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TEMPERATURE LOGS IN PRODUCTION AND INJECTION WELLS

by J. Loeb and A. Poupon

INTRODUCTION

Both in production wells ond in injection wells relioble quontitative information ebout fluid
movements can be obtained with the Production Logging tools :

« Packer Flowmeter, to measure flow rates not exceeding ebout 2,000 barrels per day et bottom
hole conditions ; in the future the Packer Flowmeter will be equipped with fluid enclyzing

devices, to determine the opproximate proportions of oil, gos ond water in the flow,

- Continvous Flowmeter, for flow rates higher then cbout 1,000 barrels per day.

» Gradiomanometer, to measure the pressure grud:em, from which the average denslty of the fluids
in the well con be derived.

« Coliper to meosure hole diometers in the cose of barefoot completions,

- Cement Bond Tool to evaluate the quality of the cementation.

« Neutron Log, responding to the presence of gas in the formations end in the casing.

- High Resolution Thermometer.

All these tocls have smell diometers and con be lowered through tubing egainst well head pressures
of as much as 4,000 psi witheut eny interruption of the production or injection.

The Thermometeris of grect interest, becouse the tempercture profiles will pin-point gas entries,
usuclly shown by @ substenticl cocling effect due to gos exponsion, end will clso « end thisis
even more important « give information about possible fluid movements behind pipe (casing, liner,
or tubing).

There hove been clready severa! publications cbout temperature logs in production and injection
wells (see references) but in these the cose of vertical communication behind pipe is not consi-
dered.'Besides in the case of gas wells, the effect of the expansion of the gos es it flows vpwords
is not token into account ; consequently octual temperature profiles in gos wells do not alweys
have the shape predicted in these eurluer publications.
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THEORETICAL CONSIDERATIONS AND DERIVATIONS

- Mechanism of heat exchange -

It is essumed thot ot the time when the temperetures cre mecsured, production, or injection, is
under well stobilized conditions, and thot the tempereture remains constant ¢t cny given point

in the system considered (fluids, casing, formations).

Heat exchonge between the moving fluid ond the cosing is through forced convection in relation
with the foct thet tempercture equilibrium connot be attained since the fluid in contact with the
casing is continuously renewed. In the cose of @ stognent fluid heat exchange is through naturcl

convection,

The perometers involved ere :
A inside cross section of the casing
D inside diameter of the cesing-

V  velocity of the flvid

v specific volume of the fluid

p density of the fluid

specific heot of the fluid ot constant pressure
u  viscosity of the fluid

A ﬂfse;mcl conductivity of the fluid

k tl';e.rmal conductivity of the formation

g occelerction of grovity

T  temperature

e coefficient of heat exchange

p pressure

{units : MK S system)
Kilogrem clwoys designetes the vnitof maoss

square meters
meters
meters/ second

cubic meters per kilogram

kilogroms per cubic meter
kiloccleries per kilogram per ® C
kilograms second per square meter
kilocclories per meter per hourper ®* C
kilocaleries per meter per hour per ¢ C
8.8 meters per second per second
degrees Centigrade

kilocolories per square meterperhour
per*C

Pascal

G geothermal grodient, vertical distence over which meters

the temperature of the formotions varies by 1*
centigrode

The quentity of heat q (in kilocalories per squore meter per second) flowing across the casing
is proportiona! to the difference between the temperature T of the fluid end the temperature Tc

of the casing

q =c(T ~ Tc)

The quentity a is derived from the following dimensionless numbers :

R = p VD
v

the Reynolds number




- Coryg

the Prondtl number e
A/ 3600

the Biot (orNusselt)number B = %—q

a is given by empirical relationships

forliquids 1) B = .0225 R € P* 4
for goses 1B = .2R"8

Typical velues of a ronge from o few hundred to e few thousend kilecolories per square meter per
hour per degree centigrade.

Heot exchonge between the cosing ond the formation is through thermal conductivity, without
ony discontinvity of the temperatures.

It is cssumed thot there is no vertical heat transfer other than that due to vertical fluid movement.

- Enthalpic Balance -

Let z be the distance measured upward clong the oxis of the casing from some convenient refes
rence point. Considering ¢ small intervel between z ond z + Az, since the temperature does not
change with time, the quantity of energy corresponding to the variation of the temperature T of
the fluid with depth compensates the losses of heat across the cesing, the expansion of the
fluid (for goses) end the action of gravity.

For liquids :
2) AQ=°ApVCp-‘£:- Az

d

For gases :

3 sQ=-4apv i - v 2 4,
dz z

The action of gravity results in :

49—985 8
dz vy

this, corried intc 3), gives
- dT ]
5) aAQ = ApVCp(?; +-—y-)Az

where y = —’C-E— is ¢ length.

Finolly, between the cosing end the formations hect exchange is defined by o Neumonn problem:
knewing T end Te, the heat flux across the casing is known ; in addition the temperature of the
formotions Te (z) o1 o sufficient distance from the well is known. It is essumed here thot :

é) Te{zs) = To -l"Cxé—




In the cose of gas production, (methene), for V = 2 m/sec (ot a depth of 8,000 feet this would
correspond 1o ¢ doily production of the order of 30,000,000 cubic feet mecsured ot surface
conditions), we find :

JAV*B) 1800 merers
B
ond i_.(l.ii)_ 17¢ Centigrode
Y8

« Practical epplication of differential equaticns 8) and 9) -

In foct, these cre not linear differentic! equations, os the coefficients CP p ond adepend on
tempercture. It would be possible, through the use of electronic computers, to obtain accurate
solutions. However, this is not necessary, os the need is moinly for predicting the shapes of the
temperature profiles, particulorly ot levels where fluid is produced - or ebsorbed « by a formation.
Since, in oddition, the intervals of interest ore often foirly short, with temperature variations not
exceeding 10 or possibly 20° Centigrade, it is sufficient to consider the solution for constant
values of the coefficients corresponding to the usual proctical range of temperatures and pressures.
With these limitctions then, equations 8) and §) indicate that the temperature profile, for a constant
flow rate, is an exponential curve with an asymptote parallel to the gecthermal profile. In the case
of liquids, this asymptote is shifted horizontally (temperatures being plotted in abscissae, depths
in ordinctes) with respect to the geothermal profile by ¢ quantity.

