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EXAMPLE CALCULATIONS FOR ROCK REINFORCEMENT

steel diameter = dl = 28mm

hole diameter = d 2 = 38mm

Young's modulus (steel) = Eb = 200 GPa

Yield stress (steel) = Ob = 0yield = 400 MPa

compressive strength (grout) = 20 MPa

shear modulus (grout) = 9 GPa

Young's modulus (grout) = 22 GPa

Poisson's ratio (steel) = 0.2

CABLE BOLT PARAMETERS (FLAC and MUDEC)

JKS = Kbond = 2i(9e9) = 1.85ell N/m
2(0.005)

ln(1 + )
0.028

JCOH = Sbond = v(d1) Tpeak = %(0.028)(2e6) = 1.76e5 N

Ksteel = 111e9 Pa

Gsteel = 83e9 Pa

Yield Force = 400e6 * s(0.028)2/4 = 246 kN

Areasteel = i/4 * (0.028)2 = 6.16e-4 m2

NOTE: In MUDEC, adjust density upward so that At is not affected
by reinforcement.
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LOCAL REINFORCEMENT MODEL (MUDEC only)

ultimate axial capacity = 246 kN

[assume bond length 2 (246/176) = 1.4 ml

axial stiffness:

1/2

r (1/2) Gg Eb 2
ki = = 5e10 N/rn

(d 2 /dl) - 1

ka = ' k d1 = 4.4e9 N/m

shear stiffness:

2 Eg

(dj/dj) - 1 = 1.23e1l

= (K/4EbI)1 /4 = 47.6

I = v(d4/64) = 3e-8 m4

Ks= Eb I 3 = 6.47e9 N/m

maximum shear force:

F5 = s d2 (Gb/4 ) = 246 kN

OR

max =2 max 2
Fs =2Fs~b = 2(0.67)dl (O ac)1/2 =94 kN ***(USE)

active length = 0.028 m
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tit
pullout test
grid 20 5
gen 0 C 0 1.25 5 1.25 5 f.
m e
prop dens 2700 sh 4e9 bul k 6. 667e9
fix x y i=21
fix x y j 1
fix x y j 6
stru cable begin 0 0.625 end 4.5 0.625 prop 1 seg 30 tens-lC
stru prop 1 yie 2.46e5 a 6.16e-4 e 200e9 kb 1.85el1 sb 3.52e5
struct node 1 load --. 25e5 C) 0
step 1000
save a:fp1.sav
struct node 1 load -. 50e5 0 C
step 1000
save a:fp2.sav
struct node I load -. 75e5 t; n
step 1000
save a:fp'pE.sav
struct node 1 load -1.OOE'! O O
step 1C)00
save a:fp4..sav
struct node 1 load -1.25e5 0 Ct
step 1000
save a:fp5.sav
struct node 1 loaci -- 1 5Oe5 C 0
step 1500
save a: fp6. sav
struct node 1 load -1.75e5 0 f:,
step 200C0
save a:fp7'.sav
Struct node 1 1oad -2. 00e5 ) C)
step 2000
save a:fp8.sav
struct node 1 load 1 -2. 2:5e5 0 O
step 2000
save a:fp9.sav
struct node I load -2.5Oe5 C) 0
step 2000
save a:fpl0.sav
struct node 1 load -2.6Oe5 C 0
step 2000
save a:fpll.sav
ret
rest a:fp11.sav
struct node 1 load -2. 72e5 0 C)
step 27C000
save a:fpl3.sav
ret



