6. PARAMETER ESTIMATION AND MODEL VALIDATION

6.1 Overview

Asthroughout this handbook, general explanationsare
given in Roman typeface, with boldface used for new
terms where they are introduced or defined. Arial font
is used for examples, and for any extended discus-
sion that applies only to a particular example.

6.1.1 Introduction

Probabilistic risk assessment (PRA) analyzes accident
sequences in terms of initiating events, basic events,
and occasionally recovery events.

This handbook is concerned with estimating the fre-
guenciesof initiating events, the probabilities of basic
events, and the distributions of recovery times and
other durations. These estimates are propagated
through logical relations to produce an estimated
frequency of the undesirable end state, such as core
damage. Moreover, the uncertainties in the parameter
estimates must be quantified, and this must be donein
away that allowsthe uncertainty inthefinal estimateto
be quantified.

Two approaches to estimating parameters are the
Bayesian method and the frequentist, or classical,
method. Thetwo approachesare summarized here, and
also in Appendix B.

In the Bayesian setting, probability is a measure of
uncertainty, a quantification of degree of belief. The
Bayesian methodol ogy is used to modify uncertainty in
alogically coherent way, so that “degree of belief” is
rational, not merely personal opinion. In this method-
ology, each unknown parameter is assigned an initial
prior probability distribution. Thisdoesnot mean that
the parameter varies randomly, but only that it is
unknown, with the probability distribution modeling
belief concerning the true value. Based on data, the
analyst’s prior belief about the parameter is updated,
using Bayes' Theorem. The final inference statement
uses the posterior distribution of the parameter to
quantify thefinal uncertainty about the parameter. Itis
conditional onthe observed data. Siuand Kelly (1998)
give a simple but thorough introduction to Bayesian
estimation in the PRA context.
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The frequentist setting is quite different. A parameter
is an unknown constant, and the data are modeled as
occurring randomly. A frequency or rate, A, represents
the long term average rate at which the event occurs,
the average number of events per unit time. Similarly,
a probability of failure on demand, p, represents the
long term fraction of failures in a large number of
demands. The only random variability is in the data
that happen to have been generated by the process.
When quantifying uncertainty in an estimate, afrequen-
tist asks questions such as, “Under similar conditions,
what other data sets might have been generated? From
data set to data set, how much variation would be seen
in the parameter estimate? For any one data set, how
far might the estimated parameter be from the true
parameter?’ Any prior or external information about
the parameter value isignored.

Statisticians have argued vigorously over which ap-
proach is preferable. When estimating parameters for
PRA, the Bayesian approach clearly works better, for
two reasons. First, data from reliable equipment are
typically sparse, with few or no observed failures. In
such cases, it isreasonableto draw on other sources of
information. The Bayesian approach provides a
mechanism for incorporating such information as prior
belief. Second, the Bayesian framework alows
straightforward propagation of basic event uncertain-
tiesthrough alogical model, to produce an uncertainty
on the frequency of the undesirable end state. It
assigns a probability distribution to each of the un-
known parameters, draws arandom sample from each,
and constructs the corresponding sample for the
frequency of the undesirable end state. Thefrequentist
approach cannot handle such complicated propagation
of uncertainties except by rough approximations.

Frequentist methods have their uses, however, evenin
PRA. Box (1980) writes “sampling theory [the
frequentist approach] is needed for exploration and
ultimate criticism of an entertained model in the light
of current data, while Bayes' theory is needed for
estimation of parameters conditional on the adequacy
of the entertained model.” This viewpoint agreeswith
current PRA practice. The primary use of the frequen-
tist approach isin preliminary examination of the data,
to check the correctness of model assumptions and to
decide on what model to use. For example, frequentist
methods can help the analyst decide whether data sets

DRAFT NUREG/CR-XXX



6.

may be pooled or whether a trend is present.
Goodness-of-fit tests and calculation of statistica
significancearecommonly used frequentist toolsinthis
context. Then Bayesian methods are used for estimat-
ing the parameters.

Table 6.1 summarizes the above points.

6.1.2 Uncertainties Other Than
Parametric Uncertainty

The above discussion might suggest that uncertainty in
the value of parametersisthe only uncertainty thereis.
That is not the case, of course. Parameter uncertainty,
stemming from having only a relatively small set of
randomly generated data, isthe simplest uncertainty to
address. Itisthe primary uncertainty considered inthis
handbook of parameter estimation. However, the

Table6.1

following kinds of uncertainty can also be considered.

6.1.2.1 Uncertainty from Nonrepresentativeness
of the Data Sour ces

One issue to consider is that the data come from
settings that do not perfectly match the problem of
interest. In general, thisisadifficult issue.

One special caseisuncertainty of thevalue of aparam-
eter for one data source (such as one nuclear power
plant) when data are available from many similar but
not identical data sources (other nuclear power plants).
This case can be formulated in terms of a hierarchica
model, and analyzed by empirical Bayesor hierarchical
Bayes methods, as discussed in Section 8.2 of this
handbook.

Comparison of Bayesian and frequentist approachesin PRA.

Frequentist

Bayesian

Interpretation of probability

Long-term frequency after many
hypothetical repetitions.

Measure of uncertainty,
quantification of degree of belief.

Unknown parameter Constant, fixed. Assigned probability distribution,
measuring current state of belief.
Data Random (before being observed). Random for intermediate

calculations. Fixed (after being
observed) for the final conclusions.

Typical estimators

Maximum likelihood estimator (MLE),
confidence interval.

Bayes posterior mean, credible
interval.

Interpretation of 90%
interval for a parameter

If many data sets are generated, 90% of
the resulting confidence intervals will
contain the true parameter. We do not
know if our interval is one of the
unlucky ones.

We believe, and would give 9to 1
oddsin awager, that the parameter is
intheinterval .

Primary usesin PRA

1. Check model assumptions.

2. Provide quick estimates, without
work of determining and justifying
prior distribution.

1. Incorporate evidence from various
sources, as prior distribution.

2. Propagate uncertainties through
fault-tree and event-tree models.
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6.1.2.2 Uncertainty in the Data Counts
Themselves

There can be uncertainty in the data countsthemsel ves.
For example, it may be unclear whether a certain event
should be counted as a falure. Or the number of
demands may not be known exactly. A Bayesian
method for dealing with uncertainty in PRA data was
apparently first proposed by Siu and Apostolakis
(1984, 1986), and it has been used by several authors,
including Mosleh (1986), Mosleh et al. (1988, Section
3.3.4.4), and Martz and Picard (1995). Asoutlined by
Atwood and Gentillon (1996), uncertainty in
classifying the data yields a number of possible data
sets, each of which can be assigned a subjective
probability. The general approach is to use an
“average” data set, a “best estimate” of the data, and
analyzeit. The uncertainty inthe dataisignored, lost,
at that point. A better approach isto analyze each data
set, and combinetheresults. Each analysis producesa
Bayesian distribution for the unknown parameter(s),
and the final result is a mixture of these distributions.
This approach includes the data uncertainty in the
analysis, and resultsin wider uncertainty intervalsthan
the general approach. The two approaches are
diagramed in Figure 6.1.

Many possible data sets,
with subjective probabilities

g I

Many analysis results Mean data set

! !

Mean of results Results from analysis

of one data set
Averaging the Analyzing the
analyses accounts for aver age accountsfor
mor e uncertainty. less uncertainty.

Figure6.1 Two possible analysis paths for uncertain
data

Further treatment of this topic is beyond the scope of
this handbook, but the reader can find additional
guidance in the references cited above. Thistopic is
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closely related to astatistical techniquecalled“ multiple
imputation” (see Rubin 1996), in which a moderate
number of data sets are randomly generated and then
treated according to the left path in Figure 6.1.

6.1.2.3 Uncertainty in the Correct Model to Use

There can be uncertainty in which probability model to
use. For example, there may be adlight trend, but it is
borderline. Should a trend be modeled? Chapters 6
and 7 of this handbook discuss model validation
extensively. However, model validation, which
concludes that the model is either “adequate” or “not
adequate,” is only afirst step toward addressing this
issue.

A more ambitious approach would quantify the degree
of belief in each of anumber of models, and propagate
uncertainty in the modelsinto the overall conclusions.
This can use the predictions of various models as
evidence in a formal Bayesian estimation procedure.
See Mosleh et al. (1994) for a number of thoughtful
papers on the definition and treatment of model
uncertainties in the context of PRA applications. The
topic is also discussed and debated in atutoria article
by Hoeting et al. (1999) with printed discussion.
Bernardo and Smith (1994) also work out thisapproach
in their Chapter 6 on “remodelling.” Drougett (1999)
includes a discussion on the role of information
concerning the models themselves (for example, their
structure and past performance) in the estimation
process.

Further consideration of such issues is beyond the
scope of this handbook. The parameter uncertainties
given here al assume that the model is a perfect
description of the real world.

6.1.3 Chapter Contents

Therest of Chapter 6 presents statistical techniquesfor
analyzing data for various parameters. Sections 6.2
through 6.7 cover exactly the same types of data as
Sections 2.2 through 2.6, in the same order. The two
kinds of failureto start in Section 2.3 are split into two
sections here, 6.3 and 6.4. The three most extensive
and fundamental sectionsare6.2 (initiating events), 6.3
(failuresondemand), and 6.7 (recovery timesand other
durations). The remaining sections draw on material
from these three.
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Each section considers both parameter estimation and
model validation. These two topics are considered
together because checking the assumptions of the
model (model validation) is a necessary part of any
analysis. Separating the model validation from the
parameter estimation might give the erroneousimpres-
sion that it is al right to estimate parameters without
checking the assumptions, or that the checks can be
performed as an afterthought.

Under parameter estimation, both frequentist and
Bayesian methods are presented. Under model valida-
tion, both graphical methodsand formal statistical tests
are given.

Much thought was given to the order of presentation:
do we present the Bayesian estimates first or the
frequentist estimates? In Chapter 6, the frequentist
estimates are typically given first, not because they are
more important or more highly recommended, but only
becausethefregquentist point estimatesarevery simple,
the simplest most natural estimatesthat someone might
try. We cover them quickly before moving on to the
more sophisticated Bayesian estimates. In the cases
where the frequentist estimates are not simple (certain
distribution modelsfor durations), Bayesian estimation
isdiscussed first.

6.2 Initiating Events

Initiating events here use the broad definition of the
examplesin Section 2.2, eventsthat occur randomly in
time and that initiate a quick response to restore the
system to normal.

The event frequency isdenoted 4, with units events per
unittime. Thedataconsist of x observed eventsintime
t, where x is an integer > 0 and t is some time > 0.
Note, t is considered nonrandom, and x is randomly
generated. This can be expressed using the notation
givenin Appendix A, with upper case letters denoting
random variables and lower case letters denoting
numbers. Before datahad been generated, the number
of initiating eventswould have been denoted by X. For
any particular number x, the probability of x initiating
eventsintimetis

Pr(X = X) = e(Aty/x! . (6.1)
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This formula for the Poisson distribution is a
restatement of Equation 2.1, and will be used through-
out this section.

Themethods of parameter estimation will beillustrated
by the following hypothetical data set.

Example 6.1 Initiating events with loss of
heat sink.

In the last six years (during which the reactor was
critical for 42800 hr.) a hypothetical PWR has had
one initiating event that involved a loss of heat
sink. The parameter to estimate is A, the fre-
quency of such events while the reactor is critical.

6.2.1 Frequentist or Classical Estimation

As explained in Section 6.1, Bayesian estimation
methods are more important in PRA, but the classical
estimator has a simpler form. Also, the comparison
among estimators flows somewhat better if the short
presentation of frequentist estimators precedes the
lengthier presentation of Bayesian estimators. For
thesereasons, frequentist methodsaregivenfirstinthis
section.

6.2.1.1 Point Estimate

The most commonly used frequentist estimate is the
maximum likelihood estimate (MLE). Itisfound by
taking the likelihood, given by Equation 6.1, and
treating it as a function of 4. The value of A that
maximizes the likelihood is called the MLE. It can be
shown (as a calculus exercise) that the maximum
likelihood estimate (MLE) of A is

A=x/t _ (6.2)
This formula is ssimple and intuitively natural, the
observed number of events divided by the observed
timeperiod. Thissimplicity ispart of the appeal of the
MLE. The hat notation is used to indicate that the
MLE is an estimate calculated from the data, not the
true, unknown 4.

Example 6.1 has x = 1 and t = 42800 hrs. The
likelihood is plotted on Figure 6.2 as a function of A.
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Figure 6.2 Likelihood as a function of A, for data of
Example 6.1.

The likelihood function is maximized when A =
1/42800 = 2.3E-5. Therefore, the estimated event
rate for the plant is

/i =1/42800 = 2.3E-5 events per critical-hour .

Converting the hours to 42800/8760 = 4.89 critical-
years yields

/i =1/4.89 = 0.20 events per critical-year.

In the above example, and in general throughout this
handbook, the final answer is presented with few
significant digits. Thisreflectstheuncertainty inherent
in al estimates. Indeed, sometimes not even the first
significant digit is known precisaly. During
intermediate calculations, however, more significant
digitswill be shown, and used. Thispreventsroundoff
errors from accumulating during the calculations.

It is also possible to combine, or pool, data from
several independent processes, each having the same
rate A. In particular, suppose that the ith Poisson
process is observed for time t;, yielding the observed
count x.. Thetotal number of event occurrencesisx =
%X, where the sum is taken over al of the processes,
andtheexposuretimeist =Xt Theratelisestimated

by A =x/t=%x/Zt. Forexample, if counts
obtained for different years are used to estimate the
rate, the estimate is the ratio of the total count to the
total exposure time during these years.

6.2.1.2 Standard Deviation of the Estimator

The event count is random. In other words, if an
identical plant could be observed during the same
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years, a different number of events could be observed
due to randomness. Similarly, the same plant might
yield adifferent count over adifferent six-year period.
Becausetheevent count israndom, the estimator isal so
random, and the estimate is simply the observed value
for this plant during these years. Note the distinction
intheterms: an estimator isarandom variable, and an
estimate is the particular value of the estimator after
the data have been generated.

For a Poisson distributed random variable X, the mean
and variance are the same, E(X) = var(X) = it, as stated
in Appendix A.6.2. Consequently, the standard
deviation of X is (it)*% and the estimated standard

deviation of the estimator /i = Xltis

A2 1t = (A 1)Y% = x¥2 1t

Theestimated standard deviation of j isalsocalledthe
standard error for A.

Thus, the standard error for A in Example 6.1 is
1/4.89 = 0.20 events per reactor-year.

A standard error is sometimes used for quick approxi-
mations when the data set is large. In that case, the
MLE is approximately normal, and an approximate
95% confidence interval is given by MLE %
2x(standard error). This approximation holds for
maximum likelihood estimation of virtually any
parameter. For event frequencies, however, the
following exact confidence interval can be found.

6.2.1.3 Confidencelnterval for 4

Frequentist estimation is presented before Bayesian
estimation because the MLE is so simple, simpler in
form than the Bayes estimates. The same cannot be
said for confidence intervals; the confidence-interval
formulas are somewhat more complicated than the
formulas for Bayesian interval estimates, and the
interpretation of confidence intervals is more subtle.
Readers may wish to skip directly to Section 6.2.2 on
thefirst reading.

The confidence interval is given in many reference
books, such as Johnson, Kotz, and Kemp (1992, Sec.
7.3), Bain and Engelhardt (1992, Section 11.4), or
Martz and Waller (1991, Table 4.4). Itisbased on the
chi-squared (or in symboals, ¥?) distribution, which is
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tabulated in Appendix C, and which can be found
easily by many software packages. As used below,
sz(d) isthe pth quantile, or (100p)th percentile, of the
chi-squared distributionwith d degrees of freedom. Do
not misread x°,(d) as involving multiplication.

For a (1 - «) confidence interval, or equivalently a
100(1 - )% confidence interval, the lower limitis

~ Xep(2%)
conf, a/l2 — o

A

If x =0, thisformulais undefined, but then simply set
/lconf, al2 = o

Similarly, the upper limit is

 Xiap(2x+2)

/‘oonf, 1-al2 — ot

Notice that an upper confidence limit isdefined in the
case x = 0. It is reasonable that observing no
occurrences of the event would provide some
information about how large A might be, but not about
how small it might be.

The aboveformulasareintermsof a. Setting o = 0.1,
for example, gives the formulas for a 90% confidence
interval. Theseformulasinvolvesthe 5th percentile of
achi-squared distribution with 2x degrees of freedom,
and the 95th percentile of a chi-squared distribution
with (2x+2) degrees of freedom.

Theresulting confidenceinterval isconservativeinthe
sensethat theactua confidencelevel isno smaller than
the nominal level of 100(1 - «)%, but it could be
larger. This conservatism is inherent in confidence
intervals based on discrete data.

In Example 6.1, 90% confidence limits are
 Xoos(2) 01026

Aari, 005 = 5y 2o = ~g7g. = 0010
2
Xoos(4) 9.488
Aconf, 0.95 = o2 = =097
e 2x 489 9.78

with units events per critical-year.
The interpretation of confidence intervalsis given in
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Appendix B, and deservesemphasis. Inthe frequentist
approach, /4 is fixed and the data are random.
Therefore the maximum likelihood estimator and the
confidence limits are all random. For most data sets

the MLE, A , will be close to the true value of 4, and
the confidence interval will contain . Sometimes,
however, the MLE will be rather far from A, and
sometimes (less than 10% of the time) the 90% confi-
dence interval will not contain 2. The procedure is
good in the sense that most of the time it gives good
answers, but theanalyst never knowsif the current data
set isone of the unlucky ones.

Toillustrate this, consider the following example with
many hypothetical data sets from the same process.

Confidence intervals from
computer-generated data.

Example 6.2

A computer was used to generate Poisson data,
assuming an event rate A = 1.2 events per year
and assuming that 6 years were observed. Thus,
the event count followed a Poisson distribution
with mean At = 7.2. This was repeated, and 40
event counts were generated in all. These may
be interpreted as counts from 40 identical plants,
each observed for 6 years, or from 40 possible
six-year periods at the same plant.

The firstrandomly generated event countwas 10, the
next was 5, the next was again 10, and so on. Some
of the event counts were less than the long-term
mean of 7.2, and some were greater. The maximum
likelihood estimates of A are plotted as dots in Figure
6.3. The corresponding 90% confidence intervals for
A are also plotted.

In Figure 6.3, the vertical dashed line shows the true
value of A, 1.2. Two of the 40 intervals (5%) are to
the right of the true A. These resulted from observing
event counts of 14 and 16. One of the 40 intervals
(2.5%) is to the left of the true A. This interval was
computed from an observed event count of 2.

Ideally, the error rates should both be 5%. They are
not for two reasons. First, 40 is not a very large
number, so the random data do not exactly follow the
long-run averages. Second, confidence intervals
with discrete data are inherently conservative: a 90%

confidence interval is defined so that the probability
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of containing the true A is at least 90%, and the error
probabilities at each end are each at most 5%.

—&— MLE and 90% confidence interval

Roroofrowtonno~Nugiw~Noowoowowo~NRaono
®

\'\\\\\\\\\\\\\
0 1 2 3 4

A (events/year) GCo0 0351
Figure 6.3 Confidence intervals from random data,
all generated from the same process.

The data analyst will normally have data from just
one plant for the six-year period. The resulting confi-
dence interval will contain the true value of A, unless
the data happen to deviate greatly from the mean.
Unfortunately, the analyst does not know when this
has happened, only that it does not happen often.

6.2.2 Bayesian Estimation
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6.2.2.1 Overview

Bayesian estimation of 4 involves severa steps. The
prior belief about A is quantified by a probability
distribution, the prior distribution. Thisdistribution
will be restricted to the positive real line, because A
must be positive, and it will assign the most probability
tothevalues of A that are deemed most plausible. The
data are then collected, and the likelihood function is
constructed.  This is given by Equation 6.1 for
initiating events. It is the probability of the observed
data, written asafunction of 4. Finally, the posterior
distribution is constructed, by combining the prior
distribution and thelikelihood function through Bayes
theorem. Thistheorem says that

fos(A) = likelihood(4) X () .

The posterior distribution shows the updated belief
about the values of 4. It isamodification of the prior
belief that accounts for the observed data.

Figure 6.4, adapted from a tutorial article by Siu and
Kelly (1998), shows how the posterior distribution
changesasthe data set changes. Thefigureisbased on
adiffuseprior, and on three hypothetical datasets, with
X =1eventint = 10,000 hours, x = 10 eventsin t =
100,000 hours, and x = 50 eventsin t = 500,000 hours,

respectively. Note, each of these data sets has A =xit
= 1.E-4 events per hour. The figure shows the prior
distribution, and the three posterior distributions
corresponding to the three data sets.

For a small data set, the posterior distribution
resembles the prior to some extent. As the data set
becomes larger, several patterns are evident:

o The posterior distribution departs more and
more from the prior distribution, because the
data contribute the dominant information.

. The posterior distribution becomes more
concentrated, indicating better knowledge of
the parameter, less uncertainty.

o The posterior distribution becomes

approximately centered around the MLE, A.
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Figure 6.4 Prior distribution and posterior distribu-

tions corresponding to three hypothetical data sets.
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To be consistent with the notation for random
variables, upper case letters would be used for uncer-
tain parameters that have probability distributions.
Such notation is not customary in the Bayesian litera-
ture, and will not be used here. The reader must judge
from context whether the letter A denotes a particular
value or the uncertain parameter with an associated
distribution.

6.2.2.2 Choosing aPrior

The subsections below consider estimation of 4 using
various possible prior distributions. Thesimplest prior
distributionisdiscrete. Theposterior can be calculated
easily, for example by a spreadsheet. The next
simplest prior is called conjugate; this prior combines
neatly withthelikelihood to giveaposterior that can be
evauated by simple formulas. Finaly, the most
general priorsare considered; the posterior distribution
in such a case can only be found by numerical
integration or by random sampling.

The prior distribution should accurately reflect prior
knowledge or belief about the unknown parameter.
Quantifying belief is not easy, however. Raiffa and
Schlaifer (1961, Sections 3.3.3-3.3.5) point out that
most people can think more easily in terms of
percentiles of adistribution than in terms of moments.
They also give advice on looking at the situation from
many directions, to make sure that the prior belief is
internally consistent and has been accurately quanti-
fied. Siuand Kelly (1998, Sec. 5.1.4) present seven
warnings in connection with developing a prior
distribution, which are summarized here.
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o Beware of zero values. If the prior says that
avalue of 4 isimpossible, no amount of data
can overcome this.

o Beware of cognitive biases, caused by the
way people tend to think.

o Beware of generating overly narrow prior
distributions.

o Ensure that the evidence used to generate the
prior distribution is relevant to the estimation
problem.

o Be careful when assessing parametersthat are
not directly observable.

J Beware of conservatism. Realismistheideal,
not conservatism.

o Be careful when using discrete probability
distributions.

For fuller discussion of these points, see Siuand Kelly.

Some priorsare chosen to be "noninformative,” that is,
diffuse enough that they correspond to very little prior
information. The Jeffreys noninformative prior is
oftenusedinthisway. If informationisavailable, itis
more realistic to build that information into the prior,
but sometimes the information is difficult to find and
not worth the trouble. In such a case, the Jeffreys
noninformative prior can be used. It is one of the
priors discussed below.

6.2.2.3 Estimation with a Discrete Prior

Toillustrate use of adiscrete prior in Bayes estimation,
we return to Example 6.2. In the first sample, 10
events were observed. This case is evaluated three
timestoillustrate several aspects of the effect of using
discrete approximationsandto provideaclear example
for the readers to alow them to practice hand
calculations of the Bayesian update process. Working
out a series of Bayesian calculations with increasing
quantitiesof evidence(suchasin Figure 6.4 above) can
provide a good sense of how the process works and
how the posterior distribution changes with the
evidence. For example, if

f (Ai) L(EJAi)
f(AIE) = ==
ZizlL(El/‘i)f(/‘i)
where
f (A|E) = probability density function of given
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A, evidence E (posterior distribution)

f (i) = the probability density prior to having
evidence E ( prior distribution)
L(E|Ai) =thelikelihood function (probability of

the evidence given A1)

Note that the denominator, the total probability of the
evidence E, is simply anormalizing constant.

Next, when the evidence is in the form of F failures
over an operational time T, the likelihood function is
the Poisson distribution:

F
L(EMi) = e(-“)ﬂ
F!

For this example, let us use a simple flat prior
distribution over the range 0 to 6 events per year.
Because of the nature of the example, we could
use a distribution peaked at 1.2 events per year
or, alternatively the Jeffreys noninformative prior.
Over the restricted range of 1 to 6, the flat prior is
essentially noninformative, but the real reason we
chose it is to make the impact of the Bayesian
updating process easy to see.

Given the ease of calculation with current
computers, a finely discretized prior (say at 0,
0.01, 0.02,...6.00) would give the most accurate
results and we will provide that calculation in a
moment. First let us use a very coarse prior at 0,
0.5, 1.0, ...6.0. With only 13 bins, the reader can
perform hand calculations quite easily. The
results are given in Table 6.2 and in Figure 6.5.

Even with such a coarse prior, the evidence is
strong and peaks at about A, = 1.5 per year.
There is essentially no chance the value is
greater than 4 or less than 0.5. We suggest that
the reader make up a data set for examining the
way the posterior distribution responds to growing
evidence. For example, try beginning with 0
failures in year 1; then adding 2 failures in year 2;
then 0 failures in year 3; etc. Also try a case that
does not agree with the prior; for example 5
failures in year 1; then 7 more in year 2; then 6 in
year 3.
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Table 6.2 Example 6.2, First Sample (10 eventsin

6 years).
Event Prior Likelihood Posterior Cumulative
Rate  Probability Probability ~ Probability
A P L, pix L P(NE) 2P
0.0 0.077 0.00E+00 0.00E+00  0.00E+00 0.00E+00
05 0.077 8.10E-04 6.23E-05 2.43E-03 2.43E-03
1.0 0.077 4.13E-02 3.18E-03 1.24E-01 1.26E-01
15 0.077 1.19E-01 9.12E-03 3.56E-01 4.82E-01
2.0 0.077 105E-01 8.06E-03  3.14E-01 7.96E-01
25 0.077 4.86E-02 3.74E-03  1.46E-01 9.42E-01
3.0 0.077 150E-02 1.15E-03  4.49E-02 9.87E-01
35 0.077 3.49E-03 268E-04  1.05E-02 9.98E-01
4.0 0.077 6.60E-04 5.07E-05 1.98E-03 1.00E+00
45 0.077 107E-04 8.20E-06 3.20E-04 1.00E+00
5.0 0.077 152E-05 1.17E-06 4.57E-05 1.00E+00
55 0.077 197E-06 1.51E-07 5.90E-06 1.00E+00
6.0 0.077 2.34E-07 1.80E-08  7.01E-07 1.00E+00
040
035
0304 —e— Rior
probebility
>0%5- .
= —a— Rosteriar
° .
T 0D probediiity
o
% 015
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Figure 6.5 Discrete prior and posterior distributions
for datain Example 6.2, coarse discretized prior.

If we repeat the calculation with a discrete prior
twice as fine (i.e., 0, 0.25, 0.50, 0.75,...6.00), the
prior now has 25 bins and the results are much
more smooth as shown in Figure 6.6. These
results are quite smooth and of course follow
the previous results.
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Figure 6.6 Discrete prior and posterior distributions
for datain Example 6.2, finely discretized prior.

Finally, let us repeat the calculation for a discrete
flat prior at 0, 0.05, 0.10, 0.15,...6.00, i.e., a 121
bin histogram. This time the results, shown in
Figure 6.7, are detailed enough for us to
accurately pick points off the distribution.

Probability
88 BRBE B B 8 8

Q 05 10 15 20 25 30 35 40 45 50 55 60
Bertrae(e ye)

Figure 6.7 Discrete prior and posterior distributions
for datain Example 6.2, very fine discretized prior.
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The statistics from the spreadsheet calculation,
which is identical with Table 6.2, except having
121 bins ratherthan 13, are provided in Table 6.3.
These results are also compared with the
frequentist estimates obtained from the first
sample shown earlier in Figure 6.3. The
Bayesian estimate, with a flat essentially
noninformative prior, yields slightly more narrow
90% probability bounds than the 90% confidence
interval of the frequentist estimate.

Table 6.3. Comparison of Bayesian and
Frequentist estimates for the data
in Example 6.2.

Estimate 5" %tile | MLE 95"

%itile
Bayes, flat prior | 1.00 1.65 2.80
Frequentist, 0.95 1.73 2.85
Fig. 6.3

6.2.2.4 Estimation with a Conjugate Prior
6.2.2.4.1 Definitions

The conjugate family of prior distributionsfor Poisson
dataisthefamily of gammadistributions. Two param-
eterizations of gamma distributions are given in Ap-
pendix A.7.6. For Bayesian estimation, the following
parameterization is the more convenient one:

ﬂa

a-1.,-A8
F(a)/‘ e .

f(A) = (6.3)

Here A has units L/time and £ has units of time, so the
product Af is unitless. For example, if 4 is the
frequency of events per critical-year, £ has units of
critical-years. The parameter #is ascale parameter,
although purists would say that 1/4 is the actual scale
parameter. Inany case, £ correspondsto the scale of 4
— if we convert 4 from events per hour to events per
year by multiplying it by 8760, we correspondingly
divide B by 8760, converting it from hours to years.
The other parameter, «, is unitless, and is called the
shape parameter. The gamma function, I'(a), is a
standard mathematical function, defined in Appendix
A.7.6; if eisapositiveinteger, I'(2) equals (a-1)!
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Let 4 have a gamma uncertainty distribution. In the
present parameterization, the mean of the gamma
distribution, or the expected value E(1), is a/ 8, and the
variance, var(4), is a/". Note that the units are
correct, units /time for the mean and 1/time? for the
variance.

6.2.2.4.2 Update Formulas

As stated earlier and in Appendix B.5.1, the posterior
distribution is related to the prior distribution by

fpost (/\) U Pr( X=X M ) fprior (A ) (6-4)

Theprobability of thedataisalso called thelikelihood,
in which case it is considered as a function of the
parameter A for agiven x. For Poisson data, itisgiven
by Equation 6.1. The symbol - denotes "is propor-
tional to." Probability density functionsgenerally have
normalizing constantsin front to make them integrate
to 1.0. These constants can be complicated, but using
proportionality instead of equality allows usto neglect
the normalizing constants. Stripped of all the norma-
lizing constants, the gammap.d.f. is

f(1) 02" e™ .

The gamma distribution and the Poisson likelihood
combinein abeautifully convenient way

X
e (D7 a1 o
foog (A) O € TA“ e

0 /‘(X+a)—1e—/\ (t+8)

Inthefinal expression, everythingthat doesnotinvolve
A has been absorbed into the proportionality constant.
This result is "beautifully convenient," because the
posterior distribution of A is again a gamma distribu-
tion. Thisis the meaning of conjugate: if the prior
distributionisamember of the family (in this case, the
gammafamily), the posterior distribution is amember
of the same family. The update formulas are

a’/poa =X+ wprior

ﬁpos{ =t+ ﬂprior
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This leads to an intuitive interpretation of the prior
parameters. agamma( iy Byior) distributionisequiv-
aent, at least intuitively, to having seen 4, eventsin
Byior time units, prior to taking the current data.

Figure 6.4 was constructed in this way. The prior
distribution was gamma(0.2, 10,000). Therefore, the
posterior distributions were gamma(1.2, 20,000),
gamma(10.2, 110,000), and gamma(50.2, 510,000).

When using these update formulas, be sure that t and
Byio have the same units. If oneis expressed in hours
and one in years, one of the two numbers must be
converted before the two are added.

The moments of the gamma distribution were men-
tioned previously. The posterior meanis &/, and
the posterior variance is &/ ()’

The percentiles of the gammadistribution are given by
many software packages. If you use such software, be
careful to check that it is using the same parameteriza-
tion that is used herel Here are three ways to get the
correct answer. (1) If the software uses the other
parameterization, fool it by inverting your value of S.
Then do a sanity check to make sure that the numbers
appear reasonable. (2) A safe method is to have the
software find the percentiles of the gamma(a;,q, 1)
distribution. Thenmanually dividethese percentilesby
Boes- This ensures that the scale parameter is treated
correctly. (3) Asafina alternative, the percentiles of
the gamma distribution can be found from atabulation
of the chi-squared distribution, possibly interpolating
thetable. Todo this, denotethe (100p)th percentile of
the posterior distribution by 4, For example, denote
the 95th percentile by A, 4.. The (100p)th percentileis
given by

o = 2 o(20050)/ (2 0)

where, as before, 4°,(d) isthe pth quantile, or (100p)th
percentile, of achi-squared distribution with d degrees
of freedom. Note the presence of 2 in the numerator
and denominator when the chi-squared distribution is
used.
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The next section contains examples that use these
update formulas with several priors.

