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FROM:

SUBJECT:

Purpose:

Course Title:

Ronald L. Ballard, Chief
Geoscience & System Performance Branch, HLWM

Philip S. Justus, Section Leader
Geology-Geophysics Section
Geosciences & Systems Performance Branch, HLWM

TRIP REPORT FOR TRAINING COURSE. GROUNDWATER CONTAMINANT
TRANSPORT MODELLING, PRINCETON UNIVERSITY, JANUARY 29-31,
1990

Training in groundwater flow and transport computer
modelling to improve my understanding of finite difference
and finite element methods and to enhance my effectiveness
as a supervisor of geoscientists who are
computer modellers

Groundwater Contaminant Transport Modelling

Date/Place:

Agenda:

Attendees:

29-31 January 1990, Dept of Civil Engineering, Princeton
University, Princeton, New Jersey

See Enclosure 1

See Enclosure 2

Instructors:

Course Objectives:

Course Format:

1). Prof. George Pinder, Dean, College of Engineering,
University of Vermont;
2). Prof. Michael Celia, Assistant Professor of Civil
Engineering, Princeton;
3). Prof. David Ahifeld, Assistant Professor, Environmental
Research Institute, University of Connecticut.

1) provide background in geology, groundwater hydrology and
numerical methods necessary to use and understand
groundwater transport models, 2) provide participants with a
computer code capable of simulating both flow and transport
in 3-dimensions, and hands-on experience in its application.
These objectives were fulfilled in the three days and nights
of classroom discussion and computer lab instruction.

about half day discussion of geologic concepts needed to
understand formation and structure of groundwater
reservoirs, concepts of groundwater flow and contaminant
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transport; about one and a half days discussion of
numerical techniques for the solution of differential
equations and their utilization in groundwater models,
numerical distinctions among finite difference, finite
element and alternating direction implicit methods. About
a day and a night session on flow and transport modelling,
including hands-on use of 1-D and 3-D codes, both with
graphic displays of the solutions which allowed instant
comparisons of methods and sensitivity studies.

Discussion: The course fulfilled my expectations and provided me with
several management tools. It increased my self-confidence
in handling and interpreting 3-D flow and transport
graphic solutions from computer codes. It provided me with
a refresher in differential equations and their use in flow
and transport modelling. In particular, the following
topics and relationships were discussed at length (see
Enclosure 3 excerpted from Handout 1)

Modelling concepts
Equation formulation groundwater flow eq)
Parameter estimation e.g., permeability)
Boundary conditions (e.g., constant head specified)
Initial conditions e.g., head specified everywhere)
Hydrodynamic forces precipitation)
Equation approximation (e.g., finite elements)
Equation solution (e.g., gaussian elimination)

Numerical Inputs
mesh size and geometry
parameter values (at node or in element)
time discretization
simulation time period
initial potential at each node
initial concentration(s) at each node
specified concentration(s) at constant concentration

nodes
specified flux at constant mass flux nodes
specified potential at constant potential nodes
specified fluid flux at constant fluid flux nodes
specified infiltration at constant infiltration nodes

(or elements)
specified discharge at wells
leakage parameters of fluxes

Basic Idea of Numerical Methods
solve for an approximate solution
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solve for only a finite number of discrete values
solve algebraic equations instead of differential
equations

Finite Difference Method
discrete approximations
Taylor series, truncation error
list of standard approximations
time and space dependence
stability and convergence

Finite Element Method
trial function, basis functions
method of weighted residuals
finite element method
time and space dependence
2-D elements, non-rectangular elements
practical considerations

Alternating Direction Methods
Alternating-direction implicit method

Groundwater Transport Modelling
Finite difference method (FDM)
finite element method (FEM)
wiggles and artificial diffusion
upstream weighting for FDM, FEM

Princeton Transport Code
3-D, FEM, FDM code

Handouts: The following handouts are available in my office for use
by any interested person:

1) Groundwater Contaminant Transport Modelling Short Course
Lecture Notes, Pinder, Celia, Ahlfeld, Jan 90
2) Chemical Transport by Three Dimensional Groundwater
Flows (Manual describing theory and use of the Princeton
Transport Code, PTC), Babu and others, Jan 90
3) FEPER (Finite Element Perspective Program) User
Documentation, Environ Cor, Jan 90
4) PRECEPT 1: The One-Dimensional Transport Equation, Allen
and Dougherty, Jan 90
5) PTC Lab Session and 'Editing Data Files', 1988
6) Computer Methods in Subsurface Flow, Huyakorn and
Pinder, Academic Press, 1983
7) Two 3-1/2" Diskettes: PTC-Source, PTC-Graphics (these
were distributed for the sole use of each course
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participant; a ruling on the legality of my retaining them
as an individual is currently under review by OGC)

Benefits:

Recommendations:

This three day-intensive training improved my skill,
confidence and knowledge in computer modeling of
groundwater flow and contaminant transport through
discussion of theory, numerical methods and hands-on
computer lab instruction. Given my improved understanding
of the governing equations (including assumptions), the
necessary approximations (simplifications) and the
limitations of the methods (uncertainties of output due to
uncertainties of input and the models themselves), I can
enhance the effectiveness of my supervision of
geoscientists who model and my management of geoscience
licensing issues resolution that involves computer
simulations.

I strongly recommend that the course be taken by NRC staff
and contractor flow and transport modelers and their
supervisors and branch chiefs. It is relevant to our
ongoing groundwater flow and radionuclide transport
modeling efforts. The superior expertise of the
instructors and the focused, well-organized presentation
and discussions assure that the time will not be wasted for
anyone willing to take the three days to learn and
participate.