heading
Viikinmaki sewage treatment plant, cross section 31-31
set enh
round 0.1
block 0,-30 0,10 18,17.5 33,24.5 93,33 93,-30
* create the caverns
* prof 3
crack 26,0.9 26,7.1
crack 43,0.9 43,7.1
crack 25.9,1 43.1,1
arc 34.5,-3.542 43,7 77.76 8
* prof 4
crack 53,-1.9 53,8.5
crack 61,-1.9 61,8.5
crack 52.9,-1.8 61.1,-1.8
arc 57,3.667 61,8.25 82.23 8
* prof 1
crack 70,-5.1 70,5.5
crack 87,-5.1 87,5.5
crack 69.9,-5 87.1,-5
arc 78.5,-5.292 87,5.25 77.76 8
* one crack to display the caverns
crack 0,5 100,5
* delete uncomplete cracks
jdelete
* generate joint set
iregion 0,-10 0,35 95,35 95,--1O
jset 0,0 100,0 0,0 5,0 0,5 0
crack 0,-10 95,-10
iset 90,0 70,0 0,0 5,0 5,0 0
* change to FDEF-blocks
generate 14,93 -10,17 auto 10.0
generate 0,14 -10,33 auto 16..0
generate 14,93 17,33 auto 16.0
generate 0,93 --30,-10 auto 20.0
* specify conditions
prop m=1 k=40e9 g=24e9 d=2700 coh=20e6 fric=0.5B ten=lOe6
prop m=2 jkn=4Oe9 jks=1Oe9 jcoh=)-=O jfric=0.58 jten=C kn=40e9 ks=40e9
prop m=3 jkn=4Oe9 jks=5e9 jcoh=O jfric=0.5S jten=O kn=40e9 ks=40e9
prop m=4 jkn=4e9 jks=4e9 jcoh=4 jfricO. 3:6 jten=O kn=4e9 ks=4e9
prop m=5 k=30.8e9 g=21. 49 d-2700 coh=2Oe6 fric=0.58 ten=lOe6
change 0,100 -10,35 Cons=3 mat=1
change 0,100 -30,-1o concs' nat=5
change 0,100 -10,35 angle-45,135 jcons=2 jmat=2
change 0,100 -10,35 angle=-45,44.9 jcons=2 jmat=3
boun -. 1,.1 -30,10 xvel=O
boun 92.9,93.1 -30,33 xvel=O
boun 0,93 -30.1,-29.9 yvel=O
grav= 0 -9.81
insitu 0,33 -30,10 cstr -4e6,0,-0.26e6 xg 0,0,-.0114e6 yg 0,0,.026e6
insitu 33,93 -30,10 str -4e6,0,-.525e6 xg C0,O,-.003ee6 yg 0,,O..027e6
insitu 0,33 10.1,33 str 0,0,-0.26e6 xg 0,0,-.0114e6 yg 0,0,.026e6
insitu 33,93 10.1,33 str CO,0,-.525e6 xg 0,0,-.0038e6 yg 0,0,.027e6
* parameters for the calculation
mscale on 1.83e4 8.2e4
damp auto
delete 0,95 -30,33 7e-1
* specify histories
his yd 33,24.5
his yd 34.5,13
his type 1



* cens-ltdate the problem
ycr t50C)

save a:31ammud. sav
* return
* rest a:31amud. s5v
* reset displacements
reset disp
reset jdisp
* create the caverns
* prof 3
del 27,43 2,7
del 30,40 7,9
* prof 4
del 54,60.9 -1.5,8
del 53,58 -1.8,2
* prof 1
del 70,87 -5,5
del 73,86 5,6.6
* provide some rock rei-r-Forcement
prop m=9 kn=4.4e9 ks=3.4e9 fric:0.028 coh=1.23e5 dens=.47e5 jkn=l jks=l
prop m=9 jfric=l
*

reinf 9 34.5 1.5 25.1 11.3
reinf 9 34.5 1.5 26.7 12.2
reinf 9 34.5 1.5 29.0 13.0
reinf 9 34.5 1.5 31.5 13.5
reinf 9 34.5 1.5 34.5 14.1
reinf 9 34.5 1.5 37.5 13.5
reinf 9 34.5 1.5 392. 13.2
reinf 9 34.5 1.5 42.3 12.2
reinf 9 34.5 1.5 42.9 11.3
reinf 9 34.5 9.0 29.0 14.0
reinf 9 34.5 9.0 41.0 14.0
cyc 1500
save a:31mudblt.sav
cyc 1500
save a:31mudblt.sav
cyc 1500
save a:31mudblt.sav
cyc 1500
save a:31mudblt.sav
cyc 1500
save a:31mudblt.sav
cyc 1500
save a:31mudblt.sav
cyc 1500
-save a:31mudblt.sav
cyc 1500
save a:3lmudblt.sav
cyc 1500
save a:31mudblt.sav
cyc 1500
save a:31mudblt.sav
cyc 1500
save a:31mudblt.sav
return



heading -

Viikinmaki sewage treatment plant, cross section 31-31
set enh
round 0.1
block 0,-30 0,10 18,17.5 33,24.5 93,33 93,-30
* create the caverns
* prof 3
crack 26,0.9 26,7.1
crack 43,0.9 43,7.1
crack 25.9,1 43.1,1
arc 34.5,-3.542 43,7 77.76 8
* prof 4
crack 53,-1.9 53,8.5
crack 61,-1.9 61,8.5
crack 52.9,-1.8 61.1,-1.8
arc 57,3.667 61,8.25 82.23 8
* prof 1
crack 70,-5.1 70,5.5
crack 87,-5.1 87,5.5
crack 69.9,-5 87.1,-S
arc 78.5,-5.292 87,5.25 77.76 8