6.2.2.5 Possible Conjugate Priors

6.2.2.5.1 InformativePriors

The prior distribution must come from sources other
than the current data. It might be tempting to use the
data when constructing the prior distribution, but that
temptation must be resisted. Prior distributions are

named "prior" for areason: they reflect information
that does not come from the current data.

Ideally, generic data provide the basis for prior belief.
Consider again Example6.1, involvinginitiating events
with loss of heat sink. With no specia knowledge
about the plant, prior belief about the plant is reason-
ably based on the overall industry performance, so we
use the generic industry distribution as the prior.

Poloski et al. (1999a) examined initiating-event data
from the nuclear power industry over nine years. For
PWRs, and initiating events involving loss of heat
sink, they determined that the variability of A across
the industry can be described by a gamma distribu-
tion with shape parameter = 1.53 and scale parame-
ter = 10.63 reactor-critical-years. Regrettably, Table
G-1 of the report gives only a mean and a 90%
interval, not the distribution and its parameters. The
distribution given here is taken from the unpublished
work that formed the basis of the report. The distri-
bution is a gamma distribution, so the update formu-
las given above can be used in the hypothetical
example of this section. The prior distribution is
shown in Figure 6.8.
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Figure 6.8 Prior density for A, gamma(1.53, 10.63).
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Now consider updating this prior with the data of
Example 6.1. To make the units consistent, convert
the 42800 reactor-critical-hours in the example to
42800/8760 = 4.89 reactor-critical-years. The update
formula yields

o

post =X+ aprior =1+153=253

Boost =t + Borior = 4.89 + 10.63 = 15.52 reactor-critical-
years

The mean, a,,./B.0s is 0.163 events per reactor-
critical-year, the variance is 0.0105 (per reactor-
critical-year squared), and the standard deviation is
the square root of the variance, 0.102 per reactor-
critical-year.

A 90% credible interval is the interval from the 5th to
the 95th percentiles of the posterior distribution. A
software package finds the two percentiles of a
gamma(2.53, 1.0) to be 0.5867 and 5.5817. Division
by B,.s Yields the two percentiles of the posterior
distribution: 0.038 and 0.36. Alternatively, one may
interpolate Table C.2 of Appendix C to find the
percentiles of a chi-squared distribution with 5.06
degrees of freedom, and divide these percentiles by
2f3,.s Linear interpolation gives answers that agree
to three significant digits with the exact answers, but
if the degrees of freedom had not been so close to
an integer the linear interpolation might have intro-
duced a small inaccuracy.

The interpretation of the above numbers is the
following. The best belief is that A is around 0.16,
although it could easily be somewhat larger or smal-
ler. Values as small as 0.038 or as large as 0.36 are
possible but are approaching the limits of credibility.
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Two graphical ways of presenting this information
are given below. Figure 6.9 shows the posterior
density. The areas to the left of the 5th percentile
and to the right of the 95th percentile are shaded.
The 90% credible interval is the interval in the mid-
dle, with probability 90%. Figure 6.10 shows the
same information using the cumulative distribution.
The 5th and 95th percentiles are the values of A
where the cumulative distribution is 0.05 and 0.95,
respectively. These percentiles are the same values
as shown in the plot of the density.

6
5F
af /
2 )
5 3 [ aea=090
8 i rea = 0.
2f &
15& Area = 0.05
% Area = 0.05
0\}4\\\\\\\\\\\\\\\\\\\WWW
0 0.1 0.2 0.3 0.4 0.5 0.6
A (events/reactor-crit.-yr.) GC99 0292 1

Figure 6.9 Posterior density of A, gamma(2.53,
15.52), for Example 6.1 with industry prior. The 5th
and 95th percentiles are shown.
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Figure 6.10 Posterior cumulative distribution of A for
Example 6.1 with industry prior. The 5th and 95th
percentiles are shown.

Severa points deserve mention.

. The above interval puts equal probability in
the two tails outside the credible interval.
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Other credible intervals are possible, such as
aone-sided interval that puts all the error in
onetail, or an interval that includes the high-
est posterior density, with possibly unequal
probabilities in the two tails.

. For PRA applications, however, theright tail
istypically of concernfor risk, corresponding
to highinitiating event frequency (or, in other
sections of this chapter, high probability of
failure on demand, high unavailability, or
long time to recovery). The interval given
above holdsthe error probability for the right
tail equal to 0.05. This number is customary
in much statistical practice, and has therefore
been used in many studies for the NRC. As
for the left tail, it is easy to put a positive
lower end on the credible interval, even
though valuesof A near zero are not aconcern
for risk. Therefore, the above 90% interval,
corresponding to 5% posterior probability in
each tail, is commonly presented in PRA
studies.

) Actualy, however, the interval presents only
a portion of the information in the posterior
distribution. Thefull distributionisusedin a
PRA.

6.2.2.5.2 Noninformative Prior

The Jeffreys noninformative prior is intended to
convey little prior belief or information, thus allowing
the datato speak for themselves. Thisis useful when
no informed consensus exists about the true value of
the unknown parameter. It is also useful when the
prior distribution may be challenged by people with
various agendas. Some authorsusethetermreference
prior instead of "noninformative prior," suggesting
that the prior is a standard default, a prior that allows
consistency and comparability from one study to
another.

With Poisson data, the Jeffreys noninformative prior
isobtained if the shape parameter of agammadistribu-
tion istaken to be & = %2 and the parameter Sis taken
to be zero. (See, for example, Box and Tiao 1973.)
Ignoring the normalizing constant at the front of
Equation 6.1 yields a function that is proportional to
A%, shown in Figure 6.11. Although this function is
interpreted as a density function, it is an improper
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distribution becauseitsintegral from Qto « isinfinite.

Suppose that the data consist of x events in time t.
Formal application of the update formulas yields

Gpog =X+ 2
B =t+0.

That is, the Bayes posterior distribution for A is
gamma(x + %, t).

—

-—
0 0.1 0.2 0.3 0.4 05

A (1/time) GC99 0292 12
Figure6.11 Jeffreysnoninformative prior distribution
for an event frequency.

It is interesting to compare the interval using the
Jeffreys prior with the corresponding confidence
interval. The 90% posterior credibleinterval is

Aoos = Ve 0os(2X + 1)/2t
Aoes = Hoes(2X+ D)2t

These may be compared with the 90% confidence
interval:

Acont, 005 = Ve 0os(2X)/2t
Acort, 095 = Yoos(2X+ 2)I2t

Theconfidenceintervalsdiffer fromtheBayescredible
intervalsonly inthe degrees of freedom, and thereonly
dlightly. Thisis the primary sense in which the Jef-
freys prior is "noninformative." The lower and upper
confidence limits have degrees of freedom 2x and 2x
+ 2, respectively. Thetwo Bayesian limitseach usethe
average, 2x + 1. The confidence interval iswider than
the Jeffreyscredibleinterval, areflection of the conser-
vatism of confidence limits with discrete data. How-
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ever the similarity between the confidence limits and
the Jeffreys limits shows that the result using the
Jeffreys prior will resembletheresult using frequentist
methods, that is, using no prior information at all.

Consider again Example 6.1, with 1 event in 4.89
critical-years, and use the Jeffreys noninformative
prior. The resulting posterior distribution has

T =15
Boost = 4.89 critical-years .

The mean of this distribution is 1.5/4.89 = 0.31
events per critical-year. A 90% Bayes credible
interval can be obtained from a chi-squared table
without any need for interpolation, because the
degrees of freedom parameter is 2x1 + 1, an integer.
The 5th and 95th percentiles of the chi-squared
distribution are 0.3518 and 7.815. Division by
2x4.89 yields the percentiles of the posterior distribu-
tion, 0.036 and 0.80.

This posterior distribution has a larger mean and
larger percentiles than the posterior distribution in
Section 6.2.2.5.1. The data set is the same, but the
different prior distribution results in a different poste-
rior distribution. The results will be compared in
Section 6.2.2.5.4.

6.2.2.5.3 Constrained Noninfor mative Prior

This prior is a compromise between an informative
prior and the Jeffreys noninformative prior. Themean
of the constrained noninformative prior uses prior
belief, but the dispersion is defined to correspond to
little information. These priors are described by At-
wood (1996) and by references given there. Con-
strained noninformative priors have not been widely
used, but they are mentioned here for the sake of
completeness.

For Poisson data, the constrained noninformative prior
is a gamma distribution, with the mean given by prior
belief and the shape parameter = %. That is,

wprior = %
,Bp,ior satisfies %rior/ rior = Prior mean .

To illustrate the computations, consider again the
Example 6.1, with 1 event in 4.89 reactor-critical-
years. Suppose we knew that in the industry overall
such events occur with an average frequency of

REVISION 0 Date: 11/27/02



0.144 events per reactor-critical-year. (This is
consistent with the informative prior given above in
Section 6.2.2.5.1.) Suppose further that we were
unable or unwilling to make any statement about the
dispersion around this mean — the full information
used to construct the informative prior was not
available, or the plant under consideration was
atypical in some way, so that a more diffuse prior
was appropriate.

The constrained noninformative prior with mean
0.144 has a,,;, = ¥ and B, = 3.47 critical-years.
The resulting posterior distribution has

Qpos =X+ % =15
Boos =t +3.47 = 8.36

The mean is 0.18 events per critical-year, and the
90% credible interval is (0.021, 0.47). This notation
means the interval from 0.021 to 0.47.

6.2.2.5.4 Example Comparisons Using Above
Priors

In general, the following statements can be made.
o The Jeffreys noninformative prior resultsina

posterior credibleinterval that is numerically
similar to a confidence interval, but slightly

between the prior mean and the MLE.

) If two prior distributions have the samemean,
the more concentrated (less diffuse) prior
distribution will yield the more concentrated
posterior distribution, and will pull the poste-
rior mean closer to the prior mean.

These statements are now illustrated by example.
The estimates found in the above sections for
Example 6.2 and the various priors are compared in
Table 6.4 and in Figure 6.12.

Frequentist | ¢
Bayes, Jeffreys Noninf. Prior | .
Bayes, Industry Prior | —————
Bayes, Constr. Noninf. Prior | ———————

T Y A A
00 02 04 06 08 10
1 (evenisieactor-crit-yr)  ccoeoee?

Figure 6.12 Comparison of four point estimates and
interval estimates for A.

shorter.
o If the prior mean exists, the posterior meanis
Table6.4 Comparison of estimateswith 1 event in 4.89 reactor -critical-years.
Method Prior mean Posterior pa- | Point estimate 90% interval (confidence
rameters (MLE or posteri- | interval or posterior credi-
or mean) bleinterval)
Frequentist NA NA 0.20 (0.010, 0.97)
Bayes with Jeffreys undefined «=15 0.31 (0.036, 0.80)
noninformative prior, £=4.89
gamma(0.5, 0)
Bayes with (informative) 0.144 a=253 0.16 (0.038, 0.36)
industry prior, $=15.52
gamma(1.53, 10.63)
Bayes with constrained 0.144 =15 0.18 (0.021, 0.47)
noninformative prior, £=8.36
gamma(0.5, 3.47)
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In Table 6.4 and in Figure 6.12, the Jeffreys prior and
the frequentist approach are listed next to each other
because they give numerically similar results. The
Jeffreys prior yields a posterior credible interval that
resembles the frequentist confidence interval. Itis a
little shorter, but it is neither to the right nor to the
left. This agrees with the earlier discussion of the
Jeffreys prior.

In each Bayesian case, the posterior mean falls
between the prior mean (if defined) and the MLE,
0.20. The prior distribution has more influence when
the prior distribution is more tightly concentrated
around the mean. The concentration is measured by
the shape parameter a,,,, because 1/a equals the
relative variance (= variance/mean?). Therefore the
larger a the smaller the relative variance. The
industry prior and the constrained noninformative
prior have the same mean, but the industry prior has
the larger a, that is, the smaller variance. As a
consequence, in both cases the posterior mean is
between the MLE, 0.204, and the prior mean, 0.144,
but the posterior mean based on the industry prior is
closer to 0.144, because that prior has a smaller
variance. Because the prior mean is smaller than the
MLE, the bottom two lines give smaller posterior
estimates than do the top two lines. Also, the prior
distribution with the most information (largest a)
yields the most concentrated posterior distribution,
and the shortest 90% interval.

In some situations, no conjugate prior is satisfactory.
For example, a gammadistribution is very unrealistic
if the shape parameter is very small. As arule of
thumb, the lower percentiles of the distribution are
unrealistic if « is much smaller than 0.5. Such a
posterior distribution ari seswith Poisson datawhen the
prior distributionisvery skewed («very small) and the
data contain zero events. Then the posterior distribu-
tion also isvery skewed, and the posterior 5th percen-
tile may be many orders of magnitude below the
posterior mean. The subject-matter experts must look
at the percentiles and decide if they are believable. |If
not, amore appropriate prior should be chosen. 1t will
not be conjugate. This is the subject of the next sub-
section.

6.2.2.6 Estimation with a Continuous
Nonconjugate Prior

Discrete priors and conjugate priors were updated
above with simple formulas. What remains are the

DRAFT NUREG/CR-XXX

6-16

continuous nonconjugate priors. Three approachesfor
updating them are given here.

6.2.2.6.1 Direct Numerical Integration

If software is available for performing numerical
integration, the following approach can be used. Find
the form of the posterior distribution, using Equation
6.4. Suppose, for example, that the prior distribution
for A islognormal, with p and ¢® denoting the mean
and variance of the normal distribution of In4. As
stated in Appendix A.7.3, the lognormal density is
proportional to
10inA-
1 Gy

fln() 0 e

Substitute this and Equation 6.1 into Equation 6.4, to
obtain the form of the posterior density:

_lgln/\—ygz
_ At 2
Cf os(A) = € ﬂ;e 7

All termsthat do not involve 4 have been absorbed into
thenormalizing constant, C. The normalizing constant
can be evaluated by numerically integrating Cf ., from
0to . Unlessxisunrealistically large, the function
does not need to be integrated in practice out beyond,
sy, In4 = p + 50. C equals the integral of Cf,,
because the integral of f,. must equal 1. Once C has
been evaluated, the mean and percentiles of f_, can be
found numerically.

post

Numerical integration, using a technique such as the
trapezoidal ruleor Simpson’ srule, can be programmed
easily, even in a spreadsheet. The ideas are found in
some calculus texts, and in books on numerical meth-
ods such as Press et al. (1992).

6.2.2.6.2 Simple Random Sampling

A second approach, which does not directly involve
numerical integration, is to generate a large random
sample from the posterior distribution, and use the
sample to approximate the properties of the distribu-
tion. Some people think of this as numerical integra-
tion via random sampling. Surprisingly, the random

REVISION 0 Date: 11/27/02



sample can be generated without explicitly finding the
form of the posterior distribution, as explained by
Smith and Gelfand (1992).

The agorithm, called the rgjection method for sam-
pling from a distribution, is given here in its general
form, and applied immediately to sampling from the
posterior distribution. In general, suppose that it is
possible to sample some parameter ¢ from a continu-
ous distribution g, but that sampling from a different
distribution f is desired. Suppose also that a positive
constant M can befound such that f(8)/g(&) < M for all
6. The algorithmis:

D Generate ¢ from g(6).

2 Generate u from auniform distribution, 0 < u
<1

(©)] If u< f(6/Mg(6) accept 6 in the sample.

Otherwise discard it.

Repeat Steps (1) through (3) until enough values of 4
have been accepted to form a sample of the desired
size.

This agorithm is the basis for many random-number
generation routinesin software packages. Itisapplied
as follows to the generation of a sample from the
posterior distribution for 4. The equations are worked
out here, and the agorithm for the posterior distribu-
tion is restated at the end.

Let f be the posterior density and let g be the prior
density. Then Equation 6.4 states that the ratio
f(4)/g(4) is proportional to the likelihood, which is
maximized, by definition, when 4 equal sthe maximum
likelihood estimate, x/t. That is, theratio of interest is

f(A)/g(A) = Ce*(At)*

for some constant C. Thisismaximized when 4 equals
x/t. Therefore, define M = max[f(4)/g(4)] = Ce™X.
The condition in Step (3) above is equivalent to

u < [Ce(At)y] / [Ce™X*] = [e(At)] / [e™X'] .

The constant cancels in the numerator and denomina-

tor, so we do not need to evaluate it! It would have
been possible to work with m = M/C, and the calcula-
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tionswould have been simpler. Thisrewritten form of
the algorithm, for Poisson data, is given here.

If x>0, definem=¢e”x". If x=0, definem=1.

The steps of the algorithm are:

D Generate arandom A from the prior distribu-
tion.

()] Generate u from auniform distribution, 0 < u
<1

©) If u< e”™(t)/m, accept A in the sample.

Otherwise discard A.
Repeat Steps (1) through (3) until a sample of the
desired size is found.

Intuitively, this algorithm generates possible val ues of
A from the prior distribution, and discards most of
those that are not very consistent with the data. The
result is a sample from the posterior distribution.

6.2.2.6.3 More Complicated Random Sampling

All-purpose Bayesian update programs can be used for
the present simple problem. For example, the program
BUGS' (Bayesian inference Using Gibbs Sampling)
performs Markov chain Monte Carlo (MCMC)
sampling. This package is intended for complicated
settings, such as those described in Chapters 7 and 8.
Using it hereislike using the proverbial cannon to kill
a mosqguito. Nevertheless, the program is free, and
very flexible, and can be used here. It isavailable for
download at

http://www.mrc-bsu.cam.ac.uk/bugs/

and is described more fully in Sections 7.2.3 and
8.2.3.3.3 of this handbook.

6.2.2.7 ExamplesInvolving Nonconjugate Priors

These techniqueswill beillustrated with the following
example, from Appendix J-4 of Poloski et al. (19994).

1 Mention of specific products and/or manufacturers
in this document implies neither endorsement or
preference, nor disapproval by the U.S. Government or
any of its agencies of the use of a specific product for
any purpose.
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Example 6.3 Small-break LOCAs.

No small-break loss-of-coolant accidents
(SBLOCASs) have occurred in 2102 reactor-
calendar-years at U.S. nuclear power plants. The
WASH-1400 (NRC 1975) distribution for the
frequency of this event was lognormal with
median 1E-3 and error factor 10.

6.2.2.7.1 Examplewith Lognormal Prior

Poloski et al. (1999a) use the WASH-1400 distribu-
tion as a prior, and update it with the 2102 years of
data.

The resulting posterior distribution was sampled
100,000 times using the method described in Section
6.2.2.6.2 above, and the mean was found. Then the
values were arranged in increasing order, and the
percentiles of the sample were found. All this took
less than 15 seconds in 1999 on a 166 MHz com-
puter. Based on the mean and percentiles of the
sample, the mean of the posterior distribution is
3.5E-4, and the 90% posterior credible interval is
(4.5E-5, 9.8E-4).

To illustrate the method of Section 6.2.2.6.3, the
distribution was also sampled using BUGS. Figure
6.13 shows the script used for running BUGS.

model

mu <- lambda* rxyrs
X ~ dpois(mu)
lambda ~ dinorm(-6.908, 0.5104)

}
list(rxyrs=2102, x=0)

Figure 6.13 Script for analyzing Example 6.3
using BUGS.

The section in curly brackets defines the model.
Note that <-, intended to look like a left-pointing
arrow, is used to define quantities in terms of other
guantities, and ~ is used to generate a random
quantity from a distribution. Thus, X is a Poisson
random variable with mean p, with p=A x rxyrs. The
prior distribution of A is lognormal. The parameters
given in the sqript arise as follows. BUGS parame-
terizes the normal in terms of the mean and inverse
of the variance, for reasons explained in Section
6.7.1.2.1. It parameterizes the lognormal distribution
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using the parameters of the underlying normal. Itis
shown below that a lognormal with median 1E-3 and
error factor 10 corresponds to an underlying normal
with mean -6.980 and standard deviation 1.3997.
Therefore the inverse of the variance is 1/1.3997% =
0.5104.

The line beginning “list” defines the data, 0 events is
2102 reactor years. BUGS also requires an initial
value for A, but generated it randomly.

When BUGS generated 100,000 samples, the mean,
5th percentile, and 95th percentile of A were 3.5E-4,
4.5E-5, and 9.8E-4, just as found above.

6.2.2.7.2 Examplewith " Moment-Matching"
Conjugate Prior

Conjugate priors have appea: Some people find
algebraic formulas tidier and more convenient than
brute-force computer calculations. Also, when aPRA
program requests a distribution for a parameter, it is
usualy easier to enter a distributional form and a
coupleof parametersthan to enter asimul ated distribu-
tion.

Therefore, anonconjugate prior is sometimes replaced
by a conjugate prior having the same mean and vari-
ance. This method is carried out here with the above
example.

Begin by finding the gamma prior with the same
moments as the above lognormal prior. As explained
in Appendix A.7.3, the median, error factor, and
moments of the lognormal distribution are related to
K and o of the underlying normal distribution of InA
as follows.

median(A) = exp(l)

EF(A) = exp(1.6450)

mean(A) = exp(u + ¢%/2)

var(A) = [median(A)]*exp(c?)-[exp(c?) - 1]

The lognormal prior has median 1.0E-3, and error
factor 10. Solving the first two equations yields

M =-6.907755
0=1.399748 .

Substituting these values into the second two equa-
tions yields

mean(A) = 2.6635E-3
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var(A) = 4.3235E-5 .

Now the gamma distribution must be found with this
mean and this variance. The formulas for the mo-
ments of a gamma distribution were given in Section
6.2.2.4.1 and in Appendix A.7.6:

mean = a/f8
variance = a/ .

Therefore,
a = mean®/variance = 0.164
B = mean/variance = 61.6 reactor-years.

Warning flags should go up, because a is consider-
ably smaller than 0.5. Nevertheless, we carry out the
example using this gamma distribution as the prior.
The update formulas yield

Upose = 0 + 0.164 = 0.164
Boost = 2102 + 61.6 = 2164 reactor-years .

The posterior mean is 7.6E-5, and a 90% credible
interval is (3.4E-12, 4.1E-4), all with units events
per reactor-year.

6.2.2.7.3 Comparison of Example Analyses

Thetwo posterior distributionsdo not agree closely, as
will be discussed below. If the shape parameter « of
thegammaprior had beenlarger, thetwo prior distribu-
tionswould have had more similar percentiles, and the
two posterior distributionslikewisewould have agreed
better. Asitis, however, thetwo analyses are summa-
rizedin Table 6.5.

Table 6.5 Posterior distributions from two
analyses.
Prior Mean 90% Interval
Lognormal | 3.5E-4 | (4.5E-5, 9.8E-4)
Gamma 7.6E-5 [ (3.4E-12,4.1E-4)

The most notable difference between the two poste-
rior distributions is in the lower endpoints, the 5th
percentiles, which differ by many orders of magni-
tude. This is explained, to some extent, by graphical
comparisons. Figures 6.14 and 6.15 show the prior
cumulative distributions. When plotted on an ordi-
nary scale in Figure 6.14, the two prior distributions
look fairly similar, although the gamma distribution
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seems to put more probability near zero. The differ-
ences become much more obvious when the two
prior distributions are plotted on a logarithmic scale
in Figure 6.15. These differences between the two
prior distributions are present in spite of the fact that
the two priors have equal means and equal vari-
ances.

The two resulting posterior distributions are also
quite different in the lower tail, as shown in Figure
6.16, and this difference is especially clear when the
distributions are plotted on a log scale, as shown in
Figure 6.17.

1.0[
0.9
08r /
0.7

Pr(A <)

—— Lognormal

0.02 0.04 0.06

A (events/reactor-yr.) GC99 0292 5
Figure 6.14 Two prior distributions having same
means and variances.
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Figure 6.15 Same prior distributions as in previous

figure, with A plotted on a logarithmic scale.
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Figure 6.16 Two posterior distributions, from priors

in previous figures.
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Figure 6.17 Same posterior distributions as in
previous figure, with A plotted on logarithmic scale.

Incidentally, theseillustrationsuse cumul ativedistribu-
tions instead of densities, for an important reason.
Cumulative distributions simply show probabilities,
and so can be plotted with the horizontal scale either
linear or logarithmic. Alternatively, the density of
In(4) could be plotted against In(£), but the density of
In(4) is not the same function as the density of 4, as
explained in Appendix A.4.7.

6.2.3 Model Validation

Model validation should go hand in hand with parame-
ter estimation. Philosophically, it would seem natural
first to confirm the form of the model and second to
estimate the parameters of that model. However,
typically one can perform goodness-of-fit tests and
other validations of a model only after the model has
been fully specified, that is, only after the form of the
model has been assumed and the corresponding param-
eters have been estimated. Because parameter-estima-
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tion is built into most model-validation procedures, it
was presented first.

It is often wise not to stop the analysis with just esti-
mating the parameters. Foolish results have been
presented by analystswho estimated the parameters but
did not thoroughly check that the assumptions of the
model were correct. This section presents ways to
check the model assumptions. Much of thismaterial is
taken from an INEEL report by Engelhardt (1994).

The Poisson process was introduced in Section 2.2.2.
The three assumptions were listed there: constant
event occurrence rate, no simultaneous events, and
independent time periods. These assumptions are
considered here.

The assumption of constant rate is considered in the
next two sections, first wherethe alternative possibility
isthat different data sources may have different values
of A but in no particular order, and then where the
aternative possibility isthat atimetrend exists. Both
graphical methods and formal statistical hypothesis
tests are given for addressing the issues. The assump-
tion of no exactly simultaneous events is then dis-
cussed from the viewpoint of examining the data for
common-cause events. Finaly the assumption of
independent time intervals is considered, and some
statistical tests of the assumption are given.

When Bayesian methods are used, one must also
examinewhether the dataand the prior distribution are
consistent. It makeslittle sense to update a prior with
data, if the data make it clear that the prior belief was
just plain wrong. That topic constitutes the final sub-
section of the present section.

6.2.3.1 Poolability of Data Subsets
Assumption 1in Section 2.2.2 impliesthat thereisone
rate A for the entire process. The correctness of such
an assumption can beinvestigated by analyzing subsets
of the data and comparing the estimates of A for the
various subsets.

Example 2.2 described L OSP events during shutdown.
For this section, consider a portion of that example.
The entire data set could be used, but to keep the
example from being too cumbersome we arbitrarily
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restrict it to five plants at three sites, all located in one
state.

An obvious question concernsthe possihility of differ-
ent rates for different plants. A general term used in
this handbook will be data subsets. In Example 6.4,
five subsets are shown, corresponding to plants. In
other exampl es the subsets could correspond to years,
or systems, or any other way of splitting the data. For
initiating events, each subset correspondsto onecell in
the table, with an event count and an exposure time.

Sometimes, data subsets can be split or combined in
reasonableways. For example, if the subsetsweretime
periods, the data could be partitioned into decades or
yearsor months. Thefiner thedivision of thecells, the
more sparse the databecomewithinthe cells. Toofine
apartition allows random variation to dominate within
Example 6.4 Shutdown LOSP events at five
plants, 1980-96.

During 1980-1996, five plants experienced eight
LOSP events while in shutdown. These were
events from plant-centered causes rather than
external causes. The data are given here.

Plant Events Plant shutdown
code years

CR3 5 5.224

SL1 0 3.871

SL2 0 2.064

TP3 2 5.763
TP4 1 5.586
Totals 8 22.508

each cell, but too coarse a partition may hide variation
that is present within individual cells. In the present
simple example, the most reasonable partition is into
plants. Anaysis of more complicated data sets may
require examination of many partitionings.

First, agraphical techniqueisgiven, to help theanalyst

understand what the data set shows. Then, a formal
statistical procedure is presented, to help quantify the
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strength of the evidence for patterns seeninthe graphi-
cal investigation.

6.23.1.1 Graphical Technique
Toexploretherelationsbetween cells, identify thecells
ononeaxis. Then, for each cell, plot a point estimate
of Aandaninterval estimate of 4 against the other axis.

Patterns such as trends, outliers, or large scatter are
then made visible.

In Example 6.4, the cells are plants. The data set
from each plant was analyzed separately, using the
tools of Section 6.2.1. The graph in Figure 6.18
shows the maximum likelihood estimate and a
confidence interval for each plant, plotted side by
side. For this handbook, the plot was produced with
a graphics software package, although a hand-drawn
sketch would be adequate to show the results.

ooled (8/22.5)

CR3 (5/5.2)
TP3 (2/5.8)
TP4 (1/5.6)
SL2 (0/2.1)
SL1 (0/3.9)

T T T T S
0.5 1.0 15
A (events/reactor-shutdown-yr.)

Figure 6.18 MLEs and 90% confidence intervals for
A, based on each plant’s data and based on pooled
data from all the plants.

Ll
2.0 25

GC99 0292 8

0.0

The confidence interval for the pooled data is also
shown. Take care, however: this interval is only
valid if all the plants have the same A, which is what
must be decided! Nevertheless, the interval and
point estimate for the pooled data give a useful
reference for comparisons with the individual plants.
For this reason a vertical dotted line is drawn through
the mean of the pooled data.

Note that the plants are displayed not in alphabetical
order, which is a meaningless order for the event

rate, but in order of decreasing A. (When two
plants have the same MLE, as do SL1 and SL2, the
upper confidence limit is used to determine the
order.) Experience has shown that such a descend-
ing order assists the eye in making comparisons.
Cleveland (1985, Chap. 3.3) discusses this and other
ways of ordering data.
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CR3 appears somewhat high compared to the others
— although there is considerable overlap of the
intervals, the lower confidence limit for CR3 is just
barely higher than the MLE for the utility as a whole.
Of course, the picture might give a different impres-
sion if slightly different intervals were used: 95%
confidence intervals instead of 90% confidence
intervals, or Bayes intervals with the Jeffreys
noninformative prior instead of confidence intervals.
From the graph alone, itis difficult to say whether the
data can be pooled.

A graph like this should not be used to draw naive
conclusionswithout also using aformal statistical test.
For example, if many confidenceintervals are plotted,
based on data sets generated by the same 4, afew will
be far from the others because of randomness alone.
ThiswasseeninFigure 6.3, whereall thevariationwas
due to randomness of the data, and some intervals did
not overlap some others at al. Thus, an outlying
interval does not prove that the As are unequal. This
same statement istrue if other intervals are used, such
as Bayes credible intervals based on the noninforma-
tiveprior. Theissueistherandom variability of data,
not the kind of interval constructed.

Conversely, if there are only afew intervals, intervals
that just barely overlap can give strong evidence for a
differencein the As.

To quantify the strength of the evidence against poola
bility, aformal statistical procedureisgiveninthenext
subsection. The graph gives an indication of what the
test might show, and helps in the interpretation of the
test results. If the statistical test turns out to find a
statistically significant difference between plants, itis
natural then to ask what kind of difference is present.
Figure 6.17 shows that most of the plants appear
similar, with only one possible outlier. An unusually
long interval, such asthat seenin Figure 6.18 for SL2,
is generally associated with a smaller exposure time.
The picture provides insight even though it does not
give aquantitative statistical test.

6.2.3.1.2 Statistical Test

The Chi-Squared Test. To study whether therateis
the same for different cells, use a chi-squared test.
Many statistics texts, such as Bain and Engelhardt
(1992, Chapter 13), discuss this test, and many soft-
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ware packages perform the chi-squared test. It is
presented herein enough detail so that the reader could
perform the calculations by hand if necessary, because
itisinstructive to see how the test works.

Let the null hypothesis be
H,: Aisthesamein all the data subsets.

In the present application the data subsets are the five
plants. The method is to see what kind of datawould
be expected when A readlly is constant, and then to see
how much the observed counts differ from the ex-
pected counts. If thedifferenceissmall, the countsare
consistent with the hypothesis H, that the rate is
congtant. If, instead, the differenceislarge, the counts
show strong evidence against H,.

If Hyistrue, thet is, if 4 isreally the same for al the

plants, then the estimate (MLE) of A is A = x/t. The
estimate of the expected count is built from this quan-
tity. Letx bethe number of observed eventsin the jth
cell, thejth plant in the present example. Assumingthe
hypothesis of a single rate 4, an estimate of the ex-

pected count for thejth cell issimply €; = At; .

In Example 6.4, the estimate of A is 8/22.508 = 0.355
events per shutdown-year. Therefore, the expected
count for CR3 is the estimate of A times the exposure
time for CR3, 0.335 x 5.224 = 1.857 events. Table
6.6 is an extension of the original table given in
Example 6.4, showing the quantities needed for the
calculation.

Table 6.6  Quantities for calculation of chi-
squared test.

Cell code X t; e
CR3 5 5.224 1.857
SL1 0 3.871 1.376
SL2 0 2.064 0.734
TP3 2 5.763 2.048
TP4 1 5.586 1.985
Totals 8 22.508 8.000

REVISION 0 Date: 11/27/02



The total of the expected counts agrees with the total
of the observed counts, except possibly for small
round-off error.