Philip S Justs, Section Leader
Geology- oph ; Section
Geosciences & stems Performance Branch, HLWM

Enclosures:
As stated



%.-J

MEMO FOR: Ronald L. Ballard, Chief
Geoscience & System Performance Branch, HLWM

FROM: Philip S. Justus, Section Leader
Geology-Geophysics Section
Geosciences & Systems Performance Branch, HLWM

SUBJECT:

Purpose:

TRIP REPORT FOR TRAINING COURSE. GROUNDWATER CONTAMINANT
TRANSPORT MODELLING, PRINCETON UNIVERSITY, JANUARY 29-31,
1990

Training in groundwater flow and transport computer
modelling to improve my understanding of finite difference
and finite element methods and to enhance my effectiveness
as a supervisor of geoscientists who are
computer modellers

Course Title:

Date/Place:

Agenda:

Attendees:

Instructors:

Course Objectives:

Course Format:

Groundwater Contaminant Transport Modelling

29-31 January 1990, Dept of Civil Engineering, Princeton
University, Princeton, New Jersey

See Enclosure 1

See Enclosure 2

1). Prof. George Pinder, Dean, College of Engineering,
University of Vermont;
2). Prof. Michael Celia, Assistant Professor of Civil
Engineering, Princeton;
3). Prof. David Ahlfeld, Assistant Professor, Environmental
Research Institute, University of Connecticut.

1) provide background in geology, groundwater hydrology and
numerical methods necessary to use and understand
groundwater transport models, 2) provide participants with a
computer code capable of simulating both flow and transport
in 3-dimensions, and hands-on experience in its application.
These objectives were fulfilled in the three days and nights
of classroom discussion and computer lab instruction.

about half day discussion of geologic concepts needed to
understand formation and structure of groundwater
reservoirs, concepts of groundwater flow and contaminant
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transport; about one and a half days discussion of
numerical techniques for the solution of differential
equations and their utilization in groundwater models,
numerical distinctions among finite difference, finite
element and alternating direction implicit methods. About
a day and a night session on flow and transport modelling,
including hands-on use of 1-D and 3-D codes, both with
graphic displays of the solutions which allowed instant
comparisons of methods and sensitivity studies.

Discussion: The course fulfilled my expectations and provided me with
several management tools. It increased my self-confidence
in handling and interpreting 3-D flow and transport
graphic solutions from computer codes. It provided me with
a refresher in differential equations and their use in flow
and transport modelling. In particular, the following
topics and relationships were discussed at length (see
Enclosure 3 excerpted from Handout 1)

Modelling concepts
Equation formulation (groundwater flow eq)
Parameter estimation (e.g., permeability)
Boundary conditions e.g., constant head specified)
Initial conditions e.g., head specified everywhere)
Hydrodynamic forces precipitation)
Equation approximation (e.g., finite elements)
Equation solution (e.g., gaussian elimination)

Numerical Inputs
mesh size and geometry
parameter values (at node or in element)
time discretization
simulation time period
initial potential at each node
initial concentration(s) at each node
specified concentration(s) at constant concentration

nodes
specified flux at constant mass flux nodes
specified potential at constant potential nodes
specified fluid flux at constant fluid flux nodes
specified infiltration at constant infiltration nodes

(or elements)
specified discharge at wells
leakage parameters of fluxes

Basic Idea of Numerical Methods
solve for an approximate solution
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solve for only a finite number of discrete values
solve algebraic equations instead of differential

equations

Finite Difference Method
discrete approximations
Taylor series, truncation error
list of standard approximations
time and space dependence
stability and convergence

Finite Element Method
trial function, basis functions
method of weighted residuals
finite element method
time and space dependence
2-D elements, non-rectangular elements
practical considerations

Alternating Direction Methods
Alternating-direction implicit method

Groundwater Transport Modelling
Finite difference method (FDM)
finite element method (FEM)
wiggles and artificial diffusion
upstream weighting for FDM, FEM

Princeton Transport Code
3-D, FEM, FDM code

Handouts: The following handouts are available in my office for use
by any interested person:

1) Groundwater Contaminant Transport Modelling Short Course
Lecture Notes, Pinder, Celia, Ahlfeld, Jan 90
2) Chemical Transport by Three Dimensional Groundwater
Flows (Manual describing theory and use of the Princeton
Transport Code, PTC), Babu and others, Jan 90
3) FEPER (Finite Element Perspective Program) User
Documentation, Environ Cor, Jan 90
4) PRECEPT 1: The One-Dimensional Transport Equation, Allen
and Dougherty, Jan 90
5) PTC Lab Session and 'Editing Data Files', 1988
6) Computer Methods in Subsurface Flow, Huyakorn and
Pinder, Academic Press, 1983
7) Two 3-1/2" Diskettes: PTC-Source, PTC-Graphics (these
were distributed for the sole use of each course
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participant; a ruling on the legality of my retaining them
as an individual is currently under review by OGC)

Benefits: This three day-intensive training improved my skill,
confidence and knowledge in computer modeling of
groundwater flow and contaminant transport through
discussion of theory, numerical methods and hands-on
computer lab instruction. Given my improved understanding
of the governing equations (including assumptions), the
necessary approximations (simplifications) and the
limitations of the methods (uncertainties of output due to
uncertainties of input and the models themselves), I can
enhance the effectiveness of wy supervision of
geoscientists who model and my management of geoscience
licensing issues resolution that involves computer
simulations.

Recommendations: I strongly recommend that the course be taken by NRC staff
and contractor flow and transport modelers and their
supervisors and branch chiefs. It is relevant to our
ongoing groundwater flow and radionuclide transport
modeling efforts. The superior expertise of the
instructors and the focused, well-organized presentation
and discussions assure that the time will not be wasted for
anyone willing to take the three days to learn and
participate.