* one crack to display the caverns
crack 0,5 100,5
* delete uncomplete cracks
jdelete
* generate joint set
iregion 0,-10 0,35 95,35 95,-10
iset 0,0 100,0 0,0 5,0 0,5 0
crack 0,-10 95,-10
iset 90,0 70,0 0,0 5,0 5,0 0
* change to FDEF-blocks
generate 14,93 -10,17 auto 10.0
generate 0,14 -10,33 auto 16.0
generate 14,93 17,33 auto 16.0
generate 0,93 -30,-10 auto 20.0
* specify conditions
prop m=1 k=40e9 g=24e9 d=2700 coh=2Oe6 fr-ic=0.58 ten-lOe6
prop m=2 jkn=40e9 jks=lOe9 jcoh-O jfric=0.58 jten=O kn=40e9 ks=40e9
prop m=3 jkn=40e9 jks=5e9 jcoh=O jfr-ic=0.58 jten=O kn=40e9 ks=4Oe9
prop m=4 jkn=4e9 jks=4e9 jcoh=O jfric=0.36 jten=C kn-4e9 ks=4e9
prop m=5 k=30.8e9 g=21.4e9 d=2700 coh=2Ce6 fric=0.58 ten=lOe6
change 0,100 --10,35 cons=3 mat=l
change 0,100 -30,-10 cons=3 mat=5
change 0,100 -10,35 angle-45,135 jcons=2 jmat-2
change 0,100 -10,35 angle=-45,44.9 jcons=2 jmat=3
boun -. 1,.1 -30,10 xvel=C
boun 92.9,93.1 -30,33 xvel=O
boun 0,93 -30.1,-29.9 yvel=O
grav= 0 -9.81
insitu 0,33 -30,10 str -4e6,0,-0.26e6 xg 0,0,-.0114e6 yg 0,O,.026e6
insitu 33,93 -30,10 str -4e6,0,-.525e6 xg 0,0,-.0038e6 yg 0,0,.027e6
insitu 0,33 10.1,33 str 0,0,-0.26e6 xg 0,0,-.0114e6 yg 0,0,.026e6
insitu 33,93 10.1,33 str 0,0,-.525e6 xg 0,0,-.0038e6 yg 0,0,.027e6
* parameters for the calculation
mscale on 1.83e4 8.2e4
damp auto
delete 0,95 -30,33 7e-1
* specify histories
his yd 33,24.5
his yd 34.5,13
his type 1



*_ * s i date the prOblefem

cyc 1 560
save a:31amud.sav
re a:3lamud.sav
* reset displacements
reset disp
reset jdisp
* create the caverns
* prof 3
del 27,43 2,7
del 30,40 7,9
* prof 4
del 54,60.9 -1.5,8
del 53,58 -1.8,8
* prof I
del 70,87 -5,5
del 73,86 5,6.6
* provide some cable-type reinforcement
* steel
prop mat=9 density=5e7 k=lle9 g=83e9 yield=246e3
* grout
prop mat=lO jcoh=1.76e5 jks=1.85ell
cable 34.5 1.5 25.1 11.3 20 9 6.16e-4 10
cable 34.5 1.5 26.7 12.2 20 9 6.16e-4 10
cable 34.5 1.5 29.0 13.0 20 9 6.16e-4 10
cable 34.5 1.5 31.5 13.5 20 9 6.16e-4 10
cable 34.5 1.5 34.5 14.1 20 9 6.16e-4 10
cable 34.5 1.5 37.5 13.5 20 9 6.16e-4 10
cable 34.5 1.5 39.9 13.0 20 9 6.16e-4 10
cable 34.5 1.5 42.3 12.2 20 9 6.16e-4 10
cable 34.5 1.5 4_.9 11.3 20 9 6.16e-4 10
cable 34.5 9.0 29.0 14.0 20 9 6.16e-4 10
cable 34.5 9.0 41.0 14.0 20 9 6.16e-4 10
cyc 500
save a:3lmudcab.sav
cyc 500
save a:31mudcab.sav
cyc 500
save a:31mudcab.sav
cyc 500
save a:31mudcab.sav
cyc 500
save a:3lmudcab.sav
cyc 500
save a:3lmudcab.sav
cyc 500
save a:3lmudcab.sav
cyc 500
save a:3lmudcab.sav
cyc 500
save a:3lmudcab.sav
cyc 500
save a:3lmudcab.sav
cyc 500
save a:31mudcab.sav
return
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ABSTRACT

Meaningful numerical analysis of reinforced excavations requires, first, a clear demonstra-
tion that behavior of the rock mass without reinforcement is unacceptable and, second, an expli-
cit representation of the functions of reinforcement in the numerical model. This paper dis-
cusses three microcomputer-based codes which are capable of satisfying the first requirement and
two reinforcement formulations which have been incorporated in these codes and satisfy the sec-
ond requirement. Application of the resultant codes is demonstrated in practical examples.

J.

INTRODUCTION

The objective in design of excavations is to
achieve a prescribed degree of control of rock
mass displacements in the immediate vicinity of
the opening. Any design analysis of such exca-
vations requires that the effect of any rein-
forcement be defined in a quantitative manner.
The interactive nature of reinforcement mechan-
ics requires that both the rock mass and any in-
stalled support or reinforcement be represented
adequately. Numerical representations of rock
masses using finite element or boundary element
methods often restrict displacements to elastic
orders of magnitude. However, observations of
excavations in rock indicate that much larger
displacements often occur.