Thetest for equality of ratesthat is considered here is
based on the following calculated quantity,

X2 = X% - 6)7g,

sometimes called the Pear son chi-squared statistic,
after its inventor, Karl Pearson, or simply the chi-
squared statistic. The notation became standard long
beforethe custom devel oped of using upper-caseletters
for random variables and lower-case |etters for num-
bers. Inthe discussion below, the context must reveal
whether X? refers to the random variable or the ob-
served value.

Observe that X* is large if the xs (observed counts)
differ greatly from the gs (expected valueswhen H, is
true). Conversely, X° is small if the observed values
are close to the expected values. This statement is
made more precise asfollows. When H,istrueand the
total count islarge, the distribution of X? has adistribu-
tion that is approximately chi-squared with ¢ - 1
degrees of freedom, where c isthe number of cdlls. If
the cal cul ated value of X?islarge, compared to the chi-
squared distribution, thereis strong evidencethat H, is
false; thelarger the X* value, the stronger the evidence.

For the data of Table 6.4, X*> = 7.92, which is the
0.906th quantile of the chi-squared distribution
with 4 degrees of freedom. The next subsection
discusses the interpretation of this.

Interpretation of Test Results. Suppose, for any
example with 5 cells, that X* were 9.8. A table of the
chi-squared distribution showsthat 9.488 isthe 0.95th
quantile of the chi-squared distribution with 4 degrees
of freedom, and 11.14 is the 0.975th quantile. After
comparing X? to these values, we would conclude that
the evidence is strong against H,, but not overwhelm-
ing. Thefull statement is

o IfHjistrue thatis, if al the cellshavethesame 4,
the chance of seeing such alarge X? is less than
0.05 but more than 0.025.

Common abbreviated ways of saying thisare
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e Wergject H, at the 5% significancelevel, but not
at the 2.5% significance level.

e Thedifferencebetweencellsisstatistically signif-
icant at the 0.05 level, but not at the 0.025 level.

e Thep-valueis between 0.05 and 0.025.

There will be some falsealarms. Evenif A is exactly
the same for all the cells, sometimes X* will be large,
just from randomness. It will be greater than the 95th
percentilefor 5% of the data sets, and it will be greater
than the 99th percentile for 1% of the data sets. If we
observed such a value for X%, we would probably
decide that the data could not be pooled. In that case,
we would have believed a false alarm and made the
incorrect decision. Just as with confidence intervals,
we cannot be sure that this data set is not one of the
rareunlucky ones. But following theaveragesleadsus
to the correct decision most of the time.

If, instead, X* were 4.1, it would be near the 60th
percentileof thechi-squared distribution, and therefore
bein therange of values that would be expected under
H,. We would say the observed counts are consistent
with the hypothesisH,, or H, cannot be rejected, or the
evidence against H, isweak. We would not conclude
that H, istrue, becauseit probably isnot exactly trueto
the tenth decimal place, but the conclusion would be
that H, cannot be rejected by the data.

In fact, for the data of Table 6.6, X* equals 7.92,
which is the 0.906th quantile of the chi-squared
distribution with 4 degrees of freedom. That means:
if all five plants have the same event rate, there is a
9.4% probability of seeing such a large value of X2
The evidence against H, is not convincingly strong.
CR3 might be suspected of having a higher event
rate, but the evidence is not strong enough to prove
this.

The traditional cut-off is5%. The difference between
cellsiscalled statistically significant, with no qualify-
ing phrase, if it issignificant at the0.05 level. Thisis
tradition only, but it is very widely followed.

In actual data analysis, do not stop with the decision
that adifferenceisorisnot statistically significant. Do
not even stop by reporting the p-value. That may be
acceptableif the p-valueis very small (much lessthan
0.05) or very large (much larger than 0.05). In many
cases, however, statistical significanceis far from the
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wholestory. Engineering significanceisjust asimpor-
tant.

To illustrate this, consider a possible follow-up to the
above statistical analysis of Example 6.4. As men-
tioned, the statistical evidence against poolability is
not strong, but some might consider it borderline.
Therefore, a thorough analysis would ask questions
such as:

e Are there engineering reasons for expecting
CR3 to have a different event rate than the other
plants do, either because of the hardware or
because of procedures during shutdown? (Be
warned that it is easy to find justifications in
hindsight, after seeing the data. It might be wise
to hide the data and ask these questions of a
different knowledgeable person.)

*  What are the consequences for the PRA analy-
sis if the data are pooled or if, instead, CR3 is
treated separately from the other plants? Does
the decision to pool or not make any practical
difference?

Required Sample Size. Theabove considerationsare
valid if the total count is"large," or more precisdly, if
thegsare"large.” If the gsare small, the chi-squared
distributionisnot agood approximation to thedistribu-
tion of X2 Thus, the user must ask how large a count
is necessary for the chi-squared approximation to be
adequate. An overly conservative rule is that each
expected cell-count, g, shouldbe 5.0 or larger. Despite
itsconservatism, thisruleisstill widely used, and cited
in the statistical literature and by some software pack-

ages.

A readable discussion of chi-squared tests by Moore
(1986, p.71) is applicable here. Citing the work of
Roscoe and Byars (1971), the following recommenda-
tions are made:

(1) With equiprobable cells, the average expected
frequency should be at least 1 when testing at the
0.05 level. In other words, use the chi-squared
approximation at the 5% level whenx/c > 1, where
X is the number of events and c is the number of
cells. At the 1% level, the chi-squared approxi-
mation is recommended if x/c > 2.

When the cells are not approximately equiproba
ble, the average expected frequenciesin (1) should

@
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be doubled. Thus, the recommendation is that at
the 5% level x/c > 2, and at the 1% level x/c > 4.

Note that in rules (1) and (2) above, the recommen-
dationisbased on the averagerather than the minimum
expected cell-count. As noted in another study by
Koehler and Larntz (1980), any rule such as(2) may be
defeated by a sufficiently skewed assignment of cell
probabilities.

Roscoe and Byars also recommend when ¢ = 2 that the
chi-squaredtest should be replaced by thetest based on
the exact binomial distribution of X, conditional onthe
total event count. For example, if thetwo cellshad the
same exposure times, we would expect that half of the
events would be generated in each cell. More gener-
aly, if

e thetwo cells have exposure timest, and t,

e atotal of x events are observed

e Jisthesamefor both cells

then, conditional onx, X, hasabinomial(n, p) distribu-
tion, with p = t/(t, + t,). Exact binomia tests are
discussed by Bain and Engelhardt (1992, p.405).

Example 6.4 has x = 8 and c = 5. The cells are not
equiprobable, that is, e, is not the same for all cells,
because the plants did not all have the same expo-
sure time. Nevertheless, the expected cell counts
differ from each other by at most a factor of two.
This is not a large departure from equiprobability, as
differences of an order of magnitude would be.
Because x/c = 1.6, and the calculated significance
level is about 10%, the sample size is large enough
for the chi-squared approximation to be adequate.
The conclusions reached earlier still stand. If, onthe
other hand, the sample size had been considerably
smaller, one would have to say that the p-value is
approximately given by the chi-squared distribution,
but that the exact p-value has not been found.

If the expected cell-counts are so small that the chi-
squared approximation is not recommended, the
analyst can pool datain some "adjacent cells,” thereby
increasing the expected cell-counts.

In the Example 6.4, suppose that there were engi-
neering reasons for thinking that the event rate is
similar at units at a single site. Then the sister units
might be pooled, transforming the original table of
Example 6.4 into Table 6.7 here.
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We repeat, this pooling of cells is not required with
the actual data, but it could be useful if (a) the cell
counts were smaller and (b) there were engineering
reasons for believing that the pooled cells are rela-
tively homogeneous, that is, the event rates are
similar for both units at a site, more similar than the
event rates at different sites.

Table 6.7 Shutdown LOSP events at three
sites, 1980-96.
Site code Events | Plant shutdown years
CR 5 5.224
SL 0 5.935
TP 3 11.349

Generally speaking, achi-squared test based onalarger
number of cells will have better power for detecting
when rates are not equal, but this also makes it more
difficult to satisfy guidelines on expected cell-counts
for the chi-squared approximation. Thus, it is some-
times necessary to make a compromise between
expected cell counts and the number of cells.

Options involving the exact distribution of X? are also
possible. The most widely known commercial soft-
ware for calculating the exact p-value is StatExact
(1999).

6.2.3.2 NoTimeTrend

The chi-sguared method given above does not use any
ordering of the cells. Even if the test were for differ-
encesin years, say, the test would not use the natural
ordering by calendar year or by plant age. When there
is a meaningful order to the data subsets, it may be
useful to perform additional analyses. The analysis
given aboveisvalid, but an additional possible analy-
sis, making use of time order, is considered now.

The methods will beillustrated with Example 6.5.
6.2.3.2.1 Graphical Techniques

Confidence-Interval Plot. First, thesamekind of plot
that was used in the previous subsection can be used
here. Thetimeaxisisdivided into cells, or binsinthe
terminology of some authors. For example, if thetime
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span is divided into calendar years, the counts and
reactor-critical-years for Example 6.5 are given in
Table 6.8.

Example 6.5  Unplanned HPCI demands.
Grant et al. (1995, Table B-5) list 63 unplanned
demands for the HPCI system to start at 23 BWRs
during 1987-1993. The demand dates are given
in columns below, in format MM/DD/YY.

01/05/87  08/03/87 03/05/89 08/16/90  08/25/91
01/07/87 08/16/87 03/25/89 08/19/90  09/11/91
01/26/87 08/29/87 08/26/89 09/02/90  12/17/91
02/18/87 01/10/88 09/03/89 09/27/90  02/02/92
02/24/87 04/30/88  11/05/89  10/12/90  06/25/92
03/11/87 05/27/88 11/25/89  10/17/90  08/27/92
04/03/87 08/05/88  12/20/89  11/26/90  09/30/92
04/16/87 08/25/88 01/12/90 01/18/91  10/15/92
04/22/87 08/26/88 01/28/90 01/25/91  11/18/92
07/23/87 09/04/88 03/19/90 02/27/91  04/20/93
07/26/87  11/01/88 03/19/90 04/23/91  07/30/93
07/30/87 11/16/88 06/20/90 07/18/91
08/03/87 12/17/88 07/27/90  07/31/91
Table 6.8 HPCI demands and reactor-critical-
years.
Calendar HPCI Reactor-critical-
year demands years
1987 16 14.63
1988 10 14.15
1989 7 15.75
1990 13 17.77
1991 17.11
1992 17.19
1993 2 17.34

This table has the same form as in Example 6.4,
showing cells with events and exposure times. The
relevant exposure time is reactor-critical-years,
because the HPCI system uses a turbine-driven
pump, which can only be demanded when the
reactor is producing steam. The counts come from
the tabulated events of Example 6.5, and the critical-
years can be constructed from information in Poloski
et al. (1999a). The variation in critical-years results
from the facts that several reactors were shut down
for extended periods, and one reactor did not receive
its low power license until 1989.

This leads to a plot similar to Figure 6.18, showing
the estimated value of the demand frequency, A, and
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a confidence interval for each year. This is shown in
Figure 6.19.
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Figure 6.19 MLEs and 90% confidence intervals
for A, each based on data from one calendar year.

Figure 6.19 seemsto indicate adecreasing trend in the
frequency of HPCI demands. However, the picture
does not reveal whether the apparent trend is perhaps
merely the result of random scatter. To answer that
question, a formal statistical test is necessary, quanti-
fying the strength of the evidence. Such tests will be
givenin Section 6.2.3.2.2.

Cumulative Plot. Figure 6.19 required a choice of
how to dividethetimeaxisinto cells. A different plot,
given next, does not require any such choice, if the
dates of the events are recorded. Plot the cumulative
event count at the n event dates.

Figure 6.20 shows this for Example 6.5. The events
are arranged in chronological order, and the cumula-
tive count of events is plotted against the event
times.
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Figure 6.20 Cumulative number of HPCI demands,
by date.

The slope of astring of plotted pointsis defined asthe
vertical change in the string divided by the horizontal
change, Ay/Ax. Thisisthe familiar definition of slope
from mathematics courses. In the plot given here, the
horizontal distance between two pointsiselapsed time,
and the vertical distance is the total number of events
that occurred during that time period. Therefore,

slope = (number of events)/(elapsed time) ,

so the slope is a graphical estimator of the event
frequency, 4. A constant slope, or a straight line,
indicates a constant 4. Changes in slope indicate
changes in A: if the slope becomes steeper, A is
increasing, and if the slope becomes less steep, 4 is
decreasing.

In Example 6.4 the time axis represents calendar
years. Because the relevant frequency is events per
reactor-critical-year, it would be better to plot the time
axis in terms of total reactor-critical-years from the
start of 1987. However, it is somewhat difficult to
calculate the reactor-critical-years preceding any
particular event, or equivalently, the reactor-critical-
years between successive events. Therefore, simple
calendar years are used. This is adequate if the
number of reactors operating at any time is fairly
constant, because then the rate per reactor-critical-
year remains roughly proportional to the rate per
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industry-calendar year. In the present case, as
shown by Table 6.8, later calendar-years correspond
to a few more critical-years than do early calendar-
years.

The slope in Figure 6.20 is steepest on the left, and
gradually lessens, so that the plot is rising fastest on
the left and more gently on the right. More HPCI
demands are packed into a time interval on the left
than into a time interval of the same length on the
right. This indicates that the frequency of unplanned
HPCI demands was decreasing during the time
period of the study. Thus, this figure leads to the
same general conclusion as does Figure 6.19.
Figure 6.20 shows more detail, with the individual
events plotted, but it is less accurate in this example
because we have not gone to the work of plotting
events versus reactor-critical time.

Itis important that the horizontal axis cover the entire
data-collection period and not stop at the final event.
In Figure 6.20, the lack of events during the last half
of 1993 contributes to the overall curvature of the
plot.

If the frequency is constant, the plot should follow a
roughly straight line. For comparison, it is useful to
show a straight diagonal line, going from height 0 at
the start of the data collection period to height n + 1 at
the end of the data collection period, where n is the
number of data points.

In Figure 6.20, the diagonal line is shown as a dotted
line, rising from height 0 on the left to heightn + 1 =
64 on the right.

As mentioned above, the early calendar years
contain fewer reactor-critical-years than do the later
calendar years. Therefore, the time axis in Figure
6.20 would reflect reactor-critical-years more accu-
rately if the left end of the axis were compressed
slightly or the right end were stretched slightly. The
effect would be to increase the curvature of the plot,
making it rise more quickly on the left and more
slowly on the right.

A cumulative plot contains random bounces and
clusters, soit is not clear whether the observed pattern
is more than the result of randomness. As aways, a
formal statistical test will be needed to measure the
strength of the evidence against the hypothesis of
constant event frequency.
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6.2.3.2.2 Statistical Testsfor aTrend in A

TheChi-Squared Test. Thisisthesametest asgiven
in Section 6.2.3.1.2, only now the cells are years or
similar divisions of time.

In Example 6.5, the p-value is 0.009, meaning that a
random data set with constant A would show this
much variability with probability only 0.9%. Two
points are worth noting.

e The chi-squared test makes no use of the order
of the cells. It would give exactly the same
conclusion if the intervals in Figure 6.19 were
scrambled in a random order instead of gener-
ally decreasing from left to right.

e The calculated p-value is accurate enough to
use, by the guidelines of Section 6.2.3.1.2,
because the number of events is 63, and the
number of cells is 7, so x/c = 63/7 = 9. Even
splitting the cells into 6-month periods or smaller
periods would be justified.

Chapter 7 will take Figure 6.19, fit atrend, and perform
an additional test based on the fit; see Sections 7.2.3
and 7.2.4. Therefore, the chi-squared test is not dis-
cussed further here.

TheLaplace Test. Thistest does not use the binning
of timesinto cells, but instead uses the exact dates. In
the example, there are 63 occurrences of events during
a seven-year period. In general, consider a time
interval [0, L], and suppose that during this period n
events occur at successiverandomtimesT,, T,, ..., T,.
Although the number of occurrences, n, is random
when the plants are observed for afixed length of time
L, we condition on the value of n, and so treat it as
fixed. Consider the null hypothesis

H,: Aisconstant over time.
Consider the aternative hypothesis

H,: Aiseither anincreasing or a decreasing function
of time.

Thishypothesis saysthat the eventstend to occur more
at one end of theinterval. A test that is often used is

based on the mean of thefailuretimes, T = Z,T, / n.
Theintuitive basis for the test isthe following. If A is
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constant, about half of the events should occur before
time L/2 and half afterwards, and the average event
time should be closeto L/2. On the other hand, if 4 is
decreasing, more events are expected early and fewer
later, so the average event time should be smaller than
L/2. Similarly, if 4 isincreasing, the average event
time is expected to be larger than L/2. Therefore, the

test rejectsH, if T isfar fromL/2. Positive values of

the difference T - L/2 indicate an increasing trend,
and negative values indicate a decreasing trend.

When H, istrue, T has expected value L/2 and vari-
ance L%(12n). The resulting test statistic is

T-L/2
L/+12n

The statistic U is approximately standard normal for n
> 3. A test of H, at significance level 0.05 versus an
increasing alternative,

H,: Aisincreasingintime,

would reject H, if U > 1.645. A 0.05 level test versus
adecreasing alternative,

H,: Aisdecreasingintime,

would reject H, if U < -1.645. Of course, +1.645 are
the 0.95th and 0.05th quantiles, respectively, of the
standard normal distribution. A two-sided test, that is,
atest against the original two-sided aternative hypoth-
esis, at the 0.10 level would reject H, if [U| > 1.645.

This test, generally known as the "Laplace" test, is
discussed by Cox and Lewis (1978, p. 47). The La-
place test is known to be good for detecting a wide
variety of monotonic trends, and consequently it is
recommended as ageneral tool for testing against such
aternatives.

Let us apply the Laplace test to the HPCIl-demand
data of Example 6.4. First, the dates must be con-
verted to times. The first event time is 0.011 years
after January 1, 1987, the final event is 6.581 years
after the starting date, and the other times are
calculated similarly. Here, a “year” is interpreted as
a 365-day year. The total number of 365-day years
is L = 7.00. The mean of the event times can be
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calculated to be 2.73. Therefore, the calculated
value of U is

273-35
=-302 .

700/12% 63

This is statistically very significant. The value 3.02 is
the 0.001th quantile of the standard normal distribu-
tion. Thus, the evidence is very strong against a
constant demand rate, in favor instead of a decreas-
ing demand rate. Even against the two-sided hy-
pothesis

H,: Ais increasing or decreasing in time ,
the p-value is Pr( |U| > 3.02) = 0.002.

In the example, the Laplace test statistic was calcu-
lated in terms of calendar time instead of reactor-
critical-time. As remarked earlier, using reactor-
critical-time would increase the curvature of the plot
in Figure 6.20. A similar argument shows that using
reactor-critical-time in computing U would increase
the strength of the evidence against the hypothesis
of a constant demand rate. However, the computa-
tions would be very tedious. Thatis an advantage of
the chi-squared test, because it is typically easier to
find the exact relevant exposure time for blocks of
time, such as years, than for each individual event.

In the example, the result of the Laplace test agrees
with the result from the chi-squared test, but is more
conclusive. The chi-squared test gave a p-value of
0.009, meaning that if H, is true, the cells would
appear so different from each other with probability
only 0.009. The Laplace test gives a p-value of
0.002.

The chi-squared and Laplacetests differ because they
are concerned with different alternatives to H,. The
chi-squared test is concerned with any variation from
cell to cell (from year to year in the example). If the
event rate goes up and down erratically, that isjust as
much evidence against H, asif the event rate decreases
monotonically. The Laplacetest, onthe other hand, is
focused on the aternative of a trend. It has more
power for detecting trends, but no power at all for
detecting erratic changes upward and downward.

Other tests exist in this setting. See Ascher and Fein-

gold (1984, page 80) and Engelhardt (1994, p. 19) for
details.
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6.2.3.3 No Multiple Failures

The second assumption of the Poisson process is that
there are no exactly simultaneous failures. In practice
this means that common-cause failures do not occur.
In most situations, common-cause failures will occur
from time to time. This was seen in some of the
examples discussed in Section 2.2. However, if
common-cause events are relatively infrequent, their
effect on thevalidity of the Poisson model can normal-
ly beignored.

No statistical methods are given here to examine
whether common-cause events can occur. Instead, the
analyst should think of the engineering reasons why
common-cause events might be rare or frequent, and
the data should be examined to discover how frequent
common-cause events are in practice.

In Example 6.5, HPCI demands, it is reasonable that
common-cause events could occur only at multiple
units at a single site. There was one such pair of
events in the data, with HPCI demands at Hatch 1
and Hatch 2, both on 08/03/87. Examination of the
LERs reveals that the demands occurred from
different causes. They happened at different times,
and so were not exactly simultaneous. The conclu-
sion is that common causes may induce exactly
simultaneous events, but they are infrequent.

If common-cause eventsarerelatively frequent, so that
they cannot be ignored, it might be necessary to per-
form two analyses, one of the "independent”, or not-
common-cause, events, and one of the common-cause
occurrences.  For each type of event, the event fre-
quency, A, could be estimated. Then an additional
analysiswould be necessary to characterizethe number
of separate eventsfor each common-cause occurrence.

6.2.3.4 Independence of Digoint Time Periods

Thissectionis probably lessimportant than the others,
and of interest only to truly dedicated readers. Others
should skip directly to Section 6.2.3.5.

Thefinal assumption of the Poisson model isthat event
occurrences in digoint time periods are statistically
independent. Thisshould first be addressed by careful
thinking, similar to that in the examples of Section 2.2.
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However, the following statistical approach may also
be useful.

One possible type of dependence would be if events
tended to cluster in time: large between-event times
tended to occur in succession, or similarly small ones
tended to occur in succession. For example, suppose
that arepair isdoneincorrectly several timesin succes-
sion, leading to small times between failures. The
occurrence of afailure on one day would increase the
probability of afailure in the next short time period,
violating the Poisson assumption. After theproblemis
diagnosed, the personnel receive training in proper
repair procedures, thereafter resulting in larger times
between failures.

To illustrate the ideas, an example with no trend is
needed. The shutdown LOSP events introduced in
Section 2.2 can be used as such an example. The
data are restricted here to the years 1991-1996,
primarily to reduce any effect of the overall down-
ward trend in total shutdown tome. Atwood et al.
(1998) report 24 plant-centered LOSP events during
shutdown in 1991-1996. They are given as Exam-
ple 6.6.

The null hypothesis is that the successive times be-
tween events are independent and exponentially
distributed. We consider the alternative hypotheses
that

e thetimesarenot exponentialy distributed, possi-
bly with more short times between events than
expected from an exponential distribution, or

e successive times are correlated, that is that short
times tend to be followed by short times and long
times by long times.

Dates of shutdown LOSP events
and days between them.

Example 6.6

The consecutive dates of shutdown LOSP events
are shown in columns below. After each date is
the time since the preceding event, in days. For
the first event, the time since the start of the study
period is shown. Also, the time is shown from the
last event to the end of the study period, a 25th
“between-event time.”
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03/07/91 66 04/02/92 10  09/27/94 129
03/13/91 6 04/06/92 4 11/18/94 52
03/20/91 7 04/28/92 22  02/27/95 101
04/02/91 13 04/08/93 345  10/21/95 236
06/22/91 81 05/19/93 41 01/20/96 91
07/24/91 32 06/22/93 34  05/23/96 124
10/20/91 88 06/26/93 4 — 223
01/29/92 101 10/12/93 108

03/23/92 54 05/21/94 221

Section 6.7.2.3 discusses ways to investigate whether
datacomefromaparticular distribution. Therefore, the
issue of the exponential distribution is deferred to that
section. The issue of seria correlation motivates the
following procedure. Let y; be the ith time between
events, and let x, be the (i- 1) time between events, x, =
yi..- Welook to seeif x, and y; are correlated.

In the above example, the first few (x, y) pairs are
(66, 6), (6, 7), and (7, 13), and the final pair is (124,
223).

6.2.3.4.1Graphical Method

Asjust mentioned, theissue of whether the distribution
isexponential isdeferred to Section 6.7.2.3. Consider
herethe question of serial correlation. A scatter plot of
x versus y will indicate whether the values are corre-
lated. However, with skewed datathelargevaluestend
to bevisually dominant, distorting the overall message
of the plot. One could try an ad hoc transformation,
such as the logarithmic transformation, but a more
universally applicable approachisto use the ranks of
the variables. That is, sort the n times in increasing
order, and assign rank 1 to the smallest time and rank
nto the largest time.

In the example, the two shortest times are each
equal to 4 days. Each is assigned the average of
ranks 1 and 2, namely 1.5. The next largest time is
6 days, which is assigned rank 3, and so forth. The
17th and 18th times are each 101 days, so those two
are each assigned rank 17.5. Selected values of X,
y and their ranks are shown in Table 6.9. For com-
pactness, not all of the values are printed.
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Table 6.9 Calculations for analyzing LOSP
dates.
X rank(x) y rank(y)
— — 66 13
66 13 6 3
6 3 7 4
7 4 13 6
13 6 81 14
81 14 32 8
32 8 88 15
88 15 101 17.5
101 17.5 54 12
54 12 10 5
52 11 101 17.5
101 17.5 236 24
236 24 91 16
91 16 124 20
124 20 223 23
223 23 — —

Figure 6.21 shows a scatter plot of rank(x) versus
rank(y). The plot seems to show very little pattern,
indicating little or no correlation from one time to the
next. The barely perceptible trend from lower left to
upper right (“southwest to northeast”) is probably not
meaningful, but a hypothesis test will need to be
performed to confirm or refute that judgment.

25 (]

20

rank(x)

15

20

Figure 6.21 Scatter plot of rank(x) versus rank(y).

6.2.34.2 Statistical Tests

Thissection considerswhether the between-event times
are serially correlated. The question of whether they
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are exponentially distributed is discussed in Section
6.7.2.3, under the topic of goodness-of-fit tests.

To test for correlation, it is not appropriate to assume
normality of the data. Instead, a nonparametric test
should be used, that is, atest that does not assume any
particular distributional form. A test statistic that is
commonly produced by statistical softwareisKendall’s
tau (7). Tau isdefined in Conover (1999), Hollander
and Wolfe (1999), and other books on nonparametric
statistics.

Based on the data of Table 6.9, the hypothesis of no
correlation between X and Y was tested. Kendall's
tau gave a p-value of 0.08. This calculation indicates
that the very slight trend seen in Figure 6.21 is not
quite statistically significant.

Recall, from the discussion of Section 6.2.3.1.2, that
a small p-value is not the end of an analysis. The p-
value for this example is small, indicating that the
trend in Figure 6.21 is rather unlikely under the
assumption of no correlation. If we are concerned
about this fact, we must seek possible engineering
mechanisms for the trend. The data are times
between LOSP events in the industry as a whole.
Therefore, the most plausible explanation is the
overall industry trend of fewer shutdown LOSP
events. This trend would produce a tendency for the
short times to occur together (primarily near the start
of the data collection period) and the long times to
occur together (primarily near the end of the data
period).

6.2.3.5 Consistency of Data and Prior

As an example, if the prior distribution has mean
E,ior(4), but the observed data show x/t very different
from the prior mean, the analyst might wonder if the
dataand the prior are consistent, or if, instead, theprior
distribution was misinformed. Toinvestigatethis, one
could ask what the prior probability is of getting the
observed data. Actualy, any individua x may have
small probability, so a slightly more complicated
question is appropriate.

Suppose first that x/t is in the left tail of the prior
distribution. The relevant quantity is the prior proba-
bility of observing x or fewer events. Thisis

Pr(X<sx)=[Pr(X < x|A)f

(1)l (6.5)

prior
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where

Pr(X < x|1) = Z e Mk k! . (6.6)
k=0

If the prior distribution is gamma( @iy, Syicr), it caN be
shown that the probability in question equals

Pr(X < x) =

X T(a+Kk) K ~(a+K)
kzzo KIT (a) 74 A+t A

(6.7)

where I'(s) isthe gamma function, a generalization of
the factorial function asdescribed in Appendix A.7.6.
The distribution defined by Equation 6.7 is named the
gamma-Poisson or negative binomial distribution.
The above probability can be evaluated with the aid of
software. If the prior distribution is not a gamma
distribution, Equation 6.5 does not have a direct
analytical expression.

One method of approximating the integral in
Equation 6.5 isby Monte Carlo sampling. Generate a
large number of valuesof A4 from the prior distribution.
For each value of 4, let y be the value of Equation 6.6,
which can be calculated directly. The average of they
values is an approximation of the integral in
Equation 6.5. Another method of approximating the
Equation 6.5 is by numerical integration.

If the probability given by Equation 6.5 is small, the
observed datais not consistent with the prior belief —
the prior belief mistakenly expected A to belarger than
it apparently is.

Similarly, if X/t isin theright tail of the prior distribu-
tion, therelevant quantity isthe prior probability that X
> X. When the prior is a gamma distribution, the
desired probability is the analogue of Equation 6.7,
with thelimits of the summation going fromxto . In
any case, the desired probability can be approximated
by Monte Carlo sampling. If that probability issmall,
the prior distribution mistakenly expected A to be
smaller than it apparently is.

In Example 6.3, we ask whether the observed zero
failures in 2102 reactor-calendar-years is consistent
with the WASH-1400 prior, lognormal with median
1E-3 per year and error factor 10. To investigate
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this, 100,000 random values of A were generated
from the lognormal prior. (The details are given
below.) For each A, Pr(X < 0) = exp(-21024) was
found. The mean of these probabilities was 0.245.
This is a sample mean, and it estimates the true
probability. It is not small, and therefore gives no
reason to question the applicability of the prior.

One must ask whether the sample was large enough.
The software that calculated the sample mean also
calculated the standard error to be 0.0009. Recall
from Section 6.2.1.2 that in general a 95% confi-
dence interval can be written as the estimate plus or
minus 2x(standard error). In this case, this interval
becomes 0.245 + 0.002. We conclude that the true
mean equals 0.245 except perhaps for random error
in the third digit. This shows that the sample size
was more than large enough to give an answer to the
accuracy required.

The recipe for generating A from a lognormal distribu-
tion is as follows:

Generate z from a standard normal distribution, using
commercial software.

Define loglam = p + 0z, where pand o were found in
Section 6.2.2.7.2.

Define lambda = exp(loglam).

6.3 Failuresto Change State:
Failure on Demand

This section has asimilar flavor to Section 6.2, but the
details are different. It applies to data satisfying the
assumptions of Section 2.3.2.1. The probability of a
failure on demand is denoted p, a unitless quantity.
The data consist of x failuresin n demands, with 0 < x
< n. Before the data are generated, the number of
failures is random, denoted X. For any particular
number X, the probability of x failuresin n demandsis

Pr(X = x) = @:@px(l- P, (6.8)

where the binomial coefficient is defined as

EEQZ |<!(nni K
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The methods will be illustrated by the following
hypothetical data set.

Example 6.7 AFW turbine-train failure to start.

In the last 8 demands of the turbine train of the
auxiliary feedwater (AFW) system at a PWR, the
train failed to start 1 time. Let p denote the
probability of failure to start for this train.

As in Section 6.2, frequentist methods are presented
first, followed by Bayesian methods. This choice is
made because the frequentist point estimate is so very
simple, not because frequentist estimationispreferable
to Bayesian estimation. Indeed, in PRA pisnormally
estimated in a Bayesian way.

6.3.1 Frequentist, or Classical,
Estimation

6.3.1.1 Point Estimate

The most commonly used frequentist estimate is the
maximum likelihood estimate (MLE). Itisfound by
taking the likelihood, given by Equation 6.8, and
treating it as a function of p. The vaue of p that
maximizesthelikelihood is called the MLE. It can be
shown, by setting a derivative to zero, that the maxi-

mum likelihood estimate (MLE) of pis p = x/ n.This

isintuitively appealing, the observed number of fail-
ures divided by the observed number of demands.

Figure 6.22 shows the likelihood as a function of p,
for the data of Example 6.7. The figure shows that
the likelihood is maximized at p = 1/8, just as stated
by the formula.

If several subsetsof data, such asdatacorresponding to
several plants, severa types of demand, or severa
years, are assumed to have the same p, data from the
various sources may be combined, or pooled, for an
overall estimate. Denoting the number of failuresand
demands in data subset j by x and ny, respectively, let
x=Xxandn= Xn. TheMLEisx/n.
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Figure 6.22 Likelihood as a function of p, for the
data of Example 6.7.

As mentioned in Sec. 6.2.1.1, final answers will be
shown in this handbook with few significant digits, to
avoid giving the impression that the final answer
reflects precise knowledge of the parameter. Inter-
mediate values will show more significant digits, to
prevent roundoff errors from accumulating.

6.3.1.2 Standard Deviation of Estimator

The number of failuresis random. One number was
observed, but if the demands were repeated a different
number of failures might be observed. Therefore, the
estimator is random, and the calculated estimate is the
value it happened to take this time. Considering the
data as random, one could write P = X /n. This

notation is consistent with the use of upper caseletters
for random variables, although it is customary in the
literature to write p for both the random variable and

the calculated value. The standard deviation of the
estimator is[p(1 - p)/n]*2. Substitution of theestimate p

for p yields an estimate of the standard deviation,
[p@-p)/n}"*.

