
CNWRA 88-004

.10 . A

Prepared for 

Nuclear Regulatory Commission 
Contract NRC-02-88-005 

Prepared by 

Center for Nuclear Waste Regulatory Analyses 

October 1988

e..1= 114(.03-15 88102l":.," 
PDR WASTE PDC 
wM-11



[DRAF CNWRA 88-004

FAST PROBABILISTIC PERFORMANCE 
ASSESSMENT (FPPA) 

METHODOLOGY EVALUATION 

Prepared for 

Nuclear Regulatory Commission 

Prepared by 

Y. Wu 
P. Nair 

Center for Nuclear Waste Regulatory Analyses 
San Antonio, Texas

October 1988

Reviewed by: 

Edgar elkers 
Senior Research Engineer 
Southwest Research Institute 

qi*i V~ed

Approved by: 

Allen R. Whiting, Director 
Systems Engineerin e rat' n 

Wesley C. atric 
Technical Director 

Bruce Mabrito, Director 
Quality Assurance



TABLE OF CONTENTS

Page

INTRODUCTION ..................................  

1.1 ENGINEERED BARRIER SYSTEM COMPLIANCE 
DETERMINATION - BACKGROUND .....................  

1.2 EBS CODE DEVELOPMENT ..........................  
1.2.1 CONVO Code .............................  
1.2.2 CONVO Evaluation and Enhancement Plan ............  
1.2.3 FPPA Methodology Evaluation ....................  
1.2.4 Recommendations for Future Direction ...............  

2 EVALUATION OF FPPA METHODOLOGY FOR EBS COMPLIANCE 
ASSESSMENT....................................

2.1 INTRODUCTION .................................  

2.2 FPPA EVALUATION - NUMERICAL EXAMPLES ...............  
2.2.1 Introduction ...............................  
2.2.2 The Most Probable Point (MPP) Concept ...............  
2.2.3 Example 1 - Corrosion Depth .....................  
2.2.4 Example 2 - Corrosion Time-To-Failure ................  

2.3 FPPA-BASED IMPORTANCE SAMPLING SCHEME .............  
2.3.1 Introduction ...............................  
2.3.2 Review of Efficient Simulation Methods ...............  
2.3.3 An FPPA-Based Importance Sampling Method ............  

2.4 FPPA-BASED SYSTEM RELIABILITY ANALYSIS ..............  

2.5 DISCUSSIONS ...................................  
2.5.1 Advantages of FPPA Methodology ..................  
2.5.2 Required Effort for Building the FPPA Framework .........

.~2 

.~2 

.~4

.4 

.4 

.4 

.5 

.5 

....12 

.1.... 5 

.15 

.15 
.. .. . 17 

..... 20

... 23 

... 23 
. . .23

3 EBS PERFORMANCE ASSESSMENT CODE DEVELOPMENT PLAN ...... 24 

3.1 INTRODUCTION ....................................... 24 

3.2 CODE STRUCTURE ...................................... 24 

3.3 CODE DEVELOPMENT TASKS ............................... 24 

4 SUMMARY..............................................28 

5 REFERENCES ........................................... 29 

APPENDIX FPPA METHODOLOGY REVIEW ....................... 31

iii

• . °



LIST OF ILLUSTRATIONS

Figure No 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

APPENDIX

Illustration of the most probable point locus ............................  

The FPPA Method improves results by using new information at the tail regions ....  

The sensitivity factors for the three variables ...........................  

The comparisons of the fast probabilistic performance assessment (FPPA) 
method with the Monte Carlo simulation method......................  

The sensitivity factors for six variables...........................  

Monte Carlo simulation is inefficient for estimating small probabilities ..........  

Harbitz's Method (samples are outside of the circle) ......................  

Relationship between exact corrosion depth and first-order corrosion depth ........  

First-order corrosion depth can be used to identify important regions ............  

Proposed integrated EBS code................................  

(

1 Modified advanced mean value first order (AMVFO) 
method for two most probable points - Case 1: Concave T Function .............  

2 Modified advanced mean value first order (AMVFO) 
method for two most probable points - Case 2: Convex T Function ..............  

3 FPPA iteration algorithm for specified probability level .....................

.36 

. 37 

. 38

iv

Page 

6 . 1 
•. 9 

•.14 

* . 14 

* .16 

* .18 

* . 19 

* .21 

* . 22 

.25



LIST OF TABLES 

Table No. Page 

1 Data Input for Demonstration Example 1. ............................ 7 
2 Solution Sets Used for FPPA (For probability > 50% only) ................... 8 
3 Random Variables Data for Demonstration Example 2. ..................... 13 
4 EBS Process Models Development Plan............................... 26

V



1 INTRODUCTION

1.1 ENGINEERED BARRIER SYSTEM COMPLIANCE DETERMINATION - BACK
GROUND 

The Center for Nuclear Waste Regulatory Analyses (CNWRA) is assisting the Nuclear Regulatory 
Commission (NRC) in developing compliance assessment methodologies for the Engineered Barrier System 
(EBS). This is a long term task which has as its initial activities the evaluation of the models and methodologies 
for the performance assessment of EBS components.  

Acquiring, evaluating and further developing the waste package performance assessment program 
CONVO are included in the first-year activities. A task was established which includes the following steps: 

1) Transfer of CONVO Technology to the Center 

2) Exercise and Evaluate CONVO 

3) Develop CONVO Modules for Tuff 

4) Evaluate Fast Probabilistic Performance Assessment (FPPA) Methodology 

5) Develop the Framework Based on the FPPA Methodology 

Subtasks 1 and 2 have been completed with the results and findings being documented in the milestone 
[45] report. Subtask 3 is an ongoing effort towards the development of the process models required for the 
tuff applications.  

Subtask 4 aims at enhancing the capabilities of the current EBS performance assessment computational 
tool. The new capabilities will include a sensitivity analysis capability and improved mathematical/compu
tational features. Toward this goal, a Fast Probabilistic Performance Assessment (FPPA) methodology has 
been identified as having the potential to accomplish the goals. The evaluation of the FPPA methodology has 
been conducted in the last several months and the results of this evaluation are documented in this (milestone 
47) report. The results and recommendation presented in this report are based on the findings of the previous 
effort (documented in the milestone 45 report), the results of several test problems presented in this report, 
and Center's technical evaluations of the methodology for the EBS applications.  

This report makes recommendations and assesses associated technical risks. Based on NRC approval 
of the specific recommendations, a framework using FPPA will be developed under Subtask 5.  

1.2 EBS CODE DEVELOPMENT 

1.2.1 CONVO Code 

Through the assistance of its contractors and consultants, the NRC initiated the development of the 
compliance determination methodologies for the EBS. Because of the large uncertainties in the various 
EBS-related parameters, a probabilistic approach was identified as a proper method for assessing performance 
compliance. A computer code, CONVO, was developed to demonstrate the methodology for waste package 
probabilistic performance assessment.



1.2.2 CONVO Evaluation and Enhancement Plan

Based on the extensive testing of the current version of CONVO, and with the assistance of the original 
CONVO developers, the CONVO technology was evaluated by the Center. The results have been documented 
in the report: CONVO Evaluation and Enhancement Plan (September, 1988). One area identified by the 
Center as requiring significant improvement was the probabilistic method framework. This report addresses 
the specifications for a new framework that will enable the user to implement "what if' scenarios for various 
degradation processes of the waste package.  

1.2.3 FPPA Methodology Evaluation 

Because of the uncertain nature of the EBS processes, analytical models may not be available for some 
processes. To evaluate DOE's design, it will be necessary to use numerical modeling codes that have 
credibility within technical peer review groups. A key element in the development of an adequate EBS 
compliance determination computer code is to have a probabilistic analysis framework that is accurate in the 
region of interest, provides a basis for sensitivity analysis and is reasonably efficient.  

Recently, there have been advances in the probabilistic methodology development in several engineer
ing fields including aerospace, mechanical and civil engineering. Although EBS analysis involves many 
unique processes, many of these probabilistic methods are applicable. Because these methods generally are 
very efficient relative to the standard Monte Carlo method, they could provide the NRC with the ability to 
use larger, more representative process modeling codes that were previously considered too time-consuming 
or costly in a Monte Carlo analysis framework.  

One of the features of the FPPA methodology is its capability of providing sensitivity information on 
the uncertain variables. The sensitivity information is useful for compliance determination, particularly 
because the number of uncertain parameters involved in an EBS analysis is expected to be relatively large.  
The sensitivity ranking will be useful in answering questions such as: "Should additional information be 
obtained?" The acquisition of additional information may demand significant effort, therefore, the optimum 
solution is to maximize the benefit of the new information relative to the added effort. The added effort may 
be justified if it eliminates a significant part of the uncertainty, thus leading to a higher confidence in the 
assessment result. A decision model may be established to investigate alternatives. Thus, the sensitivity 
information produced by the FPPA approach could provide the NRC with a decision-aiding tool to focus on 
critical parameters or models and to identify new research areas and guide experiment programs.  

The FPPA approach has been found to provide good probability estimates. If the EBS code is structured 
to use external codes and data, it could be a powerful computation tool for design compliance assessment.  
In addition, the use of the well-established codes reduces the burden of the code verification and validation.  

In this report, numerical examples related to EBS performance assessment will be used to demonstrate 
the FPPA methodology. The evaluation will focus on the applicability of the methodology to build an effective 
and flexible EBS performance assessment code. Based on the evaluation results, the development of a 
FPPA-based analysis framework is recommended.  

1.2.4 Recommendations for Future Direction 

The EBS compliance determination code development is envisioned in two parts. These parts are (a) 
Probabilistic Framework Development and (b) Model Development.

2



(a) Probabilistic Framework Development

Here the overall structure of the computer code with the pertinent probabilistic methodologies will be 
developed. This report discusses the details of the framework development.  

(b) Model Development 

Based on the recommended framework, this part will concentrate on the development of modules 
including the deterministic process modeling module and probabilistic analysis module. The model devel
opment activities will be conducted in parallel to the framework development once the definition of the 
framework is in place.  

The process modeling modules will be built on the current assessment code (CONVO) which includes 
corrosion and nuclide transport modeling. The development of approximate process models should continue 
to gain insight to the physical process. In addition, it is recommended that the available state-of-the-art 
process/computational codes should be evaluated and included, if suitable, within the EBS code structure.
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2 EVALUATION OF FPPA METHODOLOGY FOR 
EBS COMPLIANCE ASSESSMENT 

2.1 INTRODUCTION 

At present, the EBS probabilistic performance assessment can be conducted by applying standard Monte Carlo simulation. In this approach, a set of deterministic solutions are obtained for a number of randomly generated parameters. In applying this method, a large number of runs is required to produce reasonably narrow probability bounds. It is generally recognized that when the probability (e.g., probability of failure) is small, the Monte Carlo simulation could become extremely inefficient.  

If the efficiency is not a concern, then the Monte Carlo method can be used to develop the (probabilistic) sensitivities by repeated applications of Monte Carlo simulations for each parameter. However, this is at best a cumbersome process and can be costly in terms of computational and staff time when realistically complex processes are modelled.  

To perform an adequate EBS compliance determination analysis, several parameters have to be evaluated. These parameters have associated uncertainties and may exhibit multiple dependencies. Given the complexity of the problem, an adequate computational scheme is required that provides NRC and the Center with a reliable tool in this area. The opportunity exists to incorporate current technology that will minimize significant modification to the code in the future.  

The FPPA methodology appears to be ideally suited to replace the Monte Carlo method, and provide other useful information such as sensitivity factors.  

The FPPA approach is a product of the recent development in the fields of mechanical, civil and aerospace engineerings to deal with uncertainties, to reduce risks, and to increase performance. The only difference between EBS analysis and other analyses is in the process models. Many of the advanced probabilistic methods are applicable to the EBS performance assessments. The FPPA methodology, however, has not been applied to the waste repository reliability analysis, therefore, a need exists to evaluate this new technology in terms of its applicability to the EBS and its capabilities relative to the currently used method.  
In this section, two examples related to EBS analysis will be used to evaluate the FPPA methodology.  In addition, further discussions of the FPPA methodology will be provided to fully evaluate the advantages and the required effort for implementation. A recommendation will be made based on the evaluations.  

2.2 FPPA EVALUATION - NUMERICAL EXAMPLES 

2.2.1 Introduction 

Two examples will be used to demonstrate the FPPA methodology. The purposes of the demonstration 
are to: 

1) Illustrate the general FPPA solution procedure; 
2) Show how the sensitivity factors can be generated and used; and 
3) Demonstrate the efficiency and accuracy of the FPPA methodology.
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Both examples apply existing corrosion models. The first example uses a corrosion depth equation as a performance function. The second example defines the time to corrosion failure as the performance function.  It should be noted that the models selected here apply to basalt environments (Stephens et al., 1986). However, the FPPA solution procedure is general and could be used for the tuff application.  

In the first example, a performance function that has an analytical expression is used. In the second example, the performance is defined using a computer program to illustrate how a probabilistic analysis 
module can be used to integrate with a process module.  