Philip S. Justus, Section Leader
Geology-Geophysics Section
Geosciences & Systems Performance Branch, HLWM

Enclosures:
As stated
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REVISED COURSE SCHEDULE

GROUNDWATER CONTAMINANT TRANSPORT MODELLING
PRINCETON UNIVERSITY

January 2930,31, 1990

Monday, January 29

8:30-9:00

9f.l10:00

10O-1030

10-30-12:00

12.01:30

1:30-3:00

3003:30

3:30-5:00

REGISTRATION

GEOLOGICAL ATTRIBUTES OF GROUNDWATER SYSTEMS
G.F. Pinder

Coffee and discussion

BASIC CONCEPTS OF GROUNDWATER FLOW
G.F. Pinder

Lunch

BASIC CONCEPTS OF GROUNDWATER TRANSPORT
G.F. Pinder

Coffee and discussion

INTRODUCTION TO NUMERICAL METHODS (1)
M.A. Celia

5:00-7:00 Dinner

7.00-8:30 FIELD CASES
G.F. Pinder



Tuesday, January 30

9.00-10:30 INTRODUCTION TO NUMERICAL METHODS (2)

M.A. Celia

10:30-11:00 Coffee and discussion

11:0 -12:30 INTRODUCTION TO GROUNDWATER TRANSPORT MODELLING
M.A. Celia

12:30-2:00 Lunch

2.(0-3:30 ONE-DIMENSIONAL TRANSPORT SOLUTIONS
Computer Lab

3:30-4:00 Coffee and discussion

4100-5:30 INTRODUCTION TO THE PRINCETON TRANSPORT CODE (PTC)
D.P. Ahifeld

5:30-7:00 Wine and cheese party

Wednesday, January 31

9:00-10:30

10.30-11:00

11:00-12:30

12:30-2:00

2100-5:30

5:30-7:00

7.(08:30

DATA INPUT TO THE PTC
D.P. Ahifeld

Coffee and discussion

RUNNING THE PTC (1 )

Computer Lab

Lunch

RUNNING THE PTC (2)
Computer Lab

Dinner

RUNNING THE PTC (3)
Optional Computer Lab
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Grouedwatr ConAmant Trnsport Modeling Short Course 1990

ZLt of Parants

Bartlett, Doug
Senior Hydrogeologist
Dames and Moor
7500 N. Dreamy Draw Dr.
Suite 145
Phoenix, AZ
(602) 371-1110

McConnell, Cary L.
Associate Professor
Univ. of Missouri-Rolla
Dept. of Geological Engineering
Rolla, MO 65401
(314) 3414927

Laney, Steve
Senior Hydrogeologist
Recon Systems Inc.
P.O. Box 460
Route 202 North
Three Bridges, NJ 08887
(201) 782-5900

Macchiaroli, Paola E.
Univ. of Pennsylvania
251 Hayden Hall
240 S. 33rd St.
Philadelphia, PA 19104-6316
(215) 898-5724

Justus, Dr. Philip
Section Leader - Geology
US Nuclear Regulatory
Commission
M/S 4-H-3
Washington, DC 20555
(3010 492-3460

Cooper, Budoin-Brutus
Hydrogeologist
Dept. of Natural Resources,
Loudoun Co.
102 Heritage Way NE, Suite 302
Leesburg, VA 22075

Hodge, Prof. Dennis S.
SUNY/Buffalo
4240 Ridge Lea Rd.
Amherst, NY 14260

Fountain, Prof. John C.
SUNY/Buffalo
4240 Ridge Lea Rd.
Amherst, NY 14260

Mattingly, Paul A.
Senior Scientist
Science Application Intenational
Corp.
2109 Air Park Road, SE
Albuquerque, NM 87106

Borgia, Andrea
MS183-501
4800 Oak Grove Drive
Jet Propulsion Laboratory
Pasadena, CA 91190
(818) 354-6286

Jones, Michael
Leggette, Brashears, and Graham
423 Sixth St. NW
Albuquerque, NM 87102
(505)247-2000

Magnison, Swen
EC&G Idaho
PO Box 1625
Idaho Falls, Idaho 83415
(208) 526-8618

Findikakis, Angelos N. CAR t
Room 45/311C16
Bechtel Corp.
PO Box 3965
San Francisco, CA 94119
(415) 768-8550

BeinkafIte, Katherine
MidHudson Geoscienoes
68 Bruynswick Rd.
New Paltz, NY 12561
(914) 255- 9382

Nezafati, Hooshang
ProjectEngineer
Leighton and Associates
3050 Daimler St. A
Santa Ana, CA 92705
(714) 752-4088

Tso, David
Gibbs and HilL Inc.
11 Pennsylvania Plaza, 5th Floor
New York, NY 10001
(212) 216-6146

Otr, James
AOS Program
Princeton Univ.
Princeton, NJ 08544
(609) 258-1312

Lecturers:

George F. Pinder
College of Engineering and
Mathematics
University of Vermont
Burlington, VT 05401

Michael A. Celia
Water Resources Program
Princeton University
Princeton, NJ 08544

David P. Ahlfeld
Environmental Research Institute
University of Connecticut
Storrs, CT

Deschaine, Larry M.
Project Manager
TRC Environmental Consultants
800 Connecticut Blvd.
East Hartford, CT
(203) 289-8631

Chan, Daniel T.
Engineering Supervisor
Bechtel Corp.
10 ILarelglen
Irvine, CA 92714
(213) 807-5017
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INTRODUCTION TO NUMERICAL METHODS

MICHAEL A. CELIA

RALPH M. PARSONS LABORATORY
DEPARTMENT OF CIVIL ENGINEERING

MASSACHUSETTS INSTITUTE OF TECHNOLOGY



BASIC IDEA OF NUMERICAL METHODS

* SOLVE FOR AN APPROXIMATE SOLUTION

0 SOLVE FOR ONLY A FINITE NUMBER OF DISCRETE VALUES

o SOLVE ALGEBRAIC EQUATIONS INSTEAD OF
DIFFERENTIAL EQUATIONS

EXAMPLE

Y.I k eO

vr h=o
9Ibi" 2h

� . 2 (,v)I
h(x,y) = ::t YLA, sin k.,m

*t B,, sikWA (- )

4wE rIY
.

h-O

NUMERICAL SOLUTION

* * . -

- S -I

,-NOD~E SOLVE FOR A FINITE NUMBER
OF (NODAL) VALUES AS AN
APPROXIMATION TO h(fry).