Theestimated standard deviation of an estimator isalso
called the standard error of the estimate. The handy
rule given in Section 6.2.1.2 applies here as well:

MLE £ 2x(standard error)
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isan approximate 95% confidenceinterval for p, when
the number of demands, n, islarge. However, an exact
confidence interval is given below.

In Example 6.7, the standard error for p is

[0.125 x (1 - 0.125) / 8]**=0.12.
6.3.1.3 ConfidenceInterval for p

Readerswho areonly interested in Bayesian estimation
may wish to skip this section on the first reading.

The interpretation of confidence intervalsis given in
Appendix B and in Section 6.2.1.3. It is so important
that it is repeated once more here. In the frequentist
approach, p isfixed and the data are random. There-
fore the maximum likelihood estimator and the confi-
dence limits are al random. For most data sets the
MLE, p, will be close to the true value of p, and the

confidence interval will contain p. Sometimes, how-
ever, theMLE will berather far from p, and sometimes
(lessthan 10% of thetime) the 90% confidenceinterval
will not contain p. The procedureisgood in the sense
that most of the time it gives good answers, but the
analyst never knowsif the current data set is one of the
unlucky ones. A figure like Figure 6.3 could be
constructedfor p, toillustrate that many data sets could
be generated from the same p, yielding many confi-
denceintervals, most of which contain the true value of

p.

The following material is drawn from Johnson et al.
(1992, Section 3.8.3). A confidence interval for p is
most naturally expressed in terms of quantiles of abeta
distribution. Appendix A.7.8 presents the basic facts
about the beta distribution. As mentioned there, the
betafamily of distributionsincludesmany distributions
that are defined on the range from 0 to 1, including the
uniform distribution, bell-shaped distributions, and U-
shaped distributions. The beta distribution is also
discussed morefully in the section below on Bayesian
estimation.

Denote the lower and upper ends of a 100(1 - )%

confidence interval by Py we aN Pey 1 wiar FESPEC-
tively. It can be shown that the lower limitis

pconf, a2 = betaﬂ/Z(X’ n-x+ 1)
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and the upper limit is

Peont, 1- a2 = betaif a/z(x +1,n- X)

where beta(«, £) denotes the q quantile, or 100xq
percentile, of the beta(«, §) distribution. For example,
a 90% confidence interval for p is given by beta, (X,
n - x+ 1) and beta, o(X + 1, n - x). If x =0, the beta
distribution for the lower limit is not defined; in that
case, Set Puy 4o = 0. Similarly, if x=n, thebetadistri-
bution for the upper limit is not defined; in that case,
Set Pt 1 - 2 = 1. 1N aANY case, note carefully that the
parameters of the beta distribution are not quite the
same for the lower and upper endpoints.

Appendix C tabulates selected percentiles of the beta
distribution. However, interpolation may be required.
Some software packages, including commonly used
spreadsheets such as Microsoft Excd (2001) and
Quattro Pro (2001), cal culate the percentiles of the beta
distribution. Finaly, Appendix A.7.8 gives a last-
resort method, which allows beta percentiles to be
calculated by rather complicated formulas involving
tabulated percentiles of the F distribution.

In the Example 6.7, with 1 AFW train failure in 8
demands, suppose that a 90% interval is to be found.
Then a=0.10, and 1-a/2 = 0.95. For the lower limit,
beta, ,s(1, 8-1+1) = 6.39E-3, from Table C.5. Thus
Peon, 0.05 = 0.0064.

Forthe upper limit, beta, 5(1+1,8-1)=4.71E-1, also
from Table C.5. Thus
Peont, 0.0 = 0-47 .

6.3.2 Bayesian Estimation

Just as for 4 in Sec. 6.2.2, Bayesian estimation of p
involves several steps. The prior belief about p is
quantified by a probability distribution, the prior
distribution. Thisdistribution will berestricted to the
range[0,1], because p must lie between 0 and 1, and it
will assign the most probability to the values of p that
are deemed most plausible. The data are then col-
lected, and the likelihood function is constructed.
Thisis given by Equation 6.8 for failures on demand.
It is the probability of the observed data, written as a
function of p. Finally, the posterior distribution is
constructed, by combiningtheprior distribution and the
likelihood function through Bayes theorem. The

DRAFT NUREG/CR-XXX

6-34

posterior distribution shows the updated belief about
the values of p. Itisamodification of the prior belief
that accounts for the observed data.

Figure 6.4, showing the effect of various data sets on
the posterior distribution, isworth studying. Although
that figurerefersto A, an analogous figure appliesto p.

As mentioned for A, lower case p will be used to
denote the uncertain parameter with its associated
probability distribution and also individual values.

The subsections below consider estimation of p using
variouspossibleprior distributions. Thesimplest prior
distributionisdiscrete. Theposterior can be calculated
easily, for example by a spreadsheet. The next sm-
plest prior is called conjugate; this prior combines
neatly withthelikelihood to give aposterior that can be
evauated by smple formulas. Finaly, the most
general priorsare considered; the posterior distribution
in such a case can only be found by numerical integra-
tion or by random sampling.

Section 6.2.2.2 discusses how to choose a prior, and
gives references for further reading. It applies to
estimation of p as much as to estimating of 4 and
should be read in connection with the material given
below.

6.3.2.1 Estimation with a Discrete Prior

Thisillustration uses a discrete prior in Bayes estima-
tion for Example 6.7. Two things are different from
the example presented in 6.2.2.3. First Example 6.7
deals with evidence in the form of F failures in D
demands (rather thanintime T). Second, thistimewe
apply an informed prior. Of course Bayes theorem
remains:

f (1) L(EJhi)
L LEI)f(A)

f(A|E) =
where

f (A, |E) =probability density functionof Ai given
evidence E (posterior distribution)

f (A;) = the probability density prior to having
evidence E ( prior distribution)

REVISION 0 Date: 11/27/02



L(E|Ai) = thelikelihood function (probability of
the evidence given A1)

Again the denominator, the total probability of the
evidence E, is simply anormalizing constant.

Now, when the evidenceisin theform of F failuresin
D demands, the likelihood function is the Poisson
distribution:

QD

o (ATF
C1) £ @A) (—
L(E|A) £ € g

[or-23

For this example, assume that a prior distribution was
developed by plant equi pment expertsbased on popul -
t|on variability datafrom similarsystems, but adapted
to—ac,ount or untested new desigﬁiimpects of thi
systém. T kB8l ve of 0.1, fall
lirfearly to D43, then tails off 0 at 0:8.
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Table 6.10 compares the results of the Bayesian
analyses with the original data and with ten times as
much data.

Table 6.10 Comparison of resultsfor Example 6.7.

Estimate 5 MLE 95
%tile %tile

Bayes, original data | 0.05 | 0.10 0.28

Bayes, ten times 0.07 | 0.10 0.16

more confirmatory

data

6.3.2.2 Estimation with a Conjugate Prior
6.3.2.2.1 Definitions

By far the most convenient form for the prior distribu-
tion of p is a beta( iy Byi) distribution. The beta

Qm®

a®

[olorg

[ols3

S - Ria

£ 6 proketiity

3

< -8 Rgaia

T oo proketity
a®

a@

aa

[oles] T E S T S i 22t

Qo a1 a2 a3 04 a5 06 a7 a8
Failue rete oan denard

Figure 6.23 Discrete prior and posterior
distributions for the datain Example 6.73.

distributionsarethe conjugatefamily for binomial data.
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The properties of the beta distribution are therefore
summarized here, aswell asin Appendix A.7.8.

If p has abeta(e, £) distribution, the density is
M(a +p)
f(p)=—""-

F(a)r(8)
For most applicationsthe gammafunctionsin the front
can be ignored — they only form a normalizing con-
stant, to ensure that the density integratesto 1. The
important feature of the density isthat

" a-p)ft.

f(p) = p* *(1- py’* (6.9)
where, as adways, the symbol « denotes "is propor-
tional to." The parameters of thedistribution, «and 5,
must both be positive. The mean and variance of the
distribution are

U= al(a+pf) (6.10)
. _ aB
AN @y B+ B+ D)
= WL (a+1). (6.11)

Theshape of the betadensity depends on the size of the
two parameters. If & <1, theexponent of pisnegative
in Equation 6.9, and thereforethe density is unbounded
asp- 0. Likewise, if <1, the density is unbounded
asp- 1. If both > 1and §> 1, thedensity isroughly
bell shaped, with a single mode. Appendix A.7.8
shows graphs of some beta densities. Equation 6.11
shows that as the sum « +  becomes large, the vari-
ancebecomessmall, and thedistribution becomesmore
tightly concentrated around the mean.

Aswill be seen below, if the prior distribution isabeta
distribution, soisthe posterior distribution. Therefore,
the above statements apply to both the prior and the
posterior distributions.

Appendix C tabulates selected percentiles of beta
distributions. Also, the percentiles of a beta distribu-
tion can be found by many software packages, includ-
ing some spreadsheets. Also, the percentiles can be
obtained from algebrai c formulasinvolving percentiles
of the F distribution, as explained in Appendix A.7.8.
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6.3.2.2.2 Update Formulas

Thebetafamily isconjugatetobinomial data. Thatis,
updating a beta prior distribution with the data pro-
duces a posterior distribution that is also a beta distri-
bution. Thisfollowsimmediately from the derivation
of the posterior distribution. Asstated in Appendix B,
the posterior distributionisrelated to the prior distribu-
tion by

fpost( p) O Pr( X= Xl p) fprior( p) . (612)

Thisisthe analogue of Equation 6.4, replacing A by p.
As mentioned in Sec. 6.3.1.1, the probability of the
data is also caled the "likelihood." It is given by
Equation 6.8. Stripped of al the normalizing con-
stants, the beta p.d.f. is given by Equation 6.9.

Therefore, the beta distribution and the binomial
likelihood combine as;

fee(P) O P& p)"™*p**(E p)™
0 px+a—1(1_ p)n—x+B—1 .

Inthefinal expression, everything that doesnotinvolve
p has been absorbed into the proportionality constant.
Thisshowsthat the posterior distributionisof theform
beta(“poﬂ' ﬁpoﬂ)i Wlth

a’/poa = wprior +X

prost = ﬂprior + (n - X) .

The mean and variance of the prior and posterior
distributions are given by Equations 6.10 and 6.11,
using either the prior or posterior & and S.

These update formulas give intuitive meaning to the
betaparameters: a,;,, correspondsto aprior number of
faillures and g, to a prior number of successes.
Assuming abeta( iy Byior ) distributionisequivalent
to having observed «,, failures and £, successes
before the current data were observed.

6.3.2.3 Possible Conjugate Priors

A concentrated distribution (small variance, largevalue
of @i + Byior) rEPresents much presumed prior know-

REVISION 0 Date: 11/27/02



ledge. A diffuse prior (large variance, small value of
Gyior T Puior) TEPresentsvery little prior knowledge of p.

6.3.2.3.1 InformativePrior

Thewarning given in Section 6.2.2.5.1 applieshere as
well: the prior distribution must be based on informa-
tion other than the data. If possible, relevant informa-
tion from the industry should be used.

The calculations are now illustrated with Example
6.7, 1 failure to start in 8 demands of the AFW
turbine train. Poloski et al. (1998) examined 9 years
of data from many plants, and found a beta(4.2,
153.1) distribution for the probability of the AFW train
failure to start.

Application of the update formulas yields

ot = Oy + X =42+ 1 =52
Boost = Borior + (N~ X) = 153.1 + (8 -1) = 160.1 .

The mean of this distribution is

5.2/(5.2 + 160.1) = 0.031,

the variance is

0.031x(1 - 0.031)/(5.2 + 160.1 + 1) = 1.89E-4 ,
and the standard deviation is the square root of the
variance, 0.014. The 5th and 95th percentiles of the
posterior beta(a, ) distribution are found from Table
C.5, except the tabulated 8 values do not go above
100. A footnote to that table gives an approximation
that is valid for 8 >> a. That formula applies, be-
cause 160.1 >>5.2. According to the formula the g
quantile is approximated by

14(2%5.2)/[2%160.1 + ¥*,(2%5.2)].

Therefore the 5th percentile of the beta distribution is
approximately

2Po0s(10.4)/[320.2 + 32, 05(10.4)] = 4.19/[320.2 + 4.19]
=0.013

and the 95th percentile is approximately

Pood(10.4)[320.2 + y2,0:(10.4)] = 18.86/[320.2 +
18.86] = 0.056 .

All these quantities are unitless.
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The prior density, posterior density, and posterior
c.d.f. of p are shown in Figures 6.25 through 6.27.

35,
30
25-
20}
15)

Density

10f

0 0.01 002 0.03 0.04 0.05 0.06 0.07 0.08
p (failures/demand) GC99 0292 16

Figure 6.25 Prior density for p, beta(4.2, 153.1).

35,
3o§
25
2o§

Density

15F

107
Area = 0.05

0 o001 0.62 0.63 0.64 0.65 0.06 0.07 0.08
p (failures/demand) GC99 0292 17

Figure 6.26 Posterior density for p, beta(5.2,

160.1). The 5th and 95th percentiles are shown.

The posterior density is slightly to the right of the
prior density. It is to the right because the data, 1
failure in 8 demands, show worse performance than
the industry history. The posterior density is only
slightly different from the prior density because the
data set is small compared to the industry experi-
ence (8 demands in the data and an effective 157.3
demands for the industry).
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te 6.27 Posterior cumulative distribution of ﬂn
bth and 95th percentiles are shown. ‘\‘
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Figure6.28 Jeffreysnoninformative prior distribution
for p.

0 0.2 0.4

The 5th and 95th percentiles are shown for the
posterior distribution, both in the plot of the density
and in the plot of the cumulative distribution.

6.3.2.3.2 Noninformative Prior

The Jeffreys noninformative prior is beta(Y , ¥2); see
Box and Tiao (1973), Sections 1.3.4-1.3.5. This
density isshown in Figure 6.28. It is not the uniform
distribution, which is a beta(1, 1) distribution, but
instead rises sharply at the two ends of the interval (0,
1). Although the uniform distribution is sometimes
used to model no prior information, there are theoreti-
cal reasons for preferring the Jeffreys noninformative
prior. These reasons are given by Box and Tiao, and
are suggested by the comparison with confidence
intervals presented below. The uniform distribution
would correspond intuitively to having seen 1 failurein
2 demands, which turnsout to betoo informative. The
Jeffreys noninformative prior corresponds to having
seen Y2 afailurein 1 demand.

The Bayes posterior distribution for p, based on the
Jeffreys noninformative prior, is beta(x + ¥, n - X +
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14). The mean of the distribution is (x + %2)/(n + 1).
Selected percentiles are tabulated in Appendix C.

The posterior distribution given hereisvery similar to
the distributions used in the formulas for confidence
intervalsin Section 6.3.1.3. The only differenceisin
the parameters. The parameters here are averages of
the parameters used in the confidence intervals. For
example, the first parameter for the lower confidence
limit is x, and the first parameter for the upper confi-
dence limit isx+1. The Bayesian limits, on the other
hand, use the same parameters for the entire posterior
distribution, and the first parameter is X + Y%, the
average of the corresponding valuesfor the confidence
limits.

In Example 6.7, failure to start of the turbine-driven
AFW train, the posterior distribution is beta(1.5, 7.5).
The posterior mean is 1.5/(1.5 + 7.5) = 0.17. The
posterior 90% interval is (0.023, 0.40). As is always
the case with discrete data, the confidence interval is
conservative, and so is wider than the Jeffreys
credible interval. However, the two intervals are
similar to each other, being neither to the right nor
the left of the other. Tabular and graphical compari-
sons are given later.

6.3.2.3.3 Constrained Noninformative Prior

This prior distribution is a compromise between an
informativeprior and the Jeffreysnoninformativeprior.
Aswas the case in Section 6.2.2.5.3, the prior mean,
denoted here as p,, is based on prior belief, but the
dispersionisdefinedto correspondtolittleinformation.
The priors are described by Atwood (1996) and by
references given there.

For binomial data, the constrained noninformativeprior
distribution is not as neat as for Poisson data The
exact constrained noninformative prior has the form

fprior(p) e ebpp*JJZ(l - p){U2 ' (613)
where b is a number whose value depends on the
assumed value of the mean, p,. The parameter b is
positive when p, > 0.5 and is negative when p, < 0.5.
Thus, in typical PRA analysis b is negative. Atwood
(1996) gives a table of values, a portion of which is
reproduced in Appendix C as Table C.8. The table
gives the parameter b of the distribution for selected
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values of p,. In addition, it gives a beta distribution
that has the same mean and variance asthe constrained
noninformative prior.

The beta approximation is illustrated here, and the
exact constrained noninformative distribution is
treated morefully inthe section below on nonconjugate
priors.

Return again to Example 6.7, the AFW turbine train
failure to start. Let us use the mean of the industry
prior found above, 4.2/157.3 = 0.0267. However,
suppose that the full information for the industry prior
is not available, or that the system under consider-
ation is considered atypical so that the industry prior
is not fully relevant. Therefore, the beta-approxima-
tion of the constrained noninformative prior will be
used.

Interpolation of Table C.8 at p, = 0.0267 yields a =
0.4585. Solving 8= a(l - p,)/p, gives B =16.7138.
The resulting posterior distribution has parameters
1.4585 and 23.7138. Interpolation of Table C.5 gives
a 90% interval of (0.0068, 0.15).

6.3.2.3.4 Example Comparison of Above M ethods

Just asin Section 6.2, thefollowing general statements
can be made.

o The Jeffreys noninformative prior resultsin a
posterior credibleinterval that isnumerically
similar to a confidence interval.

o If the prior mean exists, the posterior meanis
between the prior mean and the MLE.

o If two prior distributions have about the same
mean, the more concentrated (less diffuse)
prior distribution will yield the more concen-
trated posterior distribution, and will pull the
posterior mean closer to the prior mean.

Table 6.11 and Figure 6.29 summarize the results of
analyzing the AFW-failure-to-start data in the four
ways given above.
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Table 6.11 Comparison of estimates with 1 failure in 8 demands.

Method Prior mean Posterior Point estimate 90% interval (confidence
parameters (MLE or interval or posterior credi-
posterior mean) | ble interval)

Frequentist NA NA 0.125 (0.0064, 0.47)

Bayes with Jeffreys 0.5 a=15 0.17 (0.022, 0.40)

noninformative prior, B=75

beta(0.5, 0.5)

Bayes with industry prior, 0.027 a=52 0.031 (0.013, 0.056)

beta(4.2, 153.1) B=160.1

Bayes with approx. con- 0.027 a =1.4585 0.058 (0.0068, 0.15)

strained noninform. prior, B=23.7138

beta(0.4585, 16.7138)
prior. The three 90% intervals for the corresponding
posterior distributions have decreasing length in the

‘ same order.
Frequentist
Bayes, Jefireys Norin. Prior 6.3.2.4 Estimation with a Continuous
Bayes, Industry Prior | e Nonconjugate Prior
Bayes, Constr. Noninf. Prior |——s———
N S Just as for A, continuous nonconjugate priors for p
0 0.1 0.2 03 04 0.5

p (failures/demand) 60990292 14

Figure 6.29 Comparison of four point estimates and
interval estimates for p.

As in Section 6.2.2.5.4, the Jeffreys prior and the
frequentist approach are listed next to each other
because they give numerically similar results. The
Jeffreys prior yields a posterior credible interval that
is strictly contained in the confidence interval, neither
to the right nor to the left.

In each Bayesian case, the posterior mean falls
between the prior mean and the MLE, 0.125. The
prior distribution has more influence when the prior
distribution is more tightly concentrated around the
mean. One measure of the concentration (at least
when the means are similar) is the sum oo, + Byior
because it corresponds to the total number of prior
demands, and itis in the denominator of the variance
in Equation 6.11. In the present example, when the
prior distributions in Table 6.11 are ordered by
increasing values of &, + By the order is the
noninformative prior, then the approximate con-
strained noninformative prior, and finally the industry
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cannot be updated with simple algebra. Instead, the
posterior distribution must be characterized by numeri-
cal integration or by random sampling. Three methods
are mentioned here, and the analyst may choose
whatever seems easiest.

6.3.24.1 Direct Numerical Integration

To use numerical integration, use Equation 6.12 and
write the posterior distribution as the product of the
likelihood and the prior distribution:
Cfpoa(p) = px(l - p)n 7Xfprior(p) : (614)
Here Cisaconstant of proportionality. All thenormal-
izing congtants in f,;, and in the likelihood may be
absorbed into C, leaving only the parts that depend on
p on the right-hand side of the eguation. Integrate
Cfoe(p) from Oto 1. Thisintegra equals C, because
the integral of f,., must equal 1. Divide both sides of
Equation 6.14 by the just-found constant C, to obtain
thefunctionf,. Usenumerical integration to find the
moments and percentiles of this distribution. Some
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suggested methods of numerical integration are men-
tioned in Section 6.2.2.6.

6.3.24.2 Simple Random Sampling

To use random sampling, follow the rejection ago-
rithm givenin Section 6.2.2.6. The genera algorithm,
given in Section 6.2.2.6, can be restated for binomial
dataasfollows. Define

m= (n)(1 - x/n)"™

if0<x<n. Ifx=0o0rx=n,definem=1. The steps
of the algorithm are:

Q) Generate arandom p from the prior distribu-
tion.

(2 Generate u from auniform distribution, 0 < u
<1

3 If u< p‘1- p)"*/m, accept p in the sample.

Otherwise discard p.

Repeat Steps (1) through (3) until a sample of the
desired size is found.

6.3.24.3 More Complicated Random Sampling

All-purpose Bayesian update programs can be used for
the present simple problem, just asin Section 6.2. The
powerful program BUGS is mentioned in Section
6.2.2.6.3, and described more fully in Sections 7.2.3
and 8.2.3.3.3. It can be used here, although it is
intended for much more complicated problems.

6.3.2.5 Exampleswith Nonconjugate Priors

Severa possible nonconjugate prior distributions are
discussed here.

6.3.25.1 Lognormal Distribution

Thelognormal distributionisby far the most common-
ly used nonconjugatedistribution. The parameter p has
alognormal distributionif In(p) isnormally distributed
with some mean p and variance &

Facts about the lognormal distribution are given in

Appendix A.7.3. Oneimportant fact is that the range
of thelognormal distributionisfrom O to «. Thus, the
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distribution of p cannot be exactly lognormal, because
p cannot be greater than 1. When using a lognormal
prior, one must immediately calculate the prior Pr(p >
1). If this probability is very small, the error can be
neglected. (When generating values p from the log-
normal distribution, either throw away any vaues
greater than 1 or set them equal to 1. In either case,
such values hardly ever occur and do not affect the
analysis greatly.) On the other hand, if the prior Pr(p
> 1) istoo large to be negligible, then the lognormal
distribution cannot possibly be used. Even if the
software accepts the lognormal distribution, and hides
the problem by somehow handling the values that are
greater than 1, the actual distribution used is not
lognormal. It is truncated lognormal, or lognormal
with a spike at 1, with a different mean and different
percentilesfrom theinitially input lognormal distribu-
tion. The analyst’'s two options are to recognize and
account for this, or to use adifferent prior distribution.

To usethe above sampling agorithm with alognormal
prior, p must be generated from alognormal distribu-
tion. The easiest way to do thisisfirst to generate z
from a standard normal distribution, that is, a normal
distribution with mean = 0 and variance = 1. Many
software packages offer this option. Thenlety = p+
0z, so that y has been generated from a normal (4, %)
distribution. Finaly, let p=¢€. It follows that p has
been randomly generated from the specified lognormal
distribution.

6.3.25.2 Logistic-Normal Distribution

Thisdistribution isexplained in Appendix A.7.9. The
parameter p has a logistic-normal distribution if
In[p/(1 - p)] isnormally distributed with some mean p
and variance ¢>. The function In [p/(1 - p)] iscalled
the logit function of p. It is an analogue of the
logarithm function for quantities that must lie between
0 and 1. Using this terminology, p has a logistic-
normal distribution if logit(p) is normally distributed.

Properties of thelogistic-normal distribution are given
in Appendix A.7.9, and summarized here. Lety =
In[p/(1- p)]. Thenp=¢'/(1+¢). Thisistheinverse
of the logit function. As p increases from0to 1,y
increases from - 10 +.
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Note, unlike a lognormally distributed p, a logistic-
normally distributed p must be between 0 and 1.
Therefore the logistic-normal distribution could be
used routinely by those who like the lognormal distri-
bution, but do not know what to do whenthelognormal
distribution assigns p avalue that is greater than 1.

Therelation between p and y = logit(p) givesaway to
quantify prior belief about p in terms of a logistic-
normal distribution. Decide on two values, such as
lower and upper plausible bounds on p or amedian and
plausible upper bound, equate them to percentiles of p,
translate those percentiles to the corresponding two
percentilesof the normal random variable 'Y, and solve
those two equations for pand o.

To generate a random value from a logistic-normal
distribution, first generate y from a normal(y, &)
distribution, exactly as in the section above on the
lognormal distribution. Thenletp= €'/ (1+ ¢€). This
p has been randomly generated from the specified
logistic-normal distribution.

6.3.2.5.3 Exact Constrained Noninfor mative
Distribution

The prior distribution has the form of Equation 6.13,
and the posterior distribution is

fpost(p) = Clebppr 112(1 - p)n e '

where C, isanormalizing constant to make the density
integrateto 1.0. Except for the normalizing constant,
this is € times a beta(x+Y%, n-x+v5) distribution.
Numerical integration is straightforward, and will not
be explained here. To generate a sample from the
posterior distribution, the rejection method algorithm
originally given in Sec. 6.2.2.6 takes the following
form.

Write the beta(x+%, n-x+%2) density as

foeaP) = G~ 41 - p)" 2.

Typicaly, the desired mean of pislessthan 0.5; if itis
not, reverse theroles of p and 1 - p. The agorithm

first definesM to bethe maximum possiblevalue of the
ratio f,4(p) / fuee(P). Becauseb <0in Table C.8, we
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have € < 1, making M equal to C,/C,. Therefore, the
condition in Step (3) of the algorithm reduces to

us<ée®.

Therefore, the algorithm simplifies to the following.

D Generate a random p from the beta(x+%,
n-x+%) distribution. Ways to do this are
discussed below.

2 Generate u from auniform distribution, 0 < u
<1

©) If u< €, accept p in the sample. Otherwise
discard p.

Repeat Steps (1) through (3) until a sample of the
desired size is found.

Not all standard software packages give the option of
generating random numbers from a beta distribution,
athough many more allow random number generation
from a gamma distribution or from a chi squared
distribution. When working with such software, let y,
berandomly generated from agamma(x+%4, 1) distribu-
tion and let y, be randomly generated from a
gamma(n-x+Y5, 1) distribution. Alternatively, lety, be
randomly generated fromachi-sgquared(2x+1) distribu-
tion and let y, be randomly generated from a chi-
squared(2n-2x+1) distribution. In either case, define
p = vi/(y;1Y,). Then p has been generated from the
specified beta(x+Y%, n-x+Y¥%) distribution. (See Chapter
25 of Johnson et al. 1995.)

6.3.2.5.4 Maximum Entropy Prior

Themaximum entropy prior and theconstrained nonin-
formative prior were devel oped with the same goal, to
produceadiffusedistribution withaspecified plausible
mean. The diffuseness of the maximum entropy
distribution is obtained by maximizing the entropy,
defined as

—E[In f(p)] = -[[In f(p)]f(p)dp .

When pis restricted to the range from 0 to 1, it can be
shown that the density f maximizing the entropy is
uniform,
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f(p)=1 forO<p<1

and f(p) = 0 elsewhere. More interesting is the case
when the mean of the distribution is required to equal
some prespecified value p,. In this case the maximum
entropy distribution has the form of a truncated expo-
nential distribution,

f(p)=Ce® forO<p<1

and f(p) = 0 elsewhere. In this form, b is negative
when p, < 0.5 and b is positive when p, > 0.5. The
value of b corresponding to a particular mean must be
found by numerical iteration. Some authorswrite e™
instead of €; this simply reverses the sign of the
parameter b.

The maximum entropy distribution and the uniform
distribution are related — if the constraint on the mean
is removed, the maximum entropy distribution equals
the uniform distribution. In this sense, the maximum
entropy distribution is a generalization of the uniform
distribution. The constrained noninformative distribu-
tion is the same sort of generalization of the Jeffreys
noninformative distribution — if the constraint is
removed, the constrained noninformative prior be-
comes the Jeffreys noninformative prior. Atwood
(1996) reviews the reasons why the Jeffreys prior is
superior to the uniform prior, and uses the same
reasoning to argue that the constrained noninformative
prior is superior to the maximum entropy prior.

In practice, however, it may make little difference
which distribution is used. Both distributions are
intended to be used when little prior knowledge is
available, and quantifying "little prior knowledge" is
not something that can be done precisely.

Sampling from the posterior distribution is similar to
the other sampling procedures given above, so most of
the details are not given. The only point deserving
discussion is how to generate a random sample from
the maximum entropy prior. The most convenient
methodistheinver sec.d.f. algorithm. Thisalgorithm
issimplein caseswhen the c.d.f. and itsinverse can be
calculated easily.

Theideaisthis. Let the random variable P have c.d.f.
F. Let F* betheinverse function, defined by u=F(p)
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if and only if p=F*(u). Let U be defined as F(P).
What isthe distribution of U? The c.d.f. of U isfound
by alittle mathematical trickery,

Pr(U<u) =Pr[F(P) <u]
=Pr[P<Fu)]
=F[Fu)] becauseF isthec.d.f. of P
=u.
Therefore, U has auniform distribution. The letter U
was not chosen by accident, but in anticipation of the
uniform distribution.

To generate arandom value p from the distribution F,
generate a random u from the uniform(0, 1) distribu-
tion, something that many software packages allow.
Then define p = F*(u). This is the inverse c.d f.
method of random number generation.

To apply this to the maximum entropy distribution,
firstintegratethe maximum entropy density toyieldthe
c.df.

Fip)=(1-eM/(1-¢).

Generate u from a uniform(0, 1) distribution, and set
u=(1-ée?/(1-¢€).

Solve this equation for p,

p=-In[1-(1-)ulb.

Then p has been randomly generated from the maxi-
mum entropy distribution. Repesat thiswith new values
of u until enough values of p have been obtained.

6.3.25.5 Example Calculation

These techniques will be illustrated with the
Example 6.7, 1 failure to start in 8 demands of the
AFW turbine train. Two prior distributions will be
assumed, the lognormal prior used by the Accident
Sequence Evaluation Program (ASEP), as presented
by Drouin et al. (1987), and a logistic-normal distribu-
tion having the same 50th and 95th percentiles.

The ASEP distribution for turbine-driven pump failure
to start is lognormal with mean 3E-2 per demand
and error factor 10. The three relevant equations
from Appendix A.7.3 are
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EF(p) = exp(1.6450)
mean(p) = exp(u + 6°/2)
Py = exp(u + 0z,)

where the subscript g denotes the qgth quantile, and
z,is the gth quantile of the standard normal distribu-
tion.

Solving the first equation yields o = 1.3997. Substi-
tution of this into the second equation yields p =
-4.4862.

The percentiles are not needed yet, but the third
equation gives the median, p, 5, = exp(u) = 0.01126,
and the 95th percentile, p,gs = exp(u + 1.6450) =
0.1126. (The relation of these two percentiles can
also be derived from the fact that the error factor
equals 10.)

The prior Pr(p > 1) is 6.75E-4, a very small number.
In the calculations of this section, the lognormal
distribution is truncated at 1.0. That is, integrals are
renormalized to make the integral of the density from
0 to 1 equal to exactly 1.0. If random sampling is
performed, any sampled values that are greater than
1 are discarded.

The prior and posterior densities of p are shown in
Figure 6.30. The densities were calculated using
software for numerical integration.

— Prior
---- Posterior

Density

0.10
p (failures/demand)
Figure 6.30 Lognormal prior density and posterior
density for p.

0
0.00

0.05 0.20

GC99 0292 19

As a second example, consider the logistic-normal
prior distribution having the same 50th and 95th
percentiles as the above lognormal prior. These
percentiles are 0.01126 and 0.1126. To find the
parameters of the underlying normal distribution, set
Y = In[p/(1 - p)]. By the properties of the logistic-
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normal distribution given in Appendix A.7.9, the 50th
and 95th percentiles of Y are

Yoso = IN[0.01126/(1 - 0.01126)] = -4.475
Yoos = IN[0.1126/(1 - 0.1126)] = -2.064 .

Because Y has a normal(y, 6°) distribution, it follows
that

H=-4.475
L+ 1.6450 = -2.064

S0 0 =1.466.

Monte Carlo simulation shows that the truncated-
lognormal and logistic-normal prior densities are
virtually the same, with means, medians, 5th and
95th percentiles agreeing to two significant digits. As
a consequence, the posterior distributions from the
two priors are also nearly the same, although the
means and percentiles may differ slightly in the
second significant digit.

