.535E-02 1.535E-02 1.535E-02
5.000E+04 1.082E-02 1.082E-02 1.082E-02 1.082E-02
6.000E+04 8.146E-03 8.146E-03 8.146E-03 8.146E-03
7.000E+04 6.410E-03 6.410E-03 6.410E-03 6.410E-03
8.000E+04 5.210E-03 5.210E-03 5.210E-03 5.210E-03
9.000E+04 4.340E-03 4.340E-03 4.340E-03 4.340E-03
1.000E+05 3.685E-03 3.686E-03 3.686E-03 3.686E-03
1.500E+05 1.962E-03 1.962E-03 1.962E-03 1.962E-03
2.000E+05 1.251E-03 1.251E-03 1.251E-03 1.251E-03
3.000E+05 6.588E-04 6.589E-04 6.589E-04 6.589E-04
4.000E+05 4.147E-04 4.147E-04 4.147E-04 4.147E-04
5.000E+05 2.878E-04 2.878E-04 2.878E-04 2.878E-04
6.000E+05 2.124E-04 2.124E-04 2.124E-04 2.124E-04
7.000E+05 1.635E-04 1.635E-04 1.635E-04 1.635E-04
8.000E+05 1.299E-04 1.299E-04 1.299E-04 1.299E-04
9.000E+05 1.056E-04 1.057E-04 1.057E-04 1.057E-04
1.000E+06 8.755E-05 8.757E-05 8.757E-05 8.757E-05

2-37




Table 2-3(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 5, AT DISTANCE x = 500 METERS (EXPONENTIALLY DECAYING SOURCE
AND BAND RELEASE MODE)

TIME t(yr) MULTFRAC STEFHEST TALBOT DURBIN

1.000E-01 8.014E-05 8.014E-05 1.068+242 8.016E-05
1.500E-01 7.234E-05 7.234E-05 -5.321+263 7.235E-05
2.000E-01 6.687E-05 6.687E-05 -7.510+213 6.689E-05
3.000E-01 5.943E-05 5.943E-05 3.313+254 5.942E-05
4.000E-01 5.443E-05 5.443E-05 5.954+235 5.441E-05
5.000E-01 5.074E-05 5.074E-05 -1.736+248 5.073E-05
6.000E-01 4.787E-05 4.787E-05 -4.745+270 4.786E-05
7.000E-01 4.555E-05 4.555E-05 1.094+267 4.554E-05
8.000E-01 4.362E-05 4.362E-05 -4.012+268 4.361E-05
9.000E-01 4.199E-05 4.199E-05 3.677+251 4.197E-05
1.000E+00 4.057E-05 4.057E-05 5.799+260 4.056E-05
1.500E+00 3.559E-05 3.559E-05 4.358+244 3.557E-05
2.000E+00 3.248E-05 3.248E-05 9.867+243 3.246E-05
3.000E+00 2.866E-05 2.866E-05 4.827+261 2.865E-05
4.000E+00 2.632E-05 2.632E-05 -4.553+259 2.631E-05
5.000E+00 2.471E-05 2.471E-05 5.079+253 2.479E-05
6.000E+00 2.350E-05 2.350E-05 6.143+248 2.358E-05
7.000E+00 2.256E-05 2.256E-05 4.573+246 2.264E-05
8.000E+00 2.180E-05 2.180E-05 -2.746+234 2.187E-05
9.000E+00 2.116E-05 2.116E-05 1.214+234 2.123E-05
1.000E+01 2.062E-05 2.062E-05 4.457+246 2.069E-05
1.500E+01 1.879E-05 1.879E-05 4.433+213 1.885E-05
2.000E+01 1.768E-05 1.768E-05 1.464+203 1.774E-05
3.000E+01 1.637E-05 1.637E-05 -2.484+193 1.642E-05
4.000E+01 1.559E-05 1.559E-05 1.093+182 1.563E-05
5.000E+01 1.507E-05 1.507E-05 4.421+128 1.511E-05
6.000E+01 1.471E-05 1.471E-05 -1.477TE+92 1.475E-05
7.000E+01 1.444E-05 1.444E-05 -1.793E+67 1.448E-05
8.000E+01 1.424E-05 1.425E-05 -1.223E+48 1.428E-05
9.000E+01 1.409E-05 1.409E-05 8.463E+33 1.413E-05
1.000E+02 1.396E-05 1.397E-05 1.263E+21 1.401E-05
1.500E+02 1.356E-05 1.358E-05 1.358E-05 1.361E-05
2.000E+02 1.332E-05 1.334E-05 1.334E-05 1.337E-05
3.000E+02 1.299E-05 1.301E-05 1.301E-05 1.304E-05
4.000E+02 1.275E-05 1.278E-05 1.278E-05 1.281E-05
5.000E+02 1.258E-05 1.261E-05 1.261E-05 1.264E-05
6.000E+02 1.245E-05 1.248E-05 1.248E-05 1.251E-05
7.000E+02 1.238E-05 1.238E-05 1.241E-05

1.236E-05
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Table 2-3(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 5, AT DISTANCE x = 500 METERS (EXPONENTIALLY DECAYING SOURCE
AND BAND RELEASE MODE) (Continued)

TIME t(yr) MULTFRAC STEFHEST TALBOT DURBIN
8.000E+02 1.233E-05 1.236E-05 1.236E-05 1.238E-05
9.000E+02 1.263E-05 1.266E-05 1.266E-05 1.263E-05
1.000E+03 1.409E-05 1.411E-05 1.411E-05 1.413E-05
1.500E+03 1.619E-04 1.619E-04 1.619E-04 1.619E-04
2.000E+03 1.192E-03 1.193E-03 1.193E-03 1.189E-03
3.000E+03 8.880E-03 8.880E-03 8.880E-03 8.881E-03
4.000E+03 2.425E-02 2.425E-02 2.425E-02 2.425E-02
5.000E+03 4.458E-02 4.458E-02 4.458E-02 4.458E-02
6.000E+03 6.731E-02 6.731E-02 6.731E-02 6.731E-02
7.000E+03 8.959E-02 8.959E-02 8.959E-02 8.959E-02
8.000E+03 1.051E-01 1.051E-01 1.051E-01 1.051E-01
9.000E+03 1.123E-01 1.123E-01 1.123E-01 1.123E-01
1.000E+04 1.135E-01 1.135E-01 1.135E-01 1.135E-01
1.500E+04 9.175E-02 9.175E-02 9.175E-02 9.175E-02
2.000E+04 6.929E-02 6.929E-02 6.929E-02 6.929E-02
3.000E+04 4.287E-02 4.287E-02 4.287E-02 4.287E-02
4.000E+04 2.946E-02 2.946E-02 2.946E-02 2.946E-02
5.000E+04 2.174E-02 2.174E-02 2.174E-02 2.174E-02
6.000E+04 1.685E-02 1.685E-02 1.685E-02 1.685E-02
7.000E+04 1.354E-02 1.354E-02 1.354E-02 1.354E-02
8.000E+04 1.118E-02 1.118E-02 1.118E-02 -1.118E-02
9.000E+04 9.420E-03 9.420E-03 9.420E-03 9.420E-03
1.000E+05 8.075E-03 8.075E-03 8:075E-03 8.075E-03
1.500E+05 4.420E-03 4.420E-03 4.420E-03 4.420E-03
2.000E+05 2.857E-03 2.858E-03 2.858E-03 2.858E-03
3.000E+05 1.525E-03 1.525E-03 1.525E-03 1.525E-03
4.000E+05 9.664E-04 9.665E-04 9.665E-04 9.665E-04
5.000E+05 6.733E-04 6.733E-04 6.733E-04 6.733E-04
6.000E+05 4.982E-04 4.982E-04 4.982E-04 4.982E-04
7.000E+05 3.843E-04 3.844E-04 3.844E-04 3.844E-04
8.000E+05 3.057E-04 3.057E-04 3.057E-04 3.057E-04
9.000E+05 2.489E-04 2.489E-04 2.489E-04 2.489E-04
1.000E+06 2.064E-04 2.065E-04 2.065E-04 2.065E-04
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Figure 2-2(c). Cumulative mass of Np-237 per unit in the fracture vs. time
500 meters (Exponentially decaying source and band release mode).

at different positions x = 100, 200, and



Table 2-4(a). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 100 METERS (EXPONENTIALLY DECAYING SOURCE AND

BAND RELEASE MODE)

TIME (yr) MULTFRAC
1.000E-01 1.543E-06
1.500E-01 2.204E-06
2.000E-01 2.825E-06
3.000E-01 3.980E-06
4.000E-01 5.051E-06
5.000E-01 6.059E-06
6.000E-01 7.016E-06
7.000E-01 7.932E-06
8.000E-01 8.813E-06
9.000E-01 9.664E-06
1.000E+00 1.049E-05
1.500E+00 1.430E-05
2.000E+00 1.775E-05
3.000E+00 2.395E-05
4.000E+00 2.954E-05
5.000E+00 3.472E-05
6.000E+00 3.960E-05
7.000E+00 4.425E-05
8.000E+00 4.871E-05
9.000E+00 5.301E-05
1.000E+01 5.718E-05
1.500E+01 7.660E-05
2.000E+01 9.439E-05
3.000E+01 1.271E-04
4.000E+01 1.594E-04
5.000E+01 3.594E-04
6.000E+01 1.863E-03
7.000E+01 7.060E-03
8.000E+01 1.874E-02
9.000E+01 3.939E-02
1.000E+02 7.087E-02
1.500E+02 4.223E-01
2.000E+02 1.107E+00
3.000E+02 3.326E+00
4.000E+02 6.417E+00
5.000E+02 1.015E+01
6.000E+02 1.438E+01

STEFHEST

1.543E-06
2.204E-06
2.825E-06
3.980E-06
5.051E-06
6.059E-06
7.016E-06
7.932E-06
8.813E-06
9.664E-06
1.049E-05
1.430E-05
1.775E-05
2.395E-05
2.954E-05
3.472E-05
3.960E-05
4.425E-05
4.870E-05
5.301E-05
5.718E-05
7.659E-05
9.438E-05
1.270E-04
1.594E-04
3.594E-04
1.863E-03
7.060E-03
1.874E-02
3.939E-02
7.087E-02
4.223E-01
1.107E+00
3.326E+00
6.417E+00
1.015E+01
1.438E+01
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Table 2-4(a). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 100 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE) (Continued)

TIME (yr) MULTFRAC STEFHEST
7.000E+02 1.901E+01 1.901E+01
8.000E+02 2.397E+01 2.397E+01
9.000E+02 2.919E+01 2.919E+01
1.000E+03 3.465E+01 3.465E+01
1.500E+03 6.454E+01 6.454E+01
2.000E+03 9.740E+01 9.740E+01
3.000E+03 1.684E+02 1.684E+02
4.000E+03 2.438E+02 2.438E+02
5.000E+03 3.220E+02 3.220E+02
6.000E+03 3.676E+02 3.676E+02
7.000E+03 3.867E+02 3.867E+02
8.000E+03 3.988E+02 3.988E+02
9.000E+03 4.075E+02 4.075E+02
1.000E+04 4.142E+02 4.141E+02
1.500E+04 4.338E+02 4.338E+02
2.000E+04 4.440E+02 4.440E+02
3.000E+04 4.551E+02 4.551E+02
4.000E+04 4.614E+02 4.613E+02
5.000E+04 4.656E+02 4.655E+02
6.000E+04 4.686E+02 4.685E+02
7.000E+04 4.709E+02 4.709E+02
8.000E+04 4.728E+02 4.727E+02
9.000E+04 4.743E+02 4.743E+02
1.000E+05 4.755E+02 4.755E+02
1.500E+05 4.798E+02 4.798E+02
2.000E+05 4.822E+02 4.823E+02
3.000E+05 4.851E+02 4.852E+02
4.000E+05 4.867E+02 4.868E+02
5.000E+05 4.878E+02 4.879E+02
6.000E+05 4.886E+02 4.887E+02
7.000E+05 4.891E+02 4.893E+02
8.000E+05 4.896E+02 4.897E+02
9.000E+05 4.900E+02 4.901E+02
1.000E+06 4.903E+02 4.904E+02
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Table 2-4(b). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 200 METERS (EXPONENTIALLY DECAYING SOURCE AND

BAND RELEASE MODE)
TIME (yr) MULTFRAC
1.000E-01 1.404E-06
1.500E-01 2.016E-06
2.000E-01 2.596E-06
3.000E-01 3.682E-06
4.000E-01 4.694E-06
5.000E-01 5.650E-06
6.000E-01 6.561E-06
7.000E-01 7.434E-06
8.000E-01 8.276E-06
9.000E-01 9.090E-06
1.000E+00 9.879E-06
1.500E+00 1.354E-05
2.000E+00 1.684E-05
3.000E+00 2.276E-05
4.000E+00 2.807E-05
5.000E+00 3.297E-05
6.000E+00 3.756E-05
7.000E+00 4.190E-05
8.000E+00 4.606E-05
9.000E+00 5.005E-05
1.000E+01 5.390E-05
1.500E+01 7.164E-05
2.000E+01 8.767E-05
3.000E+01 1.167E-04
4.000E+01 1.431E-04
5.000E+01 1.680E-04
6.000E+01 1.916E-04
7.000E+01 2.144E-04
8.000E+01 2.365E-04
9.000E+01 2.580E-04
1.000E+02 2.790E-04
1.500E+02 3.788E-04
2.000E+02 4.730E-04
3.000E+02 8.643E-04
4.000E+02 5.753E-03
5.000E+02 3.122E-02
6.000E+02 1.026E-01
7.000E+02 2.458E-01

STEFHEST

1.404E-06
2.016E-06
2.596E-06
3.682E-06
4.694E-06
5.650E-06
6.561E-06
7.434E-06
8.276E-06
9.090E-06
9.879E-06
1.354E-05
1.684E-05
2.276E-05

~ 2.807E-05

3.297E-05
3.756E-05
4.190E-05
4.605E-05
5.004E-05
5.390E-05
7.164E-05
8.766E-05
1.166E-04
1.431E-04
1.679E-04
1.916E-04
2.144E-04
2.364E-04
2.579E-04
2.789E-04
3.787E-04
4.728E-04
8.640E-04
5.753E-03
3.122E-02
1.026E-01
2.458E-01
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Table 2-4(b). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 200 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE) (Continued)

TIME (yr) MULTFRAC  STEFHEST
8.000E+02 4.827E-01 4.827E-01
9.000E+02 8.295E-01 8.294E-01
1.000E+03 1.297E+00 1.297E+00
1.500E+03 5.598E+00 5.598E+00
2.000E+03 1.310E+01 1.310E+01
3.000E+03 3.614E+01 3.614E+01
4.000E+03 6.747TE+01 6.747E+01
5.000E+03 1.050E+02 1.050E+02
6.000E+03 1.460E+02 1.460E+02
7.000E+03 1.803E+02 1.803E+02
8.000E+03 2.066E+02 2.066E+02
9.000E+03 2.273E+02 2.273E+02
1.000E+04 2.441E+02 2.441E+02
1.500E +04 2.972E+02 2.972E+02
2.000E+04 3.266E+02 3.266E+02
3.000E+04 3.600E+02 3.600E+02
4.000E+04 3.792E+02 3.792E+02
5.000E+04 3.920E+02 3.920E+02
6.000E-+04 4.014E+02 4.014E+02
7.000E+04 4.086E+02 4.086E+02
8.000E+04 4.144E+02 4.144E+02
9.000E+04 4.192E+02 4.192E+02
1.000E+05 4.232E+02 4.232E+02
1.500E+05 4.365E+02 4.366E+02
2.000E+05 4.444E+02 4.444E+02
3.000E+05 4.534E+02 4.534E+02
4.000E+05 4.586E+02 4.586E+02
5.000E+05 4.621E+02 4.620E+02
6.000E+05 4.646E+02 4.645E+02
7.000E+05 4.664E+02 4.664E+02
8.000E+05 4.679E+02 4.679E+02
9.000E+05 4.690E+02 4.690E+02
1.000E+06 4.700E+02 4.700E+02
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Table 2-4(c). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 500 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE)

TIME (yr) MULTFRAC STEFHEST
1.000E-01 9.712E-07 9.712E-07
1.500E-01 1.351E-06 1.351E-06
2.000E-01 1.698E-06 1.698E-06
3.000E-01 2.327E-06 2.327E-06
4.000E-01 2.895E-06 2.895E-06
5.000E-01 3.420E-06 3.420E-06
6.000E-01 3.913E-06 3.913E-06
7.000E-01 4.379E-06 4.379E-06
8.000E-01 4.825E-06 4.825E-06
9.000E-01 5.253E-06 5.253E-06
1.000E+00 5.666E-06 5.665E-06
1.500E+00 7.558E-06 7.558E-06
2.000E+00 9.254E-06 9.254E-06
3.000E+00 1.229E-05 1.229E-05
4.000E+00 1.503E-05 1.503E-05
5.000E+00 1.758E-05 1.758E-05
6.000E+00 1.999E-05 1.999E-05
7.000E+00 2.229E-05 2.229E-05
8.000E+00 2.451E-05 2.450E-05
9.000E+00 2.665E-05 2.665E-05
1.000E+01 2.874E-05 2.874E-05
1.500E+01 3.855E-05 3.854E-05
2.000E+01 4.765E-05 4.763E-05
3.000E+01 6.461E-05 6.459E-05
4.000E+01 8.056E-05 8.053E-05
5.000E+01 9.588E-05 9.583E-05
6.000E+01 1.108E-04 1.107E-04
7.000E+01 1.253E-04 1.252E-04
8.000E+01 1.397E-04 1.396E-04
9.000E+01 1.538E-04 1.537E-04
1.000E+02 1.679E-04 1.677E-04
1.500E+02 2.366E-04 2.364E-04
2.000E+02 3.039E-04 3.036E-04
3.000E+02 4.355E-04 4.351E-04
4.000E+02 5.644E-04 5.638E-04
5.000E+02 6.913E-04 6.906E-04
6.000E+02 8.167E-04 8.158E-04
7.000E+02 9.410E-04 9.400E-04
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Table 2-4(c). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 500 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE) (Continued)

TIME (yr) MULTFRAC STEFHEST
8.000E+02 1.065E-03 1.063E-03
9.000E+02 1.189E-03 1.188E-03
1.000E+03 1.321E-03 1.320E-03
1.500E+03 4.087E-03 4.086E-03
2.000E+03 3.215E-02 3.215E-02
3.000E+03 4.659E-01 4.659E-01
4.000E+03 2.068E+00 2.068E+00
5.000E+03 5.480E+00 5.480E+00
6.000E+03 1.106E+01 1.106E+01
7.000E+03 1.894E+01 1.894E+01
8.000E+03 2.875E+01 2.875E+01
9.000E+03 3.968E+01 3.968E+01
1.000E+04 5.101E+01 5.101E+01
1.500E+04 1.031E+02 1.031E+02
2.000E+04 1.430E+02 1.430E+02
3.000E+04 1.975E+02 1.975E+02
4.000E+04 2.330E+02 2.330E+02
5.000E+04 2.583E+02 2.583E+02
6.000E+04 2.774E+02 2.774E+02
7.000E+04 2.925E+02 2.925E+02
8.000E +04 3.048E+02 3.048E+02
9.000E+04 3.150E+02 3.150E+02
1.000E+05 3.238E+02 3.238E+02
1.500E+05 3.535E+02 3.535E+02
2.000E+05 3.713E+02 3.713E+02
3.000E+05 3.921E+02 3.920E+02
4.000E+05 4.042E+02 4.042E+-02
5.000E+05 4.122E+02 4.123E+02
6.000E+05 4.180E+02 4.181E+02
7.000E+05 4.224E+02 4.224E+02
8.000E+05 4.258E+02 4.259E+02
9.000E+05 4.286E+02 4.286E+02
1.000E+06 4.309E+02 4.309E+02
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Figure 2-2(d). Relative concentration of Np-237 in rock vs. distance z at time T = 5,000 years and distances from
the source x = 100, 200 and 500 meters (Exponentially decaying source and step release mode).



