Department of Energy
Washington, DC 20585

SEP 141992

Mr. Joseph J. Holonich, Director
Repository Licensing & Quality Assurance
Project Directorate
Division of High-Level Waste Management
Office of Nuclear Material Safety
and Safeguards
U.S. Nuclear Regulatory Commission
Washington, D.C. 20555

Dear Mr. Holonich:

The U.S. Nuclear Regulatory Commission (NRC) offered Phase I
review comments on Study Plan 8.3.1.2.3.1, "Characterization of
the Site Saturated Zone Ground Water Flow System," on December 6,
1991 (enclosure 1). Activities 1-6 are the responsibility of the
U.S. Geological Survey (USGS), and Los Alamos National Laboratory
is responsible for Activity 7. Several concerns were raised in
NRC's letter. In responding to these concerns, the U.S.
Department of Energy's (DOE) response to NRC's Phase I review
comments on Study Plan 8.3.1.14.2, "Studies to Provide Soil and
Rock Properties for Potential Locations of Surface Facilities,"
should also be consulted.

The first concern pertained to technical procedures in general.
The NRC has asked for a schedule as to availability of technical
procedures needed for conduct of the work and that the procedures
themselves be supplied upon availability. The DOE does not
maintain a schedule as to availability of these procedures and
only requires that technical procedures be in place prior to
beginning work. Verification that technical procedures are
available takes place during the preparation of job packages
under Yucca Mountain Site Characterization Project Office (YMPO)
Administrative Procedure (AP) 5.21Q, Field Work Activation. If
it was NRC's intent to request specific technical procedures,
please make a specific request through the on-site representative
(OR) by having the OR request them from YMPO.

Another concern was the potential test-to-test interference in
the C-holes cluster and the availability of a graphic showing how
this study intends to pass information to other studies requiring
it, or receive information from other studies supplying it.

With respect to test-to-test interferences, the study plan's
discussion of test-to-test interferences is not exhaustive, nor
is it meant to be. Detailed consideration of test-to-test
interferences, for specific tests at specific locations, are
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dealt with under AP 5.32, Test Planning and Implementation
Requirements. The planning package resulting from this process
includes details on interferences that is explicit to the
operational test program to be performed. Interference among
tests is not anticipated to be a major problem that would impact
schedules. Past experience at the C-wells complex indicates that
after a typical hydraulic test, the pressures return to pretest
conditions within hours to days. The large scale hydraulic tests
certainly take longer, but the time frame would be days to weeks
rather than months to years. To minimize interference among
tracer tests, a suite of tracers rather than a single tracer
would be used. Ideally, each test would use a separate tracer.
Even if some tracer remains from an early test, the breakthrough
curve for a later test using the same tracer would still be .
distinguishable from the background concentration caused by the
early test.

With respect to a schedule with test start/duration information,
in general the exact type, start date, or duration of tests at
multiple-well sites cannot be determined a priori. The testing
follows a methods-development sequencing, where a few tests will
be run at first. The results will be analyzed and a decision
made as to whether or not to run more tests, modify the testing
procedure, adopt a different type of test, or that adequate and
sufficient data has been acquired. 8Site Characterization Plan
(SCP) Section 8.3.1.2.4 (page 8.3.1.2-445) identified the logical
relationships between the various studies comprising the SCP's
geohydrology program. Although the real-time dates indicated in
the schedule section are now obsolete, the feeds from, and to,
other studies preserve the relative logic.

Another concern pertained to integration among data collection
and modeling studies; and relationship to iterative performance
assessments. The exchange of information between these
activities is inherent in the way studies have been planned.

Much of this data is being gathered as input to specific physical
systen and subsystem models. Principal investigators and
modelers potentially needing data from field studies are alerted
to its availability through the Technical Data Catalog, which is
published quarterly. Also, many of the same hydrologists at the
USGS are involved in both data collection and modeling.

With respect to iterative performance assessments, how data
obtained by Study 8.3.1.2.3.1 are used in a total-system
performance assessment, or the frequency intended for these
exercises, is beyond the scope of this study plan. These
variables are being considered by DOE and the participant
organizations, and as these plans mature, the NRC will be
informed. 1In general, iteration between data collection as part
of this study and modeling in study Plan 8.3.1.2.3.3, "Site
Saturated Zone Synthesis and Modeling," would take place through
concurrent data collection and modeling. Groundwater flow and
transport modeling would occur at the same time as data
collection, and not only after all data has been collected.
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Initial models would be set up and calibrated with available
data. New data would serve to refine these models. Early
modeling would identify the need for additional types of data or
other locations where data should be acquired to improve the
models and reduce uncertainties.

The NRC also requested a list of references that were cited in
the study plan. These references are collected into one
enclosure (enclosure 2).

If you have any questions, please contact Mr. Chris Einberg of my
office at 202-586-8869.

Sincerely,

G2l

John P. Roberts

Acting Associate Director for
Systems and Compliance

Office of civilian Radioactive
Waste Management

Enclosures:
1. Ltr, 12/6/91, Holonich to Roberts,
v/encl.

2. Not-Readily-Available References
Cited in Study Plan
(Not Record Material)



cc: w\enclosures
Alice Cortinas, CNWRA, San Antonio, TX

cc: w\enclosures

C. Gertz, YMPO

R. Loux, State of Nevada

T. Hickey, Nevada legislative Commission
M. Baughman, Lincoln County, NV

J. Bingham, Clark County, NV

B. Raper, Nye County, NV

P. Niedzielski-Eichner, Nye County, NV
G. Derby, Lander County, NV

P. Goicoechea, Eureka, NV

C. Schank, Churchill County, NV

F. Mariani, White Pine County, NV

V. Poe, Mineral County, NV

E. Wright, Lincoln County, NV

J. Pitts, Lincoln County, NV

R. Williams, Lander County, NV

J. Hayes, Esmeralda County, NV

M. Hayes, Esmeralda County, NV ,
B. Mettam, Inyo County, CA

C. Abrams, NRC
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£ DEC 06 189

Mr. John P. Roberts, Acting Associate Director
for Systems and Compliance
" Office of Civilian Radioactive Waste Management
U. S. Department of Energy, RW 30
Washington, D.C. 20585

Dear Mr. Roberts:

SUBJECT: PHASE 1 REVIEW OF U.S. DEPARTMENT OF ENERGY (DOE) STUDY PLAN FOR
CHARACTERIZATION OF THE SITE SATURATED-ZONE GROUND-WATER FLOW SYSTEM
AND OF DOE STUDY PLAN FOR TESTING OF THE C-HOLE SITES WITH REACTIVE
TRACERS

On April 6, 1990, DOE transmitted the study plan entitled "Study Plan for
Testing of the C-Hole Sites with Reactive Tracers" (Study Plan for

Study 8.3.1.2.3.1.7) to the U.S. Nuclear Regulatory Commission (NRC) for review
and comment. On March 7, 1991, DOE transmitted the study plan entitled "Study
Plan for Characterization of the Site Saturated-Zone Ground-Water Fl-. Systec
(Study Plan for Study 8.3.1.2.3.1.1-6). These two study plans descrice the
activities for one study as presented in DOE's Site Characterization Pian (5CP)
for the Yucca Mountain, Nevada site. Because the two documents describe one ‘
study, NRC chose to review them together. The NRC has completed its Phase I
Review of these documents using the Review Plan for NRC Review of DOE Study
Plans, Revision 1 (December 6, 1990).

The material submitted in the study pians was considered to be consistent, %o
the extent possibie at this time, with the agresment cn content resuiting from
the NRC-DOE agreements made at the May 7-8, 1986 NRC-DOE meeting on Level of
Detail for Site Characterization Plans and Study Plans. Many procedures remain
to be developed, including ones covering key work activities at the site, such
as the drilling and coring of wells, equipmant calibration, and methods for
conducting cross~hole hydraulic tests, large-scale pumping tests, and tracer
tests. The NRC staff did not consider that the lack of availabiiity of such
information compromised 1ts ability to conduct its Phase I Review of the
‘material provided. However, we request that DOE provide us with a scieduie for
the development of the procedures and that DOE notify us when the procedures
are available for review. '

Among the references listed for these study plans are several which have not
been provided to NRC and are not readily available in the public domain. We
therefore request that DOE provide us with the documents listed in the
enclosure to this letter.

7924
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A major purpose of the Phase I Review is to identify concerns with studies,
tests, or analyses that if started could cause significant and irreparable
adverse effects on the site, the site characterization program, or the eventual
usability of the data for licensing. Such concerns would constitute
objections, as that term has been used in earlier NRC staff reviews of DOE's
documents related to site characterization (Consultation Draft Site
Characterization Plan and the Site Characterization Plan for the Yucca Mountain
site). The Phase I Review of this study plan identified no objections with any
of the activities proposed.

There are two technical matters related to the study plans that the NRC staff
wishes to call to the attention of DOE. First, there {s considerable potential
for interferences among the tests proposed, especially given the large number
of hydrologic and tracer tests planned at multi-well sites like the C-hole
cluster. If such interferences occur, they could cause disruptions of the site
characterization schedules, which could subsequently have an adverse impact on
schedules for licensing. Therefore, it is important for DOE to develop a
timeline that shows all proposed work activities under the site saturated-zone
investigations, including durations and start and finish dates. If it is not
yet possible to identify actual start dates, the timeline could still show the
relative starting times and durations for all related tests. If such a
timeline exists now or is developed at some future time, we request that it be
provided to NRC when available.

In addition to this first matter, the NRC staff notes that the connection
between this study and the study concerned with Saturated Zone Synthesis and
Modeling Activities (Study 8.3.1.2.3.3) is described as an iterative process
whereby modeling may lead to additional data collection and refinement of a
conceptual model. The staff considers the proposed process to be a positive
step but is unclear as to how DOE plans to implement it. Although the study
plan describes general relationships between this and other studies, there is
no explicit discussion of an overall program of fterative performance
assessment, or discussion of the timing of this study relative to such a
program.

After completion of the Phase 1 Review, based on the relationship of a given
study plan to key site-specific issues or NRC open items, or its reliance on
unique,. state-of-the-art test or analysis methods, certain study plans are
selected to receive a second level of review, called a Detailed Technical
Review. The NRC staff considers the two subject study plans 1ikely candidates



o/ \o/
Mr. John P. Roberts -3 -

for a Detailed Technical Review. However, until the important procedures and
the test and activity timeline mentioned earlier in this letter are completed
and available to the NRC staff, we cannot make a final determination regarding
the need for a Detailed Technical Review of these study plans.

If you have any questions concerning this letter, please contact King Stablein
(FTS/[301]-492-0446) of my staff.

Sincerely,

QC%Q_L&_@
Joseph J. Ho ch, Director

Repository Licensing and Quality
Assurance Project Directorate
Division of High-Level Waste Management
Office of Nuclear Material Safety
and Safeguards

Enclosure: As Stated

Loux, State of Nevada

. Gertz, DOE/NV

Bradhurst, Nye County, NV

. taughman, Lincoln County. NV
Bechtel, Clark County, NV

. Weigel, GAO
Niedzieiski-Eichner. Nye County. NV
Thistlethwaite, Inyo County, CA
Poe, Mineral County. NV

Sperry, White Pine County, RV

cc:
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References for Study Plan 8.3.1.2.3.1
(ifncluding Studfes 8§.3.1.2.3.1.1-6 and 8.3.1.2.3.1.7)
Requested by NRC
8.3.1.2.3.1.1-6
0 Barenblatt, G.E., Zheltov, I.P., and Kochina, I.N., 1960, Basic concepts

in the theory of homogeneous liquids in fissured rocks: Journal of
Applied Mathematics and Mechanics (USSR), v. 24, no. 5, p. 1286-1303.