Numerical integration was used, but BUGS could
have been used. As an illustration, the script for
using BUGS is given in Figure 6.31.

model

{
y ~ dnorm(-4.475, 0.4653)

p <- exp(y)/( 1 + exp(y))
x ~ dbin(p, 8)

}
list(x = 1)

Figure 6.31 Script for analyzing Example 6.7 with
BUGS.

This script assigns a logistic-normal prior distribution
to p. If a lognormal prior is used instead, BUGS
returns an error message during the simulation,
presumably because it has generated a value of p
greater than 1. The script assigns Y a normal distri-
bution with mean -4.475. The second parameter is
1/0%, because that is how BUGS parameterizes a
normal distribution. The entered value, 0.4653,
equals 1/1.466% The script then gives X a bino-
mial(8, p) distribution. Finally, the line beginning “list”
contains the data, the single observed value 1 in this
example. BUGS also wants an initial value for p, but
it is willing to generate it randomly.
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For the present example, the difference between the
lognormal and logistic-normal priors is very small,
having no effect on the posterior. The difference
between the two priors can be important if the proba-
bility of failureislarger and/or theuncertainty islarger.
That can be the case with some human errors, with
hardwarefailuresin unusually stressful situations, and
with recovery fromfailureif recovery ismodeled asan
event separate from the origina failure. For example,
the NUREG 1150 PRA for Surry (Bertucio and Julius
1990) uses the lognormal distribution for most failure
probabilities. However, some failure probabilities are
large, considerably larger than 3E-2. In nearly al of
those cases, the PRA doesnot usealognormal distribu-
tion. Instead, the maximum entropy distribution isthe
PRA’sdistribution of choice. Other possible distribu-
tions, which were not widely known in the PRA
community in 1990, would have been the constrained
noninformativedistribution or alogistic-normal distri-
bution.

6.3.3 Modd Validation

All the methods of this section are anal ogues of meth-
ods considered for failure rates, but the details are
somewhat different. Some repetition is inevitable, but
the examplesin this section are chosen to complement
the examples of Section 6.2.3, not to duplicate them.
For amore complete appreciation of the model valida-
tion techniques, both this section and Section 6.2.3
should be read.

The comments at the start of Section 6.2.3 apply
equally to this section, and must not be ignored. In
particular, an analyst who estimates parameters should
check the assumptions of the model.

The first assumption of the binomial model, given in
Section 2.3.2, is that the probability of failure is the
same on any demand. This assumption will be exam-
ined against two possible aternative assumptions: (1)
different subsets of the data have different values of p,
but inno specia order, and (2) atimetrend exists. The
second assumption of the binomial model is that the
outcome on one demand is statistically independent of
the outcome on a different demand. This will be
examined against the alternatives of common-cause
failures and of clustering in time of the failures.
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Finally, theconsistency of theprior distribution and the
datawill be considered.

One might also worry about whether n is really con-
stant. If nisnot constant, we may treat it as constant
by conditioning on n, asexplainedin Section 2.3.2.4.2.

6.3.3.1 Poolability of Data Sources

The method will be illustrated by data from diesel
generator failures to start shown in Example 6.8.

Table C.1 of Grant et al. (1996) gives the data for the
first two rows, at plants reporting under Regulatory
Guide RG-1.108 during 1987-1993. The failures
were those reported in LERs. The number of failures
on monthly tests at those plants comes from the
unpublished database used for that report, and the
number of monthly demands was estimated in a very
crude way for use in this example.

Example 6.8 EDG failures to start on demand.

Emergency diesel generator (EDG) failures to
start on demand were recorded for three kinds of
demands: unplanned demands, the tests per-
formed once per operating cycle (approximately
every 18 months), and the monthly tests. The
counts are given below.

Type of Failures to Number of
demand start demands
Unplanned 2 181
Cyclic test 17 1364
Monthly test 56 15000

6.3.3.1.1 Graphical Technique

To explore the relations between subsets of the data,
mark the subsetson oneaxis. For each of these subsets
of the data, plot an estimate of p and a confidence
interval for p against the other axis. Patterns such as
trends, outliers, or large scatter are then made visible.

In Example 6.8, the subsets are types of demand.
The data set from each demand type is analyzed
separately, and the graph shows an estimate and
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Figure 6.32 MLEs and 90% confidence intervals for
p, for three types of demand and for the pooled data.

—

a confidence interval for each year, plotted side
by side. This is shown in Figure 6.32. The plot
was produced with a graphics package, although
a hand-drawn plot would be adequate to show the
results.

The plot shows that the unplanned demands and the
cyclic tests appear to have similar values of p, but
the monthly tests appear to have a lower value.
Several reasons for the difference could be conjec-
tured: the monthly tests may be less stressful, or the
failures may not all be reported in LERSs, or the
estimated number of demands may be badly incor-
rect.

Figure 6.18, whichisthe corresponding plot in Section
6.2.3.1.1, has the cells (plants, in that example) ar-

ranged in order of decreasing A. Figure 6.32 does not
order the cells by decreasing f, because the number

of cells is small, only three, and because the cells
already have anatural order. The analyst must decide
what order makes the most sense and is easiest for the
user to interpret. Cleveland (1985, Chap. 3.3) dis-
cusses ways of ordering data.

The interval for the pooled data is also shown, not
because the data justify pooling, but simply as arefer-
encefor comparison. A dotted referencelineisdrawn
through the point estimate based on the pooled data. If
only a few data subsets need to be compared, as in
Figure 6.32, these embellishments are unnecessary.
With many subsets, however, the eye tends to get lost
without the reference line. The reference line hasthe
added advantage of focusing the eye on the confidence
intervals rather than the point estimates.
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The graph is only a picture. Pictures like these are
useful, but cannot be used in an easy way to draw naive
conclusions about differences between data subsets.
The warnings given in Section 6.2.3.1.1 deserve
repetition:

. If many confidence intervals are plotted, al
based on data with the same p, afew will be
far from the others because of randomness
aone. An outlying interval does not prove
that the ps are unequal.

. This same statement is true if other intervals
are used, such as Bayes credible intervals
based on the noninformative prior. Theissue
isthe random variahility of data, not the kind
of interval constructed.

. If there are few intervals, on the other hand,
intervals that just barely overlap can give
strong evidence for adifference in theps.

To quantify the strength of the evidence seen in the
picture, a formal statistical procedure is given in the
next subsection. The picture gives a preview, and
helps in the interpretation of the formal statistical
quantification. Inthe present example, if the statistical
test finds a statistically significant difference between
data subsets, it is natura to then ask what kind of
differenceexists. The picture showsthat p seemsto be
similar for the unplanned demands and for the cyclic
tests, but smaller for themonthly tests. Inthisway, the
picture provides insight even though it does not pro-
vide a quantitative statistical test.

6.3.3.1.2 Statistical Tests

Simple Contingency Tables (2 x J). The natura
format for the data is a "contingency table” An
introductory referenceto this subject is Everitt (1992),
and many general statisticstextsalso haveachapter on
the topic. In atwo-way table, two attributes of the
events are used to define rows and columns, and the
numbersin the table are counts. In the present exam-
ple, two attributes of any event are the type of demand
and whether itisafailure or success. Oneway to build
acontingency tableisto let thefirst row show system
failuresand the second row system successes. Then let
thecolumns correspond to thedemandtypes. Thetable
entriesarethe counts of the eventsfor each cell, shown
in Table 6.12 for Example 6.8.
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The essence of thistableis a2 x 3 table, because the
basi ¢ data counts occupy two rows and three columns.

The row totals, column totals, and grand total are
shownintheright and bottom margins. A general two-
way contingency table has | rows and J columns.
(Although this discussion considers only 2 x J tables,
it does no harm to give the general formulas, keeping
in mind that the examples of this section have | = 2.)
The count in the ith row and jth column is denoted ny,
for i any number from1to | and j from1toJ. The
total count inrow i is denoted n,, and the total count in
columnj isdenoted n,;. Thegrand total isdenotedn,..

Table 6.12 Contingency table for Example 6.8.

Unplanned [Cyclic [ Monthly |[ Total
Failure 2 17 56 75
Success 179| 1347| 14944 16470
Total 181 1364| 15000(f 16545

For example, Table 6.12 has n, ; =56 and n,, =
179. It has n,, = 16470 and n,, = 1364. The
grand total, n,,, equals 16545 in the example.

Let the null hypothesis be
H,: pisthe samefor al the data subsets.

The alternative hypothesisis
H,: pisnot the samefor all the data subsets.

In the example, the data subsets are the three demand
types. Theanalyst mustinvestigate whether H, istrue.
The method used is to see what kind of datawould be
expected when p readly is the same, and then to see
how much the observed counts differ from the ex-
pected. If the differences are small, the counts are
consistent with the hypothesis H,. If, instead, the
differences are large, the counts show strong evidence
against H,,.

If Hyistrue, that is, if p is really the same for &l the
demand types, the natural estimate of p is

p:nl+/n++'
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Then for column j, one would have expected N, ;P

failures on average. This reasoning leads to the for-
mulafor the expected count in cell ij:

Qj = I’-]i+n+j / n,..

In Table 6.12, for unplanned demands one would
have expected 181x(75/16545) = 0.82 failures on
average, for cyclic tests 1364x(75/16545) = 6.19
failures, and so forth.

The difference between the observed count and the
expected count for any cell isn; - ;. There are many
cells, and therefore many ways of combining the
differencestoyield an overall number. One useful way
isto construct

X2 = X (- Qj)z/qj'-

X?is called the chi-squared statistic, or sometimes the
Pearson chi-squared statistic. Note, X? as defined here
is dlightly different from the chi-sgquared statistic for
constant event ratein Section 6.2.3.1.2. Inthat section,
the cellshad oneindex, whereasin thissectionthecells
have two indices, and the expected counts are calcu-
lated differently. Other than that, the statistics are the
same. Table 6.13 expands Table 6.12 to show the
quantities needed to calculate X°. The observed counts
and the expected counts have the same totals, except
for roundoff.

Table 6.13 Counts, expected counts, and
contributions to X? for Example 6.8.

Unplanned | Cyclic |Monthly || Total

Failure 2 17 56 75
0.82 6.19( 68.00
1.70( 18.92 2.12

Suc- 179 1347| 14944 16470
cess 180.18( 1357.80| 14932
0.01 0.09 0.01

Total 181 1364| 15000| 16545

For example, there were 2 failures on unplanned
demands. The expected number of failures on un-
planned demands, if H, is true, is 181x75/16545 =
0.82. And the contribution of that cell to X? is
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(2 - 0.82)%/0.82 = 1.70 .

When H, istrue and the total count is large, the distri-
bution of X? has a distribution that is approximately
chi-squared with (I1-1)x(J-1) degrees of freedom. In
Table 6.12, the number of degrees of freedom is
(2-1)%(3-1) = 2. If X?islarge, compared to the chi-
squared distribution, the evidence is strong that H, is
false; the larger X, the stronger the evidence.

Interpretation of Test Results. Based on any 2x3
contingency table, such as Table 6.12, suppose that X?
were6.4. A tableof the chi-squared distribution shows
that 5.991 is the 95th percentile of the chi-squared
distribution with 2 degreesof freedom, and 7.378 isthe
97.5th percentile. After comparing X? to these values,
an analyst would conclude that the evidence is strong
against H,, but not overwhelming. Quantitatively, the
analyst would "reject H, at the 5% significance level,
but not at the 2.5% significance level." Thisis some-
times phrased as "the p-vaue is between 0.05 and
0.025." Seethebulletedlistin Section6.2.3.1.2, inthe
interpretation following Table 6.6, for other phrases
that are sometimes used.

If instead X? were 1.5, it would lie between the 50th
and the 60th percentiles of the chi-squared distribution,
and therefore would be in the range of values that
would be expected under H,. The analyst could say
"the observed countsare consistent with the hypothesis
Ho," or "H, cannot be rejected,” or "the evidence
against H, is very weak." The analyst would not
conclude that H, is true, because it probably is not
exactly true to the tenth decima place, but would
conclude that it cannot be rejected by the data.

In fact, in Example 6.8 X? equals 22.8, as found by
totaling the six contributions in Table 6.13. This
number is far beyond the 99.5th percentile of the chi-
squared distribution, so the evidence is overwhelm-
ing against H,. Such an analysis contributed to the
decision of Grant et al. not to consider monthly tests
in their report.

This example was chosen to illustrate that subsets of
the data can correspond not only to different locations
or different hardware (for example, different plants or
systems), but also to different conditions, in this case
different types of demands. In redlity, the dataanalyst
should consider various kinds of subsets; in this
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example, with data coming from many plants, the
analyst should consider possible between-plant differ-
ences. The plots and chi-squared tests are exactly the
same as given above.

This brings up a difficulty with the present example
that has been carefully hidden until now. The hypothe-
SisH,isthat all the subsets of the data have the samep.
A hidden hypothesis, never even proposed for testing,
is that within each data subset every demand has the
samep. Infact, thisturnsout not to bethe case. Based
on only the unplanned demands and cyclic tests, Grant
et a. report that the difference between plants is
statistically significant — the evidence is strong that p
differsfrom plant to plant. This means that the above
analysismust be refined to account for possible differ-
ences between plants. Such variation is discussed in
Section 8.2 of this handbook.

Thus, the data set has two sources of variation, differ-
ences between demand types and aso differences
between plants. In such a situation, consideration of
only one variable at atime can throw off the results if
the data set is "unbalanced," for example, if the worst
few plants also happen to have the most unplanned
demands and the fewest monthly demands. If such
between-plant differences are contaminating the EDG
datain Example 6.8, the observed difference might not
reflect anything about the nature of the demands, but
only that the plants with EDG problems were
underrepresented on the monthly tests. Example 6.9
shows hypothetical data under such a scenario.
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Example 6.9  Hypothetical unbalanced data.

Suppose that the industry consists of “bad” plants
and “good” plants. The bad plants have a
relatively high probability of failure to start, and
also have relatively many unplanned demands.
Suppose that the tests perfectly mimic unplanned
demands, so that at either kind of plant p is the
same on an unplanned demand and on a test.
Data from such an industry might be given in the
table below. The tables entries show failures/
demands.

Unplanned Tests
Bad plants 4/20=0.2 4/20=0.2
Good plants [ 1/50 =0.02 8/400 = 0.02
Totals 5/70 =0.07 [ 12/420 = 0.03

If only the good plants are considered, or if only the
bad plants are considered, the data of Example 6.9
show no difference between unplanned demands
and tests. The estimated p is the same for un-
planned demands and for tests, 0.2 from the bad
plants’ data and 0.02 from the good plants’ data.
However, if the data from good plants and bad plants
are combined, the unplanned demands appear to
have a much higher failure probability than do the
tests, 0.07 versus 0.03. This erroneous conclusion
is a result of ignoring differences in the data, the
existence of two kinds of plants, when the data are
unbalanced because the bad plants have a much
higher percentage of unplanned demands. Such a
situation is known as Simpson’s paradox.

In fact, this scenario cannot be greatly influencing
the data in Example 6.8, because most of the de-
mands are periodic. Therefore, every plant must
have approximately the same fraction of monthly
tests and of cyclic tests. In conclusion, although
between-plant variation must be considered, it is
hard to imagine that it affects the outcome in Exam-
ple 6.8.

Asmentioned in Section 6.2.3.1.2, afull dataanalysis
must not stop with the calculation of ap-value. Inthe
present example, withavery large number of demands,
it may be that the statistically significant differenceis
not very important from an engineering viewpoint. In
other words, a large data set can detect differencesin
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thesecond decimal place, differencesthat arenot worth
worrying about in practice.

This concern is addressed in the example by Figure
6.32, which shows that the probability of FTS is
about 1/3 as large on monthly tests as on other
demands, at least according to the reported data.
Therefore, the difference is substantial in engineer-
ing terms, and the engineering portion of the data
analysis can investigate reasons for the difference.

Required Sample Size. The above approach isvalid
if thevaluesof n; are"large." If they are small, X* has
a discrete distribution, and so cannot have a chi-
squared distribution. As arather extreme example, if
n,,, thetotal number of demands, wereequal to4inthe
framework of Example 6.8, therewould only be afew
ways that the four demands (and the number of fail-
ures, at least zero and at most four) could be arranged
among the three demand types. Therefore X? could
only take a few possible values. Therefore, the user
must ask how large a count is necessary for the chi-
squared approximation to be adequate. An overly
conservativeruleisthat all the expected cell counts, g;,
be 5.0 or larger. Despite its conservatism, thisruleis
still widely used, and cited in the outputs of some
current statistics packages. For a 2xJ table, Everitt
(1992, Sec. 3.3), citing work by Lewontin and Felsen-
stein (1965), states that the chi-squared approximation
isadequateif all the values of g; are 1.0 or greater, and
that in "the majority of cases’ it is sufficient for the g;
valuesto be 0.5 or greater. For a 2x2 table, however,
it is generally best not to use the chi-squared approxi-
mation at al, but to use the p-value from "Fisher's
exact two-sided test," discussed below.

If the expected cell counts are so small that the chi-
squared approximation appears untrustworthy, the
analyst has two choices. (a) Pool some columns,
thereby combining cells and increasing the expected
cell counts. For example, in an investigation of differ-
ences between years, with few failures, it might be
necessary to combine adjacent years so that the ex-
pected number of failures in each time-bin is at least
0.5. (b) Some statistical software packages can com-
pute the "exact distribution" of X* in some cases
(typically for small tables). Conditional on the n,,
valuesand n,; values, thisexact distributionisthefinite
set of values that X* can possibly take, together with
their associated probabilities. |f the analyst iswilling
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to basethe decision on thisconditiona distribution, the
exact distribution can be used. The commercial pack-
age StatX act performs such calculations using modern
fast agorithms, even for large tables, subject only to
the available memory in the machine. In the special
case of a2x2 contingency table, many software pack-
ages compute this p-value, caling it the p-value from
"Fisher’ sexact two-sidedtest." Ingeneral, thep-value
from Fisher's exact test is preferable to the p-value
from the chi-squared approximation, and should be
used whenever the software produces it. This, and
other considerations for a 2x2 table, are discussed by
Everitt (1992) and Atwood (1994).

In Table 6.13, the smallest expected count is e;; =
0.82. All the other expected counts are larger than
1.0. This indicates that the sample size is large
enough.

6.3.3.2 NoTimeTrend

This section uses the unplanned HPCI demands from
Example 6.5, with the failures indicated. To make a
dataset with amoderate number of failures, al typesof
failures are counted together, including failure to start,
failure to run, failure of the injection valve to reopen
after operating successfully earlier in the mission, and
unavailability because of maintenance. For the exam-
ple, no credit is taken for failures that were recovered.
The data are given as Example 6.10.

Example 6.10 Dates of HPCI failures and
unplanned demands, 1987-1993.

The HPCI demands of Example 6.5 are listed here
with an asterisk marking demands on which some
kind of failure occurred. The demands dates are
given in columns, in format MM/DD/YY.

01/05/87* 08/03/87* 03/05/89  08/16/90* 08/25/91
01/07/87  08/16/87 03/25/89  08/19/90 09/11/91
01/26/87  08/29/87 08/26/89  09/02/90  12/17/91
02/18/87  01/10/88 09/03/89  09/27/90  02/02/92
02/24/87  04/30/88 11/05/89* 10/12/90  06/25/92
03/11/87* 05/27/88 11/25/89  10/17/90  08/27/92
04/03/87  08/05/88 12/20/89  11/26/90  09/30/92
04/16/87  08/25/88 01/12/90* 01/18/91* 10/15/92
04/22/87 08/26/88 01/28/90  01/25/91  11/18/92
07/23/87  09/04/88* 03/19/90* 02/27/91  04/20/93
07/26/87 11/01/88 03/19/90  04/23/91  07/30/93
07/30/87  11/16/88* 06/20/90  07/18/91*

08/03/87* 12/17/88 07/27/90  07/31/91
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6.3.3.2.1 Graphical Techniques

Just as elsewhere in this chapter, the time axis can be
divided into bins, and the data can be analyzed sepa-
rately for each bin and compared graphically.

For Example 6.10, defining the bins to be years
leads to Table 6.14.

Table 6.14 HPCI failures on demand, by year.

Calendar year Failures Demands
1987 4 16
1988 2 10
1989 1 7
1990 3 13
1991 2 9
1992 0
1993 0

This leads to a plot similar to Figures 6.18 and 6.19,
shown in Figure 6.33. The plot with the example
data shows no evidence of a trend.

A plot that does not require a choice of how to con-
struct bins is given in Figure 6.34, the analogue of
Figure 6.20. It can be constructed when the demands
can be ordered sequentially, asisthe casefor Example
6.10. Inthisplot, the cumulative number of failuresis
plotted against the cumul ative number of demands. To
help the eye judge curvature, a straight line is drawn,
connecting the origin with the dot at the upper right.
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Figure 6.33 Point and interval estimates of p, each
based on one year’s data.
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Figure 6.34 Cumulative number of failures versus
cumulative number of demands.

The slope of any part of the graph is the vertical
distance divided by the horizontal distance, Ay/Ax. In
the present figurethe horizontal distanceisthe number
of demands that have occurred, and the vertical dis-
tance is the corresponding number of failures. There-
fore,

slope = (number of failures)/(number of demands) ,

so the slope is a visua estimator of p. A roughly
constant slope, that is, aroughly straight line, indicates
aconstant p. A changing slopeindicates changesin p.

In Figure 6.34, the slope is relatively constant,
indicating that p does not seem to change with time.
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This agrees with Figure 6.33. Itis not clear whether
the slight departure from the diagonal line in the right
half of the figure is more than can be attributed to
random variation. Such questions must be ad-
dressed by statistical tests, given below.

Thedetails of thediagonal line probably do not matter.
Theline shown isthe maximum likelihood estimate of
the expected height of the plot at any horizontal point,
assuming constant p. Other lines, dlightly different,
could aso bejustified.

6.3.3.2.2 Statistical Testsfor aTrendinp

In this section, the null hypothesis remains

H,: pisthe samefor al the data subsets.

but the alternative is now

H,: piseither increasing or decreasing over time.

TheChi-Squared Test. Thisisthe sametest asgiven
in Section 6.3.3.1.2, only now the data subsets are
years or similar bins of time.

The data of Table 6.14 can be written as a 2x7
contingency table. The smallest expected cell count
corresponds to failures in 1993, with the expected
count = 2x12/63 = 0.4. This is too small to justify
calculating a p-value from the chi-squared distribu-
tion. The problem can be remedied by pooling the
two adjacent years with the smallest numbers of
demands, 1992 and 1993. (Note, the decision of
which subsets to pool is based on the numbers of
demands only, not on whether or not those demands
resulted in failures. Pooling based on demand
counts is legitimate. Pooling based on the failure
counts is not.)

When this 2 x 6 contingency is analyzed by the chi-
squared test, the p-value is 0.77, indicating no
evidence at all of differences between years. This is
no surprise.

The Wilcoxon-Mann-Whitney Test. This test is
similar in spirit to the Laplacetest for atrendin A. The
null hypothesisis that p is the same for all demands.
Suppose that the individual demands are in a known
sequence. Against the alternative hypothesis that the
failures tend to occur more at one end of the sequence
— that is, p is either an increasing or a decreasing
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function of the sequence number — usethe Wilcoxon-
Mann-Whitney test, described in texts that cover
nonparametric statistics. Two good sourcesof standard
nonparametric methods are Conover (1999) and
Hollander and Wolfe (1999). Hollander and Wolfecall
this test the Wilcoxon rank sum test.

Thetest isbased on the sum of the ranks of thefailures.
For example, in the sequence of failures and successes

failure, success, failure, failure, success

thethreefailureshaveranks1, 3, and 4, and the sum of
their ranksis 8. Let W denote the sum of the ranks of
x failluresinntrias. If xand n - x are both large and
if the probability of afailure isthe same for the entire
sequence, W is approximately normal with mean p,, =
x(n+1)/2 and variance &, = x(n-X)(n+1)/12. If Z=(W
- W)/ oy isin either tail of the distribution, the null
hypothesis should be rejected. If x or n - x is small,
statistics books give tables, or statistical computer
packages calculate the exact tail probability.

The data of Example 6.10 show 12 failures in 63
demands. The first failure was on the first demand
(01/05/87), so that failure has rank 1. The next was
on the sixth demand, so that failure has rank 6. Two
demands occurred on 03/19/90, the 36th and 37th
demands. One of the two demands resulted in
failure, so that failure was assigned rank 36.5, as is
usual in case of ties. The sum of the ranks of the
failures is 321.5, and Z can be calculated to equal
-1.09. This is the 13.8th percentile of the normal
distribution. Because Z is not in either tail, H, is not
rejected.

6.3.3.3 Independence of Outcomes

This section is less important than the others. Some
readers may wish to skip directly to Section 6.3.3.4.

The second assumption for binomial data is that the
outcomes of different demands be independent — a
success or failure on one demand does not influence
the probability of failure on a subsequent demand.

Outcomes can be dependent in many ways, and some
of them must be addressed by careful thinking rather
than by statistical data analysis. The analyst or the
study team should consider possible common-cause
mechanisms, and examine the data to see if many
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common-cause failures occurred. If common-cause
failures form a noticeable fraction of al the failures,
the analyst should probably divide the independent
failures and the common-cause failures into separate
data sets, and separately estimate the probabilities of
each kind of failure.

If demands occur in sequence, it is natural to consider
seria dependence, in which the occurrence of afailure
on one demand influences the probability of afailure
on the next demand. Some people believe that hitsin
baseball occur this way, that a Slump or streak can
persist because of a batter’s attitude, which is influ-
enced by how successful he has been recently. Inthe
context of hardware failures, suppose that failures are
sometimes diagnosed incorrectly, and therefore re-
paired incorrectly. Immediately after any failure, the
probability of failure on the next demand is higher,
because thefirst failure cause may not have been truly
corrected. In such a case, the failures would tend to
cluster rather than being uniformly scattered among the
successes. A cumulative plot such as that in Fig-
ure 6.32 can be inspected for such clusters.

If the question of independenceisrestricted to succes-
sive outcomes — outcomei- 1 versus outcomei — the
data can be analyzed by a2x2 contingency table. Let
y; be the outcome on demand i, either success or
failure. Let x be the outcome on demandi - 1. The
possible values of successive outcomes (X, ;) are (S,
9S), (S F), (F,S),and (F, F).

To put thisin more familiar language, let p denote the
probability of a failure, and consider two kinds of
demands, those when the previous outcome (X) was a
failure and those when the previous outcome was a
success. The null hypothesisis

H,: pisthe same on both kinds of demands .

Perform the usual chi-squared test of H, based on a
contingency table.

Example 6.10 results in the following contingency
table.
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Table 6.15 Contingency table for successive
outcomes in Example 6.10

x=F X=S Total
y=F 1 10 11
y=S 11 40 51
Total 12 50 62

Although the chi-squared approximation should be
acceptable, it is preferable to use Fisher’'s exact test
for a 2x2 table. The p-value reported by SAS for
Fisher's exact testis 0.67. This large p-value shows
that the data are very consistent with the hypothesis
of independence of successive outcomes. Because
the data come from the entire industry, independ-
ence is entirely reasonable.

6.3.3.4 Consistency of Data and Prior

If the prior distribution has mean E;,(p), but the
observed data show x/n very different from the prior
mean, the analyst must ask if the data and the prior are
inconsistent, if the prior distribution was misinformed.
The investigation is similar to that in Section 6.2.3.5.

Suppose first that x/n is in the left tail of the prior
distribution. The relevant quantity is the prior proba-
bility of observing x or fewer events. Thisis

Pr(X < x) = [Pr(X < X|p) fyior(P)Ap  (6.15)
where
Pr(X < x| p) = éo@E@pk(l— p)" k. (6.16)

If the prior distribution is beta(«, £), it can be shown
that Equation 6.15 equals

Pr(X < x)
X [POr@+K) F(B+n-k)
'éo@k@ r(a) r(8)

Ma +B)
M(a+p+n)

where I'(s) is the gamma function, a generalization of
the factorial function as described in Appendix A.7.6.
The name of this distribution is beta-binomial. This
probability can be evaluated with the aid of software.
If the prior probability is any distribution other than a
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beta distribution, Equation 6.15 does not have a direct
analytical expression.

Just as in Sec. 6.2.3.5, one method of approximating
the integral in Equation 6.15 is by Monte Carlo sam-
pling. Generatealarge number of valuesof p fromthe
prior distribution. For each value of p, let y be the
value of Eqaution 6.16, which can be calculated
directly. The average of they valuesis an approxima-
tion of theintegral in Equation 6.15. Another method
of approximating the Equation 6.15 is by numerical
integration.

If the probability given by Equation 6.15 is small, the
observed dataare not consi stent with the prior belief —
the prior belief mistakenly expected p to be larger than
it apparently is.

Similarly, if Xnisintheright tail of the prior distribu-
tion of the prior distribution, therelevant quantity isthe
prior Pr( X > x). It is the analogue of Equation 6.15
with the limits of the summation in Equation 6.16
going from xto n. If that probability issmall, the prior
distribution mistakenly expected pto be smaller than it
apparently is.

Again consider Example 6.7, one AFW failure to
start in eight demands, and consider the industry
prior, beta(4.2, 153.1). One easy approach is
Monte Carlo simulation. Therefore, values of p
were generated from the beta distribution, using
the technique mentioned at the end of Section
6.3.2.5.3. That is, y, was generated from a
gamma(4.2, 1) distribution, y, was generated from
a gamma(153.1, 1) distribution, and p was set to

Yo/(Y1 + Y2)-

The industry-prior mean of p is 0.027, Because
the observed number of failures, 1, is larger than
the prior expected number, 8x0.027 = 0.21, we
ask whether such a large failure count is consis-
tent with the prior. The probability is question is
Pr(X > 1). For each randomly generated p, Pr(X
> 1|p)was found, equaltol - Pr(X=0|p)=1-
(1 - p)®. The average of these probabilities,
calculated for 100,000 random values of p, was
0.192, with a standard error of 0.0003. This
means that the true probability is 0.192, with
negligible random error. Because this probability
is not small, the data appear consistent with the
prior distribution.
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6.4 Failure to Change State
Standby Failure

As explained in Sec. 2.3.3, this type of failure is
modeled as a failure condition that occurs at an un-
known time between the most recent previous inspec-
tion, test, or demand and the present one.

Each demand correspondsto astandby time. Theonly
thing that can be observed is whether the system is
failed or not at the end of the standby period. From
Equation 2.3, the probability that the systemisfailed at
timetis

p=1-e™. (6.17)
Suppose that x failures are observed on n demands.
For any one of the failures, denote the corresponding
standby time by t, i =1, ..., x. For any one of the
successes, denotethe corresponding standby timeby s,
j =1, .., n-xAll these numbers are observable in
principle. Therefore, the likelihood is proportional to

n—-x ) X ( )
-As; -t
e’ 1-e7).
1ol
Here the capital pi denotes a product, the anal ogue of
using capital sigmafor asum. Thislikelihood will be
treated in three distinct ways below. First, a smple
special casewill beconsidered. Second, an approxima-
tion of the likelihood will be developed and used.
Finally, away to use the exact likelihood in Bayesian
analysiswill be given.

(6.18)

First, consider a simple special case, when al the
standby times are equal, say to some number t. This
can happen if al the demands are test demands at
equally spacedintervals. Inthiscase, theprobability of
failure on demand is the same for each demand, the
quantity p given by Equation 6.17. Therefore, the
number of failuresin ndemandsishbinomia(n, p). The
analysis methods of Section 6.3 can all be used -
Bayesian or frequentist estimation of p and al the
methods of model validation. At the very end of the
analysis, the conclusions in terms of p should be
translated into conclusions in terms of A, by solving
Equation 6.17 for

A=-In(1- p)it .
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This equation for 4 can be approximated as
A= plt
if pissmall (say, <0.1).

Thislast equation showsthat the MLE of Ais approxi-
mated by P/t = x/nt. Here x is the number of

failures and nt is the total standby time. This total
standby time is approximately the total calendar time,
so a simple estimate of A is the number of failures
divided by the total calendar time.

The above simple approach assumes that al the
standby times are equal. If the standby times are
approximately equal, or nearly all equal, it is very
appedling to use the above technique, caling it an
adequate approximation. If, instead, the standby times
differ greatly, one of the two approaches given below
can be used.

The exact likelihood given in Equation 6.18 can be
approximated as follows. Itiswell known that

1- exp(-At) = At; .

Thisisthefirst order Taylor-series approximation, and
isvalid when At issmall. Theerror is on the order of
(At)%. A second-order approximation is less well
known, but it is not hard to show that

1 - exp(-4t) = Atexp(-4t/2) .

That is, the two quantities have the same second order
Taylor expansions, and they differ only by aterm of

order (At)*. Therefore, thelikelihood in Equation 6.18
is approximately equal to

O nx 0 0 0
exp%— JZl/\sj EHI.:L At Jexpf- IZlAti I2g.