Table 2-5(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE x = 100 METERS AND TIME t = 5,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND STEP RELEASE MODE)

DISTANCE z(m) MULTFRAC STEFHEST
1.000E-02 7.886E-01 7.886E-01
1.500E-02 7.847TE-01 7.847E-01
2.000E-02 7.809E-01 7.809E-01
3.000E-02 7.732E-01 7.732E-01
4.000E-02 7.656E-01 7.656E-01
5.000E-02 7.579E-01 7.579E-01
6.000E-02 7.503E-01 7.503E-01
7.000E-02 7.428E-01 7.428E-01
8.000E-02 7.352E-01 7.352E-01
9.000E-02 7.277E-01 7.277E-01
1.000E-01 7.202E-01 7.202E-01
1.500E-01 6.831E-01 6.831E-01
2.000E-01 6.467E-01 6.467E-01
3.000E-01 5.765E-01 5.765E-01
4.000E-01 5.101E-01 5.101E-01
5.000E-01 4.480E-01 4.480E-01
6.000E-01 3.904E-01 3.904E-01
7.000E-01 3.375E-01 3.375E-01
8.000E-01 2.895E-01 2.895E-01
9.000E-01 2.463E-01 2.463E-01
1.000E+00 2.078E-01 2.078E-01
1.500E+00 7.774E-02 7.832E-02
2.000E+00 2.371E-02 2.374E-02
3.000E+00 1.117E-03 1.117E-03
4.000E+00 3.739E-05 3.739E-05
5.000E+00 1.761E-05 1.761E-05
6.000E+00 1.747E-05 1.747E-05
7.000E+00 1.747E-05 1.747E-05
8.000E+00 1.747E-05 1.747E-05
9.000E+00 1.747E-05 1.747E-05
1.000E+01 1.747E-05 1.747E-05
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Table 2-5(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 200 METERS AND TIME t = 5,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND STEP RELEASE MODE)

DISTANCE z(m) MULTFRAC STEFHEST
1.000E-02 3.973E-01 3.973E-01
1.500E-02 3.947E-01 3.947E-01
2.000E-02 3.922E-01 3.922E-01
3.000E-02 3.871E-01 3.871E-01
4.000E-02 3.821E-01 3.821E-01
5.000E-02 3.771E-01 3.771E-01
6.000E-02 3.722E-01 3.722E-01
7.000E-02 3.673E-01 3.673E-01
8.000E-02 3.624E-01 3.624E-01
9.000E-02 3.576E-01 3.576E-01
1.000E-01 3.528E-01 3.528E-01
1.500E-01 3.295E-01 3.295E-01
2.000E-01 3.072E-01 3.072E-01
3.000E-01 2.657E-01 2.657E-01
4.000E-01 2.283E-01 2.283E-01
5.000E-01 1.947E-01 1.947E-01
6.000E-01 1.649E-01 1.649E-01
7.000E-01 1.387E-01 1.387E-01
8.000E-01 1.158E-01 1.158E-01
9.000E-01 9.604E-02 9.604E-02
1.000E+00 7.904E-02 7.904E-02
1.500E+00 2.671E-02 2.671E-02
2.000E+00 7.473E-03 7.473E-03
3.000E+00 3.370E-04 3.370E-04
4.000E+00 1.884E-05 1.884E-05
5.000E+00 1.254E-05 1.254E-05
6.000E+00 1.248E-05 1.248E-05
7.000E+00 1.248E-05 1.248E-05
8.000E+00 1.248E-05 1.248E-05
9.000E+00 1.248E-05 1.248E-05
1.000E+01 1.248E-05 1.248E-05
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Table 2-5(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 5, AT DISTANCE x = 500 METERS AND TIME t = 5,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND STEP RELEASE MODE)

DISTANCE z(m) MULTFRAC STEFHEST
1.000E-02 4.293E-02 4.294E-02
1.500E-02 4.199E-02 4.200E-02
2.000E-02 4.107E-02 4.107E-02
3.000E-02 3.927E-02 3.927E-02
4.000E-02 3.754E-02 3.754E-02
5.000E-02 3.588E-02 3.588E-02
6.000E-02 3.428E-02 3.428E-02
7.000E-02 3.274E-02 3.274E-02
8.000E-02 3.126E-02 3.126E-02
9.000E-02 2.983E-02 2.983E-02
1.000E-01 2.847E-02 2.847E-02
1.500E-01 2.242E-02 2.241E-02
2.000E-01 1.752E-02 1.751E-02
3.000E-01 1.045E-02 1.045E-02
4.000E-01 6.045E-03 6.040E-03
5.000E-01 3.390E-03 3.384E-03
6.000E-01 1.844E-03 1.837E-03
7.000E-01 9.744E-04 9.660E-04
8.000E-01 5.011E-04 4.921E-04
9.000E-01 2.523E-04 2.429E-04
1.000E+00 1.259E-04 1.161E-04
1.500E+00 1.223E-05 1.823E-06
2.000E+00 1.625E-06 1.505E-08
3.000E+00 1.048E-05 7.758E-13
4.000E+00 1.048E-05 3.047E-15
5.000E+00 1.048E-05 -9.383E-17
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Figure 2-2(e). Relative concentration

source and band release mode).

Distance, z(m)

of Np-237 in rock vs. distance at t = 50,000 years (Exponentially decaying



Table 2-6(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE X = 100 METERS AND TIME t = 50,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE)

DISTANCE z(m) MULTFRAC STEFHEST
1.000E-02 3.566E-03 3.566E-03
1.500E-02 3.633E-03 3.633E-03
2.000E-02 3.699E-03 3.699E-03
3.000E-02 3.832E-03 3.832E-03
4.000E-02 3.965E-03 3.965E-03
5.000E-02 4.098E-03 4.098E-03
6.000E-02 4.230E-03 4.230E-03
7.000E-02 4.363E-03 4.363E-03
8.000E-02 4.495E-03 4.495E-03
9.000E-02 4.627E-03 4.627E-03
1.000E-01 4.759E-03 4.759E-03
1.500E-01 5.416E-03 5.417E-03
2.000E-01 6.070E-03 6.070E-03
3.000E-01 7.361E-03 7.362E-03
4.000E-01 8.630E-03 8.630E-03
5.000E-01 9.872E-03 9.872E-03
6.000E-01 1.108E-02 1.108E-02
7.000E-01 1.226E-02 1.226E-02
8.000E-01 1.340E-02 1.340E-02
9.000E-01 1.450E-02 1.450E-02
1.000E+00 1.555E-02 1.555E-02
1.500E+00 2.008E-02 2.008E-02
2.000E+00 2.321E-02 2.321E-02
3.000E+00 2.505E-02 2.505E-02
4.000E+00 2.203E-02 2.203E-02
5.000E+00 1.649E-02 1.649E-02
6.000E+00 1.070E-02 1.070E-02
7.000E+00 6.101E-03 6.101E-03
8.000E+00 3.077E-03 3.077E-03
9.000E+00 1.383E-03 1.383E-03
1.000E+01 5.603E-04 5.603E-04
1.500E+01 1.825E-05 1.825E-05
2.000E+01 1.724E-05 1.724E-05
3.000E+01 1.719E-05 1.724E-05
4.000E+01 1.724E-05 1.724E-05
5.000E+01 1.724E-05 1.724E-05
6.000E+01 1.724E-05 1.724E-05
7.000E+01 1.724E-05 1.724E-05
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Table 2-6(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE X = 100 METERS AND TIME t = 50,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC STEFHEST
8.000E+01 1.724E-05 1.724E-05
9.000E+01 1.724E-05 1.724E-05
1.000E+02 1.724E-05 1.724E-05

Table 2-6(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 200 METERS AND TIME t = 50,000 years
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE)

DISTANCE z(m) MULTFRAC STEFHEST
1.000E-02 1.090E-02 1.090E-02
1.500E-02 1.095E-02 1.095E-02
2.000E-02 1.101E-02 1.101E-02
3.000E-02 1.112E-02 1.112E-02
4.000E-02 1.123E-02 1.123E-02
5.000E-02 1.134E-02 1.134E-02
6.000E-02 1.144E-02 1.144E-02
7.000E-02 1.155E-02 1.155E-02
8.000E-02 1.166E-02 1.166E-02
9.000E-02 1.177E-02 1.177E-02
1.000E-01 1.187E-02 1.187E-02
1.500E-01 1.241E-02 1.241E-02
2.000E-01 1.293E-02 1.293E-02
3.000E-01 1.395E-02 1.395E-02
4.000E-01 1.494E-02 1.494E-02
5.000E-01 1.589E-02 1.589E-02
6.000E-01 1.680E-02 1.680E-02
7.000E-01 1.767E-02 1.767E-02
8.000E-01 1.849E-02 1.849E-02
9.000E-01 1.927E-02 1.927E-02
1.000E+00 2.001E-02 2.001E-02
1.500E+00 2.296E-02 2.296E-02
2.000E+00 2.466E-02 2.466E-02
3.000E+00 2.455E-02 2.455E-02
4.000E+00 2.092E-02 2.092E-02
5.000E+00 1.566E-02 1.566E-02
6.000E+00 1.043E-02 1.043E-02
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Table 2-6(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 200 METERS AND TIME t = 50,000 years
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC STEFHEST
7.000E+00 6.232E-03 6.232E-03
8.000E+00 3.361E-03 3.361E-03
9.000E+00 1.644E-03 1.644E-03
1.000E+01 7.339E-04 7.339E-04
1.500E+01 1.468E-05 1.532E-05
2.000E+01 1.231E-05 1.231E-05
3.000E+01 1.231E-05 1.231E-05
4.000E+01 1.231E-05 1.231E-05
5.000E+01 1.231E-05 1.231E-05
6.000E+01 1.231E-05 1.231E-05
7.000E+01 1.231E-05 1.231E-05
8.000E+01 1.231E-05 1.231E-05
9.000E+01 1.231E-05 1.231E-05
1.000E+02 1.231E-05 1.231E-05

Table 2-6(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 500 METERS AND TIME t = 50,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE)

DISTANCE z(m) MULTFRAC STEFHEST
1.000E-02 2.184E-02 2.184E-02
1.500E-02 2.189E-02 2.189E-02
2.000E-02 2.195E-02 2.195E-02
3.000E-02 2.206E-02 2.206E-02
4.000E-02 2.217E-02 2.217E-02
5.000E-02 2.228E-02 2.228E-02
6.000E-02 2.239E-02 2.239E-02
7.000E-02 2.249E-02 2.249E-02
8.000E-02 2.260E-02 2.259E-02
9.000E-02 2.270E-02 2.270E-02
1.000E-01 2.279E-02 2.279E-02
1.500E-01 2.326E-02 2.326E-02
2.000E-01 2.367E-02 2.367E-02
3.000E-01 2.434E-02 2.434E-02
4.000E-01 2.481E-02 2.481E-02
5.000E-01 2.509E-02 2.509E-02
6.000E-01 2.519E-02 2.518E-02
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Table 2-6(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 500 METERS AND TIME t = 50,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC STEFHEST
7.000E-01 2.510E-02 2.510E-02
8.000E-01 2.485E-02 2.485E-02
9.000E-01 2.445E-02 2.444E-02
1.000E+00 2.390E-02 2.390E-02
1.500E+00 1.966E-02 1.965E-02
2.000E+00 1.425E-02 1.424E-02
3.000E+00 5.357E-03 5.347E-03
4.000E+00 1.341E-03 1.331E-03
5.000E+00 2.350E-04 2.247E-04
6.000E+00 3.646E-05 2.613E-05
7.000E+00 1.245E-05 2.110E-06
8.000E+00 1.046E-05 1.192E-07
9.000E+00 1.035E-05 4.741E-09
1.000E+01 1.034E-05 1.336E-10
1.500E+01 1.034E-05 6.509E-16
2.000E+01 1.034E-05 2.326E-17
3.000E+01 1.034E-05 -6.476E-22
4.000E+01 1.034E-05 -3.892E-26
5.000E+01 1.034E-05 5.217E-30
6.000E+01 1.034E-05 -2.151E-33
7.000E+01 1.034E-05 -3.111E-36
8.000E+01 1.034E-05 -3.367E-39
9.000E+01 1.034E-05 -3.562E-42
1.000E+02 - 1.034E-05 -3.746E-45
2.3.2 Case 2 Results

This test case examines, as before, the spatial and temporal variation
of the concentration of Cm-245, as well as its cumulative mass flux in the fracture. In addition,
the spatial variations of the concentration in the rock matrix are also investigated. The source
terms correspond now to a periodically fluctuating one with exponential decay, and the assigned
residual concentrations are almost one order of magnitude less than their counterparts in the case
of Np-237. The input data pertaining to this test case is presented in Table 2-7. Note that the
implementation of a periodically decaying source restricts the use of benchmarking algorithms
other than Talbot’s and Durbin’s for reasons presented earlier.
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Figure 2-3(a) shows the spatial relative concentration profiles of Cm-
245 observed in the fracture layers for simulation times corresponding to 10°, 5x10° and 5 X10°
years. A comparison of our results with the ones obtained from the two numerical inversion
algorithms. Tables 2-8(a) through 2-8(c) show that these are in excellent agreement.

Figure 2-3(b) shows the temporal relative concentration of Np-237
observed in the fracture at three different observation points: 100, 200 and 500 meters
downstream from the source, located in the second, third and fifth layer respectively, for a band
release mode. The observations here are similar to the ones reported for Np-237 except that in
the present case the upper tail of the concentration profiles is akin to the assigned initial
concentrations of the various fracture layers of interest. A comparison of our results with those
yielded by Talbot’s and Durbin’s algorithms lying within the acceptable range of concentrations
(see Tables 2-9(a) through 2-9(c)) seem to indicate good agreement. Note that Talbot’s
algorithm performance is further reduced in this case, where correct predictions of the
concentrations at the three monitoring points seem to be registered only for times greater than
40, 80 and 300 years respectively.

Figure 2-3(c) depicts the time-dependent evolution of the cumulative
mass release (per unit width of the fracture) profile at three different observation points in the
fracture as in the previous example. Because of its robustness, Durbin’s algorithm is selected
as the benchmark. A comparison of our analytical solution results with those yielded by
Durbin’s solution (see Tables 2-10(a) through 2-10(c)) indicate excellent agreement. Note that
all three profiles will tend to become asymptotic to- three specific values of the cumulative mass
namely: 2.175 x10?, 1.237 x10?, and 40.9 (UA/m)’.

Figures 2-3(d) and 2-3(e) show the concentration profiles in the rock
matrix at three position downstream from the source (i.e., x = 100m , 200m, and 500m) for
a step release and band release respectively. Comparison of our analytical results against those
yielded by the two approximate solution methods (see Tables 2-11(a) through 2-12(c)) indicate
excellent agreement.