In this demonstration, a probabilistic analysis code, FPI (Fast Probability Integration) is used to process performance data and to generate cdf (cumulative distribution function) and other probabilistic information including the sensitivity factors and the most probable points. The most probable point (MPP) concept is the key concept in the FPPA methodology, a summary description follows.  

2.2.2 The Most Probable Point (MPP) Concept 

A formal definition of the MPP requires a mapping from non-normal distributions to normal distributions as described in the appendix. For the current illustration purposes, assume that two random variables X1 and X2 are mutually independent, normally distributed random variables. The joint probability density 
function is shown in Figure 1.  

Consider a performance function such as time to failure, T, which is a function of X1 and X2. By 
assigning to T a specific value To, say, 300 years, the function 

T = To (1) 

is called a limit state. This limit state separates the total probability region into two regions: failure (T < 300 
yrs) and success (T > 300 yrs).  

Assume that, for each T = To, there is a most probable combination of X1 and X2. This point is defined as the MPP. A most probable point locus (MPPL) is defined by connecting the MPP for all possible To.  

In short, the FPPA methodology identifies the MPPL (using the FPI program) and derives the probability information based on the location of MPPL and the shape of the performance function around the selected MPP. Because the probability is concentrated around the MPP, the approximation around the point allows 
fast and accurate approximation of the actual probability.  

2.2.3 Example 1 - Corrosion Depth 

Assume that the corrosion depth can be estimated using the following formula: 

C = KpKexp(a/H)Obcl ct n (2) 

where Kp is the pitting factor, K is the uniform corrosion factor, H is the absolute temperature, t is the exposure time, 0 is the oxygen concentration, CI is the chlorine concentration, and a, b, c, and n are dimensionless empirical parameters. The above formula has been used to demonstrate a method of uncertainty analysis 
(Sutcliffe, 1984).
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For the FPPA illustration, the data for the variables in Eq. 2 are assumed and listed in Table 1.

Table 1. Data Input* for Demonstration Example 1

Variable Mean Standard Deviation Distribution 

Kp (mm/yr") 4.0 1.0 Lognormal 

CI (pg/g;ppm) 6.5 0.65 Normal 

n 0.47 0.0329 Lognormal 

H (K) 373 0 

K (mm/yrT1) 0.1706 0 

0 (Pggg;ppm) 7 0 

a -1402 0 

b 0.2 0 

c 0.543 0 

t (yr) 300 0 

*The data used is the same as those used in the paper (Suteliffe, 1984) except that the original distributions of the random variables 
were modified from histograms to lognormal/normal.  

Monte Carlo Solution 

Based on Eq. 2 and Table 1, a Monte Carlo solution was obtained. The solution, using 100,000 
simulations to ensure "accurate" solutions at the tail of the distribution, will be used to judge the accuracy of 
the FPPA solutions.  

FPPA Solution 

The solution procedure and the performance of the FPPA approach is explained in the following. More 
theoretical considerations are given in the appendix.  

The FPPA Mean-Value-First-Order (MVFO) Solution 

By numerical differentiation at the mean values of the random variables, the following equation can be 
obtained

C = Ao + A1Kp + A2CI + A3n (3)

where Ai are coefficients. The probabilistic solution based on Eq. 3 is defined as the Mean Value First Order 
(MVFO) solution because it is mean-based and is a linear approximation. This solution requires four function
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evaluations of corrosion depth as listed in Table 2. The MVFO solution, obtained using Eq. 3 and the FPI program, is shown in Fig. 2. Note that the cdf is plotted on a normal probability plotting paper (for a normal 
variable, cdf is linear on this paper).  

The FPPA Advanced Mean Value First Order (AMVFO) Solution 

The MVFO solution is exact if C is a linear function of the above three random variables. However, since C is actually a non-linear function, the MVFO is subjected to error in the regions away from the mean values. By using the MPPL concept, the actual C values are re-computed at selected points for each selected probability level. This requires one function evaluation of C for each probability level. Assume that we are interested in the region of cdf> 50%, we may select, say, four levels as shown in Fig. 2. This would require four function evaluations of C as listed in Table 2. The difference between the AMVFO solution and the MVFO solution is the correction term E in the following equation:

C = (Ao + AIKp + A2Cl + A3n) + E

where E is the error function and is a function of the probability level. The AMVFO solution points are plotted in Fig. 2. By comparing the AMVFO solution and the exact solution, it can be concluded that the AMVFO solution is good in the cdf range from approximately 0.0003 to 0.99. There is one selected point at cdf=0.99976 which shows relatively large error. The reason for this discrepancy is because C is non-linear and that the accuracy derived from the mean values deviates more when the most probable point is far away from the mean values. To improve the accuracy, new performance sensitivity calculations must be performed.  

FPPA Iterations 

The previous AMVFO solution can be further improved by using iterations where performance sensitivity calculations are performed for each iteration. A full iteration procedure for finding the exact most probable point is described in the appendix. For illustration purposes, only the first iteration has been carried out. A new sensitivity calculation at a point based on probability considerations was performed to obtain a new linear approximation as shown in Table 2.  

Table 2. Solution Sets Used for FPPA (For probability > 50% only)

FPPA Prob. Levels 

MVFO Around 0.5 

AMVFO 0.691 
0.933 
0.9938 
0.999767 

First 0.999767 
Iteration

Most Probable Point Solution 
Kp Ca n C 
4 6.5 0.47 0.9470 
4.01 6.5 0.47 0.9494 
4 6.565 0.47 0.9521
4 

4.324 
5.358 
6.777 
8.695 

8.795 
8.695 
8.695

6.5 

6.588 
6.640 
6.691 
6.716 

6.716 
6.781 
6.716

0.4733 

0.479 
0.496 
0.507 
0.512 

0.512 
0.512 
0.5155

0.5155 2.715

0.9649 

1.085 
1.485 
2.009 
2.665 

2.6958 
2.6792 
2.7157

8
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Figure 2. The FPPA Method improves results by using new information at the tail regions.
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Sensitivity Factors 

There are many sensitivity measures. For example, a performance sensitivity is the measure of performance change relative to the design variable changes. The performance sensitivity, however, does not take into account the variable uncertainty. A sensitivity measure that considers both the performance sensitivity and the uncertainty is a sensitivity factor. A formal definition can be found in Madsen et al. (1986).  
For illustration purposes, assume that a random variable X is normally distributed. Random variable X 

can be "standardized" as 

U X-M (5) 
U- S 

where m is the mean value, s is the standard deviation, and u is the standardized variable having zero mean and unity standard deviation. The sensitivity factor of X is 

aP (6) 
au 

where P is the probability. Another property of a is 

al +a2+..a;+ + (7) 
where the subscript indicates ith random variable and n is the total number of random variables. The magnitude of a ranges from 0 (insignificant) to 1 (dominant).  

The sensitivity factor is associated with the probability, i.e., the sensitivity factors are functions of the cdf. A variable which is insensitive at small cdf may become sensitive at large cdf. To have a better insight into the performance uncertainty, it is sometimes useful to investigate a range of cdf rather than a single point.  

The sensitivity factors for the current example are shown in Fig. 3. Note that the values are based on AMVFO solutions. In general, the sensitivity factors may be changed if further iterations are performed. The degree of change depends on the accuracy of AMVFO solution. For the present example, the change is expected to be small since the AMVFO provides a good cdf solution.  

From Fig. 3, Kp and n appear to be more sensitive than C1. For higher corrosion depth (tail region where cdf > 0.9) the plot indicates that Kp is the major contributing factor for the uncertainty of the corrosion depth.  A major reason is that Kp has the highest coefficient of variation. (The coefficients of variation are 25% for Kp and 10% and 7% for CI and n, respectively).
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Summary 

This example demonstrates the FPPA methodology. The (minimum) required number of function evaluations NF for n random variables and m probability levels can be calculated according to the following 
formulas: 

MVFO: n + 1 
AMVFO: n + I + m 
Iteration: n + 1 + m + kn 

where k is the number of iterations for each probability level.  

Assume that we are interested in the high corrosion depth region, and therefore select four probability levels (m=4). Further, assume that two iterations are required for convergence at the highest selected cdf 
point (k=2), then NF are: 

MVFO: 4 
AMVFO: 8 
Iteration: 14 

When each function evaluation requires significant amount of computation time, NF becomes a dominant efficiency factor. Thus the FPPA methodology is particularly useful when the performance function evaluation 
is time consuming.  

The fact that NF does not increase significantly for evaluating small probability distinguishes the FPPA approach from the standard Monte Carlo method which requires more samples for smaller probability.  

Another major advantage of using FPPA is to be able to generate sensitivity information which provide 
insight to the performance uncertainty.  

2.2.4 Example 2 - Corrosion Time-To-Failure 

In example 1, the performance function has an analytical expression and the number of random variables is only three. The actual EBS performance assessment is expected to be much more complicated, involving more complex calculations and more random variables. In general, the performance function can be considered as defined by one or more computer codes. The development of these codes may require many experts in several disciplines. In applying the FPPA methodology, however, the computer codes can be thought 
of as function generators or black boxes.  

In this second example, the function generator is the current version of the EBS code (CONVO). It will 
be demonstrated that the FPPA procedure remains the same.  

The problem is basically the same as the sample problem in the CONVO user's manual (Zaremba, 1987). The only changes are the distribution types (lognormal distributions replace truncated distributions).  The random variables are defined in Table 3. A temperature response surface was prepared first by assuming repository and waste package dimensions. In the sample problem, the repository depth used is 970 m and the container thickness is 85 mm. The corrosion model used in this example is the BWIP corrosion model which utilizes five different corrosion rates depending on the environmental conditions as functions of time and 
temperature.

12



Table 3. Random Variables* Data for Demonstration Example 2

Variable Mean Std. Dev. Distribution 

Thermal conductivity (W/m-°C) 1.51 0.152 Normal 

Density of Rock (kghn 3) 2800. 100. Normal 

Specific Heat (J/kg-0 C) 929.0 14.49 Normal 

Initial heat load package (W) 144 8d 2 2 76d Uniform 

Air/steam corrosion coef. (mm/yr) 2.33 1.35 Lognormal 

Air/steam time exponent 0.25 0.05 Normal 

Air/steam temp. coef. (1K) 1778. 290.0 Normal 

Aqla (mm/yr) 0.00306 0.00504 Lognormal 

Aq2b (mm/yr) 0.00738 0.00122 Lognormal 

Aq3c (mm/yr) 0.02842 0.00468 Lognormal 

*For deterministic data, see user's manual (Zaremba, 1987).  
aAqueous corrosion coefficient for resaturation over 125C(2 and temperature over 125°C.  
bA~ueous corrosion coefficient for resaturation over 1250C and temperature under 1250C.  
'Aqueous corrosion coefficient for resaturation under 1250C.  
dLower and upper limits.  

Monte Carlo Solution 

The time to corrosion failure was simulated 10,000 times. The resulting cdf is plotted in Fig. 4. This 
solution will serve as a reference.  

FPPA Solution 

Using the same procedure as applied to example 1, the MVFO and the AMVFO solutions were obtained.  
The sensitivity calculation is tedious because more random variables (10) are involved and there is currently 
no user interface to integrate the probabilistic module with the performance module. Therefore, only the 
MVFO and the AMVFO solutions were obtained to demonstrate the procedure.  

The results are summarized in Fig. 4 where NF are

MVFO: 
AMVFO:

11 
18

Also provided in the figure is the computer CPU time which clearly shows that as the function module gets 
more computation-intensive, the effectiveness of the FPPA method also increases. It should be emphasized 
that in a more detailed analysis, there may be a need to concentrate in the region where the probability of 
occurrence is small. It may be a formidable task to apply Monte Carlo simulation to such analyses using 
complicated process numerical models.
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Figure 4. The Comparisons Of The Fast Probabilistic Performance Assessment (FPPA) Method With The Monte Carlo Simulation Method
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Based on the AMVFO result, the sensitivity factors are plotted in Fig. 5. Only the first three 
more-sensitive and the last three less-sensitive variables are plotted. Again, the results show that the sensitivity 
factors are functions of performance function value. At small T range (< 1000 years) which requires special 
attention, the first aqueous corrosion coefficient (see Table 3) is the most sensitive and the third aqueous 
corrosion coefficient is the least sensitive. For a critical design performance assessment, these results would 
suggest an investigation to determine whether the models are reasonable and whether an effort is required to 
reduce the uncertainties. If the model is judged to be correct, a decision may be made to concentrate on the 
first aqueous corrosion coefficient.  

Summary 

The second example demonstrated how the FPPA methodology can be applied to a complicated 
performance function. Because the FPPA methodology treats the process modules as "function generators," 
it can be applied independently without code integration. In fact, it is possible to include an experiment-based 
function generator in the analysis. In other words, the experiment, rather than the computer code, would 
produce the function values. Thus the FPPA methodology provides great flexibility to use best available codes 
and data.  

This demonstration was performed using "manual" integration of the several modules. Without an 
integrated package, the complexity of the process modules may make it difficult to do productive and 
consistent assessments.  

