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in a Brooks-Corey Medium

R.W. Zimmerman and GS. Bodvarsson

Earth Sciences Division

Lawrence Berkeley Laboratory

1 Cyclotron Road

Berkeley, CA 94720

ABSTRACT

A simple approximate solution is derived for the problem of one-dimensional

absorption in a porous medium characterized by the Brooks-Corey equations. A

piecewise-linear saturation profile, which satisfies flux continuity at the edge of the

tension-saturated zone as well as an integrated form of the Richards' equation, is

assumed. The predicted sorptivity agrees very well with the results of numerical simu-

lations.
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1. Notation

D diffusivity function m 2/s]

k absolute permeability [m2]

k, relative permeability

n Brooks-Corey parameter for characteristic curves

q instantaneous liquid flux [m3/m2sJ

Q cumulative liquid flux [m3/m 2]

S liquid saturation

S. residual liquid saturation

Ss liquid saturaion at zero potential

S normalized liquid saturation, = (S -,)I(S. -5,)

S sorptivity, = Q IAF [m,/sS112

t time since start of absorption [s]

x distance into half-space m]

Greek letters

a Brooks-Corey pressure-scaling parameter [ms2/kgj

8 width of saturation front, see Fig. 3

1l similarity variable, = [aXS. -S,)x 2/kt 1]/2

X width of fully-saturated zone, see Fig. 3

1g viscosity [kg/ms]

4p porosity

ay potential [kg/s 2]

v normalized potential, = m

Subscripts, superscripts, etc.

i initial value at t =0
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2. Introduction

Horizontal flow of water in an unsaturated medium is generally described by

Richard's partial differential equation (Hillel, 1980):

(1)axe ax] at 1

In this equation, S is the liquid saturation, which is equal to the fraction of the pore

space that is filled with water. Vr is the potential, or capillary pressure, and is related

to the saturation through a capillary pressure function V = N(S). k is the absolute

(i.e., fully-saturated) permeability of the medium, 0 is its porosity (assumed constant),

and g is the viscosity of water. 4k is the dimensionless relative permeability function,

which measures the decrease in the permeability of the medium to water due to incom-

plete saturation; if hysteretic effects are neglected, k. is a single-valued function of S

(or Nt).

Equation (1) embodies the principal of conservation of mass for the water, along

with Darcy's law to relate the volumetric flux to the potential gradient. Although the

physical problem of flow in an unsaturated medium actually involves both the water

and the air phase, it is conventional to ignore the air by implicitly assuming it to be

infinitely mobile, and at one atmosphere pressure. Note that Equation (1) can be put

into the form of a diffusion equation with a saturation-dependent diffusivity as follows:

=a a (2)

where D (S) = kk, (S)w'(S)10. Although this form of the governing equation is fre-
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quently used in soil physics (e.g., Kutildk and Valentovi, 1986), we will find it con-

venient to use the form given in Equation (1).

The capillary pressure and relative permeability functions depend on the pore

geometry of the medium (Bear, 1988), and have different forms for different media.

One form of the "characteristic equations" that has been widely used is the Brooks-

Corey (Brooks and Corey, 1966) model:

S W ' I if -SFy 5 I

=Icxiq,1 if Icnvl>I; (3)

k,(V)=1 if 1acyl51,

=Ilayil(3n+ 2) if IaWI>l, (4)

where S, is the residual saturation, S., is the saturation at zero potential, S is the nor-

malized saturation, and a is a scaling parameter that is inversely proportional to the

mean pore diameter. These functions are plotted in Figs. 1 and 2, for a few different

values of n. The normalized saturation equals 1 for all hI < l/a, after which it drops

off to zero as IiV increases, according to a power law. The relative permeability

monotonically decreases from 1 to 0 as the normalized saturation decreases from 1 to

0.
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2. Formulation of Problem

A basic problem in hydrology and soil physics is that of absorption of water into

a semi-infinite medium from a planar boundary which is saturated at zero potential. If

the medium is initially at some uniform saturation, the problem can be specified by

{kk~ as

(6)

x[ a x] at 5

WA(O) = O. (6)

V(xO) = Vr <O. (7)

lim Nfxwt A. (8)
z -4

The initial potential A; corresponds to the initial saturation S through the capillary

pressure Equation (3).

