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STATIC AND SLIDING FRICTION 1N FEEDBACK SYSTEAMS

that oscillations will tend to stabilise neaf the intersec-
tion point P whica thus specifies the steady-state condi-
tions, at least to a first approximation.!

In smmmary, analysis of the stahility problem =ill
require the jollowing ateps,

{a) Determimtion of the wave form at the output
of the nonlinear device resulting from a sinusoidal input.

(b) Calculation of the describing function ux) {rom
tht wave shape obtained in (a}.

{) Plot and interpretation of the amplitude and

X {requency loci for Lhe system under consideration. For

the cases of particulas interest here this step requires
resrrangement of the ccaventianal block dizgram in
arder to serure effective s2pamatior of 4if tronster fune-
tions into two classes: The clas of ajl lincer Yut I
quency sensitive components and that of all nonlines
but frequency insensitive clements.
The following definutions wil] be yser? thenu khout thus
paper. Static friction is the tnrque requited to initiate
“rotation. Sliding friction is the vioctiveindependent
compozent of the tarque necessary 1o maintain such
motion ence started. Viscous friction is that enmyonent
of the torque which is linearly proparctianal to the angu.
lar veloaity of the rotating member.
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Fc. 2. Feedlback lonp with nonhinear element.

L SLIDING FRICTION IN SERVOSYSTEMS

A. Wave Form Resulting from a Sinusoia.l Laput
Torque to & System with Sliding Friction
I only sliding friction is considersd the entire friction
phenomenon can be represented] by the characteristi~
curve of Fig. 4.
Consider 2 rowating member with moment of inertia
J and angular acceleration 4, Because nf sliding triction

. the effective accelerating or decelerating torque 1, i3

related to the ap;lied torque r, through the equalinn
&)

T.mr 2T,

where T, is defined by Fig: 4. From Newton's law nf
* mation, .

ro= Ty 174 foc angular velncity >0 (4}
o =T, +Jd fard<h, (3)

From Equ. (3), (4), and (), the angular accelemtion
of the rotating member is given by

HOET XY 8 (6)
Hence 8{¢) has the same wave form as r.{1).
IF the applied torque r, i3 sinusoidal,
ro() = I, sinut. o)
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Thevorsesponiding steasdv-state wave tarms are sketcherd
in Figs 5.4 The effective forque wave desived {rma
4. 14) 15 shown [n dutted fines. The discantinuities £
the 7, wave correstunv] tn zerna of the & wive berause
the fricuonas warque 7, rharges s at those instant-
)n the 9 curve, point oy the paint of inflection, snrme
spording to maximum aceeleration. Since the stexds
state iz of primary i srost, the reference time is choses
al:or the enclhition has rearched jeu steady.<tate value
81y yu~es thrugh zem a2

wengy —a, gal) ], 2 3. .,
while

e T, ot aima,
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bic, 4. Siwling fnction charactenstic,
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and

arra No. 2= f T (strad = sina ()
[ ]

=T.Lcosa~ (r—a) vinu rcosd+ g srgl). (13

If Egs. {12) und (13) are ze1 equal and simplified, the
result is

costd= ¢ sinar
nr

Sw=cos-i(¥N2). ' 1"y

Uor the ex'rem (ase, Gen, Fop 118) bavermes

L TEINE PR T A
r
fF1c. 5. Steaddy -sizre wave farme withenst o Aldggl 2=,

It follows tha: A mlution dor A vields

=sin—'\
ez, & AmA a3 T

AmT/T.. (9) X, is the cntical vaiue of the quantity To/T.. There 4
Only the angle g corresponding to the first discuntinuity N dead onc for ASX,, amd there are dead zones for
point remains unkrown, Once it has heen evaluated jn A>Aa. :
terms of A, the wuve form is completely determined.  Cuse (2 -~V dend zones. a>g.
There are two possibilities: If a<J, there is no dead I» like manner, one nhtans frnm Fig. 6:
zone in the r, wave (Fig. 5). If a>3, there are dead
zones &3 indicated in Fig. 6. These two cases will be