2.3 FPPA-BASED IMPORTANCE SAMPLING SCHEME 

2.3.1 Introduction 

The above examples demonstrate that the FPPA is both efficient and accurate. In general, however, the 
FPPA provides only "approximate" probability estimation. To confirm the FPPA solution, a FPPA-based 
importance sampling scheme may be used as illustrated in this section. This sampling scheme is different 
from the standard Monte Carlo simulation and other importance sampling schemes in that it uses the 
FPPA-generated information to design a sampling plan.  

The major feature of this sampling technique is that it is a two-stage sampling in which the first stage uses the FPPA result to filter the undesirable random samples. Only the selected samples will go to stage 2 
where actual process simulations will be performed. This feature allows the "expensive" part of the sampling 
to be done only at the selected critical tail distribution region.  

2.3.2 Review of Efficient Simulation Methods 

The major disadvantage of the standard Monte Carlo simulation is that when the desired probability is 
small, a large number of samples have to be generated. For example, if the probability of failure is 0.001, the 
method requires, on average, 1,000 samples to get one hit. To generate high confidence to the simulation 
result, many more samples (say, 10,000) would be needed. For EBS performance assessment, it is expected 
that a design should demonstrate a very low probability of failure.  

To improve the Monte Carlo method, there are other simulation methods available which may be more 
efficient. Three commonly used methods are stratified sampling, Latin Hypercube sampling and importance 
sampling methods. All these methods use designed sampling.
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The advantages of the first two methods are that they result in a well spread out set of samples and 
ensure at least some samples in the tails of the distribution. In one study (McKay et. al., 1979), the efficiency 
of the Latin Hypercube sampling was observed to be better than the stratified sampling. The Latin Hypercube 
method has been used by Sandia for demonstrating a performance assessment methodology for nuclear waste 
isolation (Bonano and Davis, 1988). In general, if the probability is small, the required samples using any of 
these two methods are still expected to be large, even though the efficiency tends to be better than Monte 
Carlo (Karamchandani, 1987).  

The importance sampling method is based on the idea of sampling in the region where there is a high 
probability of getting hits (Rubinstein, 1983). Based on this concept, various schemes have been developed 
particularly for small probability problems. These include methods proposed by Harbitz (1986) and Bjerager 
(1988). In these methods, the sampling space is a standardized normal space. The required transformation is 
given in the appendix.  

An example showing Harbitz's method is illustrated in Fig. 6 using a problem involving two standard, 
normally distributed variables. The concept is simple. In Fig. 6, the minimum distance (or the safety index 
in structural reliability literature) from the origin to the limit state (e.g., time to corrosion failure = 300 years) 
is first calculated. If a circle is drawn using the minimum distance as a radius, it can be guaranteed that every 
sample inside the circle would produce time > 300 years. Consequently, it is unnecessary to generate samples 
inside this circle. The saving may be substantial because the joint probability is the highest at the origin. In 
Fig. 7, the points represent those samples requiring process evaluations. The hit ratio is obviously much higher 
in the reduced sampling space.  

The FPI program currently used by the Center has a Harbitz sampling option. This sampling method is 
conceptually simple and easy to apply. However, there is one weakness: its efficiency decreases as a function 
of the number of random variables. This weakness reduces its usefulness for the EBS performance assessment 
because the involved number of random variables may be large. In the next discussion, another importance 
sampling method that is considered more suitable for EBS analysis is presented.  

2.3.3 An FPPA-Based Importance Sampling Method 

A simulation method based on the FPPA technique is proposed to be included in the EBS performance 
assessment code as an option. The purpose of having such a code is to provide a capability to quickly and 
independently check/confirm the FPPA probability result. Once the probability result is confirmed, then it 
will be appropriate to use other FPPA results including the sensitivity factors.  

This method is basically an importance sampling method where the initial sampling region is determined 
by the FPPA-generated information. The method is simple but is potentially very efficient relative to the 
standard Monte Carlo simulation when the performance assessment requires significant computation time.  

The method is illustrated using the demonstration example 1. Recalling that by Taylor's series expansion 
at the mean values, the first-order approximation can be obtained as shown in Eq. 3. For illustration purposes, 
let this first-order approximation be C1. Even though this approximation is expected to be in error in the tail 
regions of the distribution, it can be used to indicate a general trend which provides a clue to the important 
sampling region.
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To compute C and C1, 1,000 samples of X = (Kp, C1 and n) were used. Fig. 8 shows the relationship between C and C1. It can be seen that C and Ci have a nonlinear relationship because C is nonlinear in X and Ci is linear in X. The curve in Fig. 8 is the FPPA (AMVFO) solution. Thus, the FPPA solution provides roughly the "best fit" curve which "explains" why the FPPA approach produced good approximate results.  

The proposed sampling strategy is to first compute Ci (a simple task since C1 has a simple analytical form) using the X sample. An X sample will be used to compute C (a generally more difficult task) only if C1 is within a desired region. In other words, Ci will be used to "filter" those undesirable events. For example, Fig. 9 would be the sampling result when samples of X are used to compute C when Ci is more than two standard deviation (plus and minus) from the mean. As a result, only 41 samples are qualified. In this example, all 41 samples are in the "desired" tail region. In application, this scheme may be used to selectively check the FPPA results at critical (e.g., tail) regions.  

2.4 FPPA-BASED SYSTEM RELIABILITY ANALYSIS 

There are several reasons why the system reliability analysis approach may be useful for the EBS performance assessment. These are: 1) An EBS contains a system of containers which may be functionally correlated, 2) An EBS may be modeled as a system of barriers, and 3) There are several possible failure modes (including those due to external events) in an EBS.  

In the following, the discussions on why a system reliability approach is suitable and how the information produced by the FPPA can be used for system reliability will be presented.  

Consider the corrosion failure mode. In theory, the corrosion time for all the containers in an EBS can be modeled using ajoint probability distribution. If the corrosion time-to-failure for the packages are mutually independent, then it is straightforward to calculate the system reliability of, for example, "how many containers will fail in 300 years." On the other hand, if one or several site environmental factors dominate the corrosion process, then the container failure time may be strongly correlated (i.e., if one fails, the other containers will also tend to fail). In general, the statistical correlation coefficient ranges from 0 to 1 depending on the degree of functional dependency. The variables that cause the functional dependency include, but are not limited to, locations of the containers, initial heat load, water chemistry, etc. For example, the container location and the initial heat load determine the thermal effect which in turn affects the corrosion rate.  

The above correlation can be established by the FPPA approach. Consider two performance functions Ti and T2 representing time-to-corrosion-failure at two locations. Symbolically, the two functions can be 
expressed as 

Ti =fl T (8) 

T2 =f 2T (9) 
In general, Ti and T2 will be correlated if they sham one or more common random variables. The formal correlation between Ti and T2 can be established by using the approximate analytical expressions of Ti and 
T2 derived from FPPA.
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The same approach can be applied to multiple barriers and multiple failure modes. In general, the system 
reliability theory can be used to compute the system reliabilities such as: 

Psystem = Prob. [(Tpackage 1 < 300) r) (Tpackage 2 < 300) n..] (10) 

Psystem = Prob. [(Tfailure mode 1 < 300) U (Tfailure mode 2 < 300) u. ... (11) 

The system reliability bounds may be calculated without using the information of the joint probability.  
However, when the probabilities of the joint events are not negligible, the bounds may be too wide. In such cases, improved (narrower) reliability bounds can be obtained by including the joint probabilities in the analysis. The joint probabilities can be estimated using the correlation coefficients (Ang and Tang, 1984).  

A system reliability analysis framework for the EBS will be useful in identifying key components/failure 
modes and interaction effects between the components/failure modes. Therefore, it is recommended that such 
analysis capability should be included in the EBS analysis framework.  

2.5 DISCUSSIONS 

2.5.1 Advantages of FPPA Methodology 

The above examples and the related discussions suggest that the FPPA approach provides many 
advantages over the Monte Carlo method. The major advantages are listed in the following: 

"* Provides efficient tool to prioritize the uncertain variables.  
"* Very efficient relative to the standard Monte Carlo method.  
"* Provides good approximation; accuracy can be checked using FPPA-based importance sampling 

method.  
" Provides flexibility to interface with other data sources including established process modeling codes 

and experimental data.  

" Can be extended to do system reliability analysis.  

2.5.2 Required Effort for Building the FPPA Framework 

The framework for an integrated EBS performance assessment is involved and requires the development 
and integration of several modules as described in the next section. It should be emphasized that the FPPA method can be applied with or without any integration with the process modules. The purpose of integration 
is to establish an EBS code that can be verified formally and can be used more easily and productively with 
minimum chance of human error.
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3 EBS PERFORMANCE ASSESSMENT CODE DEVELOPMENT PLAN

3.1 INTRODUCTION 

The purposes of this EBS code development plan is to develop an integrated, easy to use, and flexible 
code that can interact with the external codes and data. The EBS code will be fully modularized, i.e., once 
the framework is established, the process modeling module, the external codes and the probabilistic analysis 
module will be independent allowing each to be updated individually.  

3.2 CODE STRUCTURE 

The proposed EBS code framework is described in Fig. 10. The main driver for the entire EBS code is 
EBS/FPPA, which gives commands to perform the required analyses according to the objectives defined by 
the analyst.  

The EBS/PROCESS module evaluates the deterministic performance. The process models include 
corrosion, nuclide transport, leaching, residual stresses and other models necessary for the proposed tuff 
repository site. This module consists of two parts. The first one is the built-in process modeling codes. This 
part will build on the current EBS code (CONVO). The second part is the external support which includes 
external codes (thermal, two-phase flow modeling, etc., as needed) and experiment data. The output of the 
EBS/PROCESS will be stored in a data base.  

There are two separate probabilistic evaluation modules: EBS/COMREL and EBS/SYSREL. The first 
module performs COMponent RELiability analysis using FPPA approach and the FPPA-Based sampling 
scheme. The second module performs SYStem RELiability analysis using the results from the EBS/COM
REL.  

To assist the users in preparing the input and executing the code, an user interface module EBS/USER 
is planned.  

The output of the EBS code will include the sensitivity factors, the component reliability, the system 
reliability, and other intermediate information such as correlation coefficients between failure modes.  

3.3 CODE DEVELOPMENT TASKS 

To accomplish the above objectives, major tasks have been identified according to the required modules.  

Task 1: Develop EBS/PROCESS module 

This task requires the enhancement of the current EBS process modeling and the identification and 
inclusion of the useful external codes.
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The Center is in the process of developing models and methodologies for the tuff applications. This effort will continue to establish sound, albeit approximate, models. If more approximate models can be established, then the needs for using complicated external codes can be reduced. On the other hand, if there are well-established, reasonably efficient codes available, then an approximate model may not be needed. In the case when the process is very complex and it is difficult to establish a reliable approximate model, then 
external numerical codes may be considered.  

This task requires the following steps: 
1) Evaluate existing numerical modeling codes. The process modeling should include thermal, 

two-phase flow, corrosion, nuclide transport and other models pertinent to the DOE proposed 
design. The evaluation should include the modeling assumptions, modeling capabilities, and 
efficiencies.  

2) Identify the candidate codes based on the considerations of general capabilities and the degree of 
complexities for including in the FPPA framework.  

Table 4 is a plan for updating present models and developing new models for the next fiscal year. The 
detailed description/activity will be presented in the EBS FY 1989 Operations Plan.  

Table 4. EBS Process Models Development Plan

Present Models 
Corrosion 
(BWIP, BROOK, PC) 

Temperature 
(TEMP, TEMPHI) 

Nuclide Transport 
(TRANSO, TRANSL, 
TRANS3) 

New Models 
(Leaching, two-phase flow, etc.)

Plan (FY 1989) 
Review stainless steels corrosion data.  

Evaluate and revise/develop models including IGSCC.  

Review existing codes/models.  
Evaluate and identify candidate codes.  Update approximate model.  

Review existing codes/models.  
Evaluate and develop model.  

Develop guidelines for model development.  
Review existing codes/models.  
Evaluate and identify candidate codes.

Task 2: Develop EBS/COMREL module 

This module will be built on the FPI code currently being used mainly for structural reliability analysis.  The FPI will be modified to establish a module devoted to EBS analysis. The FPPA-based sampling option 
will be included in this module.  

Task 3: Develop EBS/SYSREL module 

This module will be developed based on the existing system reliability bounds theory (Ang and Tang, 1984) using the results from EBS/SYSREL. Before the actual development of this module, an EBS system 
model needs to be established.
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Task 4: Develop EBS/FPPA module

A main driver that integrates all the major modules will be developed under this task. The EBS/FPPA 
module defines the scope of analysis (what process models? which containers? component or system 
reliability analysis? etc.) and control the entire analysis procedure.  

Task 5: Develop EBS/USER module 

Because the overall EBS analysis covers several disciplines, the proper use of the code may require 
significant training if a user-friendly interface is not available. An EBS/USER module will be developed to 
assist the users in preparing input data and executing the code.  