OUrLINE

1. FINITE DIFFERENCE MErHOD

* DISCRETE APPROXIMATIONS
* TAYLOR SERIES, TRUNCATION ERROR
* LISTOF STANDARD APPROXIMATIONS
* EXAMPLE CALCULArION
* TIlME AND SPACE DEPENDENCE
* STABILITY AND CONVERGENCE

* REFERENCES

I1. FINITE ELEMENT METHOD

* TRIAL FUNCTION, BASIS FUNCTIONS

* METHOD OF WEIGHTED RESIDUALS

* THE FINITE ELEMENT METHOD
* TIME AND SPACE DEPENDENCE

* TWO- DIMENSIONAL ELEMENTS, NON-RECTANGULAR ELEMENI3

* PRACTICAL CONSIDERATIONS
* REFERENCES



i4

1r. ALTERNATIN6 DIRECTION METHODS

* ADS METHOD
* REFERENCES

I9. GROUNDMWATER TRANSpoRT MOAXUA6

* FDM
' FEM
* WIGGLES AND ARTIFICIAL DIFFUSION
* UP-STREAM WEIGHTIN& FOR FDM AND FEM
* REFERENCES
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REFERENCES

Becker, E.B., G.F. Carey, and J.T. Oden, Finite Elements: An
Introduction (Volume I of The Texas Finite Element Series),
Prentice-Hall, 1981.

Lapidus, L. and G. Pinder, Numerical Solution of Partial Differential
Equations in Science and Engineering, John Wiley, 1982.

Pinder, G. and W. Gray, Finite Element Simulation in Surface and
Subsurface Hydrology, Academic Press, 1977.

Segerlind, L.J., Applied Finite Element Analysis, John Wiley, 1976
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- FINITE DIFFERENCE APPROXIMATIONS

BASIC IDEA: APPROXIMATE DERIVATIVES USING
DISCRETE VALUES

A4T)

x. X. X.I. f f d

QUESTION: HOW CAN WE APPROXI0
USING THE DISCRETE

MATE A AT Xi
VALUES VI-,,U, U..,,?

AN SWERS:

1. du
"Il.

2. dFi

3. du
£;

4'. wia,, - U;~

£4Ui - £4,f

24w

( FORWARD DIFFERENCE')

("BACKWARD DIFFERENCE1)

( CENTRAL DIFFERENCE')

Q VES TION : -HOW GOOD ARE THESE APIROXIMATIONS ?
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TArLOR SERIES

ASSUMING u(x) AND ITS DERIVATIVES TO BE

SUFFICIENTLY SMOOTH, WE CAN EXPAND U(X)

IN A TAYLOR SERIES ABOUT AN ARBITRARY

POINr X. AS

U(X) = U * * ) ((o.K du-1

3! 7F7F

AN ALYSIS-OF F nA)P dA I ....

ANALYSIS Of ED. APPROXII'ATIOIVS

* EXPAND u (x) ABOUT NODE POINr Xi

~*, U.~(6r~dd +.(AX) d (u z du*

(ct) u (xi + O c U.,, = - + (A) d i*

(b) U(Xi-AX)f'r--,.,= Ui;(,&r) do (A X-7)

AxX=.(t -xi = X i



* FORWARD DIFFERENCE

SuBTRACT U, FROM EQUATION (at)

U. - U. = ax) dt

r- - - _-

, J, Q _' d t
Z d:'

xi

S 3
.t(t) d f..

3! deltz.,~~

I

dut
d1l

Xi

tilt, - U;t0
-X I-

x d/ - Xd) da _ ....

I&TRUNCATION ERROR"
L - - J

UL j
SCAIL emA1

0OF ORDER AXa

* BACKWARD DIFFERENCE

SUBTRACT EQUATION (b) FROM Ui

(FIRST ORDER)



a

. CENTRAL DIFFERENCE

SvBrRACT EQUATION (b) FROM EQUATION (a)

&I uiss - ui., '2)dir -t 0 ((d X)2 ax
Xi

(SECOND ORDER)

SECOND ORDER DERIVATIVES

* NEED TO APPROXIMATE u

* STANDARD APPROXIMATION :

- .E. . - .

x
i-I i xi.

d2"I rd/dull!~~~ 0%dxI g I 2

AO 1 x I A

6A (69 ) z

I
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1kST 4f 5~hm
FORMOLAE :
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EXAMPLE

APPROXDIMA TE THE SOLUTION TO

du2
dxT7 = O o ~6x f£,?

u (o) 0 0
u(2) - 1

USING THE FINITE DIFFERENCE METHOD.

STEP I: DISCRETIZE THE DOMAIN

1 2 3 4 (AfV0Lr IVWBEA)

0 2

STEP 2: FORMULATE

NODEC

I.

APPROXIMATING I

EQUATION

U.=; O

WQPATIONS S

(B.C.)

2 d 'a
0

[U-29aa.LUI

UQ- 2f 1U, +it 4
(46x) = 0



It

3 ~t-ZL'V. + ((4
+ U a O

4 U4 t (B.C.)

srEP 3: ASSEMBLE W0IA TIONS

I

I

0

0

ft r0L

ras)h- 2]

0 0 U. F 0

I 0 Uz

A .

0

1 I (iX) ' 2J I

10 0

9,L3

mI

0

-Ii

STEP 4: SOLVE ALGEBRAIC EQUATIONS

NODE

1

2

EXACT SOLN.

0.

0.680

/. O9

D -SOLN.

0.

0.704 (3. )6 q.J@1 wtil

1. 6 (2.5X.)3

1. 1.
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APPROXIMATIONS IN SPACE AND T7lME

# EXAMPLE: TRANSIENT GW FLOW (1-D)

5 "- K '=0

h (Olt) = Cl
h (L.t) 0 C

h (x,o0) = ho )

of ~L

f %O

STEP 1: DISCRETIZATION

t c t I

Nxh (Xit))
0 e~~* 0

0 0

0

0

Xw'O Xz'VX X 3'26 *L
x



k~~~~~~ m
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STEP 2:

* CLASSIC

APPROXIMATING EQUATIONS

: EXPLICIT APPROXIMATION

( h _ K bl
( at ax "Ca~

) tiAf t )

TAYLOR SERIES:

'bIL. t - hi
* O(at)

~I

r% It 0%= bi#j - 2 hi + hi,
(d X) 2

+ w

SO:
S -h A h Z - 2 h " . h " 1-

*lt (AX)'~~~~~~~I

)EF7 N E: ~~S (ax) P

i ntl |
h .' = O hih. +p (1-Z A O h. A h .