Thisis proportiona to
ef/lt /lx

where
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t JZl 5; Hzl t, /ZH
Compare this approximation of the likelihood with
Equation 6.1, and see that the approximate likelihood
here is proportional to the likelihood of x Poisson
eventsin timet, where t equals the total standby time
for the successes plus half the standby time for the
failures.

Therefore, al thelikelihood-based methodsfor Poisson
data are approximately valid, treating the data as
showing x failures in time t. The likelihood-based
methodsconsist of maximum-likelihood estimationand
al the Bayesian techniques.

The graphical methods for model validation from
Section 6.2 areal so probably valid, becausethey do not
reguire a rigorous justification. The above argument
also suggests that the chi-sgquared test of poolability in
Section 6.2 can be used with the present data, because
the chi-squared test is only an approximation in any
case. However, no simulations to confirm this have
been carried out for this handbook.

Finally, we give a third approach, an exact Bayesian
method that can be used if the standby times have been
recorded, based on Equation 6.18. Figure 6.35givesa
portion of a script for analyzing this type of data with
BUGS, based on the exact likelihood. (See Figures
6.13 and 6.31 for similar scriptsin other situations.)

model

{for(iinln){
pli] <- 1 - exp(-lambda*[i])
X[i] ~ dbern(p[i])

lambda ~ dgamma(0.5, 0.00001)
}

Figure 6.35 Script for analyzing standby failure data
exactly.

In this script, p, is defined as 1 - exp(-4t). The
randomvariable X isassigned aBer noulli(p,) distribu-
tion. This means that X; equals 1 with probability p,
and equals 0 with probability 1 - p,. Itisthe sameas
a binomial distribution with n = 1. Finaly, 4 is as-
signed a prior distribution. In Figure 6.35, the prior
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distribution is chosen to be close to the Jeffreys nonin-
formative prior for Poisson data, but any proper prior
distribution could be used. BUGS requires a proper
distribution, so the second parameter of the gamma
distribution cannot be exactly zero. An additional
required portion of the script, giving the data, is not
shown in Figure 6.35.

6.5 Failuresto Run during
Mission

6.5.1 Estimatesand Tests

Thistype of data can be analyzed using amost exactly
the same tools as for event rates in Sec. 6.2. Certain
tools carry over exactly, and others are approximately
correct.

6.5.1.1 Likelihood-Based Methods. MLEsand
Bayesian M ethods

Suppose that n systems are run for their missions.
(Equivalently, wemight assumethat asystemisrunfor
nmissions.) Supposethat x of therunsresultinfailure,
at timest,, ..., t. Theremaining n - X runs are com-
pleted successfully, and the systems are turned off at
timess, ..., S, Observe the notation: t for afailure
time and s for a completed mission time. The likeli-
hood is the product of the densities of timesto failure,
for the systems that fail, times the probability of no
failure, for the systemsthat did not fail:

II; f(t) II; Pr(no failure by s)

Under the model introduced in Section 2.4, thefailure
rate is assumed to be constant, 4, the same for al the
systems. Therefore, thetimetofailure hasan exponen-
tial distribution. As stated in Appendix A.7.4, the
density of an exponential (1) distribution is

f(t) = le™

and the cumulative distribution function (c.d.f.) is
Fy=1- e™

In particular, the probability of no failure by timesis

1 - F(s). Substitution of these valuesinto the general
expression for the likelihood resultsin
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II; [Aexp(- At)] TI; exp(- 4s)
= A exp[- At + Zs)]
= Aexp(-41)

wheret is defined as Zt; + s, the total running time.

Except for anormalizer that does not depend on A, this
is the Poisson probability of x failuresin timet,

exp(- A LTIX .

Recall that Section 6.2 dealt with x failuresin timet.
Therefore, any statistical analysis that requires only a
multiple of the likelihood is the same in Section 6.2
and here. In particular, the maximum likelihood
estimateof A4isx/t. Thegammadistributionsform the
family of conjugate priors, and any Bayesian analysis
is carried out the same way for the data here and the
datain Section 6.2.

The subtle difference isthat Xt; israndomly generated
here, so t is randomly generated (although if most of
the systems do not fail during their missions, the
random portion of t is relatively small.) Also, the
likelihood here is not a probability, but acombination
of densities and probabilities — that explains the
missing normalizerinthelikelihood. Thesedifferences
between this section and Section 6.2 result in small
differencesin the confidenceintervals and the testsfor
poolabhility.

6.5.1.2 Confidencelntervals

Engelhardt (1995) recommends the following method
when al the mission times equal the same value, s.
The probability of a system failure before timesis

p=F(s)=1- exp(-4s). (6.19)
Based on x failuresin n trids, find aconfidence inter-

val for p, using the methods of Sec. 6.3. Trandatethis
into a confidence interval for 4, using Equation 6.19

/lconf, 005 = _ln(l - pconf,OAOS)/ S
Acort, 095 = ~IN(L = Peorr, 0.05)/S -

This method does not use all of the information in the

data, becauseit ignoresthetimes of any failures, using
only the fact that there was a failure at some time
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beforethemissiontimes. However, if failuresarefew
the loss of information is small.

Similarly, to perform tests when all the mission times
are the same, for example to test whether two data
subsets can be pooled, one can work with p, defined by
Equation 6.19, and usethetestsgivenin Sec. 6.3. The
tranglation to 4 needs to be made only at the very end
of the analysis.

When the mission times are not all equal, no exact
confidenceinterval method exists. However, Bayesian
intervals can still be found, and are suggested

6.5.1.3 Jeffreys Noninformative Prior

The Jeffreysprior can beworked out exactly, following
the process given in Appendix B.5.3.1. If Ax(typical
mission time) is small (say, < 0.1), then the Jeffreys
prior is approximately the same as in Section 6.2, an
improper distribution proportional to A2,

6.5.1.4 Testsfor Poolability

The above arguments suggest that it is adequate to
ignoretherandom element of t, and use the methods of
Sec. 6.2, when estimating 4. For testing whether
subsets of the data can be pooled, the same arguments
suggest that the chi-squared test of Sec. 6.2 can be
used. The chi-squared distribution is only an asymp-
totic approximation in any case, and can probably be
used even when t has a small amount of randomness,
athough no simulations to confirm this have been
carried out for this handbook.

Therest of this section considers adiagnostic plot that
was not introduced earlier.

6.5.2 Hazard Function Plot

One plot that is especially useful for failuresto runis
the hazard function plot. It is used to investigate
whether 4 is constant during the entire mission. As
explained in Appendix A.4.4 for a nonrepairable
system, AAt is the approximate probability that the
system will fail during a time interval of length At,
giventhat it hasnot yet failed. The precise namefor 4
isthe hazard rate, or hazard function, although it is
often also called the failure rate.
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Suppose that the system must run for some mission
time, and the data value for that mission is either the
mission time, if the system runs to the end without
failing, or thefailuretime, if the system failsduring the
mission. The outcome, failure or success, is also
recorded. Thetotal data set consists of the datafrom a
number of missions.

Now consider the possibility that 4 is not constant.
Therefore, wewriteit as A(t). Anestimate of A(t)At at
sometimet isthe number of systemsthat failed during
theinterval (t, t + At] divided by the number of systems
that had not yet failed by timet. This leads to the
followingrather unsatisfactory estimateof /(t). Divide
the mission timeinto littleintervals, each of length At,
with the intervals so short that hardly any of them
contain more than onefailuretime. Inaninterval with
no recorded failures, estimate /A(t) by 0. Inan interval
(t, t + At] with one failure, estimate A(t)At by 1/n,
where n, is the number of systems that had not yet
failed by timet. Therefore, the estimate of A(t) thereis
V(nAt). For intervals with more than one failure, set
the numerator to the number of failures.

This estimate consists of a number of spikes, at times
when failures were observed. Because it is so un-
smooth, this estimateis not at all attractive. However,
it motivates a very simple estimate of the cumulative
hazard function, defined as

A(t) :J’;A(u)du .

Inthisdefinition, the argument t of A isthe upper limit
of integration. Here A and A are related in the same
way that ac.d.f. and adensity arerelated. In particular,
A(t) isthe derivative of A(t).

A natural and simple estimate of A(t) isastep function,
which is flat except at times when failures occurred.
At atimet when afailure occurred, the estimate of A
jumps by 1/n,, where n, isdefined, just as above, asthe
number of systemsthat had not yet failed by timet. If
exactly simultaneous failures occur, for example
because of roundoff in reporting the failure times, the
estimate of A jumps by the number of failures divided
by n,. Thisplotisdueto Nelson (1982). Thefull name
of the plot is the cumulative hazard function plot.
Thistechnique isillustrated with the following exam-
ple.
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Example 6.11 EDG failure-to-run times.

Grant et al. (1996) state that 23 failures to run
occurred during the EDG tests performed approxi-
mately once every 18 months. All these failures
were reported by plants subject to Regulatory
Guide RG1.108, and there were approximately
665 such tests performed at these plants during
the study period. These tests require the EDG to
run for 24 hours. Of the 23 failure reports, 19
reported the times to failure. The 19 reported
times are given below, in hours.

0.17 0.33 2.67 6.00 11.50
0.23 0.35 3.00 8.00 13.00
0.25 0.93 4.00 10.00 17.78
0.33 1.18 5.50 10.00

Grant et al. assume that the lack of a reported time
is statistically independent of the time at failure, so
that the 19 reported times are representative of all 23
times.

There were approximately 665 such tests. There-
fore, the cumulative hazard plot jumps by 1/665 at
time 0.17 hours, by 1/664 at time 0.23 hours, and so
forth, until it jumps by 1/647 at time 17.78. It is
important that the duration of all the tests is known to
be 24 hours. This fact guarantees that none of the
EDGs drop out early, so that after 18 failures 647
EDGs are still running. Actually, this is only approxi-
mate, because it ignores the four failures with unre-
ported times.

The jumps are almost the same height, because
1/665 equals 1/647 to two significant digits. There-
fore Grant et al. plot the cumulative number of
failures (a jump of 1 at each failure), instead of the
estimated cumulative hazard function. The two
graphs make the same visual impression, and the
cumulative failure plot was easier to explain in the
report. This plot is shown here, as Figure 6.36.

The cumulative hazard plot would differ only in that
the vertical scale would be different, and the jumps
would not be exactly the same size, though the
jumps would be almost the same size in this exam-
ple.

Asexplained in introductory calculus courses, when a
function is graphed as a curve, the derivative of the
function isthe slope of the curve. Therefore, the slope
of a cumulative hazard plot near time t estimates the
derivative of A at timet. But the derivative of A(t) is
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A(t). Therefore, a constant slope indicates constant
A(t), and a changing slope indicates changing A(t).

20 |
15 |

10 |

Cumulative failures

4 8 12 16 20 24

Failure time (hours) GC99 0292 23

Figure 6.36 Plot of cumulative failure count, a close

approximation of plot of cumulative hazard function
when only a small fraction of the systems fail.

O+ v 337

Grant et al. note that for times less than about one
half hour the slope is approximately constant, and
steep. It is again constant, but less steep, from
about 1/2 hour until about 14 hours, and it is smaller
yet after 14 hours. Therefore, Grant et al. estimate
three values for A, corresponding to these three time
periods. They comment that the early, middle, and
late failures seem to correspond in part to different
failure mechanisms.

6.6 Unavailability

The discussion here is presented in terms of trains,
although other hardware configurations, from individ-
ua components up to an entire reactor, could be
considered equally well. A standby train, such asthe
singletrain of the HPCI system or amotor-driventrain
of the AFW system, is normally available if it should
be demanded, but sometimes it is out of service for
planned or unplanned maintenance. The event of a
train being unavailable will be called an outage here,
and the length of time when it is unavailableis called
an outagetime or out-of-servicetime. The unavail-
ability isthe probability that the system is unavailable
when demanded. More precisaly, the planned-
maintenance unavailability isthe probability that the
system is out of service for planned maintenance, and
theunplanned-maintenanceunavailability isdefined
similarly. In summary, outage times are random but
theunavailability isaparameter, an unknown constant,
denoted here by u. Subscripts "planned” and "un-
planned" can be attached to u for clarity if needed.
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As mentioned in Section 2.5.2, we assume the follow-
ing kind of data.

o Only summary data are available, such asthe
total outage time for each calendar quarter.
Such data could be obtained from industry
data bases such as EPIX (INPO 1998).

Thissectionismuch less detailed and prescriptivethan
the other sections of this chapter, because dataanalysis
methodsarelessfully developed for unavailability than
for other parameters.

Unavailability data typically are proprietary. There-
fore, the methods of thissectionwill beillustrated with
the hypothetical data provided in Example 6.12.

Data from many train-months may be reported, (28 in
the example, not counting the one month when plant Y
was shut down and its trains were not required to be
available). The task now is to estimate Uy, by @
point estimate, and to quantify the uncertainty in the
estimate by a confidenceinterval or a Bayesian distri-
bution.

Denote the exposure time at plant i, train j, and month
kby t;,. Denote the corresponding outagetimeby O,.
The upper-case |etter emphasizes that the outage time
israndom. The observed values are denoted by lower
case letters ;. The corresponding estimator of the

unavailability uistheratio Uijk = Oyt . Itisrandom.
After the data have been observed, the estimate of uis
4, =0/t . Thisgives one such estimate of u for
each train-month of data. The estimate from any one

train-month is not very good, because it is based on
only asmall data set.

The data may contain many zeros. Actual data might
contain more zeros than shown in this hypothetical
example. As a result of the many zeros and few
relatively large outage times, the data can be quite
skewed. To eliminate some of the zeros and make the
data less skewed, the data can be pooled in time
periods longer than one month. The sums for the
calendar quarter are given in the column on theright of
the table in Example 6.12. This assumes that the
parameter u does not change from month to month.
Denote the summed outage times and exposure times
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by o,, and t;,, and denote the corresponding estimate
by G;, =0, /t;, .

Example 6.12 Hypothetical outage times.

Five plants, named U, V, W, X, and Y, each have
a chemical and volume control (CVC) system with
two trains, named A and B. The first four plants
were operating for an entire calendar quarter, but
plant Y was operating only for about half the time.
Each train was supposed to be available
whenever the plant was operating (the exposure
time). Exposure times and planned outage times
are shown below
April May June || Total

Exposure time 719 744 720 2183

U-A outage time || O 2 0 2

U-B outage time || 0.6 0 0.6 1.2

V-A outage time || 10.1 1 0 11.1

V-B outage time || 9.8 1.3 0 111

W-A outage 135 0 5.5 19.0

time

W-B outage 8.9 0 0.3 9.2

time

X-A outage time || 0.4 2.1 0 25

X-B outage time 0 0 0 0.0

Exposure time 0 446 720 1166

Y-A outage time || O 0.4 5.8 6.2

Y-B outage time || O 0 2.2 2.2

The data can be aggregated further, by summing the
quarterly data over the two trains at each plant, and
finally by summing the plant data. Assumingthat uis
the same for both trains and for al plants, this gives
estimates (,, and Q,,, . Thecorresponding random

ot

quantities are denoted with upper case letters. Notice,
this approach pools the numerators and denominators
separately and then calculates the ratio. It does not
simply average the ratios.

The purpose of this aggregation isto produce multiple
observationsof an estimator that we denote generically
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as X. For example, we might decide to useU., or

1+
U,,. astheobservable X. To carry out the estimation,
X must have a distribution that can be anayzed.
Bayesian methods will want to use a simple distribu-
tion for X, such aslognormal or normal. Frequentist
methodswill be easiest if Xisnormal. These distribu-
tions do not permit observed values of zero. In addi-
tion, thenormal distribution does not produce strongly
skewed data. Wemust aggregate enough to obtain data
that have these desired characteristics

Table 6.16 gives some sample statistics for these
estimates, based on the data of Example 6.12. The
sample median is defined in Section 6.7.1.1.2. The
sample mean, standard deviation and skewness are
defined in Appendix B.2 The skewness is a measure
of asymmetry. Positive skewness corresponds to a
long tail on the right. Zero skewness corresponds to
a symmetrical distribution.

Table 6.16 Sample statistics for estimators of u.

ljijk ljij+ Um U+++
|n 28 10 5 1
[Mean  |3.21E-3 |3.20E-3 |3.20E-3 |3.26E-3
Median |6.95E-4 |3.05E-3 [3.60E-3 [3.26E-3
St. dev., |5.29-3 |2.81E-3 [2.61E-3 |—
S
S/n? 9.95E-4 |8.90E-4 |1.17E-3 |—
Skew- | 1.79 0.61 0.02 —
ness

6.6.1 Frequentist Estimation

The best estimate of u is the sum of the outage times
divided by the sum of the exposuretimes, Q,,, . This

ratio of the sumsis not quite the same asthe average of
the ratios, because the various cells are not based on
the same exposure times. For example, in Example
6.12 plant Y hasfewer exposure hours. Averagingthe
ratiosfor the plantstreatsthe datafrom plant Y with as
much weight as the data from the other plants. Sum-
ming the outage times and exposure timesfirst, before
taking the ratio, gives plant Y only the weight that it
should have.
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A method to obtain a confidence interval for u uses
facts about normally distributed random variables that
are presented in Section 6.7.1.2.1 in the context of
lognormal random variables, and summarized here.

Suppose that x,, ..., X, are a random sample from a
normal distributionwith unknown mean pand standard
deviation o. Themaximum likelihood estimateof pis
X , the sample mean. A 100(1 - )% confidence
interval for pis

X+ t_,(n-1s/n’?

wheret, _ ,(n - 1) isthe (1 - «/2) quantile of Stu-
dent’ st distribution with n - 1 degrees of freedom, and
sisthe usua estimate of the standard deviation of X,
givenin Appendix B. Do not misreadthe (n - 1) asa
multiplier; it isaparameter, the degrees of freedom, of
the Student’ st distribution. In Table C.3 each row of
the table corresponds to one value of the degrees of
freedom.

Therefore, a method is to aggregate data until the
corresponding estimates appear to be approximately
normally distributed, and then construct an overall
estimate and confidence interval based on those esti-
mates.

In Example 6.12, the Clijk values are not a random

sample from a normal distribution. They are too
skewed, as is seen by the fact that the mean
(3.21E-3) is very different from the median
(6.95E-4), and the skewness (1.79) is far from zero.

Pooling the three months for each train makes the
distribution much more nearly symmetrical: the mean
and median are within 10% of each other, and the
skewness is down to 0.61. When months and trains
are pooled, the distribution appears to be fully
symmetrical: the mean and median are within 10% of
each other, and the sample skewness is virtually
zero. This indicates that the values of x; = G,, may

i++

be treated as a random sample from a normal
distribution. A goodness-of-fit test could be per-
formed, as discussed in Section 6.7, but no depar-
ture from normality will be detectable with only five
observations.

Therefore, a 90% confidence interval for U ,eeq IS
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3.29E-3 + 2.132x1.17E-3
=3.29E-3 + 2.49E-3

because 2.132 is the 95th percentile of the Student’s
t distribution with 4 degrees of freedom. Thus, the
lower and upper confidence limits are

Ucont0.0s = 8.E-4
Ugonto.05 = D-8E-3..

This interval is approximate because the Q,, values

come from an approximately normal distribution.

Table 6.16 shows that the mean hardly changes as
various|levelsof aggregation areused. Similarly, s/n'?
hardly changes. They change somewhat because of
randomness of the data and the unbalancedness of the
data — the inequality of the exposure times. This
shows that data aggregation is not a magic trick to
improve the estimator or reduce the variance of the
estimator. The only purpose of the pooling is to
eliminate the skewness and permit the use of normal
methods.

If the data were more badly unbalanced, the data
aggregation could be modified to improve the balance.
For example, if plant Y had contributed only one
month of data, the two trains could have been aggre-
gatedimmediately, to have produced an estimate based
on two train-months of data. Thiswould be compara-
bletothethreetrain-months of dataused for estimating
the unavailability of asingle train in any other plant.

Real data may not allow aggregation across plants.
That is, the observed unavailability may differ greatly
from plant to plant, because of differences in plant-
maintenance procedures or in data-reporting policies.
In such a case, plant-specific data must be used
(assuming that the data reporting for the plant appears
reasonable). With several years of such data, one
might aggregate within calendar quarters or calendar
years or some other time period.

6.6.2 Bayesian Estimation

When X is normally distributed, the conjugate prior
distributionisgivenin Section 6.7.1.2.1 in the context
of the lognormal distribution. In particular, the non-
informativeprior resultsin X asthe posterior meanfor
u, and a100(1- @)% credibleinterval for uisgiven by

REVISION 0 Date: 11/27/02



X+t _.,(n-1)s/n"?.

The posterior distribution of u follows from the fact
that the expression
(U - %)/ (s/Vn)
has a Student’s t distribution with n-1 degrees of
freedom. The parameter u is capitalized here to em-

phasize that it is the quantity with the probability
distribution.

In Example 6.12, based on the noninformative prior,
the posterior 90% credible interval goes from 8.E-4
to 5.8E-3, as calculated above.

Although Section 6.7.1.2.1 gives the update formulas
when using aninformative conjugate prior, no example
of thisupdating isworked out here. The reasonisthat
justification of an informative prior istoo complicated
to carry out here. The update formulas are straight-
forward, after the hard work of deciding on a prior.

If Xismodeled ashaving alognormal distribution, then
the same methods can be followed. Work with In(X),
which is normally distributed, instead of with X. The
only complication isthat the unavailability uisnot one
of the prior parameters. Instead, u is the mean of X,
exp(1 + 6°/2). Therefore, let In(X) be normal(y, &).
When the joint posterior distribution of p and ¢* has
been found, randomly generate values from thisdistri-
bution. For each randomly generated pair (4, &),
calculate the value of u = exp(u + ¢%/2). Thissample
mimics the desired posterior distribution.

Nonconjugate priors can also be considered. Then the
posteriors cannot be found by simple algebraic updat-
ing. Instead, random sampling is the most promising
tool. For examples of such sampling in more compli-
cated settings, seethediscussions of Bayesian analysis
of trends in Section 7.2, and of hierarchical Bayes
modelsin Section 8.3.3.

6.6.3 Modd Validation

A crucial feature of the smple method proposed above
isaggregation of data, to reduce skewness. Animplicit
assumption when pooling data subsets is that the two
subsetscorrespond tothesamedistribution. Therefore,
one may try to check this assumption.
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The methods discussed in detail in Sec. 6.7.2.1 may be
used, although the data may not be of good enough
quality to show much. In particular, box plots may be
used to suggest whether subsets can be pooled. The
Kruskal-Wallistest, the nonparametric analogue of the
analysis-of-variance test for equal means of normally
distributed random variables, can be used to test
equality of the unavailability in the data subsets.

To construct box plots or to perform the Kruskal-
Wallis test, the data subsets must contain multiple
observations. In Example 6.12, the data for Plant i
could consist of up to six valuesof Gy, , or two values
of G;, ,ortwo or threevaluesof g,, . When so many
of the observations are tied at zero, the test probably
will not detect a statistically significant difference
between trains.

The methods are identical to those of Sec. 6.7.2.1,
where they are covered in full detail. Therefore, no
further discussion is given here.

6.7 Recovery Timesand Other
Random Duration Times

The previous anayses have al involved a single
parameter, A or por u. Theanaysisof duration times
is different because now a distribution must be esti-
mated, not just a single parameter.

A distribution can be estimated in many ways. If the
form of thedistributionisassumed, such asexponential
or lognormal, it is enough to estimate one or two
parameters; the parameter or parameters determine the
digtribution. If the form of the distribution is not
assumed, thedistribution can be estimated nonparamet-
rically, or characteristics of the distribution, such as
moments or percentiles, can be estimated.

To test whether data sets can be combined (pooled),
both parametric tests and nonparametric tests exist.
The parametricteststypically test whether themeansor
variances of two distributions are equal, when the
distributions have an assumed form. The most com-
mon nonparametric tests test equality of the distribu-
tions against the alternative that one distribution is
shifted sideways from the other.
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This section is long, because so many distribution
models can be assumed and because the model as-
sumptions can be violated in so many ways. A brief
outline of the section is as follows.

6.7.1 Characterization of asingle distribution
Estimation of moments, percentiles, c.d.f.s
Fitting of four parametric models (frequentist
and Bayesian parameter estimates)

6.7.2 Model validation (graphs and hypothesis tests)
Poolahility, trend
Goodnessof fit to assumed parametric model s
Consistency of datawith prior for Bayesian
parameter estimates

6.7.3 Nonparametric density estimation

Many of the methods will beillustrated using the data
of Example 6.13, taken from Atwood et al. (1998).

This example shows the times when power could
have been recovered, for plant-centered LOSP
events, that is, for events not caused by grid prob-
lems or by widespread severe weather. (Real life is
complicated: sometimes a plant does not restore
power as quickly as it could, and the event report
states when power was actually restored, and when
it could have been restored. The times given by
Atwood et al. 1998 as “recovery times” show when
power could have been restored, if that time was
reported and different from the actual recovery time.)
Discussions of this example will use the terms
recovery time and duration interchangeably.
Momentary events (duration less than two minutes)
and events with no reported duration have been
excluded. For common-cause events that affected
multiple units at a site, the average recovery time is
used.

The group P exists because some plants are permit-
ted to remain at power during certain LOSP events.

Throughout thissection, therandomvariableisdenoted
by T, because typically the random quantity is adura-
tion time, such as time to recovery of the system.
Examples were given in Section 2.6.1: time until
restoration of offsite power, duration of arepair time,
and others. Let F denotethe c.d.f. of T, F(t) = Pr(T <
t). Itisassumed that n times will be observed, T,, T,,
..., T,» Theassumptions of Section 2.6.2 are repeated
here.

e TheT, sareindependent,
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* EachT, hasthec.d.f. F(t).

Example 6.13 LOSP recovery times.
Atwood et al. (1998) report 115 times of recovery of
lost offsite power. The data are categorized into
three possible values for plant status: T, S, and P,
with meanings explained in the table below. The
durations in minutes and the dates (MM/DD/YY) are
shown.

P: Plant remained at power throughout LOSP event

(8 times)
6 03/01/80 113 01/18/96 385 04/11/94
45 07/25/85 147 06/03/80 1138 01/03/89
65 07/16/88 355 11/12/90

S: Plant was shut down before and during LOSP event

(62 times)
2 06/04/84 14 11/16/84 60 06/22/91
2 08/17/87 14 02/01/81 60 06/16/89
2 06/29/89 15 04/27/81 62 07/15/80
2 05/21/94 15 12/19/84 67 03/13/91
3 06/26/93 15 10/12/93 73 08/28/85
3 10/22/84 17 04/26/83 77 03/29/92
3.511/21/85 17 10/14/87 97 01/08/84
4 04/22/80 20 03/23/92 120 06/05/84
4 04/04/87 22 08/24/84 120 01/16/81
4 10/20/91 24 07/29/88 127 01/20/96
5 05/03/84 24 07/29/88 132 02/27/95
8 06/24/88 29 03/20/91 136 04/08/93
9 12/26/88 29 09/16/87 140 03/20/90
10 08/01/84 29 05/14/89 155 03/05/87
10 04/28/92 35 04/02/92 163 10/08/83
10 12/23/81 37 03/21/87 240 11/14/83
11 10/04/83 37 05/19/93 240 03/07/91
11 07/24/91 37 07/09/90 335 04/29/85
12 06/22/93 43 05/07/85 917 10/21/95
12 07/19/86 53 09/11/87 1675 11/18/94
14 02/26/90 59 10/16/87

T: Plant tripped because of LOSP event

(45 times)
2 02/28/84 20 08/21/84 90 02/12/84
4 11/21/85 20 07/16/84 90 03/29/89
4 1117/87 20 06/27/91 90 06/17/89
5 08/16/85 24 06/15/91 95 12/31/92
6 05/03/92 25 10/03/85 95 12/31/92
10 09/10/93 29 06/22/82 95 10/16/88
10 10/12/93 38 07/17/88 96 12/27/93
11 07/26/84 40 02/11/91 100 01/28/86
13 10/07/85 45 01/16/90 106 06/03/80
14 08/13/88 45 03/25/89 118 07/23/87
15 02/16/84 46 01/01/86 118 07/23/87
15 09/14/93 57 10/19/92 277 04/23/91
19 10/25/88 60 03/21/91 330 02/06/96
20 12/12/85 60 10/22/85 388 07/14/87
20 03/27/92 62_07/15/80 454 08/22/92

A data set satisfying these assumptions is called a
random sample from the distribution. Sometimesthe
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T, s are caled independent identically distributed
(i.i.d.). The term random sample also refers to the
observed values, t, t,, ... , t,. The data are used to
estimate propertiesof thedistribution. Thiscanalsobe
described as estimating properties of the population,
where the population is the infinite set of values that
could be randomly generated from the distribution.

6.7.1 Characterization of Distribution
6.7.1.1 Nonparametric Description

The tools in this subsection are called nonparametric
because they do not require any assumption about the
form of the distribution. For example, the distribution
isnot assumed to be lognormal, exponential, or of any
other particular form.

6.7.1.1.1 Moments

To estimate the population mean p or a population

variance ¢, two simple estimators are the sample

mean, defined as

_ 1

T=—)T
n ,Zl '

and the sample variance, defined as

sz=izn (T -T)
r]_1|:1 I

The sample mean and sample variance are knownto be
unbiased for the population mean and variance,
respectively. Inother words, E(T) = pand E(S?) = o>
These statements are true regardless of the distribution
F, requiring only the assumptions of arandom sample.
The sample standard deviation, S isthe square root
of the sample variance.

These are all-purpose estimators, but they are not the
only possible estimators. For example, the variance of
an exponential distribution is the square of the mean.
Therefore, a good estimator of the variance would be
the square of the estimator of themean. This estimator
relies heavily on the assumption of exponentidity,
whereas the above estimators make no such assump-
tions. General principlesof estimation arediscussedin
Appendix B.4.1.
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6.7.1.1.2 Percentiles

To estimate percentiles of a distribution, it is useful to
put the datain ascending order from the smallest to the
largest observation. The recovery times in Exam-
ple 6.13 have been arranged this way. The variables
obtained by ordering the random sample are called the
order statistics, and are denoted by T ;) < T < - <
T Theobserved valuesarewrittent ;) <t < - < t.
Some important estimates based on the order statistics
are the sample median, other sample percentiles, and
the samplerange. Thegeneral definition of the 100qth
sample percentile, where 0 < q < 1, isanumber t such
that the fraction of observationsthat are < tis at least
g and the fraction of observationsthat are > tisat least

1-q.

For example, the sample median is defined to be t
such that at least half (because g = 0.5) of the observa-
tionsare < t and at least half (because 1 - g =0.5) are
> t. Thisboilsdown to the following. If nisodd, the
sample median isthe "middle" order statistic, t,, with
m=(n+ 1)/2. If niseven, with m=n/2, thereisno
unique "middle" order statistic. Any number between
the two middle order statistics, t, < t < t,), could be
used, although nearly everyone usesthe average of the
two middle order statistics (t, + t.,)/2 as "the"
sample median.

Theother samplepercentilesaredefined similarly, with
some averaging of two order statistics if necessary.
Note that the sample 90th percentileist, if n< 10, the
sample 95th percentileist,, if n < 20, and so forth.

Order statistics that are sometimes used are: thelower
and upper quartile, defined as the 25th and 75th
percentiles; percentiles that include most of the distri-
bution, such as the 5th and 95th percentiles; and the
extremes, t, and t,. Theinterquartilerangeisthe
upper quartile minus the lower quartile. The sample
rangeisthedifference betweenthelargest and smallest
ordered observations, t, - t,,. Be careful withinter-
pretation. Asdatacontinueto be collected, the sample
interquartile range stabilizes at the interquartile range
of the distribution, but the sample range does not
stabilize at al — it just grows every time anew t is
observed that is outside the former observations.
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The sample median has the advantage of not being
strongly influenced by extreme observations. The
sample mean, on the other hand, can be strongly
influenced by even one extreme data value. The
sample variance is even more sensitive to extreme
values, because it is based on squared terms. There-
fore, the sample standard deviation, defined as the
square root of the sample variance, is also sensitive to
extreme terms. Other measures of dispersion, such as
the interquartile range, are much less sensitive to
extreme values. In general, sample percentiles are
much less sensitive to extreme observations than are
sample moments.

The recovery times of Example 6.13 have sample
moments and percentiles given in Table 6.17.

Table 6.17 Statistics based on the recovery
times (minutes) of Example 6.13.
P S T
n 8 62 45
Stand. deviation 373.2 | 2414 99.9
95th %ile 1138 240 330
75th %ile 370 73 95
(upper quartile)
Mean 281.75 92.3 73.4
50th %ile 130 24 40
(median)
25th %ile 55 10 15
(lower quartile)
5th %ile 6 2 4

For the P group, the sample median is taken as the
average of the two middle numbers. Even though
the S group has an even number of observations, its
sample median is unique, because t;; and t,, happen
to be equal! The T group has an odd number of
observations, so its sample median is unique, t,.