L(1+8)

. .
1* Centigrede X G P

towards higher temperatures in the case of production, towards lower temperatures in the case
of injection. For the numerical exemple considered herecbove, and for G = 33 meters, this shift

AT would be :

1° Centigrade x '-‘é; ) = 1840/ 33 = 56° Centigrade

For the gas producing well the shift AT weuld be :

1o Centigrade X J(1+8) % - -5- = 38 C

.
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Computations mode for the case of a cylindrical pipe of infinite length lecd to o solution where
the temperature vories os a logarithmic function of the rodiol distonce to the oxis of the well ;
this is not compatible with the condition thet at ¢ sufficient distance T (r, z) be equal to Te (z).

On the contrary computations can be made without eny difficulty for the case of on elongated
ellipsoid of revolution and it is found that ot the equoter of the ellipsoid :

n & a-1)=7T-7

the quontity %‘i = B is c dimensionless number,
Case of liquids

Combining 2) ond 7), it is found that :

8) LU—;E’-% +T =T, ()

Where L = % X is a length

PR
B
Case of Goses

it is found that
9 LB L 4req @-iLE

yP
Where J = LX Sﬁp—v is @ length
wD «

Equctien 9) is very similerto 8) ; for ¢ given flow rcte the term J (1 + B) is constont ; this shows
Y
thot in the case of gas production, due to the cooling effect in relation with the exponsion of the

gos, the tempercture profile is the scme s would be observed for ¢ non compressible fluid but
with formction temperatures which would be lower by o fixed emount

oex 1048
Yp

Numerice! examples

Le D = .20m L = .05m
D

In cese of cil productien, for V = . 10m/second (opproximately 1700 borrels.per day), we find

L (L:—E) = 1840 meters
B
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RESULTS

Using the resultsofthe theoretical study, temperature profiles hove been determined for 6 number
of typical cases, so as to provide o sound basis for the interpretation of actual temperature logs.
In all cases considered hereafter it is assumed that the producing intervals (or the intervals
taking fluid) are very thin ; it is also cssumed thot the geothermal profile is a straight line
(TT* on oll the figures),

« A : Oil Production -
Al

One interval P is producing ; there is no vertical movement behind the casing, so that the oil
entering the casing is at the temperature given by the geothermal profile et the correspending depth.
Storting from bottom, the temperature curve follows the geothermal profile up 1o the point of oil
entry, Above this point, the curve is an exponential, with an csymptote AA® poralle!l to the
geothermal line : the horizontal distance AT between the geothermal line and the asymptote can

“be expressed as a function of the mass flow rate M and of the casing diameter D :

1 . .
AT =—€-(0M 2 D 8 +bM)

¢ ond b ore coefficients depending essentiolly on the physical chorecteristics of the fluid
produced, ond the thermal conductivity of the formations. .

In proctice the relctive values of coefficients o and b are such thatthe first term in the above
expression of AT is negligible os compared to the second one, ond cccordingly AT is procticolly
proportional to the weight of fluid produced per unit time ; the size of the cosing has very little
effect. The shepe of the curve, and the construction of the tangent ot any point E cre shown en
figure A ll : drow ENhorizontally, then NO vertically, OE is the tongent at E. At P the tangent
is vertical,

A2
Twe interv-cls, P, end P,, cre pr-oducing, with production rates M ) and M.‘. From bottom tc P2 the

1 2’
tempercture curve has the shope indicated on figure A - 1. At l:’2 there is on abrupt decrease of

temperature. The oil from Pl being ¢t temperature T, , the oil from F‘2 ot T2 (gecthermal profile),
the mixture of the two takes the temperature T given by :
The increased flow, cbove F’2 , ccuses ¢ displacement towerd the right of the asymptote ( see

figure A<2) ; the position of this second asymptote Ay A’y with respectto the geothermal profile

is given by :

AT 5%—(M‘+M2) .




A3

At depth S, oll the flow enters o tubing ; cbove S tempercture exchange between the flowing fluid
end the formotions is through noturel convection of the cil which is trepped in the annular space
between tubing and casing; the temperature curve remains exponenticl in shape, but es the coef-
ficient of the noturc! convection is considerobly smaller than thar corresponding to the forced
convection, the asymptote A2 A’ is much further to the right (figure A< 3).

A-4

The flow is through the ennuler space between tubing ond casing ; the fluid in the tubing does
not move : in this case, the temperature cbserved in the tubing will be practicolly the some as if
there were no tubing ; hence ot the level of the tubing shoe the curve will show no significent

chonge.

A-5

The flow is through the onnular space, and some fluid is lost ot depth F. The fluid loss couses
o shift towerd the left of the asymptote, hence the point of fluid loss will be shown by 6 chonge
of slope on the temperature curve, fig. A 5-1 ond A 5-2, Figure A 5-3 is for the case where no
fluid is produced ot the surfoce.