Cringarten, A.C., and Witherspoon, P.A., 1972, A method of analyzing
pumping test data from fractured aquifers: Symposium. on Percolation in
Fissured Rock, Stuttgart, International Society of Rock Mechanics,
Proceedings: v. 3, p. B1-B9.

Hanson, J.M., 1984, Evaluation of subsurface fracture geometry using fluid
pressure response to solid earth tidal strain: Lawrence Livermore
National Laboratory, UCID-20156, 135 p.

Karasaki, K., 1986, Well test analysis in fractured media: Lawrence
Berkeley Laboratory Report LBL-21442, University of California, Berkeley,
239 p.

Loeb, J., and Poupon, A., 1965, Temperature logs in production and
injection wells: 27th Meeting of the European Association of Exploration
Geophysicists, Madrid, May 5-7, 1665.

Papadopulos, $.S. 1965, Nonsteady flow to a well in an infinite
anisotropic aquifer: Dubrovnik Symposium of Hydrology of Fractured Rocks,
Proceedings, v. 1, p. 21-31.

Rojstaczer, S.A., 1988, The response of the water level in & well to
atmospheric loading and earth tides; Theory and application: Ph.D.
Thesis, Stanford University, March 1988,

Saad, K.F., 1967, Determination of the vertical and horizontal
permeabil{ties of fractured water-bearing formations: Bulletin IASH,
v- 3' p. 22. N

Snow, D.T., 1965, A parallel plate model of fractured permeable media
(Ph.D. dissertation). Berkeley, University of California.
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Dudley, W.W., Jr., and D.T. Oakley, 1988. Agreement between NNWSI
Technical Project Officer, Los Alamos Natfonal Laboratory, and NNWSI
Technical Project Officer, United States Geological Survey, Regarding the
Cooperative Conduct of Tracer Studies.

Gelhar, L.W., 1982. %“Analysis of Two-Well Tracer Tests with Pulse Input,"
RHO-BW-CR-131 P, Rockwell Hanford Operations, Basalt Waste Isolation
Project, Richland, WA.

Kelley, V.A., J.P. Pickens, M. Reeves, .and R.L. Beauheim, 1987.
"Double=-Porosity Tracer-Test Analysis for Interpretation of the Fracture
Characteristics of a Dolomite Formation," Solving Ground Water Problems
with Models, proceedings of the National Water Well Association
Conference, Feb. 10-12, 1987, Denver, CO.

Polzer, W.L., and H.R. Fuentes, 1987, "The Use of a Heterogeneity-Based
Isotherm to Interpret the Transport of Reactive Radionuclides in Volcanic
Tuff Media," Los Alamos National Laboratory Report LA-UR-87-2901, Los
Alamos, NM.

Robertson, J.B., P.S. Huyskorn, T.D. Wadsworth, and J.E. Buckley, 1987.
"Design and Analysis of Deep Two-Well Tracer Tests," Hydrogeologic, Inc.,
Herndon, VA.

Robinson, B.A., 1987. "Predictive Modeling of in Situ Retardation of
Reactive Tracers During C-Well Testing," Nevada Nuclear Waste Stecrage
Investigations Milestone No. R487, Los Alamos Nattonal Laboratory.
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3 BASIC CONCEPTS IN THUE THEORY OF SEEPAGE
re ‘OF BOMOGENEOUS LIQUIDS .
’ IN FISSURED ROCKS [ STRATA }
* ' L -
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‘. " CCFRECEVED L gesen L
Al . L . . .
5 - - e (lccdnl 20 Jane :no) S T .
2 . . The modern theory of seepage [aummuaé'] !l'"’bu'ed on the concept of’
;; : " & porous medium consisting of impermeadle grains separated by pore
. . - spaces. Comparison of the results of theoretical and laboratory foveste
o 7"+ igstions of mon-stesdy-state flow of 1iquids with data for strats under
& ’ T ~ - natursl conditicns lesds to the cosclusion tdat current concepts of & .
3 . : _ porous mediun sre inadequate. In all matural strats, :the development of - )
v = .~ sone degree. of fissuring {s e chiracteristic feature. The descriptien of
_ non-steady-state flow of 11quids in fissured strata by aeua of tho
v i - usual eguations of lnultntton theory can lead, in some cases, to eon-
i ' i flietisg conclusions of qualitative mature. .
¢ °. * - -’ T ;
. C o - At first zlnce. 1t appears that uon-nud:-sute uen:e in fissured -
R rocks can be studied by assusing & system of fissures, which are regular
¢ e S to soze extent, in the atntun. Avpsrentlr. for studying seepage in
W . .t . . gissured rocks, this method is not promising. Even if 1t were possible
.-"' - .5 . to overcome the encrmous nthenttc:! difficulties involved in solviog
? ‘.3~ = problems &f Do-gteady-state’ flov fn strata with e systez of fissures of
¥, ToeQ . a-suffictently genersl type, ft'§s not ‘possible to deternine tbe con-
te _'giguration of this system with any degree of reliability, ‘Ioformation ob-
e S " tained in the snslysis ©f cores = specizens of the Tock obtiined by drill’
' T -~ ing from the surfece - gives very incomplete dats o3 the fissurs systes.
. "'y The position is to sote extent sinflar to that which occurs in investigste L
* iog tde flov of & mua 1n an ordinary ‘porous mediun ~ even if it were
Te _ . possidle to overcose all the -difffculties involved in ‘the integratica of
. : . the cqtgt'lcps of motion of & viscous l1iquid ia the pore epaces, the
. -, ~ 'setbod would sot bs suitable for fnvestigating seepage, since ths pore
P T A . . .. configuration resaias unknown, Various sodels of a porous mediusm, which
SRR T ' o ’ ' . :
o : . ‘ v :
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Seepege of homogencous liquide in fissured rocks 1287

are based on one or another type of arrangement of the system of pores
and grains and on the study of the motion of the liquid in such systcms
(ideal soil, fictitious soil, etec. {1]), proved suitable only for the
qualitative fnvestigation of secpago phcnomona. Socpage theory haas
followed tho trend which is charactoristic of tho mochanics of continuous
scdia generally, namcly, the introduction of scun charactoeristics of the
media and flow (porosity, permeability, pressurc, secpage velocity, etc.)
and the fornulstion of basic laws in teras of these sean characteristics.

Buch an approach, .pplled irrospcctxvo or whether or not the systes
of fissures is regular in the natural ltr.tu-. also proved. lost sdvnn-
tageous ln,invcstlzotinc seepage in fissured rocks.

In this paper., the bisic concepts of the sotion of 1iquids in fissured
rocks are presented. Mean-characteristics are introduced, whersby the
averaging is carried out on a scale which is large cospared to the
dimensions of the individual blocks. The difference between the presest
schese and the more usual scheme of seepage in a porous mediuam consists
fn tbe introduction st each point in space of two liquid ‘pressvres —
1iquid pressure in the pores and pressure of the liquid in the fissures

@, and in taking into consideration the transfer of liquid between the

fissures and the pores. Under certais assuaptions, an expression is ob-
tained for the intensity of this transfer. The basic equation of the
seepage of a 1iquid in a fissured rock and the same general equations of
the sewpage of 1iquid in a porous medium with a double porosity are de-

.rived. These squations will obviously contuin. a8 a particular case, the

equations for the seepage of s liquid in an ordinary porous mediua; ia

the paper an evaluation is made which indicates for which cases the latter
‘equations are valid and when the more accurate expressions given in this
paper have to be used. The forsulation of the basic boundary-value prob-
leas for seepage equations in fissured rocks is considered. Some
characteristic features of non-steady-state seepage in fissured rocks sre
discussed, particularly the possibility of the occurrence, under certain
conditions, of & pressure jump [discontinuity ] within the system and at
the boundaries, similar to the "infiltration gap® ia non-pressurs seep-
sge [2]. Conditions at jusps are derived, and the featurss pertaining

. to the formulation of boundary-value prodlems ia the presencs of jumps

sre pointed out. Solutions are givean of certais specific problems of moa-
stesdy-state sespage 13 fissured rocks.’ )

1. Basic physical concepts. A fissured rock consists of pores
and permeable blocks, generally speaking blocks separated from each other
by a system of fissures (Fig. 1). The dimensions of the blocks will vary
for the various rocks within wide limits, depending on the extent to
which fissures are developed in the rock. The widths of the fissures are
‘conaxderqbly greater than the characteristic dimensions of the pores, so
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1288 C.I. Barenblet:, Iq.P. Zheltov end I.N. Kochins

that the permeability of the fissure system considerably excecds the
permeability of the system of pores in
the individual blocks. At the same time,
it is a characteristic feature of
fissured rocks that the fissures occupy
a such amaller volume than the pores,
so that the coefficient of fissuring of
the rock . - the ratio of the volume
of the cavity space occupied by the
fissures to the total volume of the
rock - is considerably smaller than the
porosity of the individual blocks .
Much factual data on fissured rocks has
been published in [3-9 ]; the paper by rig. 1.

Pirson [ 4 ] is of particuler interest, since it gives a qualitative de-
acription of the structure of a porous medium with double porosity, which
is close to that conndered in this paper.

If the system of fissures is sufficiently well developed, the motion
of the liquid in fissured rocks can be investigated by the following
method. Unlike the classical seepage theory, for each point in space, not
one liquid pressure but two, p; and p, are introduced. The pressure p,
represents the average pressure of the liquid in the fissures in the
neighborhood of the given point, while the pressure p, is the average
pressure of the liquid in the pores in the neighborhood of the given
point. For obtaining reliable aversges, the scale of averaging should
include a sufficiently large number of blocks. Therefore, it is neces-
sary to take into consideration that any,infinitely small volume includes

" not only a larger number of pores, as is assumed in the classical theory

of seepage, but also that it contains a large number of blocks. This con-
dition permits the use of the method of analysis of infinitesimals in

- xnvesugaung fissured rocks.

In a similar manner, two velocities of seepage of the liquid can be
defined at each point in space: V, and V,. Vector V, of the seepage velo-

. cigy of the liquid slong the fissures is determined as follows: the pro-

Jjection of this vector in some particular direction is equal to the flox
of the liquid through the cross-section of the fissures of a small zone
passing through the given point in a direction perpendicular to the given
direction, divided by the density of the liquid and the total area of
this zone. In the same way, the progecuon of vector V,, the seepage
velocity of the liquid through the pores in a given direction, will equal
the flow of the liquid through the cross-section of the blocks of the
small zone mentioned, also divided by the density of the liquid and the
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Seepage of Romogensens liguids (n fissured rechs iios

total area of the zone.

It is a characteristic of fissured rocks thst the flow of the li;;uid
proceeds essentially along the fissures, so that the flow velocity of

the liquid through the blocks is neghgxbly small as compared to seep:ge
of lxquxd along the fissures.