Before attempting to solve this problem, it is convenient to normalize it, and

transform it into an ordinary differential equation using a Boltzmann-type tansforma-

tion (Bruce and Mlute, 1956; Zimmerman and Bodvarsson, 1989). If we define a nor-

malized potential as = r, and a similarity variable T as

a(9). 1
[ r abetS )X (9)

then Equations (5-8) are transformed into
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dn do] 2 dn (10)

'(0) = O (11)

lim i(n) = V; . (12)
71-*m

where = (S -S,)I(S5 -S,) is the normalized saturation.

4. Boundary-Layer Solution

Many approximate solutions to the above problem have been found in terms of an

effective diffusivity that is some weighted integral of the diffusivity over the range

Si <S <S. (see Brutsaert, 1976; Kutil&k and Valentovh, 1986). Recently, Zimmerman

and Bodvarsson (1989) used a boundary-layer method to derive a completely closed-

form solution for one-dimensional absorption in a van Genuchten (van Genuchten,

1980) medium. A similar approach will now be used for a Brooks-Corey medium,

although the algebra will be simplified by working with the transformed Equation (10)

instead of with the original partial differential equation.

The basic idea behind the simplest form of the boundary-layer method is to

approximate the solution with some simple function that contains an adjustable param-

eter, and then fix the value of this parameter by requiring the solution to satisfy the

differential equation in an integrated sense. An appropriate algebraic form for the

saturation and capillary pressure profiles can best be ascertained by examining a few

numerical solutions to the problem (see Figs. 4 and 5, which are discussed in more

detail below). These simulations suggest the following profile (Fig. 3):
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X<TI <X+ 5: 5,7) =--1

S = o .A = 4S -l1na =S - a 1/ (13)

In the region O<T<X, AS=I and k=1, so Equation (10) implies that pi will be a

linear function of Til. For all 11 greater than some value (which we will denote by

X+S), the saturation will equal its undisturbed value Si. In the intermediate region, a

linear saturation profile is used because of its simplicity.

A relationship between the parameters and can be found by requiring con-

tinuity of the capillary pressure gradient at r=X:

41 1

-1 djo~ b=l

[-1 _______ n
-S - ';

ns

so IA= n(
a1- Si) 

(14)
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Note that we do not require the capillary pressure gradient to be continuous at

TI=X+5; as explained by Zimnerman and Bodvarsson (1989), imposition of this con-

dition leads to only slight increases in accuracy, at the expense of much additional

algebraic complexity.

To find an expression for 8, we integrate Equation (10) from rn=O toT = e. The

first term in Equation (10) integrates out to

k, (S) d] = A- I (I -O-Sd 71 -l -( -Sn5) (15)

Since the term dSldrj is non-zero only in the range X<r<X +, the second term

integrates out to

-y- 2 d = 7 2 ~8 ~

-(I - 9) 1,2 '
- -(O-Si) [(L+02-A2] .

48 (16)

Combining Equations (15) and (16) leads to

4 = 2+2M
n (17)

Using Equation (14) to eliminate A from Equation (17) leads to
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4 = 2 1 + 2n, 
n (I (-Si) 

(18)

which can be solved for

= 2[1 + 2nS 3]1 (19)

Equations (9,13,14,19) specify the appproximae solution to the problem.

