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1. INTRODUCTION

For more than a decade analytical solutions have played an important role in assessing the
impact of burying radioactive waste in permeable porous media (Gureghian 19 87 Gureghian
and Jansen ( 1985. 1983), van Genuchien 1982). Pigford et al.. ( 198O). Hadermann
Burkholder et al. (1976) Rosinger and Tremaine 1978) Lester (1975) and Shamir and
Harleman ( 1966)). and fractured rock masses (Gureghian 1990(a.b). Ahn et al. ( 1986 1985).
Chen (1986). Hodgkinson and Maul Sudicky and Frind Grisak and
(1981). Kanki et al. Sudicky and

and Neretnieks 1980).

In order to cope with the heterogenerity problem currents witnessed in geologic media
analytical solution of radionuclide transport through an idealized saturated rock system

composed of n number of parallel fractured rock lasers is developed Typically each
assumed to be characterized by constant parameters.

In this instance the geometry of the cross section of such a fractured rock network corresponds
to a senes of connected parallel line segments of different thicknesses see Figure
Computationally closed form analytical solutions which satisfy some the requirements
of Part 2 of this report the section dealing with the uncertainties issues are
assuming that transport through the fractures is predominantly caused by adsection and that
matrix diffusion may extend to infinity. In a single layer situation, the solution with zero
dispersion in the fracture has been shown by ( 1985) to yield close enough results
the one with non zero dispersion contingent to it satisfying a criterion which will be subsequently
reported. Furthermore, the solution corresponding to the infinite rock matrix diffusion case

i.e.. single fracture) was proven by Guureghian 1990a) to yield similar results to the
diffusion one (i.e.. parallel fractures), as long as the resulting Fourier number a (dimensonless
parameter was less than or equal to

With the assumption that migration within the fracture is solely by advection the mass
at the exit or entry face of a typical fracture layer of unit width may be written as

is the concentration in the fracture
is the average fluid velocity in the fracture
is the thickness of the fracture

+ is the symbol of an entry face
is the symbol of an exit face



{COULD NOT BE CONVERTED TO SEARCHABLE TEXT}

Figure 1-1. Description of Migration Pathways in a System of Homogeneous Layers of
Fractured Rock. (See Appendix F for definition of symbols.)



Note that in Equation (1-1) it is assumed that transport occurs under isothermal conditions and
the fluid density is constant and that concentrations are small such that these do not affect the
properties of the fluid or rock. In addition, the transfer of fluid through the fracture walls is
assumed negligible.

At the interface of two consecutive fracture lasers and the steady-state continuity equation
for fluid is given by

and from the mass conservation relation of the solute we have

with the notion that the flow rate within a typical fracture segment is constant under steady-state
flow conditions, substituting Equations (1 -1 ) and 1 -2) into Equation

which guarantees a continuity of concentration at the interface between fracture lasers.



2. ANALYTICAL CONCENTRATIONS AND CUMULATIVE MASS

2.1. GOVERNING EQUATIONS

The governing one-dimensional equation describing the non-dipersive movement of a
typical nuclide in the layer of the fracture and rock matrix respectively Neretnieks 1980
is given by
{COULD NOT BE CONVERTED TO SEARCHABLE TEXT}



The diffusive rate of a nuclide into the ith layer of the rock matrix is assumed to obey
Fick's law of diffusion written as

where D is the effective diffusivity in the typical section of the rock matrix (see Neretnicks.
1980) defined as

where
is the rock porosity
is the pore diffusivity

D is the molecular diffusion of nuclide in water
is the geometric factor where
is constrictivity for diffusion
is tortuosity of rock matrix

The retardation factor in the ith layer of the fracture (R) and the rock matrix
(see Neretnicks et al., 1982), are given by:

where
is the bulk rock density (ML)
is the surface distribution coefficient in the fracture (L)
is the distribution coefficient in the rock matrix

2.1.1. Initial and Boundary Conditions

The set of differential equations, Equations (2-1) and (2-2) are subject to the
initial conditions:

2-2
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(b) Perodically Fluctuating Source with Exponential Decay
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Note that when the exponential term in the model describing the initial concentration distribution
in the fracture (see Equation (2-7)) is taken into account, overflow problems are likely to be
encountered when the value of the time parameter becomes excessively large. This slate of
affairs is inherent to the presence of parameter (see, for example. Equation (2-52)) which
by virtue of being negative (i.e., when subscript correspoends to I, see Equation tends
to freeze the complementary function at a constant value of approximately when its

argument becomes less than or equal to whilst the exponential term will increase postively
with increasing values of time. To mitigate the incumbent overflow problem the solution is
optimized through an iterative process intended to estimate an acceptable upper limit for the
magnitude of the exponential argument. Consequently exponential terms witnessing in their
list of arguments are ignored (i.e, set automatically to zero) when the preset limit is exceeded.
Computationally, this is achieved after initializing the significant absolute limit of the exponential
argument initially to a value corresponding to 30, the latter affecting exclusively the specific
components of the solutions which include parameter The computation is reiterated after
halving the value of the exponential argument, and the absolute relative error in the computed
results is subsequently estimated. This process is continued until when, in two
iterations, the preset convergence criteria (i.e., I % relative error) is said to be satisfied For
the test cases reported herein a maximum of three iterations were proven sufficient to provide
an optimized value of the exponential argument and yield a highly accurate solution.

2.3. DISCUSSIONS OF RESULTS

The analytical solutions presented in this section of the report were verified by
comparison with three approximate methods of Laplace inversion integral as proposed by Talbot

Durbin ( 1974), as modified by Piessens and Huysmans ( 1984) and Stefhest 1970. All
three methods apply to the case where the source term corresponds to a continuous exponentially
decaying one in which instance the required inversion of the Laplace transform is strictly
confined to the real domain. However, when a periodically fluctuating and decaying source term
is adopted, then only the first two of these methods are useful for evaluating the Laplace
transform inversion in the complex domain. Note that in the case of Stefhest's algorithm.
summation points were found to produce almost osciliation- free solutions.

As far as the calculation of the analytical solution related to the cumulative mass
the time integrated solution of the concentration at a typical point along the longitudinal axis of
the fracture) is concerned, this is performed by numerically integrating solutions of the Laplace-
transformed equation of the concentration in the fracture. This integration is performed using
a composite Gauss-Legendre quadrature scheme, where 40 integration points were found
adequate to yield a convergent quadrature for the investigated test cases.

The two test cases reported subsequently refer to the one-dimensional transport of two
radionuclides: Np-237 (i.e., long half-life) and Cm-245 (short half-life), in a heterogeneous
saturated fractured rock system composed of five layers (the last extending to infinity), with
piecewise constant parameters. In the first test case, the imposed source term corresponds to
an exponentially decaying function (see Equation (2-14)). This is substituted by a periodically



fluctuating and decaying one (see Equation (2-15)) in the second, respectively. In both cases
the steady flow rate of water per unit width of fracture corresponds to m 2/yr. Two types of
solute release modes at the source were investigated namely: step and band. Note that the flow
domain in both fracture and rock layers arc assigned non-zero initial concentrations
Equations (2-7) and (2-9)).

2.3.1. Case 1 Results

This test case examines the spatial and temporal variation of the concentration
of Np-237. as well as the cumulative release of mass from the fracture. In addition the spatial
variation of the concentration in the rock matrix is also investigated. The input data pertaining
to this test case is presented in Table 2- 1.

Figure 2-2(a) shows the spatial relative concentration profiles of Np-237
calculated in the fracture layers at simulation times of 10' 5xlO and 5x1 years. A
comparison of our results with the ones obtained from the three numerical inversion
(see Tables 2-2(a) through 2-2(c)) show that these are in excellent agreement. Note that in this
test case the observation times were selected in a manner to allow an evaluation of the accuracy
of our solution for both release modes of the radionuclide at the source, it may be added that
in the case of the intermediate observation time, the source strength is reduced by half from its
original value (see Equation (2-17)).