Explicit finite difference codes are capable
of modeling the main features of response, in-
cluding large displacements, without imposing
undue limitations on the system. Three programs
described in this paper all use a form of dy-
namic relaxation (Otter et al., 1966) adapted
for arbitrary grid shapes and large strains.
Because the solution is by relaxation, matrices
are not formed, which means that large numerical
problems can be easily accommodated. Large dis-
placements are modeled with negligible overhead
because coordinates can be updated at each step.
The dynamic solution method is well suited for
collapse problems involving continuous plastic
flow (represented by a field of steady veloci-
ties) or discontinuous failure involving block
slip and separation (see Cundall, 1986).

The three explicit finite difference codes
in which reinforcement formulations have been
incorporated are described below.

FLAC (last Lagrangian Analysis of Continua)
is a two-dimensional continuum-based code which
is used to model a variety of geotechnical prob-
lems, including large-strain plasticity, strain

softening, and support structure interaction.
FLAC is capable of modeling a small number of
non-intersecting discontinuities. Theoretical
development of the code and example problems are
given by Cundall and Board (1988).

MUDEC (Micro Universal Distinct Element
Code) is a two-dimensional discontinuum-based
code. The distinct element method represents
jointed rock masses as assemblages of blocks
with discontinuities regarded as boundary inter-
actions between blocks. The original distinct
element codes assumed blocks to be rigid. The
examples reported in this paper make use of a
more general representation of block deformabil-
ity in which blocks are internally discretized
into a mesh of triangular finite-difference
zones, as in standard continuum modeling. MUDEC
is the microcomputer version of UDEC (Universal
Distinct Element Code) [Cundall (1980); Cundall
and Hart (1985)1.

3DEC (3-Dimensional Distinct Element Code)
[Itasca, 19871 is a three-dimensional distinct
element code similar to MUDEC. In this code,
blocks are internally discretized into tetrahed-
ral finite-difference zones. Features of the
mechanical modeling in three-dimensional dis-
tinct element analysis are described by Cundall
(1988). Validation and example problems are
given by Hart et al. (1988).

EXPLICIT FINITE DIFFERENCE SCHEMES

All of the programs discussed in this paper
are based on an explicit time domain algorithm
using a central difference scheme. "Explicit"
refers to the nature of the difference equations
used in numerical simulation of the physical
system. In explicit schemes, the right-hand
sides of all equations consist of known values
because the timestep is chosen small enough that
information cannot physically propagate from one
element to the next within the timestep. A de-

:
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tailed account of the relative merits of impli-
cit and explicit methods is presented by Cundall
et al. (1980). Examples where explicit finite
difference programs have been used with success
in diverse areas of geomechanics are given by
Cundall (1976).

The basic calculation cycle is identical for
all the programs and is illustrated in Fig. 1.
For each cycle or timestep, two basic sets of
calculations are executed: first, the applica-
tion of the equations of motion allow the new
kinematic quantities (accelerations, velocities,
displacements) to be determined; then, the block
and joint constitutive relations provide the new
internal stresses and interaction forces.

C..

t.

C-.

C.

I .

for gridpoints on a boundary, the con-
tact forces. Quasi-static solutions
are obtained by including viscous
damping in the equations of motion.

(2) updated velocities from accelerations;
and

(3) updated coordinates from velocities.

For all zones and boundary interactions, derive:

(1) strain increments from known nodal
velocities; and

(2) new stresses from strain increments
using constitutive relations. In this
paper, both elastic and elasto-plastic
(Mohr-Coulomb) relations are used.
The updated location of the block
boundaries defines the new joint dis-
placements; the new joint stresses
(and forces) follow from the joint
constitutive relations. Two joint
models are available-an elastoplastic
model with a Mohr-Coulomb friction law
and a continuously yielding model with
a non-linear stress-displacement rela-
tion, capable of simulating a peak-
residual type of behavior.

STRESS
EORMCE

STRAINS
IMIPLAcEmLrsi

*-

I-

-.A

Fig. 1 Calculation cycle common
described in this paper

to all programs

The computational steps
crement are as follows.

within each time in-

MECHANICAL REPRESENTATION FOR ROCK REINFORCEMENT
For all nodes, derive:

(1) nodal accelerations, Ui, from the In practice, several types of rock rein-
equations of motion: forcement systems exist which handle a great va-

riety of ground conditions and applications.
* Two major systems are considered herein. One

oJijnjds + Fi system, typified by fully-encapsulated reinforc-
ing bars, exhibits significant resistance to

*i ' - + gi (1) shear at a discontinuity and is capable of de-
m veloping relatively large axial loads in the re-

inforcement (particularly in the case of resin
where S is the surface surrounding encapsulation). The second system, typified by

each gridpoint, cement-grouted cables, exhibits little shear
resistance at discontinuities and may require

oij is the stress tensor, significant bond length to develop full axial
capacities. Accordingly, the characteristic me-

nj are the components of the chanical behaviors of these two reinforcement
normal to S. | systems have been incorporated into two com-

pletely different formulations identified as
m is the mass lumped at each "local" and "global" reinforcement formulations.