where

snaded) area Nu. 1= shailerd ares No. 2

~nsidered separately.? = shaderd area Na. 3
. =shatlerd area N, 4, etc.
Mathematical Represeniation of the Bug, betveen o und &,
Steady-State Ware Forms
Casz (1).—No dead z0ne. aSL. o Tatsimet-=\1, gt
Refer to Tig. 5. In the absence of viscous friction, th.  hetween b ami o,
[ollowing steady-state conditions exist. Tl an
and between + and o,
Shaded area No, {mshaded area No. 2
=shaided area No. 3 rom= Tolsioud =\, 11%)
=shaded area No. 4, ctc.* Hence,
But between u and 4, ’
area No. 1= f Tol{unwt+A11u2)
o= T stnwi+T. J.
- T.(siﬂd'*'SIM)-T.‘SlM'FK); (m -T.(—Cmd%m-i-rma-}-al), 10,

and between & 5nd ., g
arva No. 2= j T (sinat~ A} (t)

r,m T, sini—T,
= To{sirws = sina) = T {sinei —A), an
Then . = T[coa~ (#=a)A+cosa+tad]). (20)
arex No. 1= fl T o(sincd+ sina)d (wi) Equating (19) and (20) and simplifying

. . MN—cos= (1 =)= (x—sin-"\)A, (21)
= Ta(~c0s8+3 sin+ cosata sinc), (12) i .
* Note that & desd 30ne of reqron ¢f tero ellective torque and T OF Lhie extrvine @se asegmsin i,
UL N RIS DOTRACII e (1A (101 (e sine,
.1y resches sero.

. or
jonal to the s Yol tormue § '
d.vﬁuymﬂa\. 1o the integre! of torque in the absence A, =1).536 as belore, (13)
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STATIC AND SLIDING FRICTION 1N FECEDRBACK SYSIEMS

B. Calculation of the Describing Function

Since r,(f) is a periodic function of time, it cn be
spressed in terms of & Fourier series:

& -
r{l) --z—l-z (84 stnned4-8, tosncd), (x2)

1t has been pointed cut that, to a Erst appeoximation,
4(§) can be renresented by the fundamental companent
of in Foilrier sccies. From symuvetry considerations,
bew=0. This implies oacillation about the rest position
vhichhawnditionofprimuyhtuaxinmhiﬁty

analyses.’ Then
IXGETT Siri44, €O, (23

l ol
gy-— f T.(£) sin(wi)d (w) (24
(]

k 4

where

l St
by~ f £ () coslut)d{nd). (25)
[]

: 4
Evalustian of ihe Fourier Coefficients
Case (J).—No dleadd zone, A<, or <y
2
P f‘ T (stncal-A) sin () )
T w
2

+= I Ta (it —A) sin futdd (us)
i wTall=20 (260

Similarly
8ym 2T AL{2/x)3 =)0, 127)
Equation {23) may also be written in the form
7.(f)=Cy sin(wi+i), (28)
where :

4 }
Ci=(a)'+b) = T.[1—4(1—;’-)X'] (29)

and y ,
U 2/} 1=)1
3= m.h‘- tm-lﬂ(—-,_q-_
-1} 1=2

(E )]

Hence, with an applied torque r,(f) =12, sinw?, the

where

- . . 11..'_1)-/0)45('.)_

==
128

Fit, 6 Ste. dyatate mar. taame soily et B

effective torque 1s

FENEY
r.{l)sT.[l—-S(l-——. ]
-
AL2regr—pa)
X-mful—'-lan" ;—LlJ 43,
L -0

In 3czedtace with the defimition of See. I, the e
scrbing function for the sliding-fnc tin element is

{Hs\y= f00) £3(A)

: ) AATERE 2 Ua 1
-[x—;(:——)v] Ltan=t- =~ .o
< -2

Cage (2. =i dead zames, AS AL wp a>d

l sord
e -j Tol~iniwl = A1 sinfudtf 1 d)
rd,

[} Ires
-+ [ T oSN LAY stnnfuatd et}

Y S oea
=T w)r=(a=21 = inalima+ Aind)

—coglana~-mz)] (I
Sunilarsy
b1 T/ r}ina § wind), 2,

Hence in complete arslogy with case (1) the friction-
dzseribing function is given by the expression

@)

1 .
JO)=={[r— (a~8) ~sina{cosa+cosd) — cos3(sina+5ind) F + [ (sina+s:ng) F)
. T " .

and

{sina-sin8)*

§(n) = tan™

.

*— (a=@)—sina(cosa+cosd) —cosd{sina+ung)

3 Extensions to nonsero mens arr possible but complicate the analvsis appreciably, See refertnce |
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