) ¢4 the boundary between the Ixswres md the blocks is xmagmed ime

. permeable, the fissured rock can be considered as being a coarse-grained

porous medium in which the fissures play the role of pores and the. blocks
play the role of grains. If, furthermors, the fissures are mfhe:gntly
narrow and the velocity of the liquid is sufficiently small, the motion

of the liquid along the fissures will be inertialess and Darcy s law is!
fulfilled: ‘

V,:——'gndp, C _ ’(l.f)
where k, is the permeability of the system of fnsurea lndlp is Jlo ;x;-
cosity of the hquxd. Application of &rcy s Law to seepags along the
system of fissures is not of principal uponance. if desired, inertia

of the motion can be taken into sccount, using thereby a mro comphcated
nonlinear law. . _ il e

A characteristic festurs of t.he non-stea&y-state motioq of . liquid .
in fissured rocks is the transfer of liquid between the blocks and the .
fissures. ‘Dxeufore, in xnvesngunng the secpsge of liquids in fissured
rocks it is necessary, in contrast to the classical theory of seepage, ;
to take into consideration the outflow of liquid from the °grains® = .
blocks ianto the *pores® = of the fissures. -

The process of transfer of liquid from the pores and the blocks takes,
place essentially under a sufficiently smooth clungc of pressure, a.nd,
therefore, it can be assumed that this pressnre is quau-sntxonary. i.e.
it is independent of time explicitly. It is obvious in such a casé that
during motion of a homogeneous liquid in the fissures of the rock, the
volume of the liquid v, which flows from the blocks into ths fissures -
per unit of time and unit of volume of the rock, depends on the follow-
ing: (1) viscosity of the lxquxd p; (2) pressure drop between the pores
and the fissures p;- py; and (3) on certain characteristics of the rock,
vhich can only be geometrical ones, i.e. they may have the dimension of
length, area, -volums, etc., or aven be dimensionless. On the basis of
dimensional analysis {10 J, we obtain for v an expression of the type

T ) I (X 5

where a is some new dirensionleas characteristic of the fii;ured‘mék. :

v,
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Thus, for the mass ¢ of the liquid which flows frem the porcs into the
fissures per unit of time, per unit of rock volume, the following equs-

tion is valid:
| ¢=E(ps—p)) . (1.5

. where p is the densit.y of the liquid.

It should be pointed cut that in s nomewhat. different form relation
(1.3) was applied for the integral estxmt.e of the flow .long the strotur

- as a whole [111].

2. Equetion of motion of a nniforn liqnid in fissured
rocks. In accordance with what has been said above, the law of conserv.
ation of mass of lxquld in the presence of fissures can be written as

follows:

1’3—‘£+dnvp\',-—q=0 ) (2.1:
. In viev of the smallness of the vnlnme of the fissures, the first -
term, which expresses the change in mass of the liquid due to copres-
"sion in the fissures and changes in the volume of the fissures in soze
element of the rock, is small gs compared to the second term, which ex-
presses changes in the mass of the liquid caused by the inflov of the
liquid along the fissures through the boundary of this element. There-
- fore, relation (2.1) can be disregarded. Inserting Equation (1.1)
(Darcy’s law) into Equation (2.1), teking into consideration the fact

that the liquid is slightly compressible so that
p=po+ fop . ()

(p. is the density of the liquid at some standard pressure, for imstarce,
the initial pressure in the stratum, B is the coefficient of cocpress-
ibility of the liquid, &p is the change in the pressure relative to the

standard pressure), sssuming that the mediun is homogeneoua and neglect-

" .ing the small bigher-order terms, we obtain
"xbh +ea (Pa —p)= 0 (& h uphc‘o opentor) (2.2;.

- Further. the equatxons of conservation of wass of the hquxd whieh is
present in the pores can be written t.hus" _

.
.

¢ &trictly spesking, fc Equation (2.4), s; will pot represent tde
porosity of the dlocks but the ratfc of the volume of the pores to
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TR 4 divpVy+g=0 (2.4)

so that the quantity of liquid which flows into the fissures equals tha
quantity of the liquid which flows out of the blocks.

In view of the low permeability of tho'blocks. the second term of
Equation (2.4), which expresses changes in the mass of tha liquid within
the pores in soms element of the rock, dus to ths inflow of hquxd along
the pores through the boundaries of the element, can be dxsregarded as
compared to the first temm which Tepresents changes in thé"mass’of the
liquid in the pores due to its expansion, and also to c!unges in the
volune of ths pores. Therafore, Equation (2.4) can be re-written as

A A

g';%e"""o .' | :uc-; n (2.5)

Furthermore, the porosity of the blocks m, in the case of a constant
pressuras of the upper strata of the rocks oa the roof of the stratum de-
pends, generally speaking, on tha pressurs of the liquid in the fissures
7, and the pressure of the liquid in the pores Py However, itho volume -of
the fissures in the rock is consxdenbly smaller t.lna tha volume of the
pores. It can bs assumed that, in contrast to the hqmd loc_a;ed in the
pores, the liquid located in the fissures does not participste in support-
ing the upper strata of the rock formations. Therefore, the influence of
the pressure of the liquid in the fissures p, on the porosity of the
blocks can be duregarded as :ompared to the influeacs of the fressures
of ths liquid in the pores p,;, and it can be assumed that

dlu, = Bqdp, (2.6)

whers 8,, is the coefficient of comprcsululuy of the blocks. Taking
into consideration, also, relations (1.3) and (2.2) and neglecting small
terns of higher order, ws obtain

CotmPP+EGr—p=0 @D

vhere m, is the magnituds of the porosity of the blocks st standard pres-
sure. Equaticns (2.3) and (2 1) descridbe the motion of the liquid in

the sdtire volume of the rock., including the voluze of the fissures.
However, 10 view of the small relative voluss of the fissures compared
to the relative volume of the pores., =y can be considered as repre-
senting the porosity of the individual dlocks.

The P s e W
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A Y

Iusured mk:. Elxmmtmg from these equations Ps: we obtain for the
pressure of the liquid in the fissures p, the equation

A k
OPI 1—&‘3 "API ' (ue m = a—l) .(2.8'

The coefficient « represents the coefficient of piezo-conductivity of
the fissured rock; it is interesting that this does mot correspond to
the permeability of the system of fissures &, but to the porosity and
compressibility of the blocks. The coefficient p represents s new
specific characteristic of fissured rocks. If » tends to zero, it cor-
responds to a reduction of the block dimensions and an increase in the
degree of fissuring, and Equation (2.8) will obviously tend to coincide

. with the ordinary equat.xon for seepage of & hquxd under elnsnc condi.

tions.

An spproximate estimate of the possible nagnuudes of the ‘coefficiest
n will be made. The dimensionless coefficient a, characterizing the ia-

tensity of the liquid transfer between the blocks and fissures, depencs

on the permeability of the blocks &, and the degree of fissuring of tie
rock, as & measure of which it is obviocus to take the specific surface
of the fissures ¢, i.c. the surface of the fissures per unit of volure
of the rock. The quantity ¢ has the dimension of the reciprocal of leagii.
On the basis of dimensional snalysis we obtain

gmkyst T o (2.5
From this and Equation (2.8) we obtain o ' -

k
T~ Es~ R

" where ! is the average dimension of & single block (the specific surface

of the {issures is inversely proportional to the average dimensicn of &
single block). Evaluations show that for various rocks the parameter 3

will assume values vithin vide linits = from a few en? to values of the

order of 1010 ¢n

Determination of the parameter n should be carried out by means of

* " data for the steady-state flow of liquids in fissured rocks. Thus, shese

natural strata are involved, determination of this parameter should

_carried out only on the basis of investigations of the behavior of the

stratum under non-steady-.ute conditions and not on the basis of tests

’urtxed out on rock specimens brought to the surface..

* 8, Equations ot aotion of & homogeneous 1fguid 1o & wedfus with doudle
porosity. The systex of equations (2.3), (2.7) represents s particulsr
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\
case of the systen of sguations of motion of a homogensous liquid in a
gediun with double porosity. In soms cases the latter squations may be
of iaterest and, thersfore, we will desl driefly with their derivatioa.

Ths motion of a unifors liguid 12 a ®double® porous mediua will be
considered: the first porous mediun consists of relatively wide pores of
the first order — fissures azd blocks; the relative volume of the pores
of the first order, ths porosity of the first ordsr, equals 8. The
dlocks in themselves are porous, consisting of grains which ars separatsd
by fine pores of the second ordsr; togsther thay form the secosd porous
sediun. The porosity of this mediua - the porosity of the second ordar -
is desigoated by ay. It 18 pointed out that, generally speaking, s; caad-
tot be considered equal to the porosity of the blocks, since sy repre-
sents the ratio of ths volume of the second-order porss to tis total
voluze of the elements of the rock in which a knowa space i3 occupied by
the fissures « pores of the first ordsr. In the case whare the upper
strata exert a constant pressurs on the roof of the stratums, both poro-
sities, =; and =y, will depend on the pressures of the 1iquid in the
pores of the first and second order, p; and py, 80 tiat

dmy s B dpr—Bdp. © dmymBdm—3 dp AT X )
vere 8,,. B,y B,. B, sre positive constant coefficients. -

The equations for conservation of mass of the liquid for both media
are of ths foras (2.1) xnd (3.4), respectively., Assuming that the flow of
thes liquid in the first sedium (and thus also ia the second mediuam) 1is
izertialess, the Darcy law for both media can be written as

V.-—E'-:gnd 1 V.a—-:-:-gradp, | (3.2)

vhere &, is the porosity of the systeas of pores of ths first ordesr and
b, ths porosity of the system of pores of the second ordsr.

By inserting iato Kquations (2.1) and (2.4) relations (3.2), Expres-

b

-‘e .

. s sioa (1.3) for the liquid flow from one sediun to tie other (which will
. ! odviously recain valid even in this more gensral csse), relation (2.2)
H for the dezsity of the 1iquid azd relaticn (3.1) for the (differentials
2re of the porosity), snd discarding szall quantities of higher order for
] |  the pressures of the 1iquid in botd medis p, and p,, the tol!ovtn;

: |. systea of squations is cbtaised:

3 : X

: { 4 dprm (B +mud) 32—, 3B -Tua-m 05
N . .
. } d ) a

el 2 bp=Bat mlE ~B B+ 5tr—p)

A i . .

3 3 .

H

3 1

i :
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where a; and nzinrc the values of the first and second order porosity 5.
standard pressurs.

It the pressure p, changes, csy decreases, ot & constant pressure of
the urper strata oo the roof, the porosity of the first order will in.
crease, on the one hazd, as & result of the compression of the blocks

.a3d, on the other hand, it will decrease as & result of compression by

the overlying strata. These effects will apparently cocpensate each otler
to soze extent. The aituation is sizilar for the secopnd-order porosity
s; 1o the case of a cbange in the pressure Py« It 88, therefore, advis.
adle to consider the model of the double porosity of the vedfus for whier
the porosity of each order depends only on the appropriate pressure, so
that the casfficient 8, and B, in Equation (3.1) can be comsidered szal;
and the appropriate tervs in Equation (3.1) can be )dtsreurded.