gridpoint, and The local reinforcement formulation considers
only the local effect of reinforcement where it

gi are the gravitational acceler- passes through existing discontinuities. The
ations. global formulation considers the presence of the

reinforcement along its entire length throughout
the rock mass but does not explicitly model re-

The generalized form of Gauss' diver- sistance of the reinforcement to shear deforma-
gence theorem is used to determine tion (i.e., dowel behavior) at discontinuities.
nodal forces from known stresses in In the global formulation, shear resistance
surrounding zones as indicated by the across discontinuities does result from elonga-
integration around S. The forces Fi tion of the reinforcement and increased joint
include applied external loads and, normal stress.

-4
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Local Reinforcement Formulation

The local reinforcement formulation (Lorig,
1985) exploits simple force-displacement rela-
tions to describe both the shear and axial beha-
vior of reinforcement across discontinuities.
The formulation results from observations of la-
boratory tests of fully-grouted untensioned re-
inforcement in good quality rocks with one dis-
continuity which indicate that strains in the
reinforcement are concentrated across the dis-
continuity [Bjurstrom (1974); Pells (1974)1.
Large discontinuity shear displacements are as-
sumed to be accompanied by simple geometric
changes in the element, as shown in Fig. 2.

I

I
p.

4.

I-

-.4

A.-

-4

-4

-.4

4.

Direction of
Shearing i

"I
O..
il

IActive Length

i

/"-Reinforcement Axis

Axial Spring

____________ ' - f liscontinuity

, Shear Spring

(a)

Direction of ,4 S
Shearing - /

#//
al Spring

__ , _ ~~__Discont nuity

hear Spring

i
/ (b)

Fig. 3 Orientation of shear and axial springs
in local reinforcement model prior to
and after shear displacement

Direction of
Shearing

>' / S Shear Displacement
of Reinforcement

Disco t.eslant Shear Force

0°CShear Force Applied
/ Normal Force to Upper Block

Applied to
Upper Block

(a)

/ Resultant Axial Force
Direction of /

Shearing /J
Sherin ,ormal Force Applied

to Upper Block

// S Shear Force Applied to
Upper Block

*

VI

+

ti

1,

a'.
0

C;
0

-4

4.

j.4

Fig. 2 Assumed reinforcement geometry after
shear displacement, Au.

Aan It is assumed that the active length changes
orientation only as a direct geometric result of
shear and normal displacements at the discontin-

t. uity. The model may be considered to consist of
two springs located at the discontinuity inter-
face and oriented parallel and perpendicular to
the reinforcement axis, as shown in Fig. 3(a).
Following shear displacement, the axial spring
is oriented parallel to the active length, while
the shear spring remains perpendicular to the
original orientation, as shown in Fig. 3(b).
Similar geometric changes follow displacements
normal to the discontinuity.

Resultant shear and axial forces are re-
solved into components parallel and perpendicu-
lar to the discontinuity, as shown in Figs. 4(a)
and (b). These forces are then applied to the
neighboring blocks.

/ (b)

Fig. 4 Resolution shear and axial forces in
local reinforcement model into compon-
ents parallel and perpendicular to dis-
continuity

..
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Both shear and axial force-displacement re-
lations employ a continuously-yielding model.
The yield model for axial behavior is described
in incremental form by the expression

Rkaiforctng
Element (Steel)

AFa An Ka IAUalf(Fa) (2)

Excavation

'I-

P.

1.D

Z.

where AFa is an incremental change in axial
force,

Aua is an incremental change in axial
displacement,

Ka is the axial stiffness, and

OrFa) is a function describing the path by
which the axial force, Fa$ approaches
the ultimate or bounding axial force

Pult.

Z .inforcuenot Mdal Point

- ~~'--$lidtr (Cohesiv, Strength
.1 181 ~~of Grout)

Stiffn~ess of Steel
I ha Stiffniess of grout

Fig. 5 Conceptual mechanical representation of
fully-bonded reinforcement which ac-
counts for shear behavior of the grout
annulus (global reinforcement model)

41.

.r
In the present work, the function

f I) 1ult - FAI (Pult - Fs)/Pult 2 (3)

I

I

is used to represent the yield curve. From Eq.
(3). the axial force "seeks" the bounding force
in an asymptotic manner. An identical yield
function involving shear forces is used to de-
scribe dowel (i.e., shear) behavior.

,
- Strict application of this formulation is

limited to cases in which the joint spacing in
the reinforcement direction exceeds at least the
reinforcement development length. This require-
ment results from the fact that reinforcement
behavior at one discontinuity is decoupled from
the behavior of the reinforcement at the next
discontinuity. Nevertheless, reasonable results
have been obtained in problems with much closer
discontinuity spacing (c.f., Lorig and Cundall,
1987). This formulation is incorporated in dis-
tinct element codes only.

