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tir on %,-ari:ous linear or squasi4arez.airm ;rnimatmoions. .1i 
vartety of such Ipa -mattauut nas been et 'clopcfni to 
fit nmerous typies of 5vrtems and succetvful -le-r-n 
procedures have been discovered for a Z= reatnuty p 
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tS STATIC AND SLIDINGo FRICTIOY N IN F.IDIc srj 2

that, osclatiaons will tend to suthbiite near the interset 
tion point P whimn thus specifies the steady-swae ond~ 
tions? at lenit to a first appwxiatzo., 

In summary, analysis of the stahility problem cii 
require the foLlowing ste;*.  

(a) Dete irm~ion of the wave form at the ou"p of the noalnUn= device resulting from a sinusosidal input (b) Calcuation of thedescibig function 14atz) (run the -wave shape obtained in (a).  
(ý- Flat and interpretation of the amplitude ant I frequertcy loci for the system under consideration. Fos 1Cthe ciaes of particular interest heme this step require 

rermxmn of the coniventinnal binA` diacgmm in order to set-sre eilect:ve scp~.Atior of all trinauier func-
tions into two cla~ssict: The cla. of all li=e- :jut -equency sensitive components and that of all nonlinear 
but freuency insensitive elements.  

The following definitions will be u--vl thtnuihout this 
paper. Statir fnccion is the torque required to initiate 
rotation. Sliding friction is the stlOxiiv.independent 
component of the torque necessary to maintain such motion once startedi. Viscous ffiC~icn is 0h14t crnmi oent of the torque which is linzarly proport irnal to theanugu.  
lar velocity of the rot~ating, memb~er.  

Fec. 2. Feedtitck loop with n.,hnrkr eirinent.  

13L SLMtNG 711CTION 11 SZRVOSTStTZmS 
A.. Wave Form Resulting from a Sissusoiaal Laput 

Torque to a System with Sliding Frictiort 
If only sliding friction is considered the entire friction 

phenomenon ca~n be represented by the chisracteristi
curve of Fig. 4.  

Consider a rotting member with moinent. of inertia 
J and angular acceleration &. Becau-.e of sliding ýrirtion the effective accelernfing or dtevderat~ia torque r. is related to the ap,-!ied torque r. through the equation 

where 2'. is defined by Figc: 4. From i~ewton's 14w rif 
motion,

r. - .i-rJ for angular 'elocitv 0>03 

r~.- -Tet-JA ford<ft.

N

j

'Ile titrce.pFMn4ling -kc-l.-t wave lormn re kctd..,.j 
in Figs 5 --. u's The rl~er-tw, torrqur w3%ve kewI ef[ront 
-4. e1-4 ?s shown ;n 1lotted lines. The discnntinujtw. r.1 
like r, -tnvc cnrre'o,-mrl so reins at the e wvve t),~u.' 
the lIruC-1e(LL torque T. rharwies soira at thnt-e intstani.  
On the 4 ure point /':,the point of inflectinn. ror:-., 
kinonnlitig to maxiizman a Lcdelralion. Since the 
~stte i! -if lrirnary it,:r.mt the refirree time is hi 

*a:1  he ti,-!Flitw ha. rc~~t,ejd i" t~ dy.':Alte value 
001 )vj1-cs thrittel s~e-. a

while

(4I)

From Eqs. (3), (4), anid (S). the angular acceleration 
of the rotating member is given by

i1(0- ?.(O/I 
Hence 8(1) has the Same wav.e form as r.(1).  

if the applied torque r. is sinusoidal,

(6) 

(7)

0

Hr-. 4. Slidiing Irictmn~ charWeC,,,&i.

I
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wrea Na. 2 T.(sf~ 

-T. (Ts-0)-a Sisina-rco j str=.] (i;.  

If Eqs. (12) und (1.1) arc e t equal and simplilied. the 
result is 

cosdr sirkit2
Fir

I [cut -s tac *tet ooAve hu3mq Wjn"th.,a I ol 

It follows that

where
tz-surJX

A - .1T_(9) 
Only the angle g correspnding to the Enst d W~nt iatnu ity point remains unkr~owiL Once it has been evtilu.aied in 
tcerms of Xh, the wave formu is completely determinied.  
There ame two posaibEiiti,.s: If a<Jd, there is no dead 
zone in the r. wave (Fig. 5). If n>03. theme are cdentl 
zomes as indicated in Fig. 6. These two cases will be 
.- nsidC~d separately.' 

