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EXECUTIVE SUMMARY 

This report represents the second of four total tasks associated with the Support for XFEM Component 
Integrity Analysis program.  The other reports are completed or undergoing final review at present. Task 1 
(Literature Survey) provides a literature review of the eXtended Finite Element Method (XFEM) which 
summarizes the capabilities and limitations for current codes which have implemented XFEM based 
crack growth.  This Task 2 report discusses the Abaqus XFEM implementation coupled with a simplified 
fatigue procedure which allowed exploration of optimum parameter definitions to provide the most 
appropriate solutions for constant-amplitude fatigue and PWSCC (Primary Water Stress Corrosion Crack) 
crack growth analyses.  This Task 2 report explores five crack geometry cases, from simple two-
dimensional constant-amplitude fatigue cases to the VC Summer hot leg dissimilar metal weld (DMW) 
PWSCC analysis for three-dimensional axial PWSCC growth and leakage.  The Task 3 report (Evaluation 
of PWSCC-type crack growth in Abaqus XFEM for Complex geometries) provides detailed solutions for 
the VC Summer and control rod drive mechanism (CDRM) XFEM based crack growth to leakage 
solutions.  The Task 3 report summarizes the best ABAQUS based XFEM solution parameter definitions 
and compares the solutions to crack growth analyses performed in the past using other methods.  The 
Task 3 report also identifies limitations in the analysis process and pitfalls possible.  Task 4 provides a 
summary of solutions performed by the NRC and contractors, and other organizations that may be used in 
the future for further benchmarking.  The Benchmark solutions presented provide references along with 
other data necessary to perform XFEM based solutions and predicted results using other PWSCC growth 
methods for benchmark comparisons.   

In this current Task 2 report, the conditions and assumptions of the Abaqus simplified fatigue procedure 
were used to define a relationship between the Abaqus Paris-like fatigue crack growth law and a general 
PWSCC growth  rate relation.  So, in addition to readily available constant-amplitude fatigue 
benchmarks, PWSCC Abaqus XFEM crack growth analyses were executed to determine those parameters 
that control the accuracy, repeatability of analysis results and computational resources for this capability.   

Specifically, 2-D and simple 3-D models were evaluated in a systemic approach as highlighted by the 
activities listed below: 

• Evaluation Parameters – The crack growth rate and crack shape were used as the fundamental 
evaluation criteria for the geometries evaluated with results compared to results using traditional 
finite element crack results or other acceptable analytical solutions. 

• Geometries Studied – Four basic geometries were used to evaluate the capabilities with a focus 
on different crack front shapes (curved versus straight) and crack extension (planar versus 
curvilinear).  

• Input Parameters Studied – In addition to mesh parameters (mesh size and mesh type), element 
formulation, fatigue procedure and crack growth parameters were studied. Overall, over forty 
analysis models were completed in this study. 

It has been found that even performing basic crack growth problems will be a challenge without 
significant benchmarking of results for a given problem class. With that stated, general modeling 
recommendations are summarized below: 

• Software Version:     Abaqus/Standard 2020 or later 
• Minimum Mesh Refinement of XFEM Enriched Region in Key Structural Dimensions: 

  Thickness (crack growth depth direction)   50-elements 
  Width (crack growth length direction)   Use Thickness mesh seed 
  Height (perpendicular to initial crack plane)  10-elements with Thickness mesh seed 

• Mesh Type:      Structured 
• Element Formulation:     Quad/Hex with Reduced integration 
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The analysis parameters for calculating crack growth under these conditions (growth tolerance, fracture 
criteria, general solution controls) should be set to default values. However, with careful evaluation and 
benchmarking, non-default parameters could be utilized to obtain robust, accurate solutions in a timely 
fashion. As an example, for applications with nonplanar curvilinear crack growth, the nonlocal averaging 
option may be required along the crack front to ensure proper crack propagation directions are calculated. 

To provide some assurance that these recommendations were transferrable to more complex geometries, a 
VC Summer hot leg dissimilar metal weld (DMW) axial flaw assessment was successfully analyzed. 

This report documents the models, parameters studied, and other supporting evidence associated with 
providing these general recommendations. 
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1 INTRODUCTION 

The extended finite element method (XFEM) is a Finite Element Analysis (FEA) method that allows for 
mesh independent analysis of discontinuities and singularities and can be used to simulate crack growth in 
complex geometries in a simplified manner. This capability is available in several commercial FEA 
codes, including Abaqus [1], and is potentially a powerful tool for representing cracks and simulating 
crack growth in industry relevant models. In addition to its XFEM capabilities, Abaqus can simulate 
fatigue crack growth using a Paris Law type relationship. Furthermore, Abaqus is capable of modeling 
this fatigue behavior via a simplified analysis, where a multi-cycle fatigue process is modeled in a single 
static step. This approach to fatigue may allow for other types of subcritical crack growth, like PWSCC 
(primary water stress corrosion cracking), to be modeled. By taking advantage of both the XFEM and this 
simplified fatigue approach in Abaqus, the purpose of this report was then to determine those parameters 
that control the accuracy, repeatability of analysis results and computational resources for simplified 
subcritical crack growth applications. 

Section 2 provides an overview of the XFEM and the subcritical crack growth capabilities within Abaqus. 
By understanding the implementations, it is possible to gain insight into the strengths and weaknesses of 
the techniques as it relates to our applications. Section 3 defines the evaluation criteria and the five 
geometries studied. Section 4 then provides the detailed sensitivity study where the parameters are 
defined, and results presented. Sections 5 and 6 summarize the key observations and provides the general 
modelling recommendations. Appendices are also provided for finite element modeling details for each of 
the five geometries studied. 
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2 ABAQUS CAPABILITIES UTILIZED FOR EVALUATION 

2.1 XFEM Implementation within Abaqus 
XFEM allows for discontinuities that are not aligned with the finite element mesh to simulate crack 
propagation without remeshing. In essentially all XFEM stationary crack implementations, including 
Abaqus/Standard [1], the standard displacement (shape) interpolation function is augmented for the crack 
jump (via the Heaviside enrichment term) and the crack tip enrichment term as shown below: 

 

Figure 1 – Standard Displacement Interpolation Function Augmented for XFEM. Adapted from [1]. 

 

To better appreciate the terms of this function, consider a 2D finite element model of a cracked body 
shown in Figure 2.  The set of nodes of elements completely cut by the stationary crack, ୻ܰ, are enriched 
by the Heaviside (jump discontinuity) enrichment term as denoted by the green circles while the set of 
nodes of elements around the crack tip (or crack front in three-dimensions), ஃܰ,  is denoted by the purple 
squares.  Usually, one element, as shown at Crack Tip B in Figure 2 is sufficient but accuracy 
improvements can be expected by using several elements as seen at Crack Tip A.  It should be noted that 
this is a local partition of unity as the enrichment is added only where it is useful.  This substantially 
reduces the computational efficiency.  More details on the enrichment coefficient determination are 
provided by Belytschko [3].   
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Figure 2 – Arbitrary XFEM Stationary Crack Line in a 2D Structured Mesh with Heaviside 
(Displacement Jump) Enriched and Crack Tip Enriched Elements. Adapted from [3]. 

 

In the original XFEM formulation [2], the numerical integration of elements cut by the discontinuity 
required special treatment and additional degrees of freedom were introduced which would make the 
implementation of XFEM into available commercial FE codes difficult. At first, the most commonly 
adopted method was to divide the element into subdomains on two sides of the line of discontinuity. This 
method is flexible but not appropriate for history-dependent material where the projection of variables 
from old Gauss points to new ones are inevitable. As an improvement on this method, Belytschko [3] 
proposed the ‘phantom node’ method. In this formulation an overlaid element and ‘phantom nodes’ were 
added to cracked elements avoiding the need for additional degrees of freedom. It is this ‘phantom node’ 
method that is implemented in Abaqus/Standard. However, this method is limited to elements completely 
cut by the discontinuity. 

To state very clearly, for subcritical crack growth analyses in the Abaqus XFEM implementation using a 
Paris type relationship that will be discussed in Section 2.2,  the near-tip asymptotic singularity is not 
considered, and only the displacement jump across a cracked element is considered. Therefore, the crack 
has to propagate across an entire element at a time to avoid the need to model the stress singularity [1]. 
Further, the strain energy release rate at the crack tip is calculated based on the modified Virtual Crack 
Closure Technique (VCCT) [1].   Unlike the stationary crack contour integral (J-Integral) and interaction 
integral (stress intensity factor, K) where fairly coarse meshes are able to capture path independent 
driving force values, the propagating crack linear-elastic strain energy release rate, G, values are 
calculated locally and directly for each crack front element.    

The Abaqus XFEM capability when combined with the subcritical crack growth procedure has 
implementation nuances that will be seen to greatly influence mesh refinement requirements in order to 
obtain accurate and timely results. 
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Another interesting topic involved in the development of the XFEM is the method used to represent the 
geometry of discontinuities as they are not meshed in XFEM. It is the Level Set Method (LSM) [46] that 
makes this possible as the description of cracks is strictly in terms of nodal data. This is accomplished 
through the use of two orthogonal level set functions. The ψ level set is used to track the crack surface, 
while the φ level set is used to track the crack tip. For the case when there are multiple crack tips, multiple 
φ level set functions are used.  Therefore, the use of the fast-marching LSM is utilized for capturing crack 
propagation. 

Abaqus simulates time- or cycle-dependent subcritical crack growth in XFEM using a Paris Law type 
relationship that will be discussed in Section 2.2. 

To summarize, mesh independent crack modeling is implemented in Abaqus/Standard using the following 
methodology: 

1. Incorporate the discontinuous geometry (i.e. crack) and the discontinuous solution field into the 
finite element basis functions 

• eXtended Finite Element Method (XFEM) 
2. Quantify the magnitude of the discontinuity – the displacement jump across the crack faces. 

• Heaviside Functions 
• Phantom Nodes 

3. Locate the Discontinuity. 
• LSM 

4. Define Crack Propagation Criteria 
• Subcritical Crack Growth Law (described in Section 2.2) 

In addition to Abaqus (/Standard solver with /CAE pre- and post-processing), XFEM has also been 
implemented as a core implementation in such DOE-sponsored research codes such as Grizzly developed 
at Idaho National Laboratory [7], and commercial finite element software codes as Ansys [8] and VirFac 
Crack/Morfeo[9]. Implementation details will likely vary within and between each code. As an example 
for the former, Ansys offers both ‘phantom node’ and ‘singularity-based’ XFEM methods for stationary 
crack evaluation.  For the latter, Abaqus supports distributed pressure on the crack face while Ansys does 
not currently support this option. 

To provide additional capability for both research and commercial usage, user element and associated 
subroutines have been coded to further develop capabilities in the basic XFEM methods, level sets and 
discontinuity abstractions.  This current work has been performed in Abaqus using built-in capabilities, 
but other codes have similar capabilities for method development and structural evaluations.  As an 
example, Spencer [10] demonstrates the 3D XFEM crack propagation capability in Grizzly to simulate 
the burst behavior of nuclear fuel rod cladding during a loss-of-cooldown accident scenario.   

As another approach, ‘Morfeo/Crack for Abaqus’ [9] utilizes the built-in XFEM capability in 
Abaqus/Standard along with the user interface of Abaqus/CAE.  After initial model setup in 
Abaqus/CAE, this method is based on calling Abaqus/Standard at each propagation step. Between each 
step, it reads the Abaqus solution, recovers an XFEM stationary crack solution, accurately computes the 
Stress Intensity Factors (SIF) which determine the crack advance and updates the Abaqus input file with 
the new crack position. 

2.2 Creation and Considerations for an Abaqus XFEM Subcritical Crack Growth Model 
The development of an Abaqus XFEM subcritical crack growth model is performed in three primary steps 
that are described below. Context of how different modeling aspects for each step can affect the solution 
results, stability of solution and computation resources are introduced. 



 

5 

Further, the interactive pre-processor Abaqus/CAE makes defining the enrichment region, locating the 
initial crack and selecting special purpose output variables very straightforward. However, as the 
*FATIGUE is a relatively new Abaqus capability, the input deck must be hand-edited to incorporate the 
*FATIGUE procedure and related subcritical crack growth criteria fatigue criteria (*FRACTURE 
CRITERION,TYPE=FATIGUE). Section 2.2.3 will address converting fatigue constants to those related 
to PWSCC while Section 2.2.4 provides a complete input file template for this workflow. 

2.2.1 Define Enrichment Region 
As was conceptually shown in Figure 2, the enrichment regions in an XFEM analysis should consist of 
elements that are intersected by any initial crack and those that are likely to be intersected by the cracks as 
they propagate. For the current discussion, a single existing crack will be assumed in the model. 

Even though XFEM is said to be mesh independent, it remains nevertheless a finite element method for 
which the mesh needs to be fine enough to get accurate results. The enriched portion of the finite element 
mesh needs to be sufficiently refined, as would be the case in a conventional stress analysis. If the mesh is 
too coarse, the crack propagation process may not be captured in detail. If the mesh is excessively refined, 
the crack propagation may be computationally slow. 

To provide some level of context, normally, analyses of finite element models of components subject to 
combined membrane and bending loads requires mesh refinement of only four first-order reduced 
integration continuum elements to obtain accurate displacement and resultant stress fields.[1] For the 
XFEM, this report will show that an order of magnitude more elements is required to capture a 
propagating crack in terms of crack growth rate and crack shape. 

Knowing the level of refinement needed, if the regions expected to crack are known in advance and 
limited, the geometry can be partitioned so that the refined regions are be kept to a reasonable size. If 
needed, tie constraints can then be introduced to join the finely meshed enriched regions to the rest of the 
model. 

The element type and the mesh type used when modeling XFEM cracks are known to impact the results 
of the analyses. Element types supported by Abaqus include first-order 2D and 3D continuum elements 
(CPE4, CPS4, CAX4, C3D8, and C3D4), second order tetrahedral 3D continuum elements (C3D10) 
along with reduced integration/incompatible mode/hybrid formulations. When using a 2D quadrilateral 
(CPE4) or 3D hexahedral (C3D8) mesh, a structured or unstructured approach can be specified. A 
structured mesh predominantly consists of regular hexahedral elements in 3D and quadrilateral elements 
in 2D. Structured mesh types are preferred over free unstructured meshes as structured meshes typically 
give a more accurate prediction of stress and strain fields ahead of the crack tip.[11] It is noted that due to 
geometric and/or time constraints that an unstructured mesh may be required. In terms of element type, 
the focus in this study was on plane strain 2D quadrilateral (CPE4) and first-order 3D continuum 
hexahedral elements (C3D8); second order tetrahedral elements (C3D10) were not investigated in the 
enriched region. 

With these definitions to consider, the enrichment region itself is simply an element set that can be 
created in any FEA pre-processor. In the case of Abaqus/CAE, this element set is combined with the 
initial crack location within the Interaction module. More details are provided in the next section. 

2.2.2 Define Initial Crack 
As discussed previously, the crack surface and the crack front are defined in Abaqus by means of two 
level set functions, φ and ψ. If performed manually, it would be difficult to identify, locate and specify 
these values for the initial flaw. Fortunately, Abaqus/CAE has a very elegant interface using the Special 
Menu in the Interaction module. 
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Using the semi-elliptical flaw in a flat plate as an example, Figure 3 shows the initial crack is defined 
using a part (depicted in the figure as the red-colored area) constructed in the elliptical shape of the crack 
and instanced in the assembly at the desired location. The crack geometry is defined as the intersection of 
the crack and component parts from which the appropriate φ and ψ values are written to the Abaqus input 
deck via the *INITIAL CONDITIONS,TYPE=ENRICHMENT keyword. Note that the crack part need 
not be meshed or assigned material properties; it is a dummy part present only for the purpose of defining 
the initial crack. 

The XFEM method does not require the mesh to conform to the crack geometry; however, the method 
does not permit a crack plane to lie parallel and coincidence with element faces.[11] Therefore, in simple 
problems where the crack is expected to propagate along a straight plane (such as seen in Figure 3) the 
mesh should be designed such that the expected crack propagation path lies between element faces in the 
plane perpendicular to the crack propagation direction.  While the Abaqus XFEM capability does allow 
for damage initiation from an initially uncracked structured, sharp cracks will be assumed to be pre-
existing for this study. 

 
Figure 3 Usage of an Elliptical Crack-Shaped Part in Abaqus/CAE to Locate an Initial 
XFEM Semi-Elliptical Surface Flaw in a Flat Plate 

2.2.3 Define Fatigue Procedure with Associated Constants 
Beginning in the Abaqus 2020 release, Abaqus/Standard can simulate linear elastic subcritical crack 
growth by using XFEM with a Paris Law type relationship defined as: ݀ܽ݀ܰ =  ஼రܩ∆	ଷܥ

This relationship calculates a crack growth rate in terms of crack extension (da) per cycle (dN) using the 
change in strain energy release rate, ΔG, over the course of one loading cycle at the crack tip to determine 
the crack extension for that cycle, using empirically derived growth rate constants (C3 and C4). In the 
Abaqus fatigue model Paris regime growth only occurs when the maximum energy release rate (Gmax) 
during a cycle is greater than the threshold energy release rate (Gthresh) and less than the energy release 
rate upper limit for stable growth (Gpl), or Gthresh<Gmax<Gpl. These values can be defined by the user and 
default to 10% and 85% of the critical energy release rate (Gc). Using this method, the crack can only 
grow in increments where it can extend from one element boundary to another in a single time step. 
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Therefore, the crack grows across an element only on the cycle where Gmax>Gthresh, and the length of the 
crack extension segment is greater than the length of the segment which spans the element in the crack 
growth direction.. Finally, if Gpl<Gmax< Gc, then Abaqus treats the crack as “unstable” and the element in 
front of the crack will always fracture in the next cycle. [1] 

The simplified fatigue step procedure in Abaqus (*FATIGUE, TYPE=SIMPLIFIED) can model 
subcritical crack growth under static loading. This is meant as a way to simplify subcritical crack growth 
models and allows for subcritical crack growth without modeling cycles or time directly, only the loading 
state at Gmax. . In addition to these conditions the following three assumptions are made in simplified 
subcritical crack growth models: 

1. Contact conditions within or between bodies, if present, are assumed to remain unchanged 
2. G is proportional to the square of the applied load, ܲ2 
3. Gmax occurs at maximum load, Pmax 

It is due to these simplifications and assumptions used in a simplified fatigue procedure in Abaqus that it 
becomes possible to adapt this type of analysis procedure for use in PWSCC growth analyses. This 
modification of the simplified fatigue analysis is achieved through a straightforward transformation of the 
fatigue input parameters, without the need for external algorithms, post-processing, or user subroutines. 