A—éh

Oil flows upwdrd from Pl ., between casing end formations, end enters the cosing of I”2 tthe

tempercture curve is proctically the scme os if the oil entered the cosing ot Pl « In this case the
tempercture profile shows the origin P, of the oil, whereos o flowmeter will indicate the point of

entry in the casing P2,

A.7

Oil flows downward from P, between the cosing ond formations end enters the casing ot P',
Below P'the curve follows the geothermal profile ; ot P’ there is on abrupt tempercture decrease ;
then the voriction of tempercture with depth follows c curve which has @ vertical tangent at the
level of P'. At P there is a change of slope. Above P the curve is as in case A-1 (Figure A-7),

A-8

As for A-7 there is o downwaerd flow behind cosing from P to P*, but there is clso oil preduction
ot P'. The curve is similorto thot of case A-7, however the temperature cnomely et P* is smaller
ond the tangent ot P' is no longer vertical (figure A+8).

A.9

There is no production ; oil flows downword from P into P', either inside the casing, or behind
the cesing ; due to the downward flow, the osymptote is 1o the left (side of lower temperatures)
of the geotherma! profile (figure A-9).




- B : Gos Production -

The gas expands es it escopes from the reservoir rock into the cesing ; this couses a substantial
cooling, and accordingly the gos when it enters the casing is at a lower temperature thon the
formation from which it comes. Besides, the gas es it moves upward continues to expand and
this expansion obsorbs heat. As in the case of oil production, the temperature profile is eon
exponentiel curve, but the cocling due to gas expansion couses ¢ shift toward the lower tempe-
ratures of both the asymptote and the parallel straight line from which the tongents to the tempe-
rature profile can be constructed (this « guide-line » is the geothermal profile in the case of cil
production). The horizontal distance A T between the ¢ guide-line » ond the asymptote is still
given by,

cs in the cose of cil ; however, gos and oil having different specific heats, the corresponding
coefficients are also different. The horizontal distonce by which the « guide-line » and the

asymptote are shifted toward the lower temperatures is given by _bc%ﬂ where g is the occeleration

of gravity (9.8 m/sec/sec) end Cp the specific heot of the gos ot constont pressure ; this is

proportional to AT end would be equal to aboutene third of A T in the case of methane. Four cases
only will be considered :

8-l

[

One interval P is producing ; there is no vertical movement behind the casing. The positions of
the « guide-line » ond of the asymptote depend on the production rate, cs seen here cbove.
Two coses are possible : if the permecbilities cre comperatively low, there is o feirly large
pressure drop between the reservoir and the casing, ond the gas when it enters the cosing is ot ¢
tempercture lower thon that corresponding to the « guide-line » : then the gas will first be heated
up by the formations ; the tangent will be vertical where the curve crosses the « guide-line » and
cbove this point the gas becomes colder due to the combined effects of heat exchange with the
formations ond gas expansion.. If the permeabilities cre relatively high, the pressure drop between
reservoir ond casing is small and the gos when it enters the casing is at ¢ temperature higher
thon that corresponding 1o the s guide-line » ; in this cose there is no worming up of the ges, ond
no reversal of the slope of the temperature profile. The two cases are shown on figure B- 1.

B-2

Two intervals R and P, are producing. To flow rates My end My + Mg correspond two sets of
guide lines and asymptrotes L) L', A} A’y ond Ly L'2,A2 A'2(figure B-2).

B-3

Gas escapes from the formation ot P, moves upward behind the casing and enters the ccsing at
P'. There js o cooling effect due to gas expansion at P, and probebly alse et P' ; both perts of
the temperature curve, between P and P’, ond cbove P, hove the some guide line ond the some
asymptote {figure B » 3),




B-4
Gos escopes from the formation ot P, moves downword behind the cosing end enters the cesing

at P', In this cose again there is gos expansion at P and ot P! but the temperature log shows on
cbrupt temperature veriation only at P* ; ot P there is ¢ chenge of slope, as shown on figure B4,

«C : Water Injection .

The temperature profiles ore again exponential curves. As the water flows downward the asymptote
AA' is on the low tempercture side of the geothermal line, ot & horizontal distance A T given by

C-1
One interval takes fluid. The shepe of the curve, and the construction of 1I1; tangents cre shown

on figure C-1, Where the curve crosses the geothermal line, the tangent is vertical.

C-2o0nd C-3

Bty

Two intervals Py and Py toke f.l.uid, ot moss flow rates Myond Mo .

Above Py the position of asymptote Ay A} corresponds to total flow rate My + Mo whereas
below Pl asymptote A2 A'2 is determined by flow rote M2' At the level of P] , there is ¢ chonge
of slope on the temperature curve. Cases C3 and C3 are similer ; however in case Co3 there is ¢
reversal of the curvature ot R . becouse the curve overshoots asymptote Ag A’ (case C-3 is
similor to case A 5-1, while C-2 is similer to A 5-2).

-.D : Gas l-nieefion

As the gos flows downward, its pressure increases ; the compression produces hect. As ¢ result
the guide-line and the esymptote cre shifted to the right., that is towerd higher temperatures, by

bM

on amount proportiona! to the mass flow rate, and equal to about one third of AT == C °

As in the cose of gas production, o voriation of the flow rate will produce o corresponding horie
zontal displacement of both the asymptote and the guide-line. Cases Dy Do D3 ore very similer

to coses C) C2 C3.
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FIELD EXAMPLES

Exemple 1

This is an unusual case : nevertheless, this temperature profile is thought to be of great interest,
as it is o striking illustration of the ability of temperature logs to give information about fluid
movements behind pipe.

In this well @ 7" casing was run down to 1300 meters. Some 20 hours after the cementation, the
well storted blowing cil and gas from the ennular space between the surfoce pipe and the 7"
casing. A temperature log was recorded o few days later in the 7" cosing. From the bottom to
825 m, the curve is practically ¢ straight line and the temperatures probably do not depart signi-
ficontly from the geothermal profile, indicating that there is no fluid movement below 825 m.
Between about 825 m ond 660 m the temperature curve presents several anomalies in relation
with the blow ocut ; ot 820 m the production is probably cil ; at 750 m the large ccld cnomaly
clearly indicttes gas production ; there is also gas production et about 725 m and 675 m. There
is production also ot 785 m but it is not toc certain whether it is oil (probably); or gas. The very
smooth shape of the curve indicates that the formations above 650 m were not producing.