The assumption of zero dispersive flux in the fracture raises the
question of the range of validity of the analytical solutions presented in this report. This matter
depends very much on the importance of the hydrodynamic dispersion effects prevailing in the
fracture. This matter has been investigated and quantified numerically by Ahn et al., (1985)
(i.e., for the case of zero initial concentrations in both fracture and rock) who suggested that
hydrodynamic dispersion D (see Bear, 1972) should meet the following criterion

* UA: Arbitrary Units of Activity/meter.
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in order to validate the use of the zero fracture dispersion solution. The maximum permissible
value of D for any layer i would correspond to a minimum of 254.0 m*/yr for Test Case 1, and
245.0 m’/yr for Test Case 2. Expressed in terms of dispersivity (i.e., D/u) these would
correspond approximately to a value of 16 m in both cases.

Table 2-7. INPUT PARAMETERS FOR CASE 2 PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY

SPECIES Cm-245
Tip 8.5x 10° yr
Release Mode:
Step NA
Band Leaching Time 5x 10 yr
A° 1.0°
Q 0.1 (m*/yr)
v, 0.75 -
v 0.25
T, 5.0yr

1

2 75.0 4.0E-03 12.5 0.008

3 100.0 3.0E-03 16.666 0.006

4 150.0 2.0E-03 25.0 0.004

5 oo 1.5E-03 33.333 0.002
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Table 2-7. INPUT PARAMETERS FOR CASE 2 PERIODICALLY FLUCTUATING

SOURCE WITH EXPONENTIAL DECAY (Continued)

1

2 2.3 0.02 8.0E-03 1.2
3 2.6 0.06 5.4E-02 1.25
4 2.65 0.05 1.0E-02 0.75
5 2.7 0.03 4.5E-03 2.0

1.50E-05

-0.50E-05

1.00E-06

1

2 2.00E-05 -0.25E-06 0.05 1.75E-06
3 1.75E-05 -0.20E-06 0.05 1.25E-06
4 2.00E-05 -0.15E-06 0.05 1.05E-06
5 1.50E-05 -0.20E-06 0.05 1.05E-06

. (arbitrary units of activity/L?)
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Figure 2-3(a). Relative concentration of Cm-245 vs. distance in the fracture at different times t = 1,000, 5,000, and
50,000 years (Periodically fluctuating source with exponential decay).



Table 2-8(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 1,000 YEARS (PERIODICALLY FLUCTUATIING SOURCE WITH

EXPONENTIAL DECAY AND STEP RELEASE MODE)

DISTANCE x(m) MULTFRAC TALBOT DURBIN
1.000E-01 6.908E-01 6.908E-01  6.908E-01
1.500E-01 6.906E-01 6.906E-01  6.906E-01
2.000E-01 6.904E-01 6.904E-01  6.904E-01
3.000E-01 6.900E-01 6.900E-01  6.900E-01
4.000E-01 6.896E-01 6.896E-01  6.896E-01
5.000E-01 6.891E-01 6.891E-01  6.891E-01
6.000E-01 6.887E-01 6.887E-01  6.887E-01
7.000E-01 6.883E-01 6.883E-01  6.883E-01
8.000E-01 6.879E-01 6.879E-01  6.879E-01
9.000E-01 6.874E-01 6.874E-01  6.874E-01
1.000E+00 6.870E-01 6.870E-01  6.870E-01
1.500E+00 6.849E-01 6.849E-01  6.849E-01
2.000E+00 6.827E-01 6.827E-01  6.827E-01
3.000E+00 6.785E-01 6.785E-01  6.785E-01
4.000E+00 6.742E-01 6.742E-01  6.742E-01
5.000E+00 6.700E-01 6.700E-01  6.700E-01
6.000E+00 6.657E-01 6.657E-01  6.657E-01
7.000E+00 6.614E-01 6.614E-01  6.614E-01
8.000E+00 6.572E-01 6.572E-01  6.572E-01
9.000E+00 6.529E-01 6.529E-01  6.529E-01
1.000E+01 6.486E-01 6.486E-01  6.486E-01
1.500E+01 6.273E-01 6.273E-01  6.273E-01
2.000E+01 6.061E-01 6.061E-01  6.061E-01
3.000E+01 5.639E-01 5.639E-01  5.639E-01
4.000E+01 5.223E-01 5.223E-01  5.223E-01
5.000E+01 4.815E-01 4.815E-01 4.815E-01
6.000E+01 4.338E-01 4.338E-01  4.338E-01
7.000E+01 3.881E-01 3.881E-01  3.881E-01
8.000E+01 3.448E-01 3.447E-01  3.447E-01
9.000E+01 3.040E-01 3.040E-01  3.040E-01
1.000E+02 2.661E-01 2.661E-01 2.661E-01
1.500E+02 8.846E-02 8.842E-02  8.842E-02 .
2.000E+02 1.177E-02 1.176E-02  1.176E-02
3.000E+02 2.178E-04 2.174E-04  2.172E-04
4.000E+02 3.934E-06 3.925E-06 3.953E-06
5.000E+02 1.145E-06 1.145E-06  1.154E-06
6.000E+02 1.066E-06 1.066E-06  1.080E-06
7.000E+02 1.047E-06 1.047E-06  1.061E-06
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Table 2-8(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 1,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND STEP RELEASE MODE) (Continued)

DISTANCE x(m) MULTFRAC TALBOT DURBIN

8.000E+02 1.045E-06 1.045E-06  1.058E-06
9.000E+02 1.044E-06 1.044E-06 1.057E-06
1.000E+03 1.044E-06 1.044E-06 1.057E-06
1.500E+03 1.044E-06 1.044E-06  1.057E-06
2.000E+03 1.044E-06 1.044E-06 1.057E-06
3.000E+03 1.044E-06 1.044E-06 1.057E-06
4.000E+03 1.044E-06 1.044E-06 1.057E-06
5.000E+03 1.044E-06 1.044E-06 1.057E-06

Table 2-8(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 5,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND BAND RELEASE MODE)

DISTANCE x(m) MULTFRAC TALBOT DURBIN

1.000E-01 2.675E-05 2.677TE-05 2.679E-05
1.500E-01 4.014E-05 4.016E-05  4.018E-05
2.000E-01 5.352E-05 5.355E-05  5.357E-05
3.000E-01 8.030E-05 8.033E-05  8.035E-05
4.000E-01 1.071E-04 1.071E-04  1.071E-04
5.000E-01 1.338E-04 1.339E-04  1.339E-04
6.000E-01 1.606E-04 1.607E-04  1.607E-04
7.000E-01 1.874E-04 1.874E-04  1.875E-04
8.000E-01 2.142E-04 2.142E-04  2.142E-04
9.000E-01 2.410E-04 2.410E-04 2.410E-04
1.000E+00 2.677E-04 2.678E-04  2.678E-04
1.500E+00 4.016E-04 4.017E-04 4.017E-04
2.000E+00 5.355E-04 5.356E-04  5.356E-04
3.000E+00 8.034E-04 8.034E-04  8.034E-04
4.000E+00 1.071E-03 1.071E-03  1.071E-03
5.000E+00 1.339E-03 1.339E-03  1.339E-03
6.000E+00 1.607E-03 1.607E-03  1.607E-03
7.000E+00 1.875E-~03 1.875E-03  1.875E-03
8.000E+00 2.143E-03 2.143E-03  2.143E-03
9.000E+00 2.411E-03 2.411E-03  2.411E-03
1.000E+01 2.678E-03 2.679E-03  2.679E-03
1.500E+01 4.017E-03 4.018E-03  4.018E-03
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Table 2-8(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 5,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)

DISTANCE x(m) MULTFRAC TALBOT DURBIN
2.000E+01 5.355E-03 5.355E-03  5.355E-03
3.000E+01 8.021E-03 8.022E-03  8.022E-03
4.000E+01 1.067E-02 1.067E-02  1.067E-02
5.000E+01 1.330E-02 1.330E-02  1.330E-02
6.000E+01 1.644E-02 1.644E-02  1.644E-02
7.000E+01 1.952E-02 1.952E-02  1.952E-02
8.000E+01 2.253E-02 2.253E-02  2.253E-02
9.000E+01 2.545E-02 2.545E-02  2.545E-02
1.000E+02 2.828E-02 2.828E-02  2.828E-02
1.500E+02 4.409E-02 4.409E-02  4.409E-02
2.000E+02 5.491E-02 5.491E-02  5.491E-02
3.000E+02 5.303E-02 5.303E-02  5.303E-02
4.000E+02 4.201E-02 4.201E-02  4.201E-02
5.000E+02 2.974E-02 2.974E-02  2.974E-02
6.000E+02 1.893E-02 1.893E-02  1.893E-02
7.000E+02 1.097E-02 1.097E-02  1.097E-02
8.000E+02 5.839E-03 5.838E-03  5.838E-03
9.000E+02 2.877E-03 2.876E-03  2.877E-03
1.000E+03 1.319E-03 1.318E-03  1.318E-03
1.500E+03 1.019E-05 1.018E-05  1.019E-05
2.000E+03 4.896E-07 4.896E-07 4.969E-07
3.000E+03 4.762E-07 4.762E-07  4.840E-07
4.000E+03 4.762E-07 4.762E-07  4.840E-07
5.000E+03 4.762E-07 4.762E-07  4.840E-07

Table 2-8(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 50,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND BAND RELEASE MODE)

DISTANCE x(m) MULTFRAC TALBOT DURBIN
1.000E-01 5.953E-08 5.991E-08  5.991E-08
1.500E-01 8.949E-08 8.987E-08  8.987E-08
2.000E-01 1.194E-07 1.198E-07  1.198E-07
3.000E-01 1.794E-07 1.797E-07 1.797E-07
4.000E-01 2.393E-07 2.397E-07  2.397E-07
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Table 2-8(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 50,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)

DISTANCE x(m) MULTFRAC TALBOT DURBIN
5.000E-01 2.992E-07 2.996E-07  2.996E-07
6.000E-01 3.591E-07 3.595E-07  3.595E-07
7.000E-01 4.190E-07 4.194E-07 4.194E-07
8.000E-01 4.789E-07 4.793E-07  4.793E-07
9.000E-01 5.389E-07 5.392E-07  5.392E-07
1.000E+00 5.988E-07 5.991E-07 5.991E-07
1.500E+00 8.983E-07 8.987E-07  8.987E-07
2.000E+00 1.198E-06 1.198E-06  1.198E-06
3.000E+00 1.797E-06 1.797E-06  1.797E-06
4.000E+00 2.396E-06 2.397E-06  2.397E-06
5.000E+00 2.995E-06 2.996E-06 2.996E-06
6.000E+00 3.595E-06 3.595E-06  3.595E-06
7.000E+00 4.194E-06 4.194E-06  4.194E-06
8.000E+00 4.793E-06 4.793E-06  4.793E-06
9.000E+00 5.392E-06 5.393E-06 5.393E-06
1.000E+01 5.991E-06 5.992E-06 5.992E-06
1.500E+01 8.987E-06 8.987E-06 8.987E-06
2.000E+01 1.198E-05 1.198E-05  1.198E-05
3.000E+01 1.797E-05 1.797E-05  1.797E-05
4.000E+01 2.395E-05 2.395E-05  2.395E-05
5.000E+01 2.993E-05 2.993E-05  2.993E-05
6.000E+01 3.717E-05 3.717E-05 3.717E-05
7.000E+01 4.439E-05 4.439E-05  4.439E-05
8.000E+01 5.158E-05 5.158E-05  5.158E-05
9.000E+01 5.875E-05 5.875E-05 5.876E-05
1.000E+02 6.589E-05 6.589E-05  6.590E-05
1.500E+02 1.118E-04 1.118E-04  1.118E-04
2.000E+02 1.651E-04 1.651E-04  1.650E-04
3.000E+02 2.286E-04 2.286E-04  2.286E-04
4.000E+02 2.701E-04 2.701E-04  2.701E-04
5.000E+02 2.984E-04 2.984E-04  2.984E-04
6.000E+02 3.167E-04 3.167E-04  3.167E-04
7.000E+02 3.250E-04 3.250E-04  3.250E-04
8.000E+02 3.240E-04 3.240E-04  3.240E-04
9.000E+02 3.149E-04 3.149E-04  3.149E-04
1.000E+03 2.988E-04 2.988E-04  2.990E-04
1.500E+03 1.695E-04 1.695E-04  1.696E-04
2.000E+03 6.162E-05 6.162E-05  6.162E-05
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Table 2-8(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 50,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)

DISTANCE x(m) MULTFRAC

3.000E+03
4.000E+03
5.000E+03

2.503E-06
4.072E-08
1.805E-08

TALBOT
2.503E-06

4.072E-08
1.805E-08
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DURBIN

2.504E-06
4.073E-08
1.805E-08
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Figure 2-3(b). Relative concentration of Cm-245 in the fracture vs. time at different positions x = 100 meters, 200
meters, and 500 meters (Periodically fluctuating source with exponential decay).



Table 2-9(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 2, AT DISTANCE x = 100 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND STEP RELEASE MODE)

TIME (y) MULTFRAC TALBOT DURBIN

1.000E-01 1.250E-05 2.184+188 1.253E-05
1.500E-01 1.151E-05 -4.441+246 1.154E-05
2.000E-01 1.079E-05 -4.572+261 1.081E-05
3.000E-01 9.765E-06 2.005+243 9.791E-06
4.000E-01 9.052E-06 4.431+259 9.076E-06
5.000E-01 8.511E-06 -5.666+260 8.535E-06
6.000E-01 8.082E-06 2.925+222 8.105E-06
7.000E-01 7.728E-06 4.361+238 7.751E-06
8.000E-01 7.431E-06 -2.506+272 7.453E-06
9.000E-01 7.175E-06 2.301+238 7.196E-06
1.000E+00 6.951E-06 -1.678+213 6.973E-06
1.500E+00 6.147E-06 -1.604+242 6.167E-06
2.000E+00 5.632E-06 -1.656+242 5.650E-06
3.000E+00 4.986E-06 2.438+224 5.002E-06
4.000E+00 4.583E-06 -2.694+160 4.598E-06
5.000E+00 4.301E-06 1.553+200 4.316E-06
6.000E+00 4.090E-06 8.8134+159 4.103E-06
7.000E+00 3.923E-06 1.114+131 3.936E-06
8.000E+00 3.788E-06 2.442+109 3.800E-06
9.000E+00 3.675E-06 -2.759E+92 3.686E-06
1.000E+01 3.578E-06 6.475+172 3.590E-06
1.500E+01 3.248E-06 5.749E+87 3.259E-06
2.000E+01 3.049E-06 -1.702E+45 3.058E-06
3.000E+01 2.810E-06 -5.177E+02 2.837E-06
4.000E+01 2.667E-06 2.680E-06 2.673E-06
5.000E+01 2.570E-06 2.568E-06  2.544E-06
6.000E+01 2.703E-06 2.708E-06 2.669E-06
7.000E+01 1.027E-05 1.050E-05 1.054E-05
8.000E+01 6.893E-05 7.056E-05  7.053E-05
9.000E+01 2.757E-04 2.814E-04  2.813E-04
1.000E+02 7.497E-04 7.634E-04  7.635E-04
1.500E+02 9.519E-03 9.442E-03  9.442E-03
2.000E+02 2.718E-02 2.723E-02  2.723E-02
3.000E+02 7.209E-02 7.214E-02  7.215E-02
4.000E+02 1.152E-01 1.152E-01  1.152E-01
5.000E+02 1.522E-01 1.522E-01  1.522E-01
6.000E+02 1.834E-01 1.833E-01  1.833E-01
7.000E+02 2.095E-01 2.094E-01 2.094E-01
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Table 2-9(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 2, AT DISTANCE x = 100 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND STEP RELEASE MODE) (Continued)

TIME (y) MULTFRAC TALBOT DURBIN
8.000E+02 2.315E-01 2.314E-01  2.314E-01
9.000E+02 2.502E-01 2.501E-01  2.501E-01
1.000E+03 2.661E-01 2.661E-01 2.661E-01
1.500E+03 3.189E-01 3.189E-01  3.189E-01
2.000E+03 3.456E-01 3.455E-01  3.455E-01
3.000E+03 3.640E-01 3.640E-01  3.640E-01
4.000E+03 3.615E-01 3.615E-01 3.615E-01
5.000E+03 3.499E-01 3.499E-01  3.499E-01
6.000E+03 1.570E-01 1.570E-01  1.570E-01
7.000E+03 8.635E-02 8.636E-02  8.636E-02
8.000E+03 5.556E-02 5.556E-02  5.556E-02
9.000E+03 3.869E-02 3.869E-02  3.869E-02
1.000E+04 2.828E-02 2.828E-02  2.828E-02
1.500E+04 8.507E-03 8.508E-03  8.508E-03
2.000E+04 3.400E-03 3.400E-03  3.400E-03
3.000E+04 7.630E-04 7.630E-04  7.629E-04
4.000E+04 2.121E-04 2.121E-04  2.121E-04
5.000E+04 6.589E-05 6.580E-05  6.590E-05
6.000E+04 2.190E-05 2.190E-05  2.190E-05
7.000E+04 7.622E-06 7.622E-06  7.622E-06
8.000E+04 2.742E-06 2.742E-06  2.742E-06
9.000E+04 1.012E-06 1.012E-06  1.012E-06
1.000E+05 3.806E-07 3.806E-07  3.806E-07
1.500E+05 3.471E-09 3.471E-09 3.471E-09
2.000E+05 3.800E-11 3.800E-11  3.800E-11
3.000E+05 5.910E-15 5.982E-15. 5.896E-15
4.000E+05 1.100E-18 4.007E-16  1.408E-17
5.000E+05 2.258E-22 5.580E-16  -7.545E-18
6.000E+05 4.932E-26 6.163E-16  1.497E-17
7.000E+05 1.124E-29 3.204E-16  5.328E-18
8.000E+05 2.642E-33 2.729E-16  2.488E-17
9.000E+05 6.361E-37 2.835E-17  -5.385E-18
1.000E+06 1.560E-40 7.371E-17  -8.938E-19
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Table 2-9(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 3, AT DISTANCE x = 200 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)