A one-dimensional constitutive model is ade-
quate for describing the axial behavior of the
reinforcing element. In the present formula-
tion, the axial stiffness is described in terms
of the reinforcement cross-sectional area, A,
and Young's modulus. Eb. At present, the rein-
forcement has no compressive capacity and its
tensile capacity is limited to the yield capa-
city of the reinforcement as shown in Fig. 6. A
more rigorous approach incorporating kinematic
hardening is possible with little increase in
computational effort.

I
a~.

'.4
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a

Yield

S
If a
..4 U~04
C 0
Sb.
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Global Reinforcement Model
Relative Displacement of
Segment Ends

In this model, the entire reinforcement
length is discretized into a series of lumped
masses (nodal points) and springs. In evaluat-
ing the distribution of axial forces developed
in the reinforcement and shear forces trans-
mitted between the rock and the reinforcing ele-
ment, displacements are computed at each nodal
point along the axis of the reinforcement as
shown in Fig. 5. Out-of-balance forces at each
nodal point are computed from axial forces in
the reinforcement as well as shear forces con-
tributed through the grout annulus. Axial dis-
placements are computed based on integration of
the motion law.

Fig. 6 Assumed reinforcement element axial
behavior in global model (Note: Cable
elements consider tensile forces only.)

The shear behavior of the grout annulus is
represented as a spring slider system located at
nodal points using the force displacement rela-
tion shown in Fig. 7. The shear behavior of the
grout annulus during relative displacement
between the reinforcing/grout interface and the
grout/rock interface is described numerically by
the grout shear stiffness, Kbond.

. , .
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S Bond A similar expression is used for y-component
displacements. The weighting factors WV, W2,
W3 are computed from the position of the nodal

I point within the triangle as follows:
4 Ai SKbond /
-.

U V

D Displacement of Cable Relative
to Surrounding Material

i

WI - AIkT

where AT is the total area of the finite-
difference triangle, and

(5)

.1
P.

r.
a.

:1~

4.

-4

I..

Fig. 7 Force-displacement relation for grout
behavior in global reinforcement model

In computing the axial displacement of the
grout/rock interface, the following interpola-
tion scheme is used. Consider reinforcement
passing through a constant strain-finite differ-
ence triangle making up part of the intact rock
as shown in Fig. 8(a). The incremental x-com-
ponent of displacement (Aup) at the nodal point
is given by ~0

-di

Au 1p - W1Au~ 1 + W2AUx2 + W3Aux3 (4)

where Aux,, Aux2 , Aux3 are the incremental grid-
point displacements,
and

Ai is the area of the triangle in Fig.-
7(b).

Incremental x- and y-displacementx [Eq. (4)1 )
are used at each calculation step to determine M
the new reinforcing orientation. The axial com-
ponent of displacement of the grout/rock inter-
face is computed from the current reinforcing
segment orientation .

In the present formulation, the maximum
amount of shear stress in the grout annulus is
limited to a value T e The maximum shear
force, Sbond, per unit length is, therefore,
given by

-4

Sbond - v (di + 2t) rpeak (6) c

where di - bolt diameter,

d2- hole diameter, and a

t - annulus thickness - 1/2 0d2 - d).

Because an explicit formulation is used
throughout, more general grout shear constitu-
tive relations, including residual shear
strength, for the grout annulus are possible.

Forces generated at the grout/rock interface
(FXPD Fyp) are distributed back to gridpoints
according to the same weighting factors used
previously-i.e.,

FXl ' WI Fxp

WV, W2, W3 are weighting factors.
1,

2 gridpoint i

constant strain
finite dif
ference
triangle

reinforcement nodal point

II

(a) typical reinforcing element passing through
a triangular zone 2

Fx2 - W2 7xp (7)

(b) areas used in determining weighting factors
used to compute displacement of grout/rock
interface

Fig. 8 Geometry of triangular finite difference
zone and transgressing reinforcement
used in global reinforcement formula-
tions

Fx3 W3 Fxp

where F 1. Fx2. and FX3 are forces applied to
the gri points.

VALIDATION AND EXAMPLES

Comparisons of the performance of the local
reinforcement formulation with results of in-
strumented laboratory-scale physical experiments
are reported in Lorig (1985). These comparisons
indicate that the model is capable of predicting
behavior which is consistent with physical per-
formance.
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Comparison Between Numerical and Physical Models
Simulating an Excavation in Regularlv-Jointed
Rock

Paul et al. (1986) report the results of a
series of physical model experiments to deter-
mine the response of a circular tunnel in a
jointed rock mass to a far-field surface pres-
sure. Figure 9 shows the reinforcement pattern
for half of one problem. The local reinforce-
ment model with MUDEC was used for this study.
Figures 10 and 11 show the displacement pattern
resulting from surface loading. Figure 12 shows
reasonable agreement between numerical and phys-
ical results.

cOTAT VE1XITY

0

l

4.