The hydrocarbon bearing permecble formations, as determined from the open-hole electric logs,
are shown on the figure ; there cre other hydrocarbon bearing permeakle formations, below 1100 m,

After this temperciure survey, perforations were mode ot 800 meters and the upper part of the 7"
cesing was successfully cemented.

Exemple 2

At the time of the survey this well was preducing 1660 barrels per doy of cil with ¢ Gas Oil Ratio
of 1050 (the solution GOR was about 400) and a water cut of 147%.

The reservoir is a 150 foot limestone and dolomite, the structure is very flat. There is ¢ gasecop
ond the gas-cil contact is at @ fairly short vertical distance - less than 100 feet - cbove the
upper perforations, but the well is at a large horizontcl distance from the edge of the gas cap.

Two intervals, A and B, are perforcted. According to the Flowmeter ond Gradiomenometer logs,
interval A contributes very little to the total production. The Gradiomoncmeter indicates o large
gas entry opposite the lower half of intervel B.

The temperature log recorded in the flowing well gives large celd enomclies not only cpposite
interval B but clso near the bottom of intervel A ; the only possible explonation seems to be
that o sizeable quontity of gos was being produced ot that depth ; for some reason, this gos was
not entering the casing through perforations A, but through perforations B.

That 1hi; was possible wos confirmed by ¢ cement bond log (Through Tubing CBT-B tool) which
indicated o very poor bond between A ond B ; itolso indicated o very good bond below interval A.

The information given by the logs about the origin, or the point (s) of entry of the water produced,
is not as cleer. However the two temperature Jlogs, made during production ond with the well
shutein, show no significent departure below interval A from the expected geothermal profile other
then a normal downward spreading of the cold enomely due to the lower gas entry ; accordingly,
it seems that no water was channeling up behind casing from below interval A ; this is confirmed
by the good bond indication given by the CBT-B log (not shown).




The temperature log in the producing well covered on intervol of only 100' cbove B ond, s ¢
consequence, it does not seem possible to reach o definite conclusion ocbout the possibility of
the woter coming from higher up.

Example 3

This example correspond to o woter injection well. The well hes ¢ 51/2" casing, perforated for
water injection at 3,220-3,270.

The firsy temperature survey {dashed curve) wos recorded cfter the well hod been shut-in severel
hours. Then injection wes resumed, ot o rote of cbout B0O borrels per doy, end onother temperature
survey (solid curve) was mode after 20 hours. The opproximate geothermal profile is clso shown
on the figure.

Looking ot the temperatures recorded during injection, we see thot the water is injected et ©
temperature in excess of 110° F_ The woter being ot 8 much higher temperature than the formations
near surface, the formations cool down the water. At cbout 1,200 feet the water (solid curve)and
the formations (geothermal profile) are of the some tempercture; Then below 1,200, the formations,
being ot ¢ higher tempercture, worm up the water. At about 3,270° there is an cbrupt temperoture
increose ond the tempercture measured ot the bottom of the well is approximotely thet of the
geothermal profile. This confirms thot no water is flowing downward past 3,270°,

Locking now ot the dashed curve, we see that when injection stops, the temperctures in the flvid
column chonge ropidly and tend to become equal to the temperature of the formations® (gecthermal
profile). There is o striking exception, however ; opposite the perforations, in spite of the foct
thot the tempercture recorded is some 22° F lower thon the tempercture of the geothermal profile,
the change is much smaller. At thet depth it“would take many doys to establish temperature
equilibrium, and reach o temperature equel to that of the geothermal profile.

This cen be exploined os follows. At 3,000', for excmple, the water flowing downward being
colder than the formations cools down the formotions, but only to ¢ short distance from the cosing
because the thermal conductivity of the formations is low ; when injection is stopped the formations
ropidly warm up the water in the cosing. At the level of the perforctions, the weater flows into
the formations end lowers the tempercture of the formations to a considercble distence (depending
not on thermal conductivity, this time, but mostly on flow rote ond porosity) ; eccordingly e long
time is needed to warm up to equilibrium tempercture the formatiens and the fluid in casing.
Of course, neor the bottom, where the temperotures hove never been disturbed by the injection,
there is no significont temperature difference between the solid and the dashed curves.

The two temperature curves then cleorly show thot the woter wos going into the formations ot
3220-3270, as expected, yet ¢ continuous flowmeter indicated that the cosing wos lecking ot
cbout 600", ond that no water was flowing downward inside the casing below that depth. This meons
then that, in spite of the casing foilure, the woter wos reaching the right formations, flewing

downward behind the casing below 600°.

It seems that cll the water leaving the casing at sbout 600' wos reaching the formations at
3220'.3270' . Any other formation toking woter would have been indicated by an cpprecicble
chonge of the slope of the temperature profile, gnd clso by e much slower rate of veriction of
tempercture cfter injection is stopped, os observed et 3220-3270.

As expected from the theoretical study, the tempercture log does not show any significant ance
maly at the depth of the casing leck.



Example 4

This corresponds to cnother woter injection well in the some field. The 5§ 1/2' casing has
several perforated intervals between 3260° ond 3300°.

The sclid curve was recorded during injection, with an injection rate of about 800 barrels per doy.
Then the injection was stopped and, ofter 13 hours, the dashed curve was recorded. The epproxi-
mote geothermal profile is afso shown.

Below obout 1400° the doshed curve ond the solid curve are identicel and remain very close to
the expected geothermal profile ond both curves hove ¢ fairly constont slope about equel to that
of the expected geothermal profile. These three features indicate that no water at all had recched
thot depth of ebout 1400°. A continuous flowmeter, mede o few days loter, showed that cll of the
injected water was leaving the casing at 180'.