The S group has one very extreme value, which
influences the moments. The sample mean for this
group is larger than the upper quartile — someone
who considers the mean to be “the” average could
say that more than 75% of the observed times are
below average. This happens with skewed distribu-
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tions. This is one reason why many people prefer
percentiles to moments for describing a skewed
distribution.

There are situations in which some of thetimes are not
observed. Sec. 6.5 dealt with such a situation, when
the times of interest were times of EDG failureto run,
and not all these times were reported. In the present
section, nearly all the times are assumed to be ob-
served, with no systematic bias in which times fail to
be observable.

6.7.1.1.3 TheEmpirical Distribution Function

An estimate of F(t) called the empirical distribution
function (EDF) isdefined asfollows: For an arbitrary
valueof t > 0, define

F(t) = (Number of observations < t) / n.

The EDF isastep function. Itincreasesby 1/n at each
observed time if al observations are distinct. More

generally, if there are mtimes equal tot, F(t) hasa
positive jump of n/n at t.

In some settings the function
1- F(t) =Pr(T>1)

isof interest. If T isthe time until failure, 1 - F(t) is
caled the reliability function, R(t), in engineering
contexts, and the survival function, St), in medical
contexts. A suitable word remains to be coined when
T is the time until recovery or repair. The empirical
reliability function, or the empirical survival function,
is defined as 1 minus the EDF. Anything that can be
donewith F can betranslated intermsof 1 - F, so this
discussion will only consider F.

Withalittle mental exercise, the EDF can be expressed
infamiliar terms. For any particular t, let p denote F(t)
=Pr(T < t). Inthe data, define a"demand" to be the
generation of an observed time, and define the ith
observationt; to bea"failure" if t; < t. By the assump-
tionsfor arandom sample, any observation has proba-
bility p of being afailure, and the outcomes (failures or
successes) are statistically independent of each other.

By its definition, F(t) is the number of failures
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divided by the number of demands, which is p,

familiar from Section 6.3.1. Therefore, F(t) is an
unbiased estimator of F(t) at any t. Itiscloseto F(t)
when the number of observations is large, and a
confidence interval for F(t) can be constructed, the
familiar confidence interval for p.

Figure 6.37 shows the EDF based on the data in
Example 6.13 for group T.
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Figure 6.37 Empirical distribution function (EDF) for
the data from group T in Example 6.13.

6.7.1.1.4 Histogram Estimate of the Density

The eye smoothsthe EDF, compensating for itsjagged
form. To accomplish the same sort of smoothing for a
density estimate, group the observed timesinto bins of
equal width, count the number of observationsin each
bin, and plot the histogram, aform of bar chart with the
height of each bin equal to the number of observations
in the bin. Some software packages can rescale the
height so that the total area equals 1, making a true
density estimate. If the vertical axis shows counts, the
histogramis proportional to an estimate of the density.
Books and Ph. D. theses have been written on density
estimation, and some modern density estimators are
quite sophisticated. A few sucharegivenin Sec. 6.7.3.
Nevertheless, thelowly histogramisoften adequatefor
PRA purposes.

Figures 6.38 and 6.39 show two histograms for the
data from the above EDF, using two different bin
widths. The analyst must decide what bin width
gives the most reasonable results, based on belief
about how smooth or ragged the true density might
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be. Most people would judge Figure 6.39 to be too
rough, and would therefore choose wider bins.
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Figure 6.38 Histogram of the data from group T in
Table 6.16, with bin width 50.
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Figure 6.39 Histogram of same data, with bin
width 10.
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6.7.1.2 Fitting a Parametric Distribution

Sometimesit isdesirable to fit some assumed distribu-
tional formtodata. Thissubsection givesestimatorsif
the assumed distribution is lognormal, exponential,
gamma, or Weibull. Bayesian and non-Bayesian
estimates are given, with much of the latter taken from
an INEEL report by Engelhardt (1996).

6.7.1.2.1 Lognormal Distribution

This model assumes that T has a lognormal distribu-
tion, or equivalently, that InT has a normal(y, o)
distribution. DefineY =InT.

Frequentist Estimates. The usua estimates of pand
¢ are the maximum likelihood estimates:
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y=42iY

and

2 _ 1 S 2
S =91 i(Yi - y)

These estimates have the same form as those given in
Section 6.7.1.1.1 for the mean and variance of T, but
these are for InT. Calculate the estimates of these
parametersto determinethe estimated normal distribu-
tion of InT, which determines the estimated lognormal
distribution of T.

The material below is presented in many statistics
books, based on the fact that InT hasanormal distribu-

tion. Thedistributionof (n- 1)S’ / o ischi-squared

with n - 1 degrees of freedom. It follows that atwo-
sided 100(1 - @)% confidence interval for ¢# is

((n-D2/ x2,(n-D,(N- D2/ x2,(n-1).

Here qu(n_ 1) is the g quantile, that is, the 100q

percentile, of the chi-squared distribution with n-1
degrees of freedom.

The distribution of Y is normal(y, &/n). If & is
known, it follows that a 100(1- a)% confidence inter-

val for pis y*z_,,0/+/n, where z, , is the

100(1- &/2) percentile of the standard normal distribu-
tion. For example, z, o, gives a two-sided 90% confi-
dence interval.

In the more common case that both p and ¢ are un-
known, use the fact that

Y- )1 (S, 1n)

has a Student’s t distribution with n-1 degrees of
freedom. It follows that a 100(1- a)% confidence
interval for pis

yt tl—a/z(n_ 1)SY /\/ﬁ )
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where t,_,,(N-1 is the 1-@/2 quantile of the

Student’ s t distribution with n-1 degrees of freedom.
For example, t,4(n-1) gives a two-sided 90% confi-
denceinterval.

Bayesian Estimation. Bayesian estimates are given
here.

Conjugate Priors. The conjugate priors and
update formulas are presented by Lee (1996, Sec.
2.13). They depend on four prior parameters, denoted
here as d,, % n, and . The notation here tries to
follow the notation used elsewhere in this handbook.
ItisnotthesameasLee's. Quantitieswith subscripts,
such as g, or d,, are numbers. Quantities without
subscripts, ¢ and , have uncertainty distributions.

It is useful to think of having d, degrees of freedom,
corresponding to d, + 1 prior observations for estimat-
ing the variance, and a prior estimate g,>. More pre-
cisely, let the prior distribution for ¢%/(d,0,?) be in-
verted chi-squared with d, degrees of freedom. That is,
d,0,7/ & has a chi-squared distribution with d, degrees
of freedom. Thereforeit hasmean d,,, and thereforethe
prior mean of 1/ is 1/g,?. (See Appendix A.7.7 for
moreinformation on theinverted chi-sgquared distribu-
tion.)

An dternative notation for the above paragraph would
definethe precision r=1/¢?, andthe prior precision z,
= 1/g,2. Then the prior distribution of d, 7, is chi-
sgquared with d, degreesof freedom. Althoughweshall
not use this parameterization, it has adherents. In
particular, BUGS (1995) uses 7 instead of ¢ as the
second parameter of the normal distribution; see
Spiegelhalter et al. (1995).

Conditional on ¢, let the prior distribution for p be
normal with mean i, and variance ¢?/n,. Thissaysthat
the prior knowledge of [ is equivalent to n, observa-
tionswith variance ¢°. Itisnot necessary for n, to have
any relation to d,,.

The Bayes update formulas are
d,=d,+n

n=n,+n
/'11 = (nO/JO + ny) / nl
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N+ N

o, = oag +(n_1)S$ t

N
DE_I:I

0
(,uo - )7)2%/ dl

Herethesubscript 1identifiesthe posterior parameters.
The posterior distributions are given asfollows. First,
&°1(d,0,%) hasan inverted chi-squared distribution with
d, degrees of freedom. That is, the posterior mean of
1/ is Uo? and a two-sided 100(1-c) credible
interval for &* is

(0,02 1 X20,5(0), 0407 1 X2, ().

Conditional on ¢, the posterior distribution of i is
normal (W, ¢°/n,). Therefore, conditional on ¢, atwo-
sided 100(1- @)% credibleinterval for pis

ot Zl—alzo'/\/nT-

The marginal posterior distribution of |, that is, the
distribution that is not conditional on ¢?, is asfollows.
The expression

(u- )1 (0,1 n;)

has a Student’s t distribution with d, degrees of free-
dom. It follows that a 100(1 - #)% credible interval
for pwis

mrt_,,(d)o,/ \/rTl .

Noninformative Prior. The joint noninfor-
mative prior for (1, &) is proportiona to 1/¢”. Lee
(1997, Sec. 2.13) presents this prior, as do Box and
Tiao (1973, Sec. 2.4). Lee points out that when d, =
-1,n,=0, and g, = 0, the conjugate prior distribution
reduces to the noninformative prior, and the credible
intervals then agree numerically with the confidence
intervals given above.

Possible Further Analyses. Some data
analyses require only the posterior distribution of one
or both parameters. In that case, use the above poste-
rior distributions, with either an informative or
noninformative prior. Other analyses require more,
such as simulation of a set of lognormal times X or a
credibleinterval for themean of X. If so, simulation of
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the quantity of interest is a useful technique. Begin
each case of the simulation by generating avalue of ¢
from its posterior distribution. Then generate avalue
of p from its distribution conditional on ¢®>. Then do
whatever is required next to obtain the quantity of
interest: generate arandom value of X from thelognor-
mal (4, o) distribution, or calculate E(X) = exp(u+0%2),
or calculatewhatever elseisneeded. Savethe quantity
of interest produced inthisway. Repeat thisprocessas
many times as needed to obtain a sample that accu-
rately represents the distribution of interest.

Model Validation. Model vaidation is discussed in
general in Section 6.7.2. Many of the methods given
thereare applicableto any assumed distribution. Some
methods, however, have been developed just for the
normal and lognormal distributions. They are con-
tained in Sections 6.7.2.1.2, 6.7.2.2.2, and 6.7.2.3.2.

6.7.1.2.2 Exponential Distribution

The exponentia distribution is presented in Appendix
A.7.4, with two possible parameterizations. The first
uses A = 1/E(T), and thesecond usespu=1/A=E(T). In
data analysis, sometimes one parameter seems more
natural and convenient and sometimes the other does.
In thetwo parameterizations, thelikelihood functionis

Aexp(- AZt)
or
H"exp(- Zt/h) .

Frequentist Estimation. It can be shown that the
MLE of p is the sample mean, t . Therefore, to
estimate the distribution, estimate p by t. This
determinesthe estimated exponentia distribution. The

corresponding estimate of 4 = 1/pis 1/t .

For a (1 - &) confidence interval, or equivaently a
100(1 - @)% confidenceinterval, the lower limit for 4
is

_ Xap(2n)
conf, /2 ZZtI

and the upper limit is
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/Z — Xlz—a/2 (Zn)
conf,1- a/2 — 25t

(SeeMartz and Waller 1991.) Confidence limitsfor u
= 1/4 are obtained by inverting the confidence limits
for 4. For example, the lower confidence limit for
equals 1 divided by the upper confidence limit for A.

Bayesian Estimation. Now consider Bayesian estima-
tion.

ConjugatePrior. Thegammadistributionis
aconjugate prior for A. Thatis, lett, ..., t, beinde-
pendent observations from an exponential () distribu-
tion. Let the prior distribution of 4 be gamma(a,, 4,).
This uses the same parameterization as when A is a
Poisson parameter, so that £, has units of time and the
prior mean of 4 is &/, A direct calculation shows
that the posterior distribution of 4 isaso gamma, with
posterior parameters

@ =a,+n

B=6+EY.

The subscript 1 identifies the posterior parameters.
Theprior parametershaveasimpleintuitiveinterpreta-
tion - the prior information is"asif" &, duration times
had been observed with total value 4,

The percentiles of the posterior distribution are given
by
- X5 (2a,)

p - 2 181

Therefore, for example, a two-sided 90% credible
interval has end points

A _ X 02.05 (20’ 1)
0.05 — 2[[31

and

h - Xoss(20,)
095 ~ 2’[2‘[

There are two possible ways to perform the corre-
sponding analysis in terms of . (a) One way is to
perform the above analysis in terms of A4, and then
tranglate the answer into answers for 4 = 1/4. Be
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careful when doing this. The percentiles trandate
directly, with the pth percentile y, = 1/4,. The mo-
mentsdo not tranglate directly, however. For example,
the mean of pisnot 1 divided by the mean of 4. (b)
The other way is to let u have an inverted gamma
distribution. Thisdistribution is defined in Appendix
A.7.7.

Either analysis gives exactly the same results. The
second approach isjust adisguised version of the first
approach, using a different distribution to avoid intro-
duction of the symbol A.

Noninformative Prior. The Jeffreys nonin-
formative prior for A can be expressed as a gamma(0,
0) distribution. Thisisanimproper distribution, thatis,
it does not integrateto 1, but it resultsin proper poste-
rior distributions as long as some data have been
observed. Note, thisprior isslightly different from the
Jeffreys prior when the data have a Poisson distribu-
tion. When the gamma(0, 0) prior is used with expo-
nential data, the posterior parameters reduce to

oy = N
Bos =21 .

Thenthe Bayesposterior credibleintervalsare numeri-
cally equal to the confidence intervals. If the purpose
of a"noninformative" prior isto produce intervalsthat
match confidence intervals, this purpose has been
perfectly accomplished.

Discussion. The above work has illustrated
some facts that are truein general. When the observa-
tions have a discrete distribution, such as Poisson or
binomial, the so-called noninformative priors do not
produce credible intervals that exactly match confi-
denceintervals. Thisisrelated to the fact that confi-
denceintervalsfrom discrete data do not have exactly
the desired confidence coefficient. Instead, they are
constructed to have at least the desired long-run
coverage probability. The situation is different when
the observations are continuously distributed, asinthe
present case with exponentially distributed times. In
this case, the confidence intervals have exactly the
desired long-run coverage probability, and posterior
credibleinterval sbased onthe noninformativeprior are
numerically equal to the confidence intervals.
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Nonconjugate priors can also be used, of course. The
procedureisvery similar to that in Section 6.2.2.6, but
now using the exponentia likelihood given above.
Thereforeit is not discussed here.

Model Validation. Model validation is discussed in
general in Section 6.7.2. Many of the methods given
thereare applicableto any assumed distribution. A few
methods, however, have been developed just for the
exponentia distribution. They are mentioned in
Sections 6.7.2.3.1 and 6.7.2.4.2.

6.7.1.2.3 Gamma Distribution
Thedistribution of T isgamma(e, 7) if the density is

f = —
® r (a)

a—le—t/r

Note, this is a different parameterization from the
previous section and from Equation 6.3. This parame-
terization is related to the earlier parameterization by
therelation = 1/4. Inthe present context, t and rboth
have units of time.

The MLEs of the parameters are given by Bain and
Engelhardt (1991, p. 298) or by Johnson et al. (1994,
Sec. 17.7). They are the solutions of the equations

r=t/a

In(a@)-y(a)=In{/t),

where y(u) = I'V(u)/T'(u) is the digamma function,
calculated by some software packages, and

t = exp[(l/ n)ZInti] ,

the geometric mean of the observed times. The second
equation must be solved by numerical iteration. Bain
and Engelhardt (1991, p. 298) give atable of approxi-
mate solutions, which may be interpolated.

The MLEs of the two parameters determine the esti-
mated gamma distribution.

Bayes estimation is more complicated than elsewhere

in Chapter 6 because the gamma distribution has two
parameters, and these two parametersmust haveajoint
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distribution. Martz and Waller (1991, Sec. 9.5.2) cite
Lwinand Singh (1974) for an analysisthat wasfeasible
inthe 1970s. A simpler approach today would use the
freely available package BUGS (1995), described in
Section 8.2.3.3.3. BUGS isdesigned for models with
many unknown parameters, and should make short
work of amodel with only two. Thejoint prior distri-
bution would not need to be conjugate.

6.7.1.2.4 Weibull Distribution

A three-parameter Weibull distribution is given in
Appendix A.7.5. A two-parameter form of the Weibull
distribution is given here, by setting the location
parameter 6to zero. Thedensity is

(1) =(8/a)t/aY  exp|~(t/a)] .

As with the gamma distribution, the maximum likeli-
hood equationsdo not have closed-form solutions. The
estimates must be found by iteratively solving

() 1 1
T—E—Fzmti

and
B
a= Elit{g%u :
n

Zacks (1992, Section 7.5) gives the following simple
method for solving the first equation. Begin with

~

5, = 1. Then repeatedly solve the equation

. Osthint) 1 0
B = " -—ZInt0
ozt nog

withn=0, 1, 2, ... Thevaueof ,@n converges quickly
tothe MLE f3. Then set

g = E%ztf%ﬂﬁ .
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For more information, see Zacks (1992) or Bain and
Engelhardt (1991).

Alternatively, asimpleapproximate graphical estimate
is based on the hazard function. Plots of the cumula-
tive hazard were discussed in Sec. 6.5.2. It can be
shown that the cumulative hazard function of the
Weibull distribution is

H(t) = (Ve)’ .

Therefore, estimate the cumulative hazard function as
explained in Section 6.5.2, by jumping at each ob-
served time, with the size of the jump equal to 1
divided by the number of times that have not yet been
equalled or exceeded. Thejump att, is 1/n, thejump
atty, isl/(n- 1), and soforth until thefinal jump at t,
is 1. Call thisestimate H(t). The equation for the
Weibull cumulative hazard function can berewrittenas

log H(t) = Aogt - Aoge, (6.20)

which is linear in logt. Therefore, plotiog[H (t)]

againgt logt, that is, plot H(t) against t on log-log
paper, and fit astraight line to the plot by eye. Pick a
point on the line and substitute those values of t and

H(t) into Equation 6.20. Thisisone equation that 5
and loga must satisfy. Pick asecond point on the line
and obtain a second equation in the ssme way. Solve
those two equations for $ and loge, thus obtaining
estimates of fand «. In the calculations, it does not
matter whether natural logarithmsor logarithmsto base
10 are used, as long as the same type is used every-
where.

This plot aso gives a diagnostic test of whether the
Weibull distribution is appropriate. The degree to
which the plotted data follow a straight line indicates
the degree to which the datafollow aWeibull distribu-
tion.

Just asin Sec. 6.7.1.2.3, where T has a two-parameter
gamma distribution, Bayes estimation is complicated
here by the multiple parameters. Martz and Waller
(1991, Sec. 9.1) cite a number of early papers using
various prior distributions. However the easiest
Bayesian approach nowadays would be to assign
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convenient diffuse priors to the parameters and use
BUGS (1995), described in Sec. 8.2.3.3.3.

6.7.2 Modd Validation

This section considers severa topics. First, the usual
investigations of the model assumptions are consid-
ered: whether subsets of the data all correspond to the
same distribution, whether the distribution changes
withtime, and whether thetimes are serially correlated
instead of statistically independent. In addition, the
distribution may have been modeled by some paramet-
ricform, so the goodness of fitisinvestigated. Finally,
if parameters have been estimated in a Bayesian way,
the consistency of the data with the prior must be
investigated.

The order described above follows the actual order of
analysis. First the analyst would check to see what
data subsets can be pooled and whether the usual
assumptions seem to be satisfied. Only then would it
beappropriatetotry tofit somestandard distribution to
the data.

6.7.2.1 Poolability of Data Sour ces

To illustrate the methods here, this subsection will
consider the three groups of data in Example 6.13,
corresponding to three conditions of the plant during
the LOSP event. Aselsewherein this chapter, graphi-
cal methods are considered first, and statistical tests
second.

6.7.2.1.1 Graphical Methods

A simplegraphical method of comparison isto overlay
the EDFs for the different data subsets on a single
graph. Then look to see if the EDF are intertwined,
indicating that the subsets may be pooled, or if they are
separated, shifted sidewaysfrom each other, indicating
that the data subsets may not be pooled. This method
is simple, but the graph can become very cluttered,
especially if a moderate or large number of subsets
must be compared. The same comment can be made
for comparing separate histograms of the data subsets.

A graph that has come into fashion is the box-and-

whisker plot, often simply called a box plot. The
lower and upper edges of the box are the lower and
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upper quartiles of the data. Thus, the box can be
thought of as containing half the data, with 1/4 of the
remaining data on each side. The median is marked
somehow. The"whiskers" aretwo lines coming out of
the box and going out to cover the range of most of the
data. A few outlying points are plotted individually.

Figure 6.40 shows a box plot of the group T data
from Example 6.14 generated using the STATISTICA
(1995) software. The median is marked by a small
square inthe box. The software documentation does
not seem to give precise definitions of “most of the
data,” or of the difference between an outlier and an
extreme point. Also, this release of the software
seems to have a small bug, in that the maximum
(excluding outliers) is labeled as 11, when it should
be 118.

500

400

300

<
E
[}
£ Non-Outlier Max = 11
Non-Outlier Min = 4
2 200
g [ 75% =95
o} 25% =17
X 100 I ,
o Median =425
o a o Outliers
T + Extremes

Figure 6.40 One form of a box plot. The box shows
the lower and upper quartiles, with the median
marked. The whiskers show most of the range, from
4 to 118, and individual outlying points are plotted.

Figure 6.41 shows the same box plot as drawn by a
different software package, SAS/INSIGHT (1995).
As before, the box shows the lower and upper quar-
tiles, and the median is marked, this time with a
stripe. The whiskers are restricted in length, going
out to the extreme value if possible, but never more
than 1.5 times the interquartile range. Any points
beyond that distance are shown as individual dots.
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Figure 6.41 A different style box plot of the same
data. The box shows the upper and lower quartiles,
with the median indicated by a stripe. The whiskers
show much of the range, with dots marking outliers.

Box plotswereinvented by Tukey (1977), and are still
being modified according to individual taste. Any
form of the plot that is produced by a convenient
software package is probably adequate.

The example here is typical, in that the data are
skewed, and the most obvious feature of the box plots
given here is the long distance from the box to the
largest value. Box plots are supposed to focus on the
bulk of the data, with only moderate attention given to
the extremes. Therefore, therearevisual advantagesto
transforming skewed data by taking logarithms.
Therefore, all the remaining box plots shown in this
section will uselog,,(recovery time) instead of theraw
times.

Figure 6.42 shows side-by-side box plots of the three
data subsets in Example 6.13. Incidentally, the box
plot of log(time) is different from the box plot of time
plotted on a logarithmic axis — the logarithms of
large times tend not to be considered as outliers.
This can be seen by comparing Figure 6.40 with the
group-T portion of Figure 6.42.
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Figure 6.42 Side-by-side box plots of the three
groups of data from Table 6.16, based on
log,,(recovery time).

Figure 6.42 shows that group P seems to have
somewhat longer recovery times than the other
groups. There seems to be little difference between
groups S and T. Tests will be given below to investi-
gate whether this visual impression is correct.

6.7.21.2 Statistical Tests

Tests Based on Normality. Warning: these tests are
only validif normality or lognormality can be assumed.
If each datasubset correspondsto alognormal distribu-
tion, work with Y =1og(T). Either natural logs or base-
10 logs can be used, becauselog,,(T) = In(T)/In(10), so
both are normally distributed if either is.

When Y hasanormal distribution, standard tests based
on normal theory can be used, as givenin many statis-
tic books. Thesetestsinvestigate whether |, the mean
of Y, isthe samein each data subset, under the assump-
tion that the variances arethe same. For added sophis-
tication, tests of equality of the variances can aso be
performed.

o To compare the means of two data subsets,
perform a Student’ st test.
o To simultaneously compare the means of

two or more data subsets, perform a one-
way analysis of variance test.

o To compare the variances of two data sub-
sets, perform an F test.
o To compare variances of two or more data

subsets, use some version of a likelihood
ratio test, such as Bartlett's test or a
Pearson-Hartley test, as discussed by Bain
and Engelhardt (1992, p. 426).
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These tests are not considered further here, because
they rely heavily onthe assumption of normality. This
is especialy true of the tests later in the list. Most
statistical software packageswill happily performthese
tests, no questionsasked. The analyst must ask wheth-
er the assumption of normality is well enough estab-
lished to justify the use of the tests.

Nonparametric Tests Based on Ranks. For general
use when normality or lognormality is not well estab-
lished, nonparametric tests are preferable. The books
by Conover (1999) and Hollander and Wolfe (1999)
are excellent summaries of standard tests. As before,
let Y =1og(T), but do not assume that Y has a normal
distribution or any other particular distribution. Tests
for location assume that various data subsets have
distributionsthat are shifted sidewaysfrom each other.
The shapes are the same, but the medians may be
different. This is the nonparametric analogue of
assuming that the distributions are normal with a
common variance but possibly different means. Tests
for dispersion assume that the shapes are the same, but
possibly with different location and scale parameters.
Thisisthenonparametric anal ogue of assuming normal
distributions with possibly different means and vari-
ances.

To test equality of two medians against a shift alterna-
tive, use the Wilcoxon-Mann-Whitney test. This test
was introduced in Sec. 6.3.3.2.2. In the present con-
text, let W denote the sum of the ranks of timesfor the
first data subset, when al the times are considered
together. The ranks are the same whether or not the
logarithmic transformation is performed.

For example, to compare group P to group S in
Example 6.13, arrange all 70 times from the two
groups in ascending order, and mark the times
corresponding to group P. The smallest time from
group P is 6 minutes. This has rank 12, because it
is preceded by 11 values in group S from 2 to 5
minutes. The other ranks are found similarly. Ties
are handled by assigning the average rank to all tied
values. The rest of the test was explained in Section
6.3.3.2. Itis not detailed here, because the test is
normally performed by a computer.

To test whether two or more data subsets can be
pooled, thetest of choiceisthe Kruskal-Wallistest. It
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testswhether the distribution of Tisthesamein all the
data subsets, against the alternative that the distribu-
tions have the same shape but different medians. The
test is based on a sum of ranks for each data subset.
Those who want details can look in Conover (1999) or
Hollander and Wolfe (1999); everyone else canjust let
the computer do the test.

When the Kruskal-Wallis test is applied to the data of
Example 6.13, it rejects equality of the distributions
with p-value 0.026. This is consistent with the
graphical comparison in Figure 6.42 — clear evi-
dence of a difference, though not extreme over-
whelming evidence. Based on these analysis,
Atwood et al. (1998) dropped group P from the
analysis of durations, and combined groups Sand T.
Group P consists of LOSP durations when the plant
remained at power throughout the event. The
authors comment on reasons why plant personnel
might be very deliberate in restoring offsite power
while the plant is still up and running.

To test for equality of dispersion of two data subsets,
the rank-like test of Moses is recommended. This
reguires splitting each data subset into two or more
parts, and so is not suitable for very small data sets.
See Hollander and Wolfe or documentation of a
statistical software package for details of applying this
test.

A well-known nonparametric test has not been devel-
oped for testing equality of dispersion of morethantwo
data subsets. Therefore, graphical comparisons, such
as side-by-side box plots, should be an important part
of the analysis.

Nonparametric Test Based on EDFs. A well-known
test for comparing two data subsetsis the two-sample
Kolmogorov-Smirnov test. It is based on comparing
the empirical distribution functions for the two data
sets. Thetest statisticis

D = max[|F(t) - G(t)]]
where F(t) and G(t) are the empirical distribution

functions from the two data sets. Many software
packages can perform thistest.
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6.7.2.2 No Time Trend

This section will be illustrated by an extension of
Example 6.13, taken directly from Atwood et
al. (1998).

Based on the above type of analysis of Example
6.13, the LOSP study (Atwood et al. 1998) pooled
the data from groups S and T, but excluded group P.
That report also combined common-cause pairs of
events at multiple units into single site-events (one
pair of shutdown events, two pairs of trip events, and
two pairs that involved a shutdown reactor and a
reactor that tripped). This gave a total of 102 site
events instead of the 107 in Example 6.13. They are
sorted by event date and listed as Example 6.14.
Times are in minutes, and dates are MM/DD/YY.

6.7.2.2.1  Graphical Methods

One natural way to examine the data for a trend is
through a scatter plot of the observed values against
calendar time. Often, asin Example 6.14, afew large
values are outliers. They will determine the scale of
the vertical axis. Compared to those large values most
of the other values are very small, hugging the hori-

zontal axis. Insuch acase, the observed values should
be transformed, typically by taking logs.

Figure 6.43, from the LOSP study (Atwood et al.
1998), shows a plot of log,,(recovery time), for the
data of Example 6.14. Does this plot show a trend in
time? Visually, any trend appears to be very slight.
The section below, which considers statistical tests,
will re-examine this example.
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Example 6.14 LOSP recovery times and
event dates.

4 04/22/ 80 3.5 11/21/85 40 02/11/91
106  06/03/80 4 11/21/85 240 03/07/91
62  07/15/ 80 20 12/12/85 67 03/13/91
120 01/16/81 46  01/01/86 29  03/20/91
14 02/01/81 100 01/28/86 60 03/21/91
15  04/27/81 12 07/19/86 277 04/ 23/91
10 12/23/81 155  03/05/87 24 06/15/91
29  06/22/82 37 03/21/87 60  06/22/91

17 04/ 26/ 83 4  04/04/87 20 06/27/91
11 10/ 04/ 83 388  07/14/87 11 07/ 24/91
163  10/08/83 118 07/ 23/87 4 10/ 20/91
240  11/14/83 2 08/17/87 77  01/29/92

97 01/08/84 53 09/11/87 20 03/23/92
90 02/12/ 84 29  09/16/87 20  03/27/92
15 02/ 16/ 84 17 10/ 14/ 87 35 04/02/92
2 02/28/84 59 10/ 16/ 87 10 04/28/92
5 05/03/84 4 11/17/87 6  05/03/92
2 06/04/84 8 06/24/88 454 08/ 22/92
120 06/05/ 84 38 07/17/88 57  10/19/92
20 07/16/84 24 07/29/ 88 95  12/31/92
11 07/ 26/ 84 14  08/13/88 136  04/08/93
10 08/01/84 95 10/ 16/ 88 37 05/19/93
20 08/21/84 19 10/ 25/ 88 12 06/22/93
22 08/24/ 84 9 12/ 26/88 3 06/26/93
3 10/ 22/ 84 45 03/ 25/ 89 10 09/10/93
14 11/16/84 90  03/29/89 15 09/ 14/93
15 12/19/ 84 29  05/14/89 12.5 10/ 12/ 93
335  04/29/85 60  06/16/89 96  12/27/93
43  05/07/ 85 90 06/17/89 2 05/21/94
5 08/16/85 2 06/29/89 |1675 11/18/94
73 08/28/85 45  01/16/90 132 02/ 27/ 95
25 10/ 03/ 85 14 02/ 26/90 917 10/ 21/ 95
13 10/ 07/ 85 140  03/20/90 127 01/ 20/ 96
60 10/ 22/ 85 37 07/09/90 330 02/ 06/96

A possibly more helpful plot is a cumulative plot of
recovery time against chronological sequence. The
vertical axis shows cumulative recovery time, that is,
cumulative duration of LOSP events. No logarithmic
transformation is made, because a sum of durationsis
easy tointerpret, but asum of log(duration) isharder to
interpret. Also, logarithmscan be negative, soacumu-
lative plot of logarithms would not necessarily be
monotone.

~cUoraQor

o
I T T T T T T
1/1/80 1/1/84 1/1/88 1/1/92 1/1/96
Date

Figure 6.43 Log,,(recovery time) plotted against
event date, for data from groups S and T in Example
6.14.
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What should the horizontal axis show? If it shows
event date, the slope of the curve represents average
LOSP duration per calendar time. If, instead, the
horizontal axis shows event sequence number, that is,
the cumulative number of events, then the slope repre-
sents average LOSP duration per event. The latter is
more meaningful in a study of durations.

Finally, a diagonal line, connecting the origin to the
final point, provides areference guide, so that the eye
can better judge the straightness of the plot.

Figure 6.44 shows the cumulative duration plot for
the data of Example 6.14.
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1000 g
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Oﬂ\\\\\\\\\\\\ L
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Cumulative number of events ccog 0292 24
Figure 6.44 Cumulative duration of LOSP events
versus cumulative number of events.

Cumulative duration (min.)
\

The cumulative plot clearly departs from the diagonal
straight line, because of two large duration times
near the right of the plot. The LOSP report mentions
that one of those two times is conservatively large.
The LER narrative states that recovery could have
been performed earlier, but it does not give an
estimated possible recovery time. The LOSP report
used times when recovery would have been possi-
ble, when such times were available, but for this
event the report was forced to use the actual recov-
ery time.

In Figure 6.44, a second dashed line connects the
origin (0, 0) to the 97th point, just before the first of
the two large jumps. The cumulative plot stays close
to this line until the large recovery times occur.
Thus, any “trend” is the result, not of a gradual
increase in recovery time, but of a couple of outlying
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values, one of which is conservatively large. Figures
6.43 and 6.44 both reveal the two large recovery
times. In this example, however, the cumulative plot
seems more informative than the scatter plot, be-
cause the log-transformation in Figure 6.43 makes
the large times appear less dramatic.