I.

Q.

1i.

-4

4..

4 .

U

I

I
I
I Fig. 11 Results of numerical analysis showing

displacement of block corners (Maximum
displacement is 125m at this stage.)
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Load
(MPo)Fig. 9 Problem geometry and boundary conditions

used in MUDEC comparative analysis of
University of Illinois block model test
JR1 (Each block is 11.24cm square.)

I - MIJEC
L Paul. et al.I

O 986)0.

541= d_ - _+ - - 4- t - _-- he__
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i
iI

I
I

I

Fig. 10 Results of MUDEC analysis showing
stepped nature of blocks resulting from
far-field surface loading

Fig. 12 Comparison of physical and numerical
results of surface pressure vs surface
displacement for University of Illinois
model test JRl

Pullout Test Using Global Reinforcement
Representation

In this example, a typical pullout test is
performed using the global reinforcement formu-
lation in FLAC. Analysis involved 4.5m-long re-
inforcement represented with 30 segments. The
rock was represented by a 5 by 20 square grid
(each zone was 0.25m on a side). Figure 13
shows the results; Fig. 14 shows the distribu-
tion of grout shear force for various pullout
load levels.

I
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Fig. 13 Load-displacement curve for pullout
test
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Fig. 16 Distribution of axial forces in
reinforcement for problem shown in
Fig. 15

Comparison of results obtained usinR local and
Distance from Collar

(5)
global reinforcement representations

Fig. 14 Development of grout shear force during
pullout test

Analysis of Near Surface Cavern in Weak and
Fractured Rock

This example illustrates the analysis of a
practical problem (see Johansson et al., 1988)
involving reinforcement logic in FLAC. Figure
15 shows the problem geometry and discretiza-
tion. Analysis involved three sequential steps
of excavation and support emplacement followed
by application for a surface surcharge. Analy-
ses (not shown) indicated that angled cables
alone were insufficient to prevent collapse.
Introduction of intermediate vertical bolts re-
sulted in a stable excavation, as shown in Fig.
16.

In this example, both local and global rein-
forcement representations were used in MUDEC in
the stability analysis of near-surface caverns
in jointed rock. Figure 17 shows that, without
support, one of the excavations is not stable.
Introduction of rock bolts results in stable ex-
cavations regardless of which formulation is
used. However, differences in axial forces de-
veloped in the reinforcement are noted as shown
in Figs. 18 and 19. The differences are under-
standable because of the basic differences in
reinforcement representation.
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(a) typical results of discontinuum analysis
showing principal stresses and shear dis-
placement on joints (Thick lines above left-
most cavern indicate large joint shear dis-
placement.)

| . .. ~. . . . . . . . . .
b . .. . . .. . . . . . . .. . . . .. . .

(b) gridpoint displacements for problem shown in
(a) (Large vertical displacements above
leftmost cavern indicate roof instability.)

Fig. 19 Axial forces at discontinuities deter-
mined using local reinforcement repre-
sentation

PARAMETER DETERMINATION

A fundamental consideration in all modeling
is the choice of input parameters. Because re-
inforcement is more "engineered" than the rock
mass, it may be possible to choose reinforcement
parameters with more certainty than the rock
mass parameters. The best source of input is,
of course, results from field testing. Results
of field testing can be used with the following
expressions and simple numerical experiments
such as the pullout test discussed previously to
arrive at a set of input parameters which repro-

, duce field results most closely.
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Axial Behavior

The following theoretical expression given
by Gerdeen et al. (1977) may be used to estimate
the axial stiffness, Ka, for fully-bonded rein-
forcement:

Fig. 17 MUDEC analysis of behavior of unsup-
ported excavations in jointed rock

[a ' m k dI (8)
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where k - [(1/2) Gg Eb/(d2/dl - 1)I1/2.

Comparisons with finite element analyses in
Gerdeen et al. (1977), as well as limited com-
parisons with laboratory data for this investi-
gation, indicate that Eq. (8) tends to slightly
overestimate axial stiffness.

The ultimate axial capacity of the rein-
forcement depends on a number of factors, in-
cluding strength of the reinforcing element,
bond strength, hole roughness, grout strength,
rock strength, and hole diameter. In the ab-
sence of results of physical tests, empirical
relations may be used to estimate the ultimate
anchorage strength Pult, where

Fig. 18 Distribution of axial forces determined
using global reinforcement representa-
tion

Pult ' speak I d2 L

where L - bond length, and

speak w rock/grout bond stress.

(9)
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Littlejohn and Bruce (1977) provide a ri
sonably thorough review of bond stress value
which have been recommended in practice. (
must be noted that the reported values are k
on an assumption of uniform bond distributic
Figure 14 indicates that this assumption is
accurate in all cases.)