Where was the water going ? Above about 330° the temperature chonges rapidly when injection
stops ; this, os already explcined, indicates that the tempercture disturbance affects cnly ¢
small volume of formations close to the casing ; the formations cbove 330' probebly were not
taking water,

The abrupt change of slope ot about 1,200-1,250° of the tempercture curve recorded during injection
moy well correspond to the lowest formations tcking water ; between 800' and 1,250°, the two
temperature curves do not differ much but, as already explained, the temperctures are expected
to change slowly epposite formations toking water,

The water, then, is probcbly going into formations located between cbout 400° and 1250°. it does
not seem possible to carry the interpretation further without seme cdditionel information : depths
of permeable formations (these would be given by the open hole electrical logs) and geothermal

profile.

The fact that the temperature profile recorded during injection does not look quite es would be
expected from the theoretical considerations has several possible explanations :

- the tempercture of the water injected probably is not censtent

- there is a second string of casing, of larger diometer, down to-about 800" ; thus it would be
possible for example to have o downwerd flow in the ennular spoce between the two casings

and an upward flow behind the lorger casing.

In ony cose, the Temperature log very clecrly shows that the water does not recch the right
formation ond that it goes somewhere between about 400" and 1250' .

CONCLUSIONS

The theoretical curves of figures A, B, C and D show what kind of information temperature logs
con be expected to give in production wells ond in injection wells ; with the help of the other
production logs, as explained for example in case A-6, it should be possible to detect verticol
fluid movements of any significance behind pipe. The thecretical derivations are very well
confirmed by the actucl tempercture profiles. Besides both the theoretica! figures (A 5-3 for
excmple) and the ectual logs show that better information is obtained if the temperature logs are
recorded not only during stabilized production or injection, but also ofter a shut-in period of

several hours.
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NONSTEADY FLOW TO A WELL
IN AN INFINITE ANISOTROPIC AQUIFER

Istavros S. PAPADOPULOS (%)
U.S. Geological Survey, Washington, D.C.

ARSTRACT

Well flow equaticns presently used in the analysis of pumping tests and the
prediction of water levels have been derived under the assumption that aquifers are
1sotropic. These existing equations are not applicable to anisotropic aquifers such as
fractured rocks.

In this paper, an equation is derived for the drawdown distribution around a
well discharging at & constant rate from an infinite anisotropic aquifer. Drawdowns
computed by this equation are compared and found to be in good agreement with
those observed in an electric-analog model constructed for this purposs. It is shown
that pumping test datz from & minimum of three observation wells can be anaiyvzed
to obtain the components of the transmissibility tensor along an arbitrarily chosen set
of axes, and that these components, in turn, can be used to determine the principal
transmissibilities and the orientaticn of the principal axes. The method is illustrated
with an example.

Résumé
Ecoulement irrégulier en direction d'un puits dans une nappe anisotrope illimitée

Les équations d'écoulement des puits actuellement utilisées pour P"analyse des
tests de pompage et les prévisions des niveaux d'eau ont é1é éwablies sur le postulat
que_les zquiféres sont isotropes. Ces équations ne peuvent étre appliquées aux
aquiferes anisotropes que sont les roches fissurées. .

L auteur de cet arnticle éablit une équation donnant Ja répaniition du rabattement
de 1a nappe sutour d'un puits su débit constant, foré dans une nappe taisotrope
illimitée. Si 'on compare les rabattements calculés d'aprés cette équation 4 ceux que
I'on observe sur un modéle électrique analogique construit & cette intention, on
constate que les uns et les sutres concordent. L suteur montre sussi qu'en analysant
les données des tests de pompage effectués sur un minimum de trois puils d'obser-
vation, on peut oblenir les composants du tenseur de transmissivité pour un ensemble
d’axes arbitrairement choisis. Ces composants peuvent eux-mémes &tre utilisés pour
déterminer les transmissivités principaies et I'orientation des axes principaux.
L2 méthode est illustrée par un exemple.

INTRODUCTION

Equations presently used in analyses of pumping tests and predictions of water
levels have been derived under the assumption that the aquifers are isotropic. These
existing equations are not applicable 1o anisotropic aquifers such as some fractured
rocks in which joint patterns cause variations of the permeability in different directions.

This paper derives an equatioa for the nonsteady drawdown disiribution around
& well discharging at 2 constant rate from an homogeneous anisotropic aquifer of
infinite areal extent.

The flow of ground water in aquifers follows Darcy’s law which states that the
velocity is proportional to the negative gradiest of ibe hydraulic head. In vestorial
form this can be written as

P = —Kgrad k

where ¥ is the velocity vector, the constant of proportionality X the permeability
{bydraulic eonductivity) of the aguifer, and & the hydraulic head,

(1) Present address: Dept. of Geol. and Geophys., Uziv. of Mingesota, Minnea-
polis, Ming.
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In anisotropic aquifers the velocily vector and the hydraulic gradient vector are
generally not parallel. The constant of proportionality X is then 2 symmetric tensor
of the tecond rank (Ferrandon, 1938; Scheidegger, 1954; Liakopoulos, 1962}, usually
referred 1o as the “permeability tensor™, which transforms the components of the
hydraulic gradient into those of the velocity. The velocity and the hydraulic gradient
have the same direction only slong one of three orthogonal axes called the * principal
axes ™ of the permeability tensor. The anisotropy of 2n aquifer can be defined by the
orientation of the principal axes and the magnitudes of the components of permeability
along them.