. 1.

(.t*) At, 0 A fA Ij
0

,4

I
I
I

o-----b-----o
CLASSIC EXPLICir

'XC
,

X;.-E.I X.
4

' CLASSIC IMPLICIT APPROXIMATION

'nfl

=0
li

s5 I -
df

- adl e a h~ +i#

(6k)'
* O(adt, (Ax)") = 0

.(i~Pz h~',A = Iit'

tA

(nI) at 4 . -- e -. - ---

III
To

CLASSIC IMPLICIT

A ISOt)

x;i, x; Kiti x



Is

* VARIABLY- WEIGHTED APPROXIMATION

tA

i00) At

O - -

II-

4-

IMPLICIT
VAR.- WT

EXPLICIT

(nol)
(n -t)

(n)
I I | b

x.
'-I Xi X;,, 'x

(s _ K 7Paha)|= 0

a1h Rio@

,ax 1, i

nto
he.

at * 0((I-2ZG)At fqdt)9)

hi -aZhl hi-, -
(ax) L

oh,' t (1-6)h2 + 0 ((t)t)i



NOTE :

LI c

e t

e r k?

CLASSIC EXPLICIT,

CLASSIC IMPLICIT,

CRANK - NICOLSON,

0(dt, (64) )

o(At, (ax),)

0((At)2 vy

STEP 3: ASSEMBLE EQUATIONS AND SOLVE



EXAMPLE

Oh _ a2 h = 0
at av 2 - j

ofKLI

i >0.

h(1,t) = O

h(x ,) = {2x,0 x
|2(I -X) , At AXON-

hI

0

* VSE CLASSIC EXPLICIT METHOD (OcO)

tij

At O

A.

* I 0 a * 0 0 0 0

* 0 5 *. 0 a a

* 0 "1 96:*O. 0 *:

xco .1 .2
il' Z 3

.4
5S 7

.8 1.0
/I (AloD NUMBER)

AX 0.1 , Ata .001 .DOS, .01

(,o= O.I, 05, 1.O)



* LET At= .001

hI=yo hlw +

NODE
I

(p= 0.o1)

(1-2Ab) hi */ hoo:

EQUATION
= 0 (B.C.)

h= r 0.I (OJ + 0.8(0.2)
= 0. 2

2

3

*0.1 (0-1)

hi = 0.4

1

1= 0
hil-11

h (,St)O

(B.C.)

4- RI1A r~- f

It

% fz� te 44A4;Stu 004,11r. xv vg

I



a

$2,
*,,x

'o a

tk" 0

(lo ot4V 7cT7

'bl

O~Qr 5.0
0o

Too = 4v x
I --- IIL520=9J 0*J

'S.) '
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CONVERGENCE

Aim I bFD hgxx4rl 0

4t -0

STABILITY

* ERRORS ARE DAMPED OUT (DO NOT GROW) AS TME
SOLUTION PROCEEDS IN TIKE

* STABILITY IS NECESSARY FOR CONVERGENCE

STABILITY LIMITS

CLASSIC EXPLICIT

VARIABLY - WEIGKTED

CLASSIC IMPLICIT

CRANK- NICOLSON

.,o (I -2'G) '

ALWArS STABLE

ALWJAYS STABLE
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THE FINITE ELEMENr METHOI

* A bIFFERENT "DISCRETEC APPROXIMATION TO SOLUTIONS
OF DIFFERENTIAL EQUATIONS

EXAMIPLE
J2

d + U = °
dxz ot x ' 2 (42 r roj 2)

u(O) =
(2) =

0

I.

SrEP 1: DISCRETIZE DOMAIN

--
a

-4
vs -40-

*13
+
2

(Alobc lumBE~es)

"CA,

STEP 2: DEFINE TRIAL FUNCTION

TRIAL FUNCTION SIMPLE FUNCTIONAL REPRESENTATION
TO APPROXIMATE U(x)

= u X



i 2z

HPIECEWISE LINEAR'