To explain further, for PWSCC growth in dissimilar weld metals (DMW) at constant temperature the rate 
equation can be simplified to [12]: ݀ܽ݀ݐ௉ௐௌ஼஼ = ߙ ∙  ௕ܭ	

where α is the crack growth coefficient and is the product of the power law constant for the given material 
at the reference temperature and the correction factor at the operating temperature, while b is the crack 
growth exponent and K is the stress intensity factor. 

The conditions and assumptions of the simplified fatigue function can be used to define a relationship 
between the Abaqus Paris-like fatigue crack growth law and the PWSCC relation. First, because the 
simplified analysis does not explicitly model cycles and instead uses step time in lieu of cycles, cycles 
and unit time are interchangeable. Next, taking the condition that the ∆ܩ equals the Gmax and the 
assumption that G is proportional to P2, then using the relationship between G and K, it is shown that G is 
directly proportional to K2. From which, by applying modification factors to the coefficient and exponent 
inputs for the fatigue crack growth definitions in Abaqus, the simplified fatigue function can be adjusted 
for use in PWSCC growth models. Expressing K in terms of G results in the following: 	݀ܽ݀ݐ௉ௐௌ஼஼ = ߙ ∙ (௕ଶ)(ᇱܧ)	 ∙  (௕ଶ)ܩ
where E’ = E/(1-υ2) for plane strain and E’ = E for plane stress with E being the elastic modulus. From 
simple substitutions, the relationships between the fatigue growth rate constants and the PWSCC relation 
are defined as follows:  ܥଷ = ߙ	 ∙ 	 ସܥ (௕ଶ)(ᇱܧ) = 	 2ܾ 

Further, this transformation of crack growth parameters results in the simulation step time being 
equivalent time, where normally the step time would be associated with cycles.  If a more sophisticated ௗ௔ௗ௧௉ௐௌ஼஼relations is required (e.g. have a minimum threshold for the strain energy release rate), the use of 
the UMIXMODEFATIGUE will be required to code the desired relation. 
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Since PWSCC is the primary application of interest, the simplified fatigue analysis procedure will be 
utilized throughout the sensitivity study. As detailed in Appendix F and provided in the Supplemental 
Files, a unit and parameter conversion Excel spreadsheet tool for driving force (K-to-G and G-to-K) and 
Paris Law (∆ܭ-to-∆ܩ and ∆ܩ-to-∆ܭ) coefficients has been developed. This tool can be used for cycle-
dependent (i.e. fatigue) and time-dependent (e.g. PWSCC) Paris-like crack growth relations.   

In the following description on crack growth, the discussion will utilize the Abaqus terminology of cycles 
as it relates to the *FATIGUE,TYPE=SIMPLIFIED nomenclature.  It should be realized that the same 
methodology applies to PWSCC applications where one fatigue cycle is equal to unit time. 

Once the criterion for crack growth is satisfied at any crack tip location in an enriched element at the end 
of a completed cycle, ܰ, Abaqus extends the crack length, ܽ௡, from the current cycle over a number of 
cycles, ∆ܰ, to ܽேା∆ே by fracturing one enriched element ahead of the crack tip.  The crack extension 
occurs orthogonal to the maximum tangential stress when the crack growth criterion is met. [1] Given the 
Paris Law form combined with the known element length and propagation direction (∆ܽே௝ = 	ܽேା∆ே −	ܽே	), the number of cycles necessary to fail each enriched element ahead of the crack tip can be 
calculated as ∆ ௝ܰ where j represents each enriched element ahead of the crack tip along the length of the 
crack. The analysis procedure is set up to advance the crack by one enriched element per increment of 
each loading cycle is completed. The element with the fewest cycles is identified to be failed, and its ∆ܰ௠௜௡ = min൫∆ ௝ܰ൯ is represented as the number cycles to grow the crack equal to its element length, ∆ܽே௠௜௡ = min൫∆ܽே௝൯. 
While this capability precisely accounts for the number of cycles needed to cause fatigue crack growth 
over that length, it may be computationally intensive. To accelerate the fatigue crack growth analysis and 
to provide a smooth solution for the crack front, you can specify a nonzero tolerance, ∆ܦே௧௢௟, for the least 
number of cycles to fracture an enriched element. The default value for ∆ܦே௧௢௟ is 0.1: ݃݋ܮ∆ ௝ܰ − ௠௜௡ܰ∆݃݋ܮ௠௜௡ܰ∆݃݋ܮ ≤  ே௧௢௟ܦ∆
In addition to the enriched element that takes the fewest cycles, ∆ܰ௠௜௡, to fracture with zero constraint 
and a zero stiffness immediately after fracture, all of the other adjacent enriched elements satisfied by the 
above condition are also fractured. 

To help understand the importance of the ∆ܦே௧௢௟ parameter, Figure 4 provides an illustration of a 2D 
planar mesh with a surface flaw one element deep by three-elements long using ∆ܦே௧௢௟ values of 0.1 and 
0.01. At time zero, the crack front is identified and the predicted number of cycles until failure (∆ ௝ܰ) is 
provided for each element ahead of the crack front. Using the ∆ܰ௠௜௡ of 1000 cycles, the solution is 
advanced to the 1000 cycle increment where the center element is fractured. For the analysis with ∆ܦே௧௢௟ 
= 0.1, the elements adjacent to the failed element are also failed as each element falls within the ∆ܦே௧௢௟ 
tolerance value (ଵ଴଺଴ିଵ଴଴଴ଵ଴଴଴ = 0.06	 ≤ 0.10). For the ∆ܦே௧௢௟ = 0.01 analysis, the side elements are not 
failed using the same criteria. From there, the algorithm is repeated. This example demonstrates that the 
larger ∆ܦே௧௢௟ value can allow some elements to fail sooner which results in higher (conservative) crack 
growth.. This, in turn, may affect the crack shape and corresponding strain energy release rate.  
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Figure 4 – 2-D Planar Example Illustrating the Importance of ∆ܦே௧௢௟ in the Abaqus *FATIGUE, 
TYPE=SIMPLIFIED Capability 

2.2.4 Abaqus Input Deck Template 
In the following description on the Abaqus/Standard input deck, the discussion will utilize the Abaqus 
terminology of crack growth parameters and cycles as it relates to the *FATIGUE,TYPE=SIMPLIFIED 
nomenclature. It should be realized that the same methodology applies to PWSCC applications where one 
fatigue cycle is equal to one unit time and the Paris-law coefficients are modified from fatigue to PWSCC 
in Section  2.2.3. 

The Abaqus/CAE pre-processing capabilities allow definition for the vast majority of the required 
simplified fatigue crack XFEM modeling details including location of the initial flaw within the 
enrichment region and specification of key output variable requests. However, as highlighted in red 
below, for the keyword components of a typical linear elastic fatigue crack growth model workflow, two 
items require hand-editing of the input deck. The *FATIGUE procedure and its data line need to be added 
as this procedure is not currently supported in Abaqus/CAE. Typically, a dummy *STATIC procedure 
would be defined in the Abaqus/CAE model which is then replaced in the input deck via a text editor. 
Also, the *FRACTURE CRITERION, TYPE=FATIGUE is not supported in Abaqus/CAE. The input 
deck must be hand-edited to include this keyword and the associated data lines which are a sub option of 
the *SURFACE INTERACTION definition. 

A summary of the key parameters are described below that were utilized in various combinations within 
the sensitivity studies completed: 

*FRACTURE CRITERION – Used to specify the criterion for crack propagation 

Required Option: 

 TYPE=FATIGUE - Defines fatigue crack growth option 

Options 

 ANGLEMAX=xx   to set the maximum allowed change in the crack propagation  
     angle (in degrees) between the new crack propagation direction  
     and the previous crack propagation direction. Default is 85  
     degrees. 

 POSITION=NONLOCAL  to use a moving least-squares approximation by polynomials to  
     smooth out the individual crack front facet normals in elements  

Fatigue Cycles  *FATIGUE with ∆DNtol = 0.10  *FATIGUE with ∆DNtol = 0.01

0 cycles
1750 1060 1000 1060 1750 1750 1060 1000 1060 1750
1610 x x x 1610 1610 x x x 1610

1000 cycles 1500 1000 900 1000 1500 1150 1000 1150
675 x x x 675 745 50 x 50 745
550 x x x 550 605 x x x 605

x represents a failed element
1700 represents active element along crack front with predicted number of cycles until failure for a given element

represents active element not on crack front
represents current crack front



 

10 

     that satisfy the fracture criterion  to obtain the crack propagation  
     direction along the crack front. This is not the default option. 

 R CRACK DIRECTION =xx used in conjunction with POSITION=NONLOCAL, set this  
     parameter equal to the radius around the crack tip within which  
     the elements along the crack front are included for smoothing out 
     the normals of the individual crack facets to obtain the crack  
     propagation direction. The default value is three times the typical 
     element characteristic length along the crack front in the model. 

 NPOLY = xx   used in conjunction with POSITION=NONLOCAL, is used to  
     specify the number of terms in the polynomial used for the  
     moving least-squares approximation. The default is 7. 

 MIXED MODE BEHAVIOR = POWER – is a parameter that is used to specify final fracture and 
     is not used for subcritical crack growth.  In this study, the mixed  
     mode fracture criterion is based on a simple power law as  
     follows: 

    ீ೐೜ೠ೔ೡீ೐೜ೠ೔ೡ಴ = 	 ቀ ீ಺ீ಺಴ቁ௔೘ + ቀ ீ಺಺ீ಺಺಴ቁ௔೙ +	ቀ ீ಺಺಺ீ಺಺಺಴ቁ௔೚	 
     where ܽ௠= ܽ௡ = 	ܽ௢ = 1 with ܩ௘௤௨௜௩ being used in the fatigue  
     crack growth relation along with the critical energy release rate  
     for each fracture mode, ܩூ஼ ூூூ஼ܩ ூூ஼andܩ , , respectively. 

In addition to the constants defined above, the required data parameters for *FRACTURE 
CRITERION,TYPE-FATIGUE are as follows: 

• C1 – material constant for fatigue crack initiation [set to zero for this study] 
• C2 – material constant for fatigue crack initiation [set to zero for this study] 
• C3 – material constant for fatigue crack growth [defined in Section 2.2.3] 
• C4 – material constant for fatigue crack growth [defined in Section 2.2.3] 
• GT_GC – Ratio of energy release rate threshold used in the Paris Law over the equivalent 

critical energy release. [Set to value of 0.001 for this study] 
• GP_GC –Ratio of energy release rate upper limit used in the Paris Law over the 

equivalent critical energy release rate. [Set to value of 0.999 for this study] 

*FATIGUE,TYPE SIMPLIFIED - Uses a constant load to simplify the subcritical crack growth loading. 

 In Abaqus, at least two increments are required for each single loading cycle in this case. 

 Hence, the data line for the initial time increment (first data line, 1st entry) is set to one-half of 
 the time for a loading cycle (first data line, second data entry). 

 The second data line specifies the minimum increment in number of cycles over which the 
 damage is extrapolated forward (mincycle), the maximum increment in number of cycles over 
 which the damage is extrapolated forward (maxcycle), the total number of cycles allowed in a 
 step (totalcycle) and the damage extrapolation term, ∆ܦே௧௢௟, which was fully described in 2.2.3. 

*AMPLITUDE needs to be defined to ensure that each loading is applied with maximum value for the 
simplified fatigue procedure. 

*STEP,UNSYMM=NO|YES – While the default is set to NO, the unsymmetric solver may need to be 
 specified to aid convergence of the solution. 
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*CONTROLS displacement correction 

 An XFEM crack propagation analysis can sometimes fail to converge due to the displacement 
 jump and the sudden increase in local compliance. The usage of the ܥ௡ఈ parameter (largest 
 correction to displacement in the model divided by the largest increment of displacement for a 
 given global degree-of-freedom) is used to control the displacement accuracy of the Newton-
 Raphson nonlinear algorithm. The default value is 0.01. 

The visualization module of Abaqus/CAE (or Abaqus/Viewer) is recommended for post-processing of 
XFEM flaws as this post-processor has the ability to visualize the crack surface throughout the analysis. 
To aid this activity, the following XFEM-specific crack propagation field output variables are available 
for request within the Step Module of Abaqus/CAE or via direct inclusion in the Abaqus input deck: 

• PHILSM - Signed distance function to describe the crack surface. 
• PSILSM - Signed distance function to describe the initial crack front. 
• STATUSXFEM - Status of the enriched element (0.0 (uncracked) or 1.0 (completely cracked)). 
• CYCLEXFEM - Number of cycles to fracture at the enriched element. 
• ENRRTXFEM - All components of strain energy release rate (e.g. Mode I). 
• LOADSXFEM - Distributed pressure loads applied to the XFEM-based crack surface. 

The key input file components for a given model are provided below: 
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*HEADING 
… 
*NODE 
… 
*ELEMENT,TYPE=C3D8R,ELSET=REGULAR 
… 
*ELEMENT,TYPE=C3D8R,ELSET=ENRICHED 
… 
*SOLID SECTION, ELSET=REGULAR, MATERIAL=STEEL 
*SOLID SECTION, ELSET=REGULAR, MATERIAL=STEEL 
*MATERIAL, NAME=STEEL 
… 
*ENRICHMENT, NAME=CRACK-1, TYPE=PROPAGATION, ELSET=ENRICHED,INTERACTION=INTPROP-1 
*SURFACE INTERACTION, NAME=INTPROP-1 
*SURFACE BEHAVIOR 
*FRACTURE CRITERION,TYPE=FATIGUE,MIXED MODE BEHAVIOR=POWER,POSITION=<DEFAULT OR 
NONLOCAL>(,ANGLEMXAX=85)(,RCRACKDIRECTION=5.) 
<C1>, <C2>, <C3>, <C4>, <GT_GC>, <GP_GC>, <GIC >, <GIIC> 
<GIIIC>, <A_M>, <A_N>, <A_O> 
** 

 
... 
*AMPLITUDE,NAME=AMP2 
0,1,1,1 
*STEP(,UNSYMM=YES|NO) 
*FATIGUE,TYPE=SIMPLIFIED 
0.5, 1. 

<MINCYCLE>, <MAXCYCLE>, <TOTALCYCLE>,, ∆ܦே௧௢௟ 
** 
*CONTROLS, PARAMETERS=FIELD, FIELD=DISPLACEMENT 
 ௡ఈܥ,
** 
*DSLOAD,AMP=AMP2 
*BOUNDARY 
** 
*OUTPUT, FIELD,VAR=PRESELECT 
*NODE OUTPUT 
PHILSM, PSILSM 
*ELEMENT OUTPUT, DIRECTIONS=YES 
ENRRTXFEM, STATUSXFEM, LOADSXFEM, CYCLEXFEM 
*END STEP 
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3 APPROACH IN EVALUATION OF CAPABILITY 

3.1 Evaluation Criteria 
The crack growth rate and crack shape were selected as the fundamental evaluation criteria for the 
geometries evaluated with results compared to traditional finite element crack analysis results or other 
acceptable analytical solutions. Within these two criteria, a focus was maintained on different crack front 
shapes (initially curved versus straight) and crack extension (planar versus curvilinear). 

While this may seem obvious, crack growth rates and crack shape evolution will be shown to depend on a 
number of parameters within the modeling capability including mesh refinement, size of enrichment zone, 
element formulation, mesh type (structured or unstructured), crack growth controls and general FEA 
solution controls. 

3.2 Models Selected for Sensitivity Study 
As shown in Figure 5, four basic geometries along with a relatively complex assessment were studied to 
show that reasonable SIF and crack growth rates and shapes for both applied load and residual stress 
configurations, using subcritical crack growth relations, could be obtained using Abaqus XFEM: 

• Two cracks emanating from a hole in plate under uniform tension 
• Semi-elliptical surface flaw in a flat plate under uniform tension  
• Modified Compact Tension (CT) specimen with Miss and Sink Hole configuration  
• Compact Tension specimen utilizing PWSCC constants and loading 
• Internal semi-elliptical surface flaw for the VC Summer hot leg dissimilar weld metal joint 

assessment subjected to a PWSCC environment. 

In the preceding list, the first three configurations represent readily available constant-amplitude fatigue 
benchmarks while the last two configurations consistent of PWSCC growth analyses.  Due to the 
similarity of physics between these two application groups as demonstrated in Section 2, learnings from 
the two groups of analyses will be used to inform and verify sensitivity parameter results that control the 
accuracy, repeatability of analysis results and computational resources for this capability. 

The 2D hole in plate was used to compare planar, straight crack growth with analytical solutions for stress 
intensity factor and fatigue crack growth rates. Based on learnings from this model, it was determined that 
a curvilinear crack growth model was needed to explain some of the initial findings regarding element 
formulation and mesh type. The modified CT specimen with the additional hole to perturb the crack path 
was used for this purpose. This model was particularly useful since experimental validation results were 
available. 

The standard CT specimen was evaluated using the developed methodology for PWSCC. As a transition 
to more complex geometries, the semi-elliptical surface flaw in a flat plate serves as an excellent 
benchmark for axial and circumferential flaws in piping systems with the obvious analogy to a pipe with 
infinite radius. Finally, the VC Summer hot-leg DMW axial flaw assessment was utilized to provide some 
assurance that more complex problems could also be studied. 
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Figure 5– Problems Utilized to Understand Built-In Abaqus XFEM with Simplified Subcritical Crack 
Growth Capabilities 
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3.3 Parameters Selected for Sensitivity Study 
In addition to mesh parameters (mesh size, mesh type, enrichment zone width), element formulation and 
crack growth parameters were studied. Overall, over forty analysis models were studied. The following 
sections provide background and an overview of the parameters studied. The Appendix associated with 
each XFEM model provides the complete modeling details. 

3.3.1 Mesh Parameters 
The three meshing parameters investigated were element type and formulation, mesh type, and mesh size. 
Additionally, it was found that how the crack is defined relative to the mesh can be important in order to 
obtain accurate results. 

The models introduced in the previous section and described in detail in the Appendices have a large 
range in terms of absolute dimensions. In order to provide general mesh refinement recommendations, 
terms needed to be defined that would allow nondimensional guidance to be provided. Shown in Figure 6, 
three structural dimensions (height, width and thickness) are defined. The structural thickness is aligned 
with the crack depth growth direction. The structural width follows the crack length, while the structural 
height is defined to be the direction perpendicular to the initial crack plane. 