For the two-dimensional flow problem treated in this paper use of the “trans-
missibility tensor”™ T, which is the product of the two-dimensional permeability tensor
and the thickness of the squifer, is convenient. In matrix notation the two-dimensional
symmetric transmissibility tensor can be written as

sz T:y
T =
Tn Tn
where x and y are an arbitrary set of orthogona! axes. For the principal axes £ and n
the above equation reduces to

T O

T =

0T,

Tee and Tyy being the maximum and minimum transmissibilities, respectively.

ANALYSIS

The distribution of drawdown around & well of constant discharge which fully
penetrates an infinite anisotropic artesian aquifer is described by the following boundary
value problem

T,.i—’+27:,. : T,,f-—iw&(x)ao')-ﬂ W
ox? Cxay oy at

s(x,5,0) =0 @

s(£®,y,0) =0 G)

s(x, £0,1) =0 ‘ 4

where s is the drawdown, Tesz, Tyy and Tgp the components of the transmissibility
tensor, S the storage coefficient, Q the discharge of the well, 4 the Dirac delta function,
x and y the coordinates of an arbitrary set of orthogonal axes with origin at the well,
and ¢ the time since the flow started,

The theory of integra! transforms is used in solving the problem. By using the

Laplace transformation with respect to ¢ and initial condition 2 the problem cas be.

expressed as
1. 838 4o &8 +2 25(:)80) = Sp¢ )
=oxt Cmasy a ‘
!(:': ©, y, p) = 0 ()
#(x, £c0,p) =0 {7

where s is the Laplace tra
Application of the compiea
results in

w2 = 2i

where w is the transform ol
Transforming once more th
¥ yields an explicit expressi

¢

-
2 W —

2=

where 2 is the transform of

Equation 10 is obtainec
are made. Consequently, 1l
convenience. Taking first tk

Q@ exp {(ip=T
2/2x

Then, taking the inverse L
results in

L= }=

elnf,yf,,
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x) §(y) = Spi )

©
Q)

where s is the Laplace transform of s, and p the parameter of the transformation
Application of the complex Fourier transform with respect 1o x to the above equations
results in

ew *w

- Tt = 20T, 2+ T, =5 + Loy =Spw ()
y

-3_}3 2rp
w(z, t,p) =0 ®

where w is the transform of 5, « the parameter of the transformation and / = 4/ =1,
Transforming once more through use of the complex Fourier trans{orm with respect to
» yields an explicit expression for the transform of the solution

= _g.. l
2zp T 2*+2T,,2B+T, B> +Sp
where z is the transform of w and § the parameter of the transformation.
Equation 10 is obtained irrespective of the order that the three transformations

are made. Consequently, the .order of inversion is irrelevant and can be chosen for
convenience. Taking first the inverse Fourier transform with respect to y, one obtaing

Q  exp {(iyaTy— Iyl (T Ty~ T + ST, 01T, )
2m P [(TuTn-ni)az + STnp]*

‘Then, taking tbe inverse Laplace transform through use of the convolutioa integral
results in

gy 2 QST (T YIS (TuT,-Thelldr .,
L™ e} 23T, Jo Pl 4T ST, =+ (12

where L~} denotes the inverse Laplace transform of «. finally, taking the inverse
Fourier transform with respect to x, and after some mathematical manipulation we
obuaio the forma! sofution

(10)

0 =

§8)

2 W) '
= . 13
RPN )

where W(u) is the negative exponentia! integral, known in the field of hydrology as
the “well function”, defined as

W) = f ‘-;-'. &

and in which

S Ty’ + Tpx!=2T,xy
[y A 14
AT ( T..T,~-T2 14

If the coordinate axes x and y coincide with the principal axes 4 and % of the
transmissibility wensor, equation 13 reduces to

-—2 _ w (13)
* 43 T T, e
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where Ter and Tyg are the “principal transmissibilities™ and
b 2
Uy, = —S~ Lﬂ_ﬂﬂc_ . (16)
4 Tt To

Equation 15 is similar to one given by Collins [1961).
For small values of its argument, that is for ¥ < 0.02, the well function appearing
in equations 13 and 15 can be closely approximated [Cooper and Jacob, 194€] by

2.25
W(u) = —.5772 - log, v = 2.303 log,oT
u

Substituting this zpproximation in equations 13 and 1S one obtzins solutions for
relatively large values of time as

2.303Q 2.251 ( T,.T,— T2 )]
$§ W —— ]og _f,( I zp (17)
AT, T,-T2 w[ 5 \Ty+ L =2Txy
for an arbitrary set of axes, and
2.303Q [2.25: ( T T,, )]
s = ——log g (18).
4ndTT,, L S \Tl+T,&

for the principal axes.

As an examination of the drawdown equations indicates, for 2 given time, lines
of equal drawdown zround a well pumping from &1 anisotropic aquifer have the form
of concentric ellipses (fig. 1) with transverse axes slong the maximum transmissibility
axis £ and conjugate axes along the minimum traasmissibility axis .

n, DATA: Tﬂtlzcm'/u: Tyyt3cm?/sec
$20.0001 Q=S.46liters/sec
t=400hrs

Fig. 1
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ANALOG MODEL RESULTS

The analytical solution obtained in the previous pages was verified by an electric
analog model consisting of & rectangular resistance-capacitance network. The model
was designed for an aquifer having principal wransmissibilities Tgg and Tppof 37 cm®sec,
and 11 cm¥sec and 2 storage coefficient of 0.048. The well discharged at a rate of
€.67 liters/scc. A node spacing corresponding to 2 50 meter orthogonal grid was chosen.
One quadrant of the infinite space bounded by the & and n axes was modeled. To
similate an infinite aquifer the model was extended in both directions beyond the
limits that would be reached by the effect of pumping within the period of measurement.