TIME (y) MULTFRAC TALBOT DURBIN

1.000E-01 1.453E-05 5.273+234  1.456E-05
1.500E-01 1.399E-05 1.474+113 1.401E-05
2.000E-01 1.355E-05 -3.527E+69 1.358E-05
3.000E-01 1.288E-05 1.812+209 1.290E-05
4.000E-01 1.235E-05 4.523+256 1.238E-05
5.000E-01 1.193E-05 1.438+236 1.195E-05
6.000E-01 1.156E-05 -4.659+264 1.159E-05
7.000E-01 1.124E-05 -2.491+267 1.127E-05
8.000E-01 1.096E-05 -1.440+249 1.099E-05
9.000E-01 1.071E-05 -4.417+247 1.073E-05
1.000E+00 1.048E-05 -2.991+269 1.051E-05
1.500E+00 9.584E-06 1.216+268 9.608E-06
2.000E+00 8.938E-06 1.989+261 8.961E-06
3.000E+00 8.032E-06 9.815+270 8.054E-06
4.000E+00 7.405E-06 1.001+263 7.426E-06
5.000E+00 6.933E-06 -2.075+225 6.954E-06
6.000E+00 6.560E-06 -8.843+254 6.580E-06
7.000E+00 6.255E-06 -1.437+214 6.274E-06
8.000E+00 5.998E-06 -1.726+228 6.017E-06
9.000E+00 5.778E-06 -3.403+236 5.796E-06
1.000E+01 5.586E-06 -3.213+209 5.604E-06
1.500E+01 4.900E-06 -3.235+211 4.917E-06
2.000E+01 4.464E-06 -5.380+189 4.479E-06
3.000E+01 3.919E-06 -6.937+186 3.933E-06
4.000E+01 3.581E-06 -7.301+162 3.593E-06
5.000E+01 3.344E-06 2.565+113 3.356E-06
6.000E+01 3.167E-06 -2.135E+80 3.178E-06
7.000E+01 3.027E-06 -2.093E+57 3.037E-06
8.000E+01 2.913E-06 9.066E+39 2.923E-06
9.000E+01 2.818E-06 1.164E+26 2.827E-06
1.000E+02 2.737E-06 -2.442E+15 2.746E-06
1.500E+02 2.457E-06 2.460E-06  2.482E-06
2.000E+02 2.284E-06 2.284E-06 2.312E-06
3.000E+02 2.133E-06 2.135E-06  2.127E-06
4.000E+02 1.718E-05 1.740E-05 1.756E-05
5.000E+02 1.944E-04 1.966E-04  1.963E-04
6.000E+02 8.550E-04 8.640E-04  8.643E-04
7.000E+02 2.285E-03 2.305E-03  2.305E-03
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Table 2-9(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 3, AT DISTANCE x = 200 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)

TIME (y) MULTFRAC TALBOT DURBIN
8.000E+02 4.644E-03 4.636E-03  4.636E-03
9.000E+02 7.835E-03 7.826E-03  7.826E-03
1.000E+03 1.177E-02 1.176E-02  1.176E-02
1.500E+03 3.776E-02 3.775E-02  3.775E-02
2.000E+03 6.558E-02 6.557E-02  6.557E-02
3.000E+03 1.103E-01 1.103E-01  1.103E-01
4.000E+03 1.389E-01 1.388E-01  1.388E-01
5.000E+03 1.555E-01 1.555E-01  1.555E-01
6.000E+03 1.562E-01 1.562E-01  1.562E-01
7.000E+03 1.235E-01 1.235E-01  1.235E-01
8.000E+03 9.306E-02 9.307E-02  9.307E-02
9.000E+03 7.086E-02 7.087E-02  7.087E-02
1.000E+04 5.491E-02 5.491E-02  5.491E-02
1.500E+04 1.882E-02 1.882E-02  1.882E-02
2.000E+04 7.907E-03 7.907E-03  7.907E-03
3.000E+04 1.853E-03 1.853E-03  1.853E-03
4.000E+04 5.256E-04 5.256E-04  5.256E-04
5.000E+04 1.651E-04 1.651E-04  1.650E-04
6.000E+04 5.529E-05 5.529E-05  5.529E-05
7.000E+04 1.934E-05 1.934E-05  1.934E-05
8.000E+04 6.985E-06 6.985E-06  6.985E-06
9.000E+04 2.585E-06 2.585E-06  2.585E-06
1.000E+05 9.747E-07 9.747TE-07  9.747E-07
1.500E+05 8.950E-09 8.951E-09 8.951E-09
2.000E+05 9.832E-11 9.832E-11  9.832E-11
3.000E+05 1.534E-14 1.540E-14  -5.189E-07
4.000E+05 2.861E-18 7.985E-17  -7.419E-08
5.000E+05 5.879E-22 1.400E-16  -4.753E-07
6.000E+05 1.285E-25 2.871E-16  -3.961E-07
7.000E+05 2.929E-29 3.949E-16  -6.632E-08
8.000E+05 6.889E-33 1.189E-16  2.972E-07
9.000E+05 1.659E-36 2.184E-16  2.641E-07
1.000E+06 4.071E-40 2.190E-17  2.377E-07
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Table 2-9(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 5, AT DISTANCE x = 500 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)

TIME (y) MULTFRAC TALBOT DURBIN

1.000E-01 7.219E-06 8.680+218 7.238E-06
1.500E-01 6.453E-06 -4.152+271 6.471E-06
2.000E-01 5.929E-06 -2.893+190 5.946E-06
3.000E-01 5.232E-06 4.875+250 5.249E-06
4.000E-01 4.774E-06 7.382+227 4.790E-06
5.000E-01 4.442E-06 1.802+261 4.457E-06
6.000E-01 4.187E-06 3.548+242 4.201E-06
7.000E-01 3.982E-06 -1.281+242 3.996E-06
8.000E-01 3.813E-06 2.024+261 3.826E-06
9.000E-01 3.671E-06 -1.002+273 3.684E-06
1.000E+00 3.549E-06 -2.800+235 3.561E-06
1.500E+00 3.121E-06 3.914+264 3.132E-06
2.000E+00 2.858E-06 -8.926+248 2.868E-06
3.000E+00 2.539E-06 4.032+250 2.565E-06
4.000E+00 2.344E-06 -9.699+245 2.369E-06
5.000E+00 2.211E-06 -2.552+260 2.233E-06
6.000E+00 2.111E-06 -4.125+265 2.133E-06
7.000E+00 2.033E-06 -1.167+245 2.054E-06
8.000E+00 1.971E-06 2.827+265 1.991E-06
9.000E+00 1.918E-06 1.118+232  1.938E-06
1.000E+01 1.874E-06 3.661+256 1.893E-06
1.500E+01 1.723E-06 -3.137+241 1.741E-06
2.000E+01 1.633E-06 3.227+198 1.649E-06
3.000E+01 1.525E-06 -1.671+205 1.540E-06
4.000E+01 1.460E-06 -1.511+142 1.475E-06
5.000E+01 1.415E-06 -1.568+172 1.430E-06
6.000E+01 1.382E-06 -3.968+181 1.396E-06
7.000E+01 1.356E-06 1.606+143 1.370E-06
8.000E+01 1.335E-06 -1.064+116 1.349E-06
9.000E+01 1.317E-06 -4.803E+93 1.331E-06
1.000E+02 1.302E-06 -3.967E+75 1.316E-06
1.500E+02 1.255E-06 -4.242E+22 1.269E-06
2.000E+02 1.231E-06 -2.924E-05 1.245E-06
3.000E+02 1.207E-06 1.207E-06  1.220E-06
4.000E+02 1.191E-06 1.192E-06  1.205E-06
5.000E+02 1.177E-06 1.178E-06  1.192E-06
6.000E+02 1.164E-06 1.165E-06  1.181E-06
7.000E+02 1.152E-06 1.154E-06  1.174E-06
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Table 2-9(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 5, AT DISTANCE x = 500 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)

TIME (y) MULTFRAC TALBOT DURBIN

8.000E+02 1.144E-06 1.144E-06  1.164E-06
9.000E+02 1.136E-06 1.137E-06  1.145E-06
1.000E+03 1.145E-06 1.145E-06  1.154E-06
1.500E+03 1.001E-05 9.994E-06  1.008E-05
2.000E+03 1.396E-04 1.394E-04  1.392E-04
3.000E+03 1.784E-03 1.783E-03  1.783E-03
4.000E+03 5.934E-03 5.932E-03  5.932E-03
5.000E+03 1.178E-02 1.178E-02  1.178E-02
6.000E+03 1.817E-02 1.816E-02  1.816E-02
7.000E+03 2.417E-02 2.417E02  2.417E-02
8.000E+03 2.844E-02 2.844E-02  2.844E-02
9.000E+03 3.013E-02 3.013E-02  3.013E-02
1.000E+04 2.974E-02 2.974E-02  2.974E-02
1.500E+04 1.860E-02 1.860E-02  1.860E-02
2.000E+04 9.942E-03 9.942E-03  9.942E-03
3.000E+04 2.878E-03 2.878E-03  2.878E-03
4.000E+04 8.989E-04 8.980E-04  8.989E-04
5.000E+04 2.984E-04 2.984E-04 2.984E-04
6.000E+04 1.036E-04 1.036E-04  1.035E-04
7.000E+04 3.716E-05 3.716E-05 3.711E-05
8.000E+04 1.367E-05 1.367E-05  1.367E-05
9.000E +04 5.133E-06 5.133E-06  5.133E-06
1.000E+05 1.958E-06 1.958E-06  1.956E-06
1.500E+05 1.860E-08 1.860E-08  1.860E-08
2.000E+05 2.077E-10 2.077E-10  2.077E-10
3.000E+05 3.296E-14 3.322E-14  1.447E-07
4.000E+05 6.195E-18 6.849E-17  5.450E-07
5.000E+05 1.279E-21 1.129E-16  -4.404E-07
6.000E+05 2.805E-25 7.443E-17  -3.660E-07
7.000E+05 6.410E-29 5.215E-17  -5.327E-07
8.000E+05 1.510E-32 -2.602E-17 4.667E-07
9.000E+05 3.642E-36 -1.457E-17 -8.083E-08
1.000E+06 8.945E-40 -2.802E-17  7.299E-08
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Figure 2-3(c). Cumulative mass of Cm-245 per unit in the fracture vs. time at different positions x = 100, 200, and
500 meters (Periodically fluctuating source with exponential decay).



Table 2-10(a). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x =
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)

TIME (yr)

1.000E-01

1.500E-01

2.000E-01

3.000E-01

4.000E-01

5.000E-01

6.000E-01

7.000E-01

8.000E-01

9.000E-01

1.000E+00
1.500E+00
2.000E+00
3.000E+00
4.000E+00
5.000E+00
6.000E+00
7.000E+00
8.000E+00
9.000E+00
1.000E+01
1.500E+01
2.000E+01
3.000E+01
4.000E+01
5.000E+01
6.000E+01
7.000E+01
8.000E+01
9.000E+01
1.000E+02
1.500E+02
2.000E+02
3.000E+02
4.000E+02
5.000E+02
6.000E+02
7.000E+02

100 METERS (PERIODICALLY FLUCTUATING

MULTFRAC DURBIN

1.448E-07
2.047E-07
2.603E-07
3.627E-07
4.566E-07
5.443E-07
6.272E-07
7.062E-07
7.820E-07
8.550E-07
9.256E-07
1.251E-06
1.545E-06
2.073E-06
2.550E-06
2.993E-06
3.413E-06
3.813E-06
4.198E-06
4.571E-06
4.934E-06
6.632E-06
8.203E-06
1.112E-05
1.385E-05
1.647E-05
1.904E-05
2.456E-05
6.008E-05
2.289E-04
7.479E-04
2.207E-02
1.119E-01
6.078E-01
1.551E+00
2.895E+00
4.579E+00
6.548E+00

1.451E-07
2.051E-07
2.609E-07
3.636E-07
4.577E-07
5.457E-07
6.288E-07
7.080E-07
7.840E-07
8.572E-07
9.280E-07
1.255E-06
1.549E-06
2.079E-06
2.558E-06
3.003E-06
3.423E-06
3.825E-06
4.211E-06
4.585E-06
4.949E-06
6.652E-06
8.229E-06
1.117E-05
1.392E-05
1.653E-05
1.910E-05
2.402E-05
5.680E-05
2.151E-04
7.101E-04
2.164E-02
1.106E-01
6.043E-01
1.546E+00
2.888E+00
4.570E+00
6.537E+00
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Table 2-10(a). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = 100 METERS (PERIODICALLY FLUCTUATING
DECAYING SOURCE AND BAND RELEASE MODE) (Continued)

TIME (yr) MULTFRAC DURBIN
8.000E+02 8.756E+00 8.744E+00
9.000E+02 1.117E+01 1.115E+01
1.000E+03 1.375E+01 1.374E+01
1.500E+03 2.853E+01 2.852E+01
2.000E+03 4.522E+01 4.520E+01
3.000E+03 8.096E+01 8.094E+01
4.000E+03 1.173E+02 1.173E+02
5.000E+03 1.530E+02 1.529E+02
6.000E+03 1.780E+02 1.780E+02
7.000E+03 1.896E+02 1.896E+02
8.000E+03 1.965E+02 1.965E+02
9.000E+03 2.012E+02 2.012E+02
1.000E+04 2.045E+02 2.045E+02
1.500E+04 2.124E+02 2.124E+02
2.000E+04 2.152E+02 2.152E+02
3.000E+04 2.169E+02 2.169E+02
4.000E+04 2.173E+02 2.174E+02
5.000E+04 2.174E+02 2.175E+02
6.000E+04 2.175E+02 2.175E+02
7.000E+04 2.175E+02 2.174E+02
8.000E+04 2.175E+-02 2.174E+02
9.000E+04 2.175E+02 2.173E+02
1.000E+05 2.175E+02 2.173E+02
1.500E+05 2.175E+02 2.172E+02
2.000E+05 2.175E+02 2.172E+02
3.000E+05 2.175E+02 2.174E+02
4.000E+05 2.175E+02 2.179E+02
5.000E+05 2.175E+02 2.184E+02
6.000E+05 2.175E+02 NA
7.000E+05 2.175E+02 NA
8.000E+05 2.175E+02 NA
9.000E+05 2.175E+02 NA
1.000E+06 2.175E+02 NA
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Table 2-10(b). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = 200 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)

TIME (yr) MULTFRAC DURBIN
1.000E-01 1.544E-07 NA
1.500E-01 2.257E-07 NA
2.000E-01 2.945E-07 NA
3.000E-01 4.264E-07 NA
4.000E-01 5.525E-07 NA
5.000E-01 6.738E-07 NA
6.000E-01 7.912E-07 NA
7.000E-01 9.052E-07 NA
8.000E-01 1.016E-06 NA
9.000E-01 1.125E-06 NA
1.000E+00 1.230E-06 NA
1.500E+00 1.731E-06 NA
2.000E+00 2.193E-06 NA
3.000E+00 3.038E-06 NA
4.000E+00 3.809E-06 NA
5.000E+00 4.524E-06 NA
6.000E+00 5.198E-06 NA
7.000E+00 5.839E-06 NA
8.000E+00 6.451E-06 NA
9.000E+00 7.040E-06 NA
1.000E+01 7.608E-06 7.628E-06
1.500E+01 1.021E-05 1.024E-05
2.000E+01 1.255E-05 1.259E-05
3.000E+01 1.671E-05 1.677E-05
4.000E+01 2.045E-05 2.052E-05
5.000E+01 2.391E-05 2.399E-05
6.000E+01 2.716E-05 2.725E-05
7.000E+01 3.026E-05 3.035E-05
8.000E+01 3.322E-05 3.333E-05
9.000E+01 3.609E-05 3.620E-05
1.000E+02 3.886E-05 3.899E-05
1.500E+02 5.178E-05 5.202E-05
2.000E+02 6.360E-05 6.397E-05
3.000E+02 8.532E-05 8.581E-05
4.000E+02 1.439E-04 1.435E-04
5.000E+02 9.618E-04 9.541E-04
6.000E+02 5.744E-03 5.708E-03
7.000E+02 2.093E-02 2.084E-02
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Table 2-10(b). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = 200 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)

TIME (yr) MULTFRAC DURBIN
8.000E+02 5.497E-02 5.480E-02
9.000E+02 1.167E-01 1.164E-01
1.000E+03 2.142E-01 2.138E-01
1.500E+03 1.424E+00 1.423E+00
2.000E+03 4.016E+00 4.014E+00
3.000E+03 1.295E+01 1.295E+01
4.000E+03 2.553E+01 2.552E+01
5.000E+03 4.033E+01 4.032E+01
6.000E+03 5.622E+01 5.621E+01
7.000E+03 7.028E+01 7.028E+01
8.000E+03 8.104E+01 8.103E+01
9.000E+03 8.917E+01 8.917E+01
1.000E+04 9.542E+01 9.542E+01
1.500E+04 1.119E+02 NA
2.000E+04 1.181E+02 NA
3.000E+04 1.222E+02 NA
4.000E+04 1.232E+02 NA
5.000E+04 1.235E+02 NA
6.000E+04 1.236E+02 NA
7.000E+04 1.237E+02 NA
8.000E+04 1.237E+02 NA
9.000E+04 1.237E+02 NA
1.000E+05 1.237E+02 NA
1.500E+05 1.237E+02 NA
2.000E+05 1.237E+02 NA
3.000E+05 1.237E+02 NA
4.000E+05 1.237E+02 NA
5.000E+05 1.237E+02 NA
6.000E+05 1.237E+02 NA
7.000E+05 1.237E+02 NA
8.000E+05 1.237E+02 NA
9.000E+05 1.237E+02 NA
1.000E+06 1.237E+02 NA
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TABLE 2-10(c). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = 500 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)