t -X t1X. x. X..Ix01
J i JJ $1 J

~~~~~~~~~~~~~I

itPIECEI4I5E QUADRATIC" .r 4 4.Im

4. aJ~.m~~k4.l

I,

ui-I(I

Uj#

FO Xj, i ~X iXi

j.J AXfN

U., AND 4.

x

ONLY.* (x DEFINED B Y

e CONPECr U,, AND Uj WIJ/T A STRAlGHT ULE

* U (X) Z- 4-1 (.k + U ar) I



*3

FOR ENTIRE DOMAIN

0 00 0
xi XIL X;

.... *

Hx

b

"UNDEFERMINED

CDEFFCIENT g

0. (,KJ =

"BASIS Fuci 'S

, -1

0
Li

,ALL MWER )(

FOR EXAMPLE PROBLEM
A
u W = x) . X

o' j 0& LA~~ ~b~u;J



i

2+

Sri P 3: FORM RESIDUAL

RESIDUAL E R(xN
2A

dZ
A

(q&O0)

STEP F FORM APPROXIMA7ING EQUATIONS

o GENERAL METHOD OF WEIGHTED RESIDUALS

a A D

.+a 44Ie

i"s .'
ob&AC

Ls R(x)w(x) dx
n

= 0 , =I,, 2..0, M.

* FINITE ELEMENT (GALERKIN) METHOD Go d,;, BAwK i; s 4J
41 11" I 4Jt 4CHOOSE W;(X) = j X

o FOR EXAMPLE PRO Dm

| (d ~ f 11 06# ),=0

VO
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Ll4. NOE i)
I

£Q NATIONi
U = 0 (B.C.,)

2 rZd a(4.
JtJ UJ I-]O K~f

If

jIy[dl~~jxd J

jtffz dx#(d)3

LI - (B.C.)

5-T.STEPS,: INTEGRATE

2

Jo

2 .4
d u oi dr
dx I-

BY PART~S

dr A d

5STE P6: PERFORM INrEGRATM5W

j4 Lu~ d 0j9 xtx0 ~J d d
dr = ai0dx



2.

I 2

0 W 0. (2) - 0
2 a Vo) W 0

0

I

Cal dx = O
C at eW3

_ _1
IN Al~l ELENATS

EXCEIT e cl AND e c2I II I x

.Ii_

4Ia-4r4ex ' C..40 JC

I 0 0

(# )

0

0(a H) ( -3)

U,7

UZ

us

r
0

0

0 (fnI ) (A-3) (I t 2)

0 0T 0. I a
'0

10 0 0 I



STEP7: SOLVE ALGEBRAIC EQUATIONS

( Ul ) 2 U3, U4) = (0, .65%, 1.0 it, 1)

NODE

1

2

3

EXACT

0

.'801

1.0

FDM

-0.

.704f (.4x.)

1.014 Ozslo)

FEMl

0.

1.01- (3. 0 )

1. f0 (2.4y.)

501 hA't
IJu. " - '
paw aWtcaR

+ I 1. 1:



2t

SPACE AND TIME DEPENDENCE

�l
-h11 = f (x"t)

it xz
Oi-x L
t > 0

h(Ot) = 0

11 (L't) C

h(xo) = h.(X)

STEP I:

fl(it)l

100)

DISCRETI ZATION
n

. . . 00�..

A

= X -S(d)
0

0 S **- 0

A 0 5 *. . 0 ... 0.

v ii

Xi XI Xi, X.4
. . .

XD' x

STEP 2 TRIAL FUNClION

heist) -t h (xA) = Z H. Wt

UNDETERMINED COEFF5.
(TIME DEPENOENT)

O(X)

-~ BASIS FUNCTIONS

ski;f A, a+ "I'll low. If



STEP 3, RESIDUAL

RWxo) =
4a zd' 00

(.* o)

STEP 4: FORM APPROXIMATOi EQUVAIDNS

0 R(xO) (if x = 0 ,

RUM~t - a' ( Hjif)ojlt)) -

i = 1, 2, ... , M

- f(,rt)
IN

jag

dt - f Hi ,t)

[ -yL 0 dx - Hi d' ,* d fi'(Aof 0t) 4dx
d 0 0

STEPS5: APPROXIMATE TINE DERIVATIVE USIING FDM . &,iIN#Jd.Ilu

dH1 At + 0( (1.2ew I (Ad o 2.)

#4
to. pt~ 9 t 4164 , kI6 x , A'*( A r.

P40 3 134w: m 4Cw4,*l;4 4A& - ~~~r"~~~~~I

I



so

STEP 6: INTEGRATE BY PARTS

p0.
d'4
difjdx do-dxr

L L
dQj dx

if

STEP 7: PER FOR~M INTEGRATIONS

GENERAL FEM EQUATION (NDDE 1)

4. ~ ,-e~oJ H" H." dz,-p/ire]i

iii ft Ip~iI, h AII*~ AAS I t~kNo I L - - .
-VAKIAIDLT WVUIdIC f\ JCVUA IIlUN i ry U C & 1/ 7A5 a

+ i e ~ o ( x Z ( I - ) , j u . ( - e /

a . g4ou
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STEP 8: ASSEMBLE EQUATIONS

{Lrr e=o)

NODE
1I

2

Ni = 0

I I L1 Itf

= Bt fL
j of 0j dx

I J

I.C.

4 ( t6 ?) H/ ("- /

N I Hi 2 I
ly -+ f H" .

*o -,p) 0
'oH,

( a p) Hqo,

= C 71)

sulol At

~dxI
X&L

XZL ')or
I~fr

Xto0 .. X11.1 xM J*

STEP 9: SOLVE MATRIX EQUATION



NOTE: -. StABILITr Limir FoR FEm

FOR THE EQUATION

'S _ K 2
?x I

Ao S KM V& MLIST .SATISFYr

I A(1 -Z) £ I
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J~3

PRACTICAL CONSI)ERATIONS

1. SPATIALLY VARYING CONDUCTIVITY, K(x)

d[K W ~h
= (ST ST GV FLOW,)

FEM:

SL Adj.'r (K(X) d h )
a7,

- (x). dx =O

R X)

INTEGRATION Br PARTS:

(K( l: do W (X- 1 0K
dh A dx
dx dx = ro dx

0

L Jd~y dOij.dx
= j -Sx- ~-0 - (K)

0 It 4 r ektol



3+

RECALL-:

o(i)
j

I.

p~~~~~~~~~b

X.f-1 X. xoI Ie - X

I

r

I

AX

*I
I I

-I I

T
I
I
I
I

x

:

* APPROXIMATE K(x) WITH CONSTANT (AVERAGE) VALUES
OVER EACH ELEMIENT.

K(X)

X

* OVER EACH ELEMENT (e)

f dx dx
d#* dO# dx

(eL)



t
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2. POINT SOURCES/SINKS (WELLS)

* RHS f(x) IS fRX) Qw (x-Xo)

Xo IS LOCATION OF WELL

S(c' -x.) IS DIRAC DELTA FUNCTION
f-44& %.4
A r;* , a

RHS OF FEM EOUATION:

f (x) oi (X) dx =Qw LJ (x) S tx-X) dx
0

o TYPICALLY LOCATE X. AT A NODE

* ONLY ONE BASIS FUNCTION IS NON-ZERO
AT A GIVEN NODE

* MORE ACCURATE SOLUTIONS



I

3'

TWO SPACE DIMENSIONS

e STEPWlSE PROCEDURE IS EXACTLY THE SAME

* DISCRETIZATION

7

ELEMENT

Al

* TRIAL FUNCTION

h(x,yt) A h(xy,t) =
N

jz I j0 (.( Y)

* FE EQUATIONS FOR A _ -K(Oh �-rzA) c focyi)
L

/S , T K (xt ).. pj ~(x,y) dx dy = O

R (X..y)



* INTEGRATiON BY PARTS &%W�l Iill flA

X(als
tajr . lfh 0ay lai

=J0.
&fl

ah ds
4

-m fai 0

I ;17ai
4 a or dx dy

g)y1 ~y

(BOUNDARY OF D2)

* SECOND - TYPE

INCORPORATE

BOUNDARY CONDITIONS

B.C. THROUGH BOUNDARY INTEGRAL

(x,y)



-i

3f

yI

x

KJ
At

A ds
(ydy

x

y2 1)oi()j

92 ( y', - rt-a ) 4S, t -YJ
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NON- RECTANGULAR ELEMENrS

Y

COORDINATE

ADSFORMArTIOn

x

* DEFINE BASIS FUNCTIONS I "LOCAL SPACE"

h = E
ret

J. (i) 0; 4ri ,q)

* PERFORM INTEGRATIONS IN 'LOCAL SPACE"

Jf F(xy) dxdy = Jf F(X(r, ), y(3? )) def d TdT
y i
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4C

ALTERNATING - DIREC7ION METHODS

* ORIGINAL IDEA BY PEACEMAN AND RACIFORD (I{sS) +C11+110 f*)V- 7---ll

a

e CONSIDER 2-D GROUDWATER FLOW

M 2h-T - 7t X2 - A

Zyz -O
OA X £ Lx
o 6 ys Ly

y

h4. (h. -)

(xi)

STANDARD 2-D FDM (CRANK - NICOLSON):

h",i - hA..

1a t - 7 E
o.f

"4_
4,.'

# hi 1.,,
49.1 4m.U Aeti

IF. -2h.A. Ih
+ Q1 Q 0,

(toy) ItA6X) L

= 4 [
a A a

h,-Q 2he,j + i-4,j-
(AX) L h Z yr. J ,



44

TO SOLVE RESULTING MATRIX EQUATION

NUMBER OF OPERATIONS x N T

FOR GRID OF N X N NODES .

AL TERNATING - DIRECTION IMPLICIT (ADr) rTIOD

* GO FROM TIME LEVEL

* EACH STEP INVOLVES

. STEP I:

sjJt h,.j - -Ti

4t/Z

n TO ntl IN TWO STEPS

ONLr 1-D MATRIX SOLUTIONS

- A to hRn~j
.iJ k IDJ

(ax) Z

(rIMPLICIT IN X, EXPLICIT IN Y)

(dy)Z ' n

S OL VE FORh tY
AT EVERY NODE.

I, A
v I 9 wU '*0

I I~ s a a a b.

e i --- 7 lW

a p 0 o

I~~~~~~

_ _ -x
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STEP 2:
'IJ i. - I t, I o .thj~ - hj hj- hj hi j,,

412tot (AX) t *
(IMPLICIT IN Y, EIPLICIF INX)

y 4=

AtS a# ft *~

SOLVE FOR h
AT EVERY NODE

x

I GO TO NEXT TIME STEP AND REPEAT PROCEDURE

* TO SOLVE MATRIX EQUATIONS

NUMBER OF OPERATIONS cc N

FOR GRID OF NxN NODES

* SIGNIFICANT SAVINGS ON STORAGE REQUIREMENTS

a Wa* t -au, * 0&
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4.3

-- SOLUTIONS OF THE TRANSPORT EQOATION

* EQUATION DESCRIBINGT mOvEMENr OF DISSOLVED CONTAMINANT (1-D)

ac + v a- - D a c
at ax atr I

C(o, t) = C1

;ac (L, t) - OC(,o 0 x0

C (yx ) = C.(x)

0. o0x AL

C = CONCENrRATION

V = FLUID VELOCITY

D - DIFFUSION CDEFF

(M/LO)

(L/T)

( LZ/T)

( VI D CONSTANTS)



I I

4*

* b ( APPROXIMATION

Tt I - Ci - C.& I -ZeG (At)
2'

Z 4#0

?ac At*i~
Iix

I

C., I - C,-, rf

2(ax)

ra 1) Z)

4 u Od) ")

THIS IS AN O(Nt' (X)A) APPROXIMATIO TO
* ~~~~f