Equations (3.3) for such s vodel of a porous medium with double poro-
sity will be of ths form sivilar to the equations for beat transfer it 3
heterogenecus sedium considered dy Rudimshtein {12 ]):

k 9
8Py = (Bey + miod) HE— - (e — P

k d . .
Zap= By +mad) o + 5 (p:=p)

Disregarding in Equstions (3.3) the terms represesting a change ic
the mass of the liguid due to the compressidbility of the first mediun
and the compression of the liquid in the pores of the first order, snd
the changes in the mass of the liquid as & result of the seepage inflow
slong the pores ¢f the second order, we sgain obtain the equations of
potion of & 1iquid 4n & fissured porous medium (2.3) and (2.7).

4. Basic .boundary-vnlue problens of the .théory of none

_ steady-state seepage in fissured rocks. Equation (2.8), to whica

corresponds the pressure distribution of the liquid in the pores Py can
be written as Coa

Bo 2t — div[erad py + ndo §; grad py) = 0 1,

.where By is the total effect of compressibility equalling B, + &8.
. This form of writing the basic equation indicates that motion in the

system of fissures can be considered as the motion of & liquid in a
porous medium with a total compressibility coefficient B, and the ex-
pression for the velocity of seepage of the liquid can be written as

Ve -{-:grad PL—"3, fwud [ o @D

moe
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ity st ! The initial and the boundary conditions have to be added to Equation
” {2.8). As in the theory of seepage in a vorous medium, the steady-state
;.:,,,- at jnitial conditions are of greatest interest in the given case (i.s. the
L s . harmonic initial distributions p,, which satisfy Equation (4.1)). Among
Socks . the possible types of boundary conditions the most ulporunt are the

’.;)n by follmng. .

5h other 1) The pressures p at the boundary of the rock of volume » under con-
'ig:::: sideration are given tﬁrst boundary-value problem): _

for oy Pls=/(S,0° - 8T (A3
370, 80 ‘

=4 s:all ‘ 2) At the boundary s the flow of the liquid is given (second boundary-
3 ! valus problem), the following quantity being given, in accordance with

;; epge [ what was stated above, at the boundary of -t.hc surface S:

{23 . a i :

. ! h d

; ~fa+ 303'(4. Hs =160 @4
t

2 (3.4 (3/9n is the derivative along the normal to the surface S), and, finally,
. 3) At the boundary a linear combination of ths pressure and the flow
t! 1 of the liquid, generally speaking with variable coefficients 4 and B is
sd1ua givea (mixed problem): _.

-= and 9py = IR .3
Gartor {Ap.+3[ ha RG] =10 (4.5)

1f the initial pressure-distribution is continuous and the boundary
conditions are consistent with the initial ones (i.s. ths boundary values
of the initial distribution on approaching the boundary points equal to
the boundary values of tha corresponding functions at the initial instant
of time), the solutions of the above-stated boundary-value problems will
be the ordinary classical solutions (4.1). However, if the initial pres-
surs distribution is discontinuous or if the initial and the boundary
conditions are unrelated, then the derived distributions will also be
discontinuous and thers is no classical solution for the boundary-value -
problems formulated above; it is necessary to seek a generalized solution
in the sense of Sobolev [13 1. To proceed further it is necessary to de-
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':h‘ ) rive the conditions at the discontinuities. It is sufficient to consider
g the one-dimensional case, since in the neighborhood of the given point
3 ex= the surface of discontinuity can be considered ss being plane. Thus, it
%28 |  is assumed that within a sufficiently small vicinity on both sides of the
Y. i isolated discontinuity surface x = 0 (x is the direction of the normal to

the surface of the discontinuity), the function p, is continuous, has
sppropriate continuous derivatives and satisfies the equation
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4 &p, &y @° -
Lpy =3, F =355 ,‘-55: =0 .3,

In the tegxon G(-h<zx<h 0<tc T), vhere h is & small nurber,
the terms in the expresnon pr are pxece-nse continuous. By means of
, tem-hy-cem mt.egrnnon of Lp, along the region G we cbtain

SLPsdzd‘=Bo-§{Px(3- "'Pl(zoo)}dz—§{ﬂﬂo"m +"§L}[- dl e

For h <« 0 the first integral tends to zero end the preceding cqualm
yxelds

i . S[ 3Pl +h J'n (4.8,

‘where as usual the sign [ ) denmtes the difference between the values
of the function on both sides of the d.uconr.wuxty surflce. Since T is
arbitrary and the expression under the integnl sign is s continuous
‘function of time, it foliows that-the expression under the integral sig
equals gzero:

(RS h ] - ) E )0 o

i.e. the condztxon of continuity at the surface of discontinuity of the
total flow of the liquid (9/0x was replaced by 6/0n). To obtain the

second condition, Equation (4.6) is mluphed by = and integration is
carried out over the same regxen G:

i-"LPx dzdt =8, S{Px(‘- i.)"}’1(-"5-0)}’-"7&-’7—

~fe e o fomip rpnl a-o

M he 0. the firat and second mtegnh nll become zero, and thus
‘we obtain

. 5[,“, ol ,]a.,o Ly

".—3‘ 2 .J St

. a
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E ]

: so that the second condition st the surface of discontinuity is obtained

to in the form

_.: \4-6) - .

= & alm) , &

oy | [ B+ P =a, 22 4 2 (py = 0 (4.41)
Cwrber,” :

.As of '

Y For 7 = O the basic conditions at the surface of discontinuity (4.9) and
* (4.11) will change into the condition of continuit.y of the function and
¢ (4.7 its derivative along tha normal to any surface, i.s. the condition of

P 0 * sbsence of discontinuities®, which is well known in the theory of heat

. t= conduction and the theory of seepage in a porous nednm.

L Integrating (4.9) and (4. 11). we obtain the conditions at tho discon-
q“' ity tinuitiea in the form

2 a ‘ -

s | N - T T

$ ! : -

;h’ so that the pressure jumps and normal derivative of pressure shich occur,
va alues due to ths discontinuity or dus to inconsistent initial conditions, will

<T is not be sliminated instantanecusly as in a porous medium (and a3 is the
Pus case for jumps in temperature and heat flow in the theory of heat con-
& sign ‘ duction) but will decrease in accordance with the law ¢=X%/7 This pro-

2 i  perty is a characteristic qualitative feature of the mathematical de-

4 ! scription of non-steady-state flow in fissured rocks, which is comparable

'}: (4.9 .z wvith flow through a porous medium. -

5 : 5. Some specific problems of non-steady-state flov in

if e ¢ fissured rocks. General gualitative conclusions. 1. Non-stecdy-

g state flow of liquid in a gallery. From the literature the importance of
n'is the study of non-st'eady-unte seepage in drainage galleries is well known.

*e o
ot O

This problen is formulated as follows: at the initial instant ths pressure
of the liquid in a semi-infinite stratum (0 €< x < @) P, is constant; the
pressure at the bounduy x = 0 suddenly assumes the ngne P,, differing
from Py, and then remains constant. The problem of determining seepage
flow requires the solution of the equition

0 0WA Gttt § B so es PSS cw e

* In cbtaining the sscond law of conservation 1o a nedius with » vari-
' adle permeadility coefficient l‘ it is necessary to multiply both
parts of Bquation (4.8) by
' 1
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. \
N aPl -1 .;_5’;‘ =¥ a;r o (:;1)
for the uncoordinated initiel end boundary conditions
PO =Py  p(=0,0=P (6.2 e
: . : variable
" (the boundary pressure is given immediately to the left of the boundary .
x = 0). At the initial instent there will be a pressure jump at the uy
_ boundary equal to (Py = P;); according to (4.12), at time ¢t this jump -
vill equal (P, - P, )e /". 80 that the pressure of tbe lxquzd immediate-
. ly to the ng t ef the boundary will equal
Pi(+0,8) = P, 4 (Py — P,)) i {5.3)
S ‘ et e From
To find the pressure distribution at any desired “instant of tize t,
the Laplace tnns{om with respect to time t is npplxed. _Wc set }‘,‘ (. 8)
p,(z.t)uP.—(P.-P,)u(:.t) + (5.4)
Then, for determining u(z. t) (t‘b 0, 0€x< -). we obtein the bound.
ury-ulue problea L . S o Since
. a P , : ’ dificren
% —q,;;g; =x3g,  2(+0,0)=l—ein, g(z,00=0 (55 formly ©
Let - A . , .« v entiated
¢ ‘ o expressi
t=0
Uz, V)= Sc""u(:.t)dt .
. ¢
Applymg the Laplace trnnsfom to Equation (5.5) we obtain
L A 1 ’
t x ' 3
Ugiix-ﬁ-i exp(—]/“*_mz) )
’ o - It is
vhence, on the basis of the koown rule of inversion [14 ), we obtain _ ate solu
4o - . ';‘.-;is vel
| Y i th
s(r,l= 5o S e”exp(- u+1ﬂ )H’H-L'\) (5.-) : or =he
K e ‘ ) P

The evolution of the fntegral on the right-hand side of the previcus

equation yields

v L aan e
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. " ds <
2% = 2i § e sin (]/-‘-:-?. z) o= (5.8)

Inserting this expression into Equation (5.7) and substituting the
variables o/(1 = 2) = 3, we obtain

u(z,t)=1 —-:-li.;’- sin'v:axp (— ‘_:"_:"'T) dv={— exp\(-—-:—' _
) o

o3
1

- ,.:i".s 5 iavz {exp (-- r:.—‘:%,‘) —oxp (" #)l v 59

[
Fron this and from Equation (5.4) we finally cbtain
cy ¥x e b
Pz, )= P, 2R PR {“P (=) —exp(- D)} avv-“ 15,109
H
' xt
| = (Py— Py) exp(—;)

Since the integral in Equation (5.10) and the integral obtained after
differentiation with respect to z under the integral sign are both uni-
fornly convergeat, the expression given by Equation (5.10) can bs differ-
eatiated with respect to x. Hence, from Equation (5.10) we obtain the
expression for the flow of the liquid through the boundary of the stratum
z=0

-]
o 2 252 2y

—ep (- = - 2B oy (2
X } {exp(-“‘-x‘:_—‘;;)— 1} g (5.11)

It is interesting to compare the derived solutions with ths appropri-
ate solution of the problem of the theory of seepage in a porous medima.
This vell-known sslf-similar solution is obtained from Equation (5.10)
for the case shen = O

‘ Yt .
Plano)= P+ ,%(P.—m% e d)= P+ (Po— Py) (3 1)

( t= 7%.) - (5.42)

-,
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vhere © is the symbol of the Kramp function. For comparing the pressures,
Equations (5.10) and (5.12) which correspond to fissured and ordinary
porous media, respectuely. the distribution quantities u(z, t) = {p, -
P)/(Py = P,) for various values of the parameter xt/n have been plotted
as & function of the self-similar varisble € in
« Fig. 2. (The calculations were carried out by A,
)7 - L. Dyshko st the Computing Center of the Academy
of Sciences, USSR). It can be seen that with
incressing xt/y the pressure distributien in a

orous sedius ticn which is obnined in an ardinary porous me
f‘” . mediuvm, ‘

& \\ k 7 2. Non-tteadyonuu
5 ’ _ infiltration of ¢ liquid
\X \ fron a vell discharging
: P | ‘at @ constent rate. In
— - addition to the problen
! \ ~ considered previously, the
. problem of non-steady-
G state infiltration of
| el L | liquid from a well of in.
] ] F7} 10 7 [3 finitely small radius
' with a constant yxeld is
ris. 2. of considerable interest.
It is formulated as follows: an infinite horizontal stratum of constant
thickness & is penetrated by a vertical well of negligibly small radius.
At the initial instant, the pressure of the liquid in ghe stratum is con.