Figure 2-2(b) shows the temporal relative concentration of Np-237 observed in
the fracture at three different observation points: 100, 200. and 500 meters downstream from
the source, located in the second, third and fifth layer, respectively, for a band release Up to
the leaching time of 5xIO years the shape of the profiles bears a close similarity with those of
a step release. Past the leaching time, the relative concentrations profiles show a rapid change
of their gradient from positive to negative and concentrations decrease with time to a value lying
within close range to the initial concentrations of the various fracture layers of interest. A
comparison of our results with the three numerical ones (see Tables 2-3(a) through 2-3(ct) show
that with the exception of a portion of the results yielded by Talbot's solution, these are in
excellent agreement. Note that in this instance, the adoption of three recommended values of
the constants required by Talbot's algorithm, seems to have restricted the accuracy of the latter
to simulation times greater than 30, 80 and 100 years. Therefore, it appears that the three
constants in Talbot's algorithm seem to be correlated with the independent variables, rendering
their selection problem dependent.

Figure 2-2(c) depicts the time-dependent evolution of the cumulative mass (per
unit width of the fracture) profile at three different observation points in the fracture as in the
previous example. Because of its computational viability Stefhest's algorithm is selected from
this point on as the benchmark. A comparison of our analytical solution results with those

D. Hodgkinson, personal communication.



yielded by Stefhest's solution (see Tables 2-4(a1) through 2-4(c)) indicates excellent agreement.
Note that all three profiles tend to become asymptotic to three specific values of the cumulative
mass namely, The letter may

computed from Equation (2-62) after setting the value of the independent variable equal to

infinity.

Figure 2-2(d) shows the concentration profiles in the rock matrix at three
positions downstream from the source for a step release.
Comparison of our analytical results against those yielded by the Stefhest's solution method
Tables 2-5(a) through 2-5(c)) indicate an excellent agreement. Note that at their downstream
end, all three profiles tend to become asymptotic to a concentration value in excess of
the residual concentration prevailing in their respective layers.

Figure 2-2(e) shows the concentration profiles the rock matrix at three
positions downstream from the source
time of 5x 10 years, for a band release with a leaching time corresponding to
the leaching time, the contaminant in a typical rock layer close to the source would began
exhibit a higher concentration than in the fracture, which would then initiate its
into the fracture. Indeed a quick reference to Figure 2-2(c) shows that the gradient of the
concentration profiles at the fracture rock interface tends to decrease with increasing distances
from the source. As in the preceding case, results reported in Tables 2-6(a) through
excellent agreement between the analytical and the numerical solutions.

UA: Arbitrary Units of Activity/meter.



Table 2-1. INPUT PARAMETERS FOR CASE I EXPONENTIALLY DECAYIING
SOURCE
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Table 2-1. INPUT PARAMETERS FOR CASE 1 EXPONENTIALLY DECAYING
SOURCE (Continued)
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Table 2-2(a). CASE I RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 1,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE)
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Table 2-2(a). CASE I RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TINME t = 1,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE) (Continued)
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Table 2-2(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE
AT TIME t = 5,000 YEARS (EXPONENTIALLY DECAYING SOURCE
RELEASE MODE) (Continued)



Table 2-2(c). CASE I RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 50,000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE) (Continued)



Table 2-2(c). CASE I RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
AT TIME t = 50.000 YEARS (EXPONENTIALLY DECAYING SOURCE AND STEP
RELEASE MODE) (Continued)
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Table 2-3(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 2, AT DISTANCE x = 100 METERS (EXPONENTIALLY DECAYING SOURCE
AND STEP RELEASE MODE)



Table 2-3(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 2, AT DISTANCE x = 100 METERS (EXPONENTIALLY DECAYING SOURCE
AND STEP RELEASE MODE) (Continued)



Table 2-3(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 3, AT DISTANCE x = 200 METERS (EXPONENTIALLY DECAYING SOURCE
AND BAND RELEASE MODE)



Table 2-3(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 3, AT DISTANCE x = 200 METERS (EXPONENTIALLY DECAYING SOURCE
AND BAND RELEASE MODE) (Continued)
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Table 2-3(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 5, AT DISTANCE x = 500 METERS (EXPONENTIALLY DECAYING SOURCE
AND BAND RELEASE MODE)