TIME (yr) MULTFRAC DURBIN
1.000E-01 8.996E-08 NA
1.500E-01 1.240E-07 NA
2.000E-01 1.549E-07 NA
3.000E-01 2.104E-07 NA
4.000E-01 2.603E-07 NA
5.000E-01 3.063E-07 NA
6.000E-01 3.494E-07 NA
7.000E-01 3.902E-07 NA
8.000E-01 4.292E-07 NA
9.000E-01 4.666E-07 NA
1.000E+00 5.027E-07 NA
1.500E+00 6.684E-07 NA
2.000E+00 8.174E-07 NA
3.000E+00 1.086E-06 NA
4.000E+00 1.329E-06 NA
5.000E+00 1.557E-06 NA
6.000E+00 1.772E-06 NA
7.000E+00 1.980E-06 NA
8.000E+00 2.180E-06 NA
9.000E+00 2.374E-06 NA
1.000E+01 2.564E-06 2.582E-06
1.500E+01 3.459E-06 3.486E-06
2.000E+01 4.297E-06 4.331E-06
3.000E+01 5.870E-06 5.920E-06
4.000E+01 7.360E-06 7.423E-06
5.000E+01 8.796E-06 8.873E-06
6.000E+01 1.019E-05 1.028E-05
7.000E+01 1.156E-05 1.167E-05
8.000E+01 1.291E-05 1.302E-05
9.000E+01 1.423E-05 1.436E-05
1.000E+02 1.554E-05 1.568E-05
1.500E+02 2.192E-05 2.212E-05
2.000E+02 2.813E-05 2.839E-05
3.000E+02 4.032E-05 4.069E-05
4.000E+02 5.231E-05 5.280E-05
5.000E+02 6.415E-05 6.477E-05
6.000E+02 7.587E-05 7.662E-05
7.000E+02 8.746E-05 8.838E-05
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TABLE 2-10(c). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = 500 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)

TIME (yr) MULTFRAC DURBIN
8.000E+02 9.896E-05 1.001E-04
9.000E+02 1.104E-04 1.116E-04
1.000E+03 1.217E-04 1.230E-04
1.500E+03 2.765E-04 2.782E-04
2.000E+03 3.020E-03 3.014E-03
3.000E+03 7.903E-02 7.893E-02
4.000E+03 4.459E-01 4.455E-01
5.000E+03 1.323E+00 1.322E+00
6.000E+03 2.820E+00 2.819E+00
7.000E+03 4.945E+00 4.943E+00
8.000E+03 7.596E+00 7.595E+00
9.000E+03 1.055E+01 1.054E+01
1.000E+04 1.355E+01 1.355E+01
1.500E+04 2.580E+01 NA
2.000E+04 3.273E+01 NA
3.000E+04 3.840E+01 NA
4.000E+04 4.009E+01 NA
5.000E+04 4.063E+01 NA
6.000E+04 4.082E+01 NA
7.000E+04 4.088E+01 NA
8.000E+04 4.090E+01 NA
9.000E+04 4.091E+01 NA
1.000E+05 4.092E+01 NA
1.500E+05 4.092E+01 NA
2.000E+05 4.092E+01 NA
3.000E+05 4.092E+01 NA
4.000E+05 4.092E+01 NA
5.000E+05 4.092E+01 NA
6.000E+05 4.092E+01 NA
7.000E+05 4.092E+01 NA
8.000E+05 4.092E+01 NA
9.000E+05 4.092E+01 NA
1.000E+06 4.092E+01 NA
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Figure 2-3(d). Relative concentration of Cm-245 in rock vs. distance z at time t = 5,000 years and distances from
the source x = 100, 200, and 500 meters (Periodically fluctuating source with exponential decay).



Table 2-11(a). CASE 2 Results: CONCENTRATION OF Cm-245 IN THE ROCK MATRIX
LAYER 2, AT DISTANCE x = 100 METERS AND TIME t = 5,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP

RELEASE MODE)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

1.500E-02 3.446E-01 3.446E-01  3.446E-01
2.000E-02 3.421E-01 3.421E-01 3.421E-01
3.000E-02 3.373E-01 3.373E-01 3.373E-01
4.000E-02 3.326E-01 3.326E-01  3.326E-01
5.000E-02 3.278E-01 3.278E-01  3.278E-01
6.000E-02 3.231E-01 3.231E-01 3.231E-01
7.000E-02 3.184E-01 3.184E-01  3.184E-01
8.000E-02 3.137E-01 3.137E-01  3.137E-01
9.000E-02 3.091E-01 3.091E-01  3.091E-01
1.000E-01 3.045E-01 3.045E-01  3.045E-01
1.500E-01 2.819E-01 2.819E-01  2.819E-01
2.000E-01 2.602E-01 2.601E-01  2.601E-01
3.000E-01 2.194E-01 2.194E-01 2.194E-01
4.000E-01 1.826E-01 1.826E-01  1.826E-01
5.000E-01 1.499E-01 1.499E-01  1.499E-01
6.000E-01 1.214E-01 1.214E-01  1.214E-01
7.000E-01 9.689E-02 9.689E-02  9.689E-02
8.000E-01 7.624E-02 7.624E-02  7.624E-02
9.000E-01 5.913E-02 5.912E-02  5.912E-02
1.000E+00 4.518E-02 4.517E-02  4.517E-02
1.500E+00 9.377E-03 9.376E-03  9.376E-03
2.000E+00 1.319E-03 1.318E-03  1.318E-03
3.000E+00 8.914E-06 8.910E-06 9.171E-06
4.000E+00 1.076E-06 1.173E-06  1.189E-06
5.000E+00 1.164E-06 1.164E-06  1.184E-06
6.000E+00 1.164E-06 1.164E-06  1.184E-06
7.000E+00 1.164E-06 1.164E-06  1.184E-06
8.000E+00 1.164E-06 1.164E-06  1.184E-06
9.000E+00 1.164E-06 1.164E-06  1.184E-06
1.000E+01 1.164E-06 1.164E-06  1.184E-06
1.500E+01 1.164E-06 1.164E-06  1.184E-06
2.000E+01 1.164E-06 1.164E-06  1.184E-06
3.000E+01 1.164E-06 1.164E-06  1.184E-06
4.000E+01 1.164E-06 1.164E-06  1.184E-06
5.000E+01 1.164E-06 1.164E-06  1.184E-06
6.000E+01 1.164E-06 1.164E-06  1.184E-06
7.000E+01 1.164E-06 1.164E-06  1.184E-06
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Table 2-11(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE x = 100 METERS AND TIME t = 5,000 YEARS

(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP
RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

8.000E+01 1.164E-06 1.164E-06  1.184E-06
9.000E+01 1.164E-06 1.164E-06  1.184E-06
1.000E+02 1.164E-06 1.164E-06  1.184E-06

Table 2-11(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 200 METERS AND TIME t = 5,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP
RELEASE MODE)

DISTANCE z(m) MULTFRAC TALBOT

1.000E-02
1.500E-02
2.000E-02
3.000E-02
4.000E-02
5.000E-02
6.000E-02
7.000E-02
8.000E-02
9.000E-02
1.000E-01
1.500E-01
2.000E-01
3.000E-01
4.000E-01
5.000E-01
6.000E-01
7.000E-01
8.000E-01
9.000E-01
1.000E+00
1.500E+00
2.000E+00
3.000E+00
4.000E+00
5.000E+00

1.539E-01
1.528E-01
1.516E-01
1.494E-01
1.472E-01
1.450E-01
1.428E-01
1.407E-01
1.385E-01
1.364E-01
1.343E-01
1.242E-01
1.147E-01
9.714E-02
8.166E-02
6.812E-02
5.638E-02
4.630E-02
3.77T1E-02
3.048E-02
2.443E-02
7.149E-03
1.692E-03
5.103E-05
1.450E-06
8.346E-07

1.539E-01
1.528E-01
1.516E-01
1.494E-01
1.472E-01
1.450E-01
1.428E-01
1.407E-01
1.385E-01
1.364E-01
1.343E-01
1.242E-01
1.147E-01
9.713E-02
8.165E-02
6.811E-02
5.637E-02
4.629E-02
3.771E-02
3.047E-02
2.443E-02
7.148E-03
1.697E-03
5.102E-05
1.450E-06
8.346E-07
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DURBIN

1.539E-01
1.528E-01
1.516E-01
1.494E-01
1.472E-01
1.450E-01
1.428E-01
1.407E-01
1.385E-01
1.364E-01
1.343E-01
1.242E-01
1.147E-01
9.713E-02
8.165E-02
6.811E-02
5.637E-02
4.629E-02
3.771E-02
3.047E-02
2.443E-02
7.149E-03
1.697E-03
5.093E-05
1.462E-06
8.221E-07




Table 2-11(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 200 METERS AND TIME t = 5,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP

RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

6.000E+00 8.315E-07 8.315E-07  8.258E-07
7.000E+00 8.314E-07 8.314E-07  8.257E-07
8.000E+00 8.314E-07 8.314E-07  8.257E-07
9.000E+00 8.314E-07 8.314E-07  8.257E-07
1.000E+01 8.314E-07 8.314E-07  8.257E-07
1.500E+01 8.314E-07 8.314E-07  8.257E-07
2.000E+01 8.314E-07 8.314E-07  8.257E-07
3.000E+01 8.314E-07 8.314E-07  8.257E-07
4.000E+01 8.314E-07 8.314E-07  8.257E-07
5.000E+01 8.314E-07 8.314E-07  8.257E-07
6.000E+01 8.314E-07 8.314E-07  8.257E-07
7.000E+01 8.314E-07 8.314E-07  8.257E-07
8.000E+01 8.314E-07 8.314E-07  8.257E-07
9.000E+01 8.314E-07 8.314E-07  8.257E-07
1.000E+02 8.314E-07 8.314E-07  8.257E-07

Table 2-11(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 5, AT DISTANCE x = 500 METERS AND TIME t = 5,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP

RELEASE MODE)

DISTANCE z(m) MULTFRAC TALBOT DURBIN
1.000E-02 1.101E-02 1.100E-02  1.100E-02
1.500E-02 1.057E-02 1.057E-02  1.057E-02
2.000E-02 1.015E-02 1.015E-02  1.015E-02
3.000E-02 9.353E-03 9.352E-03  9.352E-03
4.000E-02 8.611E-03 8.610E-03  8.610E-03
5.000E-02 7.921E-03 7.920E-03  7.920E-03
6.000E-02 7.281E-03 7.279E-03  7.280E-03
7.000E-02 6.686E-03 6.685E-03  6.685E-03
8.000E-02 6.135E-03 6.134E-03  6.134E-03
9.000E-02 5.624E-03 5.623E-03  5.624E-03
1.000E-01 5.152E-03 5.151E-03  5.151E-03
1.500E-01 3.280E-03 3.279E-03  3.279E-03
2.000E-01 2.043E-03 2.043E-03  2.043E-03
3.000E-01 7.436E-04 7.434E-04  7.434E-04
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Table 2-11(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER §, AT DISTANCE x = 500 METERS AND TIME t = 5,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP
RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

4.000E-01 2.482E-04 2.481E-04  2.474E-04
5.000E-01 7.621E-05 7.618E-05  7.615E-05
6.000E-01 2.178E-05 2.177E-05  2.176E-05
7.000E-01 6.080E-06 6.077E-06  6.301E-06
8.000E-01 1.954E-06 1.954E-06 1.971E-06
9.000E-01 9.661E-07 9.665E-07  9.755E-07
1.000E+00 7.506E-07 7.508E-07 7.587E-07
1.500E+00 6.984E-07 6.984E-07  6.845E-07
2.000E+00 6.984E-07 6.984E-07  6.852E-07
3.000E+00 6.984E-07 6.984E-07  6.852E-07
4.000E+00 6.984E-07 6.984E-07  6.852E-07
5.000E+00 6.984E-07 6.984E-07  6.852E-07
6.000E+00 6.984E-07 6.984E-07  6.852E-07
7.000E+00 6.984E-07 6.984E-07  6.852E-07
8.000E+00 6.984E-07 6.984E-07  6.852E-07
9.000E+00 6.984E-07 6.984E-07  6.852E-07
1.000E+01 6.984E-07 6.984E-07  6.852E-07
1.500E+01 6.984E-07 6.984E-07  6.852E-07
2.000E+01 6.984E-07 6.984E-07  6.852E-07
3.000E+01 6.984E-07 6.984E-07  6.852E-07
4.000E+01 6.984E-07 6.984E-07  6.852E-07
5.000E+01 6.984E-07 6.984E-07  6.852E-07
6.000E+01 6.984E-07 6.984E-07  6.852E-07
7.000E+01 6.984E-07 6.984E-07  6.852E-07
8.000E+01 6.984E-07 6.984E-07  6.852E-07
9.000E+01 6.984E-07 6.984E-07  6.852E-07
1.000E+02 6.984E-07 6.984E-07  6.852E-07
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Figure 2-3(e). Relative concentration of Cm-245 in rock vs. distance at t = 50,000 years (Periodically fluctuating
source with exponential decay).



Table 2-12(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE x = 100 METERS AND TIME t = 50,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND

BAND RELEASE MODE)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

1.000E-02 6.722E-05 6.722E-05  6.723E-05
1.500E-02 6.833E-05 6.833E-05  6.834E-05
2.000E-02 6.944E-05 6.944E-05  6.944E-05
3.000E-02 7.166E-05 7.166E-05  7.165E-05
4.000E-02 7.387E-05 7.387E-05  7.387E-05
5.000E-02 7.608E-05 7.608E-05  7.607E-05
6.000E-02 7.828E-05 7.828E-05  7.828E-05
7.000E-02 8.048E-05 8.048E-05  8.048E-05
8.000E-02 8.267E-05 8.268E-05  8.267E-05
9.000E-02 8.486E-05 8.487E-05  8.486E-05
1.000E-01 8.705E-05 8.705E-05  8.705E-05
1.500E-01 9.791E-05 9.791E-05  9.791E-05
2.000E-01 1.086E-04 1.086E-04  1.086E-04
3.000E-01 1.296E-04 1.296E-04  1.296E-04
4.000E-01 1.500E-04 1.500E-04  1.500E-04
5.000E-01 1.695E-04 1.695E-04  1.694E-04
6.000E-01 1.881E-04 1.881E-04  1.880E-04
7.000E-01 2.058E-04 2.058E-04  2.058E-04
8.000E-01 2.224E-04 2.224E-04  2.224E-04
9.000E-01 2.379E-04 2.379E-04  2.379E-04
1.000E+00 2.522E-04 2.522E-04  2.522E-04
1.500E+00 3.046E-04 3.046E-04 3.046E-04
2.000E+00 3.241E-04 3.241E-04 3.241E-04
3.000E+00 2.811E-04 2.811E-04 2.811E-04
4.000E+00 1.847E-04 1.847E-04  1.847E-04
5.000E+00 9.587E-05 9.587E-05 9.583E-05
6.000E+00 4.008E-05 4.008E-05  4.002E-05
7.000E+00 1.366E-05 1.366E-05  1.360E-05
8.000E+00 3.838E-06 3.838E-06 3.823E-06
9.000E+00 9.069E-07 9.069E-07  8.981E-07
1.000E+01 1.969E-07 1.969E-07  1.995E-07
1.500E+01 2.967E-08 2.967E-08  2.967E-08
2.000E+01 2.967E-08 2.967E-08  2.967E-08
3.000E+01 2.967E-08 2.967E-08  2.967E-08
4.000E+01 2.967E-08 2.967E-08  2.967E-08
5.000E+01 2.967E-08 2.967E-08  2.967E-08
6.000E+01 2.967E-08 2.967E-08  2.967E-08
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Table 2-12(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE x = 100 METERS AND TIME t = 50,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND
BAND RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

7.000E+01 2.967E-08 2.967E-08  2.967E-08
8.000E+01 2.967E-08 2.967E-08  2.967E-08
9.000E+01 2.967E-08 2.967E-08  2.967E-08
1.000E+02 2.967E-08 2.967E-08  2.967E-08

Table 2-12(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE X = 200 METERS AND TIME t = 50,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND

BAND RELEASE MODE)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

1.000E-02 1.661E-04 1.661E-04  1.660E-04
1.500E-02 1.668E-04 1.668E-04  1.667E-04
2.000E-02 1.675E-04 1.675E-04  1.674E-04
3.000E-02 1.689E-04 1.689E-04  1.688E-04
4.000E-02 1.703E-04 1.703E-04 1.702E-04
5.000E-02 1.716E-04 1.716E-04  1.716E-04
6.000E-02 1.730E-04 1.730E-04  1.729E-04
7.000E-02 1.744E-04 1.744E-04  1.743E-04
8.000E-02 1.758E-04 1.758E-04 1.757E-04
9.000E-02 1.771E-04 1.771E-04  1.770E-04
1.000E-01 1.785E-04 1.785E-04  1.784E-04
1.500E-01 1.852E-04 1.852E-04 1.851E-04
2.000E-01 1.918E-04 1.918E-04 1.917E-04
3.000E-01 2.046E-04 2.046E-04  2.046E-04
4.000E-01 2.168E-04 2.168E-04  2.168E-04
5.000E-01 2.285E-04 2.285E-04  2.285E-04
6.000E-01 2.395E-04 2.395E-04  2.395E-04
7.000E-01 2.500E-04 2.500E-04  2.500E-04
8.000E-01 2.598E-04 2.598E-04  2.598E-04
9.000E-01 2.689E-04 2.680E-04  2.689E-04
1.000E+00 2.774E-04 2.T14E-04  2.774E-04
1.500E+00 3.092E-04 3.092E-04  3.092E-04
2.000E+00 3.238E-04 3.238E-04  3.237E-04
3.000E+00 3.068E-04 3.068E-04  3.068E-04
4.000E+00 2.482E-04 2.482E-04  2.482E-04
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Table 2-12(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE X = 200 METERS AND TIME t = 50,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND
BAND RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

5.000E+00 1.755E-04 1.755E-04  1.755E-04
6.000E+00 1.098E-04 1.098E-04  1.099E-04
7.000E+00 6.129E-05 6.129E-05  6.131E-05
8.000E+00 3.065E-05 3.065E-05 3.075E-05
9.000E+00 1.378E-05 1.378E-05  1.371E-05
1.000E+01 5.596E-06 5.596E-06 5.457E-06
1.500E+01 3.477E-08 3.477E-08  3.477E-08
2.000E+01 2.119E-08 2.119E-08  2.119E-08
3.000E+01 2.119E-08 2.119E-08  2.119E-08
4.000E+01 2.119E-08 2.119E-08  2.119E-08
5.000E+01 2.119E-08 2.119E-08  2.119E-08
6.000E+01 2.119E-08 2.119E-08  2.119E-08
7.000E+01 2.119E-08 2.119E-08  2.119E-08
8.000E+01 2.119E-08 2.119E-08  2.119E-08
9.000E+01 2.119E-08 2.119E-08  2.119E-08
1.000E+02 2.119E-08 2.119E-08  2.119E-08

Table 2-12(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 5, AT DISTANCE x = 500 METERS AND TIME t = 50,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND

BAND RELEASE MODE)

DISTANCE z(m) MULTFRAC TALBOT DURBIN

1.000E-02 3.001E-04 3.001E-04  3.001E-04
1.500E-02 3.010E-04 3.010E-04 3.010E-04
2.000E-02 3.019E-04 3.019E-04 3.019E-04
3.000E-02 3.037E-04 3.037E-04 3.037E-04
4.000E-02 3.054E-04 3.054E-04 3.054E-04
5.000E-02 3.070E-04 3.070E-04  3.070E-04
6.000E-02 3.086E-04 3.086E-04  3.085E-04
7.000E-02 3.100E-04 3.100E-04  3.100E-04
8.000E-02 3.115E-04 3.115E-04  3.115E-04
9.000E-02 3.128E-04 3.128E-04  3.128E-04
1.000E-01 3.141E-04 3.141E-04 3.141E-04
1.500E-01 3.194E-04 3.194E-04  3.194E-04
2.000E-01 3.231E-04 3.231E-04  3.231E-04

2-87




Table 2-12(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 5, AT DISTANCE x = 500 METERS AND TIME t = 50,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND
BAND RELEASE MODE) (Continued)

DISTANCE z(m) MULTFRAC TALBOT DURBIN
3.000E-01 3.254E-04 3.254E-04  3.253E-04
4.000E-01 3.217E-04 3.217E-04  3.216E-04
5.000E-01 3.125E-04 3.125E-04  3.126E-04
6.000E-01 2.988E-04 2.988E-04  2.990E-04
7.000E-01 2.814E-04 2.814E-04  2.814E-04
8.000E-01 2.613E-04 2.613E-04 2.613E-04
9.000E-01 2.393E-04 2.393E-04  2.392E-04
1.000E+00 2.162E-04 2.162E-04 2.162E-04
1.500E+00 1.083E-04 1.083E-04  1.083E-04
2.000E+00 4.066E-05 4.066E-05  4.078E-05
3.000E+00 2.598E-06 2.598E-06 2.599E-06
4.000E+00 7.751E-08 7.751E-08  8.064E-08
5.000E+00 1.832E-08 1.832E-08  1.833E-08
6.000E+00 1.780E-08 1.780E-08  1.780E-08
7.000E+00 1.780E-08 1.780E-08  1.780E-08
8.000E+00 1.780E-08 1.780E-08  1.780E-08
9.000E+00 1.780E-08 1.780E-08  1.780E-08
1.000E+01 1.780E-08 1.780E-08  1.780E-08
1.500E+01 1.780E-08 1.780E-08  1.780E-08
2.000E+01 1.780E-08 1.780E-08  1.780E-08
3.000E+01 1.780E-08 1.780E-08  1.780E-08
4.000E+01 1.780E-08 1.780E-08  1.780E-08
5.000E+01 1.780E-08 1.780E-08  1.780E-08
6.000E+01 1.780E-08 1.780E-08  1.780E-08
7.000E+01 1.780E-08 1.780E-08  1.780E-08
8.000E+01 1.780E-08 1.780E-08  1.780E-08
9.000E+01 1.780E-08 1.780E-08  1.780E-08
1.000E+02 1.780E-08 1.780E-08  1.780E-08
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3. ANALYTICALLY DERIVED SENSITIVITIES IN THE FRACTURE

3.1. LOCAL SENSITIVITIES

: Local sensitivities or first-order derivatives of the concentration and cumulative mass in
the fracture, with respect to a typical parameter « (i.e., dA/dc; and dM,/d«;), are required in
parameter estimation or sampling design studies (sensitivity of concentration), and in predicting
the sensitivity and uncertainty of the performance of a system (sensitivity of cumulative mass).
There are two classical methods for evaluating the local sensitivities. The first (and the most
accurate) is the analytically derived solution, which is estimated after a direct differentiation of
the closed form solution with respect to the parameters of interest. The second uses numerical
derivatives obtained from finite-difference approximations. In the following, we report the
analytically derived sensitivities related to the concentration in the fracture, where the initial
concentration in both fracture and rock matrix are assumed to correspond to some constant
values. In addition, we provide the verification, performed through a comparison of the results
with those derived through finite-difference approximations (i.e., forward-difference and central-
difference) currently available as options in the associated mathematical model.

3.2. ANALYTICAL DERIVATIVES

This section presents the analytically derived local sensitivities of the concentrations and
cumulative mass flux in the fracture with respect to the entire range of parameters governing the
non-dispersive transport process in the fractured rock system of interest described by the
equations reported in the previous chapter of this report.

3.2.1. Total Differentials

In order to evaluate the first order derivatives of the concentration and cumulative
mass in the fracture reported in the preceding sections, the total differentials of R, R/,
Chs Pis emn’ Ymns dis and ﬁji’ given bY Equaﬁons (2-5)’ (2_6)’ (2_29)’ (2'35b)’ (2'39)s (2'40)’
(2-47) and (2-48) (see also Appendix F) have to be defined. Applying the chain rule of
differentiation, these may be written as

R a
dR, = —=dK, + T:'db, 3-1)
v} i
/ / /
dR’, = % dé, + ZR Ldp , + % dK, (3-2)
i Pri ri
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ac ac ac ac
dcy = —Ldp, + —2db, + —L4R', + —L 4D (3-3)
; ob, oR’, op, "

ap dp
dp, = g:du, + B;Zdai (3-4)
90 90
do,, = —"dc, + —=dT, (3-5)
dc, ar,
dy,, = ag—:‘-dR, o HMomgrs (3-6)
dq‘ = .@dcﬂ + iqidR‘ + a_qidpi (3-7)
dcy, oR, p,
o d d
dp, = ﬁdcﬁ + ﬁdR‘ + _Bﬁdp‘ (3-8)
dcy, R, p;
ar, ar
dr, = a—L‘dL, + E’dui (3-9)
IL=n,,i<n (3-10a)
Iy=n,,i=n (3-10b)

substitution of Equations (3-3) and (3-9) in Equation (3-5) gives




a0_ | doc dc ac dc
de_. = —mn ._ﬂd¢i+__ﬁdbi+__&dki’+_&dppi
dc, | 0D, ob, oR/ aD,,
. (3-11)
00, o, ol
+ —|—dL, + —du,
dr;| oL, ou,
Similarly, substituting Equations (3-1) and (3-9) in Equation (3-6) yields
dy = %dR, + %_a_r‘_‘dl,i + _a_r_‘dui (3-12)
e R, dar; | oL, ou,
where
Ju
du, = — db 3-13)
u, 5, 2 (

Note that the total differentials of dR; and dR/; as given by Equations (3-1) and (3-2) are used
whenever appropriate (i.e., if either R; or R/, are expressed in terms of their respective
components).

Using the following partial derivatives

ar
Zi 1 (3-14a)
oL,
L, i<
;_ Psn (3-14b)
Y ox-x_, i=n
oLk (3-14c)
u,  u?
B _r, (3.152)
%y




Eol
L.
oR,
4 _
acﬁ quxz
da 2| o
R, 4;|2R?
S _ 2
api qul
EEK S S (-1y s
2R, 2
A i 29;R;

2
apﬂ——cﬁ -(—)’i_ﬂ
oR, 2R? R 2R,

op .
2 = (1Y, j -
oq, 2
0 0 )
pﬂ = ._pfi.aﬂ_(_ly__
op; g, Op, q;
3-4

(3-15b)

(3-16b)

(3-17a)

(3-17b)

(3-17¢)

(3-18a)

(3-18b)

(3-18¢)

(3-18d)



5; = ai (3'193)
&, (3-190)
O,

ou, Q

—_—= -20
ob, 2b2 G20

the first order derivatives of 6, Yu, Cg, R, and R/; with respect to a typical parameter «; are
reported in Tables 3-1 through 3-5, respectively. Whereas the one corresponding to 8; given
by Equation (3-8) may be evaluated based on the latter tables and the various derivatives given
in Equations (3-14) through (3-20). Note that Q in Equation (3-20) corresponds to the steady
flow rate of water (Q = 2 u; b)) through the fracture.

3.2.2. First Order Derivatives of the Concentrations

Using the notations reported in Appendix D, the various components of Equation
(2-42) may now be written as

F, (50 = A%™'P, Ut - v,) (3-21a)

for a continuously decaying source
Hopnx,) = e‘A,[bli IPM +(ay; - b)) 3}"_""l 4p 2P,M]U(t -y, (3-21b)

imn

2
2Hpy ) = e ay Y (-1Y °P, *P, TP, Ut-v,) (3-21¢)

Jj=1

2
F(x0) =e™ (-1y®p_Vp 1p
Tan 12; n PPl (3-21d)

+ e-“[bln + (aln - bln) SPu 6Pn]




Tablé 3-1. FIRST ORDER PARTIAL DERIVATIVES OF 0... WITH RESPECT TO INPUT
PARAMETERS ¢, (i.e., L;, u;, ¢, p;, Dy R, K5, R, and K, )

u; c R; NA
——ﬁl'“
u;
b; . K NA
_&I\i + 2cﬂLi
b, Q
o R'*
' c ' c
IDIST(2)=0: 2T, —Lr
b, 2R/,
C K
IDIST@)=1: A1~ Pndlp
¢, 2¢0R,
i R
fi ¢, (1-4 Kd ¢, (1-¢
A i Iy fi [ r
ol Bt 7|2 |Prti
2R\ ¢, 2R'\ &,

T,=n, i<n; T,=vm,i=n

NA = Not Applicable
T Applicable if IDIST(2) = 1
i Applicable if IDIST(2) = 0

3-6




Table 3-2. FIRST ORDER PARTIAL DERIVATIVES OF y,, WITH RESPECT TO
INPUT PARAMETERS ¢ (i.e., L;, u;, b, R;, and K; )

U
h R,
u;
byt "
2R.L,
IpIsT(1)=0: —
KT, 2RL
IsT(1)=1: --£1 + 1
b2 Q
#
R; r.
1-
Ks r,
b,

T,=n, i<n; T,=m, i=n

Applicable only if IDIST(1

)=1
Applicable only if IDIST(1) = 0

ot —




Table 3-3. FIRST ORDER PARTIAL DERIVATIVES OF ¢, WITH RESPECT TO INPUT
PARAMETERS o (i.e., Ly, u;, ¢, p;, Dy, R, Kq, R, AND K,,)

u, NA R NA
b; Ky NA
o
bl'
o R'#
! Cs ! Cs
IDIST(2)=0: -£
¢, 2R/,
c K
IDIST(2)=1: -Z|1- Pr 7
¢;| 24R/,
piT Kﬁf
Cs 1-¢, p Cq 1—¢ip
2R\ & | " 2R\ & )"

NA = Not Applicable
T Applicable only if IDIST(2) = 1
i Applicable only if IDIST(2) = 0
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Table 3-4. FIRST ORDER PARTIAL DERIVATIVES OF R, WITH RESPECT TO INPUT
PARAMETERS ¢ (i.e., b, R, and K;)

1 Applicable only if IDIST(1) = 1
1 Applicable only if IDIST(1) = 0

Table 3-5. FIRST ORDER PARTIAL DERIVATIVES OF R, WITH RESPECT TO INPUT
PARAMETERS ¢, (i.e., ¥, p;, K, AND R')

T Applicable only 1f IDIST(1)
1 Applicable only if IDIST(1)

The partlal derivatives of the above equations with respect to a typlcal parameter « at the
exclusion of A% ay;, a, b;; and A may now be written as

Fou‘(x,t) = A% an.,, ue - v,) (3-22a)

i, 1) = € by, 'P,, + (ay - b)) Py, *P,,"P,,

+ P (4Pimn,, Pmn + 4Pimn mn, )]}U(t - Ymn)

(3-22b)




2
2 Hy &) = ¢a)| ¥ (-1Y °P, *P, P,
7 (3-22¢)

+9Pﬂ( SPM‘. 7ij + 8Pjim 7Pm.)] U(t - Ylnn)

2
Fn,.(x,t) = e-ltazuz (_1)1[ 9Pjn( lonn,. “Pjn, + ijn tun,.) + 9Pjn. IOPjn llen]
j=1
+ e by, + (@, - b,)(°P, °P, + °P, °P,.)]

(3-22d)

the first order partial derivatives of the functions given by Equations (3-21) with respect to A°,
a,;, ay, and b;; may now be written as

F, () =e™'P UG- v,) (3-23a)

F, @) =-tF, x)UC-y,) (3-23b)

1Hipn, ) = e °P,, *P,, P, UG - 1,,) (3-24a)
Hp, ®0) = -t \H, ) UC - v,,) (3-24b)

1Hinn, ) = e *'P, - °P,,*P,,*P,,|UC - v,,) (3-24c¢)
2 Hi, ) - ;1; oHon 50 UE-Y,,) (3-252)
21Hp, 060 = -t H, (0 UC-Y,,) (3-25b)
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Fn-.l,(x’t) = e 5p Sp. (3-26a)

2
= oAt _ 10 11 3-26b
F"’-). e [§ -1y ) Pin} ( )
F, @0 =1- e [°P,°P,] (3-26c)
FM(x,t) = -t F,(x,0) (3-26d)

3.2.3. First Order Derivatives of the Cumulative Mass

Using the notations reported in Appendix E, the various components of Equation
(2-62) may now be written as

Q%8 = AO{_ 0G 1G1n+[3Gf,. G, + %Gy, ZGI,.]} U(t-Y,,) (3-27a)

for a continuously decaying source

Qa8 = by{-°G'G,, + *G,, 3G, + %G, °G,, Ut )

(3-27b)
+(8,-0,){ "G, G,y 3G ~ 3G %G 4G/ + %G, %G, ‘G/’} Uit-v,,)
‘ 2 jf 10 9 14 8
" (xd) = -1Y{ %G, %G, G, G,
2 unn( ) a21 12-1:( )J{ Ji " jimn A jimn (3-27C)

1°Gﬁ( _ 3G»:u zG,;. “G,' + 3G,;. 2G,;, uG;)} U(t—ym)

2
Qn(x,t) = aznz (_1)/{ 10(;]_,l 14Gin{ IZG]-" lstn + lSGjn( 16Gjn — 1)]}

J=1
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+ blu(‘i‘ - OG) +(aln - bln) 7Gn[ 17Gn ISG’l + an _ 1] (3_27d)

The partial derivatives of the above equation with respect to a typical parameter o at the
exclusion of 4°,a,,,a,,, and b,; may now be written as

Q,,, (1) = A°{— °G,, 'G,,-°G G, +[3G;,,,. %Gy + %Gy %Gy,

(3-28a)
+ 3G1-n,. Gy, + %Gy, 2G1-n,,]}
1Qimn, (1) = b{ - °G.y ‘G~ °G'G,,,_+ *Gpy G+ %G, G,
* %Gy, *Gont G *Gpn U (-,,,)
+(ay, —b,,){ 'G,_°Gippp *Gipy * 7G,(- ’Ginn, Gimn* *Gipn SGM.)
= *Gpy, Gpa Gy - *Gpy *Gy G/ - °G, %G, *GL (3-28b)

+ °Gpn, "Gn *G/ + %Gy %Gy ‘G’ + %G, %G, %G }U(t—ym)
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2
Qo 528 = 8y 3> 1V *Gp, G| 6, 4G + GG, ]+

Jj=1

10 14 9 8 9 8
G, Gﬁ[ Gimn,, “Gimn * *Gimn "G;; ]

Jimn " jimn,,
-G, [ *Gpn *Gan 'G; - Gy, %G, 1G]
- 10(;ﬁ [SG;”,‘ 2G; llGﬁ' + 3G, 2Gn:n,. qu; + 3G %G “Gﬁ',. (3-28¢)

_ 3G;;a,, ZG»::. qu ; _ 3Gr;n 2G;;n,, 11Gﬁ+ _ 3G»-m 2G,;. quZ.]} U(I‘Y,,.,.)