There are two options to develop this EBS/USER module. Option 1 is for the user to run the code using 
a PC version. This requires that a small scale (use approximate/analytical models, i.e., no complicated external 
codes) EBS code which is a subset of the mainframe version. A code would be developed to generate the PC 
version from the mainframe version. The PC version would be updated along with the mainframe version.  
Option 2 would not produce a PC version. Instead, an interface program would be developed such that the 
users would be able to execute the mainframe code from their PCs. The selection of the code would depend 
on whether approximated models can be developed and performed efficiently using a PC, and the execution 
time for a typical analysis. An option will be selected based on the results of Task 1.

27



4 SUMMARY

This report evaluates the fast probabilistic performance assessment (FPPA) methodology for the EBS 
performance compliance determination.  

Two problems related to container corrosion were used to demonstrate the FPPA methodology. The 
purposes of the demonstration were to illustrate the general FPPA solution procedure, to show how sensitivity 
factors can be generated, and to demonstrate the efficiency and accuracy of the FPPA methodology. The 
results and the related discussions led to the following conclusions: 

1) The FPPA methodology can prioritize the uncertain variables. The sensitivity information derived 
from FPPA is particularly useful when the number of uncertain parameters is large as would be 
expected in an EBS performance assessment. The sensitivity ranking may be used to recommend 
future research and experiment directions.  

2) The FPPA calculation is efficient. The efficiency provides the potential applications of the 
advanced but computation-intensive numerical analysis computer programs that are impractical 
to be included in a Monte Carlo analysis framework. By incorporating external codes and data in 
the analysis framework, the FPPA-based code has the promise of adding more power and realism 
to the EBS compliance assessment capability.  

3) The accuracy of the probability estimates can be checked using a FPPA-based efficient sampling 
scheme. This technique can be used to confirm the FPPA result at desired probability regions (e.g., 
the tail of a distribution). Other FPPA-generated information such as sensitivity factors will be 
automatically confirmed. This capability minimizes the technical risk in building a FPPA-based 
EBS code.  

4) A system reliability analysis capability can be built on the FPPA component framework.  

5) The required effort to develop a framework is identified. The only drawback in applying the FPPA 
approach is that the framework for an integrated EBS performance assessment requires the 
development and integration of several modules. Even though the FPPA approach can be applied 
without any physical integration of the modules, an integration is strongly recommended to 
establish an EBS code that can be verified formally and can be used more easily and productively 
with minimum chance of human error.  

Based on the above discussions, an EBS code structure was recommended which consists of several 
modules that can be independently developed and a main driver that integrates all the modules. To develop 
the code, a plan was developed that includes the major tasks.
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APPENDIX

FPPA METHODOLOGY REVIEW 

INTRODUCTION 

In the analysis of the engineered barrier system (EBS), a need exists to develop probabilistic perfor
mance assessment methods to assess the performance uncertainty due to the uncertainties in the material 
properties, environment conditions (water sources, water chemistry, etc.), heat sources, geometry, and 
insufficient information or knowledge.  

To account for these uncertainties, recent reliability analysis methods (Refs. 1, 2, 13) based on the 
Hasofer-Lind (1974) safety index and design point concept could be used. These reliability methods have 
found wide applications in many engineering fields. In general, the methods have found to be effective for 
problems which have explicit limit state expressions. However, for problems that can be defined only 
implicitly, e.g., defined using a finite element code, the effectiveness deteriorates because these methods 
generally rely on accurate gradient computations and must employ iteration or optimization schemes that 
may converge very slowly.  

This discussion reviews the probabilistic analysis methods that are particularly applicable to complex 
problems requiring sophisticated computer analysis codes. A procedure is described that establishes the 
cumulative distribution function (cdf) of an EBS performance function such as corrosion depth or time to 
maximum radionuclide release.  

In the following sections, recent reliability analysis methods will be reviewed, followed by an efficient 
and robust approach for establishing the cdf. A methodology for treating the correlated non-normal random 
variable will be described.  

Probabilistic Performance Assessment Methods - Background 

Structural and mechanical reliability analysis methods developed during the past decade were aimed at 
computing probability of failure. To apply these methods (Hasofer and Lind 1974, Rackwitz and Fiessler, 
1977, Hohenbichler et al. 1981, Tvedt 1983, Madsen et al. 1986), the first step is to define the limit state 
function or performance function. A Taylor's series expansion is then taken at the most probable point (or 
design point) which needs to be found using optimization or iteration schemes (Rackwitz Fiessler, 1977, Liu 
and Der Kiureghian, 1986). Because the functional error as well as the probabilistic error is small around the 
most significant probability region, reasonably accurate solutions are assured. However, when the limit state 
function is implicitly defined by a numerical analysis (e.g., finite difference, finite element) code, the above 
methods become difficult to be implemented and are computationally time-consuming.  

To illustrate the concept, let us define a performance function, say, time to failure, as: 

T(Q) = T(Xh, X2, . .Xn)(1 

in which Xi are random variables assumed to be mutually independent. For dependent random variables, 
special transformations are required as addressed in a latter section.
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The cdf of T(X), can be computed as

P(T < to) = FT(to) = ft<o _x(x)d (2) 

where to is a value of random variable T (time to failure), f(X) is the joint probability density function and T < to is the region of integration. This multiple integral is, in general, very difficult to evaluate. Alternatively, a Monte Carlo solution provides a convenient but usually time-consuming approximation. To overcome the difficulties, the reliability methods described earlier provide efficient approximation solutions. These methods will be referred to as fast probability integration (FPI) methods in this discussion.  

The FPI methods define the limit state as 

T(_T = to (3) 
and compute P(T < to) individually for each selected to. The limit state is defined such that it separates the variable space into two regions: safe and fail. In this discussion, however, we will be interested in the entire cdf, as the cdf provides useful information for further analysis. This means that for each probability level, there is an associated limit state.  

For each limit state, the most probable point is defined as follows. First, transform non-normal X to standard normal variables U using the following transformation: 

u = (V1[Fx(x)] (4) 

The inverse transformation is: 

F = "x [D(g)] (5) 
where D is the standard normal cdf.  

The next step is to find the most probable point, u , that defines the minimum distance from the origin to the limit state surface. Finally T(U) is approximated by a first or second-order Taylor's series around u or x Once the T(D approximation is obtained, the probability estimate can be rapidly determined. For example, the result using the first-order reliability method is simply 

Pf' - ((-1P) (6) 

where 0 is the minimum distance. This simple approximation has been found to be sufficiently accurate for many applications. However, to confirm the result, more accurate second-order approximations (Fiessler et al., 1979, Tvedt, 1983, Wu and Wirsching, 1987) may be used. As implied by the name, the FPI methods are fast because the complicated integration problem is reduced to a simple geometry problem.  

The step to determine u* is the most critical in the FPI analysis. It generally requires iteration or optimization schemes that use the gradients of T function. Assuming the solution converges, T(U) and its gradients must be computed a number of times. If computing T(X) requires a significant amount of computer
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time, a fast convergence rate becomes essential in selecting an iteration method. Also, the robustness of the procedure is important. A good procedure should be fast and should tolerate the numerical errors normally encountered using a numerical computation method.  

An Advanced Mean Value Method for Fast cdf Estimation 

A systematic and effective method for finding the points which constitute the most probable point locus (MPPL) has been suggested by Wu et al. (1987) to establish the cdf. The locus is obtained iteratively where the initial locus is determined using the linear approximation of T(X) about the mean values of the random variables. After the iterations, linear or quadratic approximations of"T(X) are established locally at the most probable points to estimate the cdf. The methods that applies the MPPL concept will be called the FPPA (Fast Probabilistic Performance Assessment) method in this discussion.  

If the sensitivities of the variables do not change drastically within the significant probability region, then the initial MPPL approximate can be used as a foundation for a highly efficient method defined here as the advanced mean-value method (AMV). The mathematical formulation of this AMV method will be first presented followed by the subsequent iteration algorithms for a 'full' FPPA analysis.  

In the following, it is assumed that X is a vector of mutually independent variables. Also, we will consider only first-order expansion. The extension to second-order is straightforward. While the second-order expansion may provide higher accuracy, it requires more computation effort. The advantages and disadvantages of the second-order expansion are subject to further investigation.  

Assume that the Taylor's series expansion at the mean values exist. The performance function can be expressed as: 

T(X) = T(LL) + • (/) (XI - L) + H(X) 

n 
= ao + j aiXi + H(X) (7) 

= T1(X) + H(X) 

where the derivatives are evaluated at the mean values; T1 (X) is a random variable representing the sum of the first-order terms and H(s) represents the higher-order terms.  

The key to the proposed MPPL procedure is to, initially, treat H(X) as a deterministic function rather than a random variable. When H(X) is neglected, the solution will be referred to as the mean-value-first-order (MVFO) method since the first order approximation is mean-based. By including the deterministic function H(X), the solution will be referred to as the advanced mean-value-first-order (AMVFO) method.  
The inclusion of H is intended to correct the higher-order error. However, to optimize the efficiency and the accuracy, a constraint is imposed to allow only a single value of H for each T(X) = to. The question becomes: how to define H to minimize the error in probability estimate? The suggested solution is to use the MPPL derived from TI(X), with the assumption that this MPPL is not too far away from the actual M[PPL.
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To define H, let us first neglect H, then

TD = TIT_ = to (8) For each to, the most probable point can be determined by, e.g., the Rackwitz-Fiessler algorithm (1976). This 
task is easy since TI(X) is a linear polynomial.  

For illustration purposes, assume that Eq. 5 has been applied so that X is a vector of standard normal 
random variables. The minimum distance in the u-space is: 

- - to 

The corresponding most probable point is: 

* ' • a= 8 a (10) 

in which the sign depends on whether the probability is greater or less than 0.5.  

For a nonlinear T(U) function, H is nonzero. Therefore if we re-compute T(u*), the value would be 
different from to. The difference is defined as H: 

H = t(u*) -0to (11) 

Without H term, the probability estimate is 

(+f±) = P[T(_) < to] (12) 

With the H term, the probability statement becomes 

(D±8) =P[Ti(_ < to] 
=PT < H +to] (13) 

= P[T < t (u*) 

Thus, (D(± 5) is the probability estimate for T(u*), rather than for to.  

In general, the exact minimum distance is not equal to 8 because the ai coefficients are not the same at the most probable point. However, experience has indicated that the minimum distance, hence the probability 
estimate, is less sensitive relative to the functional value (Ref. 3).  

For general non-normal X cases, the AMVFO procedure can be summarized as follows: 
(1) Obtain the linear approximation TI() on perturbations about the mean values.  
(2) Compute x for selected cdf values.  
(3) Re-compute T (x*) to correct to for the same cdf in step 2.  

Examples - In section 2, the AMVFO procedure has been applied to two corrosion- related problems with reasonably good results. The AMVFO has been used successfully for other applications (Ref. 16).
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Modified AMVFO Solution for Multiple-Most-Probable-Point Cases

The above AMVFO solution assumes that only one significant MPP exists for each T. The solution may require modification if other local MPPs exist. Multiple-MPP is possible especially when the T-function is strongly non-monotonic in the probability concentration region. The error may be significant if we use only 
one MPP and ignore the remaining MPPs.  

To solve this problem, in general, we must first identify all the significant MPPs and then modify the probability solution by assuming multiple performance functions. The system reliability analysis methods (Ref. 1), particularly the reliability bounds theory (Ditlevsen, 1979), can be applied to estimate the probability.  

An approximate solution can be obtained efficiently by assuming that T is a non-monotonic function on the MPPL of Ti. Under this assumption, the cdf produced by the earlier AMVFO procedure would be a non-monotonic function which violates the cdf definition. Thus, the AMVFO procedure can automatically identify multiple MPPs. For an invalid cdf, the corrected cdf can be obtained by assuming multiple, fully-correlated T-functions. For example, for two-MPP cases, the modified cdf can be derived by subtracting or superimposing two probabilities associated with two cdfs. The solution procedures for concave and convex T functions are illustrated, respectively, in Figs. 1 and 2. Note that the modified cdfs are truncated at the left or right tails which reflect the facts that T are non-monotonic functions having lower or upper bounds.  

FPPA Iteration Algorithms 

The accuracy of the above AMVFO method can be further improved by finding the actual MPPL using iteration algorithms. Two algorithms, one for specified probability levels, and the other for specified response levels, are available (Ref. 15). Both algorithms are based on the AMVFO results. In the following, only the 
first algorithm is described.  

Given Probability Value - The procedure is summarized as follows and is illustrated in Fig. 3.  

(1) Construct TI() and search for to such that P[TI(X) < to] = probability goal.  
(2) Use most probable point of TI(X) = to and re-compute T(_). (AMVFO) 
(3) Obtain new TI(X) around the most probable point of Ti = to.  
(4) Go to step (1) and repeat the process until to converges.  