Table 2-3(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE FRACTURE
LAYER 5, AT DISTANCE x = 500 METERS (EXPONENTIALLY DECAYING SOURCE
AND BAND RELEASE MODE) (Continued)
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Table 2-4(a). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 100 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE) (Continued)
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Table 24(b). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 200 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE)



Table 2-4(b). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 200 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE) (Continued)



Table 2-4(c). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE
AT DISTANCE x = 500 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE)



Table 2-4(c). CASE 1 RESULTS: CUMULATIVE MASS OF Np-237 IN THE FRACTURE.
AT DISTANCE x = 500 METERS (EXPONENTIALLY DECAYING SOURCE AND
BAND RELEASE MODE) (Continued)
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Table 2-5(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE x = 100 METERS AND TIME t = 5,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND STEP RELEASE MODE

{COULD NOT BE CONVERTED TO SEARCHABLE TEXT}



Table 2-5(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 200 METERS AND TIME t = 5.000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND STEP RELEASE MODE)



Table 2-5(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 5, AT DISTANCE x = 500 METERS AND TIME t = 5,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND STEP RELEASE MODE)
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Table 2-6(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE = 100 METERS AND TIME = 50,000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE)



Table 2-6(a). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE X = 100 METERS AND TIME t = 50.000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE) (Continued)



Table 2-6(b). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 200 METERS AND TIME t = 50,000 year
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE) (Continued)



Table 2-6(c). CASE 1 RESULTS: CONCENTRATION OF Np-237 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE = 500 METERS AND TIME t = 50.000 YEARS
(EXPONENTIALLY DECAYING SOURCE AND BAND RELEASE MODE) (Continued



Figure 2-3(a) shows the spatial relative concentration profiles of Cm-
245 observed in the fracture layers for simulation times corresponding to 10, 5x10' and 5 X10
years. A comparison of our results with the ones obtained from the two numerical inversion
algorithms. Tables 2-8(a) through 2-8(c) show that these are in excellent agreement.

Figure 2-3(b) shows the temporal relative concentration of Np-237

observed in the fracture at three different observation points: 100 200 and 500 meters
downstream from the source, located in the second third and fifth layer respectively, for a band
release mode. The observations here are similar to the ones reported for Np-237 except that in
the present case the upper tail of the concentration profiles is akin to the assigned initial
concentrations of the various fracture layers of interest. A comparison of our results with those
yielded by Talbot's and Durbin's algorithms lying within the acceptable range of concentrations
(see Tables 2-9(a) through 2-9(c)) seem to indicate good agreement. Note that Talbot's
algorithm performance is further reduced in this case, where correct predictions of the
concentrations at the three monitoring points seem to be registered only for times greater than
40. 80 and 300 years respectively.

Figure 2-3(c) depicts the time-dependent evolution of the cumulative
mass release (per unit width of the fracture) profile at three different observation points in the
fracture as in the previous example. Because of its robustness, Durbin's algorithm is selected
as the benchmark. A comparison of our analytical solution results with those yielded by
Durbin's solution (see Tables 2-10(a) through 2-10(c)) indicate excellent agreement. Note that
all three profiles will tend to become asymptotic to three specific values of the cumulative mass
namely: 2.175 xl 2, 1.237 x1O2, and 40.9 (UA/m)'.

Figures 2-3(d) and 2-3(e) show the concentration profiles in the rock
matrix at three position downstream from the source (i.e.. x = lOOm and 500m for
a step release and band release respectively. Comparison of our analytical results against those
yielded by the two approximate solution methods (see Tables 2-11(a) through 2 12(c)) indicate
excellent agreement.

The assumption of zero dispersive flux in the fracture raises the
question of the range of validity of the analytical solutions presented in this report. This matter
depends very much on the importance of the hydrodynamic dispersion effects prevailing in the
fracture. This matter has been investigated and quantified numerically by Ahn et al., ( 1985)
(i.e., for the case of zero initial concentrations in both fracture and rock) who suggested that
hydrodynamic dispersion D (see Bear, 1972) should meet the following criterion

UA: Arbitrary Units of Activity/meter.
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in order to validate the use of the zero fracture dispersion solution. The maximum permissible
value of D, for any layer i would correspond to a minimum of 254.0 for Test Case 1. and
245.0 m2/yr for Test Case 2. Expressed in terms of dispersivity (i.e., D/u,) these would
correspond approximately to a value of 16 m in both cases.