’ .
Qn,.(x,t) = a,, jzzl: (_1)1[ loGjn,. MGjn + loGjn qun,.][ lszn 13Gjn+ 15Gjn( 16Gjn _ 1)]

10 14 12 13 12 13 15 16 15 16
+ G, G,,{ G, "Gy + G, G, + PG, (G, - 1) + G, Gm‘]

) 1 0 _ 7 17 18 19 -
+b,n( T G,aJ+(al.. R

+ 7Gn (17Gn,' lan + 17Gn lan,‘ + 19Gu,. )]

The first order derivatives of the equations given by Equations (3-27) with respect to parameters
A°, a,;, ay, and by; are given by

1
Q,, =D = <o %, =0 UG~ 1) (3-29)

Qins, ) = {7G,%G 0 %G~ 3G, %G 4Gy + 3Gy %Gy *G; Y Ut - (3-30a)

ma)
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1Qumn, (68) = {~G G0+ 2y *Gpy + %Gy G} Ult-Y,,,)
(3-30b)
"{ 'G,%G,,,, ’G\pp = *Gn *G,s *G + G, %G, 4Gi+} Ut~ )
| 1
2@, 61 = — QL COUC - v,) (3-31)
o 2,
Q, v ="G,["G, "G, + ¥G, - 1] (3-32a)
S1n

2
Q,',%(x,t) = J;l (_1)]{ mGjn I‘Gjn[ lszn 13Gj’l + lstn( 16Gjn - 1)]} (3-32b)

Q,, &) = % - °G - 'G,[ VG, G, + PG, - 1] (3-320)

3.3. NUMERICAL DERIVATIVES

The numerically derived derivatives are based on the parameter perturbation technique
(see Becker and Yeh, 1972), which uses forward or central difference schemes. In such
instances, the choice of the step size (or perturbation vector) usually has an important bearing
on the choice of the particular scheme. The investigator is commonly confronted with the
problem of deciding upon the magnitude of this parameter, which is generally selected by means
of a trial-and-error procedure.

The forward-difference approximation (FDA) is given by

fA4) _fid4 + h) - fl4) + O(h) (3-33)
oh h

and the central-difference approximation (CDA) is given by

NfA) A +h) -flA - h) 2 3-34
o ; + O(h“) (3-34)
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where h is the step size. Ideally, the step size should be small enough to reduce the truncation
error and large enough to cause a reasonable change in the significant figures of vector A.
Following Bard (1974), we write

h=¢A
where 10° < ¢ < 102,

Recently, Dennis and Schnabel (1983) recommended setting € equal to the square root
of the relative computer precision, which in our case corresponds approximately to 10'S. Note
that for a typical parameter, N + 1 evaluations of the response vector are required at each
iteration by the FDA (compared to 2N + 1 evaluations in the case of CDA), where N
corresponds to the number of observation points.

3.4. VERIFICATION

The verification of the analytically derived local sensitivities was performed by
comparison of the results yielded by this solution scheme with the ones obtained through the two
finite-difference appproximations discussed earlier. The exact derivatives as well as the ones
yielded by FDA and CDA were estimated, based on the data presented in Table 2-1 and values
of e corresponding to 10, Figures (3-1) and (3-2) illustrate the sensitivity of the concentration
and cumulative mass of Np-237 in the fracture to a selected choice of parameters (i.e., b, D,,
Ky, and K)) in each of the five fracture layers. At the exception of the very low range of
sensitivities, the numerical results are in excellent agreement with the analytical ones. Note that
the values obtained from both FDA and CDA methods were identical for all the investigated test
cases, when the selected values of ¢ are less than 102. A detailed examination of the
sensitivities will be presented in Part 2 of this report.
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Figure 3-la. Sensitivity of concentration to half-thickness vs. time for Np-237.
(Exponentially decaying source).
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Figure 3-1b. Sensitivity of concentration to pore diffusivity vs. time for Np-237.
(Exponentially decaying source).
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time for Np-237 (Exponentially decaying source).
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Np-237 (Exponentially decaying source).
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4. CONCLUSIONS

Analytical solutions based on the Laplace transforms have been derived for predicting the one-
dimensional non-dispersive isothermal transport of a radionuclide in a layered system of planar
fractures coupled with the one-dimensional infinite diffusive transport into the adjacent rock
matrix units. The solution for the cumulative mass in the fracture has also been reported.

The particular features of these solutions reside in their analytical capability designed to handle:

@) residual concentrations in both fracture and rock matrix layers respectively. The
latter are represented by a constant and/or a spatially dependent function in the
case of the fracture, and a constant, in the case of the rock matrix,

() layered nature of the rock mass,
(©) length dependency of fracture aperture yielding a non-uniform velocity field, and

) both exponentially decaying and periodically fluctuating decaying source of
solute at the upstream end of the fracture network, which may then be subject
to either a step or band release mode.

The reported analytical solutions pertaining to the concentrations and cumulative mass were
successfully verified by means of three reliable numerical methods for evaluating the inverse
Laplace transform in the real and complex domain respectively. To this end, two test cases
involving the migration of Np-237 and Cm-245 in a five-layered fractured rock system, using
synthetic, but realistic data, were investigated. The calculated analytical local sensitivities of
nuclide concentration and cumulative mass flux in fractures with respect to all of the model
parameters were in excellent agreement with the ones obtained through a finite-difference
method of approximation. In this particular instance, no marked evidence of a superior
performance of the central over the forward finite-difference method was found as theory
suggests.

In spite of some limitations (i.e., assumptions of zero dispersion in the fracture and infinite
matrix diffusion), the new features embedded in the reported solutions, which allow one to deal
with layered media having piece-wise constant properties, as well as non-zero initial conditions,
coupled with a realistic option of a periodically fluctuating decaying source, render these
solutions very useful and, above all, cost effective for performing sensitivity and uncertainty
analyses of scenarios likely to be adopted in performance assessment investigations of potential
nuclear waste repositories.
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APPENDIX A

THEOREMS AND LAPLACE TRANSFORMS




In this appendix, a selected number of theorems and inverse Laplace transforms are reported
(Abramowitz and Stegun, 1972).

A.1. THEOREMS

The operations for the Laplace transformation reported in this report require, in some
cases, the use of the following theorems. Note that f(s) corresponds to the Laplace transform of
function F(t).

A.1.1. Translation

L7 |e™®As)| = F¢t - bUE - b),b>0 (A.1-1)

where U(t) is the Heaviside unit step function defined as

0, t<0
U = % t=0 (A.1-2)
1, >0
A.1.2. Linear Transformation
L[fs - a)] = e®F(p) (A.1-3)
A.1.3. Differentiation
L7'sfis) - F(+0) = F/(@) (A.1-4)
L7's"f(s) = L7's™'F(+0) -L's* *F/(+0) - ~-F®(+0) = FO(z)
A.14. Convolution or Faltung
t
L©%O) = [Fit - D)Fy(t)dt = F*F, (A.1-5)
0
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In the following, the Laplace transform of the function on the right is given on the left-hand side.

Table A.1. LAPLACE TRANSFORMS

1 e ®
s +a
e""/‘; ejc L
s 2/2
il Lexp(_a_z)
VE /it
-a/(s) 2
e ool
2 ‘Et3 4t
ﬁ eerfeayt
sla + /s

A-2




—22 g eere{a - L)

1 1 2,
— - ae®‘erfeayt
-ky/s 2
S — (k20 iexp(—k—) - ae*e%erfc| ayt + *
a+ NZ Jxnt 4t 2/t

fo) - 2]

:1‘[1 - e“f‘etfc(a\/i)]

b e “sinbt
(s + a)* + b2

The inverse Laplace transform of the product of 1/(s? + a?) and e™" may be obtained using their

respective inverse transforms given in Table A.1 and applying the convolution theorem, Equation
(A.1-5), to yield
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" -a
120 8 fm-ne
s -ib 2‘/1?0 1;3/2
ibe —ibe - &
=L e W (A2-1)
2/m TP
2
lh o _a_tl - ..'é.
= g_e_ fe 4 T d‘r
T ,-n
Using the integral given by Equation (C-1) we get
L1 e"'ﬁ = L1 e"‘/;[ 1 _ 1
s + b2 2ib |s -ib s +ib (A22)
1
= —|E(t.a,ib) - E(t,a,-ib
4ib[ (t.a,ib) - E(ta,-ib)]
where
E(ta,ib) =e®™ e™®erfc -2 + /bt re Vel @ _ bt (A.2-3)
2/t 2/t
Substituting for Vi in Equation (A.2-3) using the following relations
/i = (€N = cosZ ¢ einT - 1;’ (A.2-4)
2
yields
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[ 1
E(t,a,ib)=expa(§)2 + i[bt+a(§)

X1

| l e'fz{zif: *(%')% . i(g)%]
- enl-of2)F - .{bt(gj]]( ,fL_ﬁ(%)

A similar expression to the above may be obtained for E (t, a, -ib) after substituting for V-i the
following relation

/T = (e 1‘/‘; (A.2-6)
Hence
E(t,a,ib) - E(t,a,-ib) =
exp(4 + iB)erfe(C + iD) - exp(A - iB)erfc(C - iD) + (A.2-7)
expd + iBerfe(C + iD) - expd - iBerfe(C - iD)
where
1 1 1 1
A =a(2)2, B=bt+a(§)2; c=-2 +(£‘)2, D=(£t 2
2 2/t 2 2
(A.2-8)
o fifiene oo oo 3
2 2/t 2 2

A-5




APPENDIX B

EVALUATION OF ERROR FUNCTION AND PRODUCT OF EXPONENTIAL AND
COMPLEMENTARY ERROR FUNCTION TERMS




B.1. Error Function

The error or probability function is defined as

x

2 _p
emx) = — e EdE (B.l'l)
=
with
erf(-x) = -erflx) (B.1-2)
this may be expressed in terms of the complementary error function erfc(x) written as
erfix) = 1 - erfe(x) . (B.1-3)
where
erfe() = = [ede (B.1-4)
T x
and
erfe(-x) = 2 - erfe(x) (B.1-5)

Note that when x is small the integrand in Equation (B.1-1) may be conveniently expanded in
a power series convergent everywhere and integrated term by term to yield

3 5 7
erj(x)=-2—x—x s X X,
Jwl 31 52t 731
(B.1-6)
2n+1
T ) s . S
2n+1) ‘n!

A few terms in the expansion are necessary to determine the value of erf(x) to a given
number of decimal places. However, as x becomes large, the loss in accuracy must be
compensated by a large number of terms which renders the calculation tedious and impractical.
A rational Chebysheb approximation may be used to alleviate this problem when x = 4 (see
Cody, 1969). Alternatively, the asymptotic expansion reported by Abramowitz and Stegun (1972)
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expressed in terms of the complementary error function erfc(x) (see Equation (B.2-3)) is used.

The derivative of the error function may be written as

da e 2 iz & )
da[erf(x)] ﬁem( x%) T (B.1-7)

B.2. Formulae of Error Functions with Complex Arguments
Let z be the complex argument written as

zZ=xziy (B.2-1)

and Euler’s formula written as

e? = cosz + isinz (B.2-2)

Note that the evolution of the error function for a real argument was based on Cody (1969).
B.2-1. Asymptotic Expansion |z [>2 andx<1 and |y |26

In this case, the asymptotic expansion of erfc(z) as given by
Abramowitz and Stegun (1972) may be written as

-2 = _1.3..2n-1)|
erfe@ = £—|1 + ¥ (-1 222022200 4 R()
7@ = =1t ey

(B.2-3)
where R (x) is the remainder after n terms.

B.2-2. Confluent Hypergeometric Function | z | <2

In this case, the error function is evaluated from the confluent hypergeometric function
(see Abramowitz and Stegun (1972) Equation (7.1.21), written as

erfz = ZME 3,2 - Ze?u(, 2, B2
) 22 n 2

where M is the Kummer’s function (see Abramowitz and Stegun (1972), p.504, Equation
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(13.1.2)), written as

@,  @z" (B.2-5a)

M@bz) =1+ % o
@ba =1 B2 T B

with
@,=a@a+D@+2)~@+n-1),(@,=1 (B.2.5b)

B.2-3. Continued Fraction Approximation | z | >2andx> 1

In this case, the error function is evaluated from the continued fractions approximations
(see Abramowitz and Stegun (1972) p.298, Equation (7.1.14)), written as

o = 5| L2 1322

‘/_[z" A A A >0 B0
T

B.2-4. Infinite Series Expansion |z | >2,0<x<1,y<6

In this case, the eror function is evaluated from the infinite series approximation (see
Abramowitz and Stegun (1972), p. 299, Equation (7.1.29)), written as

erf(x + i) = erfx + ;’" [t - cos2xy) + isin2xy]
TX

(B.2-7)
2,y e :
+Ze T Y S [f, () + ig,x))] + e(xy)
1‘ n=1 n? + 4x?
where
f,(x.y) = 2x - 2xcoshnycos2xy + nsinhny sin2xy (B.2-8a)
8,(x,y) = 2xcoshnysin2xy + nsinhny cos2xy (B.2-8b)
le@xy) | = 107 |erf(x + iy) | (B.2-8¢)




B.3. Evaluation of Product of Exponential and Complementary Error Function with
Complex Arguments

Functions involving the product of exponential and complementary error functions may
witness two types of arguments inherent to such functions, i.e., real or complex.

When the arguments of the exponential and complementary functions are both real, the
scheme reported in Appendix C of Gureghian (1990) is the one adopted in this work. However,
in the event where the arguments of these functions are of the complex form, the typical model
for the complementary error function as reported in the preceding sections is selected based upon
its adequacy to cope with the magnitude of the complex argument of interest. In the case where
an infinite series approximation model for the complex error function, such as given by Equation
(B.2-7) is adopted, it will be subsequently shown that expressions similar to one given by
Equation A.2-7, which display a combination of products of complex exponential and
complementary error functions, may yield either a real or an imaginary number.

Writing
F*(t,A,iB,C,iD) = exp(A + iB)erfc(C + iD)
+ exp(A - iB)erfc(C - iD)

(B.3-1)

and using Equations (B.2-2) and (B.2-7), it may be shown that the result is a real number given
by

F*(tA,iB,C,iD) = 2em(A)[cosB(en‘c(C> -

#(C)(1 - cos2CD) - AO)Y, 7,(C) f,,(C,D))

- (B.3-2)
+ sinB (u(QsinZCD +v(O) Y r, (C)g,.(C,D))}
+ €(4,B,C.D)
Similarly, writing
F~(t,A,iB,C,iD) = exp(A + iB)erfc(C + iD) (B.3-3)

- exp( - iB)erfc(C + iD)
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it may be shown that the result is an imaginary number given by

F~(tA,iB,C,iD) = i2exp(A)| sinB(erfc(C) -

u(€)(1 - c0s2CD)- UO)Y r,,(C)f,,(C,D))

. - (B.3-4)
- cosB| u(C)sin2CD + W)Y r,(C) 8,.(C,D)JJ
+ €(4,B,C.D)
where
e
_ (B.3-5a)
“0 = 2r¢
o = 26 (B.3-5b)
T
_ e ¢ (B.3-5¢)
O n? + 4C?

and f;, g, and € are given by Equations (B.2-8a) through (B.2-8c).

Equations (B.3-2) and (B.3-4) may be written in a more explicit form as




F*(t,AiB,C,iD) = 2[cosB exp(d)erfc(C)

exp(4. - C?
2nC

+

[ - cosB + cos(B - 2CD)

2 1
= _—[-n
T =1 n2 + 4C2

[E, - EJsin(B - 2CD)

+ 2C(E, cosB - cos(B - 2CD)[E, + Ej]|]

F~(tA,iB,C,iD) = 2i[sinB exp(A)erfc(C’)‘

— 2
+ M[ - sinB + sin(B - 2CD)]
2nC

_2

1
w2 w7y gt (B T Bles(® - 20D)

+ 2C(E, sinB - sin(B - 2CDYE, + Ej]||

where
n2
E1=GXP(A“C2“T)
2
E2=-%exp(A—C2-P—+nD)
E, - Lexpta - c2 - ® _ ap)
2 4
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(B.3-7)

(B.3-8a)

(B.3-8b)

(B.3-8c¢)
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APPENDIX C

SOME Il\}TEGRALS INVOLVING THE ERROR FUNCTION AND OTHER
FUNCTIONS




This appendix reports the derivation of a number of integrals involving products of exponential
and complementary error functions which are required for an exact evaluation of the cumulative
mass flux presented in section 2.3.