Correlated Random Variables 

Introduced by Hohenbichler et al. (1981), the Rosenblatt transformation provides a means to transform the non-normal dependent random variables to uncorrelated normal random variables. The transformation is 
(Rosenblatt 1952): 

ul = 4'[Fl(xl)] (14) 

Un= 4'l[Fn(xnkXl,X 2 , • , Xn-l)] 

For independent variables cases, this transformation reduces to Eq. 4.
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For the EBS performance assessment, however, the information may be insufficient to establish the joint and the conditional probability distributions. A more realistic model assumes the knowledge of marginal distributions for X and the associated correlation coefficients. Such a model has been discussed by Grigoriu (1983) and by Dr Kiureghian and Liu (1986). The transformation for this model first requires the mapping of Eq. 5. The next step is to obtain the correlation coefficient matrix for the transformed normal variables U.  Finally, given the correlation coefficient matrix, a linear transformation can be applied to find the uncorrelatQj normal random variables V. The basic assumption for this model is that random variables Vi are jointly 
normal.  

Consider two random variables Xi and XJ with correlation coefficient R. The correlation coefficient of the transformed normal variables Ui and UJ, denoted as r, can be found by solving the following equation: 

oai \ rj/(15) 

where 

S 1 2i 2ruiui + u ( 

2r•r 1 _ r2  
-(16) 

In general, the calculation of r requires iteratively solving Eq. 16. Approximate formulas, based on least-square fitting of the exact solution are available for a number of selected distribution combinations (Ref.  2).  

A more compact and general way of relating R and r has been proposed in Ref. 15. The resulting single formula expresses R as a polynomial function of r.  

Raiar= r Cii + 2-(c13 + c31) + 8-(c15 + 2c33 + C51) + 48(C17 + 3c3 5 + 3c53 + C71) 

+ •r[c 22 + j(c24 + c42) + -(C26 + 2c44 + c62) 

(17) 

+ [r[C33 + 2-(C35 + C53) 

14 
+ r [c44] 

To compute r, the coefficients cj• terms can be determined numerically. The term r is the real root of a polynomial equation, and can be solved by, e.g., Newton's method. An example showing the performance of equation 17 is included in Ref. 15.
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Summary 

This discussion reviews the reliability analysis methods. The concept of advanced mean value (AMV) 

method effectively blends the convenient mean value method with the accurate but more sophisticated 

reliability analysis methods. The AMV method and the AMV-based iteration algorithms form the basis of the 

FPPA methodology.  

For the EBS performance assessment, It is expected that the joint distribution information is difficult 

to obtain. An alternative, more realistic solution is presented.
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1 INTRODUCTION

1.1 ENGINEERED BARRIER SYSTEM COMPLIANCE DETERMINATION - BACK
GROUND 

The Center for Nuclear Waste Regulatory Analyses (CNWRA) is assisting the Nuclear Regulatory 
Commission (NRC) in developing compliance assessment methodologies for the Engineered Barrier System 
(EBS). This is a long term task which has as its initial activities the evaluation of the models and methodologies 
for the performance assessment of EBS components.  

Acquiring, evaluating and further developing the waste package performance assessment program 
CONVO are included in the first-year activities. A task was established which includes the following steps: 

1) Transfer of CONVO Technology to the Center 

2) Exercise and Evaluate CONVO 

3) Develop CONVO Modules for Tuff 

4) Evaluate Fast Probabilistic Performance Assessment (FPPA) Methodology 

5) Develop the Framework Based on the FPPA Methodology 

Subtasks 1 and 2 have been completed with the results and findings being documented in the milestone 
[45] report. Subtask 3 is an ongoing effort towards the development of the process models required for the 
tuff applications.  

Subtask 4 aims at enhancing the capabilities of the current EBS performance assessment computational 
tool. The new capabilities will include a sensitivity analysis capability and improved mathematical/compu
tational features. Toward this goal, a Fast Probabilistic Performance Assessment (FPPA) methodology has 
been identified as having the potential to accomplish the goals. The evaluation of the FPPA methodology has 
been conducted in the last several months and the results of this evaluation are documented in this (milestone 
47) report. The results and recommendation presented in this report are based on the findings of the previous 
effort (documented in the milestone 45 report), the results of several test problems presented in this report, 
and Center's technical evaluations of the methodology for the EBS applications.  

This report makes recommendations and assesses associated technical risks. Based on NRC approval 
of the specific recommendations, a framework using FPPA will be developed under Subtask 5.  

1.2 EBS CODE DEVELOPMENT 

1.2.1 CONVO Code 

Through the assistance of its contractors and consultants, the NRC initiated the development of the 
compliance determination methodologies for the EBS. Because of the large uncertainties in the various 
EBS-related parameters, a probabilistic approach was identified as a proper method for assessing performance 
compliance. A computer code, CONVO, was developed to demonstrate the methodology for waste package 
probabilistic performance assessment.



1.2.2 CONVO Evaluation and Enhancement Plan

Based on the extensive testing of the current version of CONVO, and with the assistance of the original 
CONVO developers, the CONVO technology was evaluated by the Center. The results have been documented 
in the report: CONVO Evaluation and Enhancement Plan (September, 1988). One area identified by the 
Center as requiring significant improvement was the probabilistic method framework. This report addresses 
the specifications for a new framework that will enable the user to implement "what if' scenarios for various 
degradation processes of the waste package.  

1.2.3 FPPA Methodology Evaluation 

Because of the uncertain nature of the EBS processes, analytical models may not be available for some 
processes. To evaluate DOE's design, it will be necessary to use numerical modeling codes that have 
credibility within technical peer review groups. A key element in the development of an adequate EBS 
compliance determination computer code is to have a probabilistic analysis framework that is accurate in the 
region of interest, provides a basis for sensitivity analysis and is reasonably efficient.  

Recently, there have been advances in the probabilistic methodology development in several engineer
ing fields including aerospace, mechanical and civil engineering. Although EBS analysis involves many 
unique processes, many of these probabilistic methods are applicable. Because these methods generally are 
very efficient relative to the standard Monte Carlo method, they could provide the NRC with the ability to 
use larger, more representative process modeling codes that were previously considered too time-consuming 
or costly in a Monte Carlo analysis framework.  

One of the features of the FPPA methodology is its capability of providing sensitivity information on 
the uncertain variables. The sensitivity information is useful for compliance determination, particularly 
because the number of uncertain parameters involved in an EBS analysis is expected to be relatively large.  
The sensitivity ranking will be useful in answering questions such as: "Should additional information be 
obtained?" The acquisition of additional information may demand significant effort, therefore, the optimum 
solution is to maximize the benefit of the new information relative to the added effort. The added effort may 
be justified if it eliminates a significant part of the uncertainty, thus leading to a higher confidence in the 
assessment result. A decision model may be established to investigate alternatives. Thus, the sensitivity 
information produced by the FPPA approach could provide the NRC with a decision-aiding tool to focus on 
critical parameters or models and to identify new research areas and guide experiment programs.  

The FPPA approach has been found to provide good probability estimates. If the EBS code is structured 
to use external codes and data, it could be a powerful computation tool for design compliance assessment.  
In addition, the use of the well-established codes reduces the burden of the code verification and validation.  

In this report, numerical examples related to EBS performance assessment will be used to demonstrate 
the FPPA methodology. The evaluation will focus on the applicability of the methodology to build an effective 
and flexible EBS performance assessment code. Based on the evaluation results, the development of a 
FPPA-based analysis framework is recommended.  

1.2.4 Recommendations for Future Direction 

The EBS compliance determination code development is envisioned in two parts. These parts are (a) 
Probabilistic Framework Development and (b) Model Development.
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(a) Probabilistic Framework Development

Here the overall structure of the computer code with the pertinent probabilistic methodologies will be 
developed. This report discusses the details of the framework development.  

(b) Model Development 

Based on the recommended framework, this part will concentrate on the development of modules 
including the deterministic process modeling module and probabilistic analysis module. The model devel
opment activities will be conducted in parallel to the framework development once the definition of the 
framework is in place.  

The process modeling modules will be built on the current assessment code (CONVO) which includes 
corrosion and nuclide transport modeling. The development of approximate process models should continue 
to gain insight to the physical process. In addition, it is recommended that the available state-of-the-art 
process/computational codes should be evaluated and included, if suitable, within the EBS code structure.
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2 EVALUATION OF FPPA METHODOLOGY FOR 
EBS COMPLIANCE ASSESSMENT 

2.1 INTRODUCTION 

At present, the EBS probabilistic performance assessment can be conducted by applying standard Monte 
Carlo simulation. In this approach, a set of deterministic solutions are obtained for a number of randomly 
generated parameters. In applying this method, a large number of runs is required to produce reasonably 
narrow probability bounds. It is generally recognized that when the probability (e.g., probability of failure) 
is small, the Monte Carlo simulation could become extremely inefficient.  

If the efficiency is not a concern, then the Monte Carlo method can be used to develop the (probabilistic) 
sensitivities by repeated applications of Monte Carlo simulations for each parameter. However, this is at best 
a cumbersome process and can be costly in terms of computational and staff time when realistically complex 
processes are modelled.  

To perform an adequate EBS compliance determination analysis, several parameters have to be 
evaluated. These parameters have associated uncertainties and may exhibit multiple dependencies. Given the 
complexity of the problem, an adequate computational scheme is required that provides NRC and the Center 
with a reliable tool in this area. The opportunity exists to incorporate current technology that will minimize 
significant modification to the code in the future.  

The FPPA methodology appears to be ideally suited to replace the Monte Carlo method, and provide 
other useful information such as sensitivity factors.  

The FPPA approach is a product of the recent development in the fields of mechanical, civil and 
aerospace engineerings to deal with uncertainties, to reduce risks, and to increase performance. The only 
difference between EBS analysis and other analyses is in the process models. Many of the advanced 
probabilistic methods are applicable to the EBS performance assessments. The FPPAmethodology, however, 
has not been applied to the waste repository reliability analysis, therefore, a need exists to evaluate this new 
technology in terms of its applicability to the EBS and its capabilities relative to the currently used method.  

In this section, two examples related to EBS analysis will be used to evaluate the FPPA methodology.  
In addition, further discussions of the FPPA methodology will be provided to fully evaluate the advantages 
and the required effort for implementation. A recommendation will be made based on the evaluations.  

2.2 FPPA EVALUATION - NUMERICAL EXAMPLES 

2.2.1 Introduction 

Two examples will be used to demonstrate the FPPA methodology. The purposes of the demonstration 
are to: 

1) Illustrate the general FPPA solution procedure; 

2) Show how the sensitivity factors can be generated and used; and 

3) Demonstrate the efficiency and accuracy of the FPPA methodology.
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Both examples apply existing corrosion models. The first example uses a corrosion depth equation as 
a performance function. The second example defines the time to corrosion failure as the performance function.  
It should be noted that the models selected here apply to basalt environments (Stephens et al., 1986). However, 
the FPPA solution procedure is general and could be used for the tuff application.  

In the first example, a performance function that has an analytical expression is used. In the second 
example, the performance is defined using a computer program to illustrate how a probabilistic analysis 
module can be used to integrate with a process module.  

In this demonstration, a probabilistic analysis code, FPI (Fast Probability Integration) is used to process 
performance data and to generate cdf (cumulative distribution function) and other probabilistic information 
including the sensitivity factors and the most probable points. The most probable point (MPP) concept is the 
key concept in the FPPA methodology, a summary description follows.  

2.2.2 The Most Probable Point (MPP) Concept 

A formal definition of the MPP requires a mapping from non-normal distributions to normal distribu
tions as described in the appendix. For the current illustration purposes, assume that two random variables 
X1 and X2 are mutually independent, normally distributed random variables. The joint probability density 
function is shown in Figure 1.  

Consider a performance function such as time to failure, T, which is a function of X1 and X2. By 
assigning to T a specific value To, say, 300 years, the function 

T=To (1) 

is called a limit state. This limit state separates the total probability region into two regions: failure (T < 300 
yrs) and success (T > 300 yrs).  

Assume that, for each T = To, there is a most probable combination of X1 and X2. This point is defined 
as the MPP. A most probable point locus (MPPL) is defined by connecting the MPP for all possible To.  

In short, the FPPA methodology identifies the MPPL (using the FPI program) and derives the probability 
information based on the location of MPPL and the shape of the performance function around the selected 
MPP. Because the probability is concentrated around the MPP, the approximation around the point allows 
fast and accurate approximation of the actual probability.  

2.2.3 Example 1 - Corrosion Depth 

Assume that the corrosion depth can be estimated using the following formula: 

C = KpKexp(a/H)ObCl et n (2) 

where Kp is the pitting factor, K is the uniform corrosion factor, H is the absolute temperature, t is the exposure 
time, 0 is the oxygen concentration, Cl is the chlorine concentration, and a, b, c, and n are dimensionless 
empirical parameters. The above formula has been used to demonstrate a method of uncertainty analysis 
(Sutcliffe, 1984).
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For the FPPA illustration, the data for the variables in Eq. 2 are assumed and listed in Table 1.  

Table 1. Data Input* for Demonstration Example 1

*The data used is the same as those used in the paper (Sutcliffe, 1984) except that the original distributions of the random variables 

were modified from histograms to lognormal/normal.  

Monte Carlo Solution 

Based on Eq. 2 and Table 1, a Monte Carlo solution was obtained. The solution, using 100,000 

simulations to ensure "accurate" solutions at the tail of the distribution, will be used to judge the accuracy of 

the FPPA solutions.  