&

a

. stant and equal to P, Then, a liquid begins to flow in or out at & cone

stant volume rate Q.

The pressure of the liquid in the fissures p;(r, &) (r is the distance
from the axis of the well) satisfies the equation

0 IR, .

Pl "37 2 3; 32. -5 r-azr‘- | o (5.43)

with the initial eond:uou . . '
' Pu(rO)=p (5.49)

- . -In accordance with Equation (4.4) the boundary conditicns can be ex-
pressed as

' Q= —2nk {2 (r 3 (r )+ (P

Ve obtnn therefm

o fissured rock tends to the self-zimiler distrilu.
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o & %0 o

(5.14)
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Integrating the last relation and spplying the condition

? /a0

(r9pu3r)mis=0 fa t=0

se obtain the final formula for the boundary conditions

(*B),.,.= — o =) (5.15)
Sstting
Alrt)=P+ %;;u (r,2) (5.18)

ve obtain the following boundary-value probles for determining the funce-
tion u(r, t):

du - N 193 9
VR TE R TR w

" (5.47)
a(r,0)=0, (r3)e,, == =)

To solve the boundary-value problem (5.17) ve again revert to the
laplace transform, the relations (5.17) being reduced to the following
form:

1 {74 %
TT' T u+M| wwi=0 ('T) S VY T (5.18)

Taking into consideration, llso. the condition U(w, ) = 0, we obtain

TN =t Ko (]/ —1-‘:-\ (5.19)

(K, is the symbol of the Mncdonald function), and by the general ruls of
inversion (14 ] we obtain

. n(r,l)ams mx.(v “+”. )dl (5.20)

In an entirely analogous manner, after calculating the intcgral ond
reverting to the variable p,, we obtain the pressure distribution in the
forn

T =P Siﬂrl[g exp(— sy G2

v
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The known self-similer solution of the corresponding problem of the
theory of seepege in a porous medium is obtained from Equation (5.21)
forn = 0:

purne o G2 Do -N)dv=P——g'-‘—Ll(—%) (5:22)

dnkh

It can be seen, in the same way as in the previous problem, that for
increasing values of xt/p, the solutien (5.21) of the problem of sccpage
in a fissured rock tends asymptotically to the solution (5.22) of the
problen of seepage in a porous mediwm.

It can also be seen from the examples investigated that the most
characteristic property of the non-steady-state flow of liquids in
fissured rocks is the occurrence of some delay in the transient processes;
the characteristic time of this delay is

T=q/x o (5.23) -

Thus, the following general conclusion can be advanced: in consider-
ing processes of non-steady-state infiltratien in fissured rocks, the
ordirary equations of non-steady-state flow in a porous medium can be
applied only if the characteristic times of the process under consider-
ation sre long compared to the delayitimes r. However, if the character-

_istic times of the process are cooparable to r, it is necessary to spply

the model and the basic equations presented in this paper. The estimates
which have been carried out have shown that fissuring must be taken inmto-
consideration in many cases when investigating such processes as the re-
storation of pressure in shut-down wells and, generally, transient pro-
cesses during changes of the operating conditions of the well.

In conclusion, the suthors thank A.P. Krylov for his attention to the
work and A.A, Abramov, M.G. Neigauz and A.L. Dyshko for their useful re-

marks and for carrying cut the calculations. N
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Unsteady-State Pressure Distributions Created by a
Well With a Single Horizontal Fracture, Partial
Penetration, or Restricted Entry

ALAIN C. GRINGARTEN®

HENRY J. RAMEY, JR,
MEMBERS SPE-AIME

ABSTRACT

vithough there bave been many  studies on
- teudy bebevtor of wells vath vertical fractures,
+ ulthough there was at one time a controrersy
voemung the occurrence of borizontal or vernical
cwstures as a result of bydraulic fracturing, to date
wo0s bus been published no study of the unsteady
votarior of a well contarning @ horizontal fracture.
Jevas puarticularly surprising because such a study

« Jhthave indicated significant differences betu-cen

sis porformance of wells with barizontal fractures

wod those with ventical fracturcs. The purpose of
sies study was to [ill that existing gup in knouledge
* hracturcd-well bebavior,

\n unalytical solution was developed by means of
‘ie comncept of instantaneous sources and Green's
“.etions, The analytical solution modeled the
teiarinr of constant-rate production from a well
-utarming @ single, borizontal [racture of finite
yi .huess at uny position uithin @ producing
vtortal in en infinitely large reservoir uith
= permeable upper and lower boundaries. This
senecral solution alse contained solutions for the
cases of (1) a single, planc (zero thickness)
ivnizental -fracture, (2) partial penctration of the
teeducing formation, and (3) limited f[low entry
9 rughout a producing interval. Although thosc are
wteeesting solutions, the main purpose of this
vtudy uas to investigate the horizontal [racture
suse, The analyticel solution for this case uas
«ruluated by computer to produce tahles of
Jimensionless pressures vs dimensionless times
ruthcient for well-test analysis putposcs.

\ tarcful analysis of the gencral solution for a
i-nzontal fracture indicated the existence of four
d-1erent flow pericds. 1t appears that during the
o5t period all production criginates within the
it ture, causing a typical storage-controlled period.
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‘1. ¢ Nov, 30, 1971. Revised manuscript received Jon. 31, 1974,
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=1 Petroleum Engineers, Inc.

*Now with French Geologics! Bureau, Oriesns, France.

Ikeferences listed at end of paper.

This paper will be printed in Transactions volume 287, which

! cover 1974,

fteisr, 101

U. OF CALIFORNIA AT BERKELEY
BERKELEY, CALIF,

STANFORD U.

STANFORD, CALIF.

This period is followed by a period of vertical,
lincur flow. There then follou's a transitional period,
after which flow appears cssentially radial, During
the last period, the pressure is the same as that
created by a lineesource well uith a skin effect.
The skin effect is .indcpendent of time, but docs
depend upon the position of the pressurc point. It
uas found that there is a radius of influcnce beyond
which flow is essentially radiel [or all times.
Approximating solutions and eppropriate time limits
for approximate solutions were derived,

INTROCUCTION

Hydraulic fracturing has been used for improving
well productivicy for the last 20 years and is
generally recognized as a major development in
well-completion technology. There was considerable -
discussion in the ecarly 1950°s about the orientation

" and the number of fractures created by this type of

well stimulation. It is now generally agreed! that a
vestical fraceure will result if the least principal
strzess in the formation is herizontal, whereas a
horizontal fracture will be created if the least
principal stress is vertical. Further, data collected .
and seported by Zemanek ef 2/2 shows that hydraulic
fracruring usually resules in one verical fracture,
the plane of which includes the axis of the wellbore.
This conclusion appears widely held today. Thus,
most studies of the flow behavior for fractured
wells consider vertical fractures only.

However, the existence of horizontal fractures
has been proved in some cases, and various authors
have considered them. The steady-state behavior of
horizontally fracrured wells has been studied
numerically by Hartsock and %amren.d Their model
assumed the reservoir to be homogencous, of
coastant thickness, of anisotropic permeabilities,
and completely penetrated by & well of small radius.
A single, horizontal, symmererical fracture of
negligible dhickness and finite conductivity was
located at the center of the formation. Radial flow
was assumed beyond a critical radius four times as
large as the fracture radius, and there was no flow
across the drainsge radius. The only flow into the
well icself was through the fracture. Cith this model,

419
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skin effece factors that were independent of the
drainage radius could be calculated for various
combinations of parameters. Hartsock and Warren
concluded that 2 poorly designed fracture ¢reatment
could reduce productivity, and cae the apparent
skin factor curves could be used in fracture
tceatment design.

Further knowledge of the transient pressure
behavior for horizontal fractures with a uniform
flux discribution located ac the center, top, or bottom
of che formation was preseated by Warren® in his
discussion of Coats® mathematical model$ for water
movement about bottom-watee-drive cesecvoirs, Warren
gave an expression for the skin factor chat depended
upon the fracture radius, the well radius, the
reservoir thickness, the ratio of the horizontal
petmeabilicy to the vertical pemeability, and a
geometric conseant obtainable from Coats’ results.
No scudy of the unsceady-state behavior of wells
with horizontal fractures has yee appeared.

It is our purpose here to develop a mathematical
model for investigating the unsteady-scate behavior
of horizontally fractured wells. The solution has
beea found to be applicable to plane horizontal
fractures and to wells wich partial penetration or
limited flow entry. For each case, the dimensionless
pressute drop function has been analyzed, and
different flow periods have been recognized.

MATHEMATICAL MODEL

A cross-section of the idealized reservoir-fracruce
model is shown in Fig. 1. The following assumptions
are made:

1. The reservoir is horizontal, homogeneous, and
has anisotropic radial and vertical permeabnluies
k,and k_, cespectively. It is of chickness b, porosity
¢. of infinite extent, and completely penetnted by
a well of radius r_,, which will be represented as a
line source.

2. A single, horizontal, symmetrical fracture of
radius r, and thickness b, is centered at the well,
and che ‘\orizonul plane of symmetry of the fracrure
is at an aleitude 2z,

3. A single-phase, slightly compressible liquid
flows from the reservoir into the fracture at a
constant tate qp which is uniform over the entice

1k

J/IIIJ/III’!//I’ PO

l"

T g 1"

h T I

J— 2 l Fracture ke
‘ ."’]”,,’/”/,

b e e rlll[

r

FIG. 1 —CROSS.SECTION OF HORIZONTAL FRACTURE
MODEL.

e

volume of the fracrure.

4. There is no flow across the upper and lowe,
boundaries of the resecrvoir, and the pressyee
temains unchanged and equal to the initial pressure
as radial distance approaches infinity.