EXPLANATION
20} 0.0 0.9 0.0 . . . |(em)
0.9 00 00 0.8 Measured drowdown

¢ Node point
0.1 0.1 0.1 0.0 0.0 0.0
2000 = o . [ - e .
o1 01 0o 00 o0 0 0.9 Computed drewdown

0.9 os 0.5 0.3 0.2 0.1 0.0
0.7 06 0s 03 o 0./ 00

B (metons)

100 b= 49 42 28 1.4 0.7 0.3 0.1 0.0

50 L2 Jo 12 0s 03 0.1 00

| 24..0 17.0 9.6 48 2..2 0.8 0.3 0.1

50 .
260 210 120 32 24 09 03 0.1

Wfll 50;0 23-.0 9‘;5 4.2 15 0.4 0.1 0.0

[ - - - -
530 20 93 36 1.2 o4 0/ 00
1 i ! | I 1 g | 14
¢ 50 160 150 {11 150 300 58 430
¢ laswan)
Fig. 2

Measured and computed drawdowns st each node peint, for 105 seccads of
pumping, ere shown on figure 2. Variation of the computed and observed drawdown
with time 2t § = 100 meters and = 100 meters is shown on figure 3. The curve
representing the observed drawdown was traced from & photograph of the oscilloscope
screen. The measured and computed values in the two figures egree closely, the slight
differences being due to instrumental error.

APPLICATION TO PUMPING TESTS

The use of analytical solutions in Quantitative bydrelogic studies requires that
the transmissibility and storage coeflicient of the aquifers be determined or estimated
by some means. These formation constants are usually determined from analyses of
pumping tests, which consist of relating observed drawdowns to theoretical drawdown
equations for the flow system under coasideration. For anisotropic aquifers the
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appropriate theoretical equations are equations 13 or 17 if the principal axes are not
known, and cquations 13 or 18 if the principal axes are known. The method of analysis
is essentially the “type-curve™ or, if applicable, the “straight-line™ method, both of
which are well known to hydrologists from their use in the analyses of tests of
isotropic aquifers. The observed drawdown s is plotted against time ¢ or reciprocal
of time 1/t for each observation well. Because of the absence of radial symmetry, the
composite drawdown graph (s sgainst #2/r, where £ is the radial distance) and the
distance-drawdown (s against ) plots which are used in tesis of isotropic agquifers,

[
“'\\
. N
< N
s N
€ N\
3 ! <
H N
-
\
-3 \
S N
r 3 —A
- \
e === Observed \\
—— Computed \
. N
H

0 2xi0* 4x10* 6x10* gx10* 10% 21108
TIME ¢(sec)

Fig. 3

cannot be used in tests of anisotropic aquifers. Also, since there are four constants to
be determined (the three transmissibility components Tez, Tyy and Tey and the storage

. coefficient $) 2 minimum of three observation wells at different distasces and differeat
directions from the pumping well are necessary.

Both the type-curve and the straight-line methods of analysis for anisotropic
aquifers are outlined below for the case where only three observaticn wells exist and
the directions of the principal axes are not known. When data from more than three
observation wells are available the same approach can be used by grouping them isto
s2ts of three.

Type-curve method

1. Choose & convenient rectangular coordinate system with the origia at the
pumping well and record the x and y coordinates of each observation well.

26
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2. From tables of the well function H’(x) [Wenzel, 1942] prepare a type curve of
W(ury) against uyy on logarithmic paper. The curve so obtained is known as the
type curve.

1. Plot observed values of the drawdown s against reciprocal time 1/t for eachof
the three observation wells on logarithmic paper 10 the same scale as the type curve.

4. Superpose the observed data plot on the type curve and, keeping the coordinate
axes of the two plots parallel, find, for each well, the best fit of the data on the tyvpe
curve. Choose & match point for each well and record the dual coordinates K'(ugy:,
s, ugy and 1/r of each maich point.

5. Substitute the values of ¥(vzy) and s from each match point into equation 13
and solve for (TseTyy—Tsly)- All three match points should yield the same, or
approximately the same, value for (TxTyy—T2Y). If they do not, judgement must
be used to obtain an “sverage”™ value.

6. Substitute the values of usy and 1/t from each maich point and the value of
(TeaTyy—Tsy) obtained in step S into equation 14 and, using the coordinates of the
observation well corresponding to each match point, solve the resulting three equations
for the Pmdm ST::. Srn and er,-

7. Solve these products (or Tz, Tyy 823 Tay in terms of $ and, substituting these
into the expression (Tz:Tyy—T2?y) whose value is known from step S, obtain S.

8. Having found §, calculate Tys, Tyy 202 Tyy from the products oblained in step 6.

Sraight-line method

The straight-line method of analysis can be used oply if all or the latuer part ot
the observed drawdown data for all three observation wells falls within the range of
time for which equation 17 is applicable.

1. Same as step | of type-curve method.

2. Plot observed values of drawdown 2 in each observation well against time ¢
on semilogarithmic paper with ¢ on the logarithmic scale. If the latter data plot as a

" straight line equation 17 probably applies.

3. For each well draw & straight line through those points that plot as a straight
line. An examination of equation 17 shows that this straight line bas 2 slope (ds per

log cycle) givea-by
4s - 23030

— (19)
cycle  4xV7T,T,,-T3
and & r-intercept 2o given by
-5 (I,_,_,y’ +T, x1-2 T,,.xy) (20)
2.25 Ty~ T,’, ’ -

4. Find the intercept £o 2nd the slope ds/cycle of each line. All three lines should
have the same, or approximately the same, slope. If differences exist obtain an
average value.

$. Substitute the slope in equation 19 and calculate (TzzTyy — Ti2y).

6. Substitute the intercept Zo of each line and the value of (T Ty ¥y — Tay) obtained
ia step § into equation 20 and, using the coordinates of the obscrvation well corre-
sponding to each intercept, scive the resulting three equations for the products $7zs,
S T" and ST, ¥ .