FPPA Solution 

The solution procedure and the performance of the FPPA approach is explained in the following. More 

theoretical considerations are given in the appendix.  

The FPPA Mean-Value-First-Order (MVFO) Solution 

By numerical differentiation at the mean values of the random variables, the following equation can be 

obtained

C = A, + AIKp + A2CI + A3n (3)

where Ai are coefficients. The probabilistic solution based on Eq. 3 is defined as the Mean Value First Order 

(MVFO) solution because it is mean-based and is a linear approximation. This solution requires four function
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evaluations of corrosion depth as listed in Table 2. The MVFO solution, obtained using Eq. 3 and the FPI 
program, is shown in Fig. 2. Note that the cdf is plotted on a normal probability plotting paper (for a normal 
variable, cdf is linear on this paper).  

The FPPA Advanced Mean Value First Order (AMVFO) Solution 

The MVFO solution is exact if C is a linear function of the above three random variables. However, 
since C is actually a non-linear function, the MVFO is subjected to error in the regions away from the mean 
values. By using the MIPPL concept, the actual C values are re-computed at selected points for each selected 
probability level. This requires one function evaluation of C for each probability level. Assume that we are 
interested in the region of cdf > 50%, we may select, say, four levels as shown in Fig. 2. This would require 
four function evaluations of C as listed in Table 2. The difference between the AMVFO solution and the 
MVFO solution is the correction term E in the following equation: 

C = (Ao + AIKp + A2CI + A3n) + E (4) 

where E is the error function and is a function of the probability level. The AMVFO solution points are plotted 
in Fig. 2. By comparing the AMVFO solution and the exact solution, it can be concluded that the AMVFO 
solution is good in the cdf range from approximately 0.0003 to 0.99. There is one selected point at cdf=0.99976 
which shows relatively large error. The reason for this discrepancy is because C is non-linear and that the 
accuracy derived from the mean values deviates more when the most probable point is far away from the 
mean values. To improve the accuracy, new performance sensitivity calculations must be performed.  

FPPA Iterations 

The previous AMVFO solution can be further improved by using iterations where performance 
sensitivity calculations are performed for each iteration. A full iteration procedure for finding the exact most 
probable point is described in the appendix. For illustration purposes, only the first iteration has been carried 
out. A new sensitivity calculation at a point based on probability considerations was performed to obtain a 
new linear approximation as shown in Table 2.  

Table 2. Solution Sets Used for FPPA (For probability > 50% only) 

I Most Probable Point Solution

8

FPPA Prob. Levels Kp C1 n C 

MVFO Around 0.5 4 6.5 0.47 0.9470 
4.01 6.5 0.47 0.9494 
4 6.565 0.47 0.9521 
4 6.5 0.4733 0.9649 

AMVFO 0.691 4.324 6.588 0.479 1.085 
0.933 5.358 6.640 0.496 1.485 
0.9938 6.777 6.691 0.507 2.009 
0.999767 8.695 6.716 0.512 2.665 

First 0.999767 8.795 6.716 0.512 2.6958 
Iteration 8.695 6.781 0.512 2.6792 

8.695 6.716 0.5155 2.7157
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Sensitivity Factors 

There are many sensitivity measures. For example, a performance sensitivity is the measure of 

performance change relative to the design variable changes. The performance sensitivity, however, does not 

take into account the variable uncertainty. A sensitivity measure that considers both the performance 

sensitivity and the uncertainty is a sensitivity factor. A formal definition can be found in Madsen et al. (1986).  

For illustration purposes, assume that a random variable X is normally distributed. Random variable X 

can be "standardized" as 

X - M (5) 

S 

where m is the mean value, s is the standard deviation, and u is the standardized variable having zero mean 

and unity standard deviation. The sensitivity factor of X is 

oP (6) 
au 

where P is the probability. Another property of at is 

al+ a2 + . 2 + + an =1(7) 

where the subscript indicates ith random variable and n is the total number of random variables. The 

magnitude of a ranges from 0 (insignificant) to I (dominant).  

The sensitivity factor is associated with the probability, i.e., the sensitivity factors are functions of the 

cdf. A variable which is insensitive at small cdf may become sensitive at large cdf. To have a better insight 

into the performance uncertainty, it is sometimes useful to investigate a range of cdf rather than a single point.  

The sensitivity factors for the current example are shown in Fig. 3. Note that the values are based on 

AMVFO solutions. In general, the sensitivity factors may be changed if further iterations are performed. The 

degree of change depends on the accuracy of AMVFO solution. For the present example, the change is 

expected to be small since the AMVFO provides a good cdf solution.  

From Fig. 3, Kp and n appear to be more sensitive than C1. For higher corrosion depth (tail region where 

cdf > 0.9) the plot indicates that Kp is the major contributing factor for the uncertainty of the corrosion depth.  

A major reason is that Kp has the highest coefficient of variation. (The coefficients of variation are 25% for 

Kp and 10% and 7% for CI and n, respectively).
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Summary 

This example demonstrates the FPPA methodology. The (minimum) required number of function 
evaluations NF for n random variables and m probability levels can be calculated according to the following 
formulas: 

MVFO: n + 1 
AMVFO: n+ 1 +m 
Iteration: n + 1 + m + kn 

where k is the number of iterations for each probability level.  

Assume that we are interested in the high corrosion depth region, and therefore select four probability 
levels (m=4). Further, assume that two iterations are required for convergence at the highest selected cdf 
point (k=2), then NF are: 

MVFO: 4 
AMVFO: 8 
Iteration: 14 

When each function evaluation requires significant amount of computation time, NF becomes a dominant 
efficiency factor. Thus the FPPA methodology is particularly useful when the performance function evaluation 
is time consuming.  

The fact that NF does not increase significantly for evaluating small probability distinguishes the FPPA 
approach from the standard Monte Carlo method which requires more samples for smaller probability.  

Another major advantage of using FPPA is to be able to generate sensitivity information which provide 

insight to the performance uncertainty.  

2.2.4 Example 2 - Corrosion Time-To-Failure 

In example 1, the performance function has an analytical expression and the number of random variables 
is only three. The actual EBS performance assessment is expected to be much more complicated, involving 
more complex calculations and more random variables. In general, the performance function can be 
considered as defined by one or more computer codes. The development of these codes may require many 
experts in several disciplines. In applying the FPPA methodology, however, the computer codes can be thought 
of as function generators or black boxes.  

In this second example, the function generator is the current version of the EBS code (CONVO). It will 
be demonstrated that the FPPA procedure remains the same.  

The problem is basically the same as the sample problem in the CONVO user's manual (Zaremba, 
1987). The only changes are the distribution types (lognormal distributions replace truncated distributions).  
The random variables are defined in Table 3. A temperature response surface was prepared first by assuming 
repository and waste package dimensions. In the sample problem, the repository depth used is 970 m and the 
container thickness is 85 mm. The corrosion model used in this example is the BWIP corrosion model which 
utilizes five different corrosion rates depending on the environmental conditions as functions of time and 
temperature.

12



Table 3. Random Variables* Data for Demonstration Example 2

Variable Mean Std. Dev. Distribution 

Thermal conductivity (W/m-°C) 1.51 0.152 Normal 

Density of Rock (kg/mr) 2800. 100. Normal 

Specific Heat (J/kg-°C) 929.0 14.49 Normal 

Initial heat load package (W) 1448d 2276d Uniform 

Air/steam corrosion coef. (mm/yr) 2.33 1.35 Lognormal 

Air/steam time exponent 0.25 0.05 Normal 

Air/steam temp. coef. (°K) 1778. 290.0 Normal 

Aqi a (mm/yr) 0.00306 0.00504 Lognormal 

Aq2b (mm/yr) 0.00738 0.00122 Lognormal 

Aq3C (mm/yr) 0.02842 0.00468 Lognormal 

*For deterministic data, see user's manual (Zaremba, 1987).  
aAqueous corrosion coefficient for resaturation over 125°C and temperature over 125°C.  
b Aqueous corrosion coefficient for resaturation over 1250C and temperature under 125 0C.  
'Aqueous corrosion coefficient for resaturation under 1250C.  
dLower and upper limits.  

Monte Carlo Solution 

The time to corrosion failure was simulated 10,000 times. The resulting cdf is plotted in Fig. 4. This 
solution will serve as a reference.  

FPPA Solution 

Using the same procedure as applied to example 1, the MVFO and the AMVFO solutions were obtained.  
The sensitivity calculation is tedious because more random variables (10) are involved and there is currently 
no user interface to integrate the probabilistic module with the performance module. Therefore, only the 
MVFO and the AMVFO solutions were obtained to demonstrate the procedure.  

The results are summarized in Fig. 4 where NF are 

MVFO: 11 
AMVFO: 18 

Also provided in the figure is the computer CPU time which clearly shows that as the function module gets 
more computation-intensive, the effectiveness of the FPPA method also increases. It should be emphasized 
that in a more detailed analysis, there may be a need to concentrate in the region where the probability of 
occurrence is small. It may be a formidable task to apply Monte Carlo simulation to such analyses using 
complicated process numerical models.

13
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Based on the AMVFO result, the sensitivity factors are plotted in Fig. 5. Only the first three 
more-sensitive and the last three less-sensitive variables are plotted. Again, the results show that the sensitivity 
factors are functions of performance function value. At small T range (< 1000 years) which requires special 
attention, the first aqueous corrosion coefficient (see Table 3) is the most sensitive and the third aqueous 
corrosion coefficient is the least sensitive. For a critical design performance assessment, these results would 
suggest an investigation to determine whether the models are reasonable and whether an effort is required to 
reduce the uncertainties. If the model is judged to be correct, a decision may be made to concentrate on the 
first aqueous corrosion coefficient.  

Summary 

The second example demonstrated how the FPPA methodology can be applied to a complicated 
performance function. Because the FPPA methodology treats the process modules as "function generators," 
it can be applied independently without code integration. In fact, it is possible to include an experiment-based 
function generator in the analysis. In other words, the experiment, rather than the computer code, would 
produce the function values. Thus the FPPA methodology provides great flexibility to use best available codes 
and data.  

This demonstration was performed using "manual" integration of the several modules. Without an 
integrated package, the complexity of the process modules may make it difficult to do productive and 
consistent assessments.  

2.3 FPPA-BASED IMPORTANCE SAMPLING SCHEME 

2.3.1 Introduction 

The above examples demonstrate that the FPPA is both efficient and accurate. In general, however, the 
FPPA provides only "approximate" probability estimation. To confirm the FPPA solution, a FPPA-based 
importance sampling scheme may be used as illustrated in this section. This sampling scheme is different 
from the standard Monte Carlo simulation and other importance sampling schemes in that it uses the 
FPPA-generated information to design a sampling plan.  

The major feature of this sampling technique is that it is a two-stage sampling in which the first stage 
uses the FPPA result to filter the undesirable random samples. Only the selected samples will go to stage 2 
where actual process simulations will be performed. This feature allows the "expensive" part of the sampling 
to be done only at the selected critical tail distribution region.  

2.3.2 Review of Efficient Simulation Methods 

The major disadvantage of the standard Monte Carlo simulation is that when the desired probability is 
small, a large number of samples have to be generated. For example, if the probability of failure is 0.001, the 
method requires, on average, 1,000 samples to get one hit. To generate high confidence to the simulation 
result, many more samples (say, 10,000) would be needed. For EBS performance assessment, it is expected 
that a design should demonstrate a very low probability of failure.  

To improve the Monte Carlo method, there are other simulation methods available which may be more 
efficient. Three commonly used methods are stratified sampling, Latin Hypercube sampling and importance 
sampling methods. All these methods use designed sampling.
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The advantages of the first two methods are that they result in a well spread out set of samples and 
ensure at least some samples in the tails of the distribution. In one study (McKay et. al., 1979), the efficiency 
of the Latin Hypercube sampling was observed to be better than the stratified sampling. The Latin Hypercube 
method has been used by Sandia for demonstrating a performance assessment methodology for nuclear waste 
isolation (Bonano and Davis, 1988). In general, if the probability is small, the required samples using any of 
these two methods are still expected to be large, even though the efficiency tends to be better than Monte 
Carlo (Karamchandani, 1987).  

The importance sampling method is based on the idea of sampling in the region where there is a high 
probability of getting hits (Rubinstein, 1983). Based on this concept, various schemes have been developed 
particularly for small probability problems. These include methods proposed by Harbitz (1986) and Bjerager 
(1988). In these methods, the sampling space is a standardized normal space. The required transformation is 
given in the appendix.  

An example showing Harbitz's method is illustrated in Fig. 6 using a problem involving two standard, 
normally distributed variables. The concept is simple. In Fig. 6, the minimum distance (or the safety index 
in structural reliability literature) from the origin to the limit state (e.g., time to corrosion failure = 300 years) 
is first calculated. If a circle is drawn using the minimum distance as a radius, it can be guaranteed that every 
sample inside the circle would produce time > 300 years. Consequently, it is unnecessary to generate samples 
inside this circle. The saving may be substantial because the joint probability is the highest at the origin. In 
Fig. 7, the points represent those samples requiring process evaluations. The hit ratio is obviously much higher 
in the reduced sampling space.  