6.7.2.2.2 Statistical Tests

Test Based on Normality. Data from a scatter plot
may be fitted with a straight line by least sgquares.
Most software packagesthen test of the hypothesisthat
the slopeiszero, assuming normally distributed scatter
around the line.

The cited LOSP report fitted a straight line to the
data in Figure 6.43 by least squares. The trend was
reported as statistically significant at the 0.03 level.

This conclusion of a statistically significant trend
seems surprising, based on the minimal apparent
trend in the figure. The report authors did not have
the insights given by the cumulative plot, but they
critiqued the calculation in several ways.

. The calculation assumes that log(T) is
normally distributed around the trend line.
The lognormal distribution (without model-
ing a trend) was found to fit the data well,
and the scatter plot appears consistent
with normality. Therefore, the calculated
p-value of 0.03 is apparently close to
correct.

. The evidence for trend was very sensitive
to the two values in the upper right of the
figure. Dropping either value raised the p-
value to 0.08. Further, one of those val-
ues was known to be conservatively high,
as discussed above. This means that the
trend may in part be an artifact of the data
coding.

. The magnitude of the trend is small. A
linear trend in the mean of log(T) corre-
sponds to an exponential trend in the
median of T. The magnitude of this trend
is a factor of 3.6 over the 17 years of the
study. This is fairly small from an engi-
neering viewpoint.

. No solid engineering reasons were found
to explain the trend.

Section 6.2.3.1.2 of this handbook discusses how test
results should be interpreted. It states that calculation
of ap-valueisonly part of the analysis, which should
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be followed by some critical thinking. The above
bulleted list of considerations illustrates that kind of
thinking. Use of acumulative plot would have helped
the report authors even more, revealing that a smooth
trend of any kind isinappropriate. The authors of the
L OSP study chose not to model atrend, but recognized
that additional data might change this decision.

Nonparametric Test. A test for trend that does not
assume normality is easy to construct. Such atest is
necessary if normality cannot beassumed. If normality
can beassumed, the nonparametric test islesspowerful
for detecting atrend, becauseitignoresavailableinfor-
mation, that the data are normally distributed.

The test is the Wilcoxon-Mann-Whitney test, first
introduced in Section 6.3.3.2.2. To apply it here,
arrange the times sequentialy, in order of their event
dates. Count an event as A if it is above the median
and as B if it is below the median. Discard any values
that equal the median. Now carry out the Wilcoxon-
Mann-Whitney test based on the ranks of the Asin the
sequence of all the events. Because this test is based
only on comparisons to the median, it is the same
whether or not logarithmic transformations are used.

When this was done with the datafrom Example 6.14,
the median duration was 29. The first duration in
Example 6.14 was a B, the next three were A, and so
forth. In all, there were 48 Asand 50 Bs. The As had
higher average rank than the Bs, suggesting an upward
trend, but the p-value was 0.09, not quite statistically
significant. The nonparametric test is not as sensitive
as the parametric test for detecting the small trend, in
part because it does not make as much use of the two
extreme values seen in Figure 6.44. If the normality
assumption were not satisfied, only the nonparametric
test would be valid.

6.7.2.3  Goodnessof Fit to Parametric Models
One way to model recovery times and other durations
is to model the distribution of the durations by some
parametric distribution, such as lognormal, Weibull,
etc. One must then check to see if the data fit this
proposed model well. This section gives graphical
methods and statistical tests for such investigations.
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6.7.2.3.1  Graphical Methods

Thebasic ideaisto compare nonparametric estimates,
which come directly from the data, with estimates
based on the fitted model under consideration. For
example:

e Compare the histogram to the density from the
fitted model.

e Compare the EDF to the c.df. of the fitted para-
metric model. Equivalently, compare the empiri-
cal reliability function (1 minus the EDF) to the
fitted reliability function.

e Compare the quantiles of the data to the quantiles
of the fitted distribution. This plot is caled a
quantile-quantile plot, or a Q-Q plot. Q-Q plots
have become very popular for ng goodness
of fit, although they take getting used to.

These three comparisons are illustrated below, using
the data of Example 6.14, and an assumed lognor-
mal distribution. First, the fitted distribution is found
by taking natural logarithms of the recovery times,
and estimating the mean and variance of their
distribution. The estimated mean is 3.389 and the
estimated standard deviation is 1.434. The In(time)
values are modeled as normally distributed with this
mean and variance. The raw times have the corre-
sponding lognormal distribution.

Figure 6.45 shows the histogram density with a fitted
lognormal density overlaid. Because this distribution
is concentrated at small values, the goodness of fit is
difficult to judge. Therefore the histogram of the
In(time) values are also plotted, with a normal density
overlaid, in Figure 6.46. Actually, the area under the
histogram equals the number of observations, and
the density has been rescaled to have the same
area.
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Figure 6.47, from the LOSP report, shows a plot of
the reliability function, 1 minus the EDF, with the
corresponding fitted function, 1 minus the lognormal
c.d.f. The plot in this form is useful for interpreting
the degree to which the fitted c.d.f. differs from the
empirical c.d.f., because the horizontal axis is in
units of time. A plot in terms of log(time) would not
hug the axes so closely. Therefore, discrepancies
between the curves would be more visible, but their
magnitudes would be harder to interpret in real-world
terms.

1.0
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0.61]
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Pr(recovery time > t)
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Figure 6.47 Empirical and theoretical reliability
functions, where the reliability function is defined as

1 minus the c.d.f.

©980398 1

Finally, Figure 6.48 gives a Q-Q plot. If only one plot
could be used, a Q-Q plot would be a strong con-
tender for that one. Users of probability paper will
recognize that a plot on probability paper is a form of
a Q-Q plot. In Figure 6.48, the software package
implemented the Q-Q plot by plotting the ordered
values of In(time) against the theoretical expected
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values of the corresponding order statistics. For
example, denote In(t) by y. In the implementation of
this particular software package, the ith ordered
value, y, is plotted against the expected value of Z,
assuming that 102 values of Z are randomly sampled
from a standard normal distribution.

.01 05.1 .25 .5 75 .9 .95 99

Observed In(recovery time)
, O P N W ~» 01 O N 0 ©

w
N

-1 0 1 2 3
Theoretical normal quantile

Figure 6.48 Quantile-quantile plot of In(recovery
time) and fitted normal distribution. The points fall
nearly on a straight line, indicating good fit.

The parameters, pLand g, can beignored in a Q-Q plot
based on the normal distribution, because a normal
random variable Y with mean pand standard deviation
oisrdlaedtoZby Y=+ oZ. Thisisalinear trans-
formation, and so does not change the linearity or
nonlinearity of theplot. Infact, itisnot even necessary
to obtain estimates of pand o. For other distributions,
the parameters may need to be estimated before the Q-
Q plot can be constructed.

The expected values of the order statistics cannot be
constructed without tables or a computer program.
Users of probability paper may construct a simpler
version, plotting y;, against the i/(n+1) quantile of a
standard normal distribution. Here n is the tota
number of observations, 102 in the present example.
This ssimpler version gave its name to the plot, a
quantile-quantile plot.

For the purpose of illustration, Figure 6.49 gives a Q-
Q plot of the same example data, assuming that the
raw recovery times have a normal distribution. Of
course the fit is horrible — no one expects the raw
times to have a normal distribution. This lack of fit is
shown by strong curvature in the plot. The two
largest times show the lack of fit most emphatically,
but even without them the plot appears to show a
curvature that indicates non-normality.
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Figure 6.49 Quantile-quantile plot of raw recovery
times against fitted normal distribution. The strong
curvature indicates bad fit.

The particular form of the distribution can sometimes
alow special tricks. Let usleavethe present example,
and consider investigating whether datat,, ..., t, come
from an exponential distribution. Example 6.6, which
was deferred from Section 6.2.3.4, will be used to
illustrate the method.

The idea of the Q-Q plot is that, when the data come
from the assumed distribution, then

ti = Fi/(n+1)],

where F! is the inverse of the assumed c.d.f. It fol-
lows that

F(t;) = i/(n+1).

A plot of thesetermsiscalled apr obability-probabil-
ity plot or P-P plot. We are considering the exponen-
tial distribution, so F(t) = 1 - e™, for some unknown
A. Therefore, when the datacome from an exponential
distribution, the above approximate equality becomes
1 - exp(-Aty) = i/(n+1),

and therefore

At = In[1 - il(n+1)], or

t, = ~In[1 - i/(n+1)]/A.
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Thus, a plot of the ordered times against -In[1 -
i/(n+1)] should be approximately linear. The reason
for the above mathematical gyrationsisto obtain aplot
thatislinear, regardless of thevalueof 4. Thelinearity
or nonlinearity of the plot does not depend on whether
A has been estimated well. Nonlinearity is evidence
against the assumed exponential distribution.

Example 6.6 contains times between LOSP events,
which should be exponentially distributed. A plot of
the ordered times against -In[1 - i/(n+1)] is shown in
Figure 6.50. Because the plot does not show much

35

3.0

25 °

20

il(n+1)]
[e]

-In[1 -

05 Ogog
0.0 &9
0 50 100 150 200 250 300 350 400
Lo
Figure 6.50 Plot for checking exponential

distribution in Example 6.6.

curvature, it indicates good fit to the exponential
distribution.

6.7.23.2 Statistical Tests

The tests in this section are called goodness-of-fit
tests, becausethey areintended to test whether the data
fit the assumed model well. The null hypothesisisthat
the datacome from a distribution of the assumed form,
for example from a lognormal distribution. The null
hypothesisdoesnot specify the parameters. Therefore,
the null hypothesis includes a family of distributions.
The alternative hypothesis is that the data come from
some other distribution.

As always, remember that "acceptance" of the null
hypothesis does not mean evidence that the null hy-
pothesisistrue. It merely meanslack of evidence that
thenull hypothesisisfalse. For example, the datamay
be consistent with a lognormal distribution, and also
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consistent with a gamma distribution and a Weibull
distribution. In such a case, the analyst should not
make assertions that are highly dependent on the form
of the distribution. For example, a sample of 10
observations may be consistent with many possible
distributions. An estimate of the 99.9th percentile of
thedistribution would bealarge extrapolation fromthe
actual data, highly dependent on the assumed form of
thedistribution. A confidence interval on this percen-
tile would be even worse, because it would give an
appearance of quantified precision, when in reality the
distribution could have practically any form out in the
tail.

Chi-Squared Test. The chi-squared test, seen in
Sections 6.2 and 6.3, is also an all-purpose goodness-
of-fittest. Toapply itinthe present context, estimate
any unknown parameters of the hypothesized distribu-
tion of T. Based on these parameter estimates, divide
thetimeaxisinto c binsof equal probability. Theletter
c standsfor cell, another term for abin in this context.
Based on the recommendations of Moore (1986),
choose the number of binsso that n/cisat least 1, and
preferably at least 2. Let x; be the observed number of
valuesof T intheith bin. Because the bins have equal
probability, the expected number of values of T that
will fall in any bin is n/c, the number of observations
divided by the number of bins. The Pearson chi-
squared statistic is

X =L - &)

where each g equals n/c and each x is an observed
count.

If the null hypothesis is true, the distribution of X? is
approximately chi-squared. Thecommonly quotedrule
isthat the degrees of freedomisc- 1 - p, wherepis
the number of estimated parameters. For example,
suppose the null hypothesisisthat the distribution of T
is lognormal, or equivalently, that In(T) is normal.
Then two parameters must be estimated, 4 and o.
Thus, the commonly quoted rule for the degrees of
freedomisc - 3. Infact, researchers have found that
thisisnot quite correct, for subtle reasons described by
Moore (1986, Section 3.2.2.1). The correct degrees of
freedom are somewhere between c-1- pand c- 1.
Theexact value depends ontheform of thedistribution
in the null hypothesis.
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Let us apply this to the data from Example 6.14, and
use Y =In(T) for convenience. Let H, be the hypoth-
esis that Y is normally distributed. As mentioned
above, the estimates of p and ¢ are 3.389 and
1.434. With 102 observations, it is convenient to
take 50 bins, so that each expected count is 102/50
= 2.04. The bin boundaries are the 0.02, 0.04, ...,
0.98 quantiles of the distribution. These are esti-
mated as

Y = 3.389 + 1434z,

where q is 0.02, 0.04, etc., and z, is a quantile
interpolated from a table of the standard normal
distribution. For example, z,,, = -2.054.

When this is carried out, using a computer to perform
the calculations, the value of X? is 63.69. The
distribution under H, is chi-squared with degrees of
freedom between 47 and 49. Therefore, the p-value
is between 0.053 and 0.077. The test almost rejects
normality of In(T) at the 0.05 level, in spite of the
graphical evidence to the contrary!

Upon examination, the testis seen to be too powerful
for its own good. It notices that the values tend to
cluster, five occurrences of 2 minutes, six values of
20 minutes but no values of 21 minutes, etc. With 50
cells, each observed time is commonly the sole
occupant of a cell. The test notices that the numbers
have been rounded to convenient times, such as 20
minutes, and uses this as evidence against normal-
ity. In fact, such clustering is a departure from
normality, and from any other continuous distribution.
But it is not the kind of departure that is of interest to
most analysts.

A coarser binning, into fewer cells, would not be
distracted by fine clustering, and would search for
more global departures from the null hypothesis.

We conclude this discussion of the chi-squared test by
considering the exponential examplethat was deferred
from Section 6.2.3.4.

Example 6.6 consists of 25 times. The null hypothe-
sis is that the data come from an exponential distri-
bution. The unknown A is estimated as the number
of events divided by the total observation period,
25/(2192 days) = 0.0114 events per day. This MLE
is justified based on the Poisson count of events, as
in Section 6.2.1.1. To obtain a moderate expected
count in each bin, let us use ten bins. They have
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equal estimated probabilities, 0.10 each, if they run
from

0 days to [-In(0.9)]/0.0114 = 9.24 days
9.24 days to [-In(0.8)]/0.0114 = 19.57 days

5.01.89 days to infinity.

These calculations are all based on the exponential
c.d.f., F(t) =1 - exp(-At). Setting F(t) to 0.1, 0.2, and
so forth gives the bin boundaries.

There are four observed times in the first bin, two in
the second, and so forth. The expected count in
each bin is 25/10 = 2.5. The calculated value of X*?
is 9.00. This must be compared with the percentiles
of the chi-squared distribution. There are ¢ = 10
bins, and p = 1 estimated parameter. Therefore, the
degrees of freedom are between 10 - 1 =9 and 10
- 2 =8. The value 9.00 is in the middle of both of
these distributions, the 56th percentile of one and the
66th percentile of the other. Therefore, the chi-
squared test finds no evidence against the exponen-
tial distribution. This agrees with the earlier graphical
analysis.

Shapiro-Wilk Test for Normality. Many software
packages offer the Shapiro-Wilk test for normality. It
is based on seeing how closely the order statistics
follow theoretical norma values, as displayed for
examplein Figure 6.48. For testing the normal distri-
bution, the Shapiro-Wilk test isone of the most power-
ful tests against awide variety of aternatives. Details
are not given here, because al the calculations are
carried out by the compulter.

With the logarithms of the data of Example 6.14, the
Shapiro-Wilk test does not reject normality of In(T),
giving a p-value of 0.34. This agrees with the visual
evidence of Figure 6.45.

Tests Based on the EDF. Several families of tests
have been proposed based on theempirical distribution
function. Theideaisto reject thenull hypothesisif the
EDF is not "close to" the theoretical c.d.f. Closeness
can be measured in various ways, giving rise to a
variety of tests. EDF-based testsare appealing because
they do not require achoice of bins, but simply usethe
data as they come.
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Themost famoussuch test isthe Kolmogorov test, also
known as the Kolmogorov-Smirnov test. It is de-
scribed in Appendix B.3.4. It rejectsH, if

max |F(t) - F(t)]

is large, where the maximum is over all values of t.
Here, any unknown parametersin F must be estimated;
the effect of this estimation is typically ignored.

When SAS (SAS Version 8, 2000) performs the
Kolmogorov test of lognormality on the times in
Example 6.14, it gives a p-value > 0.15. That is, it
does not calculate the exact p-value, but it does
report that the departure from lognormality is not
statistically significant.

The Cramér-von Misestest and the Anderson-Darling
test are other EDF-based tests, designed to remedy
perceived weaknesses in the Kolmogorov test. The
Cramér-von Misestest is based on

J'[lf(t)— F(OI* f (t)dt.

Here, F is the distribution that is assumed under the
null hypothesis, and f is the corresponding density.
Thus, the Kolmogorov test looks at the maximum

difference between F and F, while the Cramér-von
Misestest looks at an average squared difference. The
Anderson-Darling test is based on

J{IFO-FOF {FOL-FOD] o

Thisdivision by F(t)[1 - F(t)] gives greater weight to
the tails of the distribution, where departures from F
might most likely occur. Thus, thistest isintended to
be more powerful than the Cramér-von Mises test
against common alternativehypotheses. Many statisti-
cal packages perform one or more of these tests.

When testing lognormality of the data in Example
6.14, SAS reports a p-value of >0.25 for the Cramér-
von Mises test and also for the Anderson-Darling
test. Just as for the Kolmogorov test, SAS does not
compute the exact p-value, but it reports that the
departure from lognormality is not statistically signifi-
cant.
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6.7.2.4 Consistency of Data with Prior, in

Bayesian Parametric Estimation

The issue here is whether the data are consistent with
an assumed informative prior distribution for the
unknown parameters. If anoninformative prior distri-
butionisused, then the question does not arise, because
the noninformative distribution is supposed to be
consistent with anything.

6.7.24.1  Exponential Durations

A quantitative approach is possible when T has an
exponential (1) distribution. In this case al the infor-
mation of interest about A iscontained in Zt;, as shown
in Section 6.7.1.2.2. Therefore, we can compare Xt; to
what would be expected based on prior belief about A.

If Xt, issurprisingly large or surprisingly small, that is,
if Zt; isin either tail of the distribution of 2T, then the
prior distribution is questionable. The value Xt isin
thelower tail if Pr(XT, < Xt;) isasmall probability, and
in the upper tal if Pr(ZT, > Xt) isasmall. To be
specific, consider thelower tail. Therelevant probabil-
ity is

Pr(XT,<Zt) = [PrET, < Zt | A) f

()di. (621)

prior
The inner conditional probability can be evaluated by
using the fact that the distribution of XT, , given 4, is
gamma(n, A). If the prior distribution of A is not
conjugate, the integral in Equation 6.21 must be
evauated numerically, just asin Sections 6.2.3.5 and
6.3.3.4: either (a) computetheintegral using numerical
integration, or (b) generate a random sample of A
valuesfrom the prior distribution, find Pr(XT, < Zt; | 4)
for each such A, and find the average of these probabil -
ities as the overall probability.

Treatment of the upper tail follows the same pattern.

If the distribution of A is conjugate, that is, gamma(«,
p), for some prior parameters « and g, then Equation
6.21 simplifies. By working out the integralsit can be
shown that ZT/(ZT, + f) hasabeta(n, &) distribution.
Equivaently, G/(ZT, + B) hasabeta(«, n) distribution.
These are margina distributions corresponding to
Equation 6.21, from which 4 has been integrated out.
Therefore, if Zt, /(Zt; +0) isin either extreme tail of a
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beta(n, ) distribution, or equivalently, if G/(Zt, +0) is
in either extreme tail of a beta(«, n) distribution, then
the gamma(«, P) prior distribution is questioned.

In Example 6.13, suppose that the group of S (shut-
down) events art the only ones of interest. Suppose
also that the times are assumed to be exponential(A)
—the realism of that assumption is not the subject of
the present investigation. Finally, suppose that A is
assigned a gamma(2, 30) prior distribution, roughly
equivalent to two prior observed times with total
duration of 30 minutes. The shape parameter of only
2 means that the prior is not very informative, so we
expect the data to be consistent with it, unless 30
minutes is very unrealistic.

From Table 6.15, we find n = 62 and the total of the
durations is 62x92.3 = 5722.6. The beta tables in
Appendix C assume that the first beta parameter is
smaller than the second, so it is convenient to work
with the beta(2, 62) distribution rather than the
beta(62, 2) distribution. Therefore, we ask if

30/(5722.6 + 30) = 5.2E-3

is in either tail of a beta(2, 62) distribution. Table C.5
shows that the 5th percentile of the beta(2, 62)
distribution is roughly 6E-3 (it is an interpolation of
7.01E-3 and 3.53E-3inthe table). Table C.6 shows
that the 2.5th percentile is roughly 4E-3. So the
observed value is somewhere between the 2.5th and
5th percentiles of the predictive distribution. This
means that the prior may need rethinking. It should
either be modified or it should be justified more
carefully. (Inthe present example the prior came out
of thin air, but the real difficulty is that the durations
are not really exponential — the whole exercise is
only for illustration.)

6.7.2.4.2 Distributions Having Two or More
Parameters

When this topic - comparing the data to the prior -
arosein connection with estimating £ or p, therewasa
single parameter of interest, and a single observed
random variable that contained all the information of
interest for that parameter. Thisrandom variable was
thetotal count of initiating events, the count of failures
on demand, or in the previous section the total dura-
tion.

However, the present subsection considers a distribu-
tion with (at least) two parameters, such asand o or
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« and B. No single random variable contains al the
information of interest. Therefore, in such casesit is
simplest to compare the data with the prior by con-
structing

1. aprior credible region for the two parameters, or
apair of prior credibleintervals, and

2. aposterior credible region based on noninforma-
tive priors, or alternatively a pair of confidence
intervals.

The first case shows what the prior distribution says,

and the second case shows what the data say. Com-

pare the answers from 1 and 2 to see if the prior

distribution and the data seem consistent.

6.7.3 Nonparametric Density Estimation

The most prevalent methods of estimating a density
function are parametric methods. As described in
Section 6.7.1.2, the density is specified in terms of a
functional form, such as lognormal or Weibull, with
unknown parameters. The parameters are then esti-
mated from the data. However, there also exist
nonparametric methods for estimation of a density
function, some of which are described here.

The simplest and best known method of estimating a
density function is to construct a frequency table, and
thento plot the histogram. This method was discussed
in Sec. 6.7.1.1.4. Two illustrations are given there,
Figures6.38 and 6.39. Both usethe 45 recovery times
from part T of Example 6.13. The methods discussed
below areillustrated with the same set of 45 recovery
times.

6.7.3.1 Smoothing Techniquesand Kernel
Estimators

Smoothing techniques can be motivated by recalling
that the density function, f(t), is the derivative of the
c.d.f., F(t). The EDF, discussed in Section 6.7.1.1.3

and denoted by F(t) , is a natural estimator of F(t).

Thus, anatural estimator of the density isthe differen-
tial quotient using the EDF in place of the c.d.f.,

F(t+h)-F(t-h)
2h

fo(t) = (6.22)
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where h is an increment of the variablet. The main
problem in applying such an estimator is to choose h
small enough so that the differential quotient ade-
quately approximates the derivative, but large enough
so that the interval with limitst £ h contains a suffi-
cient amount of data.

Recall that F(t) equalsthe number of observations

having a value less than or equal to t divided by the
total number of observations, n. Therefore, Equa-
tion 6.22 can also be written as

ST

where K is a function defined as K(u) = /2 if u is
between + 1, and zero otherwise, and t; is the ith
observation. Notice that an observation t; only enters
into this calculation if (t; - t)/h is between + 1, or in
other words if t; is near t; specifically if t; is within h
units of t. Thus, the estimate is based on averaging
values of 1/2 when observations are near t. Thisisa
specia case of agenera type of estimator known asa
kernel density estimator. Thefunction K(u) iscalled
thekernel and theincrement hiscalled thebandwidth.
The bandwidth defines a "window" centered at t and
having width 2h, which contains the data involved in
the estimate at the point t.

f(t)‘—Z

6.23
nhi=1 (623)

6.7.3.1.1 TheRectangular Kernel

When graphed, the kernel corresponding to Equa-
tion 6.23 isarectangle of height 1/2 and width 2h. The
resulting estimator is illustrated here with group T of
Example 6.13 and two bandwidths.

Figure 6.51 shows a graph of the estimate of the
density when the bandwidth is h = 25 minutes.
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Figure 6.51 Density estimate of the data from group
T in Example 6.13, with rectangular kernel and
bandwidth 25.

Notice that the estimated density is zero in the
interval roughly from150 to 250 minutes. This corre-
sponds to the fourth and fifth bins of the histogram of
Figure 6.38, both of which were empty.

It is also evident that the graph is somewhat jagged,
indicating that the bandwidth may be too small so
that not enough data are being captured in the
window.

The vertical dashed line marks the pointt = 0, to be
discussed later.

Consider now a rectangular kernel estimate with the
same data but with a larger bandwidth, h = 50
minutes. The results are shown in Figure 6.52.

There is still some jaggedness, but it is somewhat
less than in Figure 6.51. There is still a noticeable
low point in the vicinity of 200 minutes, but it is
narrower than in Figure 6.51.
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Figure 6.52 Density estimate of the data from
group T in Example 6.13 with rectangular kernel and
bandwidth 50.

Itis clear that by smoothing over avery wide window
any features can be smoothed out. For thisreason, itis
desirableto give somethought towhether thereissome
explanation of low density. In other words, are these
real effectsor are they just due to randomness? If the
low estimates can be explained by something other
than random fluctuation, smoothing would tend to
cover it up, but if they are due to randomness, then
smoothing should be helpful.

This issue was also seen with histograms. Choosing
too narrow bins for the size of the data set caused the
shape to be influenced too much by random variation.
Choosing too wide bins smoothed out nearly all the
variation. The question of how much to smooth and
how much roughnessto allow isinherent in al forms
of density estimation.

6.7.3.1.2 Boundary Problems

Notice that as the bandwidth is increased the interval
over which the estimated density is positive becomes
wider. Thisisbecause thewindow is picking up more
dataasit getswider. This causesthe anomaly that the
estimated density ispositiveover negativevalues of the
t axis, even though t represents a positive variable,
namely recovery time. The vertical dashed line marks
the point t = O in each figure, and the portion of the
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density totheleft of thislineissubstantial. Inaddition,
although many values of t; are closeto zero, thedensity
estimate decreases ast moves leftward to zero. Vari-
ous methods have been suggested for correcting the
estimate at the boundary of the possible region.

Silverman (1986) gives a method that is very easy to
implement. If thedensity isallowedto be positiveonly

for t > 0, augment the data by reflecting it around O.
That is, create a new data set that consists of

{...

Estimate the density based on this data set. Call this

-t,, -t, 4,1, .. ).

estimate f(t). Theintegral from -« to of f(t) is
1.0, because f isadensity. Also, if the kernel isa
symmetrical function then f is symmetrical around
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zero, thatis, F(—t) = F(t) .Now definethereal density
estimate by

f(t)=0 fort<o0

fy=2f1) forts0.
Then f is a density that is zero for negative t and

nonnegative for positive t. It estimates the unknown
true density.

Figure 6.53 shows the resulting estimate with the
data of this section, when the kernel is rectangular
and the bandwidth h = 50. This estimate can be
compared with Figure 6.52.
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I o 53]
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0.002
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Figure 6.53 Density estimate from group T of
Example 6.13, with rectangular kernel and bandwidth
50, forced to be nonzero on positive axis only.

For large t, this estimate is very similar to that of
Figure 6.52. However, it is quite different for t near
zero. The density is not plotted for t <0, but it equals
zero there.

The simple method just given forces the density
estimate to have slope zero at the boundary. Those
who want to alow a density estimate with nonzero
slope at the boundary can see Hart (1997, Sec. 2.5).
Technically, Hart’ sbook deal swith smoothing ascatter
plot, but the method given there can be adapted as
follows to smoothing a density estimate: construct a
rough histogram density estimate, placeadot at the top
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of each histogram bar (including the bars with height
zero!), and treat those dots as a scatter plot.

6.7.3.1.3 TheTriangular Kernel

It may also be desirable in some cases to give less
weight to the datain the extremes of thewindow andto
produce a smoother graph. This can be accomplished
by choosing adifferent function for the kernel. A very
simple onewhich doesthisisthe function K(u) = 1-|u|
if uisbetween £ 1, and zero otherwise. The graph of
K(u) is an isosceles triangle with base two units in
width. Thiskernel givesmoreweight to thedatain the
middle of the window and less to data at the sides of
the window. It isalso possible, by choosing a kernel
function with a smoother graph, to produce a kernel
estimate which is also smoother. The normal kernel,
given next, is such a smooth kernel.

6.7.3.1.4 The Standard Normal Kernel

A kerndl function that is often used is the standard
normal kernel, equa to the standard norma p.d.f.,
whichisgivenin Appendix A.7.2. Figure 6.54 shows
the density estimate for the same recovery time data,
but using thestandard normal kernel and bandwidth 25.
The density has been made positive on the positive
time axis only, by the technique of Section 6.7.3.1.2.
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Figure 6.54 Density estimate of the data from group
T in Example 6.13, with standard normal kernel and
bandwidth 25.
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The resulting plot is clearly much smoother than the
ones obtained using the rectangular kernel. The
increased smoothness is provided by the standard
normal kernel, which is differentiable everywhere.
The low estimate of density near 200 is still present,
but the low spot does not drop to zero as it did in
Figure 6.53. This is because the standard normal
kernel is always positive valued. Even though this
kernel gives less weight to data which are farther
from the center of the kernel, it makes use of every
observation in the data set. Consequently, with the
standard normal kernel, all terms in the density
estimate of Equation 6.23 are positive, although the
extreme ones will tend to be relatively small.

For the sake of comparison, Figure 6.55 shows the
standard normal kernel estimates for bandwidth h =
50.

Although the graphs shown in Figures 6.54 and 6.55
retain some general features of the graphs in Figures
6.51 through 6.53, they are somewhat smoother. As
mentioned in the case of the rectangular kernedl in
Section 6.7.3.1.1, thistype of smoothing isdesirableif
the sparsity of datain theseintervalsisdueto random-
ness, but possibly not if there is an explanation for the
Sparseness.
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Figure 6.55 Density estimate of the data from group
T in Example 6.13, with standard normal kernel and
bandwidth 50.
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6.7.3.2  Choosing the Bandwidth

Genera guiddines for choosing a kernel and band-
width are difficult to formulate. The choice of a
bandwidth always involves a trade-off between bias
and variability. An attempt to reduce bias generally
requiresasmall bandwidth, but thistendsto resultina
large variance. On the other hand, choosing a large
bandwidth will reduce the variance, but at the expense
of increasing the bias. A criterion which accounts for
both the bias and varianceis based on a quantity called
the mean squared error, MSE = mean squared
difference between the unknown parameter and its
estimator. It iseasy to show that

MSE = (bias)? + variance of estimator

so that as the M SE approaches zero, both the bias and
the variance of the estimator approach zero.

A reasonable choice of bandwidth should take into
account the amount of data, and so the solution must
depend on n. Thus, we consider a sequence, h = h(n).
The sequence should converge to zero, but not too fast
or too slowly. It is known, for example, that under
certain fairly modest assumptions, adesirable form for
the bandwidth is

h(ny=cn*'5.

The main problem is that calculation of the constant c
reguires more than is typically known about the p.d.f.
to be estimated, and it also depends on the choice of a
kernel. For example, according to p. 45 of Silverman
(1986), for the standard normal kernel and assuming
the distribution of the data to be normal with standard
deviation o, the bandwidth which minimizes the
integrated M SE asymptotically is

h(n) = 1.06on*'®.

Notice that the constant ¢ in this case requires that the
standard deviation be known or at least estimated.

For example, with the recovery time data the sample
standard deviation, which is given in Table 6.17, is
99.9 minutes. If this is used to estimate ¢, then the
optimal bandwidth is h(n) = 105.9n**. Using the
sample size n = 45 yields h = 49.5. This choice is
very nearly the bandwidth of 50 minutes that was
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used in Figure 6.55.

Keep in mind that this choice of bandwidth was de-
rived for the case where both the distribution being
estimated and the kernel are normal, so the result
would be good with these assumptions. However, this
might be a good place to start if trial and error is used
to determine what bandwidth to use. In other words, if
it isnot clear what to assume, then it would be best to
try afew different bandwidths and choose one which
provides some smoothing, but does not obscure basic
features. As Silverman says, "There is a case for
undersmoothing somewhat; the reader can do further
smoothing ‘by eye' but cannot easily unsmooth.”

Another problem that often occurs in practice is that
the datawill be plentiful in some parts of therange, but
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sparsein others. Thisistypical with datafrom highly
skewed distributions. For example, with a positively
skewed distribution, such as any of the distributionsin
Sec. 6.7.1.2, there will tend to be more data in the
lower end than in the upper tail. This would suggest
the desirability of having a bandwidth that varies with
t, so that a shorter increment can be used in the lower
end where the data points are more abundant, and a
larger increment used in the upper tail where there are
not as many points. This ideais not developed here,
but such methods exist. For additional reading on this
topic see the discussions of the nearest neighbor
method and the variable kernel method in  Silverman
(1986).
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