An  analytical expression for che pressure
diseribution created by the fracture may be obeaine
by means of the Greea's function and produ.e
solution methad presented by Gringacten and Rame;
in Ref. G. In this mecthod, the idealized reserva;
system is visualized as the intersection of .
infinite solid cylinder source, with an infinue
hotizontal slab source in an infinite horizontal <l
reservoir  with impermeable upper and lower
boundaries, as sketched in Fig. 2. The instantunsi.\
source funcrion for such a system is equal to the
product of the instantaneous source function fu¢
the slab soucce in the slab reservoic (Ref. o,
Table 2):

= w [ 2.2
h nEnt

h th n 2
£ ne=l h
(.
hf z ;]
sin n7 ﬁ-,cos nT Y cos nn K

with the instantaneous source function for the
infinite solid cylinder in an infinice reservoir (Rei.
6, Table 1, thick-wall cylinder with r =0):

2 . i
[c}.p( r /6nrt) I (}__E"_
20t oy Zn.t
o

wole ) Jege (1
c-.p( l.nrt r dr]o L S

The pres'sure disceibucion in the system is the

given by6
t
ol
dp(c,z,t) = -;? a(e") -Ef- 1+ _,'h-

0
= 1 nznzn,(c-:') ",
ZH exp { - '5 sin 0’ o
n=l h
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£ = pry
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\ A" T® " l an_t-t')

0
. r‘z )
T %4n_(c-t")
rr' 1 r 1 3.t '
1 —:—-—-_——,— e r'dr dt
.:._o [2‘:(‘ t )_l
- e @

ehere ¢(t) is the withdrawal rate per unit volume
of souzce. Ia this study q(¢) is assumed constant,
aod uniform over the fracture. Thus, Eq. 2 can be

gric:en as
¥ h ¢
“;Al’(‘:-z»c) =, b £ 1+ .ﬁ'.h..
2 . fi1c b wh
% ' Iy
= 0 -
% 22
gm R W
- 4 - 3 nrh_ z,
Z =c h sin —5— cos ux (==
~ n 2h h
fi=1
e

e e . o(3)

Sclid cylinder sourcs

Substituting che total wichdrawal rate from the
fracture,

9 = nt:hrq...... ..... ()
and the dimensionless vaciables

r :r/tfooc...‘S)

D
7 kl‘
7y = ;—f- f; v o (6)
krt
t = C—— g e, & @ (7
0 duer 2 )
£
anrh
pD(rDiznitD) qfu ‘ APCI‘,'&,I:)

B € )]

into Eq. 3, we obuain the dimensionless pressure
drop at any point in the reservoir: '

2
r
)]
CD cxp (- ',.-c".-
Pylrps?potp) = o
0
1 ' +2 .
[ I (-r—Dr—D-) c..p( rD ) l"(h.'
Y Ny -~ T *
‘6 o <tp! 4ep) DD
Imoermechle |

B /‘ poundery \ | e

-1 e
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I e
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F1G. 2 — PRODUCT SOLUTION VISUALIZATION.
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Eqs. 5 and 7 define rp and tp in terms of 7,
rather than in terms of the conventional . In Eq.
9, the ratios b,/b, z//b. and z/h, alteady dimen-
sionless, have not been modified; ty and rp refes
to the dimensionless variables of integration. bp
represents the dimensionless reservoir thickness
and is derived from Eq. 6.

The study of the behavior of Eq. 9 is simplified

by the introduction of the following functions, which
have been described elsewhere.6+9
1. The P function:

rnz
e ) b
P(r.,t.) = D f X DD)
D'™D it ol z=
D 0 D

4
exp_'_.__)r' dr'.-......--UO)
-otD D D

is proportional to the instantaneous source feaction
for a solid cylinder source in an iafinite ceservoir,
The pressure distribution created by a continuous
solid cylinder source is given by?.9

TABLE 1 — pplrp, 1p) VALUES FOR A CONTINUOUS UNIFORM FLUX SOLIO CYLINDER SOURCE IN &N INFINITE

POROUS MEDIUMS
r

Ty 0 0.25 0.50 0.25 ] 2 3 3 10
1.10:; 0.0200 0.0200 0.0200 0.01%7 0.0096
2.1.0_.2 0.0400 0.0400 0.0399 0.0380 0.0189
3.10_2 0.0600 0.0600 0.059S 0.0547 0.0280
6.10_2 0.0800 0.0799 0.0787 0.0705 0.0370
6.10_2 0.1187 0.1191 0.1151 0.0996 0.0544
8.10 0.1585 0.1570 0.1494 0.1265 0.071&6 0.0001
1.10:} 0.1560 0.1932 0.1817 0.1517 0.0879 0.0004
2.10_1 0.3586 0.3494 0.3194 0.2614 0.1651 0.0047
3.10_1 0.4855 0.4718 0.428% 0.3521 0.2343 0.0141 0.0003
6.10_1 0.5879 O0.5711 0.S5194 0.4296 0.2965 0.0272 0.001S
q.1o_1 0.7466 0.7259 0.6633 0.5558 0.4036 0.0597 0.005S
8.10 0.867) 0.8444 0.7753 0.65687 0.4930 0.0958 0.0134
1 0.9646 0.9402 0.8668 0.7437 0.5693 0.1327 0.0243 0.0003
2 1.2820 1.2544 1.1715 1.0332 0.8389 0.2985 0.0594 0.0070
3 1.4747 1.4459 1.3596 1.2156 1.0136 0.4292 0.1799 0.0244
4 1.6135 1.5841 1.4960 1.3491 1.1432 0.5342 0.2541 0.0489 0.0002
6 1.8111 1.7811 1.6912 1.5412 1,3312 0.6960 0.3802 0.1060 0.0017
8 1.9526 1.9221 1.8312 1.6797 1.4675 0.8186 0.4828 0.1642 0.00S9
10 2.0624 2.0319 1.9405 1.7880 1,5745 0.9171 0.5686 0.2195 0.0130
20 2.4062 2.3753 2,2627 2.1283 1.9122 1.2372 0.861& 0.4401 0.0741
30 2.6080 2.5769 2.4839 2.3289 2.1119 1.4308 1.045& 0.5964 0.1471
40 2.7513 2.7202 2.6270 2.4717 2.2542 1.5701 1.1798 0.7161 0.2169
60 2.9535 2.9224 2.8290 2.6733 2.4554 1.7682 1.3729 0.8940 0.3383
80 3.0971 3.0659 2.972% 2.8166 2.5985 1.9097 1.5119 1.0252 0.4383
1.10: 3.2085 3.1773 3.0838 2.9277 2.7096 2.0199 1.6205 1.129% 0.5226
2.10z 3.5551 3.5238 3.3402 3.2741 13,0555 2.3640 1.9615 1.4604 0.8121
3.101 3.72578 3.7265 3.6328 1.4767 3.2580 2.5658 2.1623 1.6580 O0.99SD
6.102 3.9016 3.8703 3.77266 3.6204 3.4017 2.7092 2.3052 1.7992 1.1208
6.10z €.1043 4.0730 3.9793 3.8230 3.604) 2.9115 2.5070 1.9993 1.3213
8.10 4.26481 4.2168 4.12)1 3.9668 3.7481 3.0551 2.6503 2.1418 1.4600
1.103 4,3596 4.3284 4.2346 4.0784 3.8596 3.1666 2.7616 2.2526 1.5685

‘e
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aad is listed in Table 1,
2. The Z function®

€y e e oz .
z;'z"Zh'h'h

S Py tn,t

E. ’ t
1
= p'( D)

D
nzﬂzt
exp(- 5 )
‘i----ﬁ-ll z h[; i nr‘-‘i
1 nhf n sin 0¥ 9h

n=l
z »
cos nw — cos nx =+« + (12
_ n O
is proportional to the instantaneous source function
" for an infinite horizontal slab source in an infinite
potizontal slab  reservoir® with - impermeable
poundaries. [t accounts for the parcial penetration
* of the solid cylinder soutce in the reservoir.
The pressure-drop discribution created by the
Borizoneal fracture is thus given by

4
ISLINENS tD)
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D [t h. =z
bl e % s
zf Plepetp) 270 e T h) deyy -
0 D
e Ce e )

Aay varistion in the fracture radius, 7, affects
ealy the P funcrion; whereas any variaction in che
.hcture thickness, &, affects only the Z function.,
Teo importane applications follow immediately.
Piese, the pressure distribution created by a plane
(tec0 thickness) horizoneal fracture is obtained from
P 13 by eaking the limit of the Z function as by
s0. The resule is6

PU"D' zDI tD)

tD '
2 . ) Ze - .
Plepatp) 2|30 O 5 1] D’
0

D

® 2 9 4 @ 2 4 % % e B e s s s s s o o 0(14)
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o exp(~ ——5—) cos nx == coy nr i
‘:D
¢ e e s e . o . -(ls)

S.econd. the pressure diseribution created by a
line-source well with partial penctration or limited
entry may be obtained from Eq. 13 by taking the
limit of the P function as 7, + 0. The resule is?

rZ
. .
n e “D
Pp(rpspetp) f Ze,
v
L
2 iq 1_15.. o2 '
2w e nf 4
1\
J
. . . o--....-‘lG)
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rZrE. ooooooo 00.00‘(17)
This can slso be written as
rz \
! D 4h
Pplrpe2petp) = -7 E (" Ze )t
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z _1. «in o E-t-- cos nw :"' cos nv z
n S 2h o h h
n=l ‘
("."D\?-
= h
oA D! rdu, ., 18
exp u 4u u
2
o
4tD

which is identical with cthe solution derived by
Hantush1® by integrating Lord Kelvin's instanta-
neous point source solution. The pressuce
distribution is thus the same as that created by a
totally penetrating line-scutce well plus a “skin."
This result can be extended to the fracture case by
writing Eq. 13 as

2. , o e e . (19
+ u(rD.zD,rD) (19)

whete pp (rp. tp)s given by Eq. 11, represents the
pressute-drop distribution created by an infinite
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solid cylinder source. The function a(rp, 2p, tp) is
given by

tD t;)
L z —_
o(tD.zD.tD) 2] P(tD.tD) ( (h2
0 - D
h z
£ £ 2z v . (20
e 7wl 9%

and will be called 2 'pseudo skin function' by
analogy with the skin factor introduced by van
Everdingen!! and by Hurstd? The skin factor is
defined as a constant additional pressure drop
across a damaged '’skin’’ at the wellbore. The
pseudo skin function, ¢ (rps 2p, tp), tepresencs an
additional time-dependent pressure drop in a zoae
of finite radial extene, as will be proved later.
The pseudo skin function becomes a skin function
in the case of a well with partial penetration or
limited enccy. Brons and Marting13 actually coined
the term ‘‘pseudo-skin’’ in their study of partial
penetraction and limited entry. There is a difference
in the use of the term '‘pseudo-skin’’ factor by
Brons and Marting and the term ‘‘pseudo skin
function'’ in chis study.

LONG-TIME PRESSURE BEHAVIOR

‘In well-test analysis, the pressure drop at the
well is generally graphed vs the logarithm of time.
In the case of a slightly compressible fluid, a
straight line of slope % per la cycle (1.1515 per
log base 10 cycle) is obtained after a certain time,
which defines the beginning of the wansient flow
period.t

If we make such a graph in the case of a horizontal
fracruce, a curve results, the slope of which varcies
with time and is given by

apn(rnl.zl,’ tD)

A(ln £)
t, h, =z
pn f "f =
2ty Pleyat) 2050 3 Fow)e Mg > O

D
................(21)

As dme incteases, the Z fuaction approaches uaity
whidiin 1 percent, when

5 2
tngﬁzt‘nytooo.ooccoo(zz)
or, in terms of real variables,
k¢t 5
Z 5 e ... (23)6
duch =

and the P function is equivalent to 1/4tp when

ta 2> 12.5(2cT 4+ 1) . ... .. (298

)]

44Hs

for the fracrure case, or when

2

zer.o.--o.cl..(zs,

tD >
fot a well with partial penetration o limited entry
(rp 21and "y infinitely small),

Therefoce, the slope of the pressure curve become
equal to Y within 1 percent as time increases, when
Eqs. 22 through 25 are satisfied, and che floy
becomes radial, The form of the pressuce-drop
function itself is obeained from Eq. 19: ac long
times, defined by Eqs. 24 and 25, o ('p.tp) can
be approximated by6

0s¢ rpEl o pD(rD,tD) x
1 nce. +1.80907 =2, r. >0
3 p * 1 ple g O

A T ..“'l'

(aote chat **1.80907°° is corzect in Eq. 26) for 4
solid cylinder of finite radius (rl fazge)

p>t ¢ Pp(Fpetp) °
L an b J 80907) t. 30
2 o3+ 0 ' £ ?