The FPI program currently used by the Center has a Harbitz sampling option. This sampling method is 
conceptually simple and easy to apply. However, there is one weakness: its efficiency decreases as a function 
of the numberof random variables. This weakness reduces its usefulness forthe EBS performance assessment 
because the involved number of random variables may be large. In the next discussion, another importance 
sampling method that is considered more suitable for EBS analysis is presented.  

2.3.3 An FPPA-Based Importance Sampling Method 

A simulation method based on the FPPA technique is proposed to be included in the EBS performance 
assessment code as an option. The purpose of having such a code is to provide a capability to quickly and 
independently check/confirm the FPPA probability result. Once the probability result is confirmed, then it 
will be appropriate to use other FPPA results including the sensitivity factors.  

This method is basically an importance sampling method where the initial sampling region is determined 
by the FPPA-generated information. The method is simple but is potentially very efficient relative to the 
standard Monte Carlo simulation when the performance assessment requires significant computation time.  

The method is illustrated using the demonstration example 1. Recalling that by Taylor's series expansion 
at the mean values, the first-order approximation can be obtained as shown in Eq. 3. For illustration purposes, 
let this first-order approximation be C1. Even though this approximation is expected to be in error in the tail 
regions of the distribution, it can be used to indicate a general trend which provides a clue to the important 
sampling region.
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To compute C and C1, 1,000 samples of X = (Kp, CI and n) were used. Fig. 8 shows the relationship 
between C and C1. It can be seen that C and C1 have a nonlinear relationship because C is nonlinear in X and 
C1 is linear in X. The curve in Fig. 8 is the FPPA (AMVFO) solution. Thus, the FPPA solution provides 
roughly the "best fit" curve which "explains" why the FPPA approach produced good approximate results.  

The proposed sampling strategy is to first compute Ci (a simple task since Ci has a simple analytical 
form) using the X sample. An X sample will be used to compute C (a generally more difficult task) only if 
C1 is within a desired region. In other words, C1 will be used to "filter" those undesirable events. For example, 
Fig. 9 would be the sampling result when samples of X are used to compute C when C1 is more than two 
standard deviation (plus and minus) from the mean. As a result, only 41 samples are qualified. In this example, 
all 41 samples are in the "desired" tail region. In application, this scheme may be used to selectively check 
the FPPA results at critical (e.g., tail) regions.  

2.4 FPPA-BASED SYSTEM RELIABILITY ANALYSIS 

There are several reasons why the system reliability analysis approach may be useful for the EBS 
performance assessment. These are: 1) An EBS contains a system of containers which may be functionally 
correlated, 2) An EBS may be modeled as a system of barriers, and 3) There are several possible failure 
modes (including those due to external events) in an EBS.  

In the following, the discussions on why a system reliability approach is suitable and how the 
information produced by the FPPA can be used for system reliability will be presented.  

Consider the corrosion failure mode. In theory, the corrosion time for all the containers in an EBS can 
be modeled using ajoint probability distribution. If the corrosion time-to-failure for the packages are mutually 
independent, then it is straightforward to calculate the system reliability of, for example, "how many 
containers will fail in 300 years." On the other hand, if one or several site environmental factors dominate 
the corrosion process, then the container failure time may be strongly correlated (i.e., if one fails, the other 
containers will also tend to fail). In general, the statistical correlation coefficient ranges from 0 to 1 depending 
on the degree of functional dependency. The variables that cause the functional dependency include, but are 
not limited to, locations of the containers, initial heat load, water chemistry, etc. For example, the container 
location and the initial heat load determine the thermal effect which in turn affects the corrosion rate.  

The above correlation can be established by the FPPA approach. Consider two performance functions 
Ti and T2 representing time-to-corrosion-failure at two locations. Symbolically, the two functions can be 
expressed as 

Tr =fi Q• (8) 

T2 =f2 () (9) 

In general, Ti and T2 will be correlated if they share one or more common random variables. The formal 
correlation between Ti and T2 can be established by using the approximate analytical expressions of Ti and 
T2 derived from FPPA.
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The same approach can be applied to multiple barriers and multiple failure modes. In general, the system 

reliability theory can be used to compute the system reliabilities such as: 

Psystem = Prob. [(Tpackage 1 < 300) fl (Tpackage 2 < 300) rl. . ] (10) 

Psystem = Prob. [(Tfailure mode 1 < 300) U (Tfailure mode 2 < 300) U..] (11) 

The system reliability bounds may be calculated without using the information of the joint probability.  

However, when the probabilities of the joint events are not negligible, the bounds may be too wide. In such 

cases, improved (narrower) reliability bounds can be obtained by including the joint probabilities in the 

analysis. The joint probabilities can be estimated using the correlation coefficients (Ang and Tang, 1984).  

A system reliability analysis framework for the EBS will be useful in identifying key components/failure 

modes and interaction effects between the components/failure modes. Therefore, it is recommended that such 

analysis capability should be included in the EBS analysis framework.  

2.5 DISCUSSIONS 

2.5.1 Advantages of FPPA Methodology 

The above examples and the related discussions suggest that the FPPA approach provides many 

advantages over the Monte Carlo method. The major advantages are listed in the following: 

"* Provides efficient tool to prioritize the uncertain variables.  

"* Very efficient relative to the standard Monte Carlo method.  

"* Provides good approximation; accuracy can be checked using FPPA-based importance sampling 

method.  

"* Provides flexibility to interface with other data sources including established process modeling codes 

and experimental data.  

"* Can be extended to do system reliability analysis.  

2.5.2 Required Effort for Building the FPPA Framework 

The framework for an integrated EBS performance assessment is involved and requires the development 

and integration of several modules as described in the next section. It should be emphasized that the FPPA 

method can be applied with or without any integration with the process modules. The purpose of integration 

is to establish an EBS code that can be verified formally and can be used more easily and productively with 

minimum chance of human error.
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3 EBS PERFORMANCE ASSESSMENT CODE DEVELOPMENT PLAN

3.1 INTRODUCTION 

The purposes of this EBS code development plan is to develop an integrated, easy to use, and flexible 

code that can interact with the external codes and data. The EBS code will be fully modularized, i.e., once 

the framework is established, the process modeling module, the external codes and the probabilistic analysis 

module will be independent allowing each to be updated individually.  

3.2 CODE STRUCTURE 

The proposed EBS code framework is described in Fig. 10. The main driver for the entire EBS code is 

EBS/FPPA, which gives commands to perform the required analyses according to the objectives defined by 

the analyst.  

The EBS/PROCESS module evaluates the deterministic performance. The process models include 

corrosion, nuclide transport, leaching, residual stresses and other models necessary for the proposed tuff 

repository site. This module consists of two parts. The first one is the built-in process modeling codes. This 

part will build on the current EBS code (CONVO). The second part is the external support which includes 

external codes (thermal, two-phase flow modeling, etc., as needed) and experiment data. The output of the 

EBS/PROCESS will be stored in a data base.  

There are two separate probabilistic evaluation modules: EBS/COMREL and EBS/SYSREL. The first 

module performs COMponent RELiability analysis using FPPA approach and the FPPA-Based sampling 

scheme. The second module performs SYStem RELiability analysis using the results from the EBS/COM

REL.  

To assist the users in preparing the input and executing the code, an user interface module EBS/USER 

is planned.  

The output of the EBS code will include the sensitivity factors, the component reliability, the system 

reliability, and other intermediate information such as correlation coefficients between failure modes.  

3.3 CODE DEVELOPMENT TASKS 

To accomplish the above objectives, major tasks have been identified according to the required modules.  

Task 1: Develop EBS/PROCESS module 

This task requires the enhancement of the current EBS process modeling and the identification and 

inclusion of the useful external codes.
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The Center is in the process of developing models and methodologies for the tuff applications. This 
effort will continue to establish sound, albeit approximate, models. If more approximate models can be 
established, then the needs for using complicated external codes can be reduced. On the other hand, if there 
are well-established, reasonably efficient codes available, then an approximate model may not be needed. In 
the case when the process is very complex and it is difficult to establish a reliable approximate model, then 
external numerical codes may be considered.  

This task requires the following steps: 

1) Evaluate existing numerical modeling codes. The process modeling should include thermal, 
two-phase flow, corrosion, nuclide transport and other models pertinent to the DOE proposed 
design. The evaluation should include the modeling assumptions, modeling capabilities, and 
efficiencies.  

2) Identify the candidate codes based on the considerations of general capabilities and the degree of 
complexities for including in the FPPA framework.  

Table 4 is a plan for updating present models and developing new models for the next fiscal year. The 
detailed description/activity will be presented in the EBS FY 1989 Operations Plan.  

Table 4. EBS Process Models Development Plan 

Present Models Plan (FY 1989) 

Corrosion Review stainless steels corrosion data.  
(BWIP, BROOK, PC) Evaluate and revise/develop models including IGSCC.  

Temperature Review existing codes/models.  
(TEMP, TEMPH) Evaluate and identify candidate codes.  

Update approximate model.  

Nuclide Transport Review existing codes/models.  
(TRANSO, TRANSL, Evaluate and develop model.  
TRANS3) 

New Models Develop guidelines for model development.  
(Leaching, two-phase flow, etc.) Review existing codes/models.  

Evaluate and identify candidate codes.

Task 2: Develop EBS/COMREL module

This module will be built on the FPI code currently being used mainly for structural reliability analysis.  
The FPI will be modified to establish a module devoted to EBS analysis. The FPPA-based sampling option 
will be included in this module.  

Task 3: Develop EBS/SYSREL module 

This module will be developed based on the existing system reliability bounds theory (Ang and Tang, 
1984) using the results from EBS/SYSREL. Before the actual development of this module, an EBS system 
model needs to be established.
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Task 4: Develop EBS/FPPA module 

A main driver that integrates all the major modules will be developed under this task. The EBS/FPPA 

module defines the scope of analysis (what process models? which containers? component or system 

reliability analysis? etc.) and control the entire analysis procedure.  

Task 5: Develop EBS/USER module 

Because the overall EBS analysis covers several disciplines, the proper use of the code may require 

significant training if a user-friendly interface is not available. An EBSIJSER module will be developed to 

assist the users in preparing input data and executing the code.  

There are two options to develop this EBS/USER module. Option 1 is for the user to run the code using 

a PC version. This requires that a small scale (use approximate/analytical models, i.e., no complicated external 

codes) EBS code which is a subset of the mainframe version. A code would be developed to generate the PC 

version from the mainframe version. The PC version would be updated along with the mainframe version.  

Option 2 would not produce a PC version. Instead, an interface program would be developed such that the 

users would be able to execute the mainframe code from their PCs. The selection of the code would depend 

on whether approximated models can be developed and performed efficiently using a PC, and the execution 

time for a typical analysis. An option will be selected based on the results of Task 1.
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4 SUMMARY

This report evaluates the fast probabilistic performance assessment (FPPA) methodology for the EBS 
performance compliance determination.  

Two problems related to container corrosion were used to demonstrate the FPPA methodology. The 
purposes of the demonstration were to illustrate the general FPPA solution procedure, to show how sensitivity 
factors can be generated, and to demonstrate the efficiency and accuracy of the FPPA methodology. The 
results and the related discussions led to the following conclusions: 

1) The FPPA methodology can prioritize the uncertain variables. The sensitivity information derived 
from FPPA is particularly useful when the number of uncertain parameters is large as would be 
expected in an EBS performance assessment. The sensitivity ranking may be used to recommend 
future research and experiment directions.  

2) The FPPA calculation is efficient. The efficiency provides the potential applications of the 
advanced but computation-intensive numerical analysis computer programs that are impractical 
to be included in a Monte Carlo analysis framework. By incorporating external codes and data in 
the analysis framework, the FPPA-based code has the promise of adding more power and realism 
to the EBS compliance assessment capability.  

3) The accuracy of the probability estimates can be checked using a FPPA-based efficient sampling 
scheme. This technique can be used to confirm the FPPA result at desired probability regions (e.g., 
the tail of a distribution). Other FPPA-generated information such as sensitivity factors will be 
automatically confirmed. This capability minimizes the technical risk in building a FPPA-based 
EBS code.  

4) A system reliability analysis capability can be built on the FPPA component framework.  

5) The required effort to develop a framework is identified. The only drawback in applying the FPPA 
approach is that the framework for an integrated EBS performance assessment requires the 
development and integration of several modules. Even though the FPPA approach can be applied 
without any physical integration of the modules, an integration is strongly recommended to 
establish an EBS code that can be verified formally and can be used more easily and productively 
with minimum chance of human error.  

Based on the above discussions, an EBS code structure was recommended which consists of several 
modules that can be independently developed and a main driver that integrates all the modules. To develop 
the code, a plan was developed that includes the major tasks.
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APPENDIX

FPPA METHODOLOGY REVIEW 

INTRODUCTION 

In the analysis of the engineered barrier system (EBS), a need exists to develop probabilistic perfor

mance assessment methods to assess the performance uncertainty due to the uncertainties in the material 

properties, environment conditions (water sources, water chemistry, etc.), heat sources, geometry, and 

insufficient information or knowledge.  