The peak strength may also be estimated
(St. John and Van Dillen, 1983):

Tpeak ' tI QB

ta-

t .:t
)ased l
in.
not

I - second moment of area of the ri
forcement element, and

E,- Young's modulus of the grout.

Equation)(13) assumes that reinforcement
oriented perpendicular to a discontinuity and

as subject to shear displacement can be modeled as
a beam on an elastic foundation. Such a model
idealizes the problem bytassuming that the rein-

(10) forcement (represented by a beam) applies alcom-
pressive stress over a width dI to the grout an-
nulus (represented by an elastic foundation) and

i- ignores load transfer mechanisms-'around the re-
the mainder of the grout annulus. Nevertheless, Eq.

(13) gives a fair estimate of the reinforcement
l shear stiffness (Lorig, 1985).

1 I

where i is approximately one-half of the un
axial strength of the weaker of
rock and grout, and

QB is the quality of the bond between the
grout and rock (QB - 1 for perfect
bonding)

Numerical estimates for the parameter Kbond can
be derived from an equation describing the shear
stress at the grout/ rock interface (St. John
-nd Van Dillen, 1983):

I

*1

Empirical relations can be used to estimate
max

the maximum shear force, Fsb' for a reinforce-
ment element at various orientations with re-
spect to a transgressed discontinuity and direc-
tion of shear. For example, Bjurstrom (1974)
used the results of shear tests of ungrouted
reinforcement perpendicular to a discontinuity
in granite to develop the following expression:

a,

-4

14

.J

- (di/2+tj ln(l1+2t/di) (11) :V

* A max - 0.67 d1
2 ( 1b2c)

:,

(14)

where ub - axial displacement of the reinforce-
ment,

Ur - axial displacement of the grout/rock
interface,

14

a:
e

where Ob - yield strength of reinforcement, and

O.e uniaxial compressive-strength.of
rock.

5r.

*0
-4

Gg - grout shear modulus,

dl - bolt diameter,

d2 - hole diameter, and

t - annulus thickness - 1/2 (d2 - dl)

Consequently, the grout shear stiffness,
Kbond, is given by

2i G2
[bond 1-I

ln (1+2t/dl)

Shear (Dowel) Behavior

I

I
.. I

I
I
i

(12)

i

II
I

2-D/3-D Equivalence

Reducing 3-D problems with regularly-spaced
reinforcement to 2-D problems involves averaging
the reinforcement effect-in 3-D over the dis-
tance between the bolts. Donovan et al. (1984)
suggest that linear scaling of material proper-
ties is a simple and convenient way of distrib-
uting the discrete effect of reinforcement over
the 'distance .between bolts in a regularly-spaced
.pattern. Accordingly, a scaling factor (f), de-
'fined as the ratio of unit problem-width (W) to'
'reinforcing splcing (S) -perpendicular to the
plane of analysis-i.e. , f - W/S should be used
to scale-material properties Eb, Gg .and 'rpeak.
For example, if the reinforcing spacing, S, is 2
meters and the'unit problem width is 1 meter,
the material properties E, G and Tpeak should
all be reduced by a factor of 2

Failure at Grout/Reinforcing Interface
The shear stiffness, K., may be estimated

using the following expression from Gerdeen et
al (1977):

Ks W Eb I 03 (11

where p - (K/(4EbI)Ji,

K - 2Eg/(d2 /d1-1),

!
Failure of reinforcing systems does not al-

,3)- ;ways occur atithe grout/rock interface. Failure
may occur at the reinforcing/grout interface, as
is often true, for cable reinforcing' In such 1?
cases, the shear stress should be evaluated'at
this Interfacei' -This suggests that the expres-
slons1(d+2t) 6e'replaced.by (dl) ItoEqs, (6)
(11) and (12).1

-e.
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CLOSING REMARKS

Analytic expressions can be used to show that
the stiffness of most reinforcement systems is
significantly less than the surrounding rock
mass. One consequence of this is that rela-
tively large displacements are required to de-
velop appreciable forces in the reinforcement.
Any code which is restricted by its formulation
to small displacements will likely not be suc-
cessful in quantitative analysis of reinforce-
ment systems. Difficulties in modeling rein-
forcement in finite element codes, for example,

* have been detailed by Donovan et al. (1984) and
St. John and Van Dillen (1983).

Three explicit finite difference codes for
modeling two- and three-dimensional continuum

-I and discontinuum problems have been presented.
%. These codes are all capable of modeling large
v displacements. Incorporation of reinforcement
*~ formulations into these codes has overcome the

difficulties presented by other methods. In
terms of routine design application, the most
significant value of the models will eventually
be realized through study of various design op-
tions and site characteristics involving problem
geometry, rock mass properties, and emplaced re-

C inforcement.
-4

Work is continuing in further development of
these models, comparisons with laboratory and
field measurements, comparisons between two- and
three-dimensional analyses, comparisons of con-
tinuum and discontinuum analyses, and studies
involving the effects of pre-tensioning.
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