Table 2-7. INPUT PARAMETERS FOR CASE 2
SOURCE WITH EXPONENTIAL, DECAY
{COULD NOT BE CONVERTED TO SEARCHABLE TEXT}



Table 2-7. INPUT PARAMETERS FOR CASE 2 PERIODICALLY
SOURCE WITH EXPONENTIAL DECAY (Continued)
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Table 2-8(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 1,000 YEARS (PERIODICALLY FLUCTUATIING SOURCE WITH
EXPONENTIAL DECAY AND STEP RELEASE MODE)
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Table 2-8(n). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 1,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND STEP RELEASE MODE) (Continued)



Table 2-8(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 5,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)



Table 2-8(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 50,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)



Table 2-8(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
AT TIME t = 50,000 YEARS (PERIODICALLY FLUCTUATING SOURCE WITH
EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)
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Figure 2-3(b). Relative concentration of Cm-245 in the fracture vs. time at different positions x = 100 meters, 200
meters, and 500 meters (Periodically fluctuating source with exponential decay).



Table 2-9(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 2, AT DISTANCE x = 100 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND STEP RELEASE MODE)



Table 2-9(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 2, AT DISTANCE x = 100 METERS (PERIODICALLY FLUCTUATING
SOURCE WIll EXPONENTIAL DECAY AND STEP RELEASE MODE) (Continued)



Table 2-9(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 3, AT DISTANCE x = 200 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)
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Table 2-9(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 3, AT DISTANCE x = 200 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)



Table 2-9(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 5, AT DISTANCE x = 500 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)



Table 2-9(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE FRACTURE
IN LAYER 5, AT DISTANCE x = 500 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)



{COULD NOT BE CONVERTED TO SEARCHABLE TEXT}

Figure 2-3(c). Cumulative mass of Cm-245 per unit in the fracture vs. time at different positions = 100, 200, and
500 meters (Periodically fluctuating source with exponential decay).



Table 2-10(a). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN
FRACTURE, AT DISTANCE x = 100 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)



Table 2-10(a). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x 100 METERS (PERIODICALLY FLUCTUATING
DECAYING SOURCE AND BAND RELEASE MODE) (Continued)



Table 2-10(b). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = 200 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND REALEASE MODE



Table 2-10(b). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = 200 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL, DECAY AND BAND RELEASE MODE) (Continued)



TABLE 2 -10(c). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE)



TABLE 2-10(c). CASE 2 RESULTS: CUMULATIVE MASS OF Cm-245 IN THE
FRACTURE AT DISTANCE x = 500 METERS (PERIODICALLY FLUCTUATING
SOURCE WITH EXPONENTIAL DECAY AND BAND RELEASE MODE) (Continued)
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Table 2-11(a). CASE 2 Results: CONCENTRATION OF Cm-245 IN THE ROCK MATRIX
LAYER 2, AT DISTANCE x = 100 METERS AND TIME 1 = 5.000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP
RELEASE MODE)



Table 2-11(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE x = 100 METERS AND TIME I = 5000 YEARS
PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP

RELEASE MODE) (Continued)



Table 2-11(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 3, AT DISTANCE x = 200 METERS AND TIME t = 5,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP
RELEASE MODE) (Continued)



Table 2-11(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 5, AT DISTANCE x = 500 METERS AND TIME 1 = 5,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND STEP
RELEASE MODE) (Continued)
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Table 2-12(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE x = 100 METERS AND TIME t = 50,000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND
BAND RELEASE MODE)



Table 2-12(a). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 2, AT DISTANCE x = 100 METERS AND TIME = 50,000 N YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND
BAND RELEASE MODE) (Continued)



Table 2-12(b). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 3, AT DISTANCFE X - 200 METERS AND TIME YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND
BAND RELEASE MODE) (Continued)