't V.LC x1 /Ii , = 0

TRUNCAEON ERROR = 2.ze~t) a *°
+ 0 (t4 OL (46 JO & )

i
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FE APPROXIMATION

TRIAL FUNCTION

6 (xi ) =
'4
f -N

ju' J
0. (4

RESIDUAL

R (x t)
aC

a t 4
- D)e

ax '

GAL ERKIN MWR

L (A
ax - 1) a'c

5.7
i(Y) dx 0 =L

INTEGRATE IN SPACE (PIECEWISE LINEAR Q s)

I C.;- + z d C,
3 7F

.+ ,d ,I + V AX

~~ D (AX) 2. =0O



FINITE DIFFERENCE IN TIME

+ v ~- D C"+ e ZCi ,cL



4?

EXAMPLE PROBLEM

+ V Ucax - D a�cax = 0. 0 6X iL
t > o

C(ot) = 1

h:(tf O= 0

c(X,oJ) 0
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I

D .05, V- 1.0

C(X)

Ax - . 05 oskdlc
Atf =. OS

= 0.5

0.0 05 1.0 x

(AX = 1.0)

(,,I � k.. I ?e. & tj,)VALA. r ,)jJptA.m



!

D = . 001, V= .1 .
.

C(x)

1.0

o. S

0--o. FDM
at FEMl
- ~EXACT

AX = .0g
Ait c .OS
eto .sI t 0.5

o.oL
0.0 o.5

( DX) = so.)



I

,.N

G." I . .i3
a M2

-. a

eq4.

A *4

Ai -

i2.
-I

I

PIaa
0

It-

?I?
a.