D

for a solid cylinder, and a line source well (o
infinitely small),

The integrand in Eq. 20, which defines the
pseudo skin function, o, approaches zero as the .*
function approaches unity. Therefore, the peeuts
skin function becomes constane when tp < (% <%
b,z,. This constant, defined as the pseudu e
factor, is the maximum value of the pseudo 1i.n
function and is given by

5h2
0(C .y Zns ——I.)‘) .
D' D* 2
5 .2
;Z-hD l:;, h( :,
zf P(rp.tp) [2(;-'2% Mmoo
0 'D

Zy.. v,
h) 1] d:D

The pseudo skin factor cannot be expressed in v = *

of cabulated functions, except for the case vf & ** X
with pantial penecration or limited entry, w *° -
case,

'yl
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5h2 = h
: -—-9-) = CLI Z 1 sin nn -:f-
oltpe®pr ~ 2 Ty n 2
n £
n=L
s % Ty,
cos W §— cos 07 !-c(-r'). r, > 1
---------- . . . (29)
a1 given in Ref. 10.
SHORT-TIME PRESSURE BEHAVIOR
The shoretime  behavior of the pressure

Jistibution funcdion is obtained by means of Eq.
{3 from the short-time behavior of the Z and P
functions, which have been described clsewhete..ﬁ-s
The tesults are summarized in die following
puzgmphs.
H{ORIZONTAL FRACTURE

The P function becomes coastant as time
Jecteases, within 1 pescent when

3
t < -(-L—.-—-—Lr ).. l' # 1 . .(30)
p ° 20 ’ n
(e W00, r,m L. .00

n
e constant is unity for 0 < 7p < I; one half for
g = 1; and zero forrp > 1.

Therelore, at very eatly times, flow occurs o.nly
iathe 0 Srp < 1 region. The peessucc-drop function,
Fq. 13, then becomes

pld € ¥y 7 Tu Zpty) 7
€. e
D} t h 2
b € TE o2y s, L, (32
3[ 7‘('2’ e w %
0 »

ehich is independenc of rp and indicates versical
liaeat flow into the fracture. The casly-time behn.nor
of Eq. 32 depends upon the form of the Z function,
shich in cum depends upon by
Horizontal fracture of Finite Thickness
(by £0)

Above ot below the fracture, at very eacly times,

"“' pressuse-drop diseribution function is equivalent
e

h
Py(0 € ey < 1, zD.tD) = E;[(tu
"O:;) f 6“ 8 D exp ( 6‘2’ )]
) erfe —== - .\/"“' ep (- o
e N—f_u oV or lu:u
e e e e (33)

tCtar, 1oy

where &y represents che dimensionless vertical
distance from the pressure point ¢o the closes:
(spper or lower) horizoneal face of the fracture, Eq.
33 cepresents vertical linear flow into the fracrure
with a storage effect caused by the finite chickness
of the fracture. The storage constant is equal co
hioe The pressure-drop function becomes negligible

when

62
D .
< o' ¢ * ® » r e & s e @ * o ¢
t".)\ 13 (39)
oc, in cerms of real variables,

!;71:
--—-—-—-"s-.-- --00011000(35,
dure 67 70

Inside the fracture, the Z lactdon becomes
constant ac very early times and the pressure-drop
function can be approximaced within 1 percent by

. h, h
h
&) - 2{;;";; R ¢ )

when Eq. 34 is satisfied.
Substitution of real variables into Eq. 36 yields

qe t

O — ) ¢ ® -(’7)

Py - p(r,z,t) =
srfhf¢c

which is a volumerric balance assuming all

production originates within the volume of the
fracture. The rate of decline is given by

4 . Wi
de

T2
urlht¢c

and is constant and iaversely propottional to the
fluid-filled pore volume of the fracture.

On the horizontal faces of the fracture (§ = 0),
the pressure drop is one-half that within the
fractuce at very eatly times, when

A
7 50
(:uchE

Therefore, at very early times, the only flow is
within the fracture, and is of a storage type. A
straight line of unit slope is cbtained when the
pressute drop is plocced vs cme oca log-log
coordinates. As time increases, the linear vertical
flow into the fracture becomes important, and a
scraighe line of slope % is obtained on log-log
coordinates. The length of this last seraight line is
limited by the distance from the pressure point to
the closest upper or lower resetvoir boundary

0.0-'!‘0...0(39)
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C

(boundary effeces), and by che distance from the
pressure point ¢o s because the P function does
not remain constant when Eq. 30 is no longer
satisfied.

Plunc Horizontal Fructure (b, =0)

At very early times, the pressure-drop function is
given by’

jon T e
t ]
ZhDV e D

| 2=2 |

£'n
- 2=2 erf ————, « . . . (40)
' hDI f"n 2/,
which represents linear vertical flow withoue
storage inco the fracture, and #p becomes negligible
when

l:zt 1
2 \< 56 »

éuc(z-zf)

Graphing the pressure drop vs time on log-log
coordinates yields a straight line of slope ¥ whose
length is limited as in che case of a finite-thickness
fracture.

WELL WITH PARTIAL PENETRATION
OR LIMITED ENTRY

In this case, the P function is no longer constant
at early times, and the early-time behavior of the
pressure is solely determined by chat of the Z
function. Above or below the well opening, the Z
function is negligible when Eq. 35 is sacisfied
and there is no flow in that region of the reservoir.

At the level of the well opening, the pressure-drop
function can be approximated by

h h
£ o -
Pplfpe?e =7 <2 < 2 + 7 )

1h ‘uz
- e n— E (- wm——) e » e o ¢ o » (42)
2 he 10 Ty

when Eq. 34 is satisfied.

In tems of real variables, Eq. 42 can be written
as

2 k h 4 2
r € 1 D

€ = = El(~ =24y, . .(43

q¢ ¥ 8 7 EL( 4cD) !

which indicates thac the well behaves as if the
total sand thickness were equal to 4.}
At the top or bottom of the well opening, the

z # Zg. {41)

pressuse drop is one-half thac given by Eq. 4
vhen Eq. 39 is sacisfied. '

RADIUS OF INFLUENCE

The pseudo skin factor, ot 2p, Sbg/rrz), define ;
by E£q. 28 is independent of time, but does depeas
upon the position of the pressure point. It ,,
possible to define a radius of influence, 7, so m,,
"('D"o' Sba/nz) is zero foe r > r;. That iy,
points beyond the radius of influence, the pseut.
skin factor due to the fracrure (or che skin face.,
due to the limiced encry or to che partial peneteati. o
is essentially zero, and the effect of the fracrie,
(or of che restricted entry or partial penetrati. «
has disappeared. The pressuce drop is the same ,,
thac created by a solid cylindec soutce of radiy+
ot even a line soucce.

[n the fracture case (ry lacge), che P function ..
negligible at all times at distances so that

(r ..1)2 > ZOtD.........(un

D
from Eq. 30.
If Eq. 22 is also satisfied, that is, if
S 2
t>/—h,"“""""’(":'
D 1‘2 D

the pseudo skin factor o(r vZp, Sbglnz) is recs
Because c(rn.:o. Sbg/u ) is the maximum
the pseudo skin function (which is always positive:,
the pseudo skin fuaction itself is Zero, and e
pressure drop at all times is the same as
created by a solid cylinder.

The radius of influence is obtained by combini~¢
Eqs. 44 and 22, which yields
10 (v

innl-'-—i-hno.--o.-.o--

or, in terms of real variables,

n
= -Lg‘- —r.oo---‘;
Ty "f"u\/kz

Therefbze, the distance (r; - %) depeads only - -
the reservoir thickness, 5.

This resule is valid if ry =+ 0 for a well o-*
pattial penetration or restricred entry for which

,..12,,‘/5:..
1 ﬂ k e & e
b 4

This result can be verified from the analitn®
expression of the skin factor equation (F1p. -
which is negligible when the Bessel function Ao *
negligible.

T

VELLBORE PRESSURE FOR
HORIZONTALLY FRACTURED VELLS

Cleady, Eq. 9 does not yield a uniform potest

st
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jdﬁn che fraceure (for Q £ rp <1 a'nd 2 - b,/z <
2, b,/Z). except at very catly times. However,
&e potential variation is small, and :h.e fraceure
be consideted as similar to one having a very
uﬂ emmeability,
- i‘ﬂl"_nﬁm_“ c:ymfucliuily feaceute can be obcai_ned
g1 indicated in Ref. G, by dividing the fracwre into
s number of elements, each with uniform flux, and
obtained 3s the intersection of an elementary
dick-wall cylinder with an elementary slab source.
The conditon of infinice conductivity and the flux
& stribution are obtained from the condition of equal
essute drops in the source elements, and thae of
¢onstant production race at all times.

The solution for a uniform flux fracture presem.ed
lo this paper is useful, however. In che reservoir,
gvay from the fracture, there is liule dnffer'en.ce
petween the behavior of an infinite conductivity
fractute and chae of a uniform flux fracrure. Fufther-
sote, our solution appears to match the behavior of
s vell intersecting a natural horizoncal fracture
eben computed at the center of the source sr =0,
g = ;). Ia that case, the analytical expression for
peessure drop is much simplified. .

Along dhe fractuce axis (r = 0), the P fun?txon
¢an be expressed in terms of tabulated functions,
ad a simple analytic expression can b.e obtained
for the pscudo skin factor as a function of the
bollowing reservoir parameters:

\_/ )
PO,e) = 1-e e . 49

1 1
Ppl0ety) = = 3 Ei (- zq

-
4t
e2e 1 - e n)....(w)
) ] -

@ nz'll‘zt
D
h2 T T2
8h /0 f,_. W
Y / Wz -
“i n T
n=1l
.4_1_ (n:r 2
h c h_
By on SO R b1
wmoh G+ e<p 4u
D
0
N L ZE cos na 2
" sin nxw E‘ cos n'lh COS N7 h’

A ITTN 1914

.‘.

e e e e .. (50)7
hffo (50)

The ctransient pressure along the fracture axis,

obeained when Eqs. 21 and 23 are satisfied, is equal
0

= -1— 9 8
Pup = 7 [0 £ + 1.80907

Sh'z)
3 '3 I

+ Zc(o.zD. Y 1))
=

(note *'1.80907" is correct)

where zp is such thae

h hf
zf--z—~<z<zf+'2—-

and the corresponding analyrical expression of the
pseudo skin factor at the wellbore for a horizontal
feaceure of finite thickness is

zf z)2
—_ -2 z

«n|2 . th__ bl f.z
g hD 3 I\f - (u +h

h
, 2 2
t h z 2
£ 1 f f z
'h—"ﬁ(h") +(h) )
[--]

-1
4
8h h z
-2 h ~1—z-sinn:t—-cosmr-f-
,52 l‘lE n 2h h

n=]1

n‘ r‘
cos arf = K &, ... (52)
h J. hD

The pseudo skin factor, o, is thus a function of bp,
b,/b, 2/b, aad 2/b only. The Bessel function
I!‘ decreases rapidly when the argument increases,
and the infinite sum can be acglected for by < 1.