Math m~iza2 Rtprdwswaion of Ike 
Sosdy.slam WSWt Fo'n 

CUM, (J).-NO dead wnu. a:SC 
Refer to Fig. S. In the absence of viscou~s frictinn, th..  

following stocady-state condtitions exist.  

Shaded area No. I omshaed arma No. 2 
-shaded area No. 3 
-shaded arem No. 4, ctc."

But between a and 6, 

r.- r. sinwi+ T-.  

sand beimeen b -nd.  

- 77.(sin..-sina).. T.(jsina'-)L

l'o-r ~ ~ - .6 *r-rv I-."26 ' 

A nU, 1 mk -e&

(8)t

.X, is the cnticil valueo h uniy7T.Te~ 
no dead zo ULo 

mnA , en theeare dead zonem for 

It, like =nrnrnr. one .ibtainm from rig. 6..  

snarled area Nj. 3 - shailo area No. 2 
- hadcft area No. 3 
-51121.ed Arma No. 4, ec

(11))

Then 

area No. I~f T (sade 

*Note that a dead sno or report cl &erg Cffimrivs oo &eR~.ad -'odr eri k an hM Pi. 6 occurs heftcr the apoled tru 
b-.I~e -- Pnatude than T. at the mganr when cha .' .afahao.201 

6 V.Iotyhm is t.  
frk ý oth neg!o usi heaw

11-L. icwo-n urf .  

Iret'a'ecq ba.in..  

"I'd,. beitwter, 'anti '.
v.-II,

* '

11)41
r..-Ifenice.

area No. I.rT~ra~~ta 

Equatingi (19) and (2o) and simplifying 

For the extruneroc se @t-r-~

A sA "'I- 0 -\2P-)0 Xl~21 F- (r- sin-kA.
#or

A -X. - 11530 as before. 13

G-/- Z/

1'41.

* r�..  

p.-.  
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IL Calculatio df ths DaCribing Function 

Sit=e 74) is a pajodi fanctimu of time, it Can be 
xPr=eaad in tarntsofia Fourier series: 

be 
r(----fE (a.suuuad+b. oww..f. (22) 

2 -' 

It baa been pointed out that, to a fmt £~apctainz, 
r.(J) can be reraeseted by the fandament-l enpawtn 
Of *10 EZnw =wia Fro= symmietry axcidera±toas, 
b--O. 711ks imPlin OKlhtion about the rat poitizin 
wbih is A condition of priwtay interest in stability 
analyses' Then

(2Jt

(24)
and

effective torque is
r~

Ewaluluw of Ikre Fourier C04iefjinis 

COW (1).ý-IO ulead Zone. 15. Of < 

2 f' 

a,-- T p-m.~)snddw

Similarly

X -inL.-z- tn'__ ____ 

L I- -I)'
in ::'....-1th the Letiniziun If c. , te k 
s-irbint: function for the 3lidinc-fnttiain -lement is 

(21 Catt f.7).- - .. ;111 '14r.14 -rknv% v s n>%t 

12-0 I .- J

Equation (23) may aim be wrfttei in the form

v.(-C, ain~d+1-), 

at 1-2V.

(2M) f

I 01

Hence, with an applied torque r.()-2*.s!Dz,~r the

S;fimzilrh%-

HIence in compir-te ar-taogy with cntic (1) the Erie 
d:.cribing functinn 6s given 1by the cypression

I 
fl;�) -(Cw- (a-D) sinn(c�a+c�s�) - CO',3(Itoo+sin/I))'+C(sina+srnD)13�) 

r

Jl() - tan' -fa1ii) 

"Ezma100 tG 11011311 1MoMU AM PoMaikl but eoMapJcate tht anaI.iis appftCably. _&v referrnce I

(a Ii 

(1.4, 

±100

,�. n...  

(35) 
-S.  

IL ** 

'1 

S." f��* 
1.I�....

9-z.

whene 

and

whene

and

- T.(1-2)6") 

61- ZT.A[(2/1r)-Xtj1.