4A4

;;.O

'a
- 4

St?4

goti

8.33
a

a0

0-"

21z
Le Oq

-4

-I~~~~

IA
.4 - U.~~4 =

a
Oh 0a~~~~~~aC

4I
:A

I

I I

I- .
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vi

sz

* CONSIDER AN

1 At
TX -

ALTERNATIVE FD APPROXIMATION

a~x

ALL OTHER APPROXIMATIONS -AS BEFORE

'UPSTREAM WEIGHTED APPROXIMATION

* GENERAL UPSrREAM WEIGHTED FORMIULATION
Otte c.-cI .at# a to

ALL OTHER APPROXIMATIONS AS BEFORE

or = UPSTREAIM1 WEIGHTING PARAMETER



,.00 0~.20 0.0 a.| 0.50 I.:2 ill .*

.8 A

-e - - - - - - - - -- -

a a~~~~~~~~~~C

3 s I It

a / I

o~a *Io

--4

_ - - - -- -
3-4 .4e

C

I



Fiwitl OIFFERENCE SOLUTION
to" ISy OME" NVP!T5LtEatiqc '

UK toII 0

SPOCE STEP * O.O5
fif SIEP * 0.05X1
TETA * 1.00
AtP"R. 1.00

( * POT TIRE* 0.so5

@ \ ~~~~~~~~~~~~~~~~~~~~~~(7
I

.eo



J. *~~M 3.W 6.33 0.69 3.00 ~~~~ 3.13
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-0 A-

asa
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- - - - - -- - - - - - - - -

:A ~~~~~~~~

13~~~~~~~~~~*1

SS~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

y
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PINITE DIFF ERE RCE SOLUTION
FOR IS! ORDER h1PrfBOLIC E@uOTION

on1 13 DI 0

FINITE DIFFERENC SOLUTIEON
FOR Is? ORDER NTPEI9OL.IC EGUNTION

byt * uT 0

SPreE STEP * 0.05
lE STEP * 0.0500

ETAr * 0.50

* N 1 * o.uo 4 ~

IPLOT tIRE w 0.503

SPtC STEP * 0.05
TIwt STEP * 0.0500
TEIR 0.50 -
tPot," a o.604

MOT.0 TIRE a 0.501e

I
I
I
I
I
I
I
I
I
I
I .

I
I
I
I
I
I
I
I
I
I

C

9%
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.7~~~~~~~~~~~~~.

0 ~~~~a U-AM

., f40

a U: 1
P P~~~

s I

as~
0 -!

V, -0

I

a
. -

"I

.4-.

,2

I P

.11 0.1g

/'

- I

6. = -~~~4 .4Le

4~~~~~~.

A . ~~~~~~~~- .1 .0

.. a

i P~ S
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ts
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FINITE DIFFERENCE SOLUTI0O
Fro 1t 1 ORDER a t "AOLIC COUNTION
N * UT * 0

FINITE O1FPFW!lUe SOLUTION
re IS3 OWr M nefftlWIC MOTION

us * ,, a a
I

00
SPoCE STEP * 0.05
TIME STEP a o.em

TRFr *a 0.50
tt el* 0.Go

(PLOT TIwf * Os.)'

SIME STEP a 0.02
TIRE STEP o 0.00%0

RL" 0.60

- - - - -I
I
I
I
I
I
f
I
I
I

I MPOT TMll * O.so5

is I

I
I
I
I
0
1
1
1
1
0

I'
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GENERAL OBSERVATIONS

I. FEll, FDM SOLUTIONS GOOD FOR LARGE DIFFUSION

2. FOR SOLUTIONS WITH SHARP F

A) Gt FROM O.5 -1.0

RONTs

- MORE SMEARING
= LESS WIGGLES

=:;> MORE SMEARING
LESS WIGGLES

B) 'ot FROM 0. -. 1.0

C)

.D)

At

Axis

MORE WIGGLES

MORE WIGGLES
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e-WtI s, I - f
'I

GENERAL COQIENTS 4 Swiv

1. LEADING TRUNCATION ERROR TERM FOR FD APPROXIMATION
(VARIABLE 4, e) IS:

re [=Vy CAX 1Z 6
+ z(i-2e ( a/ '

FD APPROXIMATION IS EQUAL TO:

(F.D APPROX.) = V-t -DV ac fD

- [ . Y(d6) ., 2-( )(At a a±t1
2 2.a J 1 xzi

(A) S is

hok v. it
.f. *. .

D *

SO FD EQUATION APPROXIMATES

l t v-CEVE IF Dx , aD M Y+D ) NO = °

EVENY IF D) XOJ Do M~AY NOT = 0
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* onto,

* oC I,

* t AX OR

DIFFUSION" D -= 2- A 2 I1

e r1.0 X LARGESr D'

1dt =4> FDA' (ce *O, a *tas)

3. NOTE THAT

Ic
axj

4, c - ci.1
A. c

AX
t (1 - d) Chl. - CI.,

Z 6X

IS EQUIVALENT TO

ax i
40. cito - clii

2 6 26k ~2
[Ciol 2C,4 Ci c-

(6x~) I

ate~

Wx j

4. ADD A DIFFUSIO5N RM DIRECTLr TO THE GOVERNING
EQUATION OR ADD DIFFUSION INDIRECTLY BY
.UPSFREAM WEIGHTING. RESULT Is TWE SAnE.
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UP5TREAM WEIGHTING FOR FINITE ELEMENTS
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N

c (Xit) = E ct)0 r
(x)

x X.1-I J lJ*I

STANDARD FEM

a A _D ZA 0 .)d

DW xMx=

UPSTREAM WEIGHTED FEM
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A ~~~~~A

f c O.dx r-
7 a Id

0 0~~~t

I ~~x z ~L

w.
(X)

X.'II XI X
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w4(X w = Xio.gX

AX

- 3o (X..xi)(X-X;,#)
(AX)Z *

+ 3cc (x-xJ)(Z-x,#) )

(AX) L

o

X. 4xf AXL .e-e A

)c £ X Ax.

ALL OTHER X

INTEGRATE FIRST- ORDER SPACE DERIVATIVE

fi L a dxr zI.oxI ,
V i- Wi W x = (AXC. -. cC. I C.)

= (,x) c(ci-ci-l ______cif- i-

~~L I A I 1 V [ ~ A i Z(a6 )

UP5TREAM- WEIGHTED
FD APPROXIMATION
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