To account for these uncertainties, recent reliability analysis methods (Refs. 1, 2, 13) based on the 

Hasofer-Lind (1974) safety index and design point concept could be used. These reliability methods have 

found wide applications in many engineering fields. In general, the methods have found to be effective for 

problems which have explicit limit state expressions. However, for problems that can be defined only 

implicitly, e.g., defined using a finite element code, the effectiveness deteriorates because these methods 

generally rely on accurate gradient computations and must employ iteration or optimization schemes that 

may converge very slowly.  

This discussion reviews the probabilistic analysis methods that are particularly applicable to complex 

problems requiring sophisticated computer analysis codes. A procedure is described that establishes the 

cumulative distribution function (cdf) of an EBS performance function such as corrosion depth or time to 

maximum radionuclide release.  

In the following sections, recent reliability analysis methods will be reviewed, followed by an efficient 

and robust approach for establishing the cdf. A methodology for treating the correlated non-normal random 

variable will be described.  

Probabilistic Performance Assessment Methods - Background 

Structural and mechanical reliability analysis methods developed during the past decade were aimed at 

computing probability of failure. To apply these methods (Hasofer and Lind 1974, Rackwitz and Fiessler, 

1977, Hohenbichler et al. 1981, Tvedt 1983, Madsen et al. 1986), the first step is to define the limit state 

function or performance function. A Taylor's series expansion is then taken at the most probable point (or 

design point) which needs to be found using optimization or iteration schemes (Rackwitz Fiessler, 1977, Liu 

and Der Kiureghian, 1986). Because the functional error as well as the probabilistic error is small around the 

most significant probability region, reasonably accurate solutions are assured. However, when the limit state 

function is implicitly defined by a numerical analysis (e.g., finite difference, finite element) code, the above 

methods become difficult to be implemented and are computationally time-consuming.  

To illustrate the concept, let us define a performance function, say, time to failure, as: 

TQJ = T(Xx, X2,..Xn) (1) 

in which Xi are random variables assumed to be mutually independent. For dependent random variables, 

special transformations are required as addressed in a latter section.
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The cdf of T(X), can be computed as

P(T < to) = FT(to) = fT<to fx(x)dx (2) 

where to is a value of random variable T (time to failure), f(X) is the joint probability density function and T 
< to is the region of integration. This multiple integral is, in general, very difficult to evaluate. Alternatively, 
a Monte Carlo solution provides a convenient but usually time-consuming approximation. To overcome the 
difficulties, the reliability methods described earlier provide efficient approximation solutions. These meth
ods will be referred to as fast probability integration (FPI) methods in this discussion.  

The FPI methods define the limit state as 

T(T. = to (3) 

and compute P(T < to) individually for each selected to. The limit state is defined such that it separates the 
variable space into two regions: safe and fail. In this discussion, however, we will be interested in the entire 
cdf, as the cdf provides useful information for further analysis. This means that for each probability level, 
there is an associated limit state.  

For each limit state, the most probable point is defined as follows. First, transform non-normal X to 
standard normal variables U using the following transformation: 

u = (D'[Fx(x)] (4) 

The inverse transformation is: 

x = 1 Fx [(Dt(9)] (5) 

where D is the standard normal cdf.  

The next step is to find the most probable point, u*, that defines the minimum distance from the origin 
to the limit state surface. Finally T(U) is approximated by a first or second-order Taylor's series around u 
or x . Once the T(W approximation is obtained, the probability estimate can be rapidly determined. For example, the result using the first-order reliability method is simply 

pf'- 4(-P3) (6) 

where P3 is the minimum distance. This simple approximation has been found to be sufficiently accurate for 
many applications. However, to confirm the result, more accurate second-order approximations (Fiessler et 
al., 1979, Tvedt, 1983, Wu and Wirsching, 1987) may be used. As implied by the name, the FPI methods are 
fast because the complicated integration problem is reduced to a simple geometry problem.  

The step to determine u* is the most critical in the FPI analysis. It generally requires iteration or 
optimization schemes that use the gradients of T function. Assuming the solution converges, T(U) and its 
gradients must be computed a number of times. If computing T(X) requires a significant amount of computer
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time, a fast convergence rate becomes essential in selecting an iteration method. Also, the robustness of the 
procedure is important. A good procedure should be fast and should tolerate the numerical errors normally 
encountered using a numerical computation method.  

An Advanced Mean Value Method for Fast cdf Estimation 

A systematic and effective method for finding the points which constitute the most probable point locus 
(MPPL) has been suggested by Wu et al. (1987) to establish the cdf. The locus is obtained iteratively where 
the initial locus is determined using the linear approximation of T(X) about the mean values of the random 
variables. After the iterations, linear or quadratic approximations of T(X) are established locally at the most 
probable points to estimate the cdf. The methods that applies the MPPL concept will be called the FPPA (Fast 
Probabilistic Performance Assessment) method in this discussion.  

If the sensitivities of the variables do not change drastically within the significant probability region, 
then the initial MPPL approximate can be used as a foundation for a highly efficient method defined here as 
the advanced mean-value method (AMV). The mathematical formulation of this AMV method will be first 
presented followed by the subsequent iteration algorithms for a 'full' FPPA analysis.  

In the following, it is assumed that X is a vector of mutually independent variables. Also, we will 
consider only first-order expansion. The extension to second-order is straightforward. While the second-order 
expansion may provide higher accuracy, it requires more computation effort. The advantages and disadvan
tages of the second-order expansion are subject to further investigation.  

Assume that the Taylor's series expansion at the mean values exist. The performance function can be 
expressed as: 

M(XD) = T(L) + , (x -XI + H(X) 

n 
= ao + • aiXi + H(X) (7) 

i=l 

= T1(X) + H(X) 

where the derivatives are evaluated at the mean values; TI (X) is a random variable representing the sum of 
the first-order terms and H() represents the higher-order terms.  

The key to the proposed MPPL procedure is to, initially, treat H(X) as a deterministic function rather 
than a random variable. When H(X) is neglected, the solution will be referred to as the mean-value-first-order 
(MVFO) method since the first order approximation is mean-based. By including the deterministic function 
H(X), the solution will be referred to as the advanced mean-value-first-order (AMVFO) method.  

The inclusion of H is intended to correct the higher-order error. However, to optimize the efficiency 
and the accuracy, a constraint is imposed to allow only a single value of H for each T(X) = to. The question 
becomes: how to define H to minimize the error in probability estimate? The suggested solution is to use the 
MPPL derived from T1(X), with the assumption that this MPPL is not too far away from the actual MPPL.
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To define H, let us first neglect H, then

T(D = TIT• = to (8) 
For each to, the most probable point can be determined by, e.g., the Rackwitz-Fiessler algorithm (1976). This 
task is easy since TI(X) is a linear polynomial.  

For illustration purposes, assume that Eq. 5 has been applied so that X is a vector of standard normal 
random variables. The minimum distance in the u-space is: 

[ao - to' 

The corresponding most probable point is: 

* -- " a (10) 

in which the sign depends on whether the probability is greater or less than 0.5.  
For a nonlinear T(U) function, H is nonzero. Therefore if we re-compute T(u*), the value would be 

different from to. The difference is defined as H: 

H= t(u*) - to(11) 

Without H term, the probability estimate is 

(d(±8) P[T() < to] (12) 

With the H term, the probability statement becomes 

d(+8±) .•P[TI(_ < to] 

= P[T < H + to] (13) 

= P[T < t (u*) 

Thus, D(± 8) is the probability estimate for T(u*), rather than for to.  

In general, the exact minimum distance is not equal to 8 because the ai coefficients are not the same at 
the most probable point. However, experience has indicated that the minimum distance, hence the probability 
estimate, is less sensitive relative to the functional value (Ref. 3).  

For general non-normal X cases, the AMVFO procedure can be summarized as follows: 
(1) Obtain the linear approximation TI(D on perturbations about the mean values.  
(2) Compute x for selected cdf values.  
(3) Re-compute T (x*) to correct to for the same cdf in step 2.  

Examples - In section 2, the AMVFO procedure has been applied to two corrosion- related problems with 
reasonably good results. The AMVFO has been used successfully for other applications (Ref. 16).
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Modified AMVFO Solution for Multiple-Most-Probable-Point Cases 

The above AMVFO solution assumes that only one significant MPP exists for each T. The solution may 

require modification if other local MPPs exist. Multiple-MPP is possible especially when the T-function is 

strongly non-monotonic in the probability concentration region. The error may be significant if we use only 

one MPP and ignore the remaining MPPs.  

To solve this problem, in general, we must first identify all the significant MPPs and then modify the 

probability solution by assuming multiple performance functions. The system reliability analysis methods 

(Ref. 1), particularly the reliability bounds theory (Ditlevsen, 1979), can be applied to estimate the probability.  

An approximate solution can be obtained efficiently by assuming that T is a non-monotonic function 

on the MFPL of Ti. Under this assumption, the cdf produced by the earlier AMVFO procedure would be a 

non-monotonic function which violates the cdf definition. Thus, the AMVFO procedure can automatically 

identify multiple MPPs. For an invalid cdf, the corrected cdf can be obtained by assuming multiple, 

fully-correlated T-functions. For example, for two-MPP cases, the modified cdf can be derived by subtracting 

or superimposing two probabilities associated with two cdfs. The solution procedures for concave and convex 

T functions are illustrated, respectively, in Figs. 1 and 2. Note that the modified cdfs are truncated at the left 

or right tails which reflect the facts that T are non-monotonic functions having lower or upper bounds.  

FPPA Iteration Algorithms 

The accuracy of the above AMVFO method can be further improved by finding the actual MPPL using 

iteration algorithms. Two algorithms, one for specified probability levels, and the other for specified response 

levels, are available (Ref. 15). Both algorithms are based on the AMVFO results. In the following, only the 

first algorithm is described.  

Given Probability Value - The procedure is summarized as follows and is illustrated in Fig. 3.  

(1) Construct Ti(Q and search for to such that P[Tf0X) < to] = probability goal.  

(2) Use most probable point of Tj(D = to and re-compute T(X). (AMYFO) 

(3) Obtain new Ti(X) around the most probable point of Ti = to.  

(4) Go to step (1) and repeat the process until to converges.  

Correlated Random Variables 

Introduced by Hohenbichler et al. (1981), the Rosenblatt transformation provides a means to transform 

the non-normal dependent random variables to uncorrelated normal random variables. The transformation is 

(Rosenblatt 1952): 

Ul = V'I[FI(xi)] (14) 

u, = (b'[Fn(XnXI,X2, • •. , 0 

For independent variables cases, this transformation reduces to Eq. 4.
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For the EBS performance assessment, however, the information may be insufficient to establish the 

joint and the conditional probability distributions. A more realistic model assumes the knowledge of marginal 

distributions for X and the associated correlation coefficients. Such a model has been discussed by Grigoriu 

(1983) and by Der Kiureghian and Liu (1986). The transformation for this model first requires the mapping 

of Eq. 5. The next step is to obtain the correlation coefficient matrix for the transformed normal variables U.  

Finally, given the correlation coefficient matrix, a linear transformation can be applied to find the uncorrelated 

normal random variables V. The basic assumption for this model is that random variables Vi are jointly 

normal.  

Consider two random variables Xi and Xj with correlation coefficient R. The correlation coefficient of 

the transformed normal variables Ui and Uj, denoted as r, can be found by solving the following equation: 

f (Xi - [L" (aLc-:- ý) 4Oijduiduj (15) f~~ (Tj (15 

where 
2 2 

1 u!i ý-2ruiu- + u~ u i u 

_r2 
27r 1- exp 2(1 - r2 ) (16) 

In general, the calculation of r requires iteratively solving Eq. 16. Approximate formulas, based on 

least-square fitting of the exact solution are available for a number of selected distribution combinations (Ref.  

2).  

A more compact and general way of relating R and r has been proposed in Ref. 15. The resulting single 

formula expresses R as a polynomial function of r.  

+ iaC3= + C15 1 c17 + 3C35 + 3c53 + c71) 

Ro~irj rC11 + 2-(c13 + c31) + 7C5+ 2C33 +c1 

2c2 

+ !r2 C22 + 2-(C24 + C42) + 8(C26 + 2c44 + C62) (17) 

+ Cr c33 + -(c5 + C53) 

+ rI 4,[C44 
+24r4c] 

To compute r, the coefficients ck. terms can be determined numerically. The term r is the real root of 

a polynomial equation, and can be solved by, e.g., Newton's method. An example showing the performance 

of equation 17 is included in Ref. 15.
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Summary 

This discussion reviews the reliability analysis methods. The concept of advanced mean value (AMV) 

method effectively blends the convenient mean value method with the accurate but more sophisticated 

reliability analysis methods. The AMV method and the AMV-based iteration algorithms form the basis of the 

FPPA methodology.  

For the EBS performance assessment, It is expected that the joint distribution information is difficult 

to obtain. An alternative, more realistic solution is presented.
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