Taking the ‘limic of Eq. 52 as by + 0 yields the
psevdo skin factor at the wellbore for a plane
horizontal aatural fractuce:

z 4
2,2 £ I

[-2]
H4
. 2 . Ze. am
n=}l
...... . . * L] . - . . L . (53)



o is a function of hp and 2,/b only, which is
symmetrical wich respect to 2,/b = 4. The pseudo
skin factor is graphed in Fig. 3 vs bp for different
values of the parameter 3,/h.

Only one other expression appears in the litecacure
for the transient pressure drop created by a plane
horizontal uniform flux fracture. I¢ has been derived
by Warren? from a study of boctom-water-drive
reservoirs by CoacsS and represents an average
value over the area of the fracture, when the
fracture is act cthe center, top, or bottom of the
formaction. Defining the average pressure in the
fracture as

-

and the average pseudo skin factor as

1
Sha
O(VD, Zip -;rz—) n 1 er'

o
N
< ks
"
e
o‘\

it follows from Eq. 26 that the average transient
pressure in the fracture is given by

<l 7y + 1 .
P‘WD =3 (2a £, + 0.80907) + 7t 0.
¢ e ® ¢ & o e & * ¢ & s & v s » . . (56)
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OIMENSIONLESS RESERVOIR THICKNESS, hg

FIC. 3 — PSEUDO SKIN FACTOR, o, AT WELLBORE
(PLANE HORIZONTAL FRACTURE).

Wateen's eesules? can be written in 2 similas way ,,

v ). m L (in 1
(}nv)” 2 ('.h Cu + 0.80907) + %
- (Cav)\ P s e s e e e e ae e e ., (s
wheee
hl) !
Wy AGD) - 0.6545, 1f 2~}
('Jav)u = N A

ZhD .‘\(hD) - 0.6545, if 2

in which A(bp) is a geometrical constant given ¢
Table 2 of Coats' paper. A comparison has been
made in Fig. { between the aumerical values of the
average pseudo skin factors from this study unt
those in Ref. 4, for differear values of (he
dimensionless reservoir thickness bp, in the care
of a fracture at the center of the formation; there 1+
excellenc agreement.

For the steady-state case, values of the uwal
skin factor have been presented by Hartsock ant
Fareend as a function of the following dimensionless
parameters:

h | e Te T
——— —— . tv— ; (kh) r ' k k .
T, k z ’ L, £ / w rz

(kh)s being the fracture flow capacity. Hartsock mn:
and Warren mentioned thac there was aa infineer
number of combinations of these parameters that
would yield che same value for dhe skin factor.

10 T T T e
= Thgatudy .
& worren®

Jos- .
g g '
- .
g 0¢f
| ‘
{,0(
w | ‘
H
‘oz '
H

o 1 ' 1

[»] os 10 9

OIMENSIONLESS RESZRVOIR THICKNESS. "3

FIG. 4 — AVERAGE PSEUDO SKIN FACTOR. “.; 0p
bp FOR A SINGLE PLANE HORIZONTAL FRAt
AT CENTER OF FORMATION.
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.7 Thewally, this should not be so, and Haresock
§d Tarcen’s calculated skin effece should be a
gque function of bp and the fracrre/formation

capacity ratio, (kh)/(kh),, because the well
apparently has no significanc influence on
v;tessure distribucion. As a check, Hartsock
4d Tarren’s values of skin factor, sy y, were used

» compute 2 pseudo skin factor, oy, i, as defined

t this saudy:

! (60)
:UH.',]‘SH,W+£n;';-3. e

‘uw has been plotted in Fig. 5 as a function of
: foe two values of the fractuce-formacion flow
spacity ratic — 10 and infinity. Except for some
cartering of the data, the relationship for che
seudo skin factor is indeed unique for each (kh)/
W), value.
-These relationships, as obrtained from Haresock
ad Varren's paper, are not quite correce, however.
fbe pscudo skin factor, 0, from Eq. 53 has also
wen plocted in Fig. 5, for a fractuze at the center
o dhe formadion (2, = h/2). It is difficule to reach a
waclusion from the comparison of the ¢ and °oH,w
xtves for bp values less than 2 because of
scattering of che daca. The fact that there is no
greement foc by values greater chan 2 may cesule
%om Hartsock and Wacren’s assumption of a radius
o Influence equal to four times the fracture radius,
"k, accotding to the present swdy (Eq. 49),
es implicitly that bp = Q.37. Because the
\n(:of the radius of influence is determined by
&e peecision required for the aumerical computa-
doas, one can conclude that Hartsock and Watren's
emlts are valid for by values between unicy and

~

ST T T T T T 1

1 o Thig study -
e Martsch end Warrend + @ (an} 7(xn) o0
C Ixh) / (RR) o o

;—c.m-:-m-n.o

A ",.l m;"\

1 1 1 1 M | ! L

' e 3 4 ] [ 4 [ |
\ j OIMENSIONLESS RESEAVOIR THICKNESS, L
~ WELLBORE PSEUDO SKIN FACTOR, ¢, VS

-
§
ﬁm A SINGLE PLANE HORIZONTAL FRACTURE
% AT CENTER OF FORMATION.

§'~'H. terg

2, In pacticular, it is apparene that Haresock and
Yaczen's data leading to negative oy.w values in
Fig. 5 are noc accurate, the pseudo skin function
being essencially positive.

The dimensionless wellbore pressure for a plane,
horizontal, unifom flux fracture ac the center of
the formation, given as a function of dimensionless
time for an extensive range of values of the dimen-
sionless formacion thickness bp in Table 2, has been
graphed in Fig. 6 on log-log coordinates to show the
early-time behavior, and in Fig. 7 on semilog
coordinates to show che transient flow period.

Variation of the pressure in the fracrure for a
given value of dimensionless formation thickness
is illuscrated in Figs. 8 and 9. As can be scen,
pressurc is essentially constant foe locations from
r=0cr~0.25 T

CONCLUSIONS

An analycical study of the pressure distribution
ceeated by a single uniform flux hotizoneal fracture
in an infinite reservoir with impermeable upper and
lower boundaries has shown that there exise four
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FIG. 6 — DIMENSIONLESS PRESSURE IN THE FRAC-

TURE VS DIMENSIONLESS TIME FOR A SINGLE PLANE

UNIFORM FLUX HORIZONTAL FRACTURE AT CENTER
OF FORMATION (rp, = 0).
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FIG. 7 — DIMENSIONLESS PRESSURE IN TIE FRAC-

TURE VS DIMENSIONLESS TIME FOR A SINGLE PLANE

UNIFORM FLUX HORIZONTAL FRACTURE AT CENTER
OF FORMATION (rp = 0).
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OF FORMATION (b = 0.09). OF FORMATION (Ag = 5). lata ¢
diffecent flow periods. ) Afcer a period of transition, the transie- e <
A storage-type flow occurs fiese, the duration of oseudoradial flow period stares ac a time depenidirg fecom:
shich is limited by the fractuce thickness a.nd by upon the radial distance from the point .1 availa
the shortest vertical distance from the poinc at measurement to the wellbore axis, and upon the Fin
which the pressure is measured to the fracture reservoic thickness. The flow is radial and the Lffer
boundaries. . . pressure is the same as that ceeated by a line-source wuh
A vertical linear-type flow from the tesesvoir into well with a constane skin. The skin effect s vertic
the fracture follows, and the duration of this period independent of time, but does depend upon the peser
is limiced by the shortesc vertical dx'st.mce from position of the pressure point, and is negligible at vertic
the fracture to the reservoir boundaries, and by discances thac are geeater than three times the Comp.
the radial discance from the point to the fractuce teservoir thickness. teg ¢
outer boundary. If the fracture thickness is small compared *ieh and d
Lincat
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; fomation thickness, the fracture behaves like a
Bgle-plane horizontal fracture; the storage-type
Ry no longer exists, and only the lasc three flow
‘ods ate lefe,!S with the same time limits.
e same mathemactical model can be applied to
jive the pressure distribution created by a well
gith resuicted flow entry or created by a well thac
aly parcially penetraces che formation. Ag:!m. chree
dtfctene flow periods can be characterized: .(l)
@ catly radial flow into the open zone, the dura.non
which is limiced by the height of the opening,
@d by the aldicude of the point of measurement in
de open interval; (2) a transition period; and (3)
g wansient radial flow period as in the fracture
gse. These results are summarized in Fig. 10. _
The dme ac which the transient radial flow period
gasts is the same in all cases, buc the skin is
&Hetene in each case. Analysis of pressute buildup
&2 can thus be made in a conventional manner if
$¢ suaighe line has been obrained! or — as
gicommended by Ramey!? — if early time daca are

gnailable.

F‘i'naUy. we should consider whether important

etences exist beeween the behavior of wells
¢l horizoneal fracrures and that of wells with
Wnical fractures. Russell and Truicel® in 1964
grescated cesules for a well containing a single
tentical fracture in a closed square resenroir:
-(aepuison of log-log graphs of pp vs tp for the

0r0 types of fractures discloses both similarities.

‘A differences. Both possess an early period of
ar flow from the fracture surface. This is
ractetized by a slope of Y on log-log coordinates

(¢ examples, see our Fig. 6, and Fig. § in Ref.

10. But the behavior of the horizoneal-feacrure

PLANE mOMIZONTA, FRACTURE (8,21
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case differs from that of the vestical-fracrure case
for small values of by, say less than 0.7. Thece is
an increase in slope from Y% toward unity thac has
no counterpart for a vertical-fracture case. Because
it appears that b, would be less than 0.7 for
practical cases, it should be possible to identify
horizoncal fractures from well-tese daca.

NOMENCLATURE

The Darcy system of units! has been used.
¢ = compressibilicy
b = formation thickness
b, = fractuce thickness
k = formation permeabilicy
(kb), = flow capacicy of fraceure
(k5), « radial flow capacity of formation
Ap = pressure drop below initial pressure
#; ~ initial reservoir pressure
Pywp = dimensionless wellbore pressure drop
#p =~ dimensionless pressure drop
g = withdrawal rcate per unic volume of soucce
q; = production rate of fraceure
rp = dimensionless cadius
r, ~ wellbore radius
s = skin factoc
t = time of flowing
tp = dimensionless time of flowing based on "y

z = vertical distance to the reservoir lower
boundary

8 = verical distance from the pressure point to
the closest horizontal face of the fraceure

n = diffusivity coastant
R = viscosity

o = pseudo skin factor
& ~ porosity

SUBSCRIPTS
av = areal average
D = dimensionless
[ » feacrure
¢ = initial, influence
w = well !
SPECIAL FUNCTIONS
Erroe function.

erf (x) = _2_,_ e du



ws
o)

<

Complementary ertot function,

eric () ~ 1 - crf (»)
[--)
= —= e du
V=
0
Exponential integral,
du

[- -]
-u
L {~ %) = _____cu
X

lo(x) = modified Bessel function of the firsc kind
of order 0

Kg(x) = modified Bessel function of the second
kiad of ordec 0

K((x) = modified Bessel function of the second
kind of order 1
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