From Abramowitz and Stegun (1972) (p.304, Egn. 7.4.33), we have the following indefinite
integral:

-5 /x b b
fe xzdx - VT ewe'f(ax + _) + e-we'ﬂax — _)J’ (09&0) (C.l)
da x x
C.1.1
Writing
t
Il(taa:B:Y) = fe_a“eﬂfc[——p—akf (C-l'l)
Y (1: = Y)
Integrating this equation by parts gives
Leapy) =1, +1, (C.1-2)
where
-at
I, = -% erfe| — B (C.1-3)
! @ [ - Y)I”J
¢ —ar——JL
L, = -2 [ d[——p_l_ (C.1-4)
aﬁv (r - 2
“ﬂ't_Y 1 -¢‘:’--L2
L, = Pe f e * dv (C.1-5)

“\/Eo\/'_r_3

subsituting n = 1/7'2 in the above, and using Equation (C.1), will then yield
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-ay
Iu=£2?[e2ll\/3erfc(‘/‘i7 + y/a(t - Y)) +

e Veent{ e - Jaw )|
=

C.2
Writing

Iz(t’a’ﬁpﬂst) = fe‘"erfc[ﬂl(r - y)lﬂ + __BZ_};T
Y

(r - PP

Integration by parts gives

IZ(t’a’BpppY) = 121 + 122

where
e p
Ly = —erfe|p,t - V' + —2—1—
« - )"
and
) ¢ e ] .
I, = - e 07 ldp,(c - )+ -
Jyray (r - NP
substitution of mn = 7 - 7y in the above equation gives
Ly =Ly + Ly,
where
2
plan'”lpz -y 1 -2 - ayn - _:_2
L, = ra rid dn
oM
and

C-2

(C.1-6)

(C2-1)

(C2-2)

(C.2-3)

(C.2-4)

(C.2-5)

(C.2-6)




2
pzeav -2pB, t-y 8% - ay - B

= - 3/28 ndn
ﬁd oM

substitution of 7 =m"?in I, and 7 = 1I/m"? in L,,, respectively, gives

L

R A %
Ly =28,5—— [ e dr

\/EG 0

ay-20,8, % -pye? -

Ly, = -2B, 2

fra o pym

Using the results given by Equation (C.1), we then have

plea‘{ -28,B, 28,(8%-m)!? L{ N ) [}2
Ly = —————e™"" erfe(By-a)P@ - P+ —2 | -
O 2api-a) l (t-y)"?
e O ] - (B2- @)y - L2
-
_ e g oy B 2
Ty = —_Z-G—{e erfi (t_-yz)-ﬁ + (B1-@)P@ - v)'?| +

. -zp,(ﬁf-ﬂ)merfc(—(t—_%)l—n - (BT -a)P(t-y)"” )

(C.2-7)

(C.2-8)

(C.2-9)

(C.2-10)

(C.2-11)




ay -2p,p,
1 =
z 20

e”""i”“’me;fc((pf-a)"’(t -2 s

By, ] - om0
(B - «)

N

ef[ (B ) -yy + 2 2
¢-y)? 1
o - o)

C3

Writing
' L
Lt ,0,B) = [e“erfe(BrP)dr
4

Integration by parts yields

2
Lt tp0.8) = %iz_l: (-1)'[ e erefp”) +

C4
Writing
t

. - e
1,(t,asib,),Y) { 7

AT

[E(x -v.a,ib) - E(x -v.a,-ib)]dt

where E (t, a, ib) is given by Equation (A.2-3). Integration by parts gives

C-4

t-y"»

)

(C2-12)

(C3-1)

(C.3-2)

(C4-1)




La,ibAy) = I, + I, (C4-2)

using the following definitions

E(ta,ib) = e E(t,a,ib) (C-4.32)
and
E,(ta,-ib) = e E(ta,~ib) (C.4-3b)
I,, may then be written as
1 e-(z ~ib)t . e-(). +ib) . C.4-4
I, = —|- E(t-v.a,ib) + E(t-v.a,-ib (C.4-4)
a = gl o Bt Ye ) T At~ v.8,-ib)

multiplying the first and second terms in square brackets in the above equation, by the conjugate
of their respective denominators, we then get

-At

I, - ° E,(t-v.a,b) + Eyt-v.a,-ib)) +

- —4(12 + b2) [( (C4_5)

2 5,-vaib) - Ezct—v,a,—ib»]

Note that I,; corresponds to a real number, since it has been shown earlier (see Section B.3) that
the sum and difference of E,[ - ] and E,[ - ] will yield a real and an imaginary number
respectively.

t
R S _y.aib)] -
a” o - m { e ARG e

(C.4-6)

t
1 . ‘
mf e ® *Od[E,(t -v,a,-ib)]
Y

substituting 7’ = 7 - y in the above equation and after some simplifications leads to
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AT A+ Y -a - 2
PR W S A If a_ g (C.47)
a/miblh - i) (A +ib)]d R

0T

substituting 1) = 1/7'2 in the above equation yields

ae ™| e®Y e v | 7 a? , }.}
= - - . exp| -—n” -~ —|dn C.4-8
e-n?
Using the integral given by Equation (C.1) and the following properties of a complex variable
sing = &5 —€" (C.4-92)
2i
cosz = £t e" (C.4-9b)
2
we then get
-Ay .
I, = = ()»Slnb: - bzmbY)[eaﬁe’fc —2 _ + /e +
2602 + b | 2/Fy
e““‘/’_‘etfc a . VAE-Y
(2¢t-v
(C.4-10)
REFERENCES:
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APPENDIX D

FIRST ORDER DERIVATIVES OF THE COMPONENTS OF THE
CONCENTRATION SOLUTION IN THE FRACTURE LAYERS




This appendix reports the first order derivatives of the components of the solution of the
concentration in the fracture layers as reported in Section 3.2.2 of Chapter 3. |

P, = erfe('f,) (D-1a)
1 em.n
fr = —— (D-1b)
20t - ¥p'?
lP mn,, = ip mn lfmn,. (D-IC)
1
= —L g o Tl (D-1d)
2P T - )
1Py = -%e@[- Yo ©-1¢)
n
2P = €FeL o + Y] (D-22)
i
Prnn, = 1Pinal S, * Finm,) (D-2c)
2Py = —%exp[-(v.., + %, Y] (D-2d)
2 _ : Cﬂ (t - Ymn)ln _ Cﬂ(t - Ym)lﬂ (D_ze)
i Rt - v 7 R R} S
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Poy = exp( )
v - ﬂ,;‘cﬂ
Pinsy = "Pinn fomn,
Yuny = O, * R M ‘ﬂ%?&.
Prny = 50| Y

4Pm., = 24Pm%fm2fm,

= o 1]
S¢ - cﬂ
if
R,

P =2°P%%,

12
5f“. = tR‘ - cﬂ tlﬂR“

P, = erfe(f)

6
GPL‘ = 1P:5-ﬁ.,
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(D-3a)

(D-3b)

(D-3c)

(D-3d)

(D-4a)

(D-4b)

(D-5a)

(D-5b)

(D-5¢)

(D-5d)

(D-6a)

(D-6b)



6 2
P, = -—ﬁexp[-’m

P = € Yo + Fo)
‘,-fjbnn = pﬁ(t - Ym,.)ln

"Pans, = 1P Vi, + Fon,)

B
7 = t-v W2 _ . + 1
f}m,. pll,'( Ym) 2(t-Y :mvm.. fmn,.

P = -2 [~ (Yimn * Lo ]

/z

*Prna = €x0[ ;]
imn = ByOpn * B3 (Y,
'Pm.. = ‘P, l'fﬁ»m..

Ve = BrOms * BuOun, * 2BuBy (~Y,) = BpYpn

'p = E&
L

op - GiPx, = Pya,
Ay qiz
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(D-7a)

(D-7b)

(D-7c)

(D-7d)

(D-Te)

(D-8a)

(D-8b)

(D-8¢)

(D-8d)

(D-9a)

(D-9b)




op - exp[ lofu]
Ofin = - GaX, + Byt
10 Pm,. _ 10 P, lofm,,
e = "% Xe = X, + 2B, B,
qu - elfc(“fh)

1
lfgn = Bmtlﬂ

11
nph,' = Pln ufh..
11 = 12
ftn.' ptn.‘t

:lpm = '%“P[‘ ufmz]
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(D-10a)
(D-10b)
(D-10c)
(D-10d)
(D-11a)
(D-11b)

(D-11¢)

(D-11d)

(D-11e)




APPENDIX E

FIRST ORDER DERIVATIVES OF THE COMPONENTS OF THE CUMULATIVE
MASS SOLUTION IN THE FRACTURE LAYERS




This appendix reports the first order derivatives of the cumulative mass in the fracture layers as
reported in Section 3.2.3 of Chapter 3.

-At

G = £ (E-1a)
A
°G_ - —°G(t . %)A" (E-1b)
'G,, = erfe('h,) (E-2a)
WP = O | (E-2b)
20t - v,,)'"
'Gp. = 1Goun P, (E-2¢)
PR S O (E-24)
S AN o B (R

G, = -2 exp[- 1n? (E-2¢)

1% mn ‘/Eexp IIIII]
%Gy, = erfel'h,, + ] (E-3a)

N Y (E-3b)

*Gpn,, = 1Gmal Py + hy, 1 (E-3c)
G2 = - ZLexp[-(‘h, + %) (E-3d)
1 ‘/;r-exp [ ( mn * ""l) ]
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2, _ ).,a(t—ym)-).ym.
N 1 ) i

1
Gon = 57 %0 hyy)

e = -Ay,, + 6, /&

A
3G* - 3G:m[3h* _ }

e
mn,, mn,, Py

+ Bm
3h,,,,,’- = AV, = Tahog % [BM.\/_ + A,.]

4G‘* =

R,[cﬂ,.‘/— - 2—3'_;);&) - ¢/AR,_

RiA

4G‘: - - 4Gz*2

Gy = €tfcl'h,, + °hy,,)

SGM,. = me[ lhmn.. * shimn..]
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(E-3¢)

(E-4a)

(E-4b)

(E-4c)

(E-4d)

(E-5a)

(E-5b)
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APPENDIX F

NOTATIONS




a;, ay, o constants in the model for residual concentrations in the ith fracture layer i

A; concentration of the species in the ith fracture layer

A° concentration of the species at the source at time equals to zero

b; half-thickness of the ith fracture layer

by; residual concentration in the ith rock matrix layer

B; concentration of the species in the ith rock matrix layer

D, effective diffusivity in the ith rock matrix layer

D, molecular diffusion of nuclide in water

D, pore diffusivity in the ith rock matrix layer

g geometric factor of the ith rock matrix layer

Ji diffusive rate of nuclide at surface of ith fracture layer per unit area of fracture
surface

Ky surface distribution in the ith fracture layer

Ky distribution coefficient in the ith rock matrix layer

L; thickness of ith rock matrix layer

n total number of layers

Q steady water flow rate in fracture

retardation factor in the ith fracture layer

R/, retardation factor in the ith rock matrix layer
t time

T leaching time

T, time period of a complete cycle (2x/w)

Tl 2 half'life
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average fluid velocity in the ith fracture layer

position vector in the fracture

position vector in the rock matrix

constant in model of initial concentration in the ith fracture layer
constrictivity for diffusion in the ith rock layer

first-order rate constant for decay

constants in model of periodically fluctuating decaying source
constants in model of periodically fluctuating decaying source
rock density in the ith layer

tortuosity of the ith rock layer

porosity of the ith rock layer

frequency of oscillation

Abbreviated Forms

¢y = %(R’, D)\
¢i = (R ID,)"
D, = ¢,D,

L,i<n
L =

X-%_,i=n
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9
By =

Bﬂ=—+—
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APPENDIX G

MODEL PARAMETERS




The following parameters are used in the computer code (written in ANSI Standard
FORTRAN 77) that implements the analytic solutions described in Section 2.

FORTRAN NAME

ALFA(T)
CCo
CINF(1,I)
CINF(2,])
.CINR(I)
CNS(1)
CNS(2)
DENSR(])

DIFFR(])

DIMENS(I,J)

EXPLANATION

Constant alpha in the exponential term in residual
concentration mode in the ith fracture layer (1/L)

Concentration of the species at the source at time equals
zero (units of activity/L?)

Constant in residual concentration model in the ith fracture
(units of activity/L?)

Coefficient of exponential term in residual concentration
model in the ith fracture (units of activity/L?)

Residual concentration in the ith rock matrix layer (units of
activity/L?)

Constant in periodically fluctuating decaying source term
model (NPERIOD = 1)

Coefficient of sine function term in periodically fluctuating
decaying source term model (NPERIOD = 1)

ith Rock matrix layer bulk density (M/L?) (used if IDIST(1)
=2)

Pore diffusivity (LY T)

Dimensions used in the problem; each must be < 12
characters in length.

(1,]) = Species name

@,J) = Time (year)

(3,]) = Length (meter)

(4,J) = L/T (meter/year)

(5,J) = LYT (m¥year)

(6,J) = Mass/Volume (g/cc)

(7,J) = Volume/Mass (cc/g)

8,)) = 1/Time ( 1./year)

(9,) = Units of Activity/Volume ( UA/L?)
(10,J) = 1/L (1./meter)
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FORTRAN NAME
DISTX(I)

DISTRB_F(I)

DISTRB_R(J)

EXMAX

FLOWR
HALFL
HALF_THICK(I)

IAUTO

TIME

IBAND

ICONCF

ICONCR

ICUMF

IDIST(1)

EXPLANATION
Thickness of ith fracture or rock layer (L)

ith Fracture layer surface distribution coefficient (L)
(IDIST(1) = 1)

ith Rock matrix layer distribution coefficient (L3/M)
(IDIST(2) = 1)

Largest allowed magnitude for exponential arguments
(machine dependent)

Steady water flow rate per unit width of fracture (L%/T)
Half-life of species (T)

Half-thickness of the ith fracture layer (L)

= 0 User supplies arrays REFX, REFZ, and TIME
including parameters NX, NZ and NT = 1 Automatic
generation of arrays REFX, REFZ and

including parameters NX, NZ and NT (see Note)

= 0 Step release mode at source
= 1 Band release mode at source

= (0 Do not calculate fracture concentrations
= ] Do calculate fracture concentrations

= () Do not calculate rock concentrations
= ] Do calculate rock concentrations

= 0 Do not calculate cumulative mass flux
= 1 Do calculate cumulative mass flux

= 0 RETARD_F corresponds to retardation factor in
fracture

= 1 RETARD F corresponds to surface distribution
coefficient in fracture (i.e., DISTRB_F)
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FORTRAN NAME

IDIST(2)

IGRAPH

INDEX(D)

LAYER

NCONC_SENSIT

NPERIOD

NRUNMAX

EXPI ANATION

= 0 RETARD_R corresponds to retardation factor in rock

. matrix

= 1 RETARD_R corresponds to distribution coefficient in
rock matrix (i.e., DISTRB_R)

= 0 Graphics output disabled
= 1 Graphics output enabled; formatted graphics written to
logical unit 30, 31, 32, 35, 36

Logical Unit 30: Concentrations in Fracture
" " 31: Concentrations in Rock Matrix
" " 32: Cumulative Mass
" " 35: Concentration Sensitivities
" " 36: Cumulative Mass Sensitivities

= 1 Evaluate sensitivity computation related to parameter
i(i.e., NCONC_SENSIT >2)

= 0 Skip

Number of fracture/rock matrix layers

= 1 Execute Module 1 (i.e., calculate concentrations and
cumulative mass in the fractures and concentrations in the
rock matrix

= 2 Execute Module 2 (calculate sensitivity coefficients,
relative sensitivies and variance

= 3 Execute both Modules 1 and 2

= 0 Continuously Decaying Source
= 1 Periodically Fluctuating Decaying Source

Number of data sets to be run

< 500, number of time values to be evaluated (skip if
IAUTO = 1)

Index for selecting solution module

= 0 Option for analytical solutions
= ] Option for sensitivity module
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FORTRAN NAME

NX

NZ

PERIOD

POROSR(I)
REFX(I)
REFZ(I)

RETARD F(I)

RETARD R()

STDV()

TIME(I)
TIML
TITLE

VELX(D)

X0
DX
ENDX

EXPI ANATION

< 500, number of positions to be evaluated in x direction
(skip if IAUTO = 1)

< 500, number of positions to be evaluated in x direction
(skip if IAUTO = 1)

Time period for a complete cycle of variation in
periodically fluctuating decaying source term model
(NPERIOD = 1)

Average porosity in ith rock matrix layer

x-position in space (L) (read if IAUTO = 0)

z-position in space (L) (read if IAUTO = 0)

Retardation factor in the ith fracture layer (IDIST(1) = 0)
or Surface distribution coefficient (i.e., DISTRB_F) in the
ith fracture layer (IDIST(1) = 1)

Retardation factor in the ith rock matrix layer (IDIST(2) =
0) or Distribution coefficient (i.e., DISTRB R) in the ith
rock matrix layer(IDIST(2) = 1)

Standard deviation of parameter I (i.e., NCONC_SENSIT
= 2)

Position in time (T) (read if IAUTO = 0)
Leaching time (T) (used if IBAND = 1)
2 Lines, < 80 characters per line, title of data set

Average fluid velocity in the ith fracture layer (L/T)

Note: The following parameters are read-in if IAUTO = 1 in order to generate arrays REFX,
REFZ and TIME and their associated parameters NX, NZ and NT.

First value of spatial coordinate X = REFX(1)
Spatial increment along X-axis
Final value of spatial coordinate X = REFX(NX)
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20
DZ
ENDZ

TO
DT
ENDT

NLOG

First value of spatial coordinate Z = REFZ(1)
Spatial increment along Z-axis
Final value of spatial coordinate Z = REFZ(NZ)

First value of simulation time = TIME(1)
Time increment
End value of simulation time = TIME(NT)

= 0 Position in space or time are equally spaced

= 1 Log scale used for splitting space or time arrays:
REFX, REFZ and TIME (i.e., 10 divisions per log cycle)
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