Table 2-12(c). CASE 2 RESULTS: CONCENTRATION OF Cm-245 IN THE ROCK
MATRIX LAYER 5, AT DISTANCE x = 500 METERS AND TIME = 50.000 YEARS
(PERIODICALLY FLUCTUATING SOURCE WITH EXPONENTIAL DECAY AND
BAND RELEASE MODE) (Continued)



3. ANALYTICALLY DERIVED SENSITIVITIES IN THE FRACTURE

3.1. LOCAL SENSITIVITIES

Local sensitivities or first-order derivatives of the concentration and cumulative mass in
the fracture, with respect to a typical parameter a are required in
parameter estimation or sampling design studies (sensitivity of concentration), and in predicting
the sensitivity and uncertainty of the performance of a system (sensitivity of cumulative mass).
There are two classical methods for evaluating the local sensitivities. The first (and the most
accurate) is the analytically derived solution. which is estimated after a direct differentiation of
the closed form solution with respect to the parameters of interest. The second uses numerical
derivatives obtained from finite-differcnce approximations. In the following, we report the
analytically derived sensitivities related to the concentration in the fracture, where the initial
concentration in both fracture and rock matrix are assumed to correspond to sonic constant
values. In addition, we provide the verification, performed through a comparison of the results
with those derived through finite-difference approximations (i.e., forward-difference and central-
difference) currently available as options in the associated mathematical model.

3.2. ANALYTICAL DERIVATIVES

This section presents the analytically derived local sensitivities of the concentrations and
cumulative mass flux in the fracture with respect to the entire range of parameters governing the
non-dispersive transport process in the fractured rock system of interest described by the
equations reported in the previous chapter of this report.

3.2.1. Total Differerentials

In order to evaluate the First order derivatives of the concentration and cumulative
mass in the fracture reported in the preceding sections. the total differentials of R. R,

and given by Equations (2-5). (2-6), (2-29) (2-35b) (2-39) (2-40)
(2-47) and (248) (see also Appendix F) have to be defined. Applying the chain rule of
differentiation, these may be written as
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Table 3-3. FIRST ORDER PARTIAL DERIVATIVES OF c. WITH RESPECT TO INPUT
PARAMETERS
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where h is the step size. Ideally, the step size should be small enough to reduce the truncation
error and large enough to cause a reasonable change in the significant figures of vector A.
Following Bard (1974), we write

Recently, Dennis and Schnabel (1983) recommended setting equal to the square root
of the relative computer precision, which in our case corresponds approximately to 10 Note
that for a typical parameter N + 1 evaluations of the response vector are required at each
iteration by the FDA (compared to 2N + 1 evaluations in the case of CDA), where N
corresponds to the number of observation points.

3.4. VERIFICATION

The verification of the analytically derived local sensitivities was performed by
comparison of the results yielded by this solution scheme with the ones obtained through the two
finitc-difference appproximations discussed earlier. The exact derivatives as well as the ones
yielded by FDA and CDA were estimated, based on the data presented in Table 2-1 and values
of corresponding to 10. Figures (3-1) and (3-2) illustrate the sensitivity of the concemtration
and cumulative mass of Np-237 in the fracture to a selected choice or parameters

and K,) in each of the five fracture layers. At the exception of the very low range of
sensitivities, the numerical results arc in excellent agreement with the analytical ones. Note that
the values obtained from both FDA and CDA methods were identical for all the investigated test
cases, when the selected values of e are less than 10. A detailed examination of the
sensitivities will be presented in Part 2 of this report.
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Figure 3-la. Sensitivity of concentration to half-thickness vs. time for Np-237.
(Exponentially decaying source).

Figure 3-lb. Sensitivity of concentration to pore diffusivity vs. time for Np-237.
(Exponentially decaying source).
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Figure Sensitivity of concentration to distribution coefficient in rock vs. time for
Np-237 (Exponentially decaying source).
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Figure 2b. Sensitivity of cumulative mass to pore diffusivity vs. time for Np-237
(Exponentially decaying source).
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Figure 3-2c. Sensitivity of cumulative mass to surface distribution coefficient in fracture vs.
time for (Exponentially decaying source).

Figure 3-2d. Sensitivity of cumulative mass to distribution coefficient in rock vs. time for
Np-237. (Exponentially decaying source).
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4. CONCLUSIONS

Analytical solutions based on the Laplace transforms have been derived for predicting the one
dimensional non-dispersive isothermal transport of a radionuclide in a layered system of planar
fractures coupled with the one-dimensional infinite diffusive transport into the adjacent rock
matrix units. The solution for the cumulative mass in thc fracture has also been reported.

The particular features of these solutions reside in their analytical capability designed to handle:

(a) residual concentrations in both fracture and rock matrix layers respectively. The
latter are represented by a constant and/or a spatially dependent function in the
case of the fracture, and a constant, in the case of the rock matrix.

(b) layered nature of the rock mass.

Mc) length dependency of fracture aperture yielding a non-uniform velocity field, and

(d) both exponentially decaying and periodically fluctuating decaying source of
solute at the upstream end of the fracture network, which may then be subject
to either a step or band release mode.

The reported analytical solutions pertaining to the concentrations and cumulative mass were
successfully verified by means of three reliable numerical methods for evaluating the inverse
Laplace transform in the real and complex domain respectively. To this end two test cases
involving the migration of Np-237 and Cm-245 in a five-layered fractured rock system using,
synthetic, but realistic data. were investigated. The calculated analytical local sensitivities
nuclide concentration and cumulative mass flux in fractures with respect to all of the model
parameters were in excellent agreement with the ones obtained through a finite difference
method of approximation. In this particular instance, no marked evidence of a Superior
performance of the central over the forward finite-difference method was found as theory
suggests.

In spite of some limitations (i.e., assumptions of zero dispersion in the fracture and infinite
matrix diffusion), the new features embedded in the reported solutions, which allow one to deal
with layered media having piece-wise constant properties, as well as non-zero initial conditions.
coupled with a realistic option of a periodically fluctuating decaying source, render these
solutions very useful and, above all, cost effective for performing sensitivity and uncertainty
analyses of scenarios likely to be adopted in performance assessment investigations of potential
nuclear waste repositories.
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APPENDIX A

THEOREMS AND LAPLACE TRANSFORMS



In this appendix a selected number of theorems and inverse Laplace transforms are reported
(Abramowitz and Stegun, 1972).

A.1. THEOREMS

Thc operations for the Laplace transformation reported in this report require in some
cases, the use of the following theorems. Note that f(s) corresponds to the Laplace transform of
function F(t).
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In thc following the Laplace transform of the function on the right is given on the left-hand side.

Table A. 1. LAPLACE TRANSFORMS
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The inverse Laplace transform of the product of and may be obtained using their
respective inverse transforms given in Table A. I and applying the convolution theorem, Equation
(A.1-5), to yield
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B.l. Error Function
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B.3. Evaluation of Product of Exponential and Complementary Error Function with
Complex Arguments

Functions involving the product of exponential and complementary error functions may
witness two types of arguments inherent to such functions, i.e.. real or complex.

When the arguments of the exponential and complementary functions are both real. the
scheme reported in Appendix C of Gureghian (1990) is the one adopted in this work. However
in the event where the arguments of these functions are of the complex form, the typical model
for the complementary error function as reported in the preceding sections is selected based upon
its adequacy to cope with the magnitude of the complex argument of interest. In the case where
an infinite series approximation model for the complex error function, such as given by Equation
(B.2-7) is adopted, it will be subsequently shown that expressions similar to one given by
Equation A.2-7. which display a combination of products of complex exponential and
complementary error functions. may yield either a real or an imaginary number.

Writing
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APPENDIX C

SOME INTEGRALS INVOLVING THE ERROR FUNCTION AND OTHER
FUNCTIONS



This appendix reports the derivation of a number of integrals involving products of exponential
and complementary error functions which are required for an exact evaluation of of cumulative
mass flux presented in section 2.3.

From Abramowitz and Stegun (1972) (p.304 . Eqn. 7.4.33) we have the following indefinite
integral:
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This appendix reports the first order derivatives of the cumulative mass in the fracture layers as
reported in Section 3.2.3 of Chapter 3.
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constants in the model for residual concentrations in the ith fracture layer

concentration of the species in the ith fracture layer

concentration of the species at the source at time equals to zero

half thickness of the ith fracture layer

residual concentration in the ith rock matrix layer

B, concentration of the species in the ith rock matrix layer

D effective diffusivity in the ith rock matrix layer

D molecular diffusion of nuclidc in water

D pore diffusivity in the ith rock matrix layer

g geometric factor of the ith rock matrix layer

J diffusive rate of nuclide at surface of ith fracture layer per unit area of fracture
surface

K surface distribution in the ith fracture layer

K distribution coefficient in the ith rock matrix layer

L thickness of ith rock matrix layer

n total number of layers

Q steady water flow rate in fracture

R retardation factor in the ith fracture layer

R retardation factor in the ith rock matrix layer

t time

T leaching time

T time period of a complete cycle (2 T/w)

T half-life



average fluid velocity in the ith fracture layer

position vector in the fracture

z position vector in the rock matrix

a constant in model of initial concentration in the ith fracture layer

constrictivity for diffusion in the ith rock layer

X first-order rate constant for decay

P constants in model of periodically fluctuating decaying source

P constants in model of periodically fluctuating decaying source

P , rock density in the ith layer

tortuosity of the ith rock layer

porosity of the ith rock layer

frequency of oscillation

Abbreviated Forms

F-2
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APPENDIX G

MODEL PARAMETERS



The following parameters are used in the computer ccxlc (written in ANSI Standard
FORTRAN 77) that implements the analytic solutions described in Section 2.

FORTRAN NAME

ALFA(I)

CCO

CINF( 1,1)

EXPLANATION

Constant alpha in the exponential term in residual
concentration mode in the ith fracture layer

Concentration of the species at the source at time equals
zero (units of activity/L)

Constant in residual concentration model in the ith fracture
(units of activity/L)

CINF(2,1) Coefficient of exponential term in residual concentration
model in the ith fracture (units of activity/L')

Residual concentration in the ith rock matrix layer (units of
activity/L3)

Constant in periodically fluctuating decaying source term
model (NPERIOD = 1)

Coefficient of sine function term in periodically fluctuating
decaying source term model (NPERIOD = I)

ith Rock matrix layer bulk density (M/L3) (used if IDIST(I)
= 2)

Pore diffusivity (L2/T)

Dimensions used in the problem; each must be 12
characters in length.
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FORTRAN NAME EXPLANATION

IDIST(2) = 0 RETARD R corresponds to retardation factor in rock
matrix
= 1 RETARD R corresponds to distribution coefficient in
rock matrix (i.e., DISTRBR)

IGRAPH = 0 Graphics output disabled
= I Graphics output enabled; formatted graphics written to
logical unit 30, 31, 32. 35, 36

Logical Unit 30: Concentrations in Fracture
31: Concentrations in Rock Matrix
32: Cumulative Mass
35: Concentration Sensitivities
36: Cumulative Mass Sensitivities

INDEX(l) I Evaluate sensitivity computation related to parameter
(i.e., NCONC SENSIT 22)

= 0 Skip

LAYER Number of fracture/rock matrix layers

NCONC SENSIT = 1 Execute Module I (i.e., calculate concentrations and
cumulative mass in the fractures and concentrations in the
rock matrix

= 2 Execute Module 2 (calculate sensitivity coefficients.
relative sensitivies and variance

= 3 Execute both Modules I and 2

NPERIOD = 0 Continuously Decaying Source
= 1 Periodically Fluctuating Decaying Source

NRUNMAX Number of data sets to be run

NT < 500, number of time values to be evaluated (skip if
IAUTO = 1)

NVAL Index for selecting solution module
= 0 Option for analytical solutions
= I Option for sensitivity module

G-3
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ZO First value of spatial coordinate
DZ Spatial increment along Z-axis
ENDZ Final value of spatial coordinate Z = REFZ(NZ)

TO First value of simulation time - TIME(l)
DT Time increment
ENDT End value of simulation time = TIME(NT)

NLOG = 0 Position in space or time are equally spaced
= I Log scale used for splitting space or time arrays:
REFX, REFZ and TIME (i.e., 10 divisions per log cycle)
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