 
Figure 6 -  Definitions for Structural Dimensions (Thickness, Width and Height) used in 
this Study. Adapted from Anderson 4th Edition Table 9A.1 [13] 

Figure 7 provides a visual representation of the enriched regions and the structural dimensions within 
each XFEM model studied. It is noted that the structural dimensions do not always match the enrichment 
region size. As the crack regions are known in advance for some of the models, the geometry was 
partitioned such that the enriched regions are kept to a reasonable size. 
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(a) Two cracks emanating from a hole in plate under uniform tension (Constant-Amplitude Fatigue) 

 
(b) Semi-elliptical surface flaw in a flat plate under uniform tension (Constant-Amplitude Fatigue) 

 

Figure 7 Structural Dimension (Depth, Width and Height) and Enriched Region 
Definitions for Each XFEM Model Studied 
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(c)  Modified Compact Tension (CT) specimen with Miss and Sink Hole configuration  

(Constant-Amplitude Fatigue) 

 
(d) Compact Tension specimen utilizing PWSCC constants and loading (PWSCC) 

 
(e) Internal semi-elliptical surface flaw for the VC Summer hot leg dissimilar weld metal joint 

assessment subjected to a PWSCC environment (PWSCC) 

Figure 7 (continued) Structural Dimension (Depth, Width and Height) and Enriched Region Definitions 
for Each XFEM Model Studied 
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Table 1 provides a summary of the parameter variations for the mesh refinements in terms of the 
structural dimensions within each XFEM model studied. In order to reduce dimensionality in this study, 
the key parameter will be the structural thickness. The structural width uses the same mesh seed required 
to define the structural thickness element number specification and the structural height is correlated to a 
fraction of the structural thickness while still using the structural thickness mesh seed. In so doing, the 
intent is to create an enriched region mesh with the best formed elements to minimize mesh bias in any 
direction. 

Table 1 Overview of Baseline Meshing Parameters used In XFEM Sensitivity Study 

Baseline Properties Refinement Structural Dimension 
Enriched Region 

Mesh Seed 
(mm) 

Number of Elements 
in Structural 

Thickness Direction 

  
Thickness 

(mm) 
Height 
(mm) 

Width 
(mm)   

Hole_in_Plate 
(Constant-Amplitude 

Fatigue) 

  10.0 7.5 N/A     

Coarse       0.25 29 

Normal       0.125 58 

Fine       0.0625 116 

Flat_Plate 
(Constant-Amplitude 

Fatigue) 

  10.0 2.0 20.0     

Normal       0.25 40 

Fine       0.125 80 

Sink_Hole 
(Constant-Amplitude 

Fatigue) 

  22.17 Variable 8     

Coarse       0.6x1.0mm (height) 45 

Normal       0.6 45 

Fine       0.3 90 
PWSCC_CT 
(Steady-State 

PWSCC) 

  38.1 28 25.4     

Normal       0.5 58 
PWSCC_VC_Summer 

(Steady-State 
PWSCC) 

  60 ~32.4 (5-deg) Variable     

Normal       1.0 60 

In addition to the mesh refinement, analysis runs were made to determine the influence of the structural 
height and the usage of *TIE between the enriched and standard element regions. The usage of the *TIE 
allows dissimilar meshes to be “glued” together.  In this case, a 3D simple to generate coarse tetrahedral-
like mesh in the far-field is tied to a fine hex mesh in the enrichment region.  It is a known issue that when 
stationary crack J-Integral contour integrals have paths crossing this tied interface that inaccurate values 
result. [1] This current study was to verify whether any similar issues exist with VCCT-extracted strain 
energy release rate values for a propagating XFEM crack in the subcritical critical crack growth 
procedure.  To accomplish this, separate hole in plate analysis runs were made with the structural height 
set to be 75%, 25% and 10% of the structural depth while utilizing a *TIE between the enriched and 
standard element regions. 

Figure 8 shows the structured and unstructured meshes utilized for the 2D hole in plate (Appendix A) and 
the 3D Flat Plate (Appendix B) model in the enriched regions. The same mesh seed was used within a 
model class for both the structured and unstructured meshes. For the Flat Plate model, two unstructured 
mesh classes were studied. The in-plane unstructured mesh had a prescribed free mesh perpendicular to 
the thumbnail crack plane which was then swept through-the-thickness. The out-of-plane unstructured 
mesh refers to an unstructured mesh parallel to the crack plane which is then extruded through the 
enriched region of the model. 
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Figure 8 Structured and Unstructured Mesh Types Utilized the 2D hole in plate and 3D 
Flat Plate XFEM Models in the Enriched Regions 

The element integration rule was also studied. One of the most important aspects and difficulties of the 
XFEM implementation is the integration of the XFEM augmented shape functions. While the difference 
between full- and reduced integration would be expected to be small for such finely meshed standard 
regions in linear elastic problems, significant differences were noted in initial scoping analyses for the 
hole in plate geometry. As a result, full- and reduced integration analysis runs were made for the hole in 
plate, Flat Plate, Sink Hole and CT geometries. 

In addition to these primary sensitive parameters, the ability to assess the stress intensity factor and crack 
propagation with XFEM was studied for flaws that were not initially aligned to be perpendicular to the 
principal stress (hole in plate). Further, small initial flaw sizes (down to crack depth / structural thickness 
= 0.05) were investigated while still using a normal mesh for the Flat Plate geometry. 

Following the guidance of Chen[11], the meshes were designed such that the initial flaws did not lie 
along the element boundaries. For the majority of the problems, at least some non-planar curved crack 
growth was observed. Finally, while the Abaqus XFEM capability does allow for damage initiation from 
an initially uncracked structure, sharp cracks were assumed to be pre-existing for this study. 

3.3.2 Crack Growth Control Options 
The XFEM-based Linear Elastic Fracture Mechanics (LEFM) subcritical  crack growth approach can be 
used to simulate crack propagation along an arbitrary, solution-dependent path in the bulk material with 
an initial crack. Various options are available when defining the behavior of the crack extension. Listed 
below are the parameters that were studied that could influence the quality of the results, stability of the 
model and computational resources. 
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3.3.2.1 Crack Tip Strain Averaging Control 
An accurate and efficient evaluation of the stress/strain fields ahead of the crack tip is important for both 
evaluating the crack initiation criterion and computing the crack propagation direction. By default, the 
stress/strain computed at the element centroid ahead of the crack tip is used to determine if the fracture 
criterion is satisfied for crack extension and to determine the crack propagation direction. The crack 
propagation direction occurs orthogonal to the maximum tangential stress when the crack growth criterion 
is met. In the case of unstructured or relatively coarse meshes, it becomes extremely challenging to 
maintain a smooth, continuous three-dimensional crack front during nonplanar crack propagation with the 
current XFEM method. By setting the parameter POSITION=NONLOCAL on *FRACTURE, the 
XFEM-based nonlocal approach includes both nonlocal stress/strain averaging and crack normal 
smoothing to improve the computed crack propagation direction. 

The radius around the crack tip within which the elements along the crack front are included for 
smoothing out the normals of the individual crack facets to obtain the crack propagation direction is 
controlled by the *FRACTURE, POSITION=NONLOCAL,RCRACKDIST= parameter. The default 
value is three times the typical element characteristic length along the crack front in the model. The 
*FRACTURE, POSITION=NONLOCAL, NPOLY= is used to specify the number of terms in the 
polynomial used for the  moving least-squares approximation. The NPOLY default is 7. These two 
optionally parameters were found not to affect solution quality or convergence rates for the relatively 
simple geometries evaluated in this study. For more complex geometries, these parameters may require 
modification to obtain accurate and converged solution results. 

The influence of default and *FRACTURE,POSITION=NONLOCAL was studied for the modified CT 
(Sink Hole and Miss Hole), Flat Plate and VC Summer DWM Hot Leg geometries. 

3.3.2.2 Crack Propagation Direction Control 
The new crack propagation direction can be limited with the *FRACTURE, POSITION=NONLOCAL 
option to within a certain angle (in degrees) of the previous crack propagation direction. Using the default 
crack direction normal (maximum tangential stress), the new crack propagation direction can be limited 
relative to the previous crack propagation direction using the ANGLEMAX parameter. This number 
limits the maximum change in the crack propagation direction in a single increment in degrees. If no 
ANGLEMAX value is specified, a default value of 85°is used. The ANGLEMAX parameter was studied 
using the Flat Plate and Miss Hole geometries. 

3.3.2.3 Damage extrapolation tolerance 
As described in Section 2.2.3, the *FATIGUE damage extrapolation tolerance term (∆ܦே௧௢௟) was found to 
be one of the most important parameters for balancing solution accuracy with computational time. Using 
the default value of 0.1 for ∆ܦே௧௢௟ along with values of 0.01 (more accurate but slower computational 
time), 0.175 and 0.25 were used to evaluate crack growth rates and shapes. The PWSCC CT and Flat 
Plate geometries were tested with the default and the more stringent value of 0.01. For longer running 
practical problems such as the VC Summer Hot Leg DWM axial flaw assessment, relaxed (looser) 
tolerance values (0.175 and 0.25) were set to obtain a conservative crack growth rate in a shorter amount 
of computational time. 

3.3.3 General Solution Control Options 
An XFEM crack propagation analysis can sometimes fail to converge, in spite of reasonable damage 
properties and a suitably refined mesh in the enriched region. Two analysis settings were studied to 
facilitate convergence. 
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3.3.3.1 Unsymmetric Solver 
The stiffness matrix for enriched elements is unsymmetric; therefore, unsymmetric matrix storage and 
solution scheme is recommended for XFEM analysis to improve convergence behavior.[11] 

The convergence rate influence of the *STEP,UNSYMM=YES and *STEP,UNSYMM=NO (default) was 
evaluated on the five models in this study. 

3.3.3.2 Displacement Correction 
An XFEM crack propagation analysis can sometimes fail to converge due to the displacement jump and 
the sudden increase in local compliance. For example, as the fracture criterion is achieved, the crack front 
is released with typically small displacements and displacement corrections.  

The usage of the ܥ௡ఈ parameter (largest correction to displacement in the model divided by the largest 
increment of displacement for a given global degree-of-freedom) is used to control the displacement 
accuracy of the Newton-Raphson nonlinear algorithm:  
 
*CONTROLS, PARAMETERS=FIELD, FIELD=DISPLACEMENT 
 ௡ఈܥ,
 
To study this parameter, the ܥ௡ఈ was varied between the default (0.01) and an order of magnitude higher 
value (0.1) for the Flat Plate model. 
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4 SENSITIVITY STUDY RESULTS 
In addition to mesh parameters (mesh size, mesh type, enrichment region height), element formulation 
and crack growth parameters were examined. Overall, over forty analysis models were studied. The 
modeling details, parameters varied and results are provided for each model class in Appendices A 
through F. This section is intended to provide context and observations in the pursuit of providing general 
modeling recommendations. Due to the similarity of physics between constant-amplitude fatigue and 
PWSCC crack growth applications as demonstrated in Section 2, learnings from the two groups of 
analyses will be used to inform and verify sensitivity parameter results that control the accuracy, 
repeatability of analysis results and computational resources for this capability. 

4.1 Mesh Parameters 
The three meshing parameters investigated were element type and formulation, mesh type and mesh size. 
While these topics are intertwined in terms of evaluating the crack growth rate and shape, an attempt is to 
provide a logical flow in discussion of the results. To aid in this conversation, unless otherwise specified, 
the general modeling recommendations discussed in Section 5 serve as the baseline for which a sensitivity 
variation run is made. 

4.1.1 Element Type and Formulation 
The study began with an evaluation of the stress intensity factor for geometries with published analytical 
solutions.  For propagating XFEM flaws in the Abaqus simplified subcritical crack growth procedure, the 
strain energy release rate at the crack tip is calculated based on the modified Virtual Crack Closure 
Technique (VCCT). [1]  Unlike the stationary crack contour integral (J-Integral) and interaction integral 
(stress intensity factor, K) where fairly coarse meshes are able to capture path independent driving force 
values, the propagating crack values are calculated for each crack front element with the linear-elastic 
strain energy release rate, G, being calculated directly which implies that mesh density and element 
formulation are important.   

As a matter of observation, for the 3D Flat Plate and PWSCC CT models, the reduced integration 
formulation was a better match for the analytical crack driving results at constrained (interior) crack tip 
points within a specimen. As an example, Figure 9 shows the strain energy release rate (Abaqus output 
variable ENRRTXFEM) for the initial crack depth along the crack front from back to front and also a plot 
of the strain energy release rate as a function of crack depth at the center-width location of the specimen 
at the initial crack length. The reduced integration results differ by less than 2% from the analytical 
solution.  For these linear elastic models, it is not clear why reduced and full-integration vary in such 
refined models.  However, it is appreciated that one of the most important aspects and difficulties of the 
XFEM implementation is the integration of the XFEM augmented shape functions. In the end, these 
results imply that the element integration rule should be included in future benchmarking. 
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Figure 9 Strain Energy Release Rate Comparisons for the PWSCC Compact Tension utilizing 
Full- and Reduced Integration Compared to Analytical Results (Analytical Solution Provided in 
[19] and Detailed in Appendix D) 

Shown in the Figure 10, the 2D plane strain hole in plate model with the full integration formulation was 
the better match with less than a 2% variation as compared to the published analytical solution [22]. (Note 
that these results are shown in the form of the nondimensional geometrical correction factor, ߚ = ௄ఙ√గ௔ 
where K is the stress intensity factor, σ is the applied stress and a is the crack depth). For the 2D and 3D 
models evaluated, the two element formulations differed by less than 10% and bounded the analytical 
result for the crack driving force. 

One of the most surprising results of this study was that full integration, and to a lesser extent, reduced 
integration element formulations result in inaccurate crack turning and can lead to unconservative crack 
growth rates. Illustrated in Figure 10 for the hole in plate model, curvilinear cracks propagate up to an 
element interface, turn and then extend further along the element boundary that is parallel to the original 
crack orientation. In this way, the anticipated crack trajectory is not obtained. As long as a crack 
propagates from one element edge to the opposite edge and is away from the side edges, the XFEM 
approach using the full-integrated element formulation is shown in Figure 10 to match published 
benchmark [22] and values obtained from traditional focused-mesh stationary cracks (see Appendix A) 
for a given crack shape, geometry and loading up to a/b=0.7.  The deviation occurs when there is a crack 
tip propagates to the element “top edge” boundary at approximately a/b=0.7.  To a lesser extent, the same 
observation can be made for reduced integration at a/b=0.9. These findings are consistent with results 
provided with the 3D Sink Hole (Appendix C) XFEM model in Figure 11. 
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Figure 10 Nondimensional Geometric Correction Factor as a nondimensional function of crack 
depth for the hole in plate model comparing analytical results (see Newman [16] and Appendix A 
Figure A1).   

 
 Full Integration                                              Reduced Integration 

Figure 11 Influence of Element Formulation for Structured Mesh Sink Hole Model 

For 3D models, a structured, hexahedral first-order continuum element with a reduced integration 
formulation was the best match for the analytical crack growth and crack shape results along the crack 
fronts. To support this statement, Figure 12 shows the PWSCC CT specimen results using the baseline 
reduced integration and full integration element models along with the analytical solution ([19] is detailed 
in Appendix D). (A more stringent fatigue damage extrapolation term, ∆ܦே௧௢௟, will be discussed later in 
the crack growth controls results section). In both cases, a conservative bounding solution for crack 
growth is seen with the crack propagating in a uniform, straight front. 
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Figure 12 PWSCC CT Crack Length as a Function of Exposure Time for Full- and Reduced 
Integration Elements (Analytical Solution Provided in [19] and Detailed in Appendix D) 

Despite the overall positive behavior observed in the study for reduced integration structured hexahedral 
meshes, it should be noted that asymmetric deformation may be observed (e.g. Miss Hole geometry) 
despite having no physical or mesh-dependent mechanism that should have led to this oscillating wavy 
crack path behavior. Figure 13 shows these numerical artifacts where non-symmetric results occurred for 
the Miss Hole geometry in the thickness direction and nonplanar growth was observed during the VC 
Summer DMW assessment. Careful review of all results is required with the XFEM capability. 

 
Figure 13 Examples of Unexpected Asymmetric Deformation  and Oscillating Crack Paths 
Observed with Reduced Integration, Structured Hexahedral Meshes 

4.1.2 Mesh Type 
The crack growth rate and crack shape were run for structured and unstructured meshes using a common 
mesh seed for each model class. Figure 14 shows results for the crack growth rates at the surface and 
deepest crack locations for two unstructured meshes (in-plane unstructured and out-of-plane unstructured) 
along with the baseline structured mesh and analytical results for the semi-elliptical flaw in the Flat Plate. 
A top view of the crack profile is also shown at 50000 cycles. A similar approach is seen in Figure 15 for 
the hole in plate model where unstructured and structured meshes were compared. Overall, the 
unstructured mesh results were found to be somewhat erratic as higher crack growth rates were observed 
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at shallow depths and slower rates as the cracks progressed. As compared with analytical solutions([16] as 
detailed in Appendix B), the most consistent crack growth results were obtained with structured meshes. 

 
Figure 14 Influence of Mesh Type on Crack Growth Rate and Shape for Semi-Elliptical Surface 
Flaw in a Finite Width Flat Plate under Uniform Uniaxial Far-Field Pressure Loading (Reduced 
Integration)  (Analytical Solution Provided in [16] and Detailed in Appendix B) 

 

 
Figure 15 Influence of Mesh Type and Mesh Size on Crack Growth Rate and Shape for Two 
Cracks Emanating from a Hole in a Finite Plate under Uniform Uniaxial Far-Field Pressure 
Loading (Full Integration Elements)  (Analytical Solution Provided in [22] and Detailed in 
Appendix A) 

4.1.3  Mesh Size 
In order to reduce dimensionality in this mesh refinement study, the key parameter will be the structural 
thickness. The structural width uses the same mesh seed required to define the structural thickness 
element number specification and the structural height is correlated to a fraction of the structural 
thickness while still using the structural thickness mesh seed. In so doing, the intent is to create an 
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enriched region mesh with the best formed elements to minimize mesh bias in any direction. This also 
allows nondimensional recommendations to be made for the enriched region mesh refinement. 

As previously delineated in Table 1, mesh refinement studies were completed for the 2D hole in plate 
model (shown previously in Figure ) and the 3D Flat Plate (Figure 16) model where results could be 
compared to analytical results. It was found that a minimum structural thickness refinement of ~50 
elements was found to conservatively capture the crack growth rates and provide reasonable crack shape 
predictions. This guideline was then successfully applied to the other analysis models. Of course, 
additional refinement does provide more accurate results but will require more computational time (4.9x 
slower wall clock time for the fine (80-elements in thickness direction) Flat Plate refinement compared to 
the normal (40-elements in the thickness direction) mesh). 

 
Figure 16 Influence of Mesh Refinement on Crack Growth Rate and Crack Shape (at 50000 
cycles) for Semi-Elliptical Surface Flaw in a Finite Width Flat Plate under Uniform Uniaxial Far-
Field Pressure Loading (Reduced Integration) (Analytical Solution Provided in [16] and Detailed 
in Appendix B) 

To ensure that the structural height was sufficient, a series of analysis runs were made varying the height 
as a function of the structural thickness for the hole in plate geometry. Shown in Figure 17, the structural 
thickness for this geometry is 10.0 mm. In addition to the baseline zone height being 75% of the structural 
height, analysis runs were made with the height set to 25% and 10% of the structural thickness. Further, 
these analysis runs were made with the structured quadrilateral element mesh for the enriched region tied 
to a triangular standard element region mesh. This was used to simulate a 3D simple to generate coarse 
tetrahedral-like mesh in the far-field with a fine hex mesh in the enrichment region. 
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Figure 17 Influence of Enrichment Region Height on Crack Growth Rate for Two Cracks 
Emanating from a Hole in a Finite Plate under Uniform Uniaxial Far-Field Pressure Loading 
(Structured Mesh, Normal Mesh Refinement, Reduced Integration Formulation) 

The influence of the enrichment region structural height on the calculated crack growth was found to be 
insignificant down to and including the height set to 10% of the in-plane structural depth. It was found 
that the strain energy release rate (Abaqus output variable ENTTRXFEM for propagating XFEM cracks) 
was not as sensitive to tie interfaces as the standard contour integral approach. The computational cost for 
the different enriched zone sizes was found to be minimal due to the high level of parallelization in the 
Abaqus XFEM implementation. 

A logical question could be asked whether small initial flaw sizes could be utilized with reasonable mesh 
refinements. To address this concern, a sensitivity study was developed to include ai/t values of 0.2 
(baseline), 0.1, and 0.05 using the normal mesh refinement (40-elements in structural thickness direction) 
with the Flat Plate model. Shown below in Error! Reference source not found. 18, it is quite obvious 
that for both the initial ai/t flaws of 0.1 and 0.05 that the crack shape is rather poorly captured with this 
level of refinement.  However, by the time that the crack reaches an a/t=0.4 that the crack shape is 
reasonably captured and at the end of the simulation that crack front is captured quite well.  This is 
expected as the crack front is passing through more and more elements.   In these cases, the crack growth 
rates are conservatively captured compared to the analytical solution([16] as detailed in Appendix B) 
shown in Figure 19. 
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Figure 18 Effect of Initial Flaw Size on Crack Growth Shape while using Normal Mesh 
Refinement (40-elements in structural thickness direction) for the Flat Plate Model 

 

 
Figure 19 Effect of Initial Flaw Size on Crack Growth Rate while using Normal Mesh Refinement 
(40-elements in structural thickness direction) for the Flat Plate Model (Analytical Solution 
Provided in [16] and Detailed in Appendix B) 

4.2 Crack Growth Control Options 

4.2.1 Crack Tip Strain Averaging Control 
As expected for true simple in-plane crack extension geometries (e.g. Flat Plate), Figure 20 shows no 
appreciable difference in the crack growth shape between the local and nonlocal crack tip stress field 
location parameters. 
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Figure 20 Influence of Crack Growth POSITION Parameter on Crack Shape at 50000 cycles for 
Semi-Elliptical Surface Flaw in a Finite Width Flat Plate 

For practical problems (e.g. VC Summer DWM axial flaw) which are intended to see planar crack 
extension, the POSITION=NONLOCAL was observed to cause only minimal changes in the crack shape 
and crack growth rates where limited out-of-plane crack growth is noted. Alongside the Advanced Finite 
Element Analysis (AFEA) solution results that are described in Appendix D, Figure 21 shows only a 
slight change between the two settings for the VC Summer DWM axial flaw assessment. 

 

 
Figure 21 Influence of Crack Growth POSITION Parameter on Crack Growth at Deepest Point as 
a Function of Time and Overall Crack Shape for PWSCC VC Summer Axial Surface Flaw in 
DWM Hot Leg. (The Advanced Finite Element Analysis (AFEA) benchmark solution is described 
in Appendix E.) 

Perhaps most importantly, for the curvilinear crack growth Miss Hole geometry, an incorrect crack 
trajectory is seen when an unstructured mesh is used with reduced integration elements with the default 
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POSITION option. However, with the POSITION=NONLOCAL option which allows for a smoother 
crack propagation direction projection, an unstructured reduced integration mesh is able to obtain the 
desired crack trajectory as depicted below in Figure 22. 

 
Figure 22 Influence of Crack Growth POSITION Parameter (102 for Default, 103 for Nonlocal) 
on Crack Growth Shape for Reduced Integration “Miss Hole” Unstructured Mesh Models 

4.2.2 Crack Propagation Direction Control 
For true planar crack extension geometries (e.g. Flat Plate), no appreciable difference was noted in Figure 
20 for the crack growth shape or crack growth rates when the ANGLEMAX is set to smaller angles less 
than the default of 85 degrees. For the curvilinear crack growth Miss Hole geometry, controlling the 
maximum crack turn within one element from the default of 85 degrees to values as low as 30 degrees 
were found to cause no appreciable difference in results as seen in Error! Reference source not found. 
23. ANGLEMAX seems hard to use effectively for general purposes as it might inhibit both “corrective” 
crack path incremental advances as well as detrimental ones for low ANGLEMAX values (e.g. less than 
30 degrees for the Miss Hole geometry). 

  
Figure 23 Influence of Crack Growth ANGLEMAX Parameter (103 = 85°, 104 = 30°) on Crack 
Growth Shape for Reduced Integration “Miss Hole” Unstructured Mesh Models 

4.2.3 Damage Extrapolation Tolerance  
As described in Section 2.3.2, the *FATIGUE damage extrapolation tolerance term, ∆ܦே௧௢௟, was found to 
be one of the most important parameters for balancing solution accuracy with computational time. Using 
the default ∆ܦே௧௢௟= 0.1, conservative bounding results were found for the 3D analysis models studied 



 

32 

(PWSCC CT (see Error! Reference source not found. below) and Flat Plate (Figure 25) with reduced 
ntegration elements in structured meshes. More accurate solutions were found by lowering the ∆ܦே௧௢௟ to 
0.01. However, it could be seen for deeper cracks that the crack growth rates could be slightly 
underpredicted.  

 
Figure 24 Crack Length as a Function of Exposure Time for Fatigue Damage Extrapolation 
Tolerance Parameters for the PWSCC CT Specimen Geometry (Analytical Solution Provided in 
[19] and Detailed in Appendix D) 

 
Figure 25 Influence of Subcritical Damage Extrapolation Tolerance Parameter on Crack Growth 
Rate and Crack Shape (at 50000 cycles) for Semi-Elliptical Surface Flaw in a Finite Width Flat 
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Plate under Uniform Uniaxial Far-Field Pressure Loading (Reduced Integration) (Analytical 
Solution Provided in [16] and Detailed in Appendix B) 

For long-running practical problems such as the VC Summer Hot Leg DWM axial flaw assessment, a 
looser tolerance could be set to obtain a conservative crack growth rate in a shorter amount of 
computational time. Shown in for the Flat Plate model when the ∆ܦே௧௢௟ is set to 0.175, the crack growth 
is seen to conservatively increase but with the crack shape becoming more triangular as compared to the 
expected semi-elliptical shape. Likewise for the VC Summer Hot Leg DWM in Error! Reference source 
ot found. 26, by increasing the ∆ܦே௧௢௟ to 0.175, the solution time was reduced by ~2x. Also, this 
increased the crack growth rate but the through-wall crack shape was found to deviate significantly from 
the actual observed crack and baseline XFEM analyses. Further, when ∆ܦே௧௢௟ is set to 0.175, a code abort 
is observed at an out-of-plane deformation near the edge of the enrichment region.  

  

 
Figure 26 Crack Depth as a Function of Exposure Time for Subcritical Damage Extrapolation 
Tolerance Parameter for the VC Summer Hot Leg DWM Flaw Assessment 

4.3 General Solution Convergence Controls 
An XFEM crack propagation analysis can sometimes fail to converge, in spite of reasonable damage 
properties and a suitably refined mesh in the enriched region. Two analysis settings were studied to 
facilitate convergence. 
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4.3.1 Unysmmetric Solver 
For all problems studied, no impact on the convergence rate was observed when using the unysmmetric 
solver (*STEP,UNSYMM=YES). 

4.3.2 *CONTROLS Displacement Correction 
For the linear elastic applications studied, the loosening of the displacement correction *CONTROLS 
displacement correction by an order of magnitude (from 0.01(default) to 0.1) was not found to affect 
solution quality. 
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5 RECOMMENDATIONS 

It has been found that even performing basic crack growth problems will be a challenge without 
significant benchmarking of results for a given problem class. With that stated, general modeling 
recommendations are summarized below: 

• Software Version:     Abaqus/Standard 2020 or later 
• Minimum Mesh Refinement of XFEM Enriched Region in Key Structural Dimensions: 

  Thickness (crack growth depth direction)   50-elements 
  Width (crack growth length direction)   Use Thickness mesh seed 
  Height (perpendicular to initial crack plane)  10-elements with Thickness mesh seed 

• Mesh Type:      Structured 
• Element Formulation:     Quad/Hex with Reduced Integration 

For applications with nonplanar curvilinear crack growth, the nonlocal averaging option may be required 
along the crack front to ensure proper crack propagation directions are calculated. For all other analyses, 
other analysis parameters (subcritical damage growth tolerance, subcritical crack extension criteria, 
general solution controls) should be set to default values. However, with careful evaluation and 
benchmarking, non-default parameters could be utilized to obtain robust, accurate solutions in a timely 
fashion. 

In these recommendations, the mesh refinement is set via the structural thickness dimension in a 
nondimensional manner. In line with the implementation requirement that only a single element will 
“fail” in a given increment, the 50-element recommendation ensures that the depth crack growth rate can 
be conservatively estimated for simple geometries. The structural width and height values are set to 
ensure that the hexahedron (or quadrilateral) shape is as close to a perfect cube (or square) as possible. 
This recommendation is made to minimize crack growth differences in the three principal directions due 
to mesh refinement. Further, the structural height recommendation is set to 20% of the structural 
thickness to accommodate the potential for out-of-plane (height-direction) crack growth in practical 
applications (e.g. VC Summer hot leg DMW axial flaw assessment). 

The structured mesh was recommended to minimize mesh bias effects in each direction during crack 
growth. As compared to full integration, the reduced integration recommendation was made as strain 
energy release rates were seen to better match the analytical 3D stress intensity factor solutions while also 
allowing curvilinear crack growth. 

Other solution variables should be set to the default settings. This includes the subcritical damage 
tolerance parameter, ∆ܦே௧௢௟. While crack growth rates with a tightened ∆ܦே௧௢௟ (=0.01) were initially 
accurate as compared to analytical benchmark problems, it was found to slightly underpredict growth 
rates as the solution progressed to higher crack depths. Hence, in order to provide a conservative crack 
growth rate with reasonable computational cost, the default value of 0.1 is recommended for ∆ܦே௧௢௟. 
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6 SUMMARY OF KEY OBSERVATIONS 

In support of the following bulleted items, references are provided in parentheses at the end of the 
statement to the model most closely aligned with the observation.  

6.1 Quality of Results 
• Using the general XFEM modeling recommendations, the built-in Abaqus XFEM capability has 

shown to accurately model and analyze relatively complex PWSCC and constant-amplitude 
fatigue applications.(All models) 

• Best results in terms of solution convergence, mesh refinement and mesh type effects involve a 
refined, structured-mesh using reduced-integration quadrilateral (2D) or hexahedral (3D) 
elements. (All models) 

• Full integration, and to a lesser extent, reduced integration element formulations result in 
inaccurate crack turning and can lead to unconservative crack growth rates. (Sink Hole) 

• Asymmetric results were observed even under nominally symmetric conditions for curvilinear 
crack growth problems. (Miss Hole) 

• The subcritical damage extrapolation tolerance parameter, ∆ܦே௧௢௟, was found to be one of the 
most important parameters for balancing solution accuracy with computational time. To obtain 
solutions that matched benchmark specimen geometries, it was found that a tighter (∆ܦே௧௢௟ = 
0.01) than default tolerance (∆ܦே௧௢௟ = 0.1) was required. For long-running practical problems, a 
looser tolerance (∆ܦே௧௢௟ = 0.175) could be set to obtain a conservative crack growth rate in a 
shorter amount of computational time. (PWSCC Compact Tension) 

• The general minimum mesh refinement is applicable down to practical initial flaw sizes (ai/t 
=0.05).  Of course, more mesh refinement will lead to more accurate results but this will need to 
be balanced with additional computational cost. (Flat Plate) 

6.2 Stability of Solution 
• Using the general XFEM modeling recommendations, the built-in Abaqus XFEM capability was 

seen to provide converged results for each of the five models examined in this study. 
• Some non-physical oscillatory out-of-plane crack propagation was observed in nominally planar 

crack extension problems. Up to 50% of the time, this behavior led to code aborts, occurring 
where the crack extended to the boundary of the enriched region. (VC Summer) 

6.3 Computational Resources 
 

• Due to the high degree of parallelization of the Abaqus XFEM implementation, solutions can be 
obtained in reasonable time periods even for relatively complex analyses. 

• Using non-default values for fatigue damage extrapolation tolerance parameter ∆ܦே௧௢௟	option of 
greater than 0.1, solutions can be obtained in a shorter amount of time, but some accuracy loss 
can be seen in the crack shape while the crack growth rate will be conservative. 
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7 CONCLUSIONS 

This Task 2 report has discussed the Abaqus XFEM implementation coupled with the simplified fatigue 
procedure which allowed exploration of optimum parameter definitions to provide the most appropriate 
solutions for constant-amplitude fatigue and PWSCC (Primary Water Stress Corrosion Crack) crack 
growth analyses.  As such, the results are seen to generate reasonable simulation results.  

It should be noted that the recommendations are general and heuristic in nature based on previous Abaqus 
experience and the sensitivity study performed in this study. The recommendations are not absolute and 
rigid but should be used as a general modeling guide. 

In addition to Abaqus (/Standard solver with /CAE pre- and post-processing), XFEM has also been 
implemented as a core implementation in such DOE-sponsored research codes such as INL’s Grizzly and 
commercial finite element software codes as Ansys and VirFac Crack/Morfeo. Implementation details 
will likely vary within and between each code. As an example, Ansys offers both ‘phantom node’ and 
‘singularity-based’ XFEM methods for stationary crack evaluation.  For the latter, Abaqus supports 
distributed pressure on the crack face while Ansys does not support this option. 

Regardless of final software and implementation chosen, it has been found that even performing basic 
crack growth problems will be a challenge without significant benchmarking of results for a given 
problem class..  With that stated, the general modeling recommendations made here, associated with the 
built-in Abaqus XFEM implementation, should serve as a reasonable starting point. 

For further consideration, the Task 3 report (Evaluation of PWSCC-type crack growth in Abaqus XFEM 
for Complex geometries) provides detailed solutions for the VC Summer and control rod drive 
mechanism (CDRM) XFEM based crack growth to leakage solutions.  The Task 3 report also summarizes 
the best Abaqus-based XFEM solution parameter definitions and compares the solutions to crack growth 
analyses performed in the past using other methods.  Finally, Task 4 provides a summary of solutions 
performed by the NRC and contractors, and other organizations that may be used in the future for further 
benchmarking.  The Benchmark solutions presented provide references along with other data necessary to 
perform XFEM based solutions and predicted results using other PWSCC growth methods for benchmark 
comparisons. 
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APPENDIX A – XFEM FATIGUE MODEL:  
HOLE IN PLATE 

Description:       

This 2D planar problem provides evidence that the Abaqus XFEM can reproduce basic stress intensity 
factor values from the benchmark defined by Abaqus Benchmark Problem 4.7.5 [1] and Table 7 of Moës 
[14]. As such, it is based on a 2D plane strain model with two cracks emanating from a central hole in a 
finite width plate under uniform cyclic pressure loading.  

As highlighted below, a slight modification was made such that the boundary conditions along  edge AE 
enforce a plane section remains plane boundary condition which in combination with the uniform 
pressure applied along edge DF result in a slight non-uniform far-field stress field.  This slight 
modification was made to show that initially the benchmark SIF values were matched but also show that 
XFEM results in slight crack turning. Further, this modification helps to show the crack turning issue 
associated with crack extension parallel and near an element boundary.   Hence, this boundary 
condition modification allows us to examine multiple phenomena. 

 

Units:     N-mm-sec-MPa 

FEA software:    Abaqus 2020 (Build ID: 2019_09_13-12.49.31 163176) 

Boundary Conditions:    ux = 0 along edges AB and CD to enforce a symmetry plane, 
    uy = 0 along edge AE 
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Loading:              Cyclic uniform pressure loading from 0.0 MPa to 79.40465 MPa along edge DF in each  
  cycle (magnitude chosen to match cyclic stress range for Sink Hole geometry) 

Material:             Cold-rolled SAE 1020 steel. 

                              Linear Elastic Material Properties were used with: 
                                             Young’s Modulus = 2.07E5 MPa 
                                             Poisson’s Ratio = 0.3 

                              The da/dN fatigue properties for cold-rolled SAE 1020 steel are provided in  
  Miranda [15]: 

                                             ௗ௔ௗே = 4.5 ⋅ 10ିଵ଴	(∆ܭ  )ଶ.ଵ		௧௛ܭ∆	−

                              where ௗ௔ௗே is in m/cycle and ∆ܭ is in MPa√m. 

                              For simplicity, ∆ܭ௧௛ is set to zero for this problem. 

                              We need to define the following Abaqus Paris-like relation: 

                                             ௗ௔ௗே = ஼ర(	ܩ∆)	ଷܥ  

Converting between parameters and unit systems, we have the following for the plane 
strain condition: 

 

 
Hence,	
 ௗ௔ௗே = 1.2947 ∙ 10ିସ	∆ܩଵ.଴ହ 

with ௗ௔ௗே in mm/cycle and ∆ܩ n N/mm units. 
 
Lastly, the critical strain energy release rate is required by the Abaqus fracture criterion. 
For this, we arbitrarily chose  GIc = GIIc = GIIIc = 45.5 N/mm  which is equivalent to a plane 
strain fracture toughness of 100 MPa√m. For this analysis, we remain far below this 
critical value. 

 
 
To aid in the da/dN and fracture toughness parameter and unit conversions, Appendix F 
describes an Excel tool that interactively allows for such conversions. This tool is made 
available in the Supplemental Files associated with this report. 
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Analysis Steps: 

  Analysis is completed in two analysis steps: 

                               1) *STATIC preload the structure to maximum value.  

                               2) *FATIGUE, TYPE=SIMPLIFIED   

 

Parameters Studied: 

As tabulated below, independent analyses were used to evaluate mesh refinement (in-plane structural 
thickness and structural height), mesh type and element formulation. An additional analysis was 
completed to access the SIF solution for a crack orientation where the initial flaw was not aligned 
perpendicular to the maximum Principal Stress. 

 

Elements:           2D plane strain 4-node bilinear (CPE4) full integration and reduced integration (CPE4R)  
  elements were used.                           

Meshes:              Two mesh types (structured and unstructured) with three mesh densities (0.0625-mm, 
                              0.125-mm and 0.250-mm) near the discontinuity. 

 

 

 

 

 

Hole in Plate Element Mesh Crack Growth Crack Growth Fatigue Controls Abaqus Input
Structural Thickness Structural Height Formulation Type Position ANGLEMAX Tolerance Disp Correction File Name

(Fraction of Depth)

Baseline N 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 101
Recommend Guidelines N Not less than 1/10th R S Default 85 0.1 0.01 HolePlate_ 111

SIF Solution Comparison
Reduced-Integration C 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 112
Full-Integration C 3/4th (No *TIE) F S Default 85 0.1 0.01 HolePlate_ 113
Focused Mesh FocusedMesh_Dir

Mesh Refinement (Structural Thickness)
Normal (58 elements) N 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 101
Fine (116 elements) F 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 102
Coarse (29 elements) C 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 103

Mesh Refinement (Structural Height)
3/4th of Structural Depth (w/ o *TIE) N 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 101
3/4th of Structural Depth (w/ *TIE) N 3/4th R S Default 85 0.1 0.01 HolePlate_ 104
1/4th of Structural Depth  (w/ *TIE) N 1/4th R S Default 85 0.1 0.01 HolePlate_ 105
1/10th of Structural Depth  (w/ *TIE) N 1/10th R S Default 85 0.1 0.01 HolePlate_ 106

Element Formulation
Full-Integration N 3/4th (No *TIE) F S Default 85 0.1 0.01 HolePlate_ 107
Reduced-Integration N 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 101

Mesh Type
Structured N 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 101
Unstructured: In Plane N 3/4th (No *TIE) R UnS Default 85 0.1 0.01 HolePlate_ 108

F 3/4th (No *TIE) R UnS Default 85 0.1 0.01 HolePlate_ 109
C 3/4th (No *TIE) R UnS Default 85 0.1 0.01 HolePlate_ 110
N 3/4th (No *TIE) F UnS Default 85 0.1 0.01 HolePlate_ 117
F 3/4th (No *TIE) F UnS Default 85 0.1 0.01 HolePlate_ 118
C 3/4th (No *TIE) F UnS Default 85 0.1 0.01 HolePlate_ 119

Crack Orientation (Initially not aligned to be perpendicular to Principal Stress)
Aligned N 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 101
30 deg off-axis N 3/4th (No *TIE) R S Default 85 0.1 0.01 HolePlate_ 114
30 deg off-axis N 3/4th (No *TIE) F S Default 85 0.1 0.01 HolePlate_ 115
30 deg off-axis N 3/4th (No *TIE) R UnS Default 85 0.1 0.01 HolePlate_ 116

Mesh Refinement
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Structured Mesh        

                Normal (0.125-mm mesh size)                   Fine (0.0625-mm)                                Coarse (0.250-mm) 

 

 

Unstructured Mesh 

               Normal (0.125-mm mesh size)                    Fine (0.0625-mm)                        Coarse (0.250-mm)         

 

Results: 

1) Comparison of SIF Geometry Correction Factors between Publication (Newman [22]), Focused 
Crack Tip Mesh in Abaqus and Structured Meshes with XFEM Crack Propagation 
 
The Abaqus XFEM built-in implementation does not require the mesh to conform to the crack 
geometry; however, the method does not permit a crack to lie along the element boundary in 
the structural thickness direction. Therefore, in simple problems such as this,  where the crack is 
expected to propagate along a straight line; the mesh should be designed such that the 
expected crack propagation path does not lie along the element boundary in the structural 
thickness direction but is in the middle of the element for that direction. Hence, the initial crack 
is always away from the out-of-plane boundary in the structural height direction. 
 
As long as a crack propagates from one element edge to the opposite edge and is away from the 
side edges, the XFEM approach using the full-integrated element formulation is shown in Figure 
A1 to match published benchmark [22] and values obtained from traditional focused-mesh 
stationary cracks (available in Supplemental Files) for a given crack shape, geometry and loading 
up to a/b=0.7.  The deviation occurs when there is a crack tip propagates to the element “top 
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edge” boundary at approximately a/b=0.7.  By use of the slightly non-symmetric boundary 
condition (plane section remain plane) along the bottom edge of the model, this change 
illustrates the same crack turning issue for the more sophisticated Sink Hole geometry 
(Appendix C) that we will discuss later.  
 
Seen in Figure A2, the full integration formulation was a better match for the analytical results 
for this 2D application. It was observed in the 3D PWSCC CT model (Appendix D) that the 
reduced integration formulation was the better match. In both models, the two element 
formulations, which differed by less than 10%, bounded the analytical result. Interestingly, the 
same “top edge” element boundary phenomenon is observed at a/b=0.8 for the reduced 
integration formulation. 
 

 
 

Figure A1 - Comparison of Stress Intensity Factor Solution for Two Cracks Emanating from a Hole in a 
Finite Plate under Uniform Uniaxial Far-Field Pressure Loading (HolePlate_113: Coarse, Full Integration). 
Analytical Solution is provided in Newman (16] and confirmed with Abaqus Focused Mesh Stationary 
Crack Evaluation (see Supplemental Files) 
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Figure  A2 - Comparison of Stress Intensity Factor Solution for Two Cracks Emanating from a Hole in a 
Finite Plate under Uniform Uniaxial Far-Field Pressure Loading.  Analytical Solution is provided in 
Newman (16] and confirmed with Abaqus Focused Mesh Stationary Crack Evaluation (see Supplemental 
Files) 

2) Fatigue Crack Growth Predictions (Analytical Solution vs XFEM) 
 
Figure A3 shows the fully-integrated formulation XFEM crack growth results after 50000 cycles 
for both the structured and unstructured meshes.  Note, particularly on the structured meshes, 
the end of crack turning upon reaching the top edge (parallel to crack propagation) of the first 
element boundary. In short, this constrains the crack growth as additional curvilinear extension 
is precluded.  As expected, the unstructured mesh shows greater deviation in crack growth 
propagation from a straight line.   
 
Due to the limited number of data points available in Newman [22] for this geometry, thirteen 
individual finite element analyses were run to determine the non-dimensional geometry factors 
at different crack depths (a/b values  ranging from 0.3 to 0.8) using stationary quarter-point 
elements with the contour integral  extraction. For this linear elastic problem, J and G are 
equivalent. A fourth-order polynomial was then fit through the analysis data to provide an 
analytical SIF solution that was consistent with the Newman[16] data. 
 
From there,  the explicit time integration of the Paris Law was performed using this stress 
intensity factor solution. Using the constants and loadings described earlier in this Appendix, the 
crack locations were incremented in 1000-cycle increments.  
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Figure A3 - Structured Crack Growth Paths at 50000 cycles (Full Integration) 
 

 
Figure A4 - Unstructured Crack Growth Paths at 50000 cycles (Full Integration) 
 
Further, the crack growth rates are plotted below in Figure A5 for full integration elements. 
Perhaps, most troubling is the fact that for structured meshes with any deviation that the crack 
growth rates are seen to be below the analytical approach.  In other words, non-conservative 
results are predicted.  Further, additional mesh refinement is seen to cause a further deviation 
from the analytical solution.   
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Figure A5 - Comparison of Crack Growth Rate for Two Cracks Emanating from a Hole in a Finite Plate 
under Uniform Uniaxial Far-Field Pressure Loading (Full Integration Elements) 

As was shown previously with the lower strain energy release rate values, the reduced 
integration element formulation crack growth results (see Figure A6) are below the analytical 
values. For this formulation, additional mesh refinement does converge toward the analytical 
solution. 

 
Figure A6 - Comparison of Effect of Mesh Refinement on Crack Growth Rate  for Two Cracks Emanating 
from a Hole in a Finite Plate under Uniform Uniaxial Far-Field Pressure Loading (Reduced Integration 
Elements) 

Overall, Figure A7 shows the best results with the normal refinement, structured meshes. For 
this 2D application, the full integration results provide the best solution up to an a/b=0.7 when 
the top edge of the element row containing the initial flaw is reached. The reduced integration 
results follow the intended analytical curve profile but is offset within the 10% difference in the 
strain energy release rate seen between the two element formulations. 
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Figure A7 - Comparison of Effect of Element Integration Rule on Crack Growth Rate for Two Cracks 
Emanating from a Hole in a Finite Plate under Uniform Uniaxial Far-Field Pressure Loading (Normal Mesh 
Refinement) 

 

 

3) Influence of Enrichment Region Structural Height 
 
To ensure that the enrichment region height was of sufficient distance from the crack plane, a 
series of analysis runs were made varying the height as a function of the structural thickness. As 
was defined in Figure 2 of the main report, the structural thickness for this geometry was 10.0 
mm.  Analysis runs were made with the height set to 75%, 25% and 10% of the in-plane 
structural thickness. Further, these analysis runs were made with the structured quadrilateral 
element mesh tied to a triangular standard element region mesh. This was used to simulate a 
simple-to-generate coarse tetrahedral-like mesh in the far-field with a fine hex mesh in the 
enrichment region. 
 
Shown in Figure A8, the influence of the enrichment region height on the calculated crack 
growth was insignificant down to and including the height set to 10% of the in-plane structural 
thickness. It was found that the strain energy release rate (Abaqus output variable ENTTRXFEM 
for propagating XFEM cracks) was not as sensitive to tie interfaces as the standard contour 
integral approach. 
 
The general recommendation for the structural height is to set the structural height to 20% of 
the structural thickness to accommodate the potential for out-of-plane crack growth in practical 
applications such as reported in the VC Summer hot leg dissimilar weld axial flaw assessment 
which is documented in Appendix E. 
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Figure A8 – Influence of Enrichment Region Height on Crack Growth Rate for Two Cracks Emanating 
from a Hole in a Finite Plate under Uniform Uniaxial Far-Field Pressure Loading (Structured Mesh, 
Normal Mesh Refinement, Reduced Integration Formulation) 

 

 
4) Influence of Crack Orientation relative to Primary Loading 

The Abaqus XFEM implementation has the ability to model mixed mode stationary and 
propagating cracks. As was first discussed in Section 2, the strain energy release rate, G, is 
directly computed for propagating flaws for XFEM in the linear elastic subcritical crack growth 
procedure via the modified VCCT method.[1] By directly computing the Mode I, II and III 
values, the crack extension occurs orthogonal to the maximum tangential stress when the crack 
growth criterion is met.[1]  

Figure A9 shows the influence of a crack offset 30 degrees from the principal plane. Comparing 
with the analytical XFEM results from Daux [17], the initial mixed-mode cracks provide 
reasonable SIF values. Using the method discussed above, cracks change  direction 
approximately normal to the loading direction when propagating  under Mode I. This has been 
confirmed numerically and experimentally using the CT Shear specimen by Antunes [18]. Crack 
growth rates for the structured and unstructured mesh with full- and reduced integration follow 
the observations provided earlier in this Appendix. 
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Figure A9– Influence of Initial Crack Orientation on Strain Energy Release Rate for Two Cracks Emanating 
from a Hole in a Finite Plate under Uniform Uniaxial Far-Field Pressure Loading (Normal Mesh 
Refinement) 

 

5) Summary of Key Observations 
• Full-integrated (CPE4) elements in structured meshes match published benchmark and 

values obtained from traditional focused-mesh stationary cracks for a given crack shape, 
geometry and loading up to a/b=0.7.  A deviation occurs when there is a crack tip 
propagates to the element “top edge” boundary at approximately a/b=0.7. 

• Reduced integration (CPE4R) elements in structured meshes underpredict the strain 
energy release rate and, subsequently, crack growth rates by approximately 10%. 

• All unstructured meshes underpredict crack growth rates compared to structured 
meshes and analytical results. 

• The influence of the in-plane enrichment region height on the calculated crack growth 
was insignificant down to and including the height set to 10% of the in-plane structural 
length. 

• Mixed mode stationary XFEM cracks compare well with SIF values for structured and 
unstructured meshes. Upon growth, the cracks always adopt a direction approximately 
normal to loading direction propagating  under mode I. The same observations 
regarding element formulation and mesh type apply to these initial mixed mode flaws. 
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APPENDIX B – XFEM FATIGUE MODEL:  
SURFACE FLAW IN FLAT PLATE 

Description:       

The Flat Plate geometry is a simple surrogate for a surface flaw in a pipe albeit with infinite radius. 

The geometry chosen is aligned with the Raju-Newman SIF solution [16] where the finite dimension 
plate (2w=20-mm x t=10-mm x h=40-mm) has a 3:1 semi-elliptical flaw with an initial flaw depth of 2-
mm. The structured mesh in the enriched region has a mesh seed size of  0.125 mm which was the same 
‘normal’ mesh size used in the hole in plate geometry. For loading, a uniform far-field membrane stress 
of 100 MPa was used (no bending) and is assumed to cycle to zero for a complete fatigue cycle. 
Following Appendix A, the same SAE 1020 fatigue properties are used for this N-mm unit system model.  

 
Units:      N-mm-sec-MPa 

FEA software:    Abaqus 2020 (Build ID: 2019_09_13-12.49.31 163176) 

Boundary Conditions:    Plane A-B-C:  ux= uy=uz=urx=ury=urz=0 (fully fixed) 
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Loading:              Cyclic pressure (tensile) loading from 0.0 MPa to 100.0 MPa along Plane  
   N-O-P in each cycle 

Material:             Cold-rolled SAE 1020 steel. 

                              Linear Elastic Material Properties were used with: 
                                             Young’s Modulus = 2.07E5 MPa 
                                             Poisson’s Ratio = 0.3 

  Following Appendix A, the fatigue relation is: ݀ܽ݀ܰ = 1.2947 ∙ 10ିସ	∆ܩଵ.଴ହ 

with ௗ௔ௗே in mm/cycle and ∆ܩ in N/mm units. 
Analysis Steps: 

  Analysis is completed in two analysis steps: 

                              1) *STATIC preload the structure to maximum value.  

                              2) *FATIGUE, TYPE=SIMPLIFIED    
 

Elements:           3D 8-node continuum elements with full- (C3D8) and reduced integration (C3D8R)  
  were used. 

Meshes:              Two mesh types (structured and unstructured) with two mesh densities (0.125-mm and  
  0.250-mm) near the discontinuity. 
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Parameters Studied: 

As tabulated below, fifteen (15) independent analyses were used to evaluate mesh refinement, mesh 
type, element formulation, crack growth controls and general solution controls. 

Results: 

1) Comparison of Crack Driving Force between Full- and Reduced Integration XFEM runs with 
Analytical Solution 

Table B1 compares the analytical solution for the stress intensity factor with results from the full- and 
reduced integration baseline models with normal, structured mesh for different initial flaw sizes. In 
order to compare, the Abaqus XFEM propagating strain energy release variable, ENTRRXFEM, is 
converted to the stress intensity factor using the standard plane strain conversion at the deepest and 
surface locations of the flaw. It should be noted that the analytical solution involved the explicit time 
integration of the Paris Law using the stress intensity factor provided by Raju-Newman [16]. Using the 
constants and loadings described earlier in this Appendix, the surface and deepest crack locations were 
incremented in 1000-cycle increments such that an elliptical shape is maintained. 

For this 3D problem, the reduced integration element formulation values were found to match the 
analytical values within 1% at the deepest point while the full integration values differed by ~7.8%. 
These values are consistent with findings of the PWSCC CT model (Appendix D). For the surface location, 
more variation is seen and expected (~7.8%) for the reduced integration case compared to the analytical 
solution as even with focused-mesh contour integral evaluations near surface calculations see higher 
variations.   

Flat Plate Mesh Element Mesh Crack Growth Crack Growth Fatigue Controls Abaqus Input
Refinement Formulation Type Position ANGLEMAX Tolerance Disp Correction File Name

Baseline Normal Reduced Structured Default 85 0.1 0.01 FlatPlate_101

Mesh Refinement
Normal (40-elements) N R S Default 85 0.1 0.01 FlatPlate_101
Fine (80-elements) Fine R S Default 85 0.1 0.01 FlatPlate_102

Element Formulation
Reduced-Integration N R S Default 85 0.1 0.01 FlatPlate_101
Full-Integration N Full S Default 85 0.1 0.01 FlatPlate_103

Mesh Type
Structured N R S Default 85 0.1 0.01 FlatPlate_101
Unstructured: In Plane N R UnS_InPlane Default 85 0.1 0.01 FlatPlate_104
Unstructured: Out-of-Plane N R UnS_OutPlane Default 85 0.1 0.01 FlatPlate_105

Crack Growth Controls
*FRACTURE CRITERION, POSITION=

Default N R S Default 85 0.1 0.01 FlatPlate_101
Nonlocal N R S Nonlocal 85 0.1 0.01 FlatPlate_106

*FRACTURE CRITERION, POSITION=NONLOCAL, ANGLEMAX=
85 (default) N R S Nonlocal 85 0.1 0.01 FlatPlate_106

45 N R S Nonlocal 45 0.1 0.01 FlatPlate_107
*FATIGUE tolerance

0.1 (Default) N R S Default 85 0.1 0.01 FlatPlate_101
0.175 N R S Default 85 0.175 0.01 FlatPlate_108

0.25 N R S Default 85 0.25 0.01 FlatPlate_109
0.01 N R S Default 85 0.01 0.01 FlatPlate_111

General Solution Controls
*Controls displacement correction

0.01 (Default) N R S Default 85 0.1 0.01 FlatPlate_101
1 N R S Default 85 0.1 1 FlatPlate_110

Initial Flaw Size
ai/t ai/ci
0.2 0.67 N R S Default 85 0.1 0.01 FlatPlate_101
0.2 0.67 N R S Default 85 0.01 0.01 FlatPlate_111
0.1 0.67 N R S Default 85 0.1 0.01 FlatPlate_113
0.1 0.67 N R S Default 85 0.01 0.01 FlatPlate_115

0.05 0.67 N R S Default 85 0.1 0.01 FlatPlate_112
0.05 0.67 N R S Default 85 0.01 0.01 FlatPlate_114
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Table B1 – Comparison of the XFEM Calculated Stress Intensity Factor Compared to the 
Analytical Newman [16] Solution for the Initial 2-mm Deep x 3-mm Long Semi-Elliptical Surface 
Flaw in a Flat Plate Subjected to Uniform Membrane Loading 

    SIF (MPa*mm^.5) 

Analysis ai / t Crack Location 

  (a/c = 0.667) Deepest Surface 

    a c 

FlatPlate_101 0.2 210.9 204.5 

Analytical [16]   208.7 189.8 

FlatPlate_113 0.1 149.8 143.7 

Analytical [16]   144.2 129.9 

FlatPlate_112 0.05 112.2 103.1 

Analytical [16]   101.5 91.2 

 

2) Influence of Element Formulation on Crack Growth Rate and Shape 

While the strain energy release rates were essentially matching between the reduced integration 
structured mesh XFEM models and the analytical solution [16], the predicted crack lengths as a function 
of exposure time were found to conservatively differ as the crack extension progressed as shown in 
Figure B1. Crack shapes were found to be similar at the 50000-cycle mark (see Figure B2).  

As will be discussed detail in 6), the damage extrapolation parameter, ∆ܦே௧௢௟, at the default value of 0.1 
ensures a conservative crack growth rate. A tighter value of 0.01 will be shown to better match the crack 
depth and length analytical solutions for the reduced integration, normal structured mesh model. 

 
Figure B1– Influence of Element Formulation on Crack Growth Rate for Semi-Elliptical Surface Flaw in a 
Finite Width Flat Plate under Uniform Uniaxial Far-Field Pressure Loading (Normal Mesh Refinement) 



 

55 

 

 
 

Figure B2– Influence of Element Formulation on Crack Shape at 50000 cycles  for Semi-Elliptical Surface 
Flaw in a Finite Width Flat Plate under Uniform Uniaxial Far-Field Pressure Loading (Normal Mesh 
Refinement) 

3) Influence of Mesh Refinement on Crack Growth Rate and Shape 

Increased mesh refinement (80 elements versus 40-elements for the in-plane structural length) for a 
structured mesh shows a clear trend toward the analytical solution. This increase in accuracy is offset by 
an increase in computational time. 39 solver iterations in 906 seconds for FlatPlate_101 and 191 solver 
iterations in 24045 seconds for FlatPlate_102 were required for the runs on a six-core Intel i7-8750H cpu 
at 2.2 GHz. In fairness, the FlatPlate_102 computational requirements could be drastically reduced via 
the use of a *TIE between a refined enriched region and coarse standard element mesh. Still, the more 
refined mesh would have higher computational requirements. 

 
Figure B3– Influence of Mesh Refinement on Crack Growth Rate for Semi-Elliptical Surface Flaw in a 
Finite Width Flat Plate under Uniform Uniaxial Far-Field Pressure Loading (Reduced Integration) 
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Figure B4 – Influence of Mesh Refinement on Crack Shape at 50000 cycles  for Semi-Elliptical Surface 
Flaw in a Finite Width Flat Plate under Uniform Uniaxial Far-Field Pressure Loading (Reduced 
Integration) 

4) Influence of Mesh Type on Crack Growth Rates and Shape 

The crack growth rate (Figure B5) and crack shape (Figure B6) were run for structured, in-plane 
unstructured and out-of-plane unstructured meshes using a common mesh seed of 0.25mm. Overall, 
the unstructured mesh results were found to be somewhat erratic as higher crack growth rates were 
observed at lower rates and slower rates as the cracks progressed. 

 
Figure B5– Influence of Mesh Type on Crack Growth Rate for Semi-Elliptical Surface Flaw in a Finite 
Width Flat Plate under Uniform Uniaxial Far-Field Pressure Loading (Reduced Integration) 
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Figure B6 – Influence of Mesh Type on Crack Shape at 50000 cycles  for Semi-Elliptical Surface Flaw in a 
Finite Width Flat Plate under Uniform Uniaxial Far-Field Pressure Loading (Reduced Integration) 

5) Influence of *FRACTURE CRITERION parameters on Crack Growth Rate 

To provide some improvement in regards to a smooth crack front during curvilinear crack growth, the 
nonlocal approach (*FRACTURE CRITERIA,POSITION=NONLOCAL,ANGLEMAX=) can be specified where 
the nonlocal stress/strain fields ahead of the crack tip over a region is intended to improve the 
computed crack propagation direction. Seen in Figure B7, for this planar deformation problem, no 
appreciable difference is noted in the crack growth shape or crack growth rate. 

 
Figure B7 – Influence of Crack Growth POSITION Parameter on Crack Shape at 50000 cycles  for Semi-
Elliptical Surface Flaw in a Finite Width Flat Plate under Uniform Uniaxial Far-Field Pressure Loading 
(Reduced Integration) 

6) Influence of Crack Growth Controls on Solution Accuracy and Computational Resources 

While the strain energy release rates were essentially matching between the baseline reduced 
integration model (FlatPlate_101) and the analytical solution, the predicted crack lengths as a function 
of exposure time were found to differ significantly as shown in Figure D3. 

While this capability precisely accounts for the number of cycles needed to cause fatigue crack growth 
over that length, it may be computationally intensive. To accelerate the subcritical crack growth analysis 
and to provide a smooth solution for the crack front, you can specify a nonzero tolerance, ∆ܦே௧௢௟, for 
the least number of cycles to fracture an enriched element. 
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As was explained in Section 2.2.3, the near-tip asymptotic singularity is not considered in the  Abaqus 
XFEM implementation, and only the displacement jump across a failed element is considered.  so 
Therefore, the crack has to propagate across an entire element at a time to avoid the need to model the 
stress singularity. So, some accommodation must be made as to what to do with the elements next to 
the element that has reached the subcritical crack growth  extension criterion. To accelerate the 
subcritical crack growth analysis and to provide a smooth solution for the crack front, Abaqus uses a 
default tolerance, ∆ܦே௧௢௟, of 0.1. 

In Figures B8 and B9, the ∆ܦே௧௢௟ to 0.175. the FlatPlate_108 model is seen to provide a conservative 
estimate compared to the analytical crack growth curve. However, as the crack propagates, the crack 
shape is seen to change from the semi-elliptical shape crack front to a more non-intuitive triangular 
shape. 

In Figure B10, the ∆D୒୲୭୪ is tightened to 0.01. The FlatPlate_111 model results initially follow the 
analytical crack growth curve very closely.  However, as the analysis continues the model begins to 
deviate from the analytical solution resulting in non-conservative crack growth. It was hoped that the 
curve would follow the analytical solution more closely, and as a result of this trend toward non-
conservative behavior it still recommended that the default ∆D୒୲୭୪ of 0.1 be utilized in general modeling 
conditions to achieve a bounding conservative solution.  

 
Figure B8 – Influence of “Loose” Crack Growth Damage Extrapolation Tolerance Parameter on Crack 
Growth Rate for Semi-Elliptical Surface Flaw in a Finite Width Flat Plate under Uniform Uniaxial Far-Field 
Pressure Loading (Reduced Integration) 
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Figure B9 – Influence of “Loose” Crack Growth Damage Extrapolation Tolerance Parameter on Crack 
Shape at 50000 cycles  for Semi-Elliptical Surface Flaw in a Finite Width Flat Plate under Uniform Uniaxial 
Far-Field Pressure Loading (Reduced Integration) 

 
 

Figure B10 – Influence of “Tight” Crack Growth Damage Extrapolation Tolerance Parameter on Crack 
Growth Rate for Semi-Elliptical Surface Flaw in a Finite Width Flat Plate under Uniform Uniaxial Far-Field 
Pressure Loading (Reduced Integration) 

Table B1 – Computational Resources for the PWSCC CT Model for Different Subcritical Damage 
Extrapolation Tolerance (∆ܦே௧௢௟), Parameters 

  FlatPlate 

Analysis Run: 101 111 108 ∆ܦே௧௢௟: 0.1 0.01 0.175 

Computer Wallclock Time* (min) 15.1 97.8 13.9 

Increments 39 259 35 

Iterations 39 259 35 

   * All computer runs were made on a six-core Intel i7-8750H cpu at 2.2 GHz. 
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7) General Solution Controls: *CONTROLS 

An XFEM crack propagation analysis can sometimes fail to converge, in spite of reasonable damage 
properties and a suitably refined mesh in the enriched region. For example, as the fracture criterion for 
subcritical crack growth is achieved, the crack front is released with typically small displacements and 
displacement corrections.  

Figure B11 shows that for this linear elastic problem that loosening the displacement correction factor 
by an order of magnitude does not affect solution quality. 

 
Figure B11 – Influence of “Loose” General Solution Displacement Correction Parameter on Crack Shape 
at 50000 cycles  for Semi-Elliptical Surface Flaw in a Finite Width Flat Plate under Uniform Uniaxial Far-
Field Pressure Loading (Reduced Integration) 

8) Effect of Initial Flaw Size Using Minimum Mesh Size Recommendations 

A logical question could be asked whether the minimum mesh refinement recommendations would be 
satisfactory for smaller initial flaw sizes. To address this concern, a sensitivity study was developed to 
include ai/t values of 0.2 (baseline), 0.1, and 0.05 using the minimum mesh refinement (40-elements in 
structural thickness direction). 

Shown below in Figure B12, it is quite obvious that for both the initial ai/t flaws of 0.1 and 0.05 that the 
crack shape is rather poorly captured with this level of refinement.  However, by the time that the crack 
reaches an a/t=0.4 that the crack shape is reasonably captured and at the end of the simulation that 
crack front is captured quite well.  This is expected as the crack front is passing through more and more 
elements.   
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Figure B12 – Effect of Initial Flaw Size using Minimum Mesh Recommendations 

Perhaps more importantly, the crack growth rates at the surface and deepest points are conservative 
compared to the analytical solution using the general mesh size recommendations for smaller initial 
crack sizes in Figure B13. This is seen below for each of the initial flaws studied.  For completeness, when 
the ΔDNtol is set down to 0.01, unfortunately, the crack growth rate does not conservatively bound the 
analytical solution at higher crack depths. 

 

The linked image cannot be displayed.  The file may have been moved, renamed, or deleted. Verify that the link points to the correct file and location.
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Figure B13 – Small Initial Flaw Size Crack Growth Results compared to Analytical Results using Minimum 
Recommended Mesh Sizes for Semi-Elliptical Surface Flaw in a Finite Width Flat Plate under Uniform 
Uniaxial Far-Field Pressure Loading (Reduced Integration) 

To reinforce this observation, the plane strain SIF values (converted strain energy release rate 
ENRRTXFEM output variable ) for the initial flaw sizes are shown in Table B2 to be quite good compared 
to the analytical solution even down to the a/t=0.05 at the deepest point and surface locations.  For the 
a/t=0.05 XFEM mesh specification, stress intensity factor values are ~12% higher than the analytical 
solution.  This is deemed as acceptable and could serve as a bound for other geometries that may be 
considered.     

The linked image cannot be displayed.  The file may have been moved, renamed, or deleted. Verify that the link points to the correct file and location.

The linked image cannot be displayed.  The file may have been moved, renamed, or deleted. Verify that the link points to the correct file and location.
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Table B2 – Stress Intensity Factor Solution for Small Initial Semi-Elliptical Surface Flaw in a Finite Width 
Flat Plate under Uniform Uniaxial Far-Field Pressure Loading using Minimum Mesh Size 
Recommendations 

    SIF (MPa*mm^.5) 

Analysis ai / t Crack Location 

  (a/c = 0.667) Deepest Surface 

    a c 

FlatPlate_101 0.2 210.9 204.5 

Analytical [16]   208.7 189.8 

FlatPlate_113 0.1 149.8 143.7 

Analytical [16]   144.2 129.9 

FlatPlate_112 0.05 112.2 103.1 

Analytical [16]   101.5 91.2 

 

To summarize, the general minimum mesh refinement is applicable down to practical initial flaw sizes of 
ai/t =0.05. Of course, more mesh refinement will lead to more accurate results (see Figure B3) but this 
will need to be balanced with additional computational cost. 

9) Summary of Key Observations 
• For this 3D model, a structured, hexahedral first-order continuum element with a 

reduced integration formulation was the best match for the analytical crack growth and 
crack shape results along the curved crack front. 

• In order to better match the analytical results in terms of crack growth rate and crack 
shape, the damage extrapolation tolerance term, ∆ܦே௧௢௟, was tightened to 0.01. This 
does result in ~6x longer run times. 

• For this model, the default ∆ܦே௧௢௟  was not the most accurate but it will always achieve a 
conservative result at a reasonable computational cost. For this reason, it was chosen to 
be used as the general recommendation. 

• The general minimum mesh refinement is applicable down to practical initial flaw sizes 
(ai/t =0.05).  Of course, more mesh refinement will lead to more accurate results but 
this will need to be balanced with additional computational cost. 
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APPENDIX C – XFEM FATIGUE MODEL:  
SINKHOLE GEOMETRY 

Description:       

Following the work of Miranda [15], this model considers a standard CT specimen that has been 
modified with an additional hole. The presence of the additional hole perturbs the crack path, resulting 
in a curvilinear crack growth but still keeps the crack front itself nearly straight. Two geometries were 
investigated which include (1) “Sink Hole” where the crack propagates into the additional hole and (2) 
“Miss Hole” where the crack path is modified but does propagate into the additional hole. Both 
geometries were confirmed by experimentation. 

 

Units:        N-mm-sec-MPa 

FEA software:      Abaqus 2020 (Build ID: 2019_09_13-12.49.31 163176) 

Boundary Conditions:    Surface-to-Surface Contact Pairs between rigid pins and CT specimen with a  
    coulomb friction coefficient of 0.1. 

    Top Pin Reference Node: ux=uz=urx=ury=urz=0 (y-translation free) 

    Bottom Pin Reference Node: ux= uy=uz=urx=ury=urz=0 (fully fixed) 

Loading:                Top Pin Reference Node: Py = 2000 N 

    This was chosen to obtain a Kmax ≈ 8.0 MPa to achieve the proper ΔK for the  
    simplified fatigue procedure. It is appreciated that constant loading is applied  
    as opposed to the feedback-control constant K that was used during the  
    testing. As a result, crack growth rates will not be reasonable; however, crack  
    shape prediction will be accurate. 
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Material:             Cold-rolled SAE 1020 steel. 

                              Linear Elastic Material Properties were used with: 
                                             Young’s Modulus = 2.05E5 MPa 
                                             Poisson’s Ratio = 0.3 

  Following Appendix A, the fatigue relation is: ݀ܽ݀ܰ = 1.2947 ∙ 10ିସ	∆ܩଵ.଴ହ 

with ௗ௔ௗே in mm/cycle and ∆ܩ in N/mm units.  
Analysis Steps: 

   Analysis is completed in two analysis steps: 

                              1) *STATIC preload the structure to maximum value.  

                              2) *FATIGUE, TYPE=SIMPLIFIED   

Elements:           3D 8-node first-order continuum elements with full- (C3D8) and reduced integration  
  (C3D8R) were used. 

Meshes:              Two mesh types (structured and unstructured) with three mesh densities (coarse, 
                             normal and fine) were used with the “Miss Hole” and “Sink Hole” geometries. 

Parameters studied: 

As tabulated below, twelve (12) independent analyses were used to evaluate the geometry type, mesh 
refinement, mesh type, element formulation and crack growth controls. 

 
 
 

  

Sink and Miss Hole Geometries Geometry Mesh Element Mesh Crack Growth Crack Growth Fatigue Controls Abaqus Input
Refinement Formulation Type Position ANGLEMAX Tolerance Disp Correction File Name

Baseline Sink Hole Normal Reduced Structured Default - 0.1 0.01 SinkHole_101
Baseline Miss Hole N R S Default - 0.1 0.01 MissHole_101

Mesh Refinement
Normal (45-elements; 0.6-mm mesh seed) Sink Hole N R S Default - 0.1 0.01 SinkHole_101
Normal (45-elements; 0.6-mm mesh seed) Miss Hole N R S Default - 0.1 0.01 MissHole_101
Coarse (45-elements; 0.6-mm x 1.0-mm Height direction) Sink Hole Coarse R S Default - 0.1 0.01 SinkHole_102
Fine (90-elements; 0.3-mm mesh seed) Sink Hole Fine R S Default - 0.1 0.01 SinkHole_105

Element Formulation
Full-Integration Sink Hole N Full S Default - 0.1 0.01 SinkHole_103

Sink Hole C F S Default - 0.1 0.01 SinkHole_104
Sink Hole Coarse #2

Reduced-Integration Sink Hole N R S Default - 0.1 0.01 SinkHole_101
Mesh Type

Structured Sink Hole N R S Default - 0.1 0.01 SinkHole_101
Miss Hole N R S Default - 0.1 0.01 MissHole_101

Unstructured: In Plane Miss Hole N R UnS (7 in Notch Width) Default - 0.1 0.01 MissHole_102
Miss Hole N R UnS (5 in Notch Width) Default - 0.1 0.01 MissHole_105
Miss Hole N R UnS (11 in Notch Width) Default - 0.1 0.01 MissHole_106

Crack Growth Controls
*FRACTURE CRITERION, POSITION=

Default Miss Hole N R UnS Default - 0.1 0.01 MissHole_102
Nonlocal Miss Hole N R UnS Nonlocal 85 0.1 0.01 MissHole_103

Sink Hole N R S Nonlocal 85 0.1 0.01 SinkHole_106
*FRACTURE CRITERION, POSITION=NONLOCAL, ANGLEMAX=

30 Miss Hole N R UnS Nonlocal 30 0.1 0.01 MissHole_104
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Results: 

1) Baseline Recommendations 

Figure C1 shows the baseline results achieving the desired crack paths while using a 3D structured, 
hexahedral first-order continuum element mesh with reduced integration. This is further reinforced 
when the experimental results are overlaid on respective crack paths as shown on in Figure C2 (Sink 
Hole) and C3 (Miss Hole). However, as seen in Figure C3, it should be noted that asymmetric 
deformation is observed on the Miss Hole geometry despite no physical or mesh-dependent mechanism 
that should have led to this behavior. For this isotropic material, all loading is symmetric while the in-
plane mesh is extruded through-the-thickness. 

 
Figure C1 – Final Crack Shape for Baseline Miss Hole and Sink Hole Assessments  
(Structured Mesh with 3D Hexahedral Continuum Elements using Reduced Integration) 

 
Figure C2 – Final Crack Shape for Baseline Sink Hole XFEM Assessment overlaid on Experimental Crack 
Growth Path Reported by Miranda [15] 
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Figure C2 – Final Crack Shape for Baseline Miss Hole XFEM Assessment overlaid on Experimental Crack 
Growth Path Reported by Miranda [15]  

 

2) Element Formulation: Full Integration Effect on Crack Turning 

When full integration elements are used, Figure C3 shows non-physical crack growth. 

Essentially, as curvilinear cracks propagate up to an element interface, the crack turns and then extends 
further along the element boundary that is parallel to the original crack orientation. In this way, the 
anticipated crack trajectory into the sink hole is not obtained.  Various other *FRACTURE CRITERION 
functionality options were attempted but no fundamental changes in analysis results were seen when 
full integration elements were used.  These findings are consistent with results provided with the hole in 
plate (Appendix A) XFEM model. 
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Figure C3 – Influence of Mesh Refinement for Fully-Integrated, Structured “Sink Hole” Meshes  
(SinkHole_104) 

3) Mesh Refinement: Sink Hole (SinkHole_101 vs. SinkHole_102 vs. SinkHole_105) 

Using reduced integration elements with a structured mesh as our baseline, a mesh refinement study 
comparing variations in the vertical mesh while keeping the in-plane mesh density the same 
(SinkHole_101: 0.6-mm x 0.6-mm mesh seed vs. SinkHole_102: 0.6 x 1.0-mm mesh seed) as well as a 
more refined model (SinkHole_105: 0.3-mm x 0.3-mm mesh seed) was performed. 

Shown in Figure C4, the crack trajectories are similar between the coarse and normal meshes. Figure C5 
illustrate the crack length as a number of fatigue cycles. This correlation between the normal and fine 
meshes indicate the normal mesh (0.6-mm x 0.6-mm mesh; 58 elements in the structural thcikness 
direction) is sufficient from a mesh refinement perspective. 

It should be noted that the crack growth cycles are not comparably to experimental results as the 
current XFEM run is run under constant load cycles as opposed to the experimental feedback-controlled 
constant K (driving force) loading. For a precise comparison, a sensor element via Abaqus user 
subroutines would need to be implemented in the XFEM model. 
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Figure C4 – Influence of Mesh Refinement for Reduced integration, Structured “Sink Hole” Meshes 

 

Figure C5 – Influence of Mesh Refinement on Crack Growth Rate for Reduced Integration, Structured 
“Sink Hole” Meshes 

4) Mesh Type: Structured vs Unstructured 

Even with reduced integration elements, it is still possible to obtain an incorrect solution when modeling 
curvilinear crack growth. Figure C6 shows that when crack turning occurs in an unstructured portion of 
the mesh (MissHole_102) that an incorrect crack trajectory can be seen. 



 

70 

 

Figure C6 – Influence of Mesh Type on Crack Growth Shape for Reduced integration “Miss Hole” Meshes 

 
5) Fracture Criterion: Default versus POSITION=Nonlocal 

in the case of unstructured or relatively coarse meshes, it becomes extremely challenging to maintain a 
smooth, continuous three-dimensional crack front during curvilinear crack propagation with the current 
XFEM method. To provide some improvement, the nonlocal approach (*FRACTURE CRITERIA, 
POSITION=NONLOCAL) can be specified where the nonlocal stress/strain fields ahead of the crack tip 
over a region is intended to improve the computed crack propagation direction. 

Figure C7 shows that an unstructured mesh with the nonlocal approach (MissHole_103) is able to obtain 
the desired crack trajectory. The sink hole geometry with the nonlocal averaging (SinkHole_106) follows 
the same trajectory as the default option (SinkHole_101). 
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Figure C7 – Influence of Crack Growth POSITION Parameter on Crack Growth Shape for Reduced 
integration “Miss Hole” Meshes 

6) Fracture Criterion: POSITION=Nonlocal, ANGLEMAX=85 versus POSITION=Nonlocal, 
ANGLEMAX=30 

As expected, controlling the maximum crack turn within one element from the default of 85 degrees 
(MissHole_103) to values as low as 30 degrees were found to cause no appreciable difference in results 
(MissHole_104). 

 

Figure C8 – Influence of Crack Growth POSITION=NONLOCAL,ANGLEMAX= Parameter on Crack Growth 
Shape for Reduced Integration “Miss Hole” Meshes 

Figure C9 provides a summary of the observed behavior for the reduced integration Miss Hole geometry 
analyses. 



 

72 

 
Miss Hole: 101  102   103   104 
Mesh:  Structured Unstructured  Unstructured   Unstructured 
El Formulation: Reduced Reduced  Reduced  Reduced 
*FC POSITION: Default  Default   Nonlocal   Nonlocal 
*FC ANGLEMAX: -  -  85 degrees  30 degrees 

Figure C9 – comparison of mesh type and crack growth parameters on crack growth shape for reduced 
integration “Miss Hole” Meshes 

Seen in Figure C10 for all Miss Hole geometries studied, structured meshes were utilized up to the width 
of the “Notch Width” which seems to greatly influence the crack turning. As was discussed with the hole 
in plate model, the crack turning is impeded when the crack is essentially parallel and close to an 
element edge.   This is true for the reduced integration elements even though not as severe as the full 
integration.   Comparing five- (105) vs seven- elements(101 and 102) for the notch width but otherwise 
using the same mesh seed, a clear deviation is seen as related to this phenomenon.  

 
Figure C10 – Comparison of Mesh Type and Crack Growth Parameters on Crack Growth Shape for Notch 
Width Refinement for “Miss Hole” Meshes 
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7) Key Observations from this XFEM Model 
• When the general modeling recommendations (structured mesh with reduced integration) 

are followed, the experimentally-validated crack growth trajectories are obtained for both 
the Sink Hole and Miss Hole geometries. 

• Non-physical crack growth is observed with curvilinear crack extension when fully-
integrated elements are utilized. 

• An incorrect crack trajectory is seen for the Miss Hole geometry when an unstructured mesh 
is used with reduced integration elements. However, an unstructured reduced integration 
mesh with the nonlocal approach is able to obtain the desired crack trajectory. 

• Crack trajectory was observed to be impeded for both reduced- and full integration element 
formulations. 
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APPENDIX D – XFEM PWSCC MODEL:  
COMPACT TENSION 

Description:   

As an extension of the quasi-2D PWSCC modeling of a CT specimen performed by Facco [Error! 
Reference source not found.], a full 3D analysis was undertaken to verify the non-uniform SIF solution 
along the crack front along with the corresponding non-uniform through-the-thickness crack extension 
as a function of the *FATIGUE damage extrapolation tolerance term.  

  

 

Units:       N-mm-sec-MPa 

FEA software:      Abaqus 2020 (Build ID: 2019_09_13-12.49.31 163176) 

Boundary Conditions:    Surface-to-Surface Contact Pairs between rigid pins and CT specimens with a  
    coulomb friction coefficient of 0.1. 

    Top Pin Reference Node: ux=uz=urx=ury=urz=0 (y-translation free) 

    Bottom Pin Reference Node: ux= uy=uz=urx=ury=urz=0 (fully fixed)a 
Loading:               Top Pin Reference Node: Py = 26500 N 

   This was chosen to obtain a Ki = 33.5 MPa√m which was used in Test Period 4 of  
   the Alloy 182 shielded metal arc weld material in PWR water as outlined in 
   Section 4.1 of Alexandreanu [15]. It is appreciated that constant loading is  
   applied as opposed to the feedback-control constant K that was used during the 
   testing. 
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Material:      Welded (SMA) Alloy 182 in PWR water conditions 

  Linear Elastic Material Properties were used at 320 C: 
                                             Young’s Modulus = 2.0E5 MPa 
                                             Poisson’s Ratio = 0.3 

  The PWSCC crack growth rate for Alloy 182 based on data reported in Table 4 of  
  Alexandreanu [19]: ݀ܽ݀ݐ = 2.847 ∙ 10ିଵଷ	ܩ଴.଼ 

  with ௗ௔ௗ௧  in m/sec and ܩ is in N/m units. 

  Using the Appendix F Excel tool to convert between unit systems, the following   
  equation was then used for the required strain energy release rate crack growth  
  relation: ݀ܽ݀ݐ = 7.15134 ∙  ଼.଴ܩ	10ି଼

with ௗ௔ௗ௧  in mm/sec and ܩ is in N/mm units.  
 

Analysis Steps: 

  Analysis is completed in two analysis steps: 

                              1) *STATIC preload the structure to maximum value.  

                              2) *FATIGUE, TYPE=SIMPLIFIED   

Elements:          3D 8-node continuum elements with full- (C3D8) and reduced integration (C3D8R)  
  were used in different analysis runs. 

Mesh:              A structured mesh type with nominal mesh density (0.125-mm mesh seed; 60 elements  
  in the in-plane structural depth direction) near the discontinuity. 
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Parameters Studied: 

Independent analyses were used to evaluate the element formulation (reduced- and full integration) 
and crack growth damage extrapolation tolerance controls. 

 

Results: 

1) Comparison of Strain Energy Release Rate Between Full- and Reduced Integration XFEM Runs 
with Analytical Solution [19] 

The purpose of this model was to apply the general modeling recommendations that had been based on 
loading of a standard PWSCC compact tension specimen. To ensure that the proper crack driving force 
relation was obtained, the analytical stress intensity factor solution for this CT geometry from ASTM 
E1681 is detailed in Equation 7 of NUREG/CR-6964 [19]: 

ܭ = 	 ܹ√ܤܲ ∙ ቀ2 +	 ܹܽ ቁቀ1 − ܹܽ ቁଷଶ 	൬0.886 + 4.64 ቀ ܹܽ ቁ − 13.32 ቀ ܹܽ ቁଶ + 14.72 ቀ ܹܽ ቁଷ − 5.6 ቀ ܹܽ ቁସ൰ 

The analytical ܭ was converted to ܩ via the standard plane strain conversion to aid in the comparison 
with the propagating strain energy rate output variable from Abaqus, ENRRTXFEM. The analytical 
solution involved the explicit time integration of the Paris Law using this stress intensity factor using the 
constants and loadings described earlier in this Appendix. The surface and deepest crack locations were 
incremented in 1E6-second increments such that an elliptical shape was maintained. 

 

Figure D1 shows the through-thickness variation of the strain energy release rate for the full- 
(PWSCC_CT_102) and reduced integration (PWSCC_CT_101) at the initial crack length (20-mm) as 
compared to the analytical solution. For this 3D model, there are variations through-the-thickness with 
the most noticeable effect as the free edges are approached. This should lead to some variation in 
PWSCC growth rates through-the-thickness. The reduced integration formulation was a better match for 
the analytical results at the constrained (plane strain) location in the center of the specimen thickness. It 
was previously observed in the 2D plane strain hole in plate model (Appendix A) that the full integration 
formulation was the better match. In both models, the two element formulations, which differed by less 
than 10%, bounded the analytical result. 

Figure D2 shows the trends continue for the observed strain energy crack release rate as a function of 
crack extension at the mid-thickness of the crack front. 

PWSCC CT Mesh Element Mesh Crack Growth Crack Growth Fatigue Controls Abaqus Input
Refinement Formulation Type Position ANGLEMAX Tolerance Disp Correction File Name

Baseline Normal (60-elems) R Structured Default - 0.1 0.01 PWSCC_CT_ 101

Element Formulation
Reduced-Integration Normal (60-elems) R Structured Default - 0.1 0.01 PWSCC_CT_ 101
Full-Integration Normal (60-elems) F Structured Default - 0.1 0.01 PWSCC_CT_ 102

Crack Growth Controls
*FATIGUE tolerance

0.01 (Tight) Normal (60-elems) R Structured Default - 0.01 0.01 PWSCC_CT_ 103
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Figure D1 – Through-Thickness Variation of the Strain Energy Release Rate for the Full- (102) and 
Reduced integration (101) at Initial Crack Length (20-mm) as Compared to Analytical Solution 

 
Figure D2 – Strain Energy Release Rates as a Function of Crack Length for Different Element 
Formulations at the Mid-Thickness Location of Crack Front 

2) Influence of Crack Growth Controls on Solution Accuracy and Computational Resources 

While the strain energy release rates were essentially matching between the baseline reduced 
integration model (PWSCC_CT_101) and the analytical solution, the predicted crack lengths as a function 
of exposure time were found to differ significantly as shown in Figure D3. 

As was explained in Section 2.2.3, the near-tip asymptotic singularity is not considered in the  Abaqus 
XFEM implementation, and only the displacement jump across a failed element is considered. 
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Therefore, the crack has to propagate across an entire element at a time to avoid the need to model the 
stress singularity. So, some accommodation must be made as to what to do with the elements next to 
the element that has reached the subcritical crack growth  extension criterion. To accelerate the 
subcritical crack growth analysis and to provide a smooth solution for the crack front, Abaqus uses a 
default tolerance, ∆ܦே௧௢௟, of 0.1. For this application, we tighten the ∆ܦே௧௢௟  to 0.01. As seen in Figure 
D3, the PWSCC_CT_103 model is seen to follow almost exactly the analytical crack growth curve. 
Further, a non-uniform crack front is seen in Figure D4 as compared to the perfectly straight crack front 
observed with the default ∆ܦே௧௢௟  value. It is believed that the tighter controls is a numerical artifact of 
the tighter control whereas the default (and looser) crack growth tolerance results in a more averaged 
crack front.  

 
Figure D3 – Crack Length as a Function of Exposure Time for Fatigue Damage Extrapolation Tolerance 
Parameters 

 
Figure D4 – Contour Plot of Deformation showing the Influence of the Subcritical Damage Extrapolation 
Tolerance Parameter 

There is a computational cost associated with the tighter tolerance on the damage extrapolation 
tolerance term. Table D1 shows that a 2.3x longer run was found to obtain the most accurate results. 
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Table D1 – Computational Resources for the PWSCC CT Model for Different Fatigue Damage 
Extrapolation Tolerance Parameters 

  PWSCC_CT 

Analysis Run: 101 103 

Fatigue Tolerance: 0.1 0.01 

Computer Wallclock Time* 
(min) 45.6 104.7 

Increments 35 114 

Iterations 102 234 

   * All computer runs were made on a six-core Intel i7-8750H cpu at 2.2 GHz. 

3) Key Observations from this XFEM model assessment 
• The built-in Abaqus XFEM capability can be used to model PWSCC. 
• For this 3D model, a structured, hexahedral first-order continuum element with a 

reduced integration formulation was the best match for the analytical results at the 
constrained (plane strain) location in the center of the specimen thickness. 

• In order to better match the analytical results in terms of crack growth rate and crack 
shape, the subcritical damage extrapolation tolerance term, ∆ܦே௧௢௟, was tightened to 
0.01. This does result in 2.3x longer run times. 

• For this model, the default ∆ܦே௧௢௟  was not the most accurate for crack growth rate but 
it will always achieve a conservative result at a reasonable computational cost. For this 
reason, it was chosen to be used as the general recommendation. 
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APPENDIX E – XFEM PWSCC MODEL:  
VC SUMMER AXIAL SURFACE FLAW IN HOT LEG 

Description:       

To provide some level of assurance with the modeling recommendations for a practical axial crack XFEM 
approach developed in this report, an analysis was performed for the axial PWSCC flaw (see below) that 
was found in the reactor pressure vessel hot leg of the V. C. Summer plant [20]. The purpose of this 
assessment was to examine the effect of different weld repair procedures on the resultant weld residual 
stresses and their potential impact on PWSCC. 

 
Using an axisymmetric finite element model, the weld residual stresses in the vicinity of the hot leg to 
reactor pressure vessel (RPV) nozzle bimetallic weld was obtained. The entire history of fabrication of 
the weld was included in the analysis, including the Inconel buttering, post-weld heat treatment 
(PWHT), weld deposition, weld grind-out and inside-out weld repair, hydro-testing, service temperature 
heat-up, and finally service loads. The results were then mapped onto a 360 deg finite element model of 
the weld joint. Within the model, a refined enrichment region, within a 5 degree slice, was defined such 
that an internal semi-elliptical axial flaw could be propagated using XFEM with PWSCC properties within 
the Alloy 182 weldment. 
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Units:      N-mm-hour-MPa 

FEA software:     Abaqus 2020 (Build ID: 2019_09_13-12.49.31 163176) 

Boundary Conditions:    “Plane Sections Remain Plane” constraints were enforced at both ends of the  
   piping via a cylindrically-oriented kinematic coupling which allowed radial  
   dilation/contraction of the planes but constrained the other DOF. 

   Centered References Points control the motion for each constrained plane: 

     SS304 material Reference Node: ux=uz=urx=ury=urz=0 (y-translation free) 

   A508 C2 material Reference Node: ux= uy=uz=urx=ury=urz=0 (fully fixed) 

   A tie constraint is applied to contain the 355-deg coarse mesh to the 5 deg  
   refinement mesh which contains the XFEM enrichment region. 

Loading:            The residual stress profile is mapped onto the 360 deg model via the use of the  
   *MAP SOLUTION capability. Below, the primary driving force hoop stress is  
   shown mapped onto the refined region which contains the XFEM enrichment  
   region. 

 

   The internal faces of the pipe, including the crack face, are exposed to an  
   internal pressure of 15.513 MPa (2250 psig). 

   A corresponding end cap (thrust) loading of Py = 6734573.29 N is applied to the  
   A508 C2 material Reference Node. 

   The hot leg assembly was set to a uniform temperature of 324 C. 

Material:            Temperature-dependent Linear Elastic Material Properties were used at 324 C for the  
  Welded (SMA) Alloy 182, SS 309, SS 304 and A508 Class 2 materials.  

For the Welded (SMA) Alloy 182 in PWR water conditions which is subject to the PWSCC 
mechanism, the MRP-115 [21] crack growth rate (75th percentile) for Alloy 182 was 
adopted in the present study at 324 C. ݀ܽ݀ݐ = 2.0611 ∙ 10ିଷ	ܭଵ.଺ 
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when ௗ௔ௗ௧  is in in/year and ܭ is in ksi√in units. In this particular work, no  ܭ threshold is 
utilized and hence,  

Using the Appendix F Excel tool to convert between unit systems and parameters, the 
following equation was then used for the required strain energy release rate crack 
growth relation: ݀ܽ݀ݐ = 4.0516 ∙ 10ିସ	ܩ଴.଼ 

when ௗ௔ௗ௧  is in mm/hour and ܩ is in N/mm units.  
 

Analysis Steps: 

As a precursor to the XFEM assessment, the axisymmetric welding residual model was 
provided followed by 360 deg model generation and results transfer. As these modeling 
details are of secondary importance for the XFEM assessment, only the necessary 
restart files are provided in the Supplemental Files. Then, with the use of the *MAP 
SOLUTION capability, the solution was mapped onto a new 360 deg 3-D model that 
contained a 5 deg slice refined section with the enriched region with a 2:1 initial XFEM 
flaw size (12.7-mm deep).  Using the relationship between the simplified fatigue 
procedure and PWSCC to establish modified constants depicted in Section 2.2.3 of this 
report, a *FATIGUE,TYPE=SIMPLIFIED procedure was then used to grow the crack in an 
Abaqus/Standard simulation. 

 

The XFEM analysis is completed in two analysis steps: 

                              1) *STATIC preload the structure to maximum value.  

                              2) *FATIGUE, TYPE=SIMPLIFIED   

 

Elements:           C3D8R - 3D first-order 8-node continuum elements with reduced integration were used. 

 

Meshes:           A single highly refined structured mesh (1.0-mm x 1.0-mm in the plane of the crack) was 
  utilized within the 5 deg mesh region that contains the enrichment zone and initial flaw.  
  In the remaining of the model, a 5-mm x 5-mm in-plane mesh was used with 36   
  elements in the circumferential direction. 

Parameters Studied: 

In addition to the baseline assessment which incorporated the general recommendations, independent 
analyses were used to evaluate fracture control and crack growth damage extrapolation tolerance 
controls influences on the run times, crack growth rates and shapes. 
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Available Benchmark Result: 

The V.C. Summer hot leg dissimilar metal v-groove weld axial crack evaluation was evaluated using the 
Advanced Finite Element Analysis (AFEA) methodology following the work of Shim [22].   

As first introduced in the Task 1 report, the so called Advanced Finite Element Analysis (AFEA) has been 
developed and used to model the ‘natural crack growth’ in simple geometries such as pipe components.  
AFEA consists of calculating stress intensity factors at numerous points along the crack, growing the 
crack at each point, development of a new automatic finite element mesh to produce the next crack size 
and shape, calculating the stress intensity factor along the crack front, and growing the crack further.  The 
AFEA process requires an automated finite element mesh generator and the entire process is managed 
with a controlling script (e.g. Python).  The script develops a mesh for the current crack size, produces a 
finite element model based input file, submits the finite element job, extracts results (especially stress 
intensity factors along the crack front), grows the crack at points along the crack, develops next mesh, and 
so on until the crack grows through-thickness.  This growth process typically requires tens of focused 
‘spider’ crack meshes to be developed and often takes insignificant solution to model crack growth to a 
through-wall.  Because each solution is elastic, the solution time is manageable.  The ability of AFEA to 
handle the elastic stress intensity factor that PWSCC is characterized by along with a mapped welding 
residual stress as an elastic field was key in developing this for production-capable assessments.   

In this benchmark, the axisymmetric weld residual stress field described previously for the actual 
configuration was mapped onto a simplified 180-degree pipe with a uniform thickness and three distinct 
regions representing the A508C2 pipe, Alloy 182 weldment and SS 304 pipe.  Seen in Figure E1, eleven 
distinct time points were used to evaluate planar crack extension of this axial flaw. The time to reach 
through-wall was estimated to be 1.18 years.  

VC Summer Hot Leg DWM Nozzle Mesh Element Mesh Crack Growth Crack Growth Damage Controls Abaqus Input
Refinement Formulation Type Position ANGLEMAX Extrapolation Disp Correction File Name

Tolerance

Baseline Normal (60-elems) Reduced Structured Default - 0.1 (Default) 0.01 (Default) VCSummer_ 101

Crack Growth Controls
*FRACTURE CRITERION, POSITION=

Nonlocal N R S Nonlocal 85 0.1 0.01 VCSummer_ 102
*FATIGUE damage extrapolation tolerance

0.175 N R S Default - 0.175 0.01 VCSummer_ 103
0.01 N R S Default - 0.01 0.01 VCSummer_ 104

Mesh Refinement (Structural Height)
Coarse (2x Mesh seed Size) N R S Default - 0.1 0.01 VCSummer_ 105

Crack Mesh Driving Force Abaqus Input
Type Type Extraction Material Loading File Name

SIF Solution Comparison (stationary intial flaw with a/t=0.2)
Stationary Focused-Mesh FEA J-Integral Inco 182 Pressure Only VCSummer_ 201

Propagating Structured-Mesh XFEM modified VCCT Inco 182 Pressure Only VCSummer_ 202
Stationary Structured-Mesh XFEM modified VCCT Inco 182 Pressure Only VCSummer_ 203

Propagating Structured-Mesh XFEM modified VCCT All Pressure Only VCSummer_ 204
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Figure E1 - Crack Shape Evolution as Function of Time for the Advanced Finite Element Analysis (AFEA) 
of  the PWSCC VC Summer Axial Surface Flaw in DWM Hot Leg 
 
Results: 

1) Comparison of SIF Geometry Correction Factors between Publication (API-579 [24]), AFEA 
Focused Crack Tip Mesh in Abaqus and Structured Meshes with XFEM Crack Propagation 
 
To verify the general modeling recommendations in terms of crack driving force, a stress energy 
release rate sensitivity study was undertaken. Since the VC Summer DWM hot leg is a multi-
material geometrically complex component,  some simplifications were required. Fortunately, 
the API-579 [24] regulatory fitness-for-service code provides a standard weight-function based 
stress intensity factor benchmark in Section 9B.5.10 for a semi-elliptical internal, surface flaw 
subjected to pressure in a straight pipe.  For our needs, a one-hour fatigue check for the VC 
Summer XFEM model was performed with the entire component being modeled as Inconel 182 
and without the residual stress but still maintaining the internal pressure including the crack 
face pressure.  Table E1 summarizes the results as a function of position along the crack front 
for the initial flaw (a/t=0.2 with 2c/a=2).  As can be seen, the XFEM ENRRTXFEM output variable 
shows reasonable correlation (within 8% away from the surface) along the crack front when 
compared to the regulatory fitness-for-service benchmark.  When the simplified subcritical crack 
growth procedure is changed to a static procedure such that the contour integral could be 
evaluated for a stationary crack, the strain energy release rates are also seen to be comparable.  
In addition, the initial flaw size was evaluated in a second-order, reduced-integration model with 
a 1/r-singularity employed at the crack tip in a manner that is consistent with the AFEA solution. 
Similar to the stationary-crack XFEM contour integral model, strain energy release rates are 
seen to correlate well with the published benchmark and XFEM solutions.   
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Table E1 : Comparison of Strain Energy Release Rate (units: N/mm) for an internal axial elliptical flaw 
(2c/2=2, a/t=0.2) utilizing a Published Benchmark[24] along with Stationary and Propagating Crack 
Extraction Techniques in Abaqus with Pressure Loading Only 

Analysis Run:  VCSummer_ 202 203 201   
  Published XFEM AFEA   
  Benchmark Propagating Stationary Stationary 

 

Crack API-579 ENRRTXFEM J-Integral J-Integral 
Front Straight Pipe VCSummer VCSummer Straight Pipe 
Angle Pressure Only Pressure Only Pressure Only Pressure Only 
(deg) INCO only INCO only INCO only INCO only 

0 1.456 1.382 1.317 1.308 
45   1.125 1.068 1.067 
90 1.064 0.976 0.995 1.062 

135   1.103 1.084 1.104 
180 1.456 1.025 1.349 1.307   

 
 
To continue the calculated driving force work in a generalized sense, the inclusion of the 
different materials as opposed to just a single material (Inconel 182) and the inclusion of 
welding residual stress values are tabulated as seen in Table E2. With the influence of single 
versus multi-material differences being minimal, the weld residual stresses are seen to be the 
dominant load at smaller crack sizes. 
 

Table E2: Comparison of Strain Energy Release Rate for an internal axial elliptical flaw (2c/a=2, a/t=0.2) 
in the VC Summer DWM Surge Nozzle illustrating influence of Weld Residua Stress 

Analysis Run:  202 204 101   
  XFEM   
  Propagating Propagating Propagating 

 

Crack ENRRTXFEM ENRRTXFEM ENRRTXFEM 
Front VCSummer VCSummer VCSummer 
Angle Pressure Only Pressure Only WRS+Press 
(deg) INCO only 4-material 4-material 

0 1.382 1.493 4.350 
45 1.125 1.394 5.570 
90 0.976 1.149 6.900 

135 1.103 1.208 7.090 
180 1.025 1.193 6.000   

 

To summarize, acceptable crack driving force correlation (G values within ~8%) is seen between  
a published benchmark (API-579 [24]), AFEA-type focused crack-tip mesh in Abaqus and 
structured meshes with XFEM crack propagation. Further, the welding residual stress have been 
confirmed to be the dominant loading for smaller crack sizes. 
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2) Baseline Results Compared with Advanced Finite Element Analysis (AFEA) and Post-Mortem 

Crack Shape from Actual Defect 
 
Figure E2 shows the crack shape evolution as a function of time for the PWSCC VC Summer axial 
surface flaw in the DWM hot leg XFEM assessment. As expected, the shape of the XFEM crack 
growth was driven by the hoop weld residual stress (WRS). This is seen in the figure as the early-
stage crack growth at a given time is in the depth direction vs the in-plane length. Further, the 
location of the actual wall penetration (Figure E3) coincides with the high stress location of the 
XFEM predicted results. 
 
Also, in Figure E3, results from the linear elastic natural crack growth (AFEA) analysis are shown 
overlaid on the final XFEM results. The AFEA approach shows the time to reach through-wall is 
1.18 years while the baseline XFEM analysis is 1.20 years.   Of course, there are differences 
between the two approaches. This includes such geometrical differences where XFEM uses the 
actual non-uniform thickness piping along with a crown on the weldment whereas the AFEA 
solution uses a straight pipe.  Furthermore, while the initial flaw depth ratio (a/t) of 0.2 was 
used for both assessments, the actual depth value of 12.7-mm is used for the XFEM model and 
11.15-mm is used for the AFEA.  Other numerical differences exist such as the crack driving force 
extraction procedure (modified VCCT for the propagating XFEM analysis versus the contour 
integral extraction for instantaneous AFEA analysis).   Despite the differences in the approaches, 
the overall comparison is seen to be quite good.  
 
Still, there is some level of concern with the XFEM simulations associated with slight out-of-
plane oscillatory deformations. Figure E4 demonstrates the observed slight out-of-plane 
deformations which occurred primarily, but not exclusively, at the edge of the enriched regions.  
As indicated in this figure, Abaqus is seen to abort at 99% of the through-wall thickness for the 
baseline analysis (VCSummer_101) at an element near the edge of the enriched region.  As 
noted in the figure, some of the other sensitivity analyses also encountered premature failure of 
the analysis.  
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Figure E2 - Crack Shape Evolution as Function of Time for Baseline PWSCC VC Summer Axial Surface Flaw 
in DWM Hot Leg XFEM Assessment 
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Figure E3 - Overlay of Natural Crack (Advanced FEA approach) Shape on the Baseline XFEM assessment 
along with Post-Mortem Crack Shape [20] for PWSCC VC Summer Axial Surface Flaw in DWM Hot Leg 

 

 
Figure E4 - Comparison of Crack Growth at Deepest Point as a Function of Time between Advanced 
Finite Element Analysis (AFEA) [23] and XFEM for PWSCC VC Summer Axial Surface Flaw in DWM Hot Leg 
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Figure E5 - Observed Out-of-Plane Crack Growth for PWSCC VC Summer Axial Surface Flaw in DWM Hot 
Leg XFEM Assessments 

3) Crack Extension (*Fracture Criterion : Default versus POSITION=Nonlocal) 
 
In attempt to maintain a smooth, continuous three-dimensional crack front, the nonlocal 
averaging was used in VCSummer_102. However, minimal changes were observed in the crack 
shape (Figure E5) and crack growth rate (Figure E6) for this near planar crack extension problem. 

 
Figure E6 - Influence of Crack Growth POSITION Parameter on Crack Growth at Deepest Point as a 
Function of Time for PWSCC VC Summer Axial Surface Flaw in DWM Hot Leg 
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4) Subcritical Damage Extrapolation Tolerance Parameter 
 
For longer running analyses, the damage extrapolation tolerance parameter, ∆ܦே௧௢௟, can be 
used to accelerate the subcritical crack growth analysis and to provide a smooth solution for the 
crack front. Figure E7 shows that increasing ∆ܦே௧௢௟  to 0.175 from the default of 0.1 does 
increase the crack growth rate while crack shapes at the same crack depth are seen to be 
deviated significantly from the baseline XFEM analysis. Further, when ∆ܦே௧௢௟  is set to 0.175, a 
code abort is observed at an out-of-plane oscillatory (numerical artifact) deformation near the 
edge of the enrichment region at approximately the 60% of through-wall crack depth .  When ∆ܦே௧௢௟  is set to a tight value of 0.01, minimal changes are noted with baseline analysis in terms 
of crack growth rate and crack shape. 

 
Figure E7 - Influence of Crack Growth Damage Extrapolation Tolerance Parameter on Crack Growth at 
Deepest Point as a Function of Time for PWSCC VC Summer Axial Surface Flaw in DWM Hot Leg 

 

5) Importance of Mesh Seed Size in Structural Height Direction 
 
As was defined in the main body of the report in Figure 7(c), the enriched region structural 
height (hoop-direction) region mesh seed was investigated using the recommended 1-mm mesh 
seed (baseline) and a coarser 2-mm mesh seed.  Figure E8 shows the importance of maintaining 
the recommended mesh refinement in the structural height direction as the time to reach 
through-wall is predicted to increase by over 30% with the coarse mesh seed. Unlike the 
stationary crack contour integral (J-Integral) and interaction integral (stress intensity factor, K) 
where fairly coarse meshes are able to capture path independent driving force values, the 
propagating crack values are calculated for each crack front element with the linear-elastic 
strain energy release rate, G, directly using the modified VCCT method, and, hence, require a 
nearly perfect cube shape as provided in the recommended meshing parameters.    
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Figure E8 - Influence of Mesh Seed Size in Structural Height Direction on Crack Growth at Deepest Point 
as a Function of Time for PWSCC VC Summer Axial Surface Flaw in DWM Hot Leg 

 

6) Computational Cost 
 
In terms of computational cost, Table E3 shows the XFEM capability is computationally 
expensive.  With the current Abaqus XFEM implementation, it is possible to achieve analysis 
runs in under one-day by utilizing multi-core simulations.  Further, by increasing the ∆ܦே௧௢௟  to 
increased values (e.g. 0.175 or 0.25),  the runtimes can by reduced by approximately 2x while 
ensuring that a more conservative crack growth rate is obtained. This may be of benefit when a 
rough estimate, but not necessarily the most accurate, solution is required. However, it was 
seen in this final set of runs for the VC Summer analysis, that premature failure of the Abaqus 
simulation due to an internal code error did occur when the ∆ܦே௧௢௟  was set to 0.175. 

Table E3 – Computational Resources for the PWSCC VC Summer Axial Surface Flaw in DWM Hot Leg 
XFEM for Different Crack Extension Parameters 

  VC_Summer 
Analysis Run: 101 102 

Position: Default Nonlocal 
Damage Extrapolation Tolerance: 0.1 0.1 

Computer Wallclock Time* (hrs) 19.15 19.58 
Increments 4415 4531 
Iterations 4415 4531 

* All computer runs were made with 10-cores  with an Intel® Xeon® Gold 6148 2.4GHz chip on RHEL 7.5 

In relation to other numerical techniques, such as the linear elastic natural crack growth 
approach, those solutions will be faster from a processor time perspective (on the order of a 
dozen solver passes). However, unless proper scripting algorithms exist, the setup time will likely 
reduce the total analysis time advantage. 
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7) Key Observations from this XFEM model assessment 
 

• Using the general XFEM modeling recommendations, the built-in Abaqus XFEM 
capability has shown to be robust for modeling a relatively complex PWSCC application. 
The final through-wall crack shape was found to be similar to the experimentally 
reported crack shape. 

• The importance of maintaining the recommended mesh refinement in the structural 
height direction was shown during this study. 

• While using essentially the same linear elastic modeling assumptions associated with 
crack growth, the XFEM approach was found to conservatively bound the AFEA solution. 
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APPENDIX F – PARAMETER AND UNIT CONVERSION EXCEL 
TOOL 

Provided in the Supplemental Files is a unit and parameter conversion tool for driving force (K-to-G and 
G-to-K) and Paris Law ( ∆ܭ-to-∆ܩ and ∆ܩ-to-∆ܭ) coefficients. This tool can be used for cycle-dependent 
(i.e. fatigue) and time-dependent (e.g. PWSCC) Paris-like crack growth relations. 

For this capability, we have coded a Visual Basic macro within Excel.  Step-by-Step instructions are 
provided within the spreadsheet. This tool can be used as a standalone spreadsheet or embedded 
within a website. Please note that there are limited error checks in place to trap data input errors. 

As an example for the crack growth relation, we can review the Miranda [15] work where the SAE 1020 
fatigue constants were given in the same general form as: ݀ܽ݀ܰ = 	4.5 ∙ 10ିଵ଴∆ܭଶ.ଵ 

with ௗ௔ௗே in m/cycle and ∆ܭ in ܽܲܯ√݉. 

Going through the necessary plain-strain conversion for a pure N-m unit system, the Paris Law-like ∆ܩ 
relation required by Abaqus becomes: ݀ܽ݀ܰ = 	9.1685 ∙ 10ିଵଵ∆ܩଵ.଴ହ 

with ௗ௔ௗே in m/cycle and ∆ܩ in ே௠. 

 

In an analogous manner, the fracture driving force (or toughness) can be converted between common 
units of K and G. Shown below, a fracture toughness of K=100 ܽܲܯ√݉ is converted to K=91.0 ݇݅ݏ√݅݊, 
G=4.55E4 N/m and G=259.81 lbsf/in. 

 