7. Follow the same procedure as in steps 7 and 8 of the type curve method to
calculate S. T;g. T" and rg'- ’
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"+ Afier the components Tes, Tyy and Tey of the tnns:qiss@bilily tensor are gt_mincd
from the type<curve or the straight-line method, the principal tr.ansmlsnbxhn.es Tes
and Tpy and the orientation of the principal axes can be dcle.rmmfd by making use
of tensor properies. The foliowing relations, obtained from the invariants and the rules
of transformation of 1ensors, apply for all symmetric tens. :s of the second rank:

. Tee = 1 {{Tu+ T,) + (T -T,) + 4T} Q@n
TQ! - !‘ {l 1;1+ 1.]:) - ((Ttx_ 1"’): +4 7;2,]*} (22)
@ = arctan (—1:‘1:1'4) (23)

where @ is the angie between the x and the § axis, positive in & counterclockwise
direction from the x-axis, and restricted for convenience 10 the interval 0€ 8§ < x.

JLLUSTRATIVE EXAMPLE

A 12-hour pumping test was conducted 10 determine the hydraulic propenies of
an anisotropic aquifer. The well PH’ was pumped at a rate of 12.57 liters/sec. and the
drawdown was observed at three observatios wells O#-1, OW-2 and O3 located
as shown on figure 4. The drawdown data are given on table 1. The problem is to
find the siorage coefficient and principa! transmissibilities of the aquifer and the
direction of the principal axes. .

Y
l-9.0m~c|> ow-2

Lo 33.5m
-“.;.’,;7 L
PW ow-1 x
T - j’ >
5.2m 28.3m 4

Loow-3

[ 19.3m

Fig. 4
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]
NN
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(1,),20.24 \‘
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g -
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2
4
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) 2 3
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From equation 19 w

(TxxTn - Txl; =
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r4T2)H) @
4T @2
(23)

‘tive in & counterclockwise
1o the interval 0 0 < =,

the hydraulic properties of
: of 12.57 liters/sec. and the
, O1~-2 and OW-.3 located
table 1. The problem is to
es of the aquifer and the

N

Solution

The coordinate sxes are chosen with the x-axis passing through OW-] and the
coordinates of the observation wells are determined as

OW/|l-x= 283m;y= 0
OW/f2- x= 90m;y= 335m (249)
OWfl- x = ~-193m; y= - 52 m

\4"\ \ : QW:I
| .,,l\ TR

(10,2037 N
\:;;\
ﬁslixs \Q\
. 1.,:}\:

DIAWDOWN s ineten)

B/

J 2 3 ) H 5 10 0 s0 100 200 500 1000
TIKE ¢ {minwtes)

Fig. $

A semilogarithmic plot of the data (fig. ) shows that the straightline method of
antlysis is applicable. The slope of the lines drawn through the latter part of the data
is the same for all three lines and has the value of 1.15 meters per log cycle. The
- t-intercepts are: .

(1), = 0.37 min.
(tg)z = (.72 min. (25)
(‘o), = 0.24 min-

From equation 19 we obtain

. 2
2.303 x 12.57 hters.lsec. = 4%10°¢ m*/sec ?
z % 1.15 m x 1000 liter/m?

(TuT,=T2) -=|:4
@6)
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Substituting from (24), (25) and (26) into equation 20 we find

(28.3) ST,, = 2.00x 10™* m*/sec.
(33.5)* ST, + (9.0) ST,, - 2(33.5)(9.0) ST,, = 3.89 x 10~* mn*/sec.
(5.2)* ST, + (19.3)* ST,, — 2(5.2) (19.3) ST, = 1.39 x 10™* m*/sec.

Solving these three equations simultancously we obiain

25x10"7

T, = m?/sec.

2.5%x10"7
T, = — m?/sec. an

_1.5x1077
s

T, = m?/sec.

Substituting from (27) into (26) gives

6.25x 1074 ~-2.25x 10~ !¢

5 = 4x10"¢

ar

S =10"* (28)
Finally, by substituting from (28) ioto (27) we have
T, = 2.5%1073 m?jsec. = 25 cm?/sec.
T, = 25x1072 m¥/sec. = 25 cm?[sec.
T, = —1.5x107° m?/sec. = —15 cm?[sec.

With the components of the trznsmissibility tensor now known, the principal
transmissivilities are obtzined from equation 21 and 22 as

o = ¥ {(25+25) + [4x(—15)"13} = 40 cm?fsec.
T,, = § {(25+25) = [4 x(—15)*]#} = 10 cm?/sce.

The angle & betwees x and F axis is found from equation 23 to be

¢ = arctan [40_25]

= arctan (—1)
= 1350
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3¢C.
3.89 x 1074 m*/sec.
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TABLE 1

Drawdown data from obsercations well OW-1, O -2, and OW.2

Time ¢ since pumping Drawdown s {(meters)
started minutes) ow-1 ow-2 Oow.3
0.5 0.338 0.153 0.492
1 0.591 0.343 0.762
2 09it 0.6t 1.089
) 1.082 0.762 1.284
4 1.218 0911 1.419
6 1.408 1.089 1.609
| 1.549 1.228 1.757
10 §.65) 1.329 1.853
15 1.853 1.5 .07
20 2.019 1.677 2.210
30 2.20) 1.853 2.416
40 234 2.019 2.558
50 2.450 2.123 2670
60 2.541 2.210 2.750
90 2.750 2416 2.963
12 2901 2.558 L.us
150 2.998 2670 J.218
180 3.075 2.750 3.310
240 3.238 2.901 1.455
Joo 3.381 2.998 3.565
360 3.438 kN1 3.649
480 3.587 3.2497 3.%02
720 3.784 3.455 1.996
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