The instantaneous liquid flux into the medium, per unit surface area, can be found

from Darcy's law as follows:

11 O Jo d r- lO XO

_1aL(S-S,

kt

k (1-S9) g(S-S,
a 6 kt 

_____ r 11 1/2
- kcsS) 1+ (Ss -S)

- W2n (Ss -S.) 4 -

(20)

If we write the instantaneous flux q (t) as SI2,IF, then the cumulative flux up to some

time t is equal to
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I I

Q) =q()d = -2 d = Sr1/2. (21)
00

The constant S is often referred to as the sorptivity (Brutsaerr, 1976; Kutil6k and

Valentovi, 1986). From Equation (20) and (21), S can be expressed as

2k (Ss -Si) 1+ (SJ USi) 1J/(22

a'.' + 2n (S -Sr)J (22)

5. Comparison with Numerical Solutions

In order to judge the accuracy of the approximate solution, we can compare it to

the results of numerical solutions to Equations (10-12). These equations represent a

two-point (ordinary differential equation) boundary-value problem,- which can be

solved using the shooting method described by Press et al. (1986) and Zimmerman and

Bodvarsson (1989). Figs. 4 and 5 compare the capillary pressure and saturation

profiles of the approximate solution and the numerical solution for a Brooks-Corey

medium with n =2, for two different initial saturations. This value of n is close to the

values that have been estimated (Rulon, Bodvarsson and Montazer, 1986) for the

welded tuffs at Yucca Mountain, Nevada, the proposed site of an underground nuclear

waste repository. The approximate solution very accurately predicts X, the length of

the fully saturated zone, but slightly overpredicts 8, the width of the wetting front.

Since the sorptivity is proportional to the slope of the capillary pressure profile at

1i =0, and to the area bounded by the saturation profile and the line S =S, it is clear

that the approximate solution estimates S very accurately. Fig. 6 shows the normalized

sorptivity S[ko/ali]12 plotted against the initial saturation, for a few different values

of n. For simplicity, S, is taken t be 0, and S. is taken to be 1. The approximate
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solution is seen to estimate the sorptivity very accurately, over the entire range of ini-

tial saturations.

Conclusions

A simple approximate solution has been derived for absorption of water into an

unsaturated porous medium whose characteristic curves ae of the Brooks-Corey type.

A piecewise-linear saturation profile has been assumed, which is then forced to satisfy

an integrated form of the Richards' equation. The length ( of the tension-saturated

zone was predicted very accurately, while the length () of the wetting front was

somewhat overpredicted. For values of the Brooks-Corey parameter representative of

the welded tuffs found at Yucca Mountain, Nevada, i.e., n =2, the error in the

predicted sorptivity was less than 7%, over the entire range of initial saturations.
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Figure Captions

Fig. 1. Normalized capillary pressure curves of Brooks-Corey media, for different

values of n.

Fig. 2. Relative permeability curves of Brooks-Corey media, for different values of n.

Fig. 3. Assumed saturation profile for one-dimensional absorption into a Brooks-

Corey medium.

Fig. 4. Capillary pressure profiles for one-dimensional absorption in Brooks-Corey

medium with n =2, for various values of the initial saturation.

Fig. 5. Saturation profiles for one-dimensional absorption in a Brooks-Corey medium

with n = 2, for various values of the initial saturation.

Fig. 6. Sorptivity of a Brooks-Corey medium as a function of the initial saturation, for

various values of n. To simplify the figures. we take S, = 1 and S, =0.
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Fig. 1. Nonnalized capillary pressure curves of Brooks-Corey media, for different

values of n.
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Fig. 2. Relative permeability curves of Brooks-Corey media, for different values of n.
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Fig. 3. Assumed saturation profile for one-dimensional absorption into a Brooks-

Corey medium.
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Fig. 4. Capillary pressure profiles for one-dimensional absoption in Brooks-Corey

medium with n = 2, for various values of the initial saturation.
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Fig. S. Saturation profiles for one-dimensional absorption in a Brooks-Corey medium

with n =2, for various values of the initial saturation.
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Fig. 6. Sorptivity of a Brooks-Corey medium as a function of the initial saturation, for

various values of n. To simplify the figures, we take S. = 1 